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Abstract 

By the use of locally supported basis functions for spherical spline in- 
terpolation the applicability of this approximation method is spread out 
since the resulting interpolation matrix is sparse and thus efficient solvers 
can he used. In this paper we study locally supported kernels in detail. 
Investigations on the Legendre coefficients allow a characterization of the 
underlying Hilbert space structure. We show how spherical spline interpo- 
lation with polynomial precision can be managed with locally supported 
kernels, thus giving the possibility to combine approximation techniques 
based on spherical harmonic expansions with those based on locally sup- 
ported kernels. 

I Introduction 

Spherical splines have been successfully applied for analyzing both, exact and 
noisy data discretely given on the sphere, cf. e.g. FREEDEN (1981,1990), WAAHA 
(1981,19&I). They have also been proved to be a powerful tool for the solution 
of boundary value problems with discretely given data, even for non-spherical 
boundaries (see FREEDEN (1987), FREEDEN it al. (1990), SHIIRE et al. (1982)). 
The advantage of spherical spline interpolation lies mainly in two points: (i) 
It is applicable (under mild conditions) to all smttered data situations on the 

sphere. (ii) S ince the spline interpolant can be proved to be the solution of 
a variational problem (in particular it nGnirnizcs a8 certain semi-norm under 
intcrpolatory constraints) unpleasant, oscillations can bc avoided. 
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Ilnfortunately, the progress of spherical spline interpolation was restrained, 
since all applied kernels had a support which covers the whole sphere, so that 
the resulting interpolation matrix had in general no zero entries. Thus, the 
areas of application were restricted to problems with not too ma,ny given data 
points. 

This situation has completely changed when it was recognized that also 
kernels with a local support could be used within the existing framework, cf. 
FEEDEN et al. (1994), SCHNEIDER (1994), SCHREINER (1994). Hence the nu- 
merical effort for storing and solving the linear system coming from the in- 
terpolation conditions can be drastrically reduced by the use of sparse matrix 
solvers. Although the numerical applicability has been proved in several exam- 
ples, there are some gaps in the theory of spherical spline interpolation with 
locally supported kernels. It is the intention of this paper to close these gaps. 

Of basic importance for the characterization of the underlying Hilbert space 
structure are the Legendre coefficients occouring in the series expansion of the 
reproducing kernels. One is thereby particularly interested in those coefficients 
that become zero for a certain given kernel, since this means that the Hilbert 
space does not contain spherical harmonics of the corresponding degree. It will 
be shown in this paper, that for a large class of locally supported kernels the 
zeros of the Legendre coefficients correspond to the zeros of certain Gegenbauer 
polynomials. Another aspect is that it was so far not known how spherical 
spline interpolation with locally supported kernels can be managed with poly- 
nomial precision up to a certain order. This problem will also be solved in this 
paper. Finally it is shown how error estimates can be proved for the described 
interpolation procedure. 

The paper is organized as follows: after some preliminary facts given in 
Chapter 2, we will briefly review the existing spherical spline theory in Chapter 
3. In Chapter 4 we shall then show the main results: locally supported kernels 
are introduced, and their Legendre expansion is analyzed. We will investigate 
the zero coefficients of the Legendre expansion of the kernel to arrive at a char- 
acterization of the underlying Hilbert spaces. Finally, locally supported kernels 
for spline interpolation with polynomial precision are constructed. Chapter 5 
shows then that the introduced kernels are applicable for spline interpolation 
and gives some error estimates. After that, some conclusions are drawn in the 
sixth chapter. 

2 Preliminaries 

Let R = {X E lR31 IIC( = 1) be the unit sphere in R3 with surface measure dw. 
Throughout this paper we use greek letters (I, q, . . .) to denote points of 0. The 
scalar product in lR3 is written by a. Let 12(52) and C(p)(R) stand for the space 
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of squa,rc.-integrable or p-times continuously differentiable (real) funct,ions on 

12, respectively, The usual L”(Q)- inner product is denoted by (1) .)cz(n). 

For the reader’s convenience, we list some basic facts on the theory of 
spherical harmonics used in this paper. As reference, we mention e.g. M ii r,I,EH. 
(1966). Let A” denote the Beltrami operator on 0. Then it is well.-known 
tha.t the equation A*P = XF is solvable for an infinitely often differentiable 
F : $2 --+ R and X E Ii?. if and only if A = --Iz,( n + I) for some *v, E No. The 
infinitely often differentiable eigenfunctions of A* with respect to the eigenvalue 
-r~(72 + 1) are the spherical harmonics of order 7~. We collect them in the 
space Harmn. Its dimension is dim( Harm,,) = 2~ + 1. We assume in the 
following that { Y,,J, . . . , Y,L,2,L+1} is an G”(S2)-orthonormal system of spherical 
harmonics of order 71. Since spherical harmonics of different order are known to 
be orthogonal, we can introduce the orthogonal sum Harme,...,,,L = @:~,uHarm,. 
Furthermore, we obtain the orthonormal set {Y,,j},,=e,.,., j=r,,..,2n+r, which is 
known t.o he complete in L’(R) with respect to (=, .)Lz(~) anti closed in C(12) 
with respect, to the uniform topology. 

