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Kurzfassung
In dieser Arbeit wird ein Ansatz zur Simulation von Initiierung und Wachstum von Rissen in spröden Materialien, basierend auf diffusen Grenzflächen, um seinen Anwendungsbereich erweitert. Durch die Ergänzung der inneren Energie eines bestehenden Phasenfeldmodells um einen zusätzlichen Anteil wird das Beschreiben von Ermüdungsrisswachstum
ermöglicht. Außerdem wird durch das Modifizieren des Gradienten des Phasenfeldparameters in der regularisierten Rissenergie erreicht, dass das entstehende Modell anisotropes
Risswachstum abbilden kann.
Einleitend werden die benötigten Grundlagen aus verschiedenen Feldern der Mechanik
beschrieben sowie die Phasenfeld Methode zur Simulation von Risswachstum eingeführt.
Danach werden die Modifikationen, welche im Rahmen dieser Arbeit eingebracht wurden
begründet. Es wird im Weiteren detailliert beschrieben, wie die entsprechenden Erweiterungen eingearbeitet wurden und die Evolutionsgleichungen der neuen Phasenfeldmodelle,
in Form von Ginzubug-Landau Gleichungen werden hergeleitet.
Das resultierende gekoppelte Differentialgleichungssystem wurde, unter Verwendung von
impliziter Zeitintegration, als ebenes nichtlineares Finite Elemente Problem implementiert.
Die starke als auch die schwache Form der beschreibenden Gleichungen des Phasenfeld
Modells werden beschrieben.
Verschiedene Test Szenarien wurden simuliert, um zu Untersuchen inwieweit reale Ergebnisse mit dem Modell erzielt werden können. Die Ergebnisse zeigen, dass Brüche in
anisotropen Medien beschrieben werden können. Außerdem erzielt das entwickelte Ermüdungsmodell reales Verhalten für wichtige Größen wie die Risswachstumsgeschwindigkeit
und Phänomene wie Mittelspannungseinfluss oder Reihenfolge Einflüsse werden korrekt
abgebildet. Simulationsergebnisse von beiden Modellen werden mit experimentellen Ergebnissen verglichen, wobei eine gute Übereinstimmung nachgewiesen werden kann.
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Abstract
Within this thesis, a diffuse interface approach for the simulation of crack nucleation and
growth in brittle materials is enhanced to enlarge its scope. Incorporating an additional
energy contribution in the total energy functional of an existing phase field model enables
the handling of fatigue crack growth. In another approach, anisotropic brittle fracture is
studied by a modification of the spatial gradient in the regularized crack energy.
At first, the necessary basics from different fields of mechanics and also for the phase field
method, a method to simulate phase transformations by means of an auxiliary parameter,
are provided. Subsequently, the work gives an outline of the basic motivation for the performed modifications. It is described how the new features are incorporated. Appropriate
evolution equations in terms of Ginzburg-Landau type equations for the new phase field
models are then derived in a detailed way.
The coupled systems of the phase field models are implemented in a nonlinear finite element
formulation, where implicit time integration is employed. The strong and also the weak
forms of the governing equations corresponding to the developed models are presented.
Several test cases are simulated in order to investigate the accuracy of the developed models. These studies illustrate, that the novel phase field frameworks are able to predict
cracking in media that reveal an anisotropic fracture toughness. Furthermore, the fatigue
model accurately predicts important quantities like the crack growth speed. Also phenomena like mean stress or sequence effects are fully covered by the formulation. Simulation
results from both phase field models are compared with experimental findings and reveal
good agreement.
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Chapter 1

Introduction
1.1

Motivation and Background

Materials fail if they are exposed to an arbitrary high load. There is no serious reason
to doubt this statement. The term material is in this context not restricted to typical
construction materials like metals or synthetic materials. It also includes solids from our
natural environment as e.g. minerals, crystals, or bone. However, it is to discuss how exactly this failure appears and how to characterize it. Failure simply means in this context,
that an external load can not be transmitted through the material as it is in the initial
state since the material has undergone a process of separation. The complete or partial
separation of a connected continuum is referred to as fracture. Today our complete life
is organized by the reliability of technical structures. Whether it is a toothbrush or a jet
plane we use it in confidant hope, that it will not break. Therefore, within engineering
a major issue is to develop technical components in consideration of potential fractures.
In this context it is not solely relevant to avoid cracking under certain loads but it may
also be in the focus to precisely model the fracture process. An example may be the fail
safe principle in designing, where the design is mainly shaped such that in case of failure
the structure reaction causes minimal harm regarding a certain instance as e.g. people
or relevant equipment. This illustrates the significance of research within this field. The
different properties of fracture need to be understood in order to be properly integrated in
development processes.
The basics of the research field, which is today referred to as fracture mechanics is provided
by the work of A. A. Griffith, 1921, who proposed an energy consideration of the problem.
In the sense of the first principle of thermodynamics, energies associated with the fracture
process, as for instance chemical energies or the energy for plastic deformation in the close
vicinity of a crack tip, need to be considered. The main approach is to summarize all
these energies and express them by means of the crack surface area. Accordingly, Griffith
invented a novel crack energy density. Furthermore, he proposed an energetic criterion to
predict under which load a crack will propagate. The criterion, which is today referred
to as Griffith’s theory, basically assumes that a crack will propagate, once the associated
increase of the just introduced crack energy will be balanced by the release of potential
energy. As elegant such an energy criterion may be, it will be illustrated in chapter 3 that
the applicability is strongly restricted. Therefore, the foundations for a more practical
approach were laid by G. R. Irwin, 1957. Within this work the stress field near a crack tip
is characterized under the assumption of linear elastic material behavior. Furthermore, he
showed that the proportionality factors associated with a concrete crack problem can be
set in relation to the energy approach from Griffith. This stress based concept is referred

1
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to as K-concept and finds wide application in engineering and even within numerical investigation this concept is integrated.
The basic K-concept is, however, not capable of predicting the direction of crack extension
for a combination of several crack opening modes to describe arbitrary load cases. Different approaches were proposed with focus on the prediction of the deflection direction.
Most established in this regard are the Maximum Energy Release Rate criterion proposed
by Wu, 1978, the Maximum Tangential Stress criterion from Erdogan and Sih, 1963 or
the principle of local symmetry established by Goldstein and Salganik, 1974. However, all
these approaches lack in the ability to predict crack nucleation.
In order to provide a comprehensive description of the fracture problem, which is capable of handling crack initiation as well as to predict the crack path, Francfort and Marigo,
1998 published a variational formulation. This theory is based on global energy minimization as a well known and commonly applied postulate. In this regard, this framework can
be considered a generalization of Griffith’s theory. The variational formulation provides
a general tool. It lacks, however, in its applicability as the minimization can hardly be
performed for arbitrary cases. The formulation from Francfort and Marigo, 1998 however
provides the basis for a powerful numerical tool, namely the phase field fracture model.
The unique character of this field is not the usage of computational assistance to the fracture problem. This was done numerous times by means of the finite element method, a
method to solve partial differential equations as for instance those from a structure mechanical problem, numerically (see e.g. Bathe, 1996; Wriggers, 2001; Zienkiewicz and Taylor,
2001). The outstanding feature of the phase field framework is the incorporation of an
additional degree of freedom in order to describe the state of relevant physical phases. A
diffuse transition of this so-called phase field parameter eliminates discontinuities of sharp
interfaces within the discretization. Accordingly, no mesh disconnection, element delectation or remeshing is necessary. However, a very relevant parameter in this context is the
length scale, which determines the width of the transition zone between the phases. The
application of the general framework is multiple in physics. Within fracture the different
phases are intact material and broken material. A fracture phase field model for quasi
static brittle fracture was proposed by Kuhn and Müller, 2010. Interestingly, the so called
property of Γ convergence was proven for the free energy potential used within this work.
In principle terms, this theory states that if the regularization length parameter goes to
zero, the solution of the regularized model is the solution of the real problem. The evolution
equation for the phase field parameter is based on a regularization (Bourdin et al., 2000)
for the variation formulation from Francfort and Marigo, 1998. This evolution equation
is coupled to linear elastic field equations of the structure mechanical problem. Thus the
model is able to picture all aspects of brittle fracture. Alternative phase field models for
brittle fracture were proposed by Borden et al., 2014 and Miehe et al., 2010b.
Within a large number of practical applications the complexity of specific fracture
problems is way beyond the characteristic of quasi static brittle fracture. This applies to
the material on one hand and the characteristics of the applied load on the other hand.
Thus a variety of different phase field fracture models concerned with specific types of
fracture were proposed in the last decade. For a number of materials the simplification of
brittle fracture is not accurate as the plastic zone is significant and may not be neglected.
Accordingly models for ductile fracture were studied by Borden et al., 2016 Miehe et al.,
2016, Kuhn et al., 2016 or Aldakheel et al., 2018a. The phase field model from Schlüter et
2
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al., 2014 considers a dynamic setup as for some applications inertia effects as well influence
the fracture process.

1.2

Objectives and Overview

The present work introduces two additional phase field models, that deal with relevant
phenomena of fracture, namely the effect of directionality of a material’s fracture toughness as well as the extensive field of fatigue crack growth. Both models are extensions of
the basic model for brittle fracture from Kuhn and Müller, 2010. The free energy density
function is enhanced in order to adequately represent crucial properties from the investigated phenomena. The particular modifications apply to different items of the basic energy
functional.
For the model covering the effects of an anisotropic fracture toughness, the critical
point is to mimic the cracking behavior if in addition to the critical energy release rate is
a function of the crack deflection angle. In order to account for this additional feature,
the regularization of the crack energy density is realized. In detail only the non local part
of this energy contribution is modified. This contribution is proportional to the spatial
gradient of the phase field order parameter. Due to the direction dependence it appears
reasonable to weight the gradient components properly.
A completely different modification is necessary in order to account for the complex phenomenon of cyclic fatigue. The difficulty lies in the magnitude of the loads causing a
fracture. As the fatigue process initiates at load levels far below the static design limit an
additional energy contribution is incorporated within the free energy functional. Another
issue of the fatigue phenomenon is the very high numbers of load cycles, which are to
be applied before cracking occurs. A straightforward simulation of every cycle is simply
nonfunctional as this will blow up the computational effort. The simulation scheme must
accordingly be transferred into the cycle domain.
In detail several approaches for the precise modeling of the different characteristics are
analyzed in this work. The final model equations are introduced, fully described, and discretized by means of finite elements. The respective finite element implementation is also
presented completely. It is the final objective of the present work to illustrate the accuracy
of the introduced phase field models in an adequate way. Therefore, several numerical
investigations were performed. The respective setups are described and important results
are illustrated. In the case of the static anisotropic model it is mainly focused on the
resulting crack path, which varies as respective parameters are adjusted. For the fatigue
model the relevant crack growth rates are also evaluated as this is a very crucial point in
terms of fatigue crack growth.
The present work is divided into seven chapters. The subsequent chapter aims to
provide a brief summary of the relevant fundamental laws and concepts in continuum mechanics, fracture mechanics, and also in fatigue of materials.
Chapter 3 outlines the framework of phase field modeling of fracture. It begins with a
brief overview of the phase field method from a general perspective. Characteristic benefits
of the method are illustrated and a number of applications are introduced. The general
3
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evolution equation for phase transformations, namely the Ginzburg-Landau equation is
introduced and by the theory of a micro force balance proposed by Gurtin, 1996 it is illustrated how the equation can be generalized so it may be applied to the fracture problem.
Subsequently, as the basic concept for the proposed phase field models the variational
formulation of brittle fracture from Francfort and Marigo, 1998 is introduced and it is
illustrated how this theory was regularized by Bourdin et al., 2000 in order to provide
access for computational usage. Finally, the basic phase field model for brittle fracture
from Kuhn and Müller, 2010 is introduced and relevant characteristics are discussed.
The subsequent three chapters deal with the scientific contribution of the present work.
Chapter 4 deals with the entire theory regarding the two proposed phase field models of
the present work. Relevant contributions from the literature are reviewed and after a
clear motivation for the modifications the respective equations are derived and phase field
models are explained comprehensively. Different possible concepts are introduced and it is
argued why the particular methods were realized. The precise reasons for the variations of
the driving force mechanism are discussed and analytic assessments of the modifications
are made.
Chapter 5 describes the implementation of the analytic models into a implicit transient
finite element scheme starting from the respective weak forms of the governing set of differential equations. The implementation is carried out for a two dimensional model setup.
In case of the phase field model for fatigue crack growth the transformation of the implicit
time integration into the cycle domain is described.
Chapter 6 illustrates the properties of the new phase field models in terms of the evaluation of a number of finite element simulations. Focus is thereby given on the issue of
whether the resulting model behavior is sufficient in accordance with analytic solution and
experimental observations from other studies.
Finally, several conclusions from the present work are drawn and an outlook regarding
future investigations is given in chapter 7.
Noteworthy are different contributions in respective international journals, namely
Schreiber et al., 2017; Schreiber et al., 2019a; Schreiber et al., 2019b; Schreiber et al.,
2021; Schreiber et al., 2020a; Schreiber et al., 2020b, which have been published and describe several aspects of the present work. The papers are cited at the appropriate position
in the following text. Furthermore, parts of the anisotropic model were supported by a
student worker. The associated thesis, Ettrich, 2020 is also cited at the relevant place.

4

Chapter 2

Relevant Basics of Mechanics
2.1

Continuum Mechanics

The term mechanics is in general referred to as the study of forces and motions. Within
continuum mechanics the core issue is to investigate how structures react to forces, that
are exerted on them. Those structures may deform or even fail as consequence of the force
transmission. Accordingly, one needs to analyze how exactly the forces are transmitted
through the different parts of a structure. The main items are discussed within the present
section. Comprehensive descriptions of the framework are provided by several textbooks,
e.g. Gross and Becker, 2002; Altenbach, 2012; Betten, 2001.

2.1.1

Kinematics

Figure 2.1 illustrates the motion and deformation of a body. The body may be understood
as a cloud of points infinitely small and infinitely closed to each other. The function
ϕ = ϕ(X, t) describes the motion of points X, defined as Lagrangian coordinates, from
the reference configuration into the current configuration by a deformation. This can be
expressed by
x = ϕ(X, t).

(2.1)

Note that in general the function ϕ(X, t) is nonlinear. In order to describe the deformation
of line elements dX the deformation gradient F is introduced such that
dx = F dX.

(2.2)

Accordingly, the deformation gradient is defined by the partial derivatives of the current
coordinates with respect to the reference configuration
F =

∂x
= Grad x = Grad ϕ(X, t),
∂X

(2.3)

with det F 6= 0 in order to ensure uniqueness of the mapping. Furthermore, F −1 exists
and the transition is reversible. Also surface and volume elements may be transferred from
the reference configuration to the current configuration or vice versa. The formula from
Nanson maps surfaces dS̄ of the current configuration with surfaces dS of the reference
configuration by
ndS̄ = JF −T NdS,

(2.4)

5
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reference conﬁguration

,
current conﬁguration

Figure 2.1: Schematic illustration of the motion and deformation of a
body with indication of relevant quantities.

with the Jacobian J = det F and the normal vectors N as well as n. Respective volume
elements can be transfered by
(2.5)

dv = JdV.

Another important field quantity, which was not mentioned so far is the displacement
vector u(X, t). These vectors are found as the difference of the position vectors of current
and reference configuration
u(X, t) = x − X = ϕ(X, t) − X.

(2.6)

Inserting this relation into (2.3) yields the relation
F = Grad (X + u) = 1 + Grad u,

(2.7)

with the second order identity tensor 1. The tensor Grad u is referred to as the displacement gradient
H = Grad u =

2.1.2

∂u
.
∂X

(2.8)

Deformation

The deformation gradient F contains ridged body motions and is therefore unsuitable as
a strain measure. Any arbitrary deformation may be decomposed into a contribution of
pure stretch and a contribution of pure rotation. Thus, the deformation gradient can be
expressed by
F = RU = V R,
6

(2.9)

2.1. Continuum Mechanics
with the orthogonal rotation tensor R, the symmetric and positive definite right stretch
tensor U as well as the symmetric and positive definite left stretch tensor V . In terms of
these tensors the right Cauchy-Green tensor
C = U2 = F T F

(2.10)

as well as the left Cauchy-Green tensor
b = V 2 = FFT

(2.11)

are defined. From this, an important strain measure within continuum mechanics, namely
the Green-Lagrange deformation tensor
E=

1
(C − 1) ,
2

(2.12)

is derived, which can be expressed in terms of displacements
E=


1
H + HT + HT H .
2

(2.13)

The general nonlinear character is illustrated by the quadratic contribution H T H. Within
the current configuration typically the Euler-Almanic deformation tensor
e=


1
1 − b−1
2

(2.14)

is applied

2.1.3

Stress

The left illustration in Figure 2.2 shows a body loaded by forces at its outer surface. The
motion of several points of the body’s surface is restrained causing reaction forces at these
locations. The system of all acting forces may further be considered to be in equilibrium.
A cut through the body is shown by the right illustration of Figure 2.2. By this cut, the
internal forces become visible. The respective internal force dF transmitted across the
surface element dS̄ is described by
dF = t dS̄,

(2.15)

with the stress vector t. Furthermore, the normal stress σn , which is parallel to the surface
normal vector n and the shear stress σt perpendicular to n are indicated. The stress
state at a certain point within the body is described by a symmetric second order tensor.
According to Cauchy, the corresponding stress vector can be determined by this stress
tensor and the surface normal vector of the corresponding cut by
t = σ T n.

(2.16)

The tensor σ is referred to as Cauchy stress tensor. As the body is considered to be in
equilibrium, the sum of moments is required to be zero at every point, which renders σ a

7
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symmetric tensor with only six independent

σxx
σ = σyx
σzx

components. It reads

σxy σxz
σyy σyz 
σzy σzz

(2.17)

in matrix notation for Cartesian coordinates. In detail, this tensor describes the stress
state with respect to a surface element in the current configuration. Accordingly, this
stress is referred to as the true stress. The counterpart of the stress within the reference
configuration is given by the 1. Piola-Kirchhoff stress tensor P . It describes the current
stress with respect to the surface element in the reference configuration. As the deformation gradient F , the stress tensor P is also unsymmetric. Analogously, this tensor maps
surface vectors N to corresponding stress vectors t0 within the reference configuration.
The connection between the two stress tensors
P = JF −T σ

(2.18)

can be found from (2.4). The third important stress tensor is called the 2. Piola-Kirchhoff
stress tensor. It is defined solely within the reference configuration as
S = F −1 P = JF −1 σF −T ,

(2.19)

which renders it a symmetric tensor. The 2. Piola-Kirchhoff tensor S may be interpreted
as virtual initial stress related to the surface within the reference configuration.

2.1.4

Force Balance

Newton’s second law may be considered for the body in Figure 2.2. With the sum of body
forces b dm and the mass density ρ of a homogeneous body the equation of motion becomes
Z
Z
Z
ρbi dV + ti (ni ) dS̄ = ρüj dV
(2.20)
|{z}
Ω
Ω
∂Ω
fi

Figure 2.2: Schematic illustration of internal force transmittion through
a body with indication of relevant quantities.
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or in tensor notation
Z

Z
ρb dV +
Ω

Z
ρü dV.

t dS̄ =

∂Ω

(2.21)

Ω

Only the static case may be considered, which renders the right side of this balance zero.
The stress vector t can now be substituted by the stress tensor σ applying Cauchy’s
theorem (2.16). Furthermore, Gauss’s theorem can be applied to the surface integral in
(2.20), which yields

Z 
∂σij
(2.22)
+ ρbj dV = 0.
∂xi
Ω

Since this equation provides a general formulation for the balance of forces of a given body,
it is valid for any size of a body, including infinitesimal small bodies. Thus, one can argue
that
∂σij
+ ρbj = 0
∂xi

(2.23)

must be fulfilled at any arbitrary location. In tensor notation this equation reads
divσ + f = 0

(2.24)

with fi = ρbi . This law is referred to as the local or strong form of the balance of forces.
Note that in the present form it is given in the current configuration. By means of the
common quantities introduced above, it can however also be formulated for the reference
configuration by
DivP + f0 = 0.

2.1.5

(2.25)

Small Deformations

For the continuum boundary value problem, the approach of small deformations provides a
massive reduction in terms of complexity. The term small relates to a characteristic length
of the body under consideration and accordingly,
∂ui
 1.
∂Xj

(2.26)

The nonlinear part of the Green-Lagrange tensor (2.12)
1
E nlin = H T H
2

(2.27)

becomes even smaller and is therefore neglected. The remaining linear part E lin of (2.12)
is referred to as linearized strain tensor


"
#
εxx εxy εxz
T
1
∂u
∂u
ε = εyx εyy εyz  =
+
.
(2.28)
2 ∂x ∂x
εzx εzy εzz
9
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Note the differentiation with respect to x in this equation, since within the small deformation setting a distinction of derivatives with respect to coordinates in the reference and
in the current configuration is no more required. A general deformation consists of a pure
volumetric part and a pure deviatoric part, describing the change of the shape for a fixed
volume. The corresponding decomposition of the strain tensor is
1
1
ε = ε − (ε : 1) 1 + (ε : 1) 1,
3
3
|
{z
} | {z }
εdev
εvol

(2.29)

where (·) : (·) represents the double contraction of two tensors. For the present case ε : 1
it is also considered the trace operator tr(ε) = εxx + εyy + εzz .

2.1.6

Constitutive Law

So far, the presented relations for strains and stresses are not sufficient to solve an existing
boundary value problem within continuum mechanics. The additional set of equations still
needed is called constitutive law. This law in general represents a certain material since
it relates the stress state within the material with the applied deformation. The probably
simplest constitutive law is
(2.30)

σ = Eε,

which is formally know as the one dimensional Hooke’s law, where E is the Young’s modulus
of a linear elastic material. For the general case in linear elasticity, the constitutive law is
derived from an elastic potential (see e.g. Wriggers, 2001). The derivative of the potential
ψ with respect to the right Cauchy-Green tensor yields
S=

∂ψ
,
∂E

(2.31)

which within a small deformation setup becomes
σ=

∂ψ
.
∂ε

(2.32)

The potential for the linear elastic case is referred to as the linear elastic strain energy
density function
ψ=

1
ε : (Cε)
|2 {z }

.

(2.33)

strain energy density W

With this potential, (2.32) yields the general constitutive law for linear elasticity
σ = Cε

(2.34)

with the fourth order stiffness tensor C = Cijkl . Due to the symmetry of σ and ε the
stiffness tensor reveals the symmetry
Cijkl = Cijlk = Cjikl .
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(2.35)
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Furthermore, the symmetry
(2.36)

Cijkl = Cklij

follows from permutability of the sequence for the second derivative of the potential with
respect to the strains (Schwarz’ theorem). Using these symmetries the number of independent components of C is reduced from 81 to 21. The number is even more reduced in the
case of an isotropic material, which finally can be described by only two so called Lamé
constants λ and µ. The constitutive law (2.33) can then be rewritten by
(2.37)

σ = 2µε + λtr(ε)1.

For practical reasons, the Lamé constants are often replaced by the parameters E and ν
by the relations
E=

µ(3λ + 2µ)
λ+µ

and ν =

λ
.
2(1 + ν)

(2.38)

The constitutive law may also be decomposed into volumetric and deviatoric contributions
by
σ = Kεvol 1 + 2µεdev ,

(2.39)

where K = λ+ 23 µ is the bulk modulus. For the sake of completeness it must be mentioned,
that the underlying system of equations obtained from kinematics, the balance of forces,
and the constitutive law is in general overdetermined. In detail the relation for the strain
tensor (2.28) reveals six equations for three unknown displacements. In order to ensure that
the deformed body still fits together so called compatibility conditions must be fulfilled.

2.2

Fracture Mechanics

The field of fracture mechanics deals with phenomena of the partial or complete separation
of bodies. The main questions to be answered are: Do cracks nucleate under a certain load?
Does a crack propagate under a certain load? Does the propagation lead to the final failure
of a body? The latter includes the question of the crack path and the propagation speed.
The issue can be considered on different scales as defects of different magnitude may lead
to the final failure. The relevant concepts, which help to predict and describe the fracture
behavior are based on macroscopic investigations. The outline in the following gives a short
overview of items from relevant textbooks as e.g. Gross and Seelig, 2011 or Kuna, 2010.
The description is in general based on quantities from continuum mechanics. However,
for an appropriate description of specific crack properties the framework is enhanced by
additional measures like stress intensity factors, energy release rate, or the J-integral. The
situation at the crack tip is characterized by these items and therefore they are subsequently
introduced in detail. The field of fracture mechanics is further classified into linear and
nonlinear fracture mechanics. The nonlinear theory must be applied if inelastic material
behavior occurs in a larger area around the crack tip and therefore significantly affects the
cracking process. This is the case in ductile materials. The linear theory, where plastic
material behavior is neglected is no more sufficient in this case. Within this work only
linear elastic materials are considered and the extended phase field models are based upon
11
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a model for brittle fracture. Therefore, it is sufficient to focus on the theory of linear elastic
fracture mechanics.

2.2.1

Crack Opening Modes

Within a macroscopic characterization, a crack is approximated as a sharp cut within the
material. The tip radius is assumed as infinitely small, which is different for a notch. The
loading or deformation of the crack is a superposition of three principal so called crack
opening modes. These modes are depicted in Figure 2.3. The first two modes are both
referred to as in plane loading since the displacement of the crack surface occurs along the
perpendicular plane. The mode I is characterized by the symmetric deformation of the
opposite crack surfaces as caused by a tensile load. Within the mode II case, the opposite
crack surfaces undergo a asymmetric displacement along with the crack tip orientation.
This is caused by a shear load in the vicinity of the crack tip. Finally, the mode III induces
an out of plane deformation. It describes a separation of the crack surfaces in tangential
direction with respect to the crack front in a tearing mode.

mode I

mode II

mode III

Figure 2.3: Schematic illustration of different crack opening modes.

