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Abstract
In this paper, we show that the Alperin–McKay conjec-
ture holds for 2-blocks of maximal defect. A major step
in the proof is the verification that principal 2-block of
groups of Lie type in odd characteristic is AM-good for
the prime 2.
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1 INTRODUCTION

In the representation theory of finite groups some of themost important conjectures predict a very
strong relationship between the representations of a finite group 𝐺 and certain representations of
its 𝓁-local subgroups, where 𝓁 is a prime dividing the order of 𝐺. One of these conjectures is the
Alperin–McKay conjecture. For an 𝓁-block 𝑏 of 𝐺 we denote by Irr0(𝐺, 𝑏) its set of height zero
characters.

Conjecture 1.1 (Alperin–McKay). Let 𝑏 be an 𝓁-block of 𝐺 with defect group 𝑄 and 𝐵 its Brauer
correspondent in N𝐺(𝑄). Then

| Irr0(𝐺, 𝑏)| = | Irr0(N𝐺(𝑄), 𝐵)|.
In this articlewe show that theAlperin–McKay conjecture holds for 2-blocks ofmaximal defect.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1581

Theorem 1.2. Let 𝑏 be a 2-block of a finite group𝐺 whose defect group is a Sylow 2-subgroup𝑄 and
𝐵 its Brauer correspondent in N𝐺(𝑄). Then

| Irr0(𝐺, 𝑏)| = | Irr0(N𝐺(𝑄), 𝐵)|.
Späth [27, Theorem C] showed that the Alperin–McKay conjecture holds for the prime 𝓁 if

all blocks of all finite quasi-simple groups are AM-good for the prime 𝓁. It is therefore possi-
ble to approach the Alperin–McKay conjecture through the classification of finite simple groups.
Thanks to the work of several authors this has been verified for all finite simple groups except
in the case where 𝐺 is a group of Lie type defined over a field of characteristic 𝑝 ≠ 𝓁. Hence, we
will focus on the case where 𝐺 is a group of Lie type defined over a field of odd characteristic. In
their seminal paper, Malle–Späth [20] showed that in this case 𝐺 is McKay-good for the prime 2.
For this they constructed a bijection Irr2′ (𝐺) → Irr2′ (𝑀) between the set of irreducible odd degree
characters of 𝐺 and the corresponding set of characters of a well-chosen subgroup 𝑀 of 𝐺 con-
tainingN𝐺(𝑄), for𝑄 a Sylow 2-subgroup of 𝐺. Based on their bijection we are able to construct an
explicit bijection between the height zero characters in the principal blocks of 𝐺 and N𝐺(𝑄) and
show the following.

Theorem 1.3. Let 𝐺 be a quasi-simple group of Lie type defined over a field of odd characteristic.
Then the principal 2-block of 𝐺 is AM-good for the prime 2.

In a previous article, the second author has reduced the verification to quasi-isolated blocks
of 𝐺 [24] and then subsequently for groups of type 𝐴 to unipotent blocks [25]. Which, in turn,
combined with results from [4], lead to a complete verification in type 𝐴 for primes greater than
three. One major hurdle that arises when making use of this reduction, in its current form, is
that the possibility to choose a suitable subgroup𝑀 as done in Malle–Späth no longer holds. As
a consequence of the bijection explicitly constructed to prove Theorem 1.3 and the classification
of quasi-isolated elements we obtain the following.

Corollary 1.4. Let 𝐺 be a quasi-simple group of classical Lie type. Then every 2-block of 𝐺 is AM-
good for the prime 2.

Unfortunately, if 𝐺 is a group of Lie type with exceptional root system, there are many quasi-
isolated 2-blocks. However, one can show that the principal 2-block is the unique quasi-isolated
2-block of maximal defect.

Corollary 1.5. Let𝐺 be a quasi-simple group of exceptional Lie type. Then every 2-block of maximal
defect of 𝐺 is AM-good for the prime 2.

Using this we are able to verify that blocks of maximal defect of finite quasi-simple groups are
AM-good for the prime 2, which is then enough to establish Theorem 1.2.

Structure of the paper

In Section 2 we derive some fundamental results on the structure of normalisers of Sylow 2-
subgroups of groups of Lie type. This will be used in Section 3 to provide a description of the
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1582 BROUGH and RUHSTORFER

height zero characters in the principal block of this normaliser. In the same section we moreover
give a parametrisation of the height zero characters of the principal block of 𝐺 in terms of the
1-Harish–Chandra series. In Section 4 and Section 5 we study the action of group automorphisms
of𝐺 on our parametrisation of characters. This will be used in Section 6 to prove that the principal
block is AM-good for the prime 2. In Section 7 we deal with the remaining finite simple groups,
and in Section 8 we prove our main results.

2 SYLOW 2-SUBGROUPS

2.1 Weyl groups

It is well known that the Sylow 2-subgroups of the symmetric group are self-normalising. That
is for 𝑃 ∈ Syl2(𝔖𝑛), we have that N𝔖𝑛

(𝑃) = 𝑃. It turns out for all Weyl groups that the Sylow 2-
subgroups will be self-normalising. In the following we denote by C𝑛 the cyclic group of order
𝑛 and to discuss the Weyl group in type 𝐶 on 𝑛 nodes we will use 𝑊(𝐵𝑛) to avoid confusion in
notation.

Lemma 2.1. Let𝑊 be a Weyl group. Then every Sylow 2-subgroup of𝑊 is self-normalising.

Proof. Since anyWeyl group is a direct product of irreducibleWeyl groups, we can assume that𝑊
is irreducible. The case𝑊(𝐴𝑛) ≅ 𝔖𝑛+1 is well known, which moreover implies the case𝑊(𝐵𝑛) ≅

C2 ≀𝔖𝑛. The group𝑊(𝐷𝑛) also follows from the symmetric group as it arises as a normal subgroup
of index 2 in𝑊(𝐵𝑛) isomorphic to C𝑛−1

2
⋊𝔖𝑛 (which can be constructed as the quotient of𝑊(𝐵𝑛)

by the kernel of the homomorphismC𝑛
2
→ C2 whichmaps (g1, … , g𝑛) to the product g1 … g𝑛). This

only leaves the exceptional cases. The result is immediate for𝑊(𝐺2) ≅ Dih12. For the remaining
cases the description of these groups provided in [11, Section 2.12] will be taken.
Observe that𝑊(𝐹4) arises as the semidirect product of𝑊(𝐷4) with the automorphism group

of the Dynkin diagram of type 𝐷4. The group 𝑊(𝐷4) ≅ (C2)
3 ⋊𝔖4 is generated by signed per-

mutations g1 = (1, 2)(−1, −2) g2 = (2, 3)(−2, −3), g3 = (3, 4)(−3, −4) and g4 = (3, −4)(−3, 4). Set
𝛾1 to be the automorphism of order 2 fixing both g1, g2 and interchanging g3 and g4, while
𝛾2 denotes the automorphism of order 3 which fixes g2 and permutes g1, g3 and g4 cyclically.
Then 𝑊(𝐹4) ≅ 𝑊(𝐷4)⋊ ⟨𝛾1, 𝛾2⟩. The group 𝑊(𝐷4) has three Sylow 2-subgroups one of which
must be fixed by 𝛾1. Moreover only one Sylow 2-subgroup of 𝑊(𝐷4) contains g2, and thus, all
three subgroups are fixed by 𝛾2. In particular, 𝑊(𝐷4) has a Sylow 2-subgroup 𝑄 which is fixed
by both automorphisms 𝛾1 and 𝛾2. Set 𝑃 ∶= ⟨𝑄, 𝛾1⟩ which is a Sylow 2-subgroup of 𝑊(𝐹4). As
N𝑊(𝐹4)

(𝑄) = ⟨𝑄, 𝛾1, 𝛾2⟩ and 𝑃𝛾2 = ⟨𝑄, 𝛾𝛾2
1
⟩ ≠ 𝑃, it follows that N𝑊(𝐹4)

(𝑃) = 𝑃.
The group 𝑊(𝐸6) contains a subgroup 𝑊+(𝐸6) ≅ SU4(2) of index two. In SU4(2) the nor-

maliser of a Sylow 2-subgroup 𝑄 is a Borel subgroup 𝐵, but 𝐵 = 𝑄 as 𝑞 = 2. Hence 𝑊+(𝐸6)

and thus𝑊(𝐸6) has self-normalising Sylow 2-subgroups. The same argument proves the case of
𝑊(𝐸7) ≅ C2 × Sp6(2). While for𝑊(𝐸8) the index two subgroup𝑊+(𝐸8) surjects ontoΩ+

8
(2) with

kernel 𝑍(𝑊(𝐸8)) of order 2. Thus for 𝐺 the universal cover of Ω+
8
(2) with 𝑍(𝐺) ≅ C2 ×C2, the

same argument as used in 𝐸6 shows that 𝐺 and consequently also the groupsΩ+
8
(2),𝑊+(𝐸8) and

𝑊(𝐸8) have self-normalising Sylow 2-subgroups. □

 14697750, 2022, 2, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12606 by R

heinland-Pfälzische T
echnische U

niversität K
aiserslautern-L

andau, W
iley O

nline L
ibrary on [19/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1583

2.2 Normalisers of Sylow 2-subgroups

Let 𝐻 be a finite group and 𝑄 be a Sylow 2-subgroup of 𝐻. In this section we consider when
N𝐻(𝑄) = C𝐻(𝑄)𝑄, for 𝐻 a group of Lie type. The following remark will be helpful in answering
this question.