Of importance for the following studies is the addition theorem, which says 
that for any n E Ne and a.11 El 71 E R it holds 

where P?, : [- 1, l] -+ lR is the Legendre polynomial of degree 7~. They are known 
to satisfy the recurrence relation 

PC(t) = 1> P*(t) = t, 
(n-t- l)Pn+l(t) f ?zEL-*(t) - (2n + 1)tfqt) = 0, 11 2 1. (1) 

Furthermore, we have for t E [-1, l] 

e+l(t> - p:-l(t) = (2n + l)P&),n 2 1. (2) 

E;br later use, we mention the following estimate (cf. MAGNIJS et al. (1966)) 
for t E (-1,l): 

vw)l 5 /-G* (3) 

From the addition theorem and the completeness of the spherical harmonics it 
follows that the Fourier expansion of F E. L”(Q) can be written as 

Let (: E L’[- 1, l] and 77 E. s2 be fixed. The ?)-zonnlfunction G’(7). ) : R -+ ll% 
given by [ +-+ G’(r)a[) is in C’(O) and is axisymmetric with respect to the axis rl. 



i.e. the value at the point t E s2 depends only on the inner product <a 7. Since 
I@)/ = Jm 7, zonal functions can be seen to be the spherical counterpart 
to radial basis functions in Euclidean spaces. The Funk-Hecke formula tells us 
that for any Y, E Harm, and 17 E R, 

./ WI. wk(wJ4E) = G%%(r), 
R 

where 

G”(n) = 2~ J: G(t)P,(t)dt. 

Applying the addition theorem it follows that the Fourier expansion of the 
q-zonal function G(q. ) is 

Due to a result of GRONWALL (1914) the series on the right hand side of (4) 
converges in uniform sense to G(T. ), provided that G is Lipschitz-continuous 
on [-l,l]. 

We use zonal functions to introduce spherical convolutions, see e.g. BOCHNER 
(1954) or CALDERON, ZYGMUND (1955). For G E C2[-1, l] and F E L”(Q) we 
set 

Of particular importance is the convolution with a second zonal function: let 
H E ,C2[-1, 11. Then it is obvious that 

depends only on the inner product of [ and <. Thus, (G * H)( a<) is a <- 
zonal function, or in other words, G t H can be seen to be a function defined 
on the interval [-1, 11. In the following we will make frequently use of this 
identification. It can be easily seen that for G, H E C2[-1, l] 

(G * H)“(n) = G”(n)H”(n), n E NO. 

The convolution of a function G E ,C’[--1, l] with itself yields to the so-- 
called iterated functions G(q) : [-1, l] 4 W by the successive definition 

G”‘(F 0 = G(N), 

G(q+‘)([. () = / G(‘)(t - v)Gcl)(v. (‘P-(r)), Q 2 1. 
R 

Obviously, (G(q))“(n) = [G*(n)]q. Note that if suppG = [h, 11, we trivially have 

SUPP(=(T > = {t E W 2 E . rl< 11, 



and it is not’ difficult, to see that 

3 Spherical Splines 

In this chapter we state the general theory of spherical splines as developed in 
FREEDEN (19X1,1990) or WAIIBA (1981,84), Since the theory is wells-esta.blished 
in the meanwhile, our introduction will be brief and all proofs are omitted. 
However, in spit,e of the settings in FREEDEN (1990), we present a slightly 
generalized theory, since we allow some Legendre coefficients of the reproducing 
kernel to be zero. 

3.1 Reproducing Kernel Hilbert Spaces 

We start with 

Definition 3.1. Let {ATL}fl~~~~,.., c lb! be a sequence. We introduce a decom- 
poSiti MC) = Jtr u &, .ltf n ,%G = 0 by 

,v = { 11 E NoI A,, # 0) 

No = (71 E r&l il,, = O}. 

The sequence {A,}n=O,... is called r-svrnmub2e, T E R, if 

c 
2n + 1 712r 
-----<cm. 

nEiV 471. An2 

A O.-summable sequence is simply called sumnzable, 

Let the sequence {A,,},=ol.,. be fixed. For the space 

E({A,,};S2) = {E' E C(O")(s2)1 (F,Yy,,j)L2(LZ) = 0 for all 71 E N(I and 

we introduce an innner product by 

and define the space ‘H({A,,}; R) t 1 0 ,e tt if completion ‘H({R,,): 0) = C({&}; 12), 
where the completion is understood with respect to the topology given by 



(=, .)x((A,l;a). Then we end up with a Hilbert space. If there is no confusion 
likely to arise, we write in the following IH instead of R({&}; Q). 

