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The �rst observation of self-focusing of dipolar spin waves
in garnet �lm media is reported. In particular, we show that

the quasi-stationary di�raction of a �nite-aperture spin wave

beam in a focusing medium leads to the concentration of the
wave power in one focal point rather than along a certain line

(channel). The obtained results demonstrate the wide appli-

cability of nonlinear spin wave media to study nonlinear wave
phenomena using an advanced combined microwave-Brillouin

light scattering technique for a two-dimensional mapping of

the spin wave amplitudes. 1

PACS numbers: 75.30.Ds, 76.50.+g, 78.35.+c

Spin waves propagating in thin magnetic �lms are a su-
perb object for experimental investigations of linear and
nonlinear wave dynamics in anisotropic and dispersive
media. The threshold of nonlinearity for spin waves is
relatively low, and many important nonlinear e�ects like
formation of spin wave solitons, parametric and kinetic
instabilities, as well as transitions to chaos have been ob-
served in magnetic �lms at moderate input power levels
of Pin < 1W [1,2]. An additional important advantage
of �lm media is the accessibility of the wave process from
the �lm surface. The combination of microwave spec-
trometry with Brillouin light scattering (BLS) from co-
herent magnetic excitations provides a unique possibility
to observe directly spin wave processes in magnetic �lms
with high spatial resolution. First attempts have been
performed for uniform modes in the sixties and seventies
[3]. Recently this technique has been used in experiments
by Boyle et al. [4] where the observation of self-channeling
and beam shaping for magnetostatic waves in a YIG �lm
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has been reported.
In this paper we report direct experimental evidence of

two-dimensional self-focusing for dipole-dominated spin
waves propagating in a tangentially magnetized magnetic
�lm along the direction of magnetization (backward vol-
ume magnetostatic waves (BVMSW) in the classi�cation
of [5]). We show that the quasi-stationary di�raction of a
nonlinear BVMSW beam of �nite transverse width at suf-
�ciently large wave amplitudes leads to the concentration
of the wave power at one focal point (self-focusing) rather
than along a certain line, or channel (self-channeling) as
it was proposed in [4]. The experimental results are quali-
tatively reproduced by numerical simulations of the mode
propagation. Our experimental observations have been
made possible by advancing the stability and the data ac-
quisition procedure of the BLS spectrometer enabling us
to obtain high-resolution, two-dimensional maps of the
spin wave amplitude distribution across the sample.
The theory of nonlinear wave di�raction of �nite wave

beams was developed in [6,7], and it was applied to the
case of magnetostatic wave beams in ferrite �lms in [8].
The evolution of a spectrally narrow magnetostatic wave
beam with an almost plane front in a ferrite �lm in the
(y; z)-plane propagating in the z-direction can be de-
scribed in terms of the two-dimensional parabolic equa-
tion [7,8]:
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where ' is the dimensionless amplitude of the beam
envelope (j'j2 = m2=2M2

0 , where m is the amplitude of
the variable magnetization andM0 is the saturation mag-
netization), Vg = @!=@kz jk0 is the group velocity, D =
@2!=@k2z jk0 is the dispersion coe�cient, S = @!=@k2y jk0
is the di�raction coe�cient, N = @!=@j'j2 is the nonlin-
ear coe�cient, and !r = �Hk is a dissipation param-
eter, with  the gyromagnetic ratio and �Hk the half-
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linewidth of the ferromagnetic resonance in the �lm. It
is well known that the dispersion (D) and the di�raction
(S) coe�cients for the BVMSW are positive, while the
nonlinear coe�cient N is negative (see [8] and chapter 9
in [1]), so that the Lighthill criterion [9] for modulational
instability is ful�lled for both the longitudinal (along z)
and the transverse (along y) perturbations of a spectrally
narrow input wave packet.
In the stationary case @!=@t = 0, the input wave

is strictly monochromatic and the third term in Eq.(1)
containing the dispersion coe�cient D is not important.
The resultant equation, describing the stationary non-
linear di�raction of a monochromatic two-dimensional
wave beam, is a standard nonlinear Schr�odinger equa-
tion (NSE) with renormalized "time" � = z=Vg [6]. This
equation in a lossless medium ( !r = 0) has a single soli-
ton solution describing a wave channel localized along
the transverse coordinate y and having constant ampli-
tude along the longitudinal coordinate z. The existence
of such a solution leads to the assumption that the for-
mation of a narrow wave channel (i.e. the e�ect of self-
channeling) can be observed as a result of a stationary
two-dimensional di�raction of a nonlinear wave [4].
We note, however, that the single soliton solution of