Remark 2.2. Let 𝐻 and 𝑄 be as above. By Schur–Zassenhaus, we have N𝐻(𝑄) = 𝑄⋊ 𝐾 for some
subgroup 𝐾 of N𝐻(𝑄). In particular, N𝐻(𝑄) = C𝐻(𝑄)𝑄 if and only if 𝐾 < N𝐻(𝑄).
For any central subgroup 𝑍 ⩽ Z(𝐻) let 𝑈 denote the image of any subgroup 𝑈 of 𝐻 in the

quotient 𝐻∕𝑍. Observe that 𝐾 is the unique Hall 2′-subgroup of 𝐾𝑍 and thus a characteristic
subgroup of 𝐾𝑍. In particular, N𝐻(𝐾) = N𝐻(𝐾𝑍) and similarly N𝐻(𝑄) = N𝐻(𝑄𝑍). Thus 𝐾 is a
complement to 𝑄 in N

𝐻
(𝑄) = N𝐻(𝑄𝑍)∕𝑍. As 𝐾𝑍 < N𝐻(𝑄) if and only if 𝐾 < N

𝐻
(𝑄), it follows

that N𝐻(𝑄) = C𝐻(𝑄)𝑄 if and only if N
𝐻
(𝑄) = C

𝐻
(𝑄)𝑄.

We use the following theorem by Malle [17, Theorem 5.19] which is based on work by
Aschbacher.

Theorem 2.3. Let𝐆 be a simple algebraic group and 𝐹 ∶ 𝐆 → 𝐆 a Frobenius endomorphism defin-
ing an 𝔽𝑞-structure on 𝐆. Let 𝑑 be the order of 𝑞 modulo 4 and 𝐒 a Sylow 𝑑-torus of (𝐆, 𝐹). Assume
that 𝐆𝐹 is not isomorphic to Sp2𝑛(𝑞) with 𝑛 ⩾ 1 and 𝑞 ≡ 3, 5 mod 8. Then there exists a Sylow 2-
subgroup 𝑄 of 𝐆𝐹 with N𝐆𝐹(𝑄) ⩽ N𝐆𝐹 (𝐒).

We can now answer the question posed at the beginning of this section. Note that a similar
result for the classical matrix groups was obtained in [15, Theorem 1].

Corollary 2.4. Keep the assumption of Theorem 2.3 and let 𝑄 be a Sylow 2-subgroup of 𝐺 ∶= 𝐆𝐹 .
Then N𝐺(𝑄) = C𝐺(𝑄)𝑄. Moreover, for 𝐆 ↪ �̃� a regular embedding and 𝑄 a Sylow 2-subgroup of
�̃� ∶= �̃�𝐹 with 𝑄 = 𝑄 ∩ 𝐺, then N�̃�(𝑄) = N�̃�(�̃�) = C�̃�(�̃�)�̃�.

Proof. As in Remark 2.2, take 𝐾 a complement to 𝑄 in N𝐺(𝑄). According to Theorem 2.3, 𝐾 ⩽

N𝐺(𝐓), where𝐓 = C𝐆(𝐒) is amaximal torus of𝐆, see [14, Lemma 3.17]. In particular,𝐾 normalises
𝑄𝐓𝐹 . As 𝐒 is 𝑑-split with 𝑑 ∈ {1, 2}, the group𝑊, where𝑊 ∶= N𝐆𝐹(𝐓)∕𝐓𝐹 , is again isomorphic
to a Weyl group (use [5, page 121] and [21, Corollary B.23]). Hence 𝑄𝐓𝐹∕𝐓𝐹 , which is a Sylow
2-subgroup of 𝑊, is self-normalising in 𝑊 by Lemma 2.1. Thus 𝐾 ⩽ 𝑄𝐓𝐹 = 𝐓𝐹

2′
⋊ 𝑄. As 𝐾 is a

2′-group, then 𝐾 ⩽ 𝐓𝐹
2′
and so [𝐾, 𝑄] ⩽ 𝑄 ∩ 𝐓𝐹

2′
= 1. In other words 𝐾 ⩽ C𝐻(𝑄). This proves the

first statement.
Next observe that �̃�𝐹∕ Z(�̃�)𝐹 ≅ 𝐆𝐹

ad
and the assumption of Theorem 2.3 is always satisfied for

𝐆𝐹
ad
. Thus by applying Remark 2.2 it follows that N�̃�(�̃�) = C�̃�(�̃�)�̃�. Therefore it remains to show

thatN�̃�(𝑄) = N�̃�(�̃�). As any two Sylow 2-subgroups above 𝑄must be conjugate by an element of
N𝐺(𝑄), it suffices to consider a fixed 𝑄 ∈ Syl2(𝐺) lying above 𝑄.
For groups of type 𝐴 this follows from [15, Theorem 1]. In the remaining cases �̃�∕𝐺 Z(�̃�) is

either a 2- or a 2′-group. Note that if 𝐺∕𝐺 Z(𝐺) is a 2′-group, then 𝑄 = 𝑄Z(𝐺)2 is the unique
Sylow 2-subgroup of �̃� containing 𝑄 and so N𝐺(𝑄) = N𝐺(𝑄). Thus assume that 𝐺∕𝐻 Z(𝐺) is a
2-group. For �̃� ∶= 𝐓Z(�̃�) a maximal torus of �̃�, we have that 𝑄 ∶= �̃�𝐹

2
𝑄 is a Sylow 2-subgroup of

𝐺 = 𝐻 Z(𝐺)𝑄 and [𝐾, �̃�𝐹] = 1. Thus N𝐺(𝑄) = N𝐻(𝑄) Z(𝐺)𝑄 = 𝐾 Z(𝐺)𝑄 ⩽ C𝐺(𝑄)𝑄. □
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1584 BROUGH and RUHSTORFER

2.3 Groups of Lie type

The following section is used to introduce the setup which will be in place for the remainder of
this article. Let 𝐆 be a simple algebraic group of simply connected type defined over an algebraic
closure of 𝔽𝑝 for some odd prime 𝑝. We adopt the notation of [20, Section 2.2]. In particular,
𝐹0 ∶ 𝐆 → 𝐆 denotes a field endomorphism inducing an 𝔽𝑝-structure on𝐆 and for every symmetry
of the Dynkin diagram associated to 𝐆, we have a graph automorphism 𝛾 ∶ 𝐆 → 𝐆. We consider
a Frobenius endomorphism 𝐹 ∶= 𝐹𝑚

0
𝛾 with 𝛾 a (possibly trivial) graph automorphism of 𝐆 such

that 𝐹 defines an 𝔽𝑞-structure on 𝐆, where 𝑞 = 𝑝𝑚. In addition, we let 𝐆 ↪ �̃� be the regular
embedding constructed in [20, Section 2.2].
We will also assume until Section 7 that 𝐆𝐹 is not of type 𝐶𝑛(𝑞), 𝑛 ⩾ 1, or 3𝐷4(𝑞) whenever

𝑞 ≢ 1mod 8.
Denote by 𝑑 the order of 𝑞 modulo 4. We let 𝐓 be a maximally split torus of (𝐆, 𝐹) with cor-

responding Weyl group 𝐖. We set 𝐕 ∶= ⟨𝑛𝛼(1) ∣ 𝛼 ∈ Φ⟩ ⊂ N𝐆(𝐓), and 𝐇 ∶= 𝐕 ∩ 𝐓. We define
𝑣 ∶= 1 if 𝑑 = 1 and 𝑣 ∶= 𝑤0 if 𝑑 = 2, where 𝑤0 is the canonical representative in𝐕 of the longest
element 𝑤0 ∈ 𝐖 as defined in [20, Section 3.1]. We recall [20, Notation 3.3].

Notation 2.5. As before let 𝐹 ∶= 𝐹𝑚
0
𝛾 be a fixed Frobenius endomorphism of 𝐆. Let 𝐸1 be the

subgroup of Aut(𝐆) generated by the graph automorphisms which commute with 𝛾. Set 𝑒 ∶=
o(𝛾)exp(𝐸1)o(𝑣). Let 𝐸 ∶= C𝑒𝑚 ×𝐸1 act on �̃�𝐹2𝑒𝑚

0 such that the first summand C2𝑒𝑚 of 𝐸 acts by
⟨𝐹0⟩ and the second by the group generated by graph automorphisms. Note that this action is
faithful. Let 𝐹0, 𝛾, 𝐹 ∈ 𝐸 be the elements that act on �̃�𝐹2𝑒𝑚

0 by 𝐹0, 𝛾 and 𝐹, respectively.

Lemma 2.6. The torus 𝐓 contains a Sylow 𝑑-torus 𝐒 of (𝐆, 𝑣𝐹). Moreover, 𝐓 = C𝐆(𝐒) and𝑁 = 𝑇𝑉,
where𝑁 ∶= N𝐆(𝐒)

𝑣𝐹 , 𝑇 ∶= 𝐓𝑣𝐹 and 𝑉 ∶= 𝐕𝑣𝐹 .