The order of summabilty of the sequence {A,},=,,... determines the smooth- 
ness of the functions in ?f in the following way: 

Lemma 3.2. Let {An}lz=o ,,.. b e r-summnble. Then ‘h! c C(“)(R) ifr > k. 

The proof of this lemma is straightforward by considering the series expansion 
of a function in ti and using estimates for the derivatives of the Legendre 
polynomials. 

The Hilbert space % corresponding to a summable sequence {An}n=o,... 
admits a reproducing kernel KH(., -) since the evaluation functionals H 3 F ++ 
F(t) are continuous for every e E R (cf. ARONSZAJN (1950)). It can be easily 
seen, that KR(., .) is given by the uniformly convergent series 

Since the function Kx(*, 77) is an T-zonal function, we frequently write Zif~([, 7) = 
I(~([. q), i.e. we assume lip to be defined on the interval [-1, I]. Note that 
the Legendre coefficients are given by 

Anv2 for n E N 
for n E No ’ 

Since they satisfy K;(n) 2 0, the kernels K1-f are positive definite, as we shall 
see in the next section. 

Let m E Ne and assume that the summable sequence {A,},z~,,ss satisfies 
A, # 0 for n = O,..., m. Then the space 3-t = ‘H({A,}; Q) can be decomposed 
into the orthogonal sum ?r! = ‘Me ,..,, m $ 3-1&..., m, where ?& ,..., m = Harmu ,..., m. 
Both subspaces are then reproducing kernel Hilbert spaces with respect to 

c, .h = c> 9% )..., m + t-7 &o ,,,) m- Obviously, the corresponding reproducing 

kernels are 

i.e. K’H(-, .> = KH,, ,.,., ,,,(s, -)+-&,I.,, m(-, .I. The norm ll*ll~~.,, m ofx& . . . . m can be 2 8 , > 
seen to be a seminorm in X with kernel Harme,...,,. This fact will be important 
for the forthcoming definition of spherical splines. 
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3.2 Definition of Spherical Splines 

The basic idea of spherical spline interpolation can be described as follows: 
assume that. there are given a set of nodal points XN = {?/I, . . . , 11,~) c 11 and a 
set of va.1 Ilf?S { !jl, . * ” * y,v} c lR. Suppose further that there is a fixed reproducing 
kernel spa.ce ‘H which is orthogonally decomposed into ‘M = ‘l-t~,...,m $ ‘E&,,,,nL, 
as described in t,he last section. Then the t.ask of spline interpolation is to find 
a solution S E ‘H of 

where z;Y = {F E 3-11 F(7);) = y;, i = 1,. . . , N>. In other words, we search for 
the interpolant 5’ E ‘ti, which has the smallest ‘Ft&.S,,,,,-norm. 

It follows from (6) that if the data come from a function in the space 
Harm,...,,,,. this function is exactly reproduced by the spline. That is, what we 
call polyrzotnial precision of order nb. Note that we also trea.t the case formally 
written by 7n = -1. In this situation the Hilbert space ‘ti is not decomposed 
and the spline interpolation minimizes the nor111 IISll>M among all interpolating 
functions. 

In order to ensure the well-posedness of problem (6), we have to make 
some assumption on the set XN of nodal points and on the reproducing kernel 
I<,H (in full analogy to spline theory in Euclidean spaces, cf. e.g. MICCHELLI 
(1986)). Let for m E No, M = C:=e(2+0. + 1) = (nt + 1)2 he the dimension of 
HarmnT,..,,,l,. We call a pointset ACM = (~1, . . . , 7)~) fundamental system with 
respect to HarmuS...,,,,, if the matrix 

is regular. In this case, the problem of interpolation in Harme,...,,, with re- 
spect to XM is uniquely solvable. Let N >_ M. Then we call a pointset 
XN = {b.., 7~) c Sz of pairwisely different points admissible with respect 
to Harm,...,,,,, if it contains a unisolvent subset with respect to Harmo,...,m. 
By changing the order we can always assume that the set {Q, . . . , QM} c XN 
is unisolvent with respect to Harme,.,,,m. We will see lateron that this is ex- 
actly the requirement on IYN to ensure that the spline interpolation problem is 
uniquely solvable. 

However, also the reproducing kernel has to satisfy a condition 

Definition 3.3. A function Ii : [-1, l] ---f R is called strictly positive definite, 
if 



for all choices of pointsets X,YJ = {rr, . . . , QN} with pairwisely distinct points, 
and all non-zero vectors (a,, . . . , a~) E RN. If equality with zero is also allowed 
in (7), the function Ii is called positive definite. 