2.2.2

Process Zone and K-concept

The area near the crack tip is referred to as the process zone. Inelastic processes take place
within this zone. However, according to the theory of linear elastic fracture mechanics the
process zone is considered very small compared to relevant dimensions. Furthermore, the
material behavior is considered linear elastic for the rest of the body. The plastic material
behavior within the process zone is neglected.
For a straight crack within an infinite two dimensional domain of linear elastic material
the stress strain field around the crack tip can be solved analytically by means of complex
functions or Airy’s stress function. A detailed derivation is provided in e.g. Kuna, 2010.
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Here simply the result is presented. The stresses around the crack tip read
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for a pure mode I load,
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for a pure mode II load, and
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−
sin
2
KIII 
σxz
  
=√
σyz
2πr cos ϕ
2

(2.42)

for mode III. Within this set of equations, r and ϕ are the respective polar coordinates
describing the area around the crack tip, with the crack tip as the origin. Obviously, all
stress fields reveal a singularity at the crack tip of the kind r−1/2 . Apart from the mentioned simplifications, the characteristics of the stress field for all three modes is exactly
defined by the equations above. Note however, these solutions lose validity once r goes
below a certain limit as the inelastic behavior occurring within this region is not taken into
account within the derivation. Furthermore, for a precise estimation the factors KI , KII
and KIII are to be determined. These factors are referred to as the stress intensity factors
as they define the strength or the intensity of the particular load case. This does not only
include the load magnitude but also the geometry of the body as well as the current crack
√
length, which leads to the unit [MPa m] for the stress intensity factors. Formulas for
these factors for several cases are given in e.g. Gross and Seelig, 2011.
The stress intensity factors, which are also called K-factors are used as fracture parameters as they describe the load characteristic around the crack tip. According to the
so called K-concept onset of crack propagation occurs once the respective stress intensity
factor exceeds a critical value. Accordingly,
KI = KIc ,

KII = KIIc

or KIII = KIIIc ,

(2.43)

defines the critical load state. The quantities K(·)c are referred to as critical stress intensity
factor or fracture toughness. The equations (2.43) only hold if the present load case solely
consists of the particular crack opening mode. For a general load case, which consists of
several modes a generalized fracture criterion
f (KI , KII , KIII ) = 0

(2.44)

needs to be employed. This situation is referred to as mixed mode loading.
13
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2.2.3

Griffith Theory and J-integral

Another way to approach the fracture problem is to consider an energetic description of the
cracking process. The idea goes back to A. A. Griffith (see Griffith, 1921), who proposed
to associate the change of surface energy Γ of a body with the size of the respective crack
surface A. The infinitesimal surface energy is accordingly proposed to be proportional to
the crack surface,
dΓ = Gc dA.

(2.45)

The factor Gc is a material specific quantity and is referred to as critical energy release
rate. Furthermore, the change of internal energy is quantified by the energy release rate
G=−

dΠ
,
dA

(2.46)

where Π is the total potential of the body. The energy Γ contributes to the total energy of a
body and represents all forms of energy coming along with the micro mechanical processes
occurring during cracking. The complete energy balance can then be formulated in terms
of the first Principle of Thermodynamics
Ė + Γ̇ = Ẇ ,

(2.47)

where Ė and Γ̇ are the rates of inner and surface energy, respectively. The constraint
Γ̇ ≥ 0 is presumed as cracking is not reversible. The right hand side consists of the work
rate caused by external forces Ẇ . Note that in (2.47) kinetic energy and heat supply
are neglected as fracture is considered to happen during a quasi static isothermal process.
The complete body including the process zone is considered. Therefore, Γ contains also
energies associated with the plastic deformation work at the crack tip. The inner energy E
of the body can be expressed by the strain energy density Πi . It is further assumed, that
the external forces are conservative. Accordingly these forces reveal a potential Πe and
e
Ẇ = − dΠ
dt . Inserting these identities into the first principle (2.47) one finds
dΠi + dΠe + dΓ = 0

(2.48)

and the division of this equation by dA yields Griffith’s theory
dΠ
dΓ
+
= 0.
dA dA

(2.49)

This equation can be interpreted as follows: The propagation of crack growth sets in once
the increase of surface energy balances the release of potential energy. Inserting (2.45) and
(2.46) in (2.49) yields
G = Gc .
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Another parameter for quantification of the fracture tendency is the J-integral. This
vector valued quantity is defined as the surface integral
Z
J = Σ dS,
(2.51)
∂Ω

where Σ represents the Eshelby stress tensor
Σ = W 1 − ∇uT σ

or Σkj = W δjk − σij

∂ui
,
∂xk

(2.52)

receptively. Using Gauss’s theorem, the surface integral (2.51) can be transferred to a
volume integral


Z
∂σij ∂ui
∂ui
∂W ∂εmn
δjk −
dV.
(2.53)
Jk =
+ σij
∂εmn ∂xj
∂xj ∂xk
∂xk ∂xj
Ω

The first term in brackets vanishes due to the balance law (2.23). If further (2.32) and the
identity
∂εmn
∂εmn
δjk =
,
∂xj
∂xk

(2.54)

divΣ = 0.

(2.55)

is incorporated one obtains

Accordingly, the J-integral (2.51) vanishes for any volume, which is free of singularities. If
however, the material contains crack tips with the corresponding singularities the J-integral
is not zero. It can be shown, that the change of the inner energy of a body caused by the
translation of material defects as e.g. cracks is proportional to the J-integral. Within
a two dimensional setting the surface integral becomes a curve integral and the vector
components J1 describe the energy release associated with the translation in x1 direction
of the crack tip surrounded by the curve (see Figure 2.4). For the setup in Figure 2.4 the

integration
path

2

1

Figure 2.4: Schematic illustration of the J-integral for two dimensions.
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first component J1 is the energy release rate with
J1 = G = −

dΠ
da

(2.56)

and the criterion for crack propagation is therefore
J1 = Jc .

(2.57)

For a straight crack with traction free crack surfaces Rice, 1968 showed that J1 is path
independent. Additionally, it can be shown that the energy release rate for a crack under
arbitrary load can be described as a function of the three crack stress intensity factors of
the particular crack opening modes with
G = J1 =

1 − ν2 2
1 2
2
(KI + KII
)+
K
E
2µ III

(2.58)

under the assumption of strains occurring only in plane directions. Accordingly, within
linear elastic fracture mechanics, the three presented concepts are equivalent to a certain
extend.

2.3

Fatigue of Materials and Structures

The field of mechanical fatigue of materials is concerned with the investigation and description of phenomena causing failure under repeated loading and unloading, where the
forces cause small stresses in relation to static thresholds. Fatigue is related to all fields of
engineering as a number of catastrophic accidents from the past give a significant reason for
the study of the phenomenon. The problem is known since the period of industrialization
as failures occurred, which could not be explained by common knowledge. The studies
from August Wöhler (see e.g. Wöhler, 1866) are referred to as pioneer work within the
field of fatigue failure. Wöhler found that steel shafts could not resist the repetition of
loading and unloading by a bending moment even for very small moments. He performed
a number of experiments with varying load amplitudes and plotted the number of applied
load cycles versus the respective amplitude. This kind of diagram is today widely known
as Wöhler curve or S-N curve and provides a basic tool to describe the phenomenon. The
reason for the failure under small loads could, however, not be explained at this early
stage of the investigation. Nowadays, as material defects and the underlying processes
within the material are known the micromechanical processes associated with cyclic fatigue are investigated. Several textbooks as e.g. Schijve, 2009; Haibach, 2006; Dowling,
2013; Suresh, 1992 deal with the phenomenon. The physical basics and the current state
of fatigue lifetime estimations are outlined in the following.

2.3.1

General Description of the Phenomenon

Within machines, components or structures are subjected to cyclic loads since vibrations
from arbitrary sources are present in the structures. The process of mechanical fatigue
generally involves the accumulation of damage caused within the individual load reversals.
This leads to the formation of microscopic cracks and with ongoing cycling to the extension
of these micro defects to macroscopic cracks. Those are then propagated and finally lead
16
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to fatal failure of the structure. The schematic illustration in Figure 2.5a) summarizes the
basic mechanisms responsible for the initiation of microcracks caused by cyclic loading.
Suppose the specimen on the left of the illustration is subject to a harmonic load function.
In the case of a metallic polycrystalline material there are grains prone for early initiation
of dislocation slip. The quantity, which qualifies the grains in this regard, is the lattice
orientation with respect to the load direction as this determines the magnitude of the shear
stress. A spot where dislocations become active is shown in the zoom of Figure 2.5a).
During the first half cycle a slip step is created. The required stress to reverse this slip
step is higher due to strain hardening. Accordingly, during the reverse half cycle slip is
more likely to occur on a neighbor slip system. This is illustrated by sketch number two.
This underlines that the consequences of the cyclic slip are not fully reversible from a
micromechanical perspective. The sequence of dislocation gliding on parallel slip planes
goes on and on with further cycling to form a so called slip band. Within this slip band the
material separates at a point to form a microcrack. The outlined processes essentially occur
at free surfaces as less material surrounds the slipping action, which decreases the threshold
stress. However, note that in this regard a "free surface" can also be the surface of a defect
within the material. The so created microcrack will further extend while it contributes
to an even higher risk of dislocation slip due to the stress concentration at the crack
tip. On the other hand the propagation is hindered once it penetrates grain boundaries.
Accordingly, the nucleation of a micro crack does not always mean that it comes to final
failure. This is a question of the sequence and the magnitude of the load cycles. Once
the microcrack has grown to an order such that it is visible in optical measurements, it is
denoted a macrocrack. The different phases of the complete fatigue life are indicated in
Figure 2.5b). It is categorized by two main phases. The contribution in terms of time for
a)

2

3

surface

1

slip
band

b)
Periode of Crack initiation
cyclic
slip

nucleation of
a microcrack

propagation of
microcrack

Periode of Crack Growth
propagation of
macrocrack

failure

Figure 2.5: Descripton of the fatigue phenomenon: a) schematic illustration of the cyclic dislocation process during the phenomenon of mechanical
fatigue, b) different phases.

17

Chapter 2. Relevant Basics of Mechanics
each of the two phases depends on the material, environmental conditions, and certainly
on the load history. Common approaches for the description of the fatigue life of structures
are mainly based on empirical studies, due to the complexity of the process.

2.3.2

Total Life Approach

Specific methods for each of the introduced stages of the fatigue life exist. The general
concept dealing with the crack initiation phase is referred to as the total life approach. This
concept is mainly based on the application of S-N curves. These curves are, in honor of
the seminal work of A. Wöhler, also referred to as Wöhler curves. Within Figure 2.6 a S-N
curve is shown exemplarily. It is a plot of the specific load amplitude versus the bearable
number of load cycles until failure. It was found that for most materials, a linear relation is
observed within a double logarithmic diagram. The curves are recorded by means of cyclic
experiments with basic round or flat specimens. The load amplitude within a single test is
constant. The load is related to the nominal stress obtained by the maximum force with
respect to the undeformed cross section of the specimen. Some metals as for instance steel
show a distinct fatigue limit. This means that the slope of the S-N curve is zero beyond a
certain number of load cycles (infinite life). Denoting this fatigue limit with σD the S-N
law is
 −k
σA
NF = ND
for σA ≥ σD ,
(2.59)
σD
with the slope k and the knee point cycle number ND . Due to the design of the specimens
the number of cycles until macro crack initiation covers about 90% of the complete lifetime.
Accordingly, it is common to designate the point of macro crack initiation as the point of
total failure even if it is not entirely correct. In order to provide statistical significance a
number of tests is performed for every load amplitude. A standard defining the procedure
to record a S-N curve is provided by DIN50100 (see. DIN, 2016).
N2
1

N1
2

3

load amplitude (log)

σ1

σ2
1 ﬁnite life
2 short time life
3 inﬁnite life
number of cycles (log)

Figure 2.6: Schematic illustration of S–N line with explanation of several
important quantities.
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The general procedure of the total life approach is to count and categorize the particular
load cycles from the load time function that is applied to the structure under investigation.
Different counting methods were proposed in this regard, where the so called rainflow
counting (see Clormann and Seeger, 1986) is most frequently used. The contribution to
the fatigue damage of a particular category of load cycles can then be determined by
Miner’s law (see. Miner, 1945)
D=

n
X
1
· ni ,
NFi

(2.60)

i=1

where NFi is the number of load cycles until failure for a certain amplitude obtained from
a respective S-N curve. ni is the number of cycles applied with this amplitude. Within
this concept, failure occurs for D = 1.

2.3.3

Fatigue Crack Growth

This approach applies to the description of the second part of the fatigue life, which covers
the period from the occurrence of a macro crack to the final failure of a structure. The
behavior is called fatigue crack growth and the associated approach is based on fracture
mechanical concepts. In section 2.2 it was found that for a static load of cracked members
no crack growth occurs as long the threshold Kc is not exceeded. However, as outlined
above the crack can be propagated by cyclic loading. Commonly the stress intensity factor
range ∆K is used to describe the fatigue crack growth behavior. This quantity is also
referred to as the cyclic stress intensity factor and defines the range between the K values
associated with minimum and maximum load (see left illustration in Figure 2.7). In the
case of a mode I crack
∆KI = KImax − KImin .

(2.61)

The major contribution to this field was proposed by Paris and Erdogan, 1963, who found,
that fatigue crack growth rates da/dN render a power function of the cyclic stress intensity
factor within the range of stable crack growth. As illustrated in Figure 2.7 it is useful to

Figure 2.7: Schematic illustration of Paris law.

plot the growth rates within logarithmic scales since the relation then becomes a linear
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function. This function for the crack speed is described by
da
= C∆KI m ,
dN

(2.62)

which is commonly denoted the Paris law. The parameters C and m basically vary for
different materials but also depend on environmental properties as well as the stress ratio R = KImin /KImax and the mean stress of the load range. Similar to the fatigue limit
from the total life approach, the threshold K0 marks the load below which no propagation
of the crack takes place. On the other hand, the curve of the crack growth rates becomes
steep indicating the threshold Kc , which marks the point where unstable crack growth
sets in. If the Paris law is known for a certain material, the prediction of the lifetime for
a certain load case described by a respective stress intensity factor can be estimated as
(2.62) may be integrated to obtain ∆N .
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Phase Field Modeling of Fracture
The scientific basics from the field of mechanics outlined in the previous sections provide a
framework for the phase field fracture model, which is discussed in this chapter. This model
is used to investigate and evaluate the cracking behavior under complex loading conditions
such as cyclic loading or fatigue crack growth, respectively and the crack propagation in
materials that show a directionality of the fracture resistance. The latter implies that the
critical energy release rate is a function Gc (θ), with θ representing the crack deflection
direction. However, before the reader is introduced to developments that enable this kind
of investigation, the fundamental works of phase field modeling as applied to a number of
physical problems and also in terms of fracture are discussed within this chapter. For this
purpose, general remarks will be given, which are concerned with the history of phase field
modeling with special focus on basic properties and benefits. Following up on the latter,
a detailed description is provided dealing with the main ingredients needed to apply the
phase field method to fracture mechanics. It is important to understand the basic linkage
of phase field fracture models and fundamental concepts of conventional fracture mechanics, in particular Griffith’s theory (Griffith, 1921) of energy balances. As the recent basis
for the presented work, the phase field model proposed by Kuhn and Müller, 2010 will be
outlined to provide a comprehensive overview.

3.1

General Remarks on Phase Field Modeling

As a matter of fact, interfaces between different microstructures or phases are generated
within a large number of physical processes. For the purpose of technical applications, it
is very often of high interest to determine how certain interfaces between different phases
behave and evolve. The term phase is interpreted in a general way in this context. For
example, the kinetics of the martensite to austenite phase transformation controls strength
and ductility of stainless steels. For metal casting processes the temporal behavior of solidification is highly decisive for the mechanical properties of the cast and also for the
geometrical accuracy. The wetting behavior of a liquid can significantly effect the properties of an adhesive or a solder joint. Of course the cracking behavior, where the two phases
of interest are intact and broken material, affects the durability of any technical structure,
which experiences loads of any kind. Illustrative examples for spatially separated phases
occurring in those processes are for instance different crystal structures, materials of different density, different electric properties like e.g. polarization or even different contributions
of structural integrity. The numerical simulation of these interfacial processes via so called
sharp interface models is often encountered by obstacles (see e.g. Provatas and Elder, 2010;
Rajkotwala et al., 2019) concerning the tracking of the interface, which is very problematic
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for topologically difficult situations. Furthermore, physical properties must be averaged
at interfaces. In terms of fracture, the respective crack surfaces are explicitly mapped to
the spatial discretization within sharp interface models. Accordingly, the discretization
has to be adapted every time the crack propagates. Speaking in terms of finite elements,
remeshing algorithms have to be included within the solution scheme. From a simulation
point of view, the solution algorithms become complex and possibly time consuming.
A promising alternative framework to overcome the issues of sharp interface approximations is the phase field modeling paradigm. For the differentiation of relevant phases an
auxiliary parameter, often referred to as phase field parameter or order parameter, is introduced in this method. To enable a smooth representation of all fields without problems
of jump sets the field of this auxiliary parameter, the phase field in general identified as
φ(x, t), is continuous in space and time. Certain values of this variable represent certain
material phases. The phase field is coupled to the relevant degrees of freedom describing
a particular physical problem. The precise value of the order parameter specifies which
phase is located at a given point. However, in that concern one generally has to differentiate between two types of interpretations of the order parameter. A first interpretation is
that this variable solely differentiates the phases in order to overcome the explicit tracking
of the interface or in other words to provide a diffuse approximation of sharp interfaces.
This type is resembled by most of the novel models for solidification as in e.g. Kobayashi,
1993 or Wheeler et al., 1993. Within the other type of interpretation, each intermediate
value of the phase field has a well defined physical description of a certain state as e.g.
order to disorder transition microstructures (see. e.g. Chen and Wang, 1996). Returning
to fracture problems, the phase field may indicate the value 1 for intact material and 0 for
fractured material or a crack, respectively. However, the intermediate range can also be
interpreted as the state of damage, which describes the volume fraction of material flaws.
The order parameter therefore is a physical quantity. The phase field method provides
benefits in terms of numerical simulation as the interfaces are generally approximated by
a diffuse but compact transition region. The first continuum phase field model explicitly
using the term phase field was – at least to the best of the authors’ knowledge – proposed
by Kobayashi, 1993 for the growth of dendrites occurring within solidification processes.
Basically, what was accomplished within this work is to substitute the source term in the
diffusion equation of a sharp interface model by the time derivative of an order parameter,
which takes the value 0 for liquid phase and 1 for solid phase. The resulting coupling
of the temperature field and the evolution of the phase field delivered the very beneficial
properties, which since then are very much appreciated by researchers of many different
fields. In order to illustrate the wide spread of the phase field method over many areas,
Table 3.1 provides a brief overview (not claiming completeness) of different applications
and corresponding cites.
The equations describing the temporal evolution of the phase are commonly derived
from potentials of free energy, which are mathematically treated as functionals F [φ(x, t)].
The minimization of the respective free energy functionals yields the temporal evolution
of the phase field variable, which is in general governed by nonlinear partial differential
equations. Therefore, the continuum equations
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Research Field
solidification

Corresponding Phase Field Literature
Kobayashi, 1993, Wheeler et al., 1993, Wang
et al., 1993, Nestler and Wheeler, 2002
McFadden and Wheeler, 2002 Steinbach and
Apel, 2006, Schmidt et al., 2017
Nestler, 1999, Kazaryan et al., 2001, Kim et al.,
2014,
Kuhn and Müller, 2010, Kuhn et al., 2016,
Miehe et al., 2010b, Aldakheel et al., 2018a
Borden et al., 2016, Schlüter et al., 2014,
Wang and Li, 2010, Koslowski et al., 2002,
Mianroodi and Svendsen, 2015
Xu. et al., 2010 , Dineva et al., 2011, Bhate
et al., 2000

solid-sate phase
transformation
grain growth and
coarsening
fracture
dislocation dynamics and
interaction
electromigration,
magnetic-ferroelictric
fields
static and dynamic
wetting

Wang et al., 2018, Diewald et al., 2020, Badillo,
2015

Table 3.1: A selection of various applications of the phase field methode
with corresponding references.

∂φ(x, t)
δF
=−
∂t
δφ(x, t)

(3.1)



∂φ(x, t)
δF
= L∇ · ∇
∂t
δφ(x, t)

(3.2)

Λ
and

are commonly employed. The equation (3.1) is referred to as the time dependent GinzburgLandau or Allen-Cahn equation and was first applied to first order phase transformations
by Chan, 1977. In this equation Λ is a viscous regularization coefficient to account for
relaxation effects towards equilibrium. The latter equation is referred to as Chan-Hilliard
equation and was specifically derived for the problem of spinodal decomposition. For
the model presented in the following chapter the Ginzburg-Landau equation was utilized.
Therefore, the following derivations focus on (3.1).

3.1.1

Evolution of Phase Transformations

A combination of a bulk energy and an interface energy is proposed for the free energy of
a system with interfaces. The respective functional is

Z
Z 
1
2
F [φ(x, t)] = ψ(φ, ∇φ) dV =
f (φ) + κ|∇φ| dΩ,
(3.3)
2
Ω

Ω

where the first term represents the bulk energy density and the second term is a non-local
contribution in the form of a gradient term, which accounts for interfacial energy. The
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coefficient κ associated with the gradient energy term must be positive to ensure stability
for the case of only one present phase. Using the free energy (3.3) and applying the first
variation of the functional F [φ(x, t)], namely


Z
∂ψ
∂ψ
dΩ
(3.4)
δF [φ(x, t)] = δφ
−∇·
∂φ
∂∇φ
Ω

with δφ being the virtual distance to a neighbor function of φ (see e.g. Betten, 2004), the
functional derivative can be formulated by


δF
∂ψ
∂ψ
(3.5)
=
− κ∇ ·
δφ
∂φ
∂∇φ
and hence (3.1) yields

Λφ̇ = κ∇ ·

∂ψ
∂∇φ


−

∂ψ
.
∂φ

(3.6)

The state δF/δφ = 0 is a necessary condition for an extreme value of F and hence the
vanishing of this quantity characterizes an energetic equilibrium. Accordingly, (3.6) can be
viewed as the description for a relaxation to reach equilibrium governed by the viscosity
parameter Λ > 0. An important ingredient of a phase field model is the energy potential
f (φ), see (3.3). The details of appropriate potentials for fracture phase field models will
be discussed in later sections. However, at this point a brief discussion of two commonly
applied potentials is outlined. A widely used form of a potential is the so-called double
well potential
f (φ) = γφ2 (1 − φ)2

(3.7)

with the threshold for activation of γ/16, which acts as a natural barrier for a phase
transformation. A driving force has to induce energy that exceeds this barrier to cause a
transformation from one phase to the other. As illustrated in Figure 3.1a) in the basic form
of (3.7), the double well potential has two minima f = 0 for φ = 0 and φ = 1, respectively.
Introducing proper coefficients, these minima can be shifted along the vertical axes in order
to account for deviations of quantities related to the two different phases. This form of a
energy potential was used in numerous phase field models as e.g in the studies proposed
by Kobayashi, 1993 or Karma et al., 2001.
Another often applied free energy potential, that reveals advantages from a computational point of view is the double obstacle potential (see Figure 3.1b)). Similar to the double
well potential, the double obstacle potential shows an activation threshold γ. However, its
piecewise definition
f (φ) = γ(1 − φ2 ) + I(φ),

(3.8)

with:

I(φ) =

∞ for |φ| > 1
0 for |φ| ≤ 1

illustrates, that for values of the order variable outside −1 ≤ φ ≤ 1 the energy is assumed
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Figure 3.1: Commonly used free energy potentials within the phase field
modeling paradigm: a) double well potential, b) double obstacl potential.

infinite. Therefore, outside of the interfacial region the order variable will strictly be 1
or −1 according to the respective phase. In contrast for the double well potential (3.7)
the phase field will comparatively slowly go to the values representing the non-interface
phases. The double obstacle potential is used throughout the complete variety of phase
field modeling, as in e.g. in Steinbach and Apel, 2006 or Nestler and Wheeler, 2002. The
double obstacle potential requires an explicit approximation, which yields a decoupling of
the system of equations in space and is therefore very efficient if run in parallel. However,
very small time steps may be required, which counterbalances this benefit with respect to
implicit solvers.

3.1.2

Generalization of Ginzburg-Landau Equation

The derivation of the basic evolution equation for the phase field variable (3.6) was formally
accomplished by variation of the free energy with respect to the field of the order parameter.
The derivation of this approach is rather less illustrative and one barely can find the
connection to balance laws as basic characterization for dissipative processes. However, in
order to show the compatibility with the second law of thermodynamics, the derivation
can be generalized as done by Gurtin, 1996. In this work, a clear separation between
balance laws and constitutive equations is ensured by the introduction of a theory based
on microforces. This theory was initially proposed in Fried and Gurtin, 1994 and it basically
associates the change of an order parameter, i.e. the material configuration, representing
a certain phase with the action of a system of microforces, see Figure 3.2. This system is
postulated to obey the balance equation
Z
Z
0 = ξ · n dS + (π + τ ) dV
(3.9)
∂P

P

within a region P. Classical forces such as traction loads act externally and cause deformations of a body B. The introduced system of microforces acts within the body and
is associated with the changes of the material configuration represented by the order parameter. The force balance (3.9) includes contributions of the scalar internal microforce
π, representing microstructural tension associated with lattice defects, the scalar external
microforce τ , representing externally caused microstructure changes of P and those from
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the microstress vector ξ on ∂P. The vector n is the outer normal vector of the surface
element dS. The work expended by these microforces goes along with changes of the order
parameter φ. Accordingly, the terms π φ̇ and τ φ̇ are power densities accounting for work
expended on atoms by sources, internal and external of the control volume P, respectively.
Power distributed over the surface ∂P caused by neighboring sources is taken into account
by φ̇ξ · n.

Figure 3.2: Illustration of body with phase φ governed by acting of microforces.

In order to formulate a dissipation inequality describing the proposed system of microforces, one may start with the first principal of thermodynamics, which is
Z
Z
d
u dV = − q̇ · n dS = Ẇ .
(3.10)
dt
P

∂P

if heat supplies are neglect. In (3.10) u is the specific inner energy and q̇ represents the
heat flux. With the absolute temperature ϑ and under the assumption of no heat supplies,
the Clausius-Duhem inequality becomes
Z
Z
q̇
d
e dV ≥ −
· n dS
(3.11)
dt
ϑ
P

∂P

with the specific entropy e. Considering the formulation of the Helmholz free energy
ψ = u − ϑe together with (3.10) and (3.11) yields a dissipation inequality of the form
Z
Z
Z
d
(3.12)
ψ dV ≤
φ̇ξ · n dS + τ φ̇ dV,
dt
P

∂P

P

with the rate Ẇ for the proposed system being provided solely by microforces, where π
has no contribution as it acts at the internal of P. Utilizing partial integration, the surface
integral in (3.12) can be reformulated as
Z
Z
Z
φ̇ξ · n dS = φ̇ div ξ dV + ξ · ∇φ̇ dV,
(3.13)
∂P
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and accordingly together with (3.9) the strong form of the dissipation inequality (3.12) can
be formulated by
(3.14)

0 ≥ ψ̇ + π φ̇ − ξ · ∇φ̇.
In order to relate this inequality with the strong form of the balance law (3.9)

(3.15)

0 = div ξ + π + τ,
the general constitutive equations
ψ = fψ (φ, φ̇, ∇φ),

ξ = fξ (φ, φ̇, ∇φ),

π = fπ (φ, φ̇, ∇φ)

are considered. These relations are incorporated in (3.14), which yields




∂fψ
∂fψ
∂fψ
+ fπ + ∇φ̇
− fξ + φ̈
0 ≥ φ̇
∂φ
∂∇φ
∂ φ̇

(3.16)

(3.17)

where the restrictions
∂fψ
∂ φ̇

= 0 and

∂fψ
= fξ
∂∇φ

(3.18)

are required in order to ensure the inequality, since the field φ does in general not prohibit
arbitrary values for its derivatives at a certain location. Gurtin, 1996 showed that the most
general solution of (3.17) with restrictions (3.18) is given by
∂fψ
+ π = −Λ(φ, φ̇, ∇φ)φ̇
∂φ

(3.19)

with Λ ≥ 0 being a kinetic modulus. This solution reveals, that the internal microforce
depends on a contribution of dissipation and also on a contribution driven by the changes
of the free energy with respect to the order parameter. This illustrates the impact of
phase transition caused by the acting of microforces. According to these derivations (3.19)
yields constitutive functions for φ in accordance to the second law represented by (3.14).
Inserting (3.19) and (3.18) under consideration of the constitutive laws (3.16) into the force
balance (3.15) yields


∂fψ
∂fψ
Λ(φ, φ̇, ∇φ)φ̇ = div
−
(3.20)
∂∇φ
∂φ
for no action of external sources (τ = 0). As consequence of the first restriction in (3.18)
the functions for ξ and ψ do not depend on the time derivative ψ̇. In the case of a
constant kinetic coefficient and introducing a free energy of the form of (3.3) one obtains
the evolution equation of the order parameter (3.6). In other words, the Ginzburg-Landau
equation is generalized and an evolution equation is obtained for the order parameter φ
describing an energy potential that depends on the order parameter and its spatial gradient,
which results from a microforce balance.
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3.2

Free Energy Potential for Fracture

Within the previous sections it was explained how the evolution equation for a phase field
model can be obtained in general. The derivation assumes that a free energy functional,
associated with a certain microstructural phenomenon, is available. However, a convenient
free energy functional characterizing fracture was not presented so far. In fact, the description of such a functional must be classified as a further key point for reliable phase
field models. In that concern, it took a number of meaty studies from different researchers
before an appropriate formulation of a total energy was finally proposed. The particular
steps from an attempt to generalize Griffith’s theory to the regularization of cracks by
means of a two phase functional are briefly outlined in the following.