Proof. See [20, Lemma 3.2] and [7, Section 5.1]. □

Note that 𝐸 stabilises𝑁, 𝑇, 𝑉 and hence also𝐻 ∶= 𝐇𝑣𝐹 and𝑊 ∶= 𝐖𝑣𝐹 . In what follows both
the groups 𝐆𝐹 and 𝐆𝑣𝐹 will be considered. Therefore, in addition to the notation in Malle–Späth
[20] the objects from 𝐺0 ∶= 𝐆𝐹 will be denoted with a subscript 0, for example, 𝑇0 ∶= 𝐓𝐹 ,𝑁0 ∶=

N𝐺0
(𝐒) and𝑊0 ∶= 𝐖𝐹 . The following lemma provides a tool to pass between the groups𝐺0 = 𝐆𝐹

and 𝐺 ∶= 𝐆𝑣𝐹 and compare them.

Lemma 2.7. Let g ∈ 𝐆 such that g𝐹(g)−1 = 𝑣. Then the map

𝜄 ∶ �̃�
𝐹2𝑒𝑞 ⋊ 𝐸 → �̃�

𝐹2𝑒𝑞 ⋊ 𝐸, 𝑥 ↦ 𝑥g−1

is an isomorphism which maps 𝐆𝐹 ⋊ 𝐸 onto 𝐆𝑣𝐹 ⋊ 𝐸.

Proof. See the proof of [7, Proposition 5.3]. □

Since the image of �̂� under 𝜄 is 𝑣�̂�, we obtain an isomorphism (𝐆𝐹 ⋊ 𝐸)∕⟨�̂�⟩ ≅ (𝐆𝑣𝐹 ⋊ 𝐸)∕⟨𝑣�̂�⟩.
FromTheorem2.3we are now able to explicitly construct a Sylow 2-subgroup of𝐺 ∶= 𝐆𝑣𝐹 . Firstly,
we let𝑇2 and𝑉2 be a Sylow 2-subgroup of𝑇 and𝑉, respectively.Wedefine𝑃 ∶= 𝑇2𝑉2which forms
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1585

a Sylow 2-subgroup of 𝐺 and conclude that 𝑄 ∶= 𝜄−1(𝑃) is a Sylow 2-subgroup of 𝐺0. In the next
section, we show that 𝑃 can be chosen to be 𝐸-stable.

2.4 Automorphisms

Lemma 2.8. Let𝑊 be aWeyl group of irreducible type. If𝑊 is of type𝐴𝑛 (𝑛 ⩾ 2),𝐷𝑛 (𝑛 odd) or 𝐸6,
then the longest element𝑤0 ∈ 𝑊 acts as the (unique) non-trivial graph automorphism of order 2 on
𝑊. In the remaining cases, 𝑤0 ∈ Z(𝑊).

Proof. Follows from remarks following [21, Corollary B.23]. □

For𝐖 and𝐕 as in Section 2.3, it is an obvious question whether the action of the representative
�̃�0 of 𝑤0 in 𝐕 can be described in a similar way. The next lemma gives a positive answer to this.

Lemma 2.9. Whenever 𝑤0 ∈ Z(𝐖) then we have �̃�0 ∈ 𝑍(𝐕). In the remaining cases we have
C𝐕(�̃�0𝛾0) = 𝑉, where 𝛾0 is the graph automorphism which acts as 𝑤0 on𝐖.

Proof. This follows from the citations given in the proof of [20, Lemma 3.2]. □

Lemma 2.10. There exists an 𝐸-stable Sylow 2-subgroup𝑊2 of𝐖𝑤0𝐹 with𝑤0 ∈ 𝑍(𝑊2). Moreover,
𝑊2 is a Sylow 2-subgroup of𝐖𝐹 .

Proof. Let us first assume that 𝐖 is not of type 𝐷2𝑛. Using the formulas given on the bottom
of [5, page 121] together with the well-known order formulas for Weyl groups, we deduce that
|𝐖 ∶ 𝐖𝜎| is odd for any graph automorphism 𝜎. Moreover, 𝑤0 is fixed by 𝜎 so we can choose𝑊2

to be a Sylow 2-subgroup of𝐖𝜎 with 𝑤0 ∈ Z(𝑊2) by Lemma 2.8.
In type 𝐷2𝑛 with 2𝑛 > 4, the element𝑤0 corresponds to a central element of𝐖 and so𝐖𝑤0𝐹 =

𝐖𝐹 . If 2𝑛 > 4, it can be assumed that 𝐹 is a field automorphism; otherwise, 𝐸 acts trivially on
𝐖𝐹 . It therefore suffices to find a 𝜎-stable Sylow 2-subgroup of𝐖 for 𝜎 the graph automorphism.
However, 𝜎 has order 2,𝐖 has an odd number of Sylow 2-subgroups and so by the orbit-stabiliser
theorem one must be fixed by 𝜎.
This leaves the case when𝐖 is of type 𝐷4. As before, it can be assumed that 𝐹 is a field auto-

morphism; otherwise, the group 𝐸 acts trivially on𝐖𝐹 . In this case𝐖𝐹 = 𝐖 and it was shown
in the proof of Lemma 2.1 that𝑊(𝐷4) has a Sylow 2-subgroup which is 𝐸-stable. □

Let 𝑉2 be the preimage of the Sylow 2-subgroup𝑊2 from Lemma 2.10 under the natural pro-
jection map 𝑉 → 𝑊.

Corollary 2.11. The Sylow 2-subgroup 𝑃 ∶= 𝑇2𝑉2 of 𝐺 is 𝐸-stable.

Proof. The group𝐇 is a normal subgroup of𝐕with 2-power order and so𝐻 ⊆ 𝑉2. Since𝑉∕𝐻 ≅ 𝑊

and the image of 𝑉2 in𝑊 is 𝐸-stable, it follows that 𝑉2 is 𝐸-stable. □

As a consequence of this the Sylow 2-subgroup 𝑄 = 𝜄−1(𝑃) of 𝐺0 is 𝐷-stable, where
𝐷 ∶= 𝜄−1(𝐸)∕⟨�̂�⟩.
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1586 BROUGH and RUHSTORFER

3 PARAMETRISATIONS OF CHARACTERS

3.1 Duality and character bijections of tori

We recall how duality can be used to provide bijections between certain characters of tori. For
(𝐆, 𝐓, 𝐹) fromSection 2.3 take (𝐆∗, 𝐓∗, 𝐹∗) to be a triple in duality as in [8,Definition 13.10]. Denote
by 𝑊∗

2
and 𝑤∗

0
the image of 𝑊2, respectively, 𝑤0 under the isomorphism 𝐖 → 𝐖∗ induced by

duality. In the followingwe let 𝑣∗ be a fixed preimage inN𝐆∗(𝐓∗) of𝑤∗
0
whenever 𝑑 = 2, otherwise

𝑣∗ ∶= 1. Moreover, we will denote the images of 𝑣 and 𝑣∗ in 𝐖, respectively, 𝐖∗ by the same
symbol.

Proposition 3.1. Let𝑊2 be as in Lemma 2.10. Then there exists a bijection

𝛼 ∶ Irr(𝐓𝐹)𝑊2 → Irr(𝐓𝑣𝐹)𝑊2.

Moreover, if𝜎 ∶ 𝐆 → 𝐆 is a bijectivemorphismwith𝜎(𝐓) = 𝐓 commutingwith𝐹 such that𝜎(𝑣) = 𝑣,
then this bijection is equivariant with respect to 𝜎.

Proof. By duality we obtain a𝐖𝐹-equivariant isomorphism Irr(𝐓𝐹) → (𝐓∗)𝐹
∗ . Let 𝜎 be a bijective

morphism of 𝐆 which stabilises 𝐓. Then there exists a unique bijective morphism (up to (𝐓∗)𝐹
∗ -

multiplication) 𝜎∗ ∶ 𝐆∗ → 𝐆∗ commuting with 𝐹∗ and in duality with 𝜎 such that this bijection
is (𝜎, 𝜎∗)-equivariant. Then we obtain a bijection 𝛽0 ∶ Irr(𝐓𝐹)𝑊2 → ((𝐓∗)𝐹

∗
)𝑊

∗
2 .

The triple (𝐆, 𝐓, 𝑣𝐹) is in duality with (𝐆∗, 𝐓∗, 𝐹∗𝑣∗). Thus we similarly obtain a (𝜎, 𝜎∗)-
equivariant bijection Irr(𝐓𝑣𝐹) → (𝐓∗)𝐹

∗𝑣∗ . Furthermore, since𝑊2 ⊂ C𝑊(𝑤0), this induces a bijec-
tion 𝛽 ∶ Irr(𝐓𝑣𝐹)𝑊2 → ((𝐓∗)𝐹

∗𝑣∗)𝑊
∗
2 . However, 𝑣∗ ∈ 𝑊∗

2
and so ((𝐓∗)𝐹

∗
)𝑊

∗
2 = ((𝐓∗)𝐹

∗𝑣∗)𝑊
∗
2 . In

particular, we obtain a bijection

𝛼 ∶= 𝛽−1◦𝛽0 ∶ Irr(𝐓
𝐹)𝑊2 → Irr(𝐓𝑣𝐹)𝑊2,

which is 𝜎-equivariant as both 𝛽 and 𝛽0 are (𝜎, 𝜎∗)-equivariant. □

Remark 3.2. By [5, Equation (15.2)] duality induces bijections Z(�̃�∗)𝐹
∗
→ Irr(�̃�𝐹∕𝐓𝐹) and

Z(�̃�∗)𝐹
∗𝑣∗ → Irr(�̃�𝑣𝐹∕𝐓𝑣𝐹). In particular, if 𝜃0 ∈ Irr(�̃�𝐹∕𝐓𝐹) is the character corresponding to

𝑧 ∈ Z(�̃�∗)𝐹
∗ , then 𝜃 ∶= 𝜃0◦𝜄 ∈ Irr(�̃�𝑣𝐹∕𝐓𝑣𝐹) is the character corresponding to the same central

element 𝑧 ∈ Z(�̃�∗)𝐹
∗ . Thus, we will denote the characters 𝜃 and 𝜃0 by the same symbol �̂�.