Positive definite kernels for radial basis approximation in Euclidean spaces have 
been investigated in MICCHELLI (1986) where also the strict positive definiteness 
of a large class of radial basis functions has been shown. (For a general overwiew 
on the theory of radial basis functions in Euclidean spaces, see e.g. POWELL 
(1992).) In the spherical case, SCHOENBERG (1942) has proved, that K is 
positive definite if and only if K*(n) 2 0 for all n E Nu. A sufficient condition 
for Ii’ to be strictly positive definite is found in XV, CIIENEY (1992), see also 
FREEDEN et al. (1993). H owever, this condition is not applicable for the 1ocaUy 
supported kernels, as we shall see later. 

For spline interpolation with polynomial precision a weaker condition on 
the kernels can be applied: 

Definition 3.4. The continuous function K : [-1,1] -+ Ris called conditionnlly 
stricly positive definite of order m, if (7) holds for any Harmu,...,,-admissible 
system XN = (71,. . . ,VN} and any (al,. . . , UN) # 0 satisfying 

Let {A,},=o,.., be a summable sequence. Assume m E iQu to be fixed 
and consider the space H = ‘H({A,}; 0) with orthogonal decomposition ti = 
NO ,..., nL @ No’, . . . . ma Let XN = {ql,. . . , r]N} C R be an admissible system with 
respect to Harmu,...,, and assume that the reproducing kernel KH;... m is con- 
ditionally strictly positive definite of order m. Then we call any fund&n S E ‘l-t 
of the form 

spherical spbne with respect to XN, if the coefficients al,. . . , aN satisfy the 
linear equations 

N 
C a;Y,,j(rl;) = 0, n = 0,. . .,m, j = 1,. . .,2n + 1. 
i=l 

Note that here and in the following the results hold also for the special case, 
were we do not consider the orthogonal decomposition of 3-1, but perform the 
interpolation directly in 3-1. This case was noted before by m = -1. 

We summarize the main results on spherical spline interpolation in the 
following theorem: 
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and 

C a;Y,,j(qi) = 0, 12 = 0, . . . , m, j = 1, . . . ,2n + 1. 
i=l 

F~:llrthermore, any F E ZN satisfies 

For the proof of this theorem and many results on the proper choice of the 
space ‘FI, i.e. the choice of the kernel lC1-1 we recommend FREEDEN (1990) or 
FREEDEN at al. (1994). 

It is obvious that the system of linear equations stated in the last theorem 
is very labourous to solve, since all the matrix elements are in general different 
from zero. However, if the kernel KK;,-, m (respectively Kx for the case m = 

- 1) ha,d only a local support, the matrix would be sparse, and so the system 
could be solved very efficiently. Therefore, we will show in the following how 
splines with locally supported kernels can be constructed. 

4 Locally Supported Kernels 

In this chapter, we introduce locally supported kernels that allow the definition 
of reproducing kernel Hilbert spaces and which will be proved to be strictly 
positive definite, so that they can be applied for spline interpolation. We will 
consider both types of kernels, namely Kx and Kx;.,. m , the second one being 
cha,racterized by li” ?-rk.,, ,,%(~t) = 0 for R = 0, . . . , &J.’ The basic idea for the 
construction of the kernels is to start with a simple locally supported one- 
dimensional function and then use the spherical convolution in order to assure 
that all the Legendre coefficients are non-negative. The construction of the 
kernels K+,, n, uses then (besides the convolution) certain linear combinations 
of simpler kernels. For the characterization of the underlying space 7-1, it is 
important to know, which Legendre coefficients of the constructed kernels are 
zero. This will be discussed in detail in Section 4.2. 
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4.1 Definitions and Recurrence Relations 

We start with the definition of the piecewise polynomial function Bf) : [- 1, l] -+ 
R, for k = 1,2, . . ., and h E (0, l), which has already be considered in FREEDEN, 
SCHREINER. (1995) in another context. We set 

for -l<t<h 
(t-h)k/(l-h)k for h<t<l ’ 

Let 7 E fl be fixed. Then the q-zonal function Bf)(q. ) : R -+ lR has the local 
support 

suppBf)(rl. ) = {C E q it 2 [ * 712 l}. 

From (5) we know that the iterated v-zonal function (BJL’C))(2)(~~ ) has the 
support supp(Bh ) (k) (2) (q+ ) = {[ E IR12h2 - 1 5 [ * 7 < 1). It is also obvious, 
that if we allowed h < 0, we would get ~upp(Bf))(~)(q. ) = ,R, i.e. the function 
would be supported over the whole sphere R. That is the reason why we restrict 
the parameter h to the interval (0,l). 

Since Bf) is Lipschitz-continuous, we know from GRONWALL (1914) that 
the Legendre series 

converges uniformly for t E [- 1, 11. It follows from the Funk-Hecke formula 
that 

B,!,?n) = 2n J, 
l (t - h)” 

(1 _ h)kp&)dt’ 

A recursion formula for the B(dk)h (n) can be derived by considering the integrals 

I,+ = )t - h)“P,(t)dt. J (10) 
Straightforward integration yields 

IOk= (l-h)“+‘, &k=~okk+l+h 
k+l ’ k+2 ’ 

From the recurrence formula (1) we see (n 2 1) 

(n f l)hz+l,k + n&l,,, - (2n -t- l)&z,k+l - (27t + l)h&k = 0. 