3.2.1

The Variational Model of Brittle Fracture

As outlined within chapter 2.2 the theory of surface energy linkage to cracks proposed
by Griffith, 1921 provides a fundamental framework for a macroscopic description of infinitesimal crack extension. The irreversible processes occurring within the formation of
cracks are associated with an equivalent surface energy contribution proportional to the
crack surface, which is in competition with the change of the elastic energy. During crack
propagation the released energy must be equal to the energy consumption due to cracking.
This resembles the energetic fracture criterion (2.49). Today Griffith’s theory is honored
as a key framework of linear fracture mechanics and standard in any textbook on fracture.
Nevertheless, this energy theory is subjected to some shortcomings preventing a wide practical application. It can be predicted at which state the total energy of a loaded body will
no longer suffer from crack extension. This point is referred to as crack growth instability
and specifies the onset of crack growth. However, no general specification about the interval of crack extension is provided. Further, if a crack of length 2a in an infinite plate is
considered under tensile load of σ0 , (2.50) becomes (see e.g. Gross and Seelig, 2011)
0 = Gc −

σ02 πa
,
E

(3.21)

for plane stress conditions. Accordingly, the critical stress for crack extension is of the
√
order of 1/ a, which allows for an infinitely high load once the initial crack length goes to
zero. This behavior is inconsistent with the matter of fact that materials fail at a particular
threshold loading. In other words, the energy criterion (2.49) does not account for crack
initiation. The Griffith’s energy criterion also does not give any specifications about the
topology of crack evolution, meaning that generally the direction of crack extension or
crack branching can not be predicted. In summary, Francfort and Marigo, 1998 motivate
the need for their variational model of brittle fracture by maintaining different objections
regarding Griffith’s theory in terms of the
,→ unspecified period of crack growth,
,→ the need of an preexisting crack,
,→ the unspecified crack evolution.
Their work provides a key ingredient of the phase field model presented in the following
sections and its basic content may therefore be reviewed at this point. The fundamental
28

3.2. Free Energy Potential for Fracture
assumption of this work is the postulate of the global minimum of the total energy of a
potentially cracked body. The energy to minimize at every time of an elastic body (see
Figure 3.3) represented by a domain with interior Ω, boundary ∂Ω and potential crack
set Γ under the prescribed loading û is defined as
E(Γ, û) = Ed (Γ, û) + Es (Γ).

(3.22)

The second term in (3.22) refers to the energy of the cracks in the sense of Griffith. This
contribution is proportional to the crack length for the two dimensional case and to the
crack surface in the case of three dimensions, respectively. Accordingly, the crack energy
is formulated by
Z
(3.23)
Es (Γ) = Gc (x) H d−1 (x) dΓ,
Γ

where the critical energy release rate is a function of the location x to account for the
general case. The crack surface is represented by the (d−1)-dimensional Hausdorff measure
H d−1 (x), which is a general measure for hypersurfaces (d ≥ 0). However, for the present
case, it can conveniently be considered as the crack length or surface, respectively. In
contrast, the first part of (3.22) represents the elastic energy of the bulk material. Francfort
and Marigo, 1998 focus on small deformations and linear elasticity with an elastic energy
density W for points within Ω\Γ. In order to ensure that at every time a minimum of the
total energy is attained, the bulk energy is formulated as the upper lower bound
Z
Ed (Γ, û) = inf
W (ε(u)) dV,
(3.24)
u∈C (Γ,û)
ΩΓ

of all displacement fields u associated with the set of admissible displacement fields C ,
which in turn depends on the external loads and also on the current crack pattern. According to these definitions and assuming a prescribed displacement field û, the energy Es
will monotonically increase with an evolution of the crack Γ and the bulk energy Ed will
monotonously decrease with Γ as the strain energy is released within ΩΓ = Ω\Γ. In order
to obtain the time evolution Γ(t) as a response to a load û(t) the principal of global energy
minimization is used. This means that the one state of the displacements u(x, t) and the
crack set is found among all admissible states, which minimizes the total internal energy

Figure 3.3: Illustration of open domain as base for the variational formulation of brittle fracture with interior Ω and boundary ∂Ω.
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(3.22). Considering a monotonically increasing load the model demands for
(i) an increase of Γ(t) with time and that Γ(t) = Γ0 for t < 0, where Γ0 is the initial
state, which is also allowed to be zero,
(ii) E(Γ(t), û(t)) ≤ E(Γ, û(t)), where Γ is a potential alternative crack with Γ ⊃ Γ(tλ )
with tλ denoting an arbitrary state previous of t, and also
(iii) E(Γ(t), û(t)) ≤ E(Γ(tλ ), û(t))
to be respected by the crack evolution. The condition (i) prevents cracks from healing,
as it requires Γ to increase with time or load, respectively. The actual postulation of the
global energy minimum is prescribed by the condition (ii). The latter condition (iii) may
in the first place seem rather redundant with respect to (ii). But it is very important as
otherwise the solution is not ensured to be unique, or in other words, multiple cracks could
be found, which fulfill (ii). With the conditions above, several properties of the variational
model can be shown. They are important to discuss due to the connection to Griffith’s
energy considerations in terms of fracture and also to underline the abilities to go beyond
the known restrictions of this theory. In this concern, it is desisted from providing the
respective proofs, as these are very extensive and would lead away from the scope of the
present work. Instead, the properties are summarized in the following categories.

Comparison to Griffith’s theory
The variational model for brittle fracture satisfies Griffith’s law. From a consequence of
(ii) it can be shown that for a crack Γ(t) the condition

−

dEd
dl

l(t)

≤ Gc

(3.25)

holds for a general state of the crack length l(t) during crack evolution. Further, no variation of l(t) is possible as long as (3.25) is satisfied in the strong sense (< instead of ≤).
A further consequence of the above condition is the conservation of energy during a crack
jump. In other words, the release of strain energy with respect to the change in crack
length during a crack jump is equal to the critical energy release rate. Accordingly, this
property extends Griffth’s theory, since crack evolution is described even when the energetic criterion for extension is reached.

Crack initiation and failure
In contrast to Griffith’s theory the model includes the initiation of a crack as it can be
shown that cracks have to appear within finite time. Furthermore, Γ will extend until the
complete release of strain energy, which can be referred to as an incident of failure.

Characteristics of crack propagation
Besides continuous crack growth, which limits the crack growth intervals to infinitesimal
time steps the introduced framework also includes the description of so-called brutal crack
extension. The latter refers to abrupt jumps of the crack tip front. The authors further formulate a criterion that decides, which crack growth characteristic occurs. In this concern,
the character of the bulk energy in terms of convexity is decisive. But also the strength of
singularities of the displacement field within Ω\Γ0 at special points like for instance crack
tips or at non-smooth points on ∂Ω. For weak singularities, e.g. sharp notches, only brutal
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crack growth occurs according to the model. As explained above, Griffith’s theory fails in
predicting crack initiation.
In conclusion of this section, it can be stated that the variational formulation of brittle
fracture proposed in Francfort and Marigo, 1998 provides a largely comprehensive framework for the description of cracking in brittle materials. Its value becomes especially clear
when keeping in mind all the characteristics of cracking that are included in this framework,
namely crack initiation, prediction of crack growth direction under arbitrary load states,
and also rupture. Even if the revolutionary work of Griffith, 1921 provides a very elegant
theory connecting irreversible processes associated with the formation of crack surfaces to
the principle of energy conservation or the change in elastic strain energy, to handle cracks,
additional criteria or paradigms are needed. As such, Leguillon, 2002 illustrates its constraints in predicting crack initiation at a sharp notch. He also points out contradictions
regarding the strength criterion, which predicts crack initiation for any load due to the
singularity in the stress field. Accordingly, an onset criterion is derived containing both
strength and toughness bounds. In contrast, the global minimization of the total energy
(3.22) also yields states in favor of crack initiation. A similar statement applies to crack
path prediction. Different approaches have been proposed dealing with the issue of crack
evolution under arbitrarily mixed mode loading. Famous contributions are the maximum
tangential stress criterion proposed by Erdogan and Sih, 1963, the criterion of local symmetry proposed by Goldstein and Salganik, 1974, or the minimum strain energy density
criterion, which is also referred to as S-criterion proposed by Sih, 1972. The aim of the
introduced variational model for brittle fracture is to find the one crack pattern among all
others that for every time ensures a minimum of the total energy. Accordingly, no additional criterion is needed for the determination of crack extension direction under arbitrary
load situations. All these elegant features underline the general character of this modeling
paradigm. This, however, leads to a crucial disadvantage of the model. It is simply not
possible by analytical methods to find the solution of such minimization problems except
for a small number of examples. It must further be outlined that the model presumes no
force boundary conditions to ensure the above properties. Therefore, the basic model is
something considered to be rather theoretical. Nevertheless, the general energy minimization principle is convincing for many applications. The variation formulation calls for a
practical and general solution strategy. This provides the basis for the phase field modeling
approach as will be outlined in the following sections.

3.2.2

Regularization of Free Energy

The modeling approach illustrated above provides a theoretical basis for the prediction
of crack nucleation and extension in brittle materials. However, a brute force search for
the optimal crack pattern is almost impossible. This theory misses a reliable framework
for its practical application to arbitrary problems. In that concern a necessary basic step
is the regularization of the total internal energy (3.22) to avoid jump discontinuities and
obtain appropriate fields, that can be employed within numerical solution techniques. Such
a formulation is provided by the regularization of (3.22). The number of studies from
different researchers to solve this issue very impressively illustrates the general relevance of
the question. In this regard one may begin with the approach of Mumford and Shah, 1985
for image segmentation. This field is concerned with the partitioning of a digital image to
detect segments. Accordingly, every part of the image may be assigned to an object and
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boundaries between different objects can be detected. In that regard, Mumford and Shah,
1985 proposed to transfer the problem of image segmentation to the minimization of the
functional

Z 
2
2
l1 (f − g) + |∇f| dV + l2 H d−1 (Γ)
(3.26)
G (f, Γ) =
Ω\Γ

with the image g (set of pixels) in an open bounded domain Ω, the smoothed image f, the
(d-1)-dimensional volume of the boundary Γ ⊂ Ω and the parameters l1 > 0 and l2 > 0
in order to obtain f and Γ. By means of this functional, Ambrosio and Tortorelli, 1990
developed a method for the minimization of the general class of functionals of the type
Z
Z
f (x, f, ∇f) dV + ϕ(x, f + , f − , n) dH d−1
(3.27)
F(f, Γ) =
Γ

Ω\Γ

that suffer from the issue of jump continuities. In (3.27), f + and f − are the lines of f on
the edges of Γ. Their approach considers the class of so-called special bounded variational
functions (see e.g. De Giorgi et al., 1989, Ambrosio, 1990). These functions allow for jump
discontinuities in f. Using this functions the functional (3.26) can be transfered to the
weak functional

Z 
2
2
G(f) =
l1 (f − g) + |∇f | dV + l2 H d−1 (Sf )
(3.28)
Ω

with the set of jump discontinuities Sf of f. It was shown by De Giorgi et al., 1989, that
a minimizer f of (3.28) also minimizes (3.26). However, even if the "troublemaker" Γ is
removed from (3.26), the computation of minimizers of G is still not free of difficulties as
the location of the jump set Sf is a priori unknown. To overcome this issue Ambrosio and
Tortorelli, 1990 proposed to approximate the functional G by elliptical functionals Gc , for
which Γ-convergence can be shown. This important property, comprehensively described
in De Giorgi and Dal Maso, 1983, of a sequence of functionals Gc (fc , zc ), with a auxiliary
variable zc ∈ [0, 1] and an regularization parameter c means that
lim Gc (fc , zc ) = G(f),

c→0

(3.29)

holds. This can briefly be illustrated by:
if (fc , zc ) minimize Gc , then the limit fc → f minimizes G

(3.30)

In other words, in the limit, meaning if c → 0, minimization of Gc is equivalent to the
minimization of G. The bridge of this approach to the variational formulation of brittle
fracture was initially formed by Bourdin et al., 2000 and further extended in Bourdin, 2007.
Within these studies, the internal energy (3.22) for an elastic material is approximated by
the functional

Z
Z 
(1 − z)2
2
2
Ec (u, z) = (z + η)W (∇u) dV + Gc
+ c|∇z|
dV,
(3.31)
4c
Ω

32

Ω̃\∂ΩN

3.3. Phase field Modeling of Brittle Fracture
where ∂ΩN refers to the part of ∂Ω, which is free of boundary conditions and Ω̃ is an
extended domain, which is considered to ensure traction free boundaries (see. Bourdin
et al., 2000 for technical details). This formulation is a slight variation of a functional
proposed in Ambrosio and Tortorelli, 1990 for the approximation of the Mumford-Shah
problem (3.26). For the elastic antiplane shear case, where the strain energy density is
described by
1
W = µ|∇u|2 ,
2

(3.32)

(3.31) becomes the functional proposed in Ambrosio and Tortorelli, 1990 to treat the
Mumford-Shah image segmentation problem for which Γ-convergence was proven. Further,
it is proven in Bourdin et al., 2000 that the regularizations for bulk and surface energies
of (3.31) converge to particular contributions of the strong functional (3.22) . However,
in terms of discretization of this total energy it is important to ensure the characteristic
length of the discretization of the numerical method to be kept small compared to the
regularization parameter c. In Bourdin, 2007 finite elements were used. Even if with (3.31)
a regularization is provided, which can be adopted within numerical solution techniques,
the practical solution is still not an unproblematic task as Ec reveals a convex character
for the set of variables u and z only separately. The proposed solution scheme in Bourdin,
2007 is a sequence of two one field optimization problems to be solved subsequently. The
following procedure describes this so-called Alternate Minimization process for a time step
ti :
1. Initialize u and z as ui−1 and zi−1
2. Alternate Minimization (iteration)
2a fix z as z p−1 and compute u as
up = argmin(E, u)
2b fix u as up and compute z as
z p = argmin(E, z)
3. as long as ||z p − z p−1 || > error , p = p + 1 and goto 2., otherwise ui ← up and zi ← z p
This algorithm ensures first order optimality conditions for u and z. However, as shown in
Bourdin, 2007, displacement states (u(x, t),z(x, t)) that satisfy the optimality conditions
may not in general be considered as global minimizers. Accordingly, additional checks are
required to ensure that the solution provided by the Alternate Minimization algorithm
fulfills second order optimality.

3.3

Phase field Modeling of Brittle Fracture

Up to this point of the current chapter, the very basic ingredients of a phase field model for
brittle fracture were introduced. On the one hand, the general characteristics of the phase
field modeling philosophy were illustrated and the benefits of field quantities and an order
parameter were presented. The derivation of a proper evolution equation (3.6) for this order
parameter was described in terms of two different perspectives, one by formal variation and
another more tangible motivated by the theory of micro forces in order to generalize the
framework. On the other hand, a basic formulation of the free energy functional properly
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describing the process of fracture was introduce as the second crucial component for a
phase field model dealing with fracture. It is now in the focus of the present section to
illustrate the combination of these ingredients, which can be referred to as a basic phase
field model for brittle fracture, presented by Kuhn and Müller, 2010. This model is of
fundamental character and will therefore be discussed to illustrate the basic concepts, the
properties, and also its constraints in order to motivate subsequent modifications, which
are in the focus of the present work. Accordingly, this will be in the focus of the subsequent
sections. To provide a comprehensive state of the art, several further models dealing with
different subtopics such as dynamic fracture and ductile fracture are briefly outlined.

3.3.1

The Kuhn-Müller Phase Field Model

As previously stated, the variational formulation for brittle fracture does not provide a
proper approach for practical usage within computational methods. This is simply due to
the required minimization with respect to discontinuous fields. The key idea of the phase
field model from Kuhn and Müller, 2010 is to use the regularization of the total internal
energy introduced above as the free energy of a phase field model. Accordingly, the specific
form of the energy functional (3.3) becomes
Z
F [ε(u, t), s(x, t)] =
Ω

1
(g(s) + η) ε : [Cε] + Gc
2
|
{z
} |
ψe




(1 − s)2
2
+ |∇s|
dV,
4
{z
}

(3.33)

ψc

with the specific bulk energy ψe and the specific interfacial energy ψc representing the
contributions of energy consumed by deformation work and crack extension, respectively.
The order parameter is designated as s ∈ [0, 1], with s = 1 representing the intact state of
the material, and s = 0 representing the broken material or crack. The first term, namely
ψe , in (3.33) is basically the elastic energy density within a small deformation setup, expressed by the linearized strain tensor ε. The tensor C is the fourth order stiffness tensor.
Obviously, the second term, namely ψc , is the regularization of the crack set proposed in
Bourdin et al., 2000. This part acts as diffuse, or as a smeared representation of cracks
within a body. Thus, the discontinuous formulation proposed by Marigo, 1985 is transferred into a diffuse interface energy. Figure 3.4 illustrates the basic approximation scheme
of the fracture problem by means of the phase field framework.
The product of the strain energy density with (g(s) + η) incorporates a degradation
of the stiffness within cracked areas, where g(s) is a degradation function. It may be
anticipated at this point, that the parameter η acts as a kind of residual stiffness parameter
to ensure numerical stability, where 0 < η  1 is demanded. The term stiffness degradation
becomes obvious once the stresses are derived from the potential by
σ=

∂ψ
= (g(s) + η)Cε,
∂ε

(3.34)

in which hyperelastic material behavior is presumed. Further, as at this point a proper
energy potential depicting a potentially fractured body is given, the law for an evolution
with respect to the time can be formulated bringing together the general law for phase
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sharp crack representation

diﬀuse crack representation

Figure 3.4: Schematic illustration of aproximation of fracture problem
by means of phase field modeling: left, body with real sharp crack; right,
diffuse representation of crack introducing a continuous crack field.

transformation of (3.20) and the total energy potential from (3.33) to yield a GinzburgLandau type evolution equation
δ
ds
= −M (ψe + ψc ) = −M
dt
δs



1 dg
ε : [Cε] − Gc
2 ds




1−s
+ 2∇ · ∇s
,
2

(3.35)

where the scalar mobility M = Λ1 > 0 is introduced now as a constant value for the
viscosity. With this kinetic control parameter approaching infinity, quasi static conditions
are approximated. The stationary limit is specified by a vanishing functional derivative
δψ/δs = 0.
Characteristic functions
As mentioned above, the potential ψ consists of strain energy density representing the bulk
potential and the crack energy density representing the interfacial part. The crack potential ψc itself consists of two parts. The non-local part characterized by the spatial gradient
of s and the local part, characterized by the monotonous function (1 − s)2 . The non-local
contribution ensures smooth phase transitions, whereas the local part has crucial impact
on the model properties (see e.g. Kuhn et al., 2015). In contrast to the double well or
double obstacle function (see. section 3.1.1), which was applied e.g. in Karma et al., 2001,
the local part yields a barrier between two phases and, irreversibility of the fracture process is not generally ensured by this monotonous potential. Nonetheless, there are several
benefits provided by this form of a quadratic potential. First of all one has to mention the
mathematical property of Γ-convergence, which was proven for the monotonous potential
of (3.33). Secondly, as the plot of the monotonous potential in Figure 3.5b) clearly shows,
the opposite phases s = 1 and s = 0 reveal unique states of the corresponding potential of
intact and broken material.
In contrast, the double well potential yields equal values for the opposite phases (see Figure 3.1a)). Therefore it occurs, that the crack field simply becomes wider, or in other
words the crack grows "fat" due to an energetic equivalence. The function (1 − s)2 reveals
a minimum for s = 1. This is a quite accommodating property, as it consequently yields a
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Figure 3.5: Illustration of important functions characterizing the fracture phase field model behavior: a) different degradation functions;
b) monotonous non-local crack potential.

minimum for the total energy for the unloaded state, or at unloaded regions, respectively.
Accordingly, this property constitutes a natural constraint s ≤ 1 for the phase field, which
for an application of the double obstacle potential would have to be integrated explicitly.
The second characterizing function in terms of the mechanical behavior of the phase
field fracture model is, as mentioned above, the function g(s) that describes the degradation
of the stiffness within fractured or fracturing regions. Within the initial model Kuhn and
Müller, 2010 the quadratic degradation function
gquad (s) = s2

(3.36)

is utilized. Besides the quadratic approach, a variety of different degradation functions
have been proposed. These approaches differ mainly in the polynomial degree. As such
e.g. cubic and quartic functions were investigated in Kuhn et al., 2015. Additionally,
parameterized functions with single parameters as e.g. in Borden et al., 2016, or multiple
parameters as e.g. in Sargado et al., 2018 have since then been applied to fracture phase
field models, as through the parameterization a family of degradation functions is provided.
Further, polynomials of up to even fifth degree were proposed within a study of phase field
models for solidification conducted by Wang et al., 1993. In Voyiadjis and Mozaffari, 2013
these functions were utilized as degradation function for a phase field model for damage
evolution. All the mentioned proposals for the modeling of the phase transition, or the
stiffness decrease in case of fracture, respectively, reveal different properties. Some of
them will be briefly outlined. The quadratic approach (3.36) was also proposed within
Ambrosio and Tortorelli, 1990; Bourdin et al., 2000 and Bourdin, 2007. This function, as
the respective line plot of Figure 3.5a) illustrates, satisfies the minimal set of requirements,
which are
g(0) = 0, g(1) = 1, and g 0 (0) = 0.

(3.37)

In addition, monotony and continuous differentiability are required. The first two requirements are obvious and simply ensure the complete release of stiffness (despite the
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mentioned residual stiffness ηC) for broken areas (s = 0) and vice versa for regions of
intact material. In contrast, the reason for the last condition, for the derivative may not
be clear in the first place. However, its significance becomes meaningful considering the
evolution law (3.35), since g 0 (0) 6= 0 would continue to drive the evolution of s even for a
broken material. The condition g 0 (1) = 0 is satisfied by the cubic and quartic functions
from Kuhn et al., 2015, and also by the parameterized cubic degradation function
gcub (s) = β(s3 − s2 ) + 3s2 − 2s3

(3.38)

for a parameter β → 0. The degradation function (3.38) was proposed in Borden et al.,
2016. With this property, the initial state s = 1 is generally a solution of (3.35) and
stiffness decrease of the material does not start before any load is applied, which is the
case for functions with g 0 (1) > 0 as e.g. (3.36). Accordingly, in terms of brittle fracture
a better approximation is provided by functions with g 0 (1) = 0. Unfortunately, there is
also a disadvantage. It was shown in Kuhn et al., 2015, that when using these functions,
even once a critical load is applied it is likely, that the phase field remains one, as this
state is, among others, still an admissible solution. However, since (3.38) provides a family
of functions, this issue can be overcome by choosing the parameter β slightly above 0.
The dashed lines in Figure 3.5b) illustrate the family of degradation functions provided
by (3.38). It is also noteworthy, that for β = 2 the original quadratic function (3.36) is
obtained. A meaningful interval for β is 0 ≤ β ≤ 3, as parameters β > 3 and β < 0 yield
curves, which are not monotonously increasing in the interval 0 ≤ s ≤ 1 (as the lowest of
the dashed curves in Figure 3.5a) shows exemplary).
From an uniaxial analysis, one finds the critical stress-strain states corresponding to
the onset of localization of the phase field. For the model resulting from (3.36) this state
is given by
r
r
9 EGc
Gc
quad
quad
σc
=
, and εc
=
(3.39)
16
6
6E
and in contrast the model resulting from the degradation function (3.38) with β = 0 yields
the critical stress-strain state
r
r
81 EGc
5Gc
cubic
quad
σc
=
, and εc
=
.
(3.40)
50 15
27E
Accordingly, the state of critical loading regarding crack nucleation is effected by the type of
degradation function. For this reason and due to the differences in the general mechanical
behavior until fracturing, the choice of the degradation function may also be interpreted
as a material characterization.
Modeling irreversibility of fracture
The discussion of this paragraph deals with the fact, that cracks occurring within a material
can not heal. However, the Ginzburg-Landau evolution equation does indeed allow for
a recovery of the crack field s from any state. Considering the dissipation inequality
(3.17) together with (3.18) and (3.19) yields the inequality 0 ≥ −Λφ̇2 . Accordingly, with
the evolution equation (3.35) the total dissipation energy for the described phase field
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formulation is expressed by
Z
D=

ṡ2
dV ≥ 0,
M

(3.41)

Ω

which illustrates that equal energy dissipation occurs for a decrease as well as an increase
of the phase field. Further, in (3.33) there is no energetic barrier incorporated by the bulk
potential as it would be for the double well potential. Accordingly, additional restrictions
must be considered to avoid crack healing for instance during unloading. In order to
overcome this issue, Bourdin et al., 2000 proposed to restrict the crack field once fully
broken. In terms of the present phase field model this was accomplished in the model form
Kuhn and Müller, 2010 by applying Dirichlet type boundary conditions at fully broken
regions, meaning that s(x, t) = 0 for all times t ≥ tbreak , where tbreak defines the time for
which s(x, t) has vanished completely. In regard of (3.41) and (3.35) this leads to a kinetic
coefficient to be given by

M ∗ for s > 0
M=
(3.42)
0
for s = 0.
This strategy is quite convenient when it comes to simulation. In finite elements the
conditions can simply be implemented by locking the respective nodes on the element level.
However, it may be noticed, that by applying this strategy, the phase field can recover as
long as it has not reached the value zero. Another way of prohibiting crack healing was
proposed in Miehe et al., 2010b. In contrast to Bourdin’s formulation, the phase field is
treated as a damage variable in this work and accordingly a stronger condition applies to
the rate of the phase field by enforcing
ṡ ≥ 0,
which does not allow for any regeneration. Thus the kinetic constant is given by

M ∗ for δψ
δs > 0
M=
0
otherwise.