In the following we will employ the notation introduced in Section 2.3 with respect to the dual
group 𝐆∗. Moreover, for 𝑠 ∈ 𝐓∗ we denote by𝐖◦(𝑠) the Weyl group of C◦

𝐆∗(𝑠) with respect to the
maximal torus 𝐓∗ and𝐖(𝑠) ∶= C𝐖∗(𝑠).

Proposition 3.3. For 𝑠 ∈ (𝑇∗
2
)𝑊

∗
2 we have 𝑣∗ ∈ 𝑊◦(𝑠), unless possibly if 𝑠 is a semisimple element

with rational centraliser (𝐷𝑑(𝑞)
2𝐷𝑛−𝑑(𝑞)).2, for some 2 ⩽ 𝑑 ⩽ 𝑛 − 1, 𝑑 ≠ 𝑛∕2, inside 2𝐷𝑛(𝑞) for

even 𝑛.

Proof. It can be assumed that 𝑞 ≡ 3mod 4; otherwise, 𝑣∗ is trivial. In particular, 𝑣∗ is our fixed
preimage of 𝑤∗

0
in N𝐆∗(𝐓∗) and 𝑠 centralises a Sylow 2-subgroup of 𝐺∗.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1587

We have 𝑤∗
0
∈ 𝑊(𝑠), so 𝑤∗

0
∈ 𝑊◦(𝑠) whenever 𝐂 ∶= C𝐆∗(𝑠) is connected. We can therefore

assume that 𝐂 is disconnected. Let us first suppose that 𝐆 is not of type 𝐴𝑛. By the proof of [20,
Theorem 8.7], using that 𝑠 centralises a Sylow 2-subgroup of𝐺∗, the centraliser𝐂◦ contains amax-
imally split torus 𝐒 of (𝐆∗, 𝐹∗𝑣∗). As 𝐓∗ ⊂ 𝐂◦ there exists 𝑥 ∈ 𝐂◦ such that 𝐒 = 𝑥𝐓∗. Let ℎ ∈ 𝐆∗

such that 𝐹∗(𝑣∗) = ℎ𝐹∗(ℎ−1). In particular, ℎ−1𝐒 is a maximally split torus of (𝐆∗, 𝐹∗).
Assume first that 𝐹 is untwisted, that is, 𝐹∗ induces the identity on 𝐖∗. Since 𝐓∗ is also a

maximal 1-split torus of (𝐆∗, 𝐹∗), we have (ℎ−1𝑥)−1𝐹∗(ℎ−1𝑥) = 𝑥−1ℎ𝐹∗(ℎ−1)𝐹∗(𝑥) ∈ 𝐓∗, see [8,
Application 3.23]. Since 𝑥 ∈ 𝐂◦, 𝐹∗(𝐂◦) = 𝐂◦ and the image of ℎ𝐹∗(ℎ−1) in𝐖∗ is𝑤∗

0
, we find that

𝑤∗
0
∈ 𝑊◦(𝑠).
Assume now that 𝐹∗ is twisted, that is, that 𝐺 ≅ 2𝐷𝑛(𝑞). According to [20, Lemma 8.6] and

the proof of [20, Theorem 8.7] the centralizer 𝐂 has rational form (𝐷𝑑(𝑞)
2𝐷𝑛−𝑑(𝑞)).2 for some

2 ⩽ 𝑑 ⩽ 𝑛 − 1, 𝑑 ≠ 𝑛∕2. By comparing the order of the centraliser with the order of 𝐺∗, we see
that the centraliser of 𝑠 can only contain a Sylow 2-torus of the ambient group if 𝑛 is even.
Finally, if 𝐆𝐹 is of type 𝐴𝑛(𝜀𝑞), 𝑛 > 1, we use the proof of [19, Theorem 3.4]. As 𝑠 cen-

tralises a Sylow 2-subgroup of 𝐺∗, it follows by the arguments given there (together with the
information in [10, Table 4.5.1]) that 𝑛 + 1 is necessarily a power of 2 and 𝐂 is of rational type
(𝐴𝑛−1

2

(𝜀𝑞) × 𝐴𝑛−1
2

(𝜀𝑞)).2 or 𝐴𝑛−1
2

(𝑞2).2. A calculation shows that 𝐂 can only contain a Sylow 2-
subgroup of 𝐺∗ when 𝐂 has rational type (𝐴𝑛−1

2

(𝜀𝑞) × 𝐴𝑛−1
2

(𝜀𝑞)).2. In this case, any element in
𝑊(𝑠) ⧵ 𝑊◦(𝑠) permutes the two components of the centraliser. In particular, it cannot centralise
a Sylow 2-subgroup of𝑊(𝑠). Therefore, we must necessarily have 𝑤∗

0
∈ 𝑊◦(𝑠). □

The previous proposition provides a way to compare the characters of �̃�𝐹 lying over a𝑊2-stable
character of 𝐓𝐹 with the analogous situation arising from �̃�𝑣𝐹 . The following result will be used
in Section 5.

Proposition 3.4. Let 𝛼 be the bijection as in Proposition 3.1. Then there exists a bijection

�̃� ∶ Irr(�̃�𝐹 ∣ Irr(𝐓𝐹)
𝑊2

2
) → Irr(�̃�𝑣𝐹 ∣ Irr(𝐓𝑣𝐹)

𝑊2

2
)

such that 𝛼◦Res�̃�𝐹
𝐓𝐹

= Res�̃�
𝑣𝐹

𝐓𝑣𝐹
◦�̃� and if �̂� ∈ Irr(�̃�𝐹∕𝐓𝐹), then �̃�(�̂�) = �̂�.

Assume now additionally �̃� ∈ Irr(�̃�𝐹 ∣ Irr(𝐓𝐹)
𝑊2

2
) is 𝑣∗-stable. Let 𝜎 ∶ �̃� → �̃� be a bijective mor-

phism commuting with 𝐹 such that 𝜎|𝐆 is as in Lemma 3.1, then 𝜎�̃� = �̃��̂� for some 𝑧 ∈ Z(�̃�∗)𝐹
∗ and

then we have 𝜎�̃�(�̃�) = �̃�(�̃�)�̂�.

Proof. By duality we have a bijection Irr(�̃�𝐹) → (�̃�∗)𝐹
∗ . Let 𝑠 ∈ (�̃�∗)𝐹

∗ be a semisimple element
corresponding to a character �̃� ∈ Irr(�̃�𝐹 ∣ Irr(𝐓𝐹)𝑊2) under this bijection. The map 𝑖 ∶ 𝐆 → �̃�

induces by duality a surjectivemap 𝑖∗ ∶ �̃�∗ → 𝐆∗ and the image 𝑠 ∶= 𝑖∗(𝑠) of 𝑠 lies in ((𝐓∗)𝐹
∗
)𝑊

∗
2 =

((𝐓∗)𝐹
∗𝑣∗)𝑊

∗
2 . We deduce that the Lang image under 𝐹∗𝑣∗ of 𝑠 is in Z(�̃�). In particular, we find

𝑧 ∈ Z(�̃�) such that𝛽(𝑠) ∶= 𝑠𝑧 is𝐹∗𝑣∗-stable.We shall assume that𝛽(𝑠) is chosen such that𝛽(𝑠�̃�) =
𝛽(𝑠)�̃� for every �̃� ∈ Z(�̃�∗)𝐹

∗
= Z(�̃�∗)𝐹

∗𝑣∗ .
If �̃� is 𝑣∗-stable or equivalently 𝑣∗ ∈ 𝑊◦(𝑠), then 𝛽(𝑠) can be constructed more easily. For this

note that the map 𝜄∗ yields an isomorphism 𝑊◦(𝑠) ≅ 𝑊◦(𝑠) and so we deduce that 𝑣∗𝑠 = 𝑠. In
particular, 𝑠 is 𝐹∗𝑣∗-stable and therefore in this case we can set 𝛽(𝑠) ∶= 𝑠.
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1588 BROUGH and RUHSTORFER

Let �̃�(�̃�) ∈ Irr(�̃�𝑣𝐹) denote the character corresponding to 𝛽(𝑠) under the bijection Irr(�̃�𝑣𝐹) →

(�̃�∗)𝐹
∗𝑣∗ . One then checks easily that the so-obtained map

�̃� ∶ Irr(�̃�𝐹 ∣ Irr(𝐓𝐹)𝑊2) → Irr(�̃�𝑣𝐹 ∣ Irr(𝐓𝑣𝐹)𝑊2)

is a well-defined bijection which has all the required properties. □

3.2 Local characters

Recall that 𝑃 denotes the Sylow 2-subgroup of 𝐺 = 𝐆𝑣𝐹 constructed in Corollary 2.11 and 𝑄 =

𝜄−1(𝑃) its preimage under 𝜄, which is a Sylow 2-subgroup of 𝐺0 = 𝐆𝐹 . In this section we make use
of the explicit description of𝑃 to provide a description of the odd degree characters in the principal
2-block of N𝐺0

(𝑄). For a finite group 𝐻 we denote by Irr2′ (𝐻) its set of irreducible characters of
odd degree.