Furthermore, we find by partial integration and (2) that 

(an + l&k+1 = -(k + l)(hz+l,k - In-r,k). 

Combining these results, we arrive at the following recursion formula: 



Lemma 4.1. For k 2 1 and n 2 1 we have 

NjpA(0) = 2+$ 

(k t %)ip( 1) = (x: + 1 + IL)B;&k)A(0) 

(71 i- k + 2)13jLk)*(n + 1) = (2n t l)h.Bjl”)“( n) + (k f I - 71,BjZ”)^(TL - 1). 

Sext we shall consider the asymptotic bchaviour of /BfiA(n)l for fixed 
h E (0, 1) and n -+ ax. Let h E (0, 1) be fixed. Then we get from (2) and (10) 
for 71 2 1 

z 
(1 - h)” 
2n + 1 (v%+dt) - r,-l(t))l:,l 

Combining this with the estimate (3), we see 

lp?:Lkqn)j = o(n-:3/2), n --+ cm, 

Thus, 

i.e. the sequence 1 Bf)“( n)] -*, n = 0,. . ., is summable. Therefore the ker- 
, 

nel ( R1;“))(2) can be seen to be the reproducing kernel of the space X = 
?i({l/R~)^(n)}; 0) (cf. F’g 1 ure I). Note, that it may happen that Hf)A(n) = 0 
for some n E N. In this case, l/BP)* (n) has then to be substituted by zero in 
the definition of the space H. Nevertheless, for a complete characterization of 
3-1 it is important to know which numbers Br)’ (n) are zero. This is the topic 
of the next section. 

Figure 1. 7%~ kernels B~~*)(cos 6) (left) rind the iterated kernel (Bji”)(“)( cos ~9) 
(‘right) for the parameter h, = 0.6. 
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4.2 Zeros in the Legendre Expansion 

For a complete characterization of the space ‘R = ‘H( { 1/ BiL’)A(n)}; 0) we have 
to answer t;he question which coefficients in the Legendre expansion of the 
kernel By) are zero. We will show now, that this answer is related to the zeros 
of certain Gegenbauer polynomials. 

The main result of this section is 

Theorem 4.2. For h E (0,l) and k = 1,2,. . ., we have: 

(i) By(n) # 0 for n = 0 1,. . .) k f 2. 9 

(ii) For n 2 k + 2, BP’“(n) = 0 if and only if C~~~~l (h) = 0, where Ck’3/2 
denotes the Gegenbauer polynomial of order m with respect to X = k +3/2. 

Before we come to the proof of this theorem, we mention the following conse- 
quence: 

Corollary 4.3. Let k 2 1. 

(i) There exists h E (0,l) such that Bp)*(n,) # 0 for all n E: No. 

(ii) Let m E No be given. Then there exists a number ho E (0,l.) such that for 

all h E (ho, 1) and all n < m, Bf)*(n) # 0. 

Proof. Part (i) follows immediately from Theorem 4.2 since there exist onIy 
countable many points being a zero of a Gegenbauer polynomial. 

It follows from the theory of orthogonal polynomials that the largest num- 
ber h E (0,l) for which Cl,k+il”, (h) = 0 f oranwithiE+2<n<misthelargest 

zero of CE/f,. So just take this value as ho. This proves part (ii). q 

The first result is of more theoretical concern, since it is also known that 
the set of all zeros of the Gegenbauer polynomials Ck+3’2, n = 0,. . ., is dense 
in [-1, 11. But the second statement is very useful. It shows that it is possible 
by suitable choices of the parameter h E (0,l) to ensure that all spherical 
harmonics up to a certain order are contained in the space X. 

Proof of Theorem 4.2. We know from Lemma 4.1 that Bf’^(O) > 0 
and Br)^(l) > 0, Furthermore it follows from the recurrence formula that 
B;Lk)A(n + 1) > 0 as long as n 5 k 4 1. This proves (i). 
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The second statement is a consequence of the results shown below in this 
SCY-tiC~Il* cl 

Lcmnra 4.1 shows that eacll B(;“)A (72) is a polynomial of degree !) -t 1 in the 
variable 11 tvhich is zero for 12 = 1, Thus, the linear factor ( 1 - IL) can be 
divided, and WC define 

tp( 17~) = I 
------Bpn(71),71 = i&l,* ..) IL E (0.1). 
2n( 1 - 12) 

Then biLk) is a polynomial of degree 11, in 11, which we will consider for h E [- 1, 11. 
From the recurrence relation for the Hf)” (7~) (cf. Lemma 4.1) we immediately 
get the following recursion formula for &‘)(h) (71 > 1): 

b(“)(l) = l I.7 k+l 

(k + 2)b;“‘( h) = (k f 1 f h)@)(h) (11) 

(,n -I- k + 2)b,i$ (h ) = (212 f l)/@)(h) + (k + 1 - n)b!;?,(h). 