(3.43)

(3.44)

This strategy is reffed to as damage like formulation.

3.3.2

Alternative Models and Extensions

Certainly, the self organizing characteristic in terms of the evolution of crack patterns
enabling a kind of natural tracking of crack propagation has gained the attention of many
researchers and accordingly a number of different models have been proposed within the
last two decades. A variety of fracture problems have been studied in terms of phase
field modeling. For instance, the models presented by Kuhn et al., 2016, Miehe et al.,
2016, Aldakheel et al., 2018a or Borden et al., 2016 treat ductile fracture. Contributions
dealing with dynamic fracture were presented by Schlüter et al., 2014 and models concerned
with the issue of cohesive fracture were proposed by Verhoosel and Borst, 2013 or Kuhn
and Mueller, 2016. The basic framework for these specific models, however, is always
provided by one of the contributions dealing with the original case of brittle fracture,
namely Miehe et al., 2010b, Amor et al., 2009, or Borden et al., 2014. The latter two
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in general also adopt Bourdin’s total energy regularization, where in contrast the first
one is based on thermodynamical arguments and principles of damage mechanics. The
damage like character of this model is also manifested by a contrary definition of the
phase field variable sd which corresponds to damage mechanics with 1 indicating fully
damaged or broken material and 0 indicating undamaged or intact material, respectively.
Hence, s = sd − 1 and this approach may, in some instances, be viewed as an alternative
framework. However, the crucial difference of these approaches with respect to the Kuhn
and Müller, 2010 approach is, that their basic formulation includes a distinction in the
general treatment of tensile and compressive loads. Such a distinction becomes relevant
in some situations, as the strain energy is a quadratic form and tension and compression
result in the same value of the potential. Due to the divergent response of the respective
phase field models with respect to the load characteristic, these models are also referred to
as being "anisotropic". However, as this term may be somehow misleading in this concern,
it shall be anticipated, that anisotropy solely applies to the phase field evolution and the
material tensor is not affected. Within both frameworks the strain energy density of a fully
intact body is split such that
ψe = ψe+ + ψe− ,

(3.45)

where ψe+ and ψe− represent the contributions caused by tension and compression, respectively. The definition of these two parts deviates and will be introduced separately in the
following.
Volumetric-deviatoric split
Generally, Bourdins regularization of the total internal energy (3.31) is also the basis for
the mode proposed by Amor et al., 2009. The strain energy density is considered as an
additive decomposition
ψe (ε) = ψev + ψed =

K 2
tr (ε) + µε2D ,
2

(3.46)

with a contribution caused by the change in volume namely ψev and a contribution caused
by distortion namely ψed . The factor K = λ + 2µ/3 is referred to as bulk modulus. The
volume energy density part ψev is further split into a tension and a compression part such
that
E2 K D
E2
KD
ψev =
tr(ε) +
tr(ε) ,
(3.47)
2
2
+
−
applying the operators h·i+ = max(0, ·) and h·i− = min(0, ·). The core difference with respect to (3.33) is now, that the degradation function acts on ψed and the tension associated
contribution of ψev . Accordingly the potential becomes

 D
Z
E2
E2
K
KD
VD
2
Fe = (g(s) + η)
tr(ε) + µεD +
tr(ε) dV.
(3.48)
2
2
+
−
Ω |
{z
} |
{z
}
ψe+

ψe−

Using this potential, negative mean stress has no effect on the minimization, as the crack
energy is no longer in competition with it. This becomes apparent when the corresponding
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evolution equation

ṡ = −M

1 dg
2 ds






E2
1−s
KD
2
tr(ε) + µεD − Gc
+ 2∇ · ∇s
,
2
2
+

(3.49)

is considered. Hence, cracking due to pressure is avoided by the energy functional, whereas
cracks caused by tensional loading can still be beneficial regarding an energy minimization
and will therefore occur.
Spectral split
A slightly different approach was introduced by Miehe et al., 2010b. The split of the total
strain energy density ψe is based on the spectral decomposition of the linearized strain
tensor
X
ε=
εi · (ni ⊗ ni ) ,
(3.50)
i

with the eigenvalues εi and the corresponding eigenvectors ni . Alternatively to (3.46) the
strain energy can be decomposed as
ψe =

λ
tr(ε)2 + µε : ε.
2

(3.51)

With (3.50) the potential becomes
λ
ψe =
2

D X E2 D X E2
εi +
εi
i

+

i

−

!

!
X
X
+µ
hεi i+2 +
hεi i−2
i

(3.52)

i

and for the corresponding energy functional only positive components of (3.52) become
degraded in order to avoid cracking under compression.
Generally, these two approaches are quite similar as for instance in case of hydrostatic
compression no driving terms of strain energy enter the evolution equation. However, the
behavior deviates in situations where the three principal strains are negative but different
in magnitude. In this case the split based on spectral decomposition from Miehe et al.,
2010b reveals zero contribution of strain energy in the evolution equation as in contrast
to the volumetric deviatoric split proposed in Amor et al., 2009 has a contribution due to
the deviatoric part of the energy density.
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Modifications of the Phase Field
Model for Brittle Fracture
The basic phase field model for brittle fracture introduced within the previous chapter reveals many benefits in terms of simulative investigation of initiation and tracking of cracks.
Furthermore, its methodical framework was proven to extend Griffith’s theory (Griffith,
1921) as an essential pillar of fracture mechanics. In its presented form the formulation is
restricted to cracking due to quasi static loading in homogeneous materials. Considering
some practical cases of material failure of components in vehicles, construction machines,
airplanes or similar engineering structures, cracks are as a matter of fact predominantly
driven by cyclic loads (see Haibach, 2006), which addresses different failure mechanisms.
Another aspect emerges by a general consideration of lightweight constructions since the
application of thin walled structures is common for this development principle. The microstructure within such thin walled components can have an influence on crack patterns,
as will be illustrated in the following section. Hence, turning the focus from a general
observation and characterization of fracture to practical examples, where cracking plays a
major role in terms of accessing loading capacity and operational capability, the need for
enhancement of the phase field model becomes apparent. Although the phenomena of these
different types of fracturing may be sufficiently characterized, it is certainly still a crucial
issue how a respective enhancement of the proposed phase field method can be established
in order to adequately picture the cracking behavior. In order to provide a comprehensive
description this issue will be the focus of this chapter. The modifications will be motivated by detailed explanations regarding the phenomenological background and it will be
shown how these particular effects are incorporated into the phase field fracture framework. In detail, two major modifications of the basic model will be outlined within this
work, namely the field of cyclic fatigue crack growth and crack deflection within materials
with anisotropic fracture resistance. The considerations of the chapter are restricted to the
theory of the enhancement, a respective verification will be provided in chapter 6.2. Even
if the basic model for the modifications is provided by the model from Kuhn and Müller,
2010 it will become clear that the proposed methods can also be incorporated within other
basic models. Additionally, it may be outlined, that as within other modifications as for
e.g. ductile materials (Kuhn et al., 2016) or cohesive fracture (Kuhn and Mueller, 2016),
the enhancements do not change or effect in any concern the very principle of the phase
field paradigm of the evolution governed by energy considerations.
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4.1
4.1.1

Cracking of Materials with Anisotropic Fracture Resistance
Characterization of Crack Deflection

One modification of this work is concerned with the incorporation of a directional fracture
toughness. First, it may be outlined, to which extent such materials change the extension
direction and then an appropriate phase field model is introduced. According to Griffith,
1921 a crack starts to extend once the additional amount of infinitesimal surface energy
(4.1)

dΓ = Gc da

can be balanced by the decrease of the potential energy relative to the infinitesimal crack
extension. This holds as long as cracks in isotropic materials that do not show the introduced anisotropy are considered. The criterion assumes that the direction for the crack
extension is known a priori. To overcome this issue, several additional criteria have been
proposed to determine the direction for arbitrary loading situations. There is, for instance,
the principle of local symmetry from Goldstein and Salganik, 1974 or the Maximum Energy Release Rate (MERR) criterion proposed in Erdogan and Sih, 1963 and Wu, 1978.
The starting point of the latter criterion is the assumption of an energy release dΓ
da as a
function of the potential deflection direction ϕ (see Figure 4.1). As a key postulate it is
assumed that once a respective load level is reached, the crack will grow in the direction
maximizing the energy release, which requires
∂G
∂ϕ

ϕc

=0

and

∂2G
∂ϕ2

ϕc

≤0

(4.2)

for the extension direction ϕc . In this description, the onset of crack growth is defined by
G(ϕc ) = Gc ,

(4.3)

where Gc is the material parameter measured in experiments without crack deflection. But
it is exactly this assumption that is not true for a number of wrought products used in
modern designing. In this regard, one may for example consider thin walled structures,
which are produced by forming processes such as (hot/casting-)rolling or extruding. As
illustrated in Figure 4.2a) for the (hot/casting-)rolling process and in Figure 4.2b) for

Figure 4.1: Schematic illustration of infinitesimal crack extension by an
increment da in direction ϕ.
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Figure 4.2: Illustration of two manufacturing processes for thin walled
structures: a) rolling; b) extruding.

extruding the material is strongly deformed during these processes. As it was shown
in several experimental studies, e.g. İriç and Ayhan, 2017, Moreno-Valle et al., 2019 or
Das et al., 2017, such materials are likely to reveal a directional variation of the fracture
toughness or critical energy release rate, respectively. This is caused by a deformation of
the microstructure caused by the high plastic strains during such forming processes. For
clarification, see the schematic illustration of a respective microstructure in Figure 4.3.
The indicated crack paths in this figure illustrate transcrystalline crack growth in the left
microstructure and intercrystalline crack growth in the right microstructure, respectively.
The crucial property establishes the grain boundaries. The exact circumstances may still
be an open field for discussion within the respective community, however, grain boundaries
generally complicate the crack evolution within a polycrystalline material. Accordingly, a
crack propagating in rolling/extrusion direction (RD) will have to cross a lower number
of grain boundaries to reach a certain length compared to a crack propagating in the
transverse direction (TD). Analogously, considering intercrystalline crack growth, a crack
propagating in RD can follow a less torturous path to reach the same unidirectional length
as a crack propagating in TD. In the general case, there is one direction prone for crack
extension as it consumes less energy and accordingly
GcRD < GcT D .

(4.4)

tranvers directoin

rolling/extrusion direction

Figure 4.3: Schematic illustration of crack evolution (left: transcrystalline
crack extension, right: intercrystalline crack extension) through elongated
microstucture caused by forming processes.

43

Chapter 4. Modifications of the Phase Field Model for Brittle Fracture
Certainly it is not only these two directions that deviate, but the fracture toughness varies
with the virtual crack direction. Accordingly, not only the release rate G depends on the
direction but also the material resistance Gc . Following the suggestion of an elliptical
interpolation (Kfouri, 1996) between GcRD and GcT D , the need for an additional criterion
for the determination of the deflection direction becomes obvious. In this regard Figure 4.4
shows a comparison of a constant fracture toughness and the case of a twofold anisotropy.
In order to overcome this issue Kfouri, 1996 proposed to consider the ratio G(ϕ)/Gc (ϕ) and
specify ϕc as the direction maximizing this ratio.

Figure 4.4: Schematic comparison of materials with fracture toughness
constant w.r.t. angle and anisotropic materials regarding determination of
crack extension direction.

4.1.2

Basic Modification

As outlined in the previous chapter, the original phase field model for brittle fracture Kuhn
and Müller, 2010 considers an isotropic surface energy density
!
(1 − s)2
ψc = Gc
+ |∇s|2
(4.5)
4
|
{z
}
Γ

and hence can not account for the kind of a twofold anisotropy explained above. The
phase field paradigm predicts the correct contribution for the field of the physical quantity
in consideration as the one among all that minimizes the total energy. In case of fracture,
the evolution may be interpreted as the continuous competition of strain energy and surface
energy for their respective significance in order to minimize the total energy. Consequently,
the key is to offer an opportunity for the surface energy not to consume to much energy
relative to the crack evolution. If this is enabled for a specific direction of crack extension
the surface energy density is modified anisotropic. Given (4.5), one may consider the
straight forward approach in accordance to the (MERR)-criterion and assume the critical
energy release rate as a function of the virtual cracking angle with
ψc (ϕ) = Gc (ϕ)Γ.

(4.6)

This approach was studied in terms of phase field modeling by e.g. Li et al., 2015 or Hakim
and Karma, 2009. Within the latter, the fourth order phase field model proposed by Borden
et al., 2014 is utilized as the basic model and the crack’s orientation ϕ is determined by

44

4.1. Cracking of Materials with Anisotropic Fracture Resistance
the normal vector
n(x, t) =

∇s(x, t)
.
|∇s(x, t)|

(4.7)

The vectors are oriented perpendicular to contours of the field s(x, t). This is shown by
Figure 4.5, which illustrates a phase field crack within a 2d setting. At locations of s = 0.9
the vectors ∇s/|∇s| are indicated. However, defining the crack trajectory this way and
introducing the critical energy release rate as Gc (n) is not free of problems. Within areas
away of cracks and particularity for the fourth order phase field model (Borden et al.,
2014) at s = 0, the gradient ∇s vanishes, which renders this scheme impractical. One
may be able to fix this issue by imposing suitable restraints at relevant areas but this
is extensive and conflicts with an implicit solution scheme as it is generally proposed for
all simulations within the present work. Accordingly, instead of modifying the critical
energy release rate it is better to consider the other relevant quantity of the surface energy
density (4.5), namely the crack’s regularization Γ. The non-local contribution of this
quantity consists of the squared norm of the gradient ∇s. Considering the horizontal crack
depicted in Figure 4.5 one obviously detects a significantly predominant number of vertical
components of the vectors ∇s/|∇s|. Thus consistently, an unidirectional crack produces a
majority of gradients, that point in the perpendicular direction with respect to the crack
orientation. If these gradients are modified such that they become energetically more
expensive a directionality is established. In order to incorporate a respective weighting,
the identity tensor in the non-local crack potential
(4.8)

ψenl = Gc  ∇s · (1∇s)
| {z }
|∇s|2

is proposed in the present work to be substituted by an appropriate second order tensor
Φ, that accounts for directionality. The new modified crack energy then reads
" 
#
 2
Z
(1 − s)2
∂s ∂s
∂s
∂s 2
Ec = Gc
+
Φ11 + 2
Φ12 +
Φ22 dV
(4.9)
4
∂x
∂x ∂y
∂y
Ω

within two dimensions. This equation reveals a possible weighting of the particular gradient
contribution by the components Φij . As the resistance against cracking is specified by these
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Figure 4.5: Contour plot of 2d phase field crack with indication of vectors
∇s/|∇s| for s = 0.9.
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components, the tensor Φ may be specified as resistance tensor in the following. Still, it is
not clear how this resistance tensor has to be designed in order to adequately picture the
behavior of the materials described above. Therefore, an interpretation of the gradient ∇s
can be given visually, plotting the non-local crack potential (4.8) in a s,x -s,y -ψcnl -coordinate
system. The respective surface plot is depicted in Figure 4.6. In case of the basic potential
(4.5) one obtains a symmetric paraboloid as shown in Figure 4.6a). Considering a section
at an arbitrary level of ψenl it becomes obvious that the direction of ∇s does not affect the
crack energy. In contrast the paraboloid may be deformed in a way such that an elliptical
paraboloid is obtained. In this case the direction of ∇s indeed has a considerable effect
∂s
on the energy, since for a gradient revealing a major ∂y
contribution allows for a shift
∂s
contribution of equal
to a lower level compared to the case of a gradient with major ∂x
magnitude. The proposed shape change can be introduced via a resistance tensor of the
form


1+α
0
Φ0 =
,
(4.10)
0
1−α
which reveals the eigenvalues 1 ± α quantifying the degree of directionality of the proposed
twofold anisotropy by an additional parameter α. As gradients are not restricted to certain
directions, the presented formulation represents an elliptical interpolation between the
values 1 + α and 1 − α with respective reference axes being the eigenvectors. The principle
axis of a material defining the anisotropy may not generally coincide with the used reference
system, which would lead to possible unrepresented weak directions. To satisfy this general
case a rotation of Φ0 is incorporated applying the rotation tensor with respect to the
coordinate axis


cos θ − sin θ
,
(4.11)
R=
sin θ cos θ
where the angle θ defines the rotation of the principal axes with respect to the coordinate
system. Utilizing this orthogonal rotation tensor and the gradient in the system θ ∇s the
actual gradient can be expressed by
∇s = RT θ ∇s.
a)

b)

Figure 4.6: Schematic illustration of non-local crack potential assuming
plane crack evolution of a) the original formulation and b) modified formulation.
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Thus on finds
∇sT Φ0 ∇s = θ ∇sT RΦ0 RT θ ∇s.
| {z }
Φ
This yields the rotated second order tensor



1 + α cos2 θ − sin2 θ
2α sin θ cos θ
T

Φ = RΦ0 R =
.
2α sin θ cos θ
1 − α cos2 θ − sin2 θ

(4.13)

(4.14)

as the general form of the resistance tensor considering a twofold anisotropy. Note that the
angle θ vanishes for a principal axis system characterizing the anisotropy that coincides
with the reference system and Φ becomes Φ0 . This formulation is then incorporated within
the energy functional (3.33) and one obtains the phase field evolution equation of brittle
fracture in materials with an anisotropic fracture toughness by



1 0
1−s
ṡ = −M
g (s)ε : [Cε] − Gc
+ 2∇ · (Φ∇s)
.
(4.15)
2
2
In this model, the directionality is characterized by material parameters α and θ depending
on the orientation of the material and the intensity of the anisotropy, respectively. Again,
the resistance tensor, as it is proposed above, only considers twofold anisotropies. A general
model could also account for even more complex anisotropies as they are outlined in e.g.
Teichtmeister et al., 2017 or Li et al., 2015. This could be addressed by further modifying
the resistance tensor.

4.1.3

Analytic Investigation and Parameter Identification

In order to gain a better understanding of the exact influence of the modification introduced
above on the phase field model, an analytic assessment is carried out. An analytic solution
of the partial differential equations (3.35) or (4.15), respectively, is to the best of the
author’s knowledge not available. Therefore, the phase field equation for a crack in a load
free one dimensional situation
0 = 2

d2 s s − 1
−
dx2
2ε

(4.16)

is considered. Its solution can be extended to two dimensions under certain assumptions.
Incorporating the modification from above the 1d equation becomes
0 = 2(1 + α)

d2 s s − 1
.
−
dx2
2ε

(4.17)

To find the solution for this equation on a bounded domain −1 ≤ x ≤ 1, exponential
functions are used in the homogeneous part such that
sh = C1 exp (λ1 x) + C2 exp (λ2 x) ,

(4.18)

where λ1,2 are the roots of the characteristic polynomial of (4.17). They become
λ1,2 = ±

1
√
.
2 1 + α

(4.19)
47

Chapter 4. Modifications of the Phase Field Model for Brittle Fracture
The inhomogeneous part of (4.17) is constant and accordingly a zero degree polynomial a0
is suitable for the particular solution. Inserting this solution in (4.17) one finds
(4.20)

sp = a0 = 1.
and accordingly the general solution becomes




1
1
√
x + C2 exp − √
x + 1.
s(x) = sh + sp = C1 exp
2 1 + α
2 1 + α

(4.21)

The constants C1,2 are defined by the boundary conditions
ds
dx

s=1

=

ds
dx

s=−1

= 0,

s(x = 0) = 0.

(4.22)

These conditions imply a symmetric course of the phase field with respect to the center of
the domain at x = 0. In a first place, the latter two conditions are sufficient to determine
s within 0 ≤ x ≤ 1. The course of the phase field is described by






1
x−2
√x
exp √1+α
− exp 2√
−
exp
+1
1+α
2 1+α


s(x) =
.
(4.23)
1
+1
exp √1+α
This expression can be rewritten by a series of hyperbolic functions






x
x
1
√
√
√
s(x) = 1 − cosh
+ sinh
tanh
,
2 1 + α
2 1 + α
2 1 + α

(4.24)

which under the assumption of  → 0 and incorporating the described symmetry becomes


|x|
s(x) = 1 − exp − √
for  → 0.
(4.25)
2 1 + α
In a comparison with the solution for the basic model (see Kuhn and Müller, 2010), this
function does not only depend on the regularizing length scale  but also on the parameter
α. Note that the original isotropic model is recovered for α → 0. The analytic solution
(4.25) is illustrated by the plot in Figure 4.7. The solid lines in this plot correspond to
the solution of the basic model for isotropic materials. The solutions s(x) are plotted for
two different values of , which illustrated the meaning of this length scale. The crack,
or crack field becomes wider for larger values of  and narrows if smaller values of  are
used. In contrast, the dashed lines correspond to the solution (4.25) of the modified model.
Solutions for different values of the parameter α are presented and these plots reveal an
important property of the modification. Considering the basic resistance tensor of the form
of (4.10), the parameter α yields a variation of the actual length scale with the consequence
of a wider crack for α > 0 and a narrow crack for the case of α < 0. Within the basic phase
field model, sharp cracks are accurately discovered for  → 0 and therefore the quality of
the approximation of cracks depends on the regularization length. Accordingly, the intensity parameter α may therefore be chosen as small as possible relatively to . The plots
further show that the modification yields the original model for the case of a vanishing
anisotropy, i.e. α → 0.
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1
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x
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s[-] 0.5

0
Figure 4.7: Illustration of the analytic solution of the proposed phase field
model of the one dimensional analysis of a stationary crack using different
values for parameters  and α.

Admittedly, within the one dimensional case an anisotropic fracture resistance does not
play any role. Nonetheless, this evaluation shows how the modification affects the solution
of the phase field. Further, the solution (4.25) may be transferred to two dimensions by a
thought experiment. This means that both, the positive and the negative values for α are
acting and while the potential regularization width is decreased in a certain direction it
is increased in another direction. This is illustrated by means of an energetic assessment.
The crack energy of a phase field crack in two dimensions can be approximated by a proper
extension of the one dimensional case. For an unidirectional crack, an extrusion of the one
dimensional solution is depicted in Figure 4.8a). The major surface energy contribution is
provided by the longitudinal part of the crack field (see Figure 4.8a). Extending the solution
equation solely in one coordinate direction, the energy consumed by the corresponding
phase field can, under consideration of a square domain of 2L with a crack of length a  L
orientated in y-direction, be approximated by
Za/2 ZL
Ec = Gc

(1 − s)2
+ (1 + α)
4



∂s
∂x

2


+ (1 − α)

∂s
∂y

2
dxdy,

(4.26)

−a/2 −L

With (4.25) and the gradient
∇s =

√1
2 1+α


!
exp − 2√x1+α
0

(4.27)

49

Chapter 4. Modifications of the Phase Field Model for Brittle Fracture
for this special case the integral can be computed by
Za/2 ZL
= 2Gc



1
x
dxdy
exp − √
2
 1+α

(4.28)

−a/2 0

= 2Gc

√


L
Za/2 
x
1+α
exp − √
dy
 1+α 0

(4.29)

−a/2

√





= aGc 1 + α 1 − exp

−L
√
 1+α


.

(4.30)

The phase field converges to the sharp crack solution for  → 0, and in this case the crack
energy becomes
√
Ec = aGc 1 + α for  → 0,
(4.31)
which illustrates the different amount of energy consumed by the crack compared to the
isotropic case. Additionally, one may note that for a crack growing solely in x-direction,
the function s(y) would be different and the respective surface energy would for that case
be obtained as
√
Ec = aGc 1 − α for  → 0.
(4.32)
In these considerations the diffuse region at the end of the crack is neglected. The effect
of this simplification is assessed. As depicted in Figure 4.8b), the crack energy associated
with the two ends of a unidirectional crack can be determined by
Ectip

Zπ ZR

Z
=

ψc dA = 2

s(r, ϕ) r dr dϕ.
0

Atip

(4.33)

0

In order to express the crack energy density in the system of polar coordinates defined in
Figure 4.8b), the solution is rotated with respect to the center (x = y = 0) and one obtains
 
−r
s(r, ϕ) = 1 − exp
,
(4.34)
2
which with α → 0 becomes a function of the coordinate r only. Further the gradient in
the defined r − ϕ-system can be derived by
#" #
" # "
∂s
∂r
∂s
∂ϕ

∂y
∂r
∂y
∂ϕ

∂x
∂r
∂x
∂ϕ

=
|

{z
T

∂s
∂x
∂s
∂y

,

(4.35)

}

where T is the respective transformation matrix relating the gradients of the x − y-system
with r − ϕ-system. With the coordinate transformations
x = r cos ϕ and y = r sin ϕ
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b)
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Figure 4.8: Schematic illustration of the extension of the one dimensional
phase field solution to an unidirectional crack: a) segment of surface plot of
the crack field; b) plane view on tip of the crack field.

this matrix and its inverse are found as


cos ϕ
sin ϕ
T=
−r sin ϕ r cos ϕ

−1

and T



cos ϕ − 1r sin ϕ
.
=
sin ϕ 1r cos ϕ

(4.37)

For the crack energy density (4.5) the spatial gradient of s may be described in terms of
the polar coordinates r and ϕ by transforming (4.35) to
" #
" # "
#
cos ϕ
∂s
∂s
−r
exp
−1
∂x = T
∂r =
2
2 
(4.38)
∂s
∂s
sin ϕ
−r
∂y
∂ϕ
2 exp 2
and accordingly the crack energy density becomes


(1 − s)2
2
+ |∇s|
ψc = Gc
4

 r  cos2 ϕ
 r  sin2 ϕ
 r 
1
= Gc
exp −
+
exp −
+
exp −
4

4

4



Gc
r
=
exp − .
2


(4.39)
(4.40)
(4.41)

Inserting this formulation for the crack energy density in (4.33) the integral yields
Ectip

Zπ ZR
=2
0

 r
Gc
exp −
r dr dϕ = 0 for  → 0.
2


(4.42)

0

According to these considerations the ends of a phase field crack can be neglected within
energy evaluations for small values of the length scale . The radius of the transition zone
is not constant in case of the modification for anisotropy. Nonetheless, the character of
the equations is unaltered and therefore in case of the anisotropic modification the crack
ends, in terms of surface energy, also do not contribute for  → 0 in terms of surface energy.
This analysis illustrates how the phase field model is effected in terms of a directional
dependency of energy by the introduced modification. While the model can minimize
the energy by growing the crack in one direction, it will consume a higher amount if the
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crack grows in the perpendicular direction. Furthermore, the derivations indicate that the
modification does not violate the convergence of the regularization.