Proposition 3.5. For 𝑃 = 𝑇2𝑉2 as in Corollary 2.11, there is a bijection

Irr2′ (𝑃) → Irr(𝑇2)
𝑊2 × Irr2′ (𝑊2).

Proof. Any character of Irr2′ (𝑃) (that is any linear character of 𝑃) covers a 𝑃-invariant character of
the normal subgroup𝑇2 of𝑃. Since𝑃∕𝑇2 ≅ 𝑉2∕𝐻 ≅ 𝑊2, the statement follows from [20, Corollary
3.13] and Gallagher’s theorem. □

Recall as in Section 3.1 that𝑊∗
2
denotes the image of𝑊2 and 𝑇∗ ∶= (𝐓∗)𝐹

∗𝑣∗ corresponding to
𝑇 ∶= (𝐓)𝑣𝐹 under duality.

Proposition 3.6. Let𝐵 be the principal 2-block ofN𝐺0
(𝑄). Then for𝑍 ∶= (𝑇∗

2
)𝑊

∗
2 , there is a bijection

Irr0(𝐵) → 𝑍 × Irr2′ (𝑊2).

Proof. By Corollary 2.4 we have N𝐺0
(𝑄) = C𝐺0

(𝑄)𝑄 and thus by [22, Theorem 9.12] restriction
defines a bijection Irr0(𝐵) → Irr2′ (𝑄). As in the proof of Proposition 3.1, duality provides a bijec-
tion Irr(𝑇)𝑊2 → (𝑇∗)𝑊

∗
2 , which yields a bijection

Irr(𝑇2)
𝑊2 → (𝑇∗

2)
𝑊∗

2 .

The result thus follows from Proposition 3.5 using that 𝑃 ≅ 𝑄. □

Remark 3.7. Let 𝑃∗ be a Sylow 2-subgroup of𝐺∗. As for𝐺, it can be obtained as an extension of 𝑇∗
2

by𝑊∗
2
. Therefore, 𝑍 ∶= (𝑇∗

2
)𝑊

∗
2 is a central subgroup of 𝑃∗. We believe that 𝑍 should coincide in

most cases with Z(𝑃∗). For instance, if 𝐺∗ is of type𝐴, then this is the case by [5, Lemma 13.17(ii)].

3.3 Global characters

This section focuses on the height zero characters of the principal block for 𝐺0 = 𝐆𝐹 as in Sec-
tion 2.3. Firstly we count these characters by counting those in𝐆𝑣𝐹 usingMalle’s parametrisation
of 2′-degree characters.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1589

Lemma 3.8. The principal 2-block of 𝐺 = 𝐆𝑣𝐹 contains |𝑍| × | Irr2′ (𝑊2)| height zero characters,
where𝑊2 and 𝑍 are taken from Lemma 2.10 and Proposition 3.6, respectively.

Proof. The odd degree characters of𝐺 have been parametrised byMalle [17, Proposition 7.3]. How-
ever, by the proof of [9, Theorem A], the principal 2-block is the unique unipotent block of maxi-
mal defect. Therefore usingMalle’s explicit parametrisation, it follows that the height zero charac-
ters of the principal block of 𝐺 are in bijection with pairs (𝑠, 𝜙), where 𝑠 ∈ 𝑍 and 𝜙 ∈ Irr2′ (𝑊(𝑠)),
where𝑊(𝑠) ∶= C𝑊(𝑠). As 𝑠 ∈ 𝑍, then𝑊2 ⩽ C𝑊(𝑠) and thus by the main result of [20] we have a
McKay-bijection Irr2′ (𝑊(𝑠)) → Irr2′ (𝑊2). □

Corollary 3.9. Recall that 𝐆 is simple simply connected and 𝐹 is a Frobenius map with 𝐆𝐹 ≇

{Sp2𝑛(𝑞),
3𝐷4(𝑞)} whenever 𝑞 ≢ 1mod 8. Then the Alperin–McKay conjecture holds for the princi-

pal 2-block of 𝐆𝐹 .

Proof. This follows from Proposition 3.6 and Lemma 3.8. □

Define

0 ∶= {(𝜆0, 𝜂0) ∣ 𝜆0 ∈ Irr(𝑇0) and 𝜂0 ∈ Irr2′ (𝑊0(𝜆0))},

where𝑊0(𝜆0) ∶= (𝑁0)𝜆0∕𝑇0. From the proof of [20, Theorem 6.3] there is a surjective map onto
the principal Harish–Chandra series

Π0 ∶ 0 →
⋃

𝜆0∈Irr(𝑇0)

(𝐺0, (𝑇0, 𝜆0))

(𝜆0, 𝜂0) ↦ 𝑅
𝐺0

𝑇0
(𝜆0)𝜂0 ,

which becomes injective on𝑊0-orbits.
The main aim is to find a suitable subset of 0 to parametrise the height zero characters of

the principal block 𝑏 of 𝐺0 = 𝐆𝐹 . If 𝑅𝐺0

𝑇0
(𝜆0)𝜂0 has 2

′-degree, then by [20, Lemma 8.9] it follows
that 2 ∤ |𝑊0 ∶ 𝑊0(𝜆0)|. In other words,𝑊0(𝜆0) contains a Sylow 2-subgroup of𝑊0. Furthermore,
the principal block of 𝐺0 is a subset of 2(𝐺0, 1), see [5, Theorem 9.12(a)]. However for 𝑠0 ∈ 𝑇∗

0
in duality with 𝜆0 ∈ Irr(𝑇0), it follows that 𝑠0 has 2-power order if and only if 𝜆0 has 2-power
order. Therefore if 𝜒 ∈ Irr(𝑏) lies in (𝐺0, (𝑇0, 𝜆0)), then 𝜆0 must have 2-power order. Via the
decomposition 𝑇0 = (𝑇0)2 × (𝑇0)2′ , the 2-power order characters coincide with the set Irr((𝑇0)2),
which can be viewed as the characters of 𝑇0 with (𝑇0)2′ in their kernel. Thus for 𝑊2 the fixed
Sylow 2-subgroup of𝑊 from Lemma 2.10 defines

(0)2 ∶= {(𝜆0, 𝜂0) ∈ 0 ∣ 𝜆0 ∈ Irr((𝑇0)2)
𝑊2}

and set Πglo to be the restriction of Π0 to (0)2.

Theorem 3.10. Let 𝑏 be the principal 2-block of 𝐺0. Then the mapΠglo yields a bijection

Πglo ∶ (0)2 → Irr0(𝑏).
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1590 BROUGH and RUHSTORFER

Proof. Every character of Irr0(𝑏) lies in the principal Harish-Chandra series by [19, Theorem 3.3].
That is, Irr0(𝑏) ⊂ Π0(0). If 𝜒 = 𝑅

𝐺0

𝑇0
(𝜆0)𝜂0 ∈ Irr0(𝑏), then as in the paragraph above, it follows

that there is some𝑊0-conjugate (𝜆′0, 𝜂
′
0
) of (𝜆0, 𝜂0) with 𝜒 = 𝑅

𝐺0

𝑇0
(𝜆′

0
)𝜂′

0
and 𝜆′

0
∈ Irr((𝑇0)2)

𝑊2 ; in
other words (𝜆′

0
, 𝜂′

0
) ∈ (0)2. Moreover, as 𝑊2 is self-normalising in 𝑊0 (Lemma 2.1), it follows

that 𝜆′
0
is the unique character in its𝑊0-orbit with𝑊2 ⊆ 𝑊0(𝜆

′
0
). Hence Irr0(𝑏) ⊆ Πglo((0)2) and

each 𝜒 ∈ Irr0(𝑏) has a unique preimage in (0)2 under Πglo.
It remains to show that Πglo is indeed a bijection as stated in the theorem. By Lemma 3.8, it

suffices to show that |(0)2| = |𝑍| × | Irr2′ (𝑊2)|. From the proof of Proposition 3.1, there is a bijec-
tion

Irr((𝑇0)2)
𝑊2 → (𝑇∗

0)
𝑊∗

2

2
= (𝑇∗

2)
𝑊∗

2 =∶ 𝑍.

Furthermore, for each 𝜆0 ∈ (0)2, there is a McKay-bijection Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2) by the
main result of [20]. Thus |(0)2| = |𝑍|| Irr2′ (𝑊2)|. □

Example 3.11. Consider 𝐺 = SL2(𝑞) and assume that 𝑞 ≡ 3mod 4. Recall that this case was
excluded in Section 2.3. The principal 2-block 𝑏 of 𝐺 has four height zero characters. There are
four characters in the principal 1-Harish-Chandra series corresponding to characters in (0)2, but
only two of them are of 2′-degree. On the other hand, all four 2′-degree characters of 𝑏 lie in the
principal 2-Harish-Chandra series.

Remark 3.12. Assume that 𝐆 is not of type 𝐴𝑛, 𝐷2𝑛+1, 𝑛 > 1, or 𝐸6 so that the longest element
𝑤0 ∈ 𝐖 acts by inversion on the torus 𝐓. It follows from the remarks after [20, Lemma 8.5] that
all characters of 2′-degree lie in the union of Lusztig series (𝐺0, 𝑠)with 𝑠 of 2-power order. By the
proof of [9, Theorem A], the principal 2-block is the unique unipotent block of maximal defect.
Hence, in these cases the Alperin–McKay conjecture for the principal 2-block is tantamount to
the McKay conjecture for the prime 2.