As first result we mention 

Lemma 4.4. For all k 2 1 we have 

P(-1) = l 0 k+l 

Proof. Immediately by induction using (11). q 

Lemma 4.5. The l-th derivatives, 1 2 0, of hi’) sntify for h = -1: 

(i) for 1 > 71: 

(ii) for 1 1 = 71: 
2’ 

(iii) for 
(k-f-l).....(k+l+Z) 

1 < 72,: 

(hpp(-l) = t7~-I+l)~l....(nti)j(:::)-1~)-...-ji:-1). 

1 . . . - (k + 1 + n) 

Proof, Since b$:) * IS a polynomial of degree 71, part (i) is obvious. We prove 
part (ii) and (iii) by induction. For 1 = 0 the i~SS~rtiO~1 iS just Lemma 4.4. An 



easy calculation shows also the validity for 1 = 1. Assume now, (ii) and (iii) are 
true for all 1’ 5 1. Then we obtain from the recursion formula and Leibniz’ rule 

@Jk) y’+“(h) = 
1+1 l :‘;;’ 2h(bjk))(‘+‘)(h) + (I+ 1J ;l:; 2(@)(‘)(h) 

+k + 1 - 1 (k) 
1 + k + 2(u 

(1) 
(h) 

= (I+ 1)1 ;,$:,(hjk))“‘(h). 

Part (ii) follows then immediately by setting k = -1. 

In order to prove the result for (b, ) tk) ([+I)( -1) if n 2 1 + 1 we now argument 
again by a nested induction, this time with respect to the variable n. For 
n = 1 + 1 the result has just been proved. A similar calculation yields the case 
n = 1 f 2. Under the assumption that (iii) is true for all n’ with I+ 1 5 n’ 5 n 
we have 

(b(k) >‘[+“(q = 
n+l 

+ k + 1 - n (k) (1+1) 
n + k + 2eLl) (h)+ 

Setting h = -1 and inserting the known formulas for (bi’l)(‘+‘), ($‘I)(‘) and 

(bn-1) (‘) CL+*) the result follows after some lengthy but straightforward calcula- 
tions. 0 

This lemma shows in particular that (bri;!,)(‘) = 0 for 1 = 0,. . . , k, But 

since bpJr is a polynomial of degree k + 1 it is clear that bf$ is of the form 

$2) = ak(h + l)“+l (12) 
with a constant ok. This constant can be determined by taking the (k + l)--st 
derivative in (12) and substituting h = -1. With the results of Lemma 4.5 we 
arrive at 

(2k f 2)! 
2"+1 (k+I)..:/(2k+‘J) =ak(k+l)!' 

Thus, ok = 1/(2”+‘(k + 1)). 

Using the recursion formula (11) we see br$( h) = hbf?, (h). As a conse- 

quence, all &‘)(h) ,n>k+lhaveazerooforderk+lath=-1. Hencethe 
definition 

cik)(h) = 
1 

btk) 
r%k(n -+ l)“+l n+k+l 

(h), n 2 k + 1, 03) 

yields a polynomial in h of degree n. Note that for n > k+ 1 it holds BfjA(n) = 

0 if and only if cFlkol(h) = 0. H ence, Theorem 4.2 is proved, if we have shown 

14 



that c!~” is up to a multiplicative constant the Gegenbauer polynomial Ci with 
X = k f 3/2. This is shown in the last lernrna of this section: 

c;(h) = cl”)(h) 
c;(h) = JJ’&-t:i+j) c!;)(h), 76 > 1. 

. ,1=0 

Proof. Set: 

C;;(h) = $(h) 

We will show that the ?,” satisfy the remrrence relation of the Gegenbauer 
polynomials 

c;(h) = 1 

C;(h) = 2x12. ( 14 
(n + 1)C17:+I(h) - :!(A 4 7~)hClk(h) + (2x + n - l)C,X-,(h) = 0, n 2 1, 

for x = k + 3/2, cf. e.g. fiNDH.EWS (1985) or SZEGti (19,51)). 

It is obvious that the initial values fulfil 

e&s) = cp(h) = $6f?,(h) = 1 

and 

c;(h) = (2k -I- 3)cl”)jh) = (2k f 3) a@ +f p+1 W) 

= (2kf3)h (lYk(h : 1)k+1 4$(h) = (2k -I 3)1x = 2~. 