4.2

Phase Field Model for Fatigue Crack Growth

As many reviews of cases of material failure show, the field of cyclic mechanical fatigue
is one of the most important branches of previous and current research in engineering.
Investigations show for instance, that the major cause for the failure of shafts and axles is
fatigue (see Haibach, 2006). Especially today as the rising urge for saving energy drives the
principles of lightweight construction to be applied for new products and developments,
a clear understanding of fatigue and fatigue crack growth becomes very important. The
phenomenon of mechanical fatigue of materials and structures was so far broadly investigated and treated in a number of textbooks by e.g. Dowling, 2013, Suresh, 1992, Schijve,
2009 or Haibach, 2006. In section 2.3 the two phases of the fatigue life are introduced: (i)
nucleation of microstructural degradation and growth of corresponding microcracks until
the formation of a macrocrack and (ii) the propagation of this macrocrack until an instance
at which final fracture of the structure occurs. From the perspective of numerical modeling
there are two challenging key issues:
• high computational effort
Fatigue of the microstructure is a steady process under ongoing repetition of loading
and unloading. Under comparably low excitation this can be an extremely slow
process. Accordingly, a critical number of cycles leading to failure in the order of
106 to 107 or even more is common within this field. Running simulations for such a
number of cycles is certainly impractical. The suitable balance between accuracy in
terms of results and simplifications must be found in this concern.
• lack of mechanistic basis
By the beginning of the last century the phenomenon of fatigue failure was a scientific
miracle. Nowadays, irreversible cyclic slip is identified as the underlying microscopic
source of the phenomenon. However, fatigue is affected by a large number of complex processes occurring on different scales. Still, no generally valid equation exists
that could describe the fatigue evolution under arbitrary conditions in terms of material, load distribution, amplitude, sequence among others. Accordingly, the issue
is not only to solve differential equations numerically. Due to this lack of a general
mechanistic description empirical laws must be incorporated within the modeling
frameworks in order to develop numerical tools. It must be determined which law is
appropriate for a specific problem and how can it be incorporated.
Several attempts to perform lifetime predictions have been published so far. Paris’ law
(Paris and Erdogan, 1963) is used to simulate fatigue crack growth for instance in Judt and
Ricoeur, 2015 using finite elements. In this study a sequential scheme is proposed, where
after a solution step for the deformation the ∆J-integral is evaluated at the crack tip in
order to get the incremental value for crack extension from a Paris curve. A new mesh with
an extended crack is then set up and the procedure is repeated. The new mesh is refined
at the crack tip. Note, that this basic scheme is not capable of handling fatigue crack
nucleation. A similar scheme was proposed by O’Hara et al., 2016 using generalized finite
elements. Paris’ law is also incorporated in a widely used tool for fatigue crack growth
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simulations, see NASGRO, Forman et al., 2005. In contrast, models were presented that
try to provide a more micromechanical basis. In Marigo, 1985 and Chow and Wei, 1991
cyclic fatigue life until crack initiation was modeled using the framework of Continuum
Damage Mechanics (CDM) from Lemaitre, 1992. Fish and Oskay, 2005 introduced a numerical model, where the damage evolution is treated by an increasing void volume fraction
described by Gurson’s model (Gurson, 1977). In the latter work cracks are modeled by
the deletion of finite elements once the void volume fraction exceeds a critical damage value.

4.2.1

Review of Phase Field Models for Fatigue

In terms of phase field modeling, the field of mechanical fatigue or fatigue crack growth is
considered only quite recently. The first publication describing an application of a phase
field fracture model to fatigue was, to the best of the author’s knowledge, proposed by
Alessi et al., 2017. This work considers the one dimensional case, meaning fatigue of a bar
due to tensile cycling. They propose the respective formulation of the internal energy of
the bar with
ZL "
E=

#
1
E(D)ε2 + d(ε̄)(w0 (D) + w(0)l2 D0 ) dx.
2

(4.43)

0

The phase field order parameter D is considered as a damage variable in the sense of CDM
with D = 0 representing intact material and D = 1 representing broken material. The
different interpretations of the order parameter are discussed in the next section. In Alessi
et al., 2017 D degrades the Young’s modulus E of the bar with length L. Accordingly,
the first term of the integrand represents the strain energy density of the bar. The second
part of the integrand is denoted as fracture energy of the bar with length scale l and the
damage dissipation function w(D) with w(D = 0) = 0 and w0 (D) ≥ 0. The function d(ε̄)
is denoted a fatigue degradation function. This damage degradation function is designed
such that it decreases the fracture potential according to an increase of the accumulated
plastic strain ε̄. Decreasing the fracture energy, or as one can also state, degrading the
critical energy release rate, enables the damage variable D to increase and accordingly
cause fracture of the bar.
Following up on this publication Carrara et al., 2018 proposed a generalization of the
model from Alessi et al., 2017. Other approaches were proposed by Mesgarnejad et al.,
2019 and Seiler et al., 2020. These models are different in several terms as for instance
in the driving force of fatigue but the approaches do indeed coincide with the idea of
Alessi et al., 2017 concerning the degradation of the fracture energy to cause crack growth.
Furthermore, a phase field fatigue model for cracking in cyclically loaded concrete was
proposed by Wriggers et al., 2020. Within several contributions by the author of the
present work Schreiber et al., 2019b, Schreiber et al., 2020a, and Schreiber et al., 2019a an
alternative approach is considered. Here, an additional energy contribution is introduced
to enter the total energy. Basically, this new contribution is proposed to represent the
deformation work associated with cyclic loading. This model is outlined in the following.
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4.2.2

Interpretation of Order Parameter

As stated in previous sections the interpretation of the order parameter is an important
issue to deal with. In Alessi et al., 2017 the order parameter is used as damage variable
in the sense of the CDM framework by Lemaitre, 1992. By this kind of interpretation, a
physical meaning is assigned to the order parameter. Within CDM the term damage refers
to the contribution of micro voids at a material point with
D=

∆SD
.
∆S

(4.44)

In this definition ∆S is denoted the area of a cross section in the point under consideration,
and ∆SD the corresponding area of all microvoids intersected by the cross section. By this
definition one obtains the range of the damage variable D as 0, . . . , 1 and a state D = 1
represents broken material or fully damaged material, while the state D = 0 refers to
intact material. This definition is applied in the phase field model from Alessi et al., 2017.
Suppose a material point is exposed to a constant stress σ. The effective stress tensor
σ̂ =

1
σ
1−D

(4.45)

will increase, since the effective surface area carrying load is reduced by D. Assuming a
linear elastic material referring to

1
ψ = σ̂ : C−1 σ̂ ,
2

(4.46)

the strain energy density for a damaged material point is described under consideration of
the principle of equivalent strain by
WD =


1
−1
σ
:
C
σ
.
2(1 − D)2

(4.47)

The corresponding strains may be obtained by differentiation as
ε=

1
∂WD
=
C−1 σ
∂σ
(1 − D)2

(4.48)

and accordingly the effective compliance tensor is identified as
C̃−1 =

1
C−1 .
(1 − D)2

(4.49)

Solving the constitutive law (3.34) for the strains one obtains
ε=

σ −1
C
s2

with C̃−1 =

1 −1
C ,
s2

(4.50)

where the basic degradation function (3.36) is applied and the residual stiffness parameter
η is neglected. Comparison of (4.49) and (4.50) shows that the two approaches coincide if
the relation
s=1−D
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holds. Accordingly, the phase field model basically represents a gradient damage model.
However, the evolution of damage or the driving mechanism in Alessi et al., 2017 as well
as in any other phase field fatigue model is purely phenomenological as no sufficient understanding of the processes exists. In Bourdin et al., 2000 and Bourdin, 2007 the phase
field variable is explicitly not meant to describe a physical quantity such as damage. The
order parameter is rather incorporated to enable a regularization of cracks and the respective surface energy. The interpretation is in the scope of an indicator function. The basic
phase field model Kuhn and Müller, 2010 is based on the latter works and therefore, within
the enhancement for fatigue crack growth, this type of interpretation is still maintained.
The scalar phase field variable s or the transition zone (0 < s < 1), respectively, has no
direct physical meaning. The meaning of s results from the philosophy of the phase field
paradigm itself. This is to approximated sharp interfaces by a smooth transition of an
auxiliary parameter for numerical convenience. In the following, the term damage will
always refer to fatigue. The work associated with this fatigue damage will be incorporated
as additional driving force for the phase field evolution. This means, that s is driven by
an estimation of the fatigue damage increment dDf , a quantity related to the number of
applied load cycles.

4.2.3

Modification of Driving Force Mechanism

The characteristic self organizing properties of the phase field modeling framework significantly result from the formulation of the evolution equation for the considered phases.
Generally, one can directly start with the construction of such an equation. However,
commonly these evolution equations are derived from energy potentials and contain the
property to approximate a sequence of energy minimizers. No additional criteria are required if the potential properly represents the phenomenon regarding all relevant aspects.
This was illustrated in the last section by a modification concerning the non-local surface
energy contribution. Anisotropy of the fracture resistance was incorporated. The established modification regarding fatigue is different. The static threshold for fracture can be
significantly higher than the threshold for the onset of fatigue of a material. Nevertheless, failure occurs under cyclic loading. Figure 4.9 schematically illustrates the problem
of the basic phase field model. A sample is subject to tensile loading. For the case of
a monotonously increasing load (blue curve in Figure 4.9) the evolution equation (3.35)
F
failure

F
static threshold
fatigue limit

t

Figure 4.9: Schematic illustration of comparison of monotoneous and
cyclic loading applied on an ideal brittle material.
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yields crack initiation for a certain load level as this minimizes the internal energy. In
other words, it will become more favorable from an energetic perspective to decrease the
phase field s, than to allow for more strain energy. Due to the significantly lower maximum
load value of the cyclic load function a potential evolution of the phase field will not be
effective in minimizing the energy. Accordingly, an infinite number of load cycles could be
simulated without any occurrence of material degradation. However, such a load function
with repetition of loading and unloading indeed spends a significant amount of energy,
which is consumed by irreversible processes associated with fatigue (see e.g. Mughrabi,
2013). Obviously, the classical model Kuhn and Müller, 2010 does not take into account
the presence of these irreversibilities. Consequently, an additional energy contribution is
included into the free energy. Thus, the new enhanced regularized formulation of the total
energy is proposed as
E f = E(ε, s, ∇s) + E ac (Df , s)
Z h
Z
i
=
(g(s) + η)W + Gc Γ dV + h(s)P (Df ) dV
| {z }
Ω
Ω

(4.52)

ψp

in order to account for the discussed fatigue related energy contributions. This functional
of the total internal energy consists of the basic formulation of brittle fracture and an
additional energy contribution characterized by the term ψp . This contribution is governed
by the current state of fatigue damage Df (x, t) and provides the necessary driving force.
The function h(s) is a degradation function with an analog purpose as g(s). Presuming
an increase of the energy density P (Df ) this degradation function enables a decline of
the total energy by decreasing the phase field s. This mechanism generally enables crack
growth driven by fatigue. A piecewise defined power function is proposed to govern the
energy contribution E ac by
Eb
D
P (Df ) = q Df − Dfc ,
with the Macaulay brackets, which are defined via
(
0
for (·) ≤ 0
n
· =
(·)n for (·) > 0.

(4.53)

(4.54)

This function is designed such that the fatigue driving force increases rapidly once the
critical value for damage Dfc is exceeded. This rapid increase is crucial as otherwise cracks
are prone to grow wide, i.e. perpendicular to the growth direction. The function P (Df ) is
plotted for a number of different sets of parameters in Figure 4.10. On the other hand the
function must be designed in a way such that reliable convergence behavior within the numerical solution scheme is ensured. Accordingly, the parameters q and b that characterize
this fatigue driving function can be viewed as regularization parameters.
Technically, the purpose of the modification is to create an opportunity to shift the
driving energy up to a level such that the threshold for resistance represented by ψc is
reached. However, the key issue is still to define how the fatigue damage is determined. In
a general manner, the current state of fatigue damage is the sum of the previous state plus
the incremental damage representing the increase for a certain period of time or cycles,
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1

Figure 4.10: Illustration of the fatigue driving function P (Df ) for different
combinations of parameters q and b.

respectively. This is expressed by
Df = D0 + dDf .

(4.55)

As outlined in section 2.3 fatigue is a complex field and its evolution is effected by a
comparative large number of effects. Thus the fatigue increment
dDf = dDf (D0 , σa , σ̄, R)

(4.56)

is certainly a function of the load amplitude σa , but also depends on the mean value of
the stress of the particular cycles σ̄, the stress ratio R, and also the damage history or the
previous state of fatigue damage D0 . Note that the number of effects considered by (4.56)
is incomplete as effects like strain rate or temperature a neglected. However, (4.56) illustrates the most important features of fatigue crack growth and is restricted to those effects
considered within this work. This illustrates the complexity of the fatigue phenomenon.
Accordingly, an important task in this context is to find an appropriate expression for the
increment dDf , that in the best case may cover all effects. On the other hand one has to
keep in mind the increasing computational costs necessary to satisfy the high number of
load cycles compared to a quasi static simulation. Rather complex approaches as e.g. contributions from Chow and Wei, 1991 or Fish and Yu, 2002, which are based on continuum
mechanics and consistent with the second law of thermodynamics are not feasible from the
perspective of computation effort. Technically almost any approach could be integrated in
the proposed model but it is simply not convenient to apply a micromechanical approach
at this stage. Anyway, there is certainly a number of straightforward approaches. The
model for fatigue damage proposed by Chaboche and Lesne, 1988 can be formulated in
terms of the damage increment by

γ2
γ1 σmax − σ̄
dDf,Ch = D
dN,
(4.57)
f (σ̄)
with the cycle increment dN , the parameters γ1 and γ2 as well as the mean stress effect
function f (σ̄), which must be determined by different experiments. Note that the current
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state of damage is taken into account by this formula. Separation of variables and integration assuming constant states of σmax and σ̄ yields the state of the accumulated fatigue
damage as

Df,Ch (t) =

N (t)
NFi

1/(1−γ1 )

(4.58)

for constant amplitude loading with the number of bearable load cycles NFi and the applied
number of cycles at a certain time N (t). An even more simple estimate for the damage
increment is the Miner rule (Miner, 1945). In terms of incremental damage this rule can
be formulated as
dDf,Mi =

1
dN,
NFi

(4.59)

which by integration yields the current state of damage
Df,Mi (t) =

N (t)
.
NFi

(4.60)

Both approaches, i.e. the Chaboche and the Miner approach, were initially developed to
describe the first period of the fatigue, which contains the time until macro crack initiation
of uncracked specimens. So far these theories were incorporated in numerical models for
fatigue crack growth of sharp interface models (see e.g. Bograd et al., 2008). The essential
difference between the two approaches is the incorporation of the current state of damage
within the first approach. The differences in terms of the characteristic of the damage
accumulation are schematically illustrated in Figure 4.11. Generally, due to the linear
character of the Miner rule, the sequence of cycle intervals with different amplitude does
not play a role in terms of the final state of damage. In contrast, the approach by Chaboche
indicates a nonlinear relation in a plot of the number of cycles versus damage. Due to the
incorporation of the actual damage state, a different result for the final damage is obtained
by different sequences, as Figure 4.11a) illustrates. The change in the amplitude of a load
time history can exemplarily be interpreted as a switch from the red curve to the blue
a)

b)

n1/N

1

n2/N

1

number of cycles

n1/N

1

damage

damage

n2/N

number of cycles

Figure 4.11: Comparison of a) linear damage accumulation (Miner) and
b) nonlinear damage accumulation (Chaboche).
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curve. This effect of the sequence was proven by experimental investigations as outlined
in textbooks (Dowling, 2013; Schijve, 2009; Haibach, 2006). The physical reason can
be illustrated considering the micromechanical model of a dilute defect distribution (see
e.g. Gross and Seelig, 2011). It can be shown that the degradation of the stiffness of a
representative volume element containing microcracks is proportional with respect to the
squared length of the microcracks. Nonetheless, the nonlinear model Chaboche and Lesne,
1988 contains a large number of parameters. In fact, it may be anticipated that sequence
effects in fatigue crack growth are obtained by incorporating the Miner rule (see Schreiber
et al., 2019b), which is less complex to implement. This will also be verified in the present
work. Furthermore, a physical foundation of the Miner rule in terms of fatigue crack growth
can be shown by interpreting damage accumulation as cyclic crack propagation. Utilizing
Paris’ law (2.62) and separating variables, integration may subsequently be performed as
Zac

∆N
Z

dN =

1
da.
C[∆K]m

(4.61)

a0

0

Therein, ∆N is a cycle interval, a0 is the initial crack length and ac is the critical crack
length representing the point of brutal rupture for a respective amplitude. Considering the
√
cyclic stress range ∆K = ∆σ πaY (a), this results in the cycle interval to failure
"√

π −m
∆σ =
∆Nc C

Zac

1
da
(aY (a))m

#1/m
,

(4.62)

a0

which according to the similarity with (2.60) regarding its structure is referred to as S-N
curve for components (see e.g. Haibach, 2006). Furthermore, if the case of a constant
geometry factor Y (a) = Y is considered, this equation may be rearranged to find


(1−m/2)
(1−m/2)
2 ak
− a(k−1)
√
∆Nk =
,
(4.63)
(2 − m)C[∆σk π]m
which describes the cycle interval for the crack propagation from initial crack length ak−1
until the crack length ak . This is obtained after ∆Nk under the stress amplitude ∆σk .
Accordingly, the cycle interval until failure of the particular amplitudes ∆σk is obtained
as


(1−m/2)
(1−m/2)
2 ac
− a0
√
∆Nkbreak =
,
(4.64)
(2 − m)C[∆σk π]m
where the same initial and final crack length is presumed for all amplitudes. According to
the Miner rule (2.60) the fatigue damage is expressed as the sum of the particular partial
damage increments with
D=

n
X
k=1

∆Dk =

n
X

∆Nk
.
∆Nkbreak
k=1

(4.65)

Inserting (4.63) and (4.64) in this damage sum and considering the final crack length of the
n-th increment to be the critical length ac one finds the Miner rule confirmed for this setup
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as it is proposed that D approaches 1 for complete failure. Certainly, the final crack length
for rupture ac is not equal for all amplitudes ∆σk . The effect, however, on (4.65) is small as
generally a0  ac (see Radaj and Vormwald, 2007). Furthermore, this connection between
Paris’ law and Miner’s rule is shown even for the general case of Y (a) in Ciavarella et al.,
2018. These considerations indicate a general relation between Miner’s rule and fatigue
crack growth. This motivates the Miner rule (4.59) to be used to determine the fatigue
damage increment within the proposed phase field model. The critical cycle number NFi
for a certain load amplitude can be obtained from appropriate S-N curves. Accordingly,
the estimate for the fatigue damage (4.55) becomes
Df = D0 + nD

−1



σ̃(ε)
AD

k

(4.66)

dN,

with lifetime exponent k, knee point cycle number nD , and threshold stress AD . Using
this law the new total internal energy E f of a component that potentially contains a crack
driven by quasi static loading and also by critical cyclic loading is finally formulated as
#

Z "
1
(1 − s)2
2
f
(g(s) + η) ε : [Cε] + Gc
dV
E =
+  ∇s
2
4
Ω

Z
+

*
h(s)q D0 + n


D −1



σ̃(ε)
AD

(4.67)

+b

k
dN − Dfc

dV.

Ω

The actual driving force entering the S-N curve in this free energy functional is σ̃(ε), which
is a scalar stress measure depending on the strain tensor ε. The exact choice may depend
on several properties like for instance the material or the type of loading. This dependency
will be further discussed in the next section. Within the cyclic resolved simulation scheme,
the current state of fatigue damage D0 is treated as a history variable updated in every
simulation step. The simulation scheme is outlined subsequently in section 4.2.5. Regarding the accumulation of driving forces within the fatigue related component of (4.67) it is
worth mentioning, that driving stresses not exceeding the fatigue limit AD are neglected
and accordingly have zero contribution. The related stresses provide a good insight into the
physical interpretation of this enhanced phase field formulation. In accordance to (3.34)
the stresses are derived by
σf =

∂ (ψ + ψp )
∂P
= (g(s) + η)Cε + h(s)
∂ε
∂Df
|
{z
} |
σe

∂Df ∂ σ̃(ε)
,
∂ σ̃(ε) ∂ε
{z
}
σ ac

(4.68)

with the additional contribution to the stresses
D
E(b−1)
kσ̃(ε)(k−1) ∂ σ̃(ε)
σ ac = h(s)qb Df − Dfc
· dN
,
∂ε
nD AkD

(4.69)

where the derivative ∂∂εσ̃ obviously depends on the choice of the driving force σ̃(ε). The
first term in (4.68) is the degraded tensor of the static stresses. The second term can be
interpreted as an additional stress component accounting for accumulated micro stresses as
a consequence of the cyclic slip irreversibilities caused by repetitive loading and unloading.
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4.2.4

Characteristic Driving Stress Quantity

As indicated above the model is significantly effected by the choice for the driving force σ̃.
Within Schreiber et al., 2020a and Schreiber et al., 2019a the stress in vertical direction was
used as driving stress. For strictly vertical tensile testing, i.e. mode I loading, this choice
is natural. Different criteria were proposed for the determination of the crack extension
direction. Basically, these criteria were shown to lead to similar directions of the deflection
angel for small KII contributions. A criterion, which is formulated in terms of stresses
was proposed by Erdogan and Sih, 1963. The main hypothesis of this criterion is that the
larges tension around the crack tip is relevant for crack extension. This criterion is referred
to as Maximum Tensile Stress (MTS) criterion and was derived under the presumptions
of LEFM for static loads. According to Kuna, 2010 it can be used for cyclic loading if
the restrictions of LEFM are not violated. The MTS uses the maximum circumferential
component of the stress tensor in a system of polar coordinates r, ϕ, where the current
crack tip acts as a pole. As illustrated in Figure 4.12, the deflection direction of a crack
under arbitrary load is determined assuming that,
• the crack extends in radial direction r with respect to the angel ϕc , which is perpendicular to the maximum tensile stress σϕ (ϕ)max and
• the crack extends once the σϕ (ϕ)max exceeds the material specific critical stress σc ,
which is associated with reference case of KI = KIc and KII = 0.
Note that due to the singularity of the stresses at the crack tip the MTS is evaluated at a
certain distance r > 0. In agreement with the items above, the relevant maximum tensile
stress σϕ (ϕ)max is characterized by
∂σϕ
= 0 and
∂ϕ

∂ 2 σϕ
< 0.
∂ϕ2

(4.70)

These constraints are in conflict with the implicit implementation of the phase field framework from above. It can, however, be shown (see e.g. Kuna, 2010) that for the direction
of σϕ (ϕ)max the shear stress vanishes and the MTS is identical to the first principal stress,

y

crack tip

x

Figure 4.12: Near tip stress field in polar coordinates for a crack in an
infinite plate under arbitrary load state (KII > 0).
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which in two dimensions can be explicitly formulated by
s

σx + σy
σx − σy 2
2 .
σ1 =
+
+ τxy
2
2

(4.71)

In other words, according to the MTS criterion the characteristic driving force quantity
to be incorporated in the phase field model is the first principal stress. Note that for load
cases with KII → 0 the first principal becomes the σy component. Accordingly, within
simulations of pure mode I it is sufficient to simply use this component as σ̃.
The choice of the first principal stress as driving force quantity will be confirmed by
simulations outlined in section 6.2.3. However, this choice does not claim to be generally
valid. There may be materials or other effects, where a different stress as e.g. the von-Mises
stress, or others provide more reliable results.

4.2.5

Cycle Resolved Simulation Scheme

The mechanisms associated with the disruption of materials caused by cyclic fatigue may
depending on the magnitude of the load cycles, extend over a very long period of time.
Accordingly, the number of load cycles before crack nucleation or growth occurs can be
high. Without an efficient simulation scheme, where a large number of cycles are integrated, simulation times can not be kept within a reasonable limit. The collection of load
cycles in terms of damage to blocks is done within conventional fatigue life approaches.
The connection of all these blocks represents the whole load history and is called load
collective. For fatigue crack growth simulations, Fish and Yu, 2002 proposed the so called
"cycle jump". This term denotes a scheme, where the fatigue damage after the ith simulation step handling a certain amount of load cycles D(i+∆Ni ) is computed by
D(i+∆Ni ) = Di + ∆Ni · ∆Di .

(4.72)

The fatigue damage of the previous computation steps Di as well as the particular interval
∆Di is obtained by an explicit Euler method. The block size ∆Ni to summarize several
load cycles at each time is chosen adaptively.
Within the present work, a time-cycle transfer scheme is developed, which strongly
resembles the cycle jump scheme. As (4.66) reveals a certain interval of cycles dN that
leads to a respective evolution of ψp , the fatigue damage is obviously given explicitly in
terms of cycles. Suppose a constant block size per time ∆N
∆t , the damage evolution for the
current simulation step can be obtained by evaluating (4.66) as
(i−1)

Dfi = Df

+ dDf (∆ti ).

(4.73)

Under this assumption the phase field evolution equation may be transferred from the time
to the cycle domain conveniently by chain rule differentiation. Consequently, the evolution
equation for the phase field model for fracture taking into account cyclic fatigue effects is
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reformulated in terms of cycles such that
)
(


s−1
ds
0
01
+ h(s) P (Df ) ,
= −M̂ g(s) ε : [Cε] − Gc 2∇ · ∇s −
dN
2
2

(4.74)

with the mobility in the cycle domain

M̂ = M ·

∆N
∆t

−1

(4.75)

.

The fatigue damage is updated for every simulation step according to the scheme introduced
above. One must mention, that in order to ensure a reliable convergence behavior, adaptive
adjustment of the step size must be implemented, as otherwise the simulation may break
down in case of a rapid increase of the P (Df ) contribution. Hence, the number of cycles
treated within a single simulation step is controlled by the current computational stability.
The handling of the load cycles as it is proposed within the present work is illustrated
within Figure 4.13. Assuming constant amplitudes, the actual cyclic load sequence F (t)
applied to the structure is represented by a load that remains constant after the initial
ramp up with a magnitude equal to the maximum force value of the cycles. The blocks
∆Ni correspond to the particular simulation steps. As a key difference to other approaches,
where loading and unloading for every single cycle is explicitly simulated as e.g. Alessi et
al., 2017 the number of cycles that can be computed is significantly higher by the proposed
cycle jump approach.
single cycle

real load time sequence

eﬀective load for simulation

F

t

Figure 4.13: Schematic illustration of simulation cyclic resolved simulation scheme for fatigue crack growth simulations.

4.2.6

Variation of Mean Stress and Stress Ratio

The description of the damage interval (4.66) restricts the applicability of the phase field
model to constant amplitude loading of a sequence with a zero minimal load (see Figure 4.13). However, real load time sequences are much more complex as they generally
reveal a random character with alternating mean loads and load minima. Certainly, quantities like the amplitude of the cycles and also the mean load has a crucial effect on the
fatigue crack growth behavior. Therefore, these quantities have to be taken into account
by the model formulation of the fatigue damage increment. The most common factor to
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quantify load cycles of sequences regarding their characteristic loads is the stress ratio
R=

σmin
,
σmax

(4.76)

with σmin and σmax being the respective load minimum and maximum. A slightly different
quantification is applied in the following by
σ̃mean
σ̃

L=

(4.77)

as the ratio of the mean of the driving stress with respect to maximum driving stress σ̃.
This ratio may also be expressed in terms of the external load. Within a small strain
setting and linear elasticity these ratios coincide and therefore the mean driving stress can
be expressed with
σ̃mean = σ̃

Fmean
= σ̃L.
Fmax

(4.78)

Accordingly, the appropriate amplitude value to enter the damage increment (4.66) can
be expressed by means of the load ratio L. The respective increment of fatigue damage is
then expressed as
dDf =

n


D −1



σ̃(ε)(1 − L)
f (L)

k
dN,

(4.79)

where the threshold stress f (L) is proposed as function
f (L) = AD (1 − L)γ̄ .