the NSE (describing a constant-amplitude channel) ex-
ists only in a lossless medium, and in a very limited in-
terval of input wave beam amplitudes. When the am-
plitude of the input wave beam is increased beyond this
interval, the nonlinear di�raction of the beam leads to
the two-dimensional intensity distributions described by
multi-soliton solutions of the NSE [6,10]. These solu-
tions can be interpreted as bound states of several single
solitons, and the amplitude of these solutions changes pe-
riodically along the direction of wave propagation (lon-
gitudinal coordinate z). Therefore, the two-dimensional
wave intensity distributions in the (y; z)-plane, described
by these solutions, have pronounced intensity maxima
(or foci) separated by a certain distance (soliton period)
along the z-axis. Thus, for su�ciently high input beam
amplitudes, the transverse modulational instability alone
(without any contribution from the longitudinal modula-
tional instability) could lead to the concentration of the
wave beam intensity in several well-localized points (or
foci) on the (y; z)-plane, and therefore to the e�ect of
nonlinear self-focusing of a wave beam. In a dissipative
medium the periodically oscillating amplitude of a multi-
soliton solution of the NSE will also exponentially decay
along the longitudinal coordinate z, leading to a situation
when only one (�rst) wave intensity maximum (or focus)
will be large enough to be clearly seen in the experiment.
The aim of this paper is to study experimentally the

wave intensity distributions in a quasi-stationary �nite-
aperture nonlinear beam of a BVMSW mode propagat-
ing in a tangentially magnetized ferrite garnet �lm, to
obtain direct experimental evidence of two-dimensional
nonlinear di�raction e�ects in this beam leading to self-
focusing, and to clarify the mechanism of this self-
focusing e�ect.

The microwave equipment consists of a standard delay-
line structure (see chapter 9 in [1] and [3,5]) of input and
output antennas (width r = 35�m, length W = 2mm
separated by a distance of 8mm), connected to a mi-
crowave network analyzer. Precautions have been taken
to control overheating of the samples by the microwave
power. An intermittent source with a modulation fre-
quency of 4kHz and with variable duty cycles and peak
powers was used to keep the average power less than
100mW . This periodic modulation of the input signal
made our input beam only quasi-monochromatic and,
therefore, the two-dimensional beam di�raction patterns
described below were only quasi-stationary. Compara-
tive experiments have shown that all observed di�raction
e�ects (associated with the transverse modulational in-
stability of the beam) depend on the peak power, but not
on the average one.
The �lm of the composition Lu2:04Bi0:96Fe5O12 with

in-plane dimensions of 2�10mm2 epitaxially grown onto
a single crystalline (111)-oriented gallium gadolinium
garnet (GGG) substrate was mounted onto the delay line
structure. The ferrite �lm sample has the following pa-
rameters: thickness L = 1:5�m, saturation magnetiza-
tion 4�Mo = 1750G, full line width of the ferromagnetic
resonance 2�Hk = 0:9Oe. The in-plane bias magnetic
�eld H = 2130Oe was applied parallel to the z-direction
so that a BVMSW beam was excited in the �lm. The
beam divergence due to the �nite length W of the in-
put antenna was thoroughly minimized. For this rea-
son the working frequency was chosen as � = 8:10GHz,
which corresponds to a carrier wavenumber of k0 = kz0 �=
370cm�1. The initial angular beam divergence is thus not
larger than �max = (�=W )=k0 = 0:042 rad.
The spin wave amplitude was obtained from spatially

resolved (resolution: 50�m) forward BLS from the spin
waves, using a laser beam (514:5nm Ar+ line) directed
along the x-direction perpendicular to the sample plane.
In this case the intensity of the inelastic scattering pro-
cess is proportional to m2 or j'j2 and it is sensitive to
the k-interval 0 � 104cm�1 [11]. The scattered light
was analyzed by a Sandercock-type (3+3)-pass tandem
Fabry-Perot interferometer. Special care has been taken
to yield long-time stability of the instrumental transmis-
sion. A full computer control of the stabilization, the
data acquisition and the sample positioning allows for
an automated, high contrast (> 60dB), two-dimensional
mapping of the spin wave intensity across the �lm. The
mesh used was 0:1mm along y and 0:5mm along z. Since
the accumulation time was 45s per position, all the non-
stationary e�ects were beyond our BLS measurements.
The upper panels in Fig. 1 show two-dimensional maps
of the inelastically scattered light, proportional to j'j2

in a logarithmic color code. The data in each panel is
normalized to the respective maximum intensity at the
minimum measured distance to the antenna of 0.5mm.
From left to right the intensity of the microwave input
powers measured at the antenna input are 30, 100, 800
and 1000mW , respectively. Note here once more, that
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these values correspond to the microwave peak power, the
average power being always lower than 100mW . Even in
the logarithmic scale the measured data shows clearly a
narrowing of the mode pro�le at a distance to the an-
tenna of 0.8 to 2.2mm at a microwave power of 800mW .
A comparison of the absolute values of the light scat-
tering intensities shows that j'j2 is not proportional to
the input power even near the input antenna. This in-
tensity at 1000mW input power, for example, is about 8
time higher than the corresponding value at 800mW . A
reason for that is not clear at present.

Fig. 1: Distribution of the spin wave intensity j'j2 normal-

ized to the maximum intensity at minimum measured distance

to the antenna of 0:5mm. The microwave input power and

the absolute values of the light scattering intensity, measured

near the input antenna, are indicated in the �gure. The mode

propagation is from bottom to top on each panel. The upper

panels show the raw data in a logarithmic scale. In the lower

panels j'j2 � exp(�z) is shown in a linear color scale.