4 ACTION OF AUTOMORPHISMS

One of the key steps in the proof of Theorem 3.10 was the existence of a McKay-bijection
Irr2′ (𝑊0(𝜆)) → Irr2′ (𝑊2).Wewill now construct such a bijectionwith suitable equivariance prop-
erties. For this we need the following lemma, whose proof follows [18, Lemma 2.1].

Lemma 4.1. Let 𝐻 be a finite group and 𝐴 ⊂ Aut(𝐻) a cyclic group of automorphisms stabilizing
the normaliser𝑀 of a Sylow 2-subgroup of 𝐻. Then there exists an 𝐴-equivariant McKay bijection
Irr2′ (𝐻) → Irr2′ (𝑀).

Proof. According to the main result of [20] there exists a McKay bijection. We only need to show
that it can be chosen to be 𝐴-equivariant. For 𝑖 ∣ 𝑟 ∶= |𝐴| let 𝑎𝑖 (respectively, 𝑏𝑖) be the number
of 𝜃 ∈ Irr2′ (𝐻) (respectively, 𝜃 ∈ Irr2′ (𝑀)) with |𝐴𝜃| = 𝑖. As 𝐴 is cyclic, it suffices to show that
𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∣ 𝑟. Let 𝑞 be a prime dividing 𝑟 and set 𝑠 ∶= 𝑟∕𝑞. By induction on 𝑟 we can assume
that 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∉ {𝑟, 𝑠} and

𝑎𝑠 + 𝑎𝑟 = 𝑏𝑠 + 𝑏𝑟.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1591

Let us first assume that 2 ∤ 𝑟. By Clifford theory we have | Irr2′ (𝐻𝐴)| = ∑
𝑖∣𝑟 𝑎𝑖𝑖

2∕𝑟 and simi-
larly | Irr2′ (𝑀𝐴)| = ∑

𝑖∣𝑟 𝑏𝑖𝑖
2∕𝑟. Since theMcKay-conjecture holds for𝐻𝐴, we have | Irr2′ (𝐻𝐴)| =

| Irr2′ (𝑀𝐴)| and so
𝑎𝑠𝑠

2∕𝑟 + 𝑎𝑟𝑟 = 𝑏𝑠𝑠
2∕𝑟 + 𝑏𝑟𝑟.

We therefore have two homogeneous linear equations in the variables 𝑎𝑠 − 𝑏𝑠 and 𝑎𝑟 − 𝑏𝑟. As
the associated coefficient matrix is invertible, we deduce that 𝑎𝑠 = 𝑏𝑠 and 𝑎𝑟 = 𝑏𝑟. Let us now
suppose that 𝑟 is a power of 2. In that case, we obtain | Irr2′ (𝐻𝐴)| = 𝑎𝑟𝑟 = | Irr2′ (𝑀𝐴)| = 𝑏𝑟𝑟. We
again deduce that 𝑎𝑠 = 𝑏𝑠 and 𝑎𝑟 = 𝑏𝑟. The general case follows now by using the decomposition
𝐴 = 𝐴2 × 𝐴2′ and coprime arguments. □

Remark 4.2. We note that the existence of an automorphism-equivariant McKay-bijection should
also follow from a similar statement as [23, Theorem B]. As we only need the result in the case of
a cyclic automorphism group, we have decided not to pursue this.

Take 𝑇0 = 𝐓𝐹 and𝑁0 = N𝐺0
(𝐒) as in Section 2.3. For �̃�0 ∈ Irr(�̃�0) denote𝑊0(�̃�0) ∶= (𝑁0)�̃�0∕𝑇0.

Note that if �̃�0 ∈ Irr(�̃�0 ∣ 𝜆0) for some 𝜆0 ∈ Irr(𝑇0), then the factor group 𝑊0(𝜆0)∕𝑊0(�̃�0) is an
abelian group by the proof of [20, Proposition 3.16].

Lemma4.3. Let 𝜆0 ∈ Irr((𝑇0)2)
𝑊2 and let �̃�0 ∈ Irr((�̃�0)2 ∣ 𝜆0). Then there exists an𝐸𝜆0 -equivariant

bijection

𝑓𝜆0 ∶ Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2)

such that 𝑓𝜆0(𝜂0𝜇0) = 𝑓𝜆0(𝜂0) Res
𝑊0(𝜆0)

𝑊2
(𝜇0) for every character 𝜂0 ∈ Irr2′ (𝑊0(𝜆0)) and 𝜇0 ∈

Irr(𝑊0(𝜆0)∕𝑊0(�̃�0)).

Proof. The group

𝑊0(𝜆0)∕𝑊0(�̃�0) = {𝑤 ∈ 𝑊0 ∣
𝑤�̃�0 = �̃�0 ⊗ 𝜈0 for some 𝜈0 ∈ Irr(�̃�0∕𝑇0)}∕𝑊0(�̃�0)

is always a 2-group since �̃�0 has 2-power order and 𝑊0 acts trivially on �̃�0∕𝑇0. As 𝜂0 is a char-
acter of 2′-degree and the quotient is a 2-group, it follows that 𝜂0 restricts irreducibly to𝑊0(�̃�0)

[12, Chapter 6]. By Gallagher’s theorem, the group Irr(𝑊0(𝜆0)∕𝑊0(�̃�0)) acts fixed point freely on
the orbit of 𝜂0 ∈ Irr(𝑊0(𝜆0)). On the other hand, every character of Irr2′ (𝑊2) is linear and thus
restricts irreducibly to𝑊2(�̃�0) ∶= 𝑊2 ∩𝑊(�̃�0).
Let us first assume that 𝐺0 is not of type 𝐷2𝑛(𝑞). Denote by 𝐸0 the stabiliser of 𝜆0 in 𝐸. Observe

that 𝐸 acts by inner automorphisms on 𝑊0 and centralises 𝑊2 by Lemma 2.8. In particular,
every character of 𝑊0(𝜆0) and 𝑊2 is 𝐸0-stable in this case. Since the Sylow 2-subgroup 𝑊2 is
self-normalising in 𝑊0, there exists a McKay bijection Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2). By the previ-
ous discussion it is now easy to construct a bijection 𝑓𝜆0 ∶ Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2) with the
required properties.
Let us now assume that 𝐺0 is of type 𝐷2𝑛(𝑞). We use the notation of the proof of [20, The-

orem 3.17]. Let Φ(�̃�0) be the root system associated to the Weyl group 𝑊0(�̃�0). There exists an
𝐸0-stable base Δ0 of Φ(�̃�0). Denote 𝐴0 ∶= Stab𝑊0

(Δ0) which is 𝐸0-stable as Δ0 is. By the proof of
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1592 BROUGH and RUHSTORFER

[20, Theorem 3.17],𝑊0(𝜆0) = 𝑊0(�̃�0)⋊ 𝐴0. Moreover, 𝐴0 is a 2-group as already observed above.
Let 𝜂0 ∈ Irr(𝑊0(�̃�0))which extends to a character of 2′-degree of𝑊0(𝜆0) and set 𝛿0 ∶= det(𝜂0). By
[12, Lemma 6.24] there exists a unique extension 𝜂0 ∈ Irr(𝑊0(𝜆0)), such that det(𝜂0) = �̂�0, where
�̂�0 is the unique extension of 𝛿0 with 𝐴0 in its kernel.
Similarly,wehave𝑊2 = 𝑊2(�̃�0)⋊ 𝐴0. Thus, any character 𝜂0 ∈ Irr(𝑊2(�̃�0)) covered by a linear

character of𝑊2 has a unique extension 𝜂0 ∈ Irr(𝑊2) with 𝐴0 in its kernel.
Let us now first assume that 𝐺0 is not of type 𝐷4(𝑞). Note that 𝐸∕C𝐸(𝑊0) is cyclic, and thus,

by Lemma 4.1 there exists an 𝐸0-equivariant McKay-bijection g𝜆0 from Irr2′ (𝑊0(𝜆0)) to Irr2′ (𝑊2).
This induces an 𝐸0-equivariant bijection

𝑓0 ∶ Irr(𝑊0(�̃�0) ∣ Irr2′ (𝑊0(𝜆0))) → Irr(𝑊2(�̃�0) ∣ Irr2′ (𝑊2))

𝜂0 ↦ Res
𝑊2

𝑊2(�̃�0)
(g𝜆0(𝜂0)).

We then define𝑓𝜆0 ∶ Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2) bymapping the character 𝜂0 to𝑓0(𝜂0) and extend-
ing this map Irr(𝑊0(𝜆0)∕𝑊0(�̃�0))-equivariantly. As 𝑓0 is 𝐸0-equivariant and 𝐴0 is 𝐸0-stable, so is
𝑓𝜆0 .
Finally, if𝐺0 is of type𝐷4(𝑞), then𝑊2 has index 3 in𝑊0. Hence,𝑊0(𝜆0) = 𝑊2 or𝑊0(𝜆0) = 𝑊0.

In the former case, we set 𝑓𝜆0 to be the identity map and in the latter case it is easy to explicitly
construct a bijection 𝑓𝜆0 with the required properties. □

We are also interested in the action of automorphisms on local characters. To compute this
action we use the following explicit parametrisation of characters. Recall that 𝑇 ∶= C𝐆(𝐒)

𝑣𝐹 =

𝐓𝑣𝐹 and 𝑁 ∶= N𝐆(𝐒)
𝑣𝐹 .