(4.80)

In order to mimic mean stress effects and amplitudes below that threshold are not taken
into account. Note that this kind of function for f (L) is proposed for a practical reason.
The numerical results of section 6.2.2 show an accurate behavior with this function. It is
not claimed that this function provides a general method for any material. But the model
generally allows for arbitrary functions for the threshold stress in order to properly fit a
certain behavior.
For the cycle resolved simulation scheme, this more general damage increment for
various amplitude loading means basically that the effective load function is not constant
but varies over time. In other words, the envelope of the load time history is traced by a
proportional load function. The load factor L is varied according to the alternating cycle
characteristics.
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Finite Element Implementation
The Finite Element Method (FEM) is applied in order to approximate the solution of
the governing set of partial differential equations. In general, this set consists of the
mechanical equilibrium and the evolution equation for the phase field. These equations and
the respective modifications were introduced in the previous sections. An implementation
into a FEM solution scheme requires the approximation of the underlying domain by the
assembly
Ω ≈ Ωh =

ne
[

Ωe ,

(5.1)

e=1

of ne finite elements, i.e. the domain is decomposed into smaller parts of finite size. Within
these finite elements the field quantities are approximated (see Figure 5.1). The discrete
nonlinear system can not be solved directly. It must be linearized and the solution is then
obtained by iterative procedures. If the problem reveals a temporal dependency, as it is
the case for the phase field evolution (4.15) and (4.74), a time integration scheme must be
employed. The description of all these steps for the introduced phase field frameworks is the
focus of the current chapter. The implementation is done along the line of corresponding
textbooks as e.g. Bathe, 1996, Wriggers, 2001, Zienkiewicz and Taylor, 2001. In some parts,
the derivation for the two different phase field models for anisotropic fracture resistance
and fatigue crack growth coincides. Therefore, a separated description of the underlying
equations will be outlined only when the two models deviate. The system of equations is
generally solved for the displacements and the phase field variable utilizing a monolithic
scheme. In contrast to staggered solution schemes, where the phase field variable and the
displacements are computed in separated iteration loops (see e.g. Miehe et al., 2010a), this
rather conservative approach solves the system for all unknowns within a single solution
step. The implementation is presented for the two dimensional case.

5.1
5.1.1

Spatial Discretization of Governing Equations
Weak Forms

The governing differential equation for the crack phase field is a multi valued equation as
it consists of the mechanical force balance and the evolution equation for the phase field.
Accordingly, the boundary value problem is always governed by a set of two equations with
the unknowns u(x, t) and s(x, t). For instance, the original phase field model for brittle
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fracture by Kuhn and Müller, 2010 yields the set of differential equations
"
#"
# " #
∇·
0
0
σ(u)
= Gc ,
Gc
1 d
s
0 M dt + 2W + 2 − Gc 2∆
2

(5.2)

where volume forces are neglected, W represents the linear elastic strain energy density
and the Laplace operator ∆ = ∇ · ∇ is used. It is, however, generally problematic to
employ the strong forms of the governing equations, since this requires a boundary value
problem to be smooth over the entire domain. The mechanical equilibrium for example
contains the gradient of the stress tensor and accordingly differentiability must be ensured.
It is therefore common to use a weak formulation of the governing equations. The weak
form of an vector valued problem is obtained by multiplying the differential equation with
a potentially vector valued test function δv and subsequent integration over the domain:
Z
(5.3)
0 = f (v) · δv dΩ.
Ω

The idea is then to consider every non-vanishing possible test function δv. If (5.3) holds
for all admissible test functions, the correct solution v is found. As indicated above, the
weak form provides the general basis for a finite element implementation regardless of the
specific physical subject. Note that this procedure is also referred to as the principle of
virtual displacements, see Bathe, 1996.
According to the above scheme the weak form of the mechanical balance law (2.23) can
be derived. Utilizing the virtual test function δu and applying partial integration yields
Z
Z
Z
0 = δu∇σ dΩ = − σ : ∇δu dΩ +
δu · t∗ dS,
(5.4)
Ω

Ω

∂Ωt

where body forces are neglected and Cauchy’s theorem (2.16) is used in the last term
to incorporate the prescribed traction vector t∗ and ∂Ωt is the fraction of ∂Ω, which
bears traction boundary conditions. For simplicity body forces are neglect. The integrand
of the second integral may be transformed to be expressed by virtual strains instead of
displacements via
Z
Z
0=−
σ : δε
dΩ +
δu · t∗ dS.
(5.5)
| {z }
Ω
∂Ωt
σ : 12 (∇δu+∇δuT )
Except for the expression of the stress σ, this weak form generally holds for the phase
field models proposed within this work. However, the particular second part of the set of
governing equations, namely the weak forms of the phase field evolution equation, obviously
deviate and are to be introduced separately. For the model accounting for a directionality of
the fracture resistance, introduced in section 4.1, the respective weak form of the evolution
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(4.15) is
Z 
0=−


ṡ
∂ψe+
1−s
δs
+ δs
− δsGc
+ Gc 2ε∇δs · Φ∇s dV,
M
∂s
2ε

(5.6)

Ω

with
∂ψe+
= g(s)0
∂s




E2
KD
2
tr(ε) + µεD ,
2
+

(5.7)

where again partial integration is applied. The corresponding surface integral for the last
term vanishes due to the homogeneous Neumann type boundary condition ∇s·n = 0 at ∂Ω.
For the anisotropic model tension compression distinction of the stresses is implemented,
since for several numerical examples, that were run within the underlying study this is
decisive. Specifically, the volumetric deviatoric split of the strain energy (3.48) proposed
by Amor et al., 2009 is applied due to the relatively low effort in terms of implementation
within the used monolithic simulation scheme. For the phase field model for fatigue fracture
the corresponding weak form of the evolution (4.74) is given by
#

Z " 
1 ds
s
−
1
0=−
δs
+ g(s)0 W + h(s)0 P (Df ) + Gc
+ 2Gc ∇s · ∇δs dV. (5.8)
2
M̂ dN
Ω

5.1.2

Isoparametric Concept

For all models presented in this work a small deformation setting and a linear elastic material model is used. However, as (5.6) and (5.8) indicate, the coupled system is nonlinear
due to the phase field evolution equation. In order to solve such problems, the state of
equilibrium must be found for the body under consideration with respect to the applied
loads, which may vary with time. This is expressed by the relation
0 = F (t) − P (t),

(5.9)

where F (t) is considered the vector of the external loads, which contains body forces, surface loads and also inertia forces for dynamic systems. Contrary, the vector P (t) contains
the internal forces corresponding to the respective degrees of freedom. The contributions
to these vectors for a particular problem are found from the weak forms. These equations
may be discretized in the first place, which is done by utilizing the isoparametric concept.
The principle to approximate both, the geometry and the field quantities of the particular
physical problem by means of the same shape functions HI is referred to as the isoparametric concept. The index I refers to the element nodes with I = 1, . . . , n, where n is the
number of nodes per finite element. These shape functions are defined within the reference
configuration Ω (see right illustration in Figure 5.1) of the respective finite element and
enable the approximation of relevant quantities within an element by
xe =

n
X

HI xI ,

(5.10)

I=1

where xI are the nodal values. The definition of these shape functions is based on a
reference finite element. Throughout this study, four node quadrilateral elements are used.
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4

3

1

2

Figure 5.1: Schematic illustration of discretization of a body Ω with indication of isoparametric approach.

Figure 5.1 shows this element type and indicates the isoparametric mapping of the reference
configuration of the finite element to its spatial configuration. With respect to the ξ − η
reference system, the underlying shape functions of four node elements are
1
1
HI (ξ, η) = (1 + ξI ξ) (1 + ηI η),
2
2

(5.11)

with coordinates ξI and ηI of the corresponding nodes, i.e.
(ξ1 , η1 ) = (−1, −1), (ξ2 , η2 ) = (1, −1), (ξ3 , η3 ) = (1, 1), (ξ4 , η4 ) = (−1, 1),

(5.12)

according to the illustration in Figure 5.1. Derivatives of field quantities must be calculated within the finite element approximation. As the field quantities depend on the shape
functions, the respective derivatives require derivatives of the shape functions. The common procedure is to perform this differentiation within the reference configuration Ω and
transform the results to the spatial configuration Ωe with
" ∂H #

"

I

∂x
∂HI
∂y

=
|

∂x
∂ξ
∂y
∂ξ

# "
#
∂x −1 ∂HI
∂ξ
∂η
∂y
∂HI ,
∂η
∂η
{z
J −1
e

(5.13)

}

with J e being the Jacobian matrix. Within this finite element approximation integrals of
e.g. the weak forms can be evaluated by the transformation
Z
(. . . ) dV ≈
Ω

ne Z
[
e=1 Ω
e

(. . . ) dV =

ne Z
[

(. . . ) d,

(5.14)

e=1 Ω

with the relation
dV = det(J e )d,
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which demands det(J e ) > 0. Accordingly, this also constrains the ordering of nodes of the
finite element as indicated in Figure 5.1.

5.1.3

Numerical Quadrature

Integrals over Ωe must be calculated in order to obtain the residual, the tangent stiffness
and damping matrix, which will be introduced in the following sections. Using the relationship in (5.15) the respective integrals of functions f (x) may be transformed into the
parameter space of Ω and accordingly
Z

Z+1Z+1
f (x) dV =
f (ξ) det(J e ) dξdη,

(5.16)

−1 −1

Ωe

where the parameterization is in agreement with (5.12). The integration is performed
numerically using the approximation
Z+1Z+1
np
X
f (ξ) det(J e ) dξdη ≈
f (ξ)det(J e (ξp , ηp ))wp ,

(5.17)

p=1

−1 −1

where wp are integration weights. The corresponding coordinates ξp and ηp are to be chosen
at specific locations in order to achieve optimal accuracy. However, different patterns for
the distribution of these integration points can be applied. For many applications the
Gauss-Integration was found to yield most accurate results. It is therefore used in FEM.
Within this work the number of integration points per finite element np is set to four. The
corresponding values for the four node element are
√

√

√

√

√

√

√

√

(ξ1G , η1G ) = (−1/ 3, −1/ 3) , (ξ2G , η2G ) = (+1/ 3, −1/ 3) ,
(ξ3G , η3G ) = (+1/ 3, +1/ 3) , (ξ4G , η4G ) = (−1/ 3, +1/ 3) ,

(5.18)

with integration weight wp = 1 at all points. Further sets of integration points and weights
are summarized in e.g. Zienkiewicz and Taylor, 2001.

5.1.4

Spatial Discretization

In order to discretize the underlying physical model the body of interest is discretized by
finite elements. Field quantities as e.g. displacements are approximated through the shape
functions and the particular field values at the nodal points of the finite elements, just like
the geometry. All numerical investigations are conducted for two dimensional problems
with the assumption of plane strain. The Voigt notation for the strain and stress tensor
yields


 
εxx
σxx



ε = εyy
and
σ = σyy  .
(5.19)
2εxy
σxy
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The isotropic fourth order stiffness tensor is given by


λ + 2µ
λ
0
λ + 2µ 0  ,
C= λ
0
0
µ

(5.20)

with Lamé parameters λ and µ. In the phase field models the unknown field quantities are
the displacements u and the phase field variable s. By means of the isoparametric concept
these quantities can be expressed within an element Ωe via the shape functions HIu and
HIs
ue (x) =

n
X

HIu uI

and

se (x) =

I=1

n
X

HIs sI

(5.21)

I=1

over the nodes I of the particular element, where uI and sI are the nodal point values of
the corresponding fields and HIu as well as HIs are shape functions. In an analog way the
virtual test functions are discretized
δue (x) =

n
X

HIδu δuI

and

δse (x) =

I=1

n
X

HIδs δsI .

(5.22)

I=1

The model equations contain spatial derivatives. For this reason the differential operator
matrices




HIδu
0
HIu,x
0
,x



HIu,y 
HIδu
(5.23)
and
B δu
B uI =  0

I = 0
,y 
u
u
δu
δu
HI,y HI,x
HI,y HI,x
as well as
#
"
s
H
I,x
B sI =
HIs,y

#
HIδs,x
=
,
HIδ,ys
"

and

B δs
I

(5.24)

where (·), v represent the respective spatial derivatives ∂(·)
∂v . Utilizing these matrices the
element values for the strains and the spatial gradient of the phase field variable are
described by
εe (x) =

n
X

B uI uI

and

δεe (x) =

n
X

B δu
I δuI ,

(5.25)

I=1

I=1

as well as
∇se =

n
X
I=1

B sI sI

and

δ∇se =

n
X

B δs
I sI .

(5.26)

I=1

Note the distinction between shape functions for virtual quantities and real quantities in
order to provide a general description. As it is the case for most FEM formulations, identical shape functions are used for both, real and virtual quantities.

70

5.1. Spatial Discretization of Governing Equations
The discretization of the weak form of the mechanical equilibrium can finally be obtained by inserting the discretization from above into (5.5) and accordingly
#
" Z
Z
n
n
X
X
T
δu ∗
δu
T
HI t e dA =
0=
δuI − B I σ e dV +
δuI T RuI .
(5.27)
I=1

Ωe

|

I=1

∂Ωe

{z
P uI

}

|

{z
F uI

}

The expression within the brackets is referred to as the nodal residual of the mechanical
balance law RuI , with the first and the second integral representing internal and external
forces, respectively. In a similar way the discrete variables are incorporated into the weak
forms of the respective phase field evolution equations. Thus, the discretization of the
anisotropic model is
 D



Z "
n
E2
X
1 − se
ṡe
2
δs
0 K
0=
HI
+ g(se )
tr(εe ) + µεD e − Gc
δsI
M
2
2
+
I=1
Ωe
(5.28)
#
n
n
X
X
T
+ 2 Bδs
δsI RIs,an =
δsI PIs,an ,
I (Φ∇se ) dV =
I=1

I=1

where the deviatoric part of the strain tensor εDe is described by


εDxxe
εDe =  εDyye  = Pεe ,
εDxye

(5.29)

with the operator matrix


2/3

P = −1/3
0


−1/3 0
2/3
0 .
0
1

(5.30)

A similar procedure is applied to (5.8) in order to find the corresponding discretization


Z "
n
X
1 − se
ds
0=
δsI
HIδs M̂ −1
+ g(se )0 εTe Cεe + h(se )0 P (Df ) − Gc
dN e
2
I=1
Ωe
(5.31)
#
n
n
X
X
T
+ 2Gc Bδs
δsI RIs,fat =
δsI PIs,fat .
I ∇se dV =
I=1

I=1

The integrals of (5.27), (5.28) and (5.31) are referred to as the element residual assigned to
node I. The contribution originating from the mechanical balance law consists of internal
forces P uI and external forces F uI . In contrast, the contribution of the phase field evolution equation solely consists of internal forces. Together, these quantities form the nodal
residual vectors

T

T
s,an
s,fat
an
uT
fat
uT
RI = RI , RI
and
RI = RI , RI
(5.32)
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for the phase field models. By the assembly of all these nodal residual vectors the respective
global residuals Ran and Rfat are obtained. In a similar way the nodal values of the virtual
test functions δuI and δsI are assembled to a global vector δU . Consequently, the global
form of the governing equation is
0 = δU Ran

and

0 = δU Rfat

(5.33)

in order to fulfill (5.27) together with (5.28) or (5.31), respectively. For arbitrary values
of the test functions, the residual must vanish in order to obtain a solution of a boundary
value problem at a certain time.

5.2
5.2.1

Solution of the Nonlinear System and Time Integration
General Solution Procedure

Equations (5.33) represent a nonlinear system of equations, for which the unknown variables s and u must be determined accurately at every time step. It is convenient to employ
iterative solution procedures in order to approximate the solution to a certain degree of
satisfaction. The alternative is to deal with nonlinear functional analysis, which is extremely complex. The solution also depends on the first time derivative of the phase field
order parameter, rendering a first order transient problem of the form

0 = R(t) = F (t) − P U(t), U̇(t) ,
(5.34)
with U representing the set of degrees of freedom and its time derivative U̇, which is in
the present case

T
U = uT , s

and


T
U̇ = 0T , ṡ ,

(5.35)

as only the time derivative of the phase field variable is relevant for the solution. However,
time integration of (5.34) must be performed, where a variety of different methods is
available. These methods are categorized according to their explicit or implicit character
and by the number of time steps being involved. Assuming tk+1 is the time, for which
a solution is to be determined, explicit methods solely involve steps tk or lower. Implicit
approaches also take the solution at tk+1 itself into account. Implicit approaches are more
complex, however, they benefit in terms of stability and possible time step size. Therefore,
the implicit Euler method also referred to as backward Euler method was utilized in this
work. Generally, the goal is to find U̇tk+1 from
0 = Rtk+1 = F tk+1 − P Utk+1 , U̇tk+1



(5.36)

and as stated before the new solution Utk+1 is used to describe the rate by
U̇tk+1 =

Utk+1 − Utk
.
∆t

(5.37)

This implicit formulation requires an iterative solution as e.g. the Newton-Raphson scheme.
This scheme is based on a Taylor series expansion of the residual with respect to U, which
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for a given iteration (i − 1) yields
R(U) = (i−1) Rtk+1 +

∂R
∂U

(i−1) Utk+1


· U − (i−1) Utk+1 +O.
|
{z
}

(5.38)

∆U

Neglecting higher order terms O, inserting (5.36) into this expansion and respecting R = 0
in case of a solution, one finds
∂P
∂U

(i−1) Utk+1

· i ∆U = F tk+1 − (i−1) P tk+1

(5.39)

as contributions of the external forces do not depend on the unknowns U. Within a
iterative solution scheme the incremental solution vector is
i ∆U

= i U − (i−1) U.

(5.40)

The derivative of the internal force vector with respect to the displacements at a given
iteration yields
∂P
∂P
∂P ∂ U̇
∂P
1 ∂P
=
+
=
+
,
∂U
∂U ∂ U̇ ∂U
∂U ∆t ∂ U̇

(5.41)

in consideration of the Euler approximation (5.37). The two contributions in (5.41) are
commonly denoted as the tangent stiffness matrix
K=

∂P
∂U

(5.42)

D=

∂P
.
∂ U̇

(5.43)

and the tangent damping matrix

With these definitions the so called system matrix S can be formed and the solution scheme
for a given time step on a global level contains the evaluation of


1
Dt
(5.44)
i ∆Utk+1 ,
(i−1) Rtk+1 = F tk+1 − (i−1) K tk+1 +
∆t (i−1) k+1
{z
}
|
S
and a solution is found once ||i Rtk+1 || ≤ T OL, where T OL is a defined tolerance. Otherwise
the procedure is repeated with (i−1) U ← (i) U.

5.2.2

Derivation of Associated System Matrix

For the two presented phase field models the nodal contributions are computed on the
element level. In the following the derivation of the respective matrices
#
"
#
"
us
0
0
K uu
IJe K IJe
(5.45)
K IJe =
and
D IJe =
sṡ
ss
K su
KIJ
0 DIJ
IJe
e
e
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are described. The matrices contain derivatives of the internal forces P uI , PIs,an and PIs,fat
with respect to the nodal variables uI and sI . So far, the stresses in P uI (5.27) where not
defined in detail. The characteristic of the stiffness matrices depends on these stresses. In
case of the model for fracture toughness anisotropies tension compression differentiation is
incorporated, which renders the stress as

 D
E
D
E
∂(ψe+ + ψe− )
(5.46)
σ=
= (g(s) + η) K tr(ε) 1 + 2µεD + K tr(ε) 1 ,
∂ε
−
+

T
with the Voigt operator 1 = 1, 1, 0 . Accordingly, the particular sub matrices of K IJe ,
which contribute to the global tangent stiffness matrix can be derived as



Z
∂P uI,e

T
uu
δu T
(g(se ) + η) K 1 1 + + 2µP
K IJ,e =
= BI
∂uJ
Ωe
(5.47)


+K 1 T 1 − B uJ dV,
 D

Z
E
∂P uI,e
δu T s
0
us
K IJ,e =
= B I HJ g(se ) K tr(εe ) 1 + 2µεDe dV,
(5.48)
∂sJ
+
Ωe

K su
IJ,e

=

∂P sI,e
∂uJ

Z
=

HIδs g(se )0

 D

E
K tr(εe ) 1 + 2µεDe B uJ dV,

(5.49)

+

Ωe

K ss
IJ,e =

∂P sI,e
∂sJ

 D


Z (
E2
K
1
δs s
00
2
HI HJ g(se )
=
tr(εe ) + µεD e + Gc
2
2
+
Ωe
)
s
+2Gc B δs
I ΦB J

(5.50)

dV.

Also the only non zero component of the element damping matrix is given by
Dsṡ =

∂PIs,e
∂ ṡJ

Z
=

HIδs HJs M −1 dV.

(5.51)

Ωe

The compression tension distinction is not needed for the model of fatigue fracture, as
it will be shown in the subsequent result chapter. Therefore, it was not implemented in
this model and (4.68) sufficiently pictures the stresses. Nevertheless, the implementation
can become complex due to the driving quantity σ̃, which may depend on the particular
load case. If normal stress in vertical direction is assumed then a proper Voigt notation is
σ̃ = 1 v T Cε

(5.52)


T
with 1 v = 0, 1, 0 . Incorporating this driving force, the derivative in (4.68) becomes
∂ σ̃
= 1 v T C.
∂ε
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As discussed in section 4.2.4, a more general description of fatigue crack growth can be
realized by utilizing the first principal stress as driving stress quantity. This can be implemented by reformulating (4.71) in Voigt notation, which leads to
σ̃ = 1 T+ Cε +

h

1 T− Cε

2

+ 1 Tτ Cε

2 i1/2

(5.54)

,


T
T


T
with the operators 1 + = 21 , 12 , 0 , 1 − = 21 , − 12 , 0 and 1 τ = 0, 0, 1 . With these
expressions the associated element tangent stiffness matrices for the fatigue model become

Z 
ac
∂P uI,e
δu T
u
δu T ∂σ
u
uu
B I (g(se ) + η)CB J + B I
=
B
dV,
K IJ =
(5.55)
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∂ε e J
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IJ
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∂P uI,e

Z
=

∂sJ
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0 ∂P (Df )
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(5.56)
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∂ε e

(5.57)
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(5.58)

dV,

with the abbreviations



E(b−2) dN k
D
∂ σ̃ T
dN k
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2(k−1) ∂ σ̃
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= h(se )qb D k (b − 1) Df − Dfc
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∂ε e ∂ε e
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nD AkD
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(5.59)

D
E(b−1)
∂P (Df )
kσ̃(ε)(k−1) dσ̃(ε)
= qb Df − Dfc
· dN
,
∂εe
dεe
nD AkD

(5.60)



1 T− Cεe C1 − + 1 Tτ Cεe C1 τ
∂ σ̃
= C1 + + h
2 i1/2 ,
2
∂ε e
1 T− Cεe + 1 Tτ Cεe

(5.61)

as well as
∂ 2 σ̃
∂ε2e

C1 − 1 T− C

=h

+ C1 τ 1 Tτ C
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1 T− Cεe + 1 Tτ Cεe
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−
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1 T− Cεe C1 − + 1 Tτ Cεe C1 τ
h
2
2 i3/2 .
T
T
1 − Cεe + 1 τ Cεe

(5.62)
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Finally, the damping matrix can be derived, which is governed by derivatives with respect to
s,N due to the transformation into the cycle domain given by (4.74) and (4.75). Vanishing
contributions are obtained except for the component
Z
∂FIs
sṡ
(5.63)
HI HJ M̂ −1 dV.
DIJ =
=
∂s,N
Ω
Finally, the contributions of the considered element matrices are assembled to the global
system matrix
R=F −

ne X
n X
n
[

S IJ,e ∆U .

(5.64)

e=1 I=1 J=1

In order to provide a general finite element frame work it is differentiated between
shape functions for real quantities and virtual quantities. However, it may be noticed
that within all implementations of this study the same shape functions were used for all
variables. Using alternative shape functions for both or one type of unknowns may be
beneficial, as illustrated in Kuhn and Müller, 2010, where exponential shape functions
were employed for the approximation of the phase field variable.

5.2.3

Irreversibility Constraint

Naturally, (5.64) allows for crack healing as it does not prevent the phase field to increase
even after it has reached the value zero. Accordingly, one of the irreversibility constraints
introduced in section 3.3.1 must be implemented. Due to its straightforward implementation and its robustness in terms of convergence, the method of the artificial Dirichlet
boundary conditions (3.42) was used in this regard. Generally, this constraint requires to
"freeze" the phase field variable at nodes that reached zero after a converged solution step.
The technical condition is
if sI(k) = 0 then sI(k+1) = 0,

(5.65)

which is realized from an algorithmic perspective by initializing the value of the phase field
variable with zero, prior to every iteration, i.e. i sI(k+1) = 0, if the last converged solution
revealed the value zero plus a given tolerance for this particular node. This is achieved
by setting the component of the internal force vector corresponding to sI to the negative
value of the current iteration with
(i−1) P e

= −(i−1) sItk +1

(5.66)

By further setting the S sI ,sI component of the system matrix to 1 and the rest of the
entities of the corresponding column and row to 0, a subsequent iteration is forced to
result in i sI = 0, according to (5.40). However, in order to preserve the iterative solution
procedure for the remaining nodal degrees of freedom the contribution to the residual
coming from the multiplication of sI with the corresponding column of the system matrix
must be conserved previously by
(i−1) P e

= (i−1) P e + S :,sI · (i−1) sI(k+1) .

and taken into account within the solution step of the current iteration.
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(5.67)

Chapter 6

Simulation of Complex Fracture
Problems
In this chapter, different numerical examples of complex cracking phenomena are outlined
with regard to the simulation setup, the results, and the conclusions. The phase field
models proposed in sections 4.1 and 4.2 address different characteristics of fracture. For
the respective simulations the finite element formulations described in the previous section were implemented into the software FEAP (Finite Element Analysis Program, Taylor,
2014). This software is quite suitable as the complete source code is available. This allows
for an implementation of new models on the element level using the basic infrastructure as
e.g. calculation of shape functions, assembly, or solvers. The implementation of the phase
field models is done via element routines and the incorporation of these subroutines into
the executable. The program also provides methods for the generation of finite element
meshes. As a convincing approximation of phase field cracks is associated with a certain
degree of fineness in terms of discretization, it is often recommended to create meshes
that are refined in regions of high significance regarding crack propagation. The meshing
algorithm provided by FEAP may be labeled as rather basic as only regular meshes can
be generated, and a transition to smaller elements does not yield an accurate saving in
terms of the number of nodes. For this reason, meshes used for the simulations in this
work were also generated by the meshing module of the commercial software Abaqus (Dassault Systemes, 2020), which allows for irregular elements, or alternatively via specially
created meshing algorithms implemented in Python (Python Software Foundation, 2021).
For the latter case an algorithm for quadrilateral refinement, proposed by Garimella, 2009
was utilized.
The discrete fields of the solutions for the simulation steps were saved as vtu-files,
which subsequently were used for visualization by means of the open access tool Paraview
(Kitware, 2016). Relevant secondary quantities like e.g. energies or crack characteristics
were directly save by FEAP and processed or evaluated with Matlab (Mathworks, 2021).
In addition, the number of free parameters is reduced by implementing the model in a non
dimensional form similar as in e.g. Schlüter et al., 2014 or Kuhn et al., 2016. Thus, several
values are given in relation to global length L and critical energy release rate Gc . The
dimensional values can be regained and are specified, whenever it is relevant to underline
the accuracy of the models and compare them to measured data.
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6.1

Verification of the Phase Field Model for Anisotropic
Fracture Toughness

The examples presented and discussed in this section are presented to investigate the behavior of the phase field model for brittle fracture in materials with anisotropic fracture
resistance. The implementation into an element routine involves the equations (5.27),
(5.28) and (5.47)-(5.51).
The question of whether the crack patterns are plausible with regard to fracture mechanics is addressed. This issue is treated in the following simulations. Parts of these
investigations were performed within a bachelor thesis (Ettrich, 2020) supervised by the
author of the present work.