‘IJsirrg (1 t) and (13) we obtain from 

(n -I- 2k + 3)b!Lyk+2(h) - (2tt t 2k + 3)h6~$+t(h) + nb$(l1) = 0 

that 

(7x + 2k + 3)6;+,(h) - (2k + 3 t 742~~ + ‘Lk t 3) kcL(h) 
nil 

Thus, 

(7) + l)ci,\+,(lL) - 2(A + n)k~(h) t (2X + n - l)~,Xll(h) = 0, 

which is .just (14), as required. 



4.3 Reproducing Kernel Spaces with Locally Supported Ker- 
nels 

Summarizing our previous results we have proved the following 

Theorem 4.7. Let for k > 1 and h E (0,l) the function Of’ : [-1, l] -+ Iw 
be the Lipschitz-continuous function defined in (5’). Let the sets hr = (n E 

NO] Bf’^(n) # 0} andNo = {n E I’401 HI(C)"(n) = 0) be determined by Theorem 
4.2. The sequence 

A, = 
I/B~‘^(n) for n E N 
0 for nENo 

(15) 

.>; 9. is summable and defines the reproducing kernel Hilbert space E = ?i( { A, 
The reproducing kernel of 7-l is then 

e&t 7) = (BpY”‘(5 * 171, E, 17 E f-2 , 

with 

Thus, reproducing kernel Hilbert spaces with locally supported reproducing 
kernels are found. If we have shown that the kernels KB = (Bp))(2) are strictly 
positive definite functions, the spline interpolation can be performed efficiently 
for the case m = -1, i.e. without polynomial precision. However, taking m > 
0, the modified kernels K,.L o ,._ m arising in the interpolation matrix, are now 
globally supported. Thus, &e’ shall now present a method to construct also 
kernels KK;,,, m that are locally supported. 

I 3 

The idea is simple: let m E P?e be fixed. Choose m f 2 pairwise different 
hl < . . . < hm+2 E (0,l). Then determine real numbers kr, . . . , km+2 in such a 
way that 

m+2 
K(t) = c k&(t), t E [-1, l] 

satisfies 
i=l 

If we then define 

KA(n) = 0, n = 0,. . ., m. (16) 

we obtain the reproducing kernel of the space H = W({A,};fi), where the 
sequence {An}n=O,... is given by 

l/(klB~)“(n) t . . . + k,,,+zB(“)* 
1 h,+2(41 for 71 E JL’ 

for n= O,...,m a 
for n E No 
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A-(t) = c kiBp(t), t E [A, 11, 
i=l 

satisfies 
P(n) = 0 for 71 = 0,. . . , 771.. W) 

If we require in nddition 

h t - * = t hn+2 = 1, w 

the numbers ki are uniquely determined. The support of Ii(2)(rl- ) is for fixed 
77 E s2 given by 

Proof. We only have to show that the system of linear equations defined by 
(18) and (19) . IS uniquely solvable. It can be written as 

Rut we ha.vc seen in Lemma 4.1 that the system { 1, BfJA(0), . . . , Bp’^(nl)} is 
a system of polynomials in h with degrees 0, , . . , nz f 1, respectively. Thus, they 
build a unisolvent system for interpolation on the interval [- 1, l] (cf. DAVIS 
(1963)). Th ere ore the system (20) is uniquely solvable, as required. The prop- f 
erty of the support of K is obvious from the previous discussion. cl 

An example is illustrated in Figure 2, 



Figure 2. The kernel K(cos 19) of Theorem 4.8 for m = 2 (left). The val- 
ues hl,. . ., h4 nnd kl,. . .,k4 are given by (hl,. . ., h4) = (0.6,0.7,0.8,0.9), 

(kl,...r kd) = (- 1,4, -6,4). On the right hand side there is the iterated kernel 
K(2)(Cos dq. 
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5 Spherical Splines with Locally Supported Basis 
Functions 

In order to establish spherical splines based on locally supported kernels one 
aspect is missing, namely the conditionally strict positive definiteness of the 
described kernels, which will ensure the regularity of the linear system to be 
solved for spline interpolation. This is the topic of Section 5.1. 

The estimations in uniform norm of the spline interpolant as proved e.g. 
in FREEDEN (1990) are given by the use of series expansions in terms of the 
Legendre polynomials. For our situation, error estimates can be obtained in an 
easier way, as shown in Section 5.2. 

5.1 Strict Positive Definiteness 

A sufficient condition for the spline interpolation matrix to be solvable is the 
conditionally strict positive definiteness of order m of the reproducing kernel 

=Gi,1.,, m’ We are able to show even more: 
, 1 

Theorem 5.1. Let k > 1. 

(i) If h E (0,l) then (Bf))t2) is strictly positive definite. 

(ii) Let m E No and 0 < hr < . . . < hm+2 < 1, and assume that K : r-1, l] + 
R is defined as in Theorem 4.8. Then K(2) is strictly positive definite. 