Despite the complicated mode intensity pro�le in the
yz-plane and its dependence on the input power the av-
erage spin wave attenuation along the propagation z-

direction obeys a simple law, as demonstrated in Fig.
2. Shown is the measured BLS intensity (proportional to
j'j2) integrated across a line perpendicular to the mode
propagation direction (along the y-axis) as a function of
z, the distance to the antenna. It is clearly seen that for
all values of the microwave input power used in the exper-
iment the mode attenuation along z is strictly exponen-
tial, I / j'j2 / exp(��z) and the corresponding value
of � = 77:4 � 1:5dB=cm does not depend on the input
power. This fact can be used in a straightforward proce-
dure to improve the contrast of the raw data. By plot-
ting j'j2 � exp(�z) instead of j'j2 one can avoid the large
changes in the plotted values and therefore a logarith-
mic scale in the �gure. The lower panels of Fig. 1 show
j'j2 � exp(�z), normalized in the same way as the upper
panels, in a linear color code. Two pronounced features
are seen: �rst, at 800mW a sharp, high-intensity spot of
0.25mm width (FWHM) and 1.5mm length is observed,
which we interpret as evidence for the self-focusing ef-
fect, as discussed below. Second, a snake-like intensity
distribution is observed for both the linear and non-linear
regime. This structure is caused by the fact that the in-
put antenna excites not only the zero-order, but also the
�rst-order lateral width mode of the �lm waveguide due
to the asymmetric connection of the antenna. These two
modes have slightly di�erent group velocities, and inter-
ference of these modes creates this structure.

Fig. 2: Integrated intensity of the spin wave modes I(z) as

a function of the distance to the antenna normalized to its

extrapolated value at z = 0. The attenuation parameter ob-

tained from a �t (full line) is � = 77:4� 1:5 dB/cm.

Experiments on the �lms of pure YIG yielded very
close results, which are not shown due to space limita-
tions, and which fully corroborate our �ndings on the
self-focusing e�ect [12].
Calculations of the coe�cients of the two-dimensional

parabolic equation (1) yield the following values of
the parameters (see chapter 9 in [1]): Vg = �8:6 �
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105cm=s;D = 71:1cm2=s;S = 3:06 � 103cm2=s;N =
�1:14 � 1010s�1;!r = 7:92 � 106s�1. A two-dimensional
nonlinear di�raction of the propagating wave beam man-
ifests itself only if the initial amplitude of the beam ex-
ceeds 'th { the minimum threshold of modulational in-
stability in the medium [13]. Using equation (1) in the
stationary case (@'=@t = 0) with the above calculated
values of coe�cients, we performed a numerical mod-
eling of the observed process of two-dimensional quasi-
stationary di�raction of the BVMSW beam. We assumed
that the initial (at z = 0) distribution of the beam am-
plitude along the y-axis was cosinusoidal '(y; z = 0) =
'0 � cos(�(y � y0)=W )), where W = 2mm is the �lm
width, and y0 = 1mm. Therefore, the calculated distri-
butions do not reproduce the snake-like structure, which
is not of importance for the self-focusing e�ect. We also
took into account the �nite width (W = 2mm) of our
�lm sample by imposing the "magnetic wall" boundary
conditions at the �lm edges.

Fig. 3: Numerically calculated stationary distribution of the

spin wave intensity. Upper panels show j'(y; z)j2 normalized

to the maximum intensity j'0j
2 of the initial (z = 0) beam

intensity distribution in a logarithmic scale. Lower panels

show j'='0j
2 � exp(�z) in a linear scale.

We present in Fig. 3 the obtained normalized wave in-
tensity as the distribution of j'='0j

2 in a logarithmic
scale (upper panels) and of j'='0j

2 � exp(�z) in a linear
scale (lower panels). The main feature observed in our
experiment | a clear intensity maximum (Fig. 1, low
part, Pin = 800mW ) | is also clearly seen in Fig. 3 for
j'0='thj

2 = 5. It is important to note, that the numerical
calculations describe the position, size, and the contrast
of the observed focus very well. Numerical calculations at
higher values of the input amplitude '0 demonstrate the
destruction of the focus and the formation of several foci

with lower contrast and di�erent spatial positions com-
patible with the evolution observed in the experiments
with Pin = 1000mW ( right panel in Fig. 1). It is dif-
�cult to correlate directly the results of our calculations
with the experimental data, because the experimental
value of the threshold could not be determined exactly.
Our estimations show that the crossover from the linear
to the non-linear regime corresponds to an input power
between 30 and 70mW .
In summary the two-dimensional nonlinear di�raction

of quasi-stationary �nite-width beams of the BVMSW
mode caused by the transverse modulational instability
has been observed. At su�ciently high values of the input
power this di�raction leads to self-focusing (i.e. concen-
tration of wave power in one focal point) rather than to
self-channeling (i.e. concentration of wave power along a
certain line or channel);
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