6.1.1

Basic Effects of the Modification

Stationary crack fields
Prior to investigating any extensive simulation focusing on global crack evolution and deflection, the very principles of the model are investigated. In the focus is the question, how
does the proposed weighting of the gradient incorporating a respective tensor (4.14) effect
the character of the crack approximation. In order to characterize the resulting crack field,
an analytic investigation was proposed in section 4.1 by means of a plane extrusion of the
one dimensional solution. The simulation setup shown in Figure 6.1 was considered in
order to verify whether this basic simplification is accurate and whether the crack energy
is described correctly by (4.31) and (4.32). Accordingly, this two dimensional stationary
problem was solved by finite elements, where the square domain includes an initial crack
oriented parallel to the y-direction. The symmetry of the problem was used in order to
minimize the computational effort. Accordingly, only a quarter of the domain (the area
highlighted in green) was discretized. The analytical assessment is based on the assumption  → 0, which demands a possibly small length scale parameter . This is further
illustrated by the plot shown in Figure 4.7. A high mesh density is required for an accurate solution near the crack. Contrary, as no variation of the mechanical displacements is
a)

b)
y
y
discretized fraction
for simulatino

entire set up
1

x

2
x

Figure 6.1: Setup of simulation of the stationary crack problem for the
anisotropic phase fracture phase field model: a) load case b) finite element
mesh for simulation.
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Figure 6.2: Contour plots of the phase field variable s(x) determined by
stationary simulations with different values of the anisotropy parameter α
(results were mirrowed with respct to the x and y axes for better presentation).

induced by a stationary crack a coarser discretization is accurate. Accordingly, the finite
element mesh was locally refined, i.e. a decreasing element size as the elements get closer
to the crack. The mesh shown in Figure 6.1b) consists of 12100 elements and 12544 nodes.
In order to include a crack at all nodes with coordinates x = 0 and y < 0.5 the phase
field was set to 0 as a boundary condition. Note that for this simulation the quantities
η, β, M, λ, µ are irrelevant as the problem is load free and stationary. The critical energy
release rate is only relevant if the energy consumed by the crack is to be determined. For
all simulations within this section the orientation of the material anisotropy coincides with
the x − y-system and the anisotropy is therefore solely governed by the parameter α.
The three contour plots shown in Figure 6.2 result in a variation of α. The length scale
parameter was set to  = 0.01L. The left plot is obtained for a simulation with α = 0,
which resembles the original isotropic formulation. In contrast the plot in the center illustrates the result for a simulation with α = 0.4. One finds that for this case, the phase
field crack gets wider in x-direction along with its entire vertical extent. This widening of
the phase field crack is obviously driven by the multiplication of gradients in x-direction
by (1 + α). Contrary, at the ends of the crack the transition zone becomes smaller, which
is qualitatively consistent as gradients in y-direction are modified by (1 − α). The right
plot shows the phase field for a simulation with α = −0.4. The resulting phase field shape
reveals the opposite behavior. Instead of widening the crack approximation in x-direction
it is now narrowed in this case. This illustrates that, as expected according to the derivations in section 4.1, the width of the transition zone between the two phases is effected by
the variation of α. The crack approximation of the simulation with α = −0.4 can also be
considered as a crack that has evolved in horizontal direction within a material described
by α = 0.4. Consequently, as the crack energy increases with a decrease of the overall
contribution of s < 1 for this particular parameterization, a crack growing in horizontal
direction in relation consumes less surface energy.
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The evaluation shows that the model qualitatively behaves according to the investigations made in section 4.1.3. Whether the estimate of the surface energy in simulations
with a finite regularization length is accurate, still needs to be investigated. Therefore, a
stationary problem was solved repeatedly with variation of the parameter α. The results of
40 simulations are summarized in Figure 6.3. The plot compares the estimate for the crack
energy (4.31) found by the extrapolation of the 1d solution with the energy approximations
obtained by Gauss integration with the finite element procedure. Note the multiplication
by 4 due to the reduced simulation domain. A relatively small length scale of  = 0.005L
was used for the underlying simulations, which is underlined by the reduction of the size of
the transition zone, compared to Figure 6.2. The analytic and the numeric results match
quite well, confirming the validity of the simplifications made in the analytic estimate.
1.5

1

0.5
simulation
analytic

0

-1
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1

0
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s

Figure 6.3: Evaluation of surface energy from stationary finite element
simulations compared to the analytic estimate of anisotropic model.

Energy consumption in mode I cracking
The findings from the evaluation above are very interesting from a pure validation perspective, their benefit in terms of cracking behavior is so far not obvious. In order to illustrate
the significance, an investigation of mode I crack growth is considered. For this purpose
simulations were set up using the geometry of so called compact tension (CT) specimens
(see Figure 6.4a). The background is the following: The directionality of the fracture
toughness leads to a crack deflection independent of the load situation. Nevertheless, the
stress distribution can be significant such that it becomes decisive and even if a material
shows a fracture toughness anisotropy, a crack may not deviate from a straight path. Instead crack propagation will require a higher magnitude of the load. If the CT-specimen
undergoes a mode I load, a significant concentration of the normal stress in vertical direction is induced at the tip of the notch. A variation of the strain energy required for
crack initiation is expected for different parameterizations regarding anisotropy. In fact,
this represents a possible fracture toughness anisotropy quantification (see e.g. Judt et al.,
2015). In a simulation setup, the CT-specimen is fixed at the lower hole and a force load
is applied at the upper hole of the specimen in order to induce a mode I load case. In
every simulation the load was increased monotonically according to a linear function of
80

6.1. Verification of the Phase Field Model for Anisotropic Fracture Toughness
the time. It is indicated in Figure 6.4a) how cracks that initiate at the notch tip extended
in horizontal direction. The objective is to compare the specific force required for crack
a)
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0.25L

44°

0.275L
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Figure 6.4: Illustration of phase field simulations with CT-specimen:
a) simulation setup; b) applied force for crack initiation versus corresponding value α obtained from different simulations.

initiation. The process of crack initiation occurs rather rapidly in force control mode and
hence the determination of the exact tensile force related to crack initiation is difficult.
Therefore, the crack initiation force is defined as the average force associated with the first
decrease of the phase field to s = 0 for 10 nodes in horizontal direction, representing a
length of 0.04L.
Simulations were run with different parameter sets given in Table 6.1. The results of
the complete investigation are summarized in Figure 6.4b), where the normalized tensile
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Table 6.1:

Parameter sets for phase field simulations with the CTspecimen outlined in Figure 6.4.

parameter

set 1

set 2

set 3

length scale 
degradation function parameter β
residual stiffness parameter η
Poisson’s ratio ν
mobility M

0.003L
2.0

0.003L 0.004L
0.01
2.0
10−6
0.25
10 GLc T

set 4
0.004L
0.01

crack initiation force of the simulations is plotted versus the anisotropy parameter α.
Obviously, the data points of corresponding parameter sets lie on monotonous curves.
For all parameter sets the required force decreases with an increasing value of α. The
reason for this behavior can be verified in energetic terms. The cracks are generally driven
to propagate in horizontal direction, which is prescribed to consumes more energy for
negative values for α. The comparatively costly surface potential allows for more strain
energy. This is in agreement with the results of stationary simulations from above. The
curves from the crack initiation simulations reveal a similar characteristic as found in the
energy evaluation in Figure 6.3. Note in that regard, that the evaluation of the surface
energy depicted in Figure 6.3 is done for a vertical extent of a crack. Furthermore, an
overall decrease of the initiation force is found for the parameterization of set 1 and set
3, which is consistent with the lower critical stress-stain states of (3.39) for the quadratic
degradation function implemented by β = 2. The load for crack initiation also decreases
with increasing values of the length scale  since larger values consume more energy.

6.1.2

Assessment of Crack Deflection

As defined in section 4.1 the resistance tensor Φ is quantified by the parameters α and θ.
Its effect on potential cracking directions is studied. Numerical examples for three different
simulation setups are presented and discussed in order to illustrate the capabilities of the
proposed anisotropic phase field model regarding the influence on the crack path. The
model behavior is in the focus to provide a comprehensive understanding of the proposed
phase field model. A verification in terms of comparing simulation results to experimental
observations is outlined within the subsequent section.
Plate with sharp notch
The effects of a certain parameterization on the results obtained from the phase field
simulations will be illustrated by a plate with a sharp notch, see Figure (6.5). The plate
is subject to a tensile load introduced by a prescribed displacement at the top edge of
the specimen. Since the plate is fixed at the lower edge the stress state introduced within
the plate is mainly characterized by normal stresses in the vertical direction, where stress
concentration occurs at the tip of the notch. This classic mode I load situation drives a
crack purely horizontal under the assumption of an isotropic material, which is indicated
by the solid red line in Figure 6.5. The specimen was discretized by means of 14899 nodes,
which led to a number of 14406 elements (mesh depicted in Figure 6.6). No local mesh
refinement was introduced so the element edge length was constant for the entire domain.
The displacement u(t) was implemented within the simulation by linear monotonously
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Figure 6.5: Setup for phase field simulation of notched plate under tensile
load with indication of deflection angle definition.

increasing function. For all simulations the parameter set given in Table 6.1 was used
except for the regularization length with  = 0.015 and the degradation function parameter
was set to β = 2.
The results of several simulations are shown in Figure 6.6 by means of contour plots
of the phase field variable s. The plot at the top right represents the isotropic case with
α = θ = 0. As expected a crack initiates at the notch tip and propagates in the horizontal
direction. In contrast, if the anisotropy parameters are altered, even for the identical stress
state, one obtains crack paths, that deviate from this orientation and reveal a certain
deflection angle ϕ as schematically indicated in Figure 6.5. Comparing the simulations
regarding the deflection angle found in these contour plots the particular effects become
clear. If for example a small material rotation is implemented by setting the parameter
θ = 17◦ and α = 5 × 10−4 , the resulting crack path reveals an initial deflection angle of
ϕ ≈ 3◦ . This deflection angle can be increased by two different options. One may either
increase the rotation of the material to e.g. θ = 34◦ with a constant value of α or increase
the intensity of α = 0.001 with constant material orientation. The results in Figure 6.6
show that this yields a deflection angle of approximately 5.5◦ and 10◦ , respectively. The
behavior is consistent with expectations regarding the orientation and intensity of the
anisotropy of the fracture resistance. Several cases of parameterizations are evaluated
regarding the evolution of the strain energy. The respective plot is shown in Figure 6.6.
The plot on the right depicts the entire duration of the simulations. As the curves lie
very close to one another, the decisive part is magnified on the right. All curves reveal an
increasing trend until crack initiation. This causes a release of strain energy and leads to
a turning point of the curves. The energy decreases during crack growth when the crack
propagates from left to right. Considering the plot on the right a difference in the load
applied of crack initiation and growth is clearly visible. Interestingly, if the two curves
for the parameter set with θ = 34◦ are compared it is found that a lower driving force is
needed for the crack growing under a higher deflection angle (see Figure 6.6 third row).
However, this can be explained by the observations from the previous section, where it
was shown that increasing the intensity parameter α results in a widening of the crack
approximation along the x-direction and a contraction in the y-direction. Regarding the
transformation Φ, this leads to a thinner approximation of the cracks in this particular
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Figure 6.6: Comparison of results form simulations with notched plate
specimen: a) contour plots indicating the phase field obtained by different
sets of parameters α and θ, b) plot of strain energy versus displacement
evaluated for several simulations.
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example. In summary, the results obtained from the present example illustrate, that the
crack path predicted by the model is consistently governed by the parameters.
Three point bending
The 3 point bending test is widely used for investigations of fracture. The respective setup
is schematically illustrated in Figure 6.7. A mode I load case is created. Nonetheless,
it is different from the perspective of phase field modeling. The setup is related to the
bending of a Bernoulli beam. At the section with the highest bending moment the stress
field obtains a maximum in tension as well as in compression at opposite sides. For the 3
point bending case of the present example, this results in a concentration of compression
stresses occurring in the region where the load is applied. This is a classic example, where
a distinction between compression and tension must be taken into account. Without pressure tension distinction this would cause a decrease of the phase field within this region
rendering an unphysical behavior. The specimen was discretized using 11631 nodes and
11460 quadrilateral elements. The used finite element mesh was refined in the center area
to enable a good approximation of possible cracks and also to keep computing times low.
The mesh is indicated at the top of Figure 6.7. The parameter set given in Table 6.1 was
used for all simulations with a regularization length of  = 0.004L and β = 0.01 .
The relevant parameters quantifying the directionality of the fracture resistance namely
intensity α and orientation θ were varied over a broad range of parameter combinations.
Values for α in a range of 0 ≥ α ≥ −0.5 with steps of 0.1 are combined with values for θ
in the range of −90◦ ≥ θ ≥ 90◦ with steps of 15◦ . Furthermore, the horizontal distance e
describing the position of the load application was varied to get three slightly different setups regarding the stress field. Accordingly, a total of 156 simulations were performed. In
order to illustrate the model’s response, exemplary results are depicted in Figure 6.8. The
contour plot on the top of this figure shows the results for the standard case of an isotropic
material. As expected the crack initiated at the root of the notch and propagates in vertical
direction without deflecting from this path. Due to compressive strains no cracking occurs
at the top region of the specimen, which is ensured by the energy split according to Amor
et al., 2009. This behavior was found within experiments for isotropic brittle materials.
Also in different studies of alternative phase field approaches for fracture as e.g. Aldakheel
et al., 2018b or Ambati et al., 2015 this crack path was obtained. The plot below this basic
4L

2L
0.2L

L

e

28°

Figure 6.7: Setup for phase field simulation of 3 point bending tests with
various bending moments.
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Figure 6.8: Comparison of crack paths obtained by selected simulations
of the 3 point bending specimen with different sets of parameters α and θ.
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case shows the results for orientations θ = ±60◦ placed on top of each other. For both, the
positive and the negative orientation the intensity parameter α was set to α = −0.5. As
expected within these simulations, the crack deflects from the pure vertical direction and
propagates towards the top edge under a deflection angle with equal absolute value and
an orientation in agreement with the material orientation. Considering the simple model
structure, these results are impressive since the crack is driven to deflect even in presence
of a stress field clearly favoring vertical cracking. That the load distribution still influences
the cracking behavior is illustrated by the simulation with equal material parameters but
under a different bending moment induced via the offset of the load introduction with
e = 0.4L. For this case, an even higher deflection angle of ϕ ≈ 32◦ is obtained, as with
the higher value for e the stress peak is shifted to the right. Once more, the relevance of
both parameters is proven since the magnitude of the deflection angle is controlled by α
or θ independently.
The consistency of the model behavior in terms of parameter variation becomes even
more apparent when considering a comparison of all the performed simulations by means
of the scatter plots depicted in Figure 6.9. These plots visualize the obtained deflection
angle for all performed simulations of the three point bending specimen, where each of the
three plots represents a particular setting of the measure e. The grid lines indicate the
anisotropic model parameters. The size of the circle represents the deflection angle. A
vertical crack is indicated by a vanishing area. In order to enable a quantitative extraction
of the deflection angle coloring is added. As the first observation from this evaluation one
finds the deflection angle to increase with an increasing absolute value of the intensity,
within the considered range. Further, the relevance of the load case becomes apparent.
For the centric load the distribution of the deflection angle happens to be symmetric in
terms of the circle area certifying the model consistency. In contrast the distribution
becomes asymmetric with increasing value for e, clearly illustrating the tendency of the
crack to favor the side with the maximum bending moment. In fact, e = 0.4L reveals an
almost suppressing crack deflection to the other direction. Interestingly, in contrast to the
intensity, all three plots show that the magnitude of the crack deflection angle is in any
case limited with a maximum within −75◦ ≤ θ ≤ −60◦ . This is representatively shown by
the two contour plots at the bottom of Figure 6.9. This behavior is in agreement with the
modeling framework as the energetic evaluation provided in Figure 6.10 confirms. The line
plot in Figure 6.10a) shows the different contributions to the total energy under increasing
load, for the case α = −5, θ = −30◦ . The turning point of the strain energy indicates crack
initiation as simultaneously the crack energy shows an increase. This state is compared
for all θ in Figure 6.10b), which proofs that with an increasing value of θ the complete
set of energies at the point of crack initiation and the corresponding load increases. This
shows, that cracking, even under decreasing deflection angles, still consumes more energy
with increasing orientation θ. The explanation for this behavior is that the rotation of the
potential transition zone 0 ≤ s < 1 indicating cracks may be larger for certain orientations.
This becomes apparent by comparing the width of the transition zone e.g. for the three
last examples of Figure 6.8. In fact, θ = 90◦ is equivalent to θ = 0 with a change of the sign
of α, which was studied in section 6.1.1. Accordingly, from the energetic perspective the
prediction is correct and to force higher deflection angles the intensity parameter would
have to be adjusted. However, even in realistic settings, certain anisotropies were found to
lead to so called forbidden directions as shown in Roman et al., 2013.
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Figure 6.10: Energetic evaluation of the simulations with the 3 point
bending test for α = −0.5: a) evolution of different energy components for
θ = −30◦ , b) normalized quantities versus material orientation.

6.1.3

Validation by Experimental Results

For a more realistic verification of the anisotropic phase field model a comparison with
experimental results as well as an alternative crack prediction technique is conducted. In
detail, the phase field model is applied to test cases inspired by experimental investigations
done in a study by Judt et al., 2015. In the focus of this study are holed aluminum
plates of different geometry. The raw material used for the specimens was rolled and the
directionality of the fracture thoroughness was confirmed by measurements of the fracture
toughness along with orthogonal directions. The intensity of the anisotropy was quantified
by the ratio
χ=

TD
KIc
,
RD
KIc

(6.1)

where the superscripts TD and RD represent rolling direction and traverse direction, respectively. Isotropic materials are accordingly specified by χ = 1. χ < 1 as well as χ > 1
describe fracture toughness anisotropies with a preference of one or the other direction.
The setup provides a well defined framework for the validation of the presented phase
field model. The specimen geometries are given in Figure 6.11. The finite element mesh
is depicted next to the geometries. In order to provide a comparison of the crack path
predictions of the phase field model with those from Judt et al., 2015 requires an exact
match of the prediction of the isotropic case (α = 0). Relevant model parameters were
therefore adjusted until a match of the relevant crack patterns was obtained. The regularization parameter  may generally be chosen as small as possible in order to get the correct
solution. Accordingly, the finite element mesh must be very fine at regions where crack
evolution is expected.
Remarks on tension compression distinction
As previously outlined, the split of strain energies into tension and pressure contributions
is crucial. However, it may not be decisive in every example as e.g. pure tensile testing
of a smooth specimen. No compressive stresses are found in this case and usage of energy
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Figure 6.11: Setup for anisotropic phase field simulations with holed
plates with indication of crack paths for the isotropic case: a) geometry 1,
b) geometry 2.
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decomposition is irrelevant and can be neglect in order to save computational costs. In
the present case of the holed specimens compressive stresses are indeed present in the
vicinity of the twelve o’clock and the six o’clock position of the holes. With view on
the computational effort of a single simulation and the number of different simulations
necessary, the question is whether these compressive stresses are relevant for the crack path.
In order to address this question, phase field simulations with and without implementation
of the volumetric deviatoric split by Amor et al., 2009 were conducted for the specimen
geometry 1. The corresponding crack patterns are shown in Figure 6.12. The contour
plots of Figure 6.12a) show the crack path, which resulted from a simulation without
tension compression distinction. The crack grows in horizontal direction before it bends
and further grows towards the hole. Almost at the same time as the crack reaches the edge
of the hole, a second crack initiates at the right side of the hole and grows in horizontal
direction. Obviously, this prediction deviates from the correct crack path (see Figure 6.13).
In contrast, if tension compression distinction is taken into account the crack bends for a
significantly lower angle as depicted in Figure 6.12b). Accordingly, handling of compressive
stresses does indeed effect the crack path for this test setup, but although it is taken
into account the prediction still fails as again a second crack initiates at the right side
of the hole. Both of these simulations were performed with the quadratic degradation
function rendered by β = 2, which predicts crack nucleation for comparatively low stressstrain states (see section 3.3.1). This is the reason for the unphysically predicted cracking
at the right side of the hole. As shown by Figure 6.12c), the correct crack pattern is
obtained from a simulation with tension compression distinction and setting β = 10−3 .
Interestingly, a similar crack path is predicted if the distinction of tensile and compressive
stresses is neglect and instead the value for beta is even further decreased to β = 10−4 .
In summary, it can be stated that for the present examples the compressive stresses effect
the crack path in general so it may be meaningful to use compression tension distinction.
However, as illustrated by the simulation results Figure 6.12c) the effect is small and can
be handled by simply decreasing the value of the degradation function β. As simulations
with tension compression distinction show a less efficient behavior in terms of convergence
and consume much more time, no tension compression distinction was used within the
following simulations.
a)

b)

c)

s
1

0.5

0

Figure 6.12: Comparison of results from simulations of geometry 1 with
and without tension compression differentiation with α = θ = 0: a) no split
β = 2, b) split β = 2, c) split β = 0.001 and no split β = 0.0001.
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Specimen geometry 1
As depicted in Figure 6.11a) the mesh for specimen geometry 1 was locally refined within
the relevant area, where cracking was expected. The generated mesh consists of 34261
nodal points and 34019 elements. The elastic constants where adjusted to mimic the
material employed in Judt et al., 2015 (Young’s modulus = 72 MPa, ν = 0.3). The phase
field parameters for all presented results of this specimen were  = 0.004L and β = 10−4 .
The anisotropy measure χ is referred to as the axis system indicated in Figure 6.11, which
sets θ = 0 for all simulations to be compared. The anisotropy values investigated were in a
range χ ≥ 1, which is in agreement with (6.1) and the axis system indicated in Figure 6.11.
Thus cracks are prone to grow in vertical direction rather than in horizontal direction. In
order to implement this specific preference into the proposed phase field model, values for
alpha must be varied for α ≤ 0. Simulations with different values of alpha were run, where
a monotonously increasing displacement in positive y-direction was applied at all nodes of
the top edge, while nodes of the bottom edge were locked. The results of these simulations
are illustrated in Figure 6.13 cracks that have extended almost over the specimen width.
For comparison, the crack paths proposed in Judt et al., 2015 are depicted at the bottom
right of this figure. With respect to these crack paths the results provided by the anisotropic
phase field model generally reveal good agreement. The modeling of increasing intensity
of the directionality by decreasing the values for α in the first pace shifts the crack path
consistently closer to the hole. In fact a significant third reversal of the crack path, which
closely matches the reference, can be detected for α = −0.029. It is worth noting the very
small magnitude of α in relation to the significant change of the crack path, which confirms
high sensitivity. The simulation with α = −0.039 finally results in a crack path that enters
the hole at about five o’clock, again in good agreement with the reference.
s
1

0.5

0

Figure 6.13: Comparison of simulation results form the phase field model
for different values of α with the reference solution (bottom right).

Specimen geometry 2
The specimen depicted in Figure 6.11b) was discretized by 35066 nodes forming 34724
elements. The same material parameters as for geometry 1 were used. The best fit of the
crack path for α = 0 was again obtained for a regularization length of  = 0.004L and
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the degradation function was set to β = 10−4 . The crack paths obtained from phase field
simulations with different intensities of the directionality are summarized in Figure 6.14.
For the isotropic case, the crack starts to grow in horizontal direction and first deflects
towards the upper hole after passing the 12 o’clock position of the lower hole. It curves
again after a short period of propagation and then continues to grow in horizontal direction.
For slight anisotropies the crack deflects towards the lower hole first for a short period before
turning towards the upper hole, as the plots for α = −0.015 and α = −0.025 show. Note,
the crack approaches the lower hole closely for α = −0.025. The result of the simulation
with α = −0.038 shows that as expected the crack grows towards the lower hole and finally
breaks through its edge before a new crack initiates at the right side of the lower hole. The
presented results match the results proposed in Judt et al., 2015 quite well, even with
some limitations. In fact no significant deflection towards the lower hole is visible for the
isotropic case, which presumably would require an even finer discretization. However, the
general trend of the effect on the change of the particular crack patterns with respect to
α could consistently be reproduced, which again confirms the practical character of the
proposed anisotropic phase field model.

1

s

0.5

0

Figure 6.14: Comparison of simulation results form the phase field model
for different values of α with the reference solution (right).

6.2

Verification of the Phase Field Model for Fatigue Crack
Growth

The numerical examples of this section are presented in order to investigate, characterize
and also to verify the phase field model for fatigue crack growth defined by the free energy
functional (4.67). At first, the focus is on the driving force mechanism of this formulation
to illustrate the meaning of the parameters. Subsequently, the model characteristics will
be investigated in terms of crack growth rates for various load ratios. The respective Paris
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curves provide a criterion to assess whether realistic material behavior can be mimicked by
the phase field model. For these evaluations solely mode-I load cases are set up. However,
the second very crucial property to be investigated is whether the correct crack path is predicted by the phase field model. This will be treated using several illustrative simulations
of representative mixed mode load cases.