Proof. Assertion (i) is equivalent to the positive definiteness of the symmetric 
matrix 

for any pointset, S.V = {Q, . . . 1 rjt;} of pairwisely distinct points. However, 
since 

the matrix (21) can be seen to be a Gram matrix, and is therefore positive 
definite if and only if the functions B~)(YT;~ ), i = 1,. . . , N, are linearly inde- 
pendent. Hut this can be concluded from the discontinuity of the k-th derivative 
of Hf)( . ) in the following way: assume that F’ = C;“=, n;Hf)(?7i+ ) = 0, Thus, 
F is trivially of class C(“). On the other hand side, the k-th derivative of a 

(k) function < c” Bh (712’ . I) in direction 77; - (71; . [)[ d oes not exist for all [ E R; 
with Q2; = {I E RI [ * 71; = h}. Suppose now, that an ai (without loss of gener- 
ality, say al) is different from zero. Since there exists a point [r E Rr \ U~=,I1;, 
it follows that the described k-th derivative of F at the point [ does not exist, 
a contradiction. Thus, nr = . . . = UN = 0 is proved, and therefore part (i) is 
shown. The second statement follows by similar arguments. q 

5.2 Convergence 

An estimation in uniform topology is given by 

Theorem 5.2. Let h E (0, l), k 2 1, and let {A,},=o,... be defined us in 
(lij). Then there exists a constant C > 0 with the following property: let 
F E ‘l-l = ‘H({A,,}; 0) and assume that Xiv = (771, . . . , rl~} c IZ consists of 
pairwiseky distinct points. If S E ‘R is the uniquely determined interpolatirzg 
spline with respect to the dnta set {F(Q), . . . , F(ri~)} then we have for all [ E R 

where the nodal width ON is defined b!y 

ON = I,gy ,$nV I< -- 7jiI. 
. ..<‘ 

Proof. Let [ E 0. Then there exists an i E {I,. . . , N} such that I[ - 71~1 2 ON. 
Since S(Ti) = F(Y);), WC obtain by the triangle inequality 

I&+9 - W)) 5 ISN(~) -- S,V(?]i)l + /F(E) -- P(?/J. 



From the reproducing property it follows that 

Is(t) - S(%)l = I(~~H(I, -> - JM%, 9, SN)HI 

and 
IF([) - F(rli)l = I(%&, -1 - hth Jo4 * 

By the Cauchy-Schwarz inequality we obtain 

IS(E) - e?i)l i II&-& 3 - Ji3-1h ~htll~ll~ 
IJYO - w?i)I I IlG&~ 4 - &h?~~ s#-%~ 

Since we know from Theorem 3.5 that ]]S]lx 5 ]]F]lx, 

IS(l) - JYF)I I 2ll~~t~~ 9 - EM% N7-III~ll7f~ 

For the estimation of ]]Kx([, +) - K%(T~;, .)]lW we mention first that the 

function ( Br))(2) : [-1, l] -+ W is Lipschitz-continuous, i.e. for a constant 
6 > 0 it holds ](Bf))(2)(t) - (Bf))(2)(t’)] 5 6’t - t’] for -1 5 t, t’ I 1. Hence, 

Taking the square root, the assertion follows with C = Jc”. 0 

The case m 2 0, i.e. spline interpolation with polynomial precision up to 
order m, can be handled similarly. Since for the proof one has only to combine 
the methods of FREEDEN (1990) and the arguments of the last proof, we just 
state 

Theorem 5.3. Let m 2 0 and k 2 1. Assume that 0 < hl < . . . < km+2 < 1 
and let kl . . . km+2 E II% be determined as in Theorem 4.8. The function 

(2) 

h(t) = n$o y&(t) + mf k;B&t) , t E FL117 
i=l 

defines the reproducing kernel of the space H. Let F E 7l and assume XN = 

{771*- , 7~) to be admissible with respect to Harmor..+. Assume that S E ‘?l is 
the uniquely determined solution of 



The results of the last chapters have shown how spherical spline interpolation 
can be performed by the use of locally supported basis functions for both types 
of interpolation, viz. with and without polynomial precision. Thus, the possible 
area of application for spherical splines is spread out, since now the numerical 
effort is reduced dramatically. Examples for applications in relevant problems 
can be found in SCHNEIDER (1994) or SCHREINER (1994). However, one draw- 
back of the described approach has not been mentioned yet, namely that the 
iterated kernels (BP))(“) are not available by elementary functions. But this 
problem can be overcome by using the known Legendre series of the kernels 
to generate a-priory an approximation of the kernel by e.g. a piecewise linear 
function, which ca.n be done, of course, with any desired accuracy. 

The locally supported kernels KXL O,,...rn will offer the possibility to combine 
the well-established methods using expansions in terms of spherical harmonics 
with localizing methods, as e.g. the described spline methods, but also wavelet 
expansions with these kernels are possible. It is assumed, that sllch approaches 
will be of importance for future representations of e.g. the earth’s gravitational 
field, cf. e.g. R.UMMEL (1986), SCHREINER (1994). 
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