Proposition 4.4. Let Λ be the extension map from [20, Corollary 3.13] with respect to 𝑇 < 𝑁. Then
the map

Π ∶  = {(𝜆, 𝜂) ∣ 𝜆 ∈ Irr(𝑇), 𝜂 ∈ Irr(𝑊(𝜆))} → Irr(𝑁)

(𝜆, 𝜂) ↦ Ind𝑁𝑁𝜆
(Λ(𝜆)𝜂)

is surjective and satisfies
(1) Π(𝜆, 𝜂) = Π(𝜆′, 𝜂′) if and only if there exists some 𝑛 ∈ 𝑁 such that 𝑛𝜆 = 𝜆′ and 𝑛𝜂 = 𝜂′.
(2) 𝜎Π(𝜆, 𝜂) = Π(𝜎𝜆, 𝜎𝜂) for all 𝜎 ∈ 𝐸.
(3) Let 𝑡 ∈ �̃�, �̃� ∈ Irr(⟨𝑇, 𝑡⟩ ∣ 𝜆) and 𝜈𝑡 ∈ Irr(𝑁𝜆∕𝑁�̃�) be the faithful linear character given by

𝑡Λ(𝜆) = Λ(𝜆)𝜈𝑡 . Then we have 𝑡Π(𝜆, 𝜂) = Π(𝜆, 𝜂𝜈𝑡).

Proof. See [20, Proposition 3.15]. □

Recall that 𝑃 is a Sylow 2-subgroup of 𝑁 whose image in 𝑁∕𝑇 is𝑊2. We denote

2 = {(𝜆, 𝜂) ∣ 𝜆 ∈ Irr(𝑇2)
𝑊2, 𝜂 ∈ Irr2′ (𝑊2)}.

As in the proof of Proposition 3.5 we obtain that the map

Πloc ∶ 2 → Irr2′ (𝑃)

(𝜆, 𝜂) ↦ Res
𝑁𝜆

𝑃
(Λ(𝜆))𝜂,

is a bijection.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1593

In the following we will compare the parametrisations arising in the two groups 𝐺0 ∶= 𝐆𝐹 and
𝐺 ∶= 𝐆𝑣𝐹 . For this, denote byΛ0 the extensionmap from [20, Corollary 3.13] with respect to 𝑇0 <
𝑁0. To understand the action of automorphisms, recall that 𝐷 ∶= 𝜄−1(𝐸)∕⟨�̂�⟩, see the remarks
after Corollary 2.11 and �̃� = �̃�𝐆 is the regular embedding as in Section 2.3. Thus for 𝑡 ∈ �̃�𝐹 , write
𝑡 = 𝑡𝑧 with 𝑡 ∈ 𝐓 and 𝑧 ∈ Z(�̃�). Then for g from Lemma 2.7 the element g 𝑡 ∈ �̃�𝑣𝐹 and we have a
decomposition g 𝑡 = g 𝑡g𝑧 = g 𝑡𝑧.

Proposition 4.5. Let 𝜆0 ∈ Irr(𝑇0)
𝑊2 and set 𝜆 = 𝛼(𝜆0) ∈ Irr(𝑇)𝑊2 , for 𝛼 from Lemma 3.1. Sup-

pose that 𝜈0 ∈ Irr(𝑊0(𝜆)) and 𝑡0 ∈ �̃�0 satisfy 𝑡0Λ0(𝜆0) = Λ(𝜆0)𝜈0. Then we have Res
𝑁𝜆

𝑃
(𝑡Λ(𝜆)) =

Res
𝑁𝜆

𝑃
(Λ(𝜆)) Res

𝑊0(𝜆)

𝑊2
(𝜈0), where 𝑡 = 𝜄(𝑡0).

Proof. Let 𝜈 ∈ Irr(𝑊(𝜆)) such that 𝑡Λ(𝜆) = Λ(𝜆)𝜈. For 𝑛 ∈ 𝑉𝜆 we have

𝑡Λ(𝜆)(𝑛) = 𝜆([𝑡, 𝑛])Λ(𝜆)(𝑛).

If �̃� ∈ Irr(�̃�) is an extension of 𝜆, then we can write 𝜆([𝑡, 𝑛]) = �̃�(𝑡)𝑛�̃�(𝑡−1). We have 𝑛�̃� = �̃��̂� for
some linear character �̂� ∈ Irr(�̃�∕𝑇). We conclude that 𝜈(𝑤) = �̂�(𝑡), where 𝑤 is the image of 𝑛 in
𝑊(𝜆). Since 𝜈 is a character of 𝑁𝜆∕𝑇 ≅ 𝑉𝜆∕𝐻, this uniquely determines 𝜈. Now for 𝑤 ∈ 𝑊2 the
equality 𝑤�̃� = �̃�𝜈 implies by the construction in Proposition 3.4 that 𝑤�̃�0 = �̃�0�̂�. The same reason-
ing as above now equally applies to the extension map Λ0 with respect to 𝑇0 < 𝑁0. Therefore, for
𝑤 ∈ 𝑊2 we find that 𝜈0(𝑤) = �̂�(𝑡0) = �̂�(𝑡) = 𝜈(𝑤). We thus obtain

Res
𝑁𝜆

𝑃
(𝑡Λ(𝜆)) = Res

𝑁𝜆

𝑃
(Λ(𝜆)) Res𝑊(𝜆)

𝑊2
(𝜈) = Res

𝑁𝜆

𝑃
(Λ(𝜆)) Res𝑊(𝜆)

𝑊2
(𝜈0),

which finishes the proof. □

We now turn to the action of automorphisms on the global characters.

Theorem 4.6. Let 𝑥 ∈ �̃�0𝐷 and 𝛿𝜆0,𝑥 ∈ Irr(𝑊0(
𝑥𝜆0)) such that 𝛿𝜆0,𝑥Λ0(

𝑥𝜆0) =
𝑥Λ0(𝜆0). Then

𝑥(𝑅
𝐺0

𝑇0
(𝜆0)𝜂0) = 𝑅

𝐺0

𝑇0
(𝑥𝜆0)𝑥𝜂0𝛿−1𝜆0,𝑥

.

Proof. It follows from the results of [20, Theorem 5.7] as explained in the proof of [20, Proposition
6.3]. □

Remark 4.7. In the following theorem, to compensate for the inversion of 𝛿𝜆0,𝑥 occur-
ring in Theorem 4.6, a slightly altered version of 𝑓𝜆0 from Lemma 4.3 is required. Fix 

a Irr(𝑊0(𝜆0)∕𝑊0(�̃�0))⋊ 𝐸𝜆0 -transversal on Irr2′ (𝑊0(𝜆0)). Then for 𝜂0 ∈  , 𝜎 ∈ 𝐸𝜆0 and 𝜇0 ∈

Irr(𝑊0(𝜆0)∕𝑊0(�̃�0)) define

𝑓′
𝜆0
∶ Irr2′ (𝑊0(𝜆0)) → Irr2′ (𝑊2)

by setting 𝑓′
𝜆0
(𝜎𝜂0𝜇0) ∶= 𝑓𝜆0(

𝜎𝜂0𝜇
−1
0
).
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1594 BROUGH and RUHSTORFER

It follows from construction for every character 𝜂0 ∈ Irr2′ (𝑊0(𝜆0)) and 𝜇0 ∈

Irr(𝑊0(𝜆0)∕𝑊0(�̃�0)), then 𝑓′
𝜆0
(𝜂0𝜇0) = 𝑓′

𝜆0
(𝜂0) Res

𝑊0(𝜆0)

𝑊2
(𝜇−1

0
). Moreover, the definition implies

that 𝑓′
𝜆0
is also an 𝐸𝜆0 -equivariant bijection.

Theorem4.8. Assume the setting of Section 2.3. For 𝑏 and𝐵 the principal 2-block of𝐺0, respectively,
N𝐺0

(𝑄), there exists an N�̃�0𝐷
(𝑄)-equivariant bijection 𝜅 ∶ Irr0(𝑏) → Irr0(𝐵).

Proof. Restriction defines an N�̃�0𝐷
(𝑄)-equivariant bijection Irr0(𝐵) → Irr2′ (𝑄). Additionally 𝜄

induces an equivariant bijection 𝜄′ between Irr2′ (𝑄) and Irr2′ (𝑃), that is, 𝜄(N�̃�0𝐸
(𝑄)) = N�̃�𝐸(𝑃)

and for 𝑥 ∈ N�̃�0𝐸
(𝑄), then 𝜄′(𝑥𝜒) = 𝜄(𝑥)𝜄′(𝜒). Thus it suffices to produce a bijection

𝜅′ ∶ Irr0(𝑏) → Irr2′ (𝑃),

which in equivariant in the sense that 𝜅′(𝑥𝜒) = 𝜄(𝑥)𝜅′(𝜒), for 𝑥 ∈ N�̃�0𝐷
(𝑄) and 𝜒 ∈ Irr0(𝑏). Note

that as 𝑃 is 𝐸-stable, Corollary 2.4 implies N�̃�𝐸(𝑃) = C�̃�(�̃�)�̃�𝐸 for �̃� = �̃�2𝑃. Thus the action on
Irr2′ (𝑃) arises from �̃�2𝐸.
By the proof of Theorem 3.10 we have a bijection Πglo ∶ (0)2 → Irr0(𝑏). On the other hand

Πloc ∶ 2 → Irr2′ (𝑃) is a bijection. Finally by combining Proposition 3.1 and Remark 4.7 there is a
bijection (0)2 → 2 which sends a pair (𝜆0, 𝜂0) to (𝛼(𝜆0), 𝑓′𝜆0(𝜂0)) between parameter sets. More
explicitly, combining these yields a bijection

𝜅′ ∶ Irr0(𝑏) → Irr2′ (𝑃)

𝑅
𝐺0

𝑇0
(𝜆0)𝜂0 ↦ Res

𝑁𝛼(𝜆0)

𝑃
(Λ(𝛼(𝜆0)))𝑓

′
𝜆0
(𝜂0).

The equivariance of this bijection can be derived by combining the properties of Harish-
Chandra induction established in Theorem 4.6, the properties of the parametrisation from Propo-
sitions 4.4 and 4.5:
Take 𝑥 ∈ �̃�0𝐸 and 𝛿𝜆0,𝑥 such that

𝑡0Λ(𝜎𝜆0) = Λ(𝑡0𝜎𝜆0)𝛿𝜆0,𝑥. By Remark 4.7

𝑓′𝑥𝜆0
(𝑥𝜂0𝛿

−1
𝜆0,𝑥

) = 𝑓′𝑥𝜆0
(𝑥𝜂0) Res

𝑊0(
𝑥𝜆0)

𝑊2
(𝛿𝜆0,𝑥) =

𝜄(𝑥)𝑓′
𝜆0
(𝜂0) Res

𝑊0(
𝑥𝜆0)

𝑊2
(𝛿𝜆0,𝑥).

While by Proposition 4.4 and Proposition 4.5

𝜄(𝑥)
(
Res

𝑁𝛼(𝜆0)

𝑃
(Λ(𝛼(𝜆0)))

)
= Res

𝑁𝛼(𝑥𝜆0)

𝑃
(Λ(𝛼(𝑥𝜆0))) Res

𝑊0(
𝑥𝜆0)

𝑊2
(𝛿𝜆0,𝑥).

Thus for 𝑥 ∈ 𝑇0𝐸, the equivariance follows as

𝜅′(𝑥𝑅
𝐺0

𝑇0
(𝜆0)𝜂0) = Res

𝑁𝛼(𝑥𝜆0)

𝑃
(Λ(𝛼(𝑥𝜆0)))𝑓𝑥𝜆0

(𝑥𝜂0𝛿
−1
𝜆0,𝑥

)

= 𝜄(𝑥)
(
Res

𝑁𝛼(𝜆0)

𝑃
(Λ(𝛼(𝜆0)))𝑓𝜆0(𝜂0)

)
= 𝜄(𝑥)𝜅′(𝑅

𝐺0

𝑇0
(𝜆0)𝜂0). □

Corollary 4.9. Let 𝜒 ∈ Irr0(𝐺0) ∩ (𝐺0, 𝑠). Then the �̃�0-orbit of 𝜒 has size |𝐴(𝑠)𝐹∗ |.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1595

Proof. The size of the𝐺0-orbit of𝜒 is given by |𝑇0∕(𝑇0)𝜒|. Let𝜒 = 𝑅
𝐺0

𝑇0
(𝜆0)𝜂0 , with 𝜆0 ∈ Irr(𝑇0) and

𝜂0 ∈ Irr2′ (𝑊0(𝜆0)). Then 𝜆0 corresponds to the element 𝑠0 ∈ 𝑇∗
0
, under the (𝑊0,𝑊

∗
0
)-equivariant

bijection between Irr(𝑇0) and𝑇∗
0
, with 𝑠0 being𝐺∗

0
-conjugate to 𝑠. For any �̃�0 ∈ Irr(�̃�0 ∣ 𝜆0)wehave

that 𝐴(𝑠0)𝐹
∗
≅ (𝑊0)𝜆0∕(𝑊0)𝜆0

. Moreover there is an isomorphism 𝑇0∕(𝑇0)Λ0(𝜆0)
≅ (𝑁0)𝜆0∕(𝑁0)𝜆0

whichmaps an element 𝑡 to the character 𝜈𝑡 such that 𝑡Λ0(𝜆0) = Λ0(𝜆0)𝜈𝑡. Thus it suffices to prove
that (𝑇0)𝜒 = (𝑇0)Λ0(𝜆0)

.
Let �̃� ∈ 𝑇0. Then by Theorem 4.6 and Proposition 4.4

𝑡𝑅
𝐺0

𝑇0
(𝜆0)𝜂0 = 𝑅

𝐺0

𝑇0
(𝜆0)𝜂0𝜈−1𝑡

.

Since𝑊0(𝜆0)∕𝑊0(�̃�0) is a 2-group and 𝜂0 has 2′-degree, the character Res
𝑊(𝜆0)

𝑊(�̃�0)
(𝜂0) is irreducible.

Hence, 𝜂0𝜈−1𝑡 = 𝜂0 if and only if 𝜈𝑡 = 1. Therefore (𝑇0)𝜒 = (𝑇0)Λ0(𝜆0)
. □

5 CHARACTERS OF �̃�𝟎

In order to check whether a block of 𝐺0 ∶= 𝐆𝐹 is AM-good for the prime 2 we also need infor-
mation on characters of �̃�0 = �̃�𝐹 covering characters of 2′-degree of 𝐺0. Recall that 𝑇 ∶= 𝐓𝑣𝐹 ,
𝑁 ∶= N𝐆(𝐒)

𝑣𝐹 and Λ is an extension map with respect to 𝑇 < 𝑁. Additionally �̃� ∶= �̃�𝑣𝐹 and
�̃� ∶= N�̃�(𝐒)

𝑣𝐹 .

Proposition 5.1. There exists an 𝑁𝐸-equivariant extension map Λ̃ with respect to �̃� < �̃� given by
sending �̃� ∈ Irr(�̃�) to the unique common extension of �̃� and Res𝑁𝜆

𝑁�̃�
(Λ(𝜆)), where 𝜆 = Res�̃�

𝑇
(�̃�).

Proof. This was shown in the proof of [20, Proposition 3.20]. □

Definition 5.2. We say that (𝜆0, 𝜂0) ∈ (0)2 (as defined in Section 3.3) is covered by the
pair (�̃�0, 𝜂0) if �̃�0 ∈ Irr(�̃�0 ∣ 𝜆0) and 𝜂0 ∈ Irr(𝑊0(�̃�0) ∣ 𝜂0). Note that by [12, Chapter 6] 𝜂0 =
Res

𝑊0(𝜆0)

𝑊0(�̃�0)
(𝜂0) since𝑊0(𝜆0)∕𝑊0(�̃�0) is a 2-group and 𝜂0 has 2′-degree.

In the proof of Theorem 4.8, the set (0)2 was used to provide a bijection between the height
zero characters of the principal blocks of 𝐺0 and 𝑃 by mapping 𝑅

𝐺0

𝑇0
(𝜆0)𝜂0 to Res

𝑁𝜆

𝑃
(Λ(𝜆))𝑓𝜆0(𝜂0),

where𝑓𝜆0 is fromLemma 4.3 and 𝜆 ∶= 𝛼(𝜆0) for𝛼 as defined in Section 3.1. The notion of covering
defined for (0)2 can help understand those characters which cover the height zero characters in
the principal blocks of𝐺0 and 𝑃 under the action of �̃�0, respectively, �̃� ∶= �̃�2𝑃. Recall that �̃� from
Proposition 3.4 is a bijection between Irr(�̃�0 ∣ Irr(𝑇0)

𝑊2

2
) and Irr(�̃� ∣ Irr(𝑇)

𝑊2

2
).

Lemma 5.3. Let us assume that 𝜆0 ∈ (𝑇0, 𝑠0) and 𝑠0 is not one of the exceptional cases in Proposi-
tion 3.3. Suppose that (�̃�0, 𝜂0) covers (𝜆0, 𝜂0) ∈ (0)2 as in Definition 5.2 and we assume that �̃�0 has
2-power order. Then the following holds.

(a) The character �̃� ∶= 𝑅
�̃�0

�̃�0
(�̃�0)𝜂0 covers 𝜒 ∶= 𝑅

𝐺0

𝑇0
(𝜆0)𝜂0 and lies in the principal block of �̃�.

(b) The character �̃� ∶= Ind�̃�
�̃��̃�
(Res

�̃��̃�

�̃��̃�
(Λ̃(�̃�)) Res

𝑊2

𝑊2(�̃�)
(𝑓𝜆0(𝜂0))) covers 𝜓 ∶= Res

𝑁𝜆

𝑃
(Λ(𝜆))𝑓𝜆0(𝜂0),

for 𝜆 ∶= 𝛼(𝜆0) and �̃� ∶= �̃�(�̃�0).

In particular, the characters �̃� and �̃� lie above the same central character of Z(�̃�).
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1596 BROUGH and RUHSTORFER

Proof. The first statement of part (a) follows from [2, Theorem 13.9(b)], while part (b) is a conse-
quence of Proposition 5.1 and can be obtained as in [20, Corollary 3.21]. Observe that �̃� lies above
the character Res�̃�

�̃�2
(�̃�) ∈ Irr(�̃�) and �̃� lies above �̃�0 ∈ Irr(�̃�0) which is by assumption of 2-power

order. By the properties of the bijection in Proposition 3.4 they both lie above the same character
of Z(�̃