6.2.1

Characterization of Fatigue Crack Growth Behavior

The simulations outlined in the following were performed with the CT-specimen according to the ASTM, 2009 standard. This specimen type is very widespread and often used
when it comes to the characterization of fracture relevant material constants. In order to
investigate fatigue crack growth rates for different sorts of materials, it was used within
e.g. Ritchie, 1977; Uematsu et al., 2020; Chen et al., 2013 or Gook, 1993, to list just a few
publications. Also within several numerical studies of fatigue cracking this geometry was
utilized as in e.g. Fish and Yu, 2002; Flouriot et al., 2003.
The definition of the geometry of this specimen is depicted in Figure 6.15a). The
discretization of the CT-specimen, which was used for the cyclic simulations is shown in
Figure 6.15b). The cracks are expected to grow purely horizontal under a mode I type
loading. Accordingly, the mesh was refined in small narrow rectangular area across the
complete specimen width. The used mesh consists of only 3650 nodes and 2984 elements.
Consider the comparatively high number of load cycles necessary for realistic setups, computation times are rather long even if the cycle jump procedure is applied. Also the current
crack length is of significant importance as it is e.g. used to determine the growth rate.
The contour plot in Figure 6.15a) reveals how the crack length is defined according to
the respective ASTM, 2009 standard. The effective crack length is the horizontal distance
from the center of the holes to the crack tip. For the present phase field framework the
location of the crack tip is defined by the node coordinates of the node with s = 0 at the
maximum x-coordinate. The effective crack length is supposed to enter the formula for the
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Figure 6.15: Illustration of used setup for simulations with CT-specimen:
a) indication of effective crack length b) finite element mesh.
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respective cyclic ∆K range
∆K =
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(6.3)

This formula is an approximation obtained from a variety of linear elastic finite element
simulations and was confirmed in e.g. Srawley, 1976. The effective crack length is represented by a, the specimen thickness is B and ∆F represents the force range applied
through the vertical loading of the bolt holes. As illustrated in Figure 6.15a) this load
was implemented as a distributed sinusoidal surface load in order to approximate the load
transmission by the upper bolt. The surface load was adequately distributed to the nodes
located on the upper semicircle of the bolt hole. For the presented finite element discretization the effective crack length is not available in a continuous form. Hence it is substituted
by the discrete form ap , where p = 1 . . . nd and nd represents the respective number of
data points
associated with the effective crack length. Accordingly, (6.2) is evaluated usa 
ing f Lp .
As illustrated in the section 4.2 the driving force mechanism is different for the phase
field model for fatigue crack growth and for the static model. The fatigue related driving
mechanism is illustrated by the following numerical example. The initial state of the phase
field variable was set to one over the entire domain, so the specimen can be referred to as
not pre-cracked. A cyclic phase field simulation was set up with constant amplitude loading of pulsating kind (R = 0). This pulsating load is approximated by a ramp function as
schematically illustrated in Figure 4.13. The parameters relevant for this cyclic simulation
are given Table 6.2. For both degradation functions the quadratic function (3.36) was
utilized, i.e. h(s) = g(s) = s2 . The simulation resulted in a decrease of the phase field
right at the tip of the notch of the CT-specimen indicating crack initiation. A detailed
Table 6.2: Parameter set used for cyclic phase field simulations with the
CT-specimen outlined in Figure 6.16.

length scale 
degradation function parameter β
residual stiffness parameter η
Young’s modulus E
Poisson’s ratio ν
critical energy release rate Gc
threshold stress AD
knee point cycle number nD
lifetime exponent k
mobility M̂
cycle increment ∆N

0.01L
2.0
10−6
2.1 · 105 MPa
0.25
2.33 · 103 J/m2
200 MPa
106
5
10 Gc L
∆N
15
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Figure 6.16: Evaluation of several crucial components of the phase field
model over an increasing number of load cycles (left: phase field at notch
tip, right: stress contributions on a horizontal straight path at y = 0.
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evaluation of this crack initiation process is summarized in Figure 6.16. This evaluation
illustrates the situation at the notch tip for four subsequent stages of applied load cycles.
The contour plots of the phase field variable at the left side show the closer vicinity of the
notch tip. This square section has an edge length of approximately 0.02L. The plots on
the right side show the corresponding state of several quantities along a path in x-direction
with origin at the notch tip. The different lines represent the contributions to the stress
in y-direction (w.r.t the coordinate system indicated in the contour plots), σye and σyac as
well as the effective stress σ̃ according to (4.68). The contributions are normalized by the
threshold stress AD . Furthermore, the phase field variable is also plotted.
The illustrations at the top of Figure 6.16 represent the initial situation at the ramp
up, which means full load applied within the first cycle. As depicted, for this situation
the phase field remains unaltered proofing that the static load alone can not cause cracking. The line plot also reveals that the driving stress quantity σ̃ > 1. This means that
the threshold stress is exceeded and therefore the onset of fatigue damage accumulation
is occurring. As s = 1 the elastic stress σye and the effective stress σ̃ coincide. The stress
contribution σyac is 0 as at this early stage no irreversible processes occurred. This configuration stays almost unaltered until enough damage is accumulated to have consequences.
This is depicted by the two plots in the second row, which show the state after approximately 1.4 · 105 load cycles. The increase of fatigue related energies is indicated by the
rise of σyac . This leads to a slight decrease of the phase field variable in the close vicinity of the notch tip indicating the onset of crack initiation. The drop of the phase field
causes a decrease of the material’s stiffness and hence the elastic stresses σye are degraded.
The phase field at the notch tip has almost vanished showing a value of approximately
s = 0.25 after 1.7 · 105 load cycles were applied. The elastic stress has decreased further.
The driving stress quantity σ̃ expresses an increase according to the rise of deformation,
which illustrates that σ̃ is an effective stress measure. Also the accumulative stress contribution shows further increase. The phase field variable completely vanishes at the position
x = 0 and a fatigue crack has accordingly initiated at approximately 2.0 · 105 cycles,
as illustrated by the two plots at the bottom. Also the corresponding contour plot now
clearly indicates a phase field crack. Both stress contributions have vanished as they are
completely degraded. Note, that with decreasing phase field variable the elastic stresses
σye also decrease, while the accumulative stress contribution σyac does not (compare states
1.4·105 and 1.7·105 cycles). This holds, even if both are degraded by the same degradation
function. This illustrates that the increase in fatigue related stresses resists degradation.
The reason for this lies in the strong increase of the driving stress quantity σ̃. Finally, σyac
vanishes once s = 0. However, this illustrates that within the here presented model the
driving stress σ̃ must be an effective stress measure governed by the actual deformation.
Otherwise, for constant load amplitudes the degradation of the phase field can not continue once the real elastic stress goes below the threshold for damage accumulation again.
Generally, the sequence of the four states in Figure 6.16 illustrate how the situation of the
stress components is shifted along the x-axis once the crack has initiated. The stress at
the newly formed crack tip has increased causing the onset of the fatigue mechanism for
the subsequent region. During this process, the point, where the effective stress σ̃ and the
elastic stress σye diverge is almost constant. However, the driving quantity σ̃ at the crack
tip is higher than at the notch tip before crack initiation. This leads to a smaller number of cycles necessary for crack growth compared to crack initiation, which qualitatively
is in line with experimentally validated material behavior as outlined in e.g. Haibach, 2006.
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Using the same parameters as in Table 6.2 except a slightly reduced threshold stress
AD , another simulation was run for a significantly higher number of simulation steps in
order to assess the entire characteristic crack growth behavior. The node at the notch tip
was initially set to s = 0 in order to reduce the period of crack initiation. Figure 6.17
summarizes the results. Contour plots of the phase field in the CT-specimen for several
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Figure 6.17: Results from fatigue crack growth simulation: a) N -a curve
with indication of respective contour plots of s for specific states b) crack
growth rate versus crack length for different types of loading.

specific N -a states are indicated in the diagram of Figure 6.17a), illustrating the current
crack length versus the applied load cycles. Note that for practical reasons the real crack
length is used in this illustration, which is measured from the tip of the V-notch to the
maximum x-coordinate with s = 0. As depicted, a fatigue crack was finally propagated
to a total length of 15 mm. The result of this simulation in terms of the fatigue crack
evolution shows satisfying characteristics. The N -a curve shows a nonlinear behavior,
which is very typical for this kind of experiment with the CT-specimen (see Dowling, 2013;
Haibach, 2006; Schijve, 2009). As the load application stays unaltered during the testing,
the lever to the crack tip becomes larger with increasing crack length and by this the
magnitude of the stress increases leading to more rapid failure of the material. According
to the results, this property is adequately modeled by the Wöhler law incorporated for
the driving mechanism even for the period of brutal rupture. This is demonstrated by the
almost vertical run of the N -a relation at the end of the simulation. The fact that the
fatigue model reacts properly to changes in the load is also demonstrated by the evaluation
shown in Figure 6.17b). The diagram shows the current crack growth rate with respect
to the crack length for a simulation performed in force control mode and in displacement
control mode. The respective growth rates were evaluated in the discrete form


ap − ap−1
da
≈
.
(6.4)
dN p Np − Np−1
The maximum displacement load was previously adapted in order to arrange an equal stress
state for the initial growth period. Accordingly, the first two data points of both curves
approximately coincide and the tests are comparable. After this initial phase, the growth
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rates for force control and displacement control deviate. In contrast to the pure force control mode, where a longer crack causes higher peak stress, the constant displacement load
leads to a relaxation of stresses as the crack propagates. Therefore, the crack growth rate
decreases with increasing crack length as lower driving stresses enter the driving fatigue
energy contribution. More characteristics of the model are revealed by the energy evaluation depicted in Figure 6.18. This plot shows the different contributions to the energy
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Figure 6.18: Evaluation of different energy contributions of the phase field
model over a increasing number of load cycles.

with respect to the applied load cycles of the simulation from the force controlled simulation form above. The fatigue related energy contribution E ac as well as the static strain
energy E e are scaled by a factor of 10 as they are small compared to the surface energy Ec .
The plot shows an initial increase of the fatigue energy E ac with growing cycle number,
while Ec is constant for the first 0.2 · 105 cycles. Onset of crack growth is indicated by
the first increase of the Ec contribution. The strain energy E e reveals a jump function
until this point. This shows that strain energy plays a secondary role as a driving force at
this early stage. At the point, where the crack starts to grow the fatigue energy decreases.
This occurs due to the consequence of the degradation by h(s) with decreasing s. Further,
a slight increase in strain energy can be recognized. This is caused by the rise of the stress
level at the crack tip due to the larger crack. After this first period of crack growth the
fatigue energy increases around the new crack tip, which is indicated by the second rise
of E ac . The described process starts again to further propagate the crack. Note, even if
the strain energy slightly increases after the initial increment of crack propagation, it is
almost constant for the main part of the simulation. It grows with a significantly higher
slope only after about 2.5 · 105 cycles indicating brutal rupture as the stresses approach
the static failure limit.
Within section 2.3 the Paris law was outlined as it is the main model to describe and
quantify fatigue crack growth behavior for metallic materials. It deals with the cyclic stress
intensity factor range, which incorporates the properties of geometry, loading conditions
and also the current crack length. It is relevant to check whether the proposed phase
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field model for fatigue crack growth renders Paris’ linear function in a double logarithmic
diagram. For this purpose, four interdependent simulations are run for the CT-specimen
with different force amplitudes. The model parameters from Table 6.2 are applied in these
simulations. The results are evaluated in Figure 6.20. For each simulation a fatigue crack
was generated and grown to a total length of 6 mm. The crack growth curves obtained are
shown in Figure 6.20a). Fewer cycles are needed to obtain a certain crack length with rising
load amplitude. Within the Paris diagram Figure 6.20b), not only the data points of one
particular simulation fall on a straight line but also the data of all four simulations together
confirm the Paris law. A best fit linear function was determined (black line in Figure 6.20b)
by the curve, fitting tool from Matlab using least square approximations. A very accurate
coefficient of determination R2 = 0.996 was obtained for the data set of the simulations.
mm/cycle
√ m and
The underlying power law can is given by the Paris parameters C = 2.8·10−7 (MPa
m)
m = 2.5, which are realistic parameters for low alloy steels (see Dowling, 2013). In order to
evaluate a broader range of different materials the underlying set of Wöhler parameters was
varied within several additional simulations. The corresponding Paris laws are presented
in the diagram of Figure 6.19. Four different parameter sets shown in the legend of the
diagram are used for this evaluation. Only for the parameterization represented by the blue
curve an additional simulation with a higher force amplitude was performed to confirm the
linear behavior in the larger range. The intersection with the vertical axis represents the
parameter C. It is mainly effected by the knee point cycle number nD , where an increase
of nD causes a decrease of C. An increase of nD leads to higher computation times in the
first place. This can be counteracted by using a proper cycle jump increment. The slope of
the Paris function is effected by the slope of the Wöhler curve and also by the knee point
stress AD , as the three other cases show.
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Figure 6.19: Evaluation of crack growth data from several phase field
simulations with varying parameterization in a Paris’ diagram.
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6.2.2

Effect of Load Sequence and Mean Load

So far only constant amplitude loading was considered. Much more relevant in terms of
loading are sequences with varying amplitude loading. Within these sequences not only
the maximum loads change but also the mean load. For example, the number of bearable
load cycles decreases if the associated mean load is higher compared to a sequence with
equal amplitude but lower mean load. The incorporation of the mean stress into the phase
field model is described in section 4.2.6. The main difference to constant amplitudes is
the use of a variable increment for the fatigue damage in (4.79). Within this paragraph,
these modifications are assessed by means of different simulations for the CT-specimen
introduced above. For all simulations outlined in the following the model parameters of
Table 6.2 are used. The parameter γ̄ for the mean stress effect was set to 0.3. In order to
evaluate the model behavior regarding the mean stress effects several simulations were run,
keeping the amplitude constant but with an altered stress ratio. The ratios of the energy
contributions for crack initiation of six different stress ratios are shown in Figure 6.21. The
bar plot illustrates, that the static strain energy becomes more relevant for higher stress
ratios as it contributes more to the total energy, while the contribution of the fatigue energy decreases. In experiments, it was reported (see e.g. Haibach, 2006; Dowling, 2013;
Schijve, 2009) that fatigue crack growth curves are shifted to higher rates for increasing
stress ratios. Accordingly, the results in Figure 6.21 illustrate a very suitable property of
the proposed model. The higher the static load the more pronounced the strain energy
contributes to crack growth. Accordingly, to support crack growth at higher stress ratios
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Figure 6.21: Comparison of required energy for fatigue crack initiation
(W=strain energy, P= fatigue energy, E=total energy) for simulations with
different stress ratios.
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less accumulated fatigue energy is required. To check the general behavior in terms of crack
growth rates the simulations are run further. The Paris diagram in Figure 6.22 illustrates
the basic characteristic of fatigue crack growth for the six simulations in terms of crack
growth rates. Consistently higher rates da/dN occur for increasing stress ratios R under
equal stress intensity factor ranges. For comparison, the right diagram in Figure 6.22 illustrates the evolution of the crack length with respect to the absolute number of load
cycles. An increase of the bearable load cycles for a lower stress ratio is found. In order to
prove the ability of the present model general growth rates with respect to R for arbitrarily
sequences are investigated. For this purpose further simulations are performed for the load
sequences shown in Figure 6.23a), which bare equal maximum loads but different amplitudes. Interestingly, in the Paris diagram, depicted in Figure 6.23b), the da/dN curves
show an increasing crack propagation speed.
Within the setup for the simulation with different stress ratios, the mean stress effect
γ̄ was kept constant. Generally, the function f (L) in the damage increment controls the
threshold stress for the fatigue accumulation. Therefore it determines the mean stress
effect. Exemplary, for the stress ratio R = 0.5 the parameter γ̄ was varied in order
to illustrate the effect on Paris laws. The results are shown in Figure 6.24. It can be
recognized, that the crack growth rates significantly decrease with the value of γ̄. The
choice of the f (L) is not based on any identified law but is rather for illustrative purposes.
However, the results clearly illustrate that an adaption of the proposed phase field model
can be accomplished in this way. As the model allows for an arbitrary function f (L) an
adaption to observed material behavior is possible.
In addition to the effects of stress ratio and mean stress, the actual sequence has a
very significant effect on the fatigue life of a structure. It matters a lot at which time a
stress reversal occurs. Whether the proposed phase field model respects this property is
analyzed by means of three fatigue simulations with the CT-specimen. The load sequences
of the simulations are indicated in Figure 6.25a). This plot shows the envelope of the
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Figure 6.22: Results from cyclyc phase field simulations with different
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Figure 6.24: Paris curves obtained from phase field simulations with the
CT-specimen for variation of mean stress parameter γ̄.

applied cyclic loads. The cycle setup of all sequences yields R = 0. In addition to one case
with constant maximum loading, two sequences were tested with increasing and decreasing
maximum load, respectively. The resulting crack growth curves are shown in Figure 6.25b).
Interestingly, the case with the high loads at the beginning and low loads at the end reveals
the fastest crack propagation, as compared to a constant load or the sequence with the low
loads first. This illustrates that the proposed fracture phase field model shows a sequence
effect, even if Miner’s rule is incorporated, which has no sequence sensibility due to its
linear nature.

6.2.3

Mixed mode Loading

A crucial task in fatigue crack growth analyses is the knowledge of crack paths. This
information may be included in a fail safe design of a structure. For trivial cases as the
vertical loading of the CT-specimen, the path may be obvious. However, for real problems
the present conditions in terms of load, deformation and crack interaction can vary all the
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Figure 6.25: Evaluation of fatigue crack growth simulation for different
load sequences: a) schematic illustratoin of sequences; b) Crack growth
curves obtained for phase field simulations with the CT-specimen for the
different sequences.

time and the fatigue evolution may become complex. To deal with mixed mode loading
the first principle stress is proposed within section 4.2.4 as the driving force quantity of the
fatigue mechanism. In order to verify this choice, two example cases where the deflection
of the fatigue crack and also crack interaction is expected are simulated. The results are
outlined in the following.
The first example is a classic mode II case. The specimen depicted in Figure 6.26 was
set up for a simulation. The horizontal displacement of the upper half of the specimen
induces a mode II like stress distribution at the initial crack tip, which is initially set to
half of the specimen width. The specimen was discretized by 10880 finite elements and
11418 nodes. The mesh is depicted in Figure 6.26a). As the plot shows, the mesh was
refined in the relevant area for crack evolution. The analytic solution of the mode II case
(2.41) is visualized by the plot of Figure 6.26b). According to this diagram one finds the
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Figure 6.26: Fatigue phase field simulation of mode II laod case: a)
simulation setup, b) plot of relevant stress components in polar coordinates
versus the potential deflection angle of the mode II load case.
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maximum of the tangential stress at about −70.5◦ . The model parameters of Table 6.2
were used for the cyclic simulation.
The results of the simulation are shown in Figure 6.27 in form of contour plots of the
phase field variable after an increasing number of load cycles. The plots clearly illustrate
that the crack propagates under an angle of about −70◦ with respect to the horizontal
direction. This is in agreement with the analytic definitions of the mode II load case. The
results agree with experimental observations presented by Mahajan and Ravi-Chandar,
1989. This illustrates that using the first principle as driving stress is well chosen. The
phase field model for fatigue fracture predicts the crack propagation in terms of growth
rate and also in terms of growth direction. Note that in general a second crack would
evolve towards the +70.5° direction. This is the direction of the minimum from the plot of
Figure 6.26b). For the fatigue model no tension compression split was implemented. But
the tension compression distinction is implicitly incorporated as the Wöhler curve neglects
cycles with loads below the threshold AD .
≈25,000 cycles

≈210,000 cycles

≈620,000 cycles

≈70°

Figure 6.27: Contour plots of the phase field variable s over the domain of
the mode II simulation set after increasing number of applyed load cycles.

The second mixed mode numerical example is depicted in Figure 6.28 (top left). For
this example crack curving is expected and the generalized driving stress quantity must
be employed. The used specimen is a strip with a sharp notch on each side with a vertical
distance to each other. The lower edge is fixed and a cyclic displacement load with R = −1
in vertical direction is applied at the top edge. The contour plots of the phase field variable
s in Figure 6.28 illustrate the evolution of two fatigue cracks. The number of applied load
cycles is indicated above the corresponding contour plots. The results show, that the
fatigue cracks initiate at each notch at about 28000 cycles. The initial growth direction is
purely horizontal. After a short period of horizontal crack extension (40000 cycles), it can
be observed that the cracks start to grow away from each other. The cracks follow this
direction for a while before both cracks change their direction again and propagate in the
opposite direction. Then the cracks start to grow onto each other. The plot at the bottom
right shows the final pattern of embraced cracks after the simulation was stopped at about
55000 cycles.
This characteristic behavior can be explained by an analytic solution of the crack tip
field of linear elastic fracture mechanics. As outlined above, a crack is prone to extend
straight in case of a pure mode I load. In contrast, it deflects under an angle of about
70.5◦ for a pure mode II case. Under an arbitrary load, both stress intensity factors KI
106

6.2. Verification of the Phase Field Model for Fatigue Crack Growth

0.3L

28892 cycles

39980 cycles

L

0.05L

uy

s

1

0.5

42448 cycles

45966 cycles

54689 cycles

0

Figure 6.28: Setup (top left) and results (s after different numbers of
applied load cycles) of crack interaction simulation with the fatigue phase
field model.
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and KII contribute to the stress field at the crack tip. A crack that undergoes a load with
a significant KII contribution will deviate from the straight path. The KII contribution
for two parallel cracks of equal length in an infinite plate under a tensile load perpendicular
to the cracks can be approximated by (see e.g. Gross and Seelig, 2011)
KII = K0

a2
[sin(4θ) − sin(2θ)] .
2d2

(6.5)

In this equation, d is the distance between the cracks, 2a is their length and, θ is the
skew angle. This angle becomes π/2 for stacked cracks and zero for collinear cracks. This
function is plotted in Figure 6.29. The equation implies that the KII contribution is
positive as long as the cracks reveal a certain horizontal distance. After a certain angle θ
is reached, the KII contribution changes its sign and cracks grow in the opposite direction.
This explains the crack paths as found by the simulation. Furthermore, the presented
simulation results are also verified by results from Yates et al., 2008. The crack patterns
obtained within this work were obtained for cyclic experiments and show very similar
behavior.
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Figure 6.29: Illustration of KII versus skew angle θ according to (6.5) for
the crack interaction setup shown in Figure 6.28.
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Conclusion and Outlook
Within this work, the phase field method was applied in order to solve complex fracture
problems. A basic model for brittle fracture proposed by Kuhn and Müller, 2010 was
therefore enhanced in relevant areas. Accordingly, the general formulation is based on an
energy density function proposed by Bourdin et al., 2000 as regularization of the variational
concept for brittle fracture from Francfort and Marigo, 1998. The latter can be understood
as an extension or generalization of the fracture criterion from Griffith, 1921, which is one
of the basic concepts for the characterization of fracture mechanics.
The formulation of the inner energy for a body that may also contain cracks consists of
a contribution representing the stored strain energy and another contribution accounting
for all energy forms associated with the cracking process. The procedure to obtain the exact crack pattern for a certain boundary value problem is then in general the minimization
of this energy formulation. Further, cracks are described within this concept as a smooth
transition of an order parameter between 1 and 0. The evolution of this crack parameter is
coupled with the mechanical balance law. Accordingly, the state of an energetic minimum
takes possible cracks into account.
For the accurate prediction of crack propagation in materials that reveal an anisotropy
of the fracture toughness the crack energy density was modified. This kind of anisotropy
effects the crack path as in addition to the stress state in the vicinity of the crack tip the
resistance function plays a significant role. Due to its directionality, the nonlocal part of
the regularized crack energy density appears as a productive quantity to be modified. In
fact the spatial gradient of this part was enhanced to the effect of a weighting of the particular spacial derivatives. The new model accordingly reveals a directionality regarding
crack evolution as the evolution is governed by energy minimization. In detail, through
this modification the anisotropy can be quantified by two additional parameters. These
parameters describe the orientation of the considered two fold anisotropy and also its intensity. The obtained anisotropic phase field fracture model was checked for reliability in
terms of the predicted crack paths. The presented results show that the modification of
the crack energy causes a divergence of the crack path with respect to the path for an
isotropic material. The evaluation of a parameter study clearly illustrates the consistency
of the parameterization as the respective crack deflection increases with increasing intensity. Furthermore, the crack paths found in experimental investigations with anisotropic
aluminum plates can be reproduced by the new phase field model.
A second phase field model is presented in the present work that aims to provide a description of the complex phenomenon of fatigue crack growth. The phenomenon of cyclic
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fatigue occurs already at stress levels far below static design limits. This renders a problem
in terms of the principal driving force mechanism of the phase field paradigm as the comparable low load can not cause a state such that the internal energy would benefit from
cracking. Within the presented phase field approach an additional energy contribution
was established in order to overcome this issue. Within the phase field formulation this
contribution represents energies associated with cyclic slip irreversibilities caused by cyclic
loading and unloading. A simple linear law, namely Miner’s rule is utilized for the evaluation of the current state of fatigue damage within the material. The physical connection
of this empirical law to crack propagation is illustrated. In order to bring this energy
contribution up to the order of the static limit a piecewise defined function of the fatigue
damage is incorporated. This function rapidly increases once a critical value of fatigue
damage is exceeded at a certain location. In order to overcome the issue of simulating the
huge number of bearable load cycles until the fatigue mechanism reveals macroscopic consequences in terms of crack nucleation or propagation the cycle jump principle is applied.
This scheme proposes to summarize a certain amount of load cycles to blocks and evaluate the corresponding damage increment for the entire block. Accordingly, the required
simulation steps can be reduced by the factor of the used block size. Numerical simulations of the described phase field model for fatigue fracture were performed with several
different two dimensional geometries. The respective results verify reasonable results in
terms of fatigue crack nucleation and growth of the model. In order to validate whether
the obtained crack growth behavior is really sufficient in accordance with the phenomenon
of fatigue several different investigations of the crack growth rates were performed. In
this regard, it can be shown that Paris’ equation, a principal law for the quantification
of fatigue crack growth, is reproduced by the presented phase field model. Therefore, it
may be emphasized that in contrast to classical fatigue fracture prediction tools Paris’
law is an outcome from the model and is not as usual needed a prior. Furthermore, the
model is able to account for several influences on the fatigue life. Well known phenomena
from fatigue fracture mechanics as stress ratio dependence of the Paris’ parameters or even
load sequence effects are adequately predicted. Interestingly, the latter holds even if the
Miner rule, a linear relation, is used to drive the crack propagation. In a further part
of simulations, the model is investigated regarding its capability for the general load case
of mixed mode loading. The key issue to enable arbitrary directions for cracking is to
incorporate the correct driving stress quantity. The first principal stress was adopted as a
consequence of respective analytic criteria. The obtained fatigue crack path for a mode II
simulation reveals a deflection angle, which clearly matches analytic predictions as well as
experimental results. Also a test case, where crack interaction effects play a significant role
was investigated and the results can also be validated by experimental results.
In conclusion, the proposed enhancements of the phase field fracture method contribute
to a more general and more flexible tool for the simulation of fracture processes. A sound
basis for even more complex anisotropies as well as fatigue crack growth is now available
within the library of phase field fracture models. However, so far the framework must
not be considered comprehensive. It has been shown that the principle directionality of
the fracture toughness can be handled, but there are still more complex anisotropies to
be considered. In further studies the introduced resistance tensor for the description of
the anisotropy may be further modified in order to represent materials with more complex
polar plots of the critical energy release rate as proposed in e.g. Li et al., 2015; Roman
et al., 2013. Also, the model must be applied to a wider range of materials in order to
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validate its general reliability. For example, materials produced by additive manufacturing
processes like 3D printing may provide a sufficient spread of possibilities since the material
parameters can be varied by the process set. In the case of the phase field model for
fatigue a number of potential enhancements may be mentioned. The fatigue phenomenon
is very sensitive to a number of influences from the environment as temperature or also the
surrounding medium. Also plastic deformations can play a significant role in the fatigue
life. Specifically, this becomes relevant for the modeling of retardation effects caused by
single overloads within a load time sequence. Furthermore, considering the amplitude
range of low cycle fatigue, plasticity is relevant for the application of the proposed phase
field model.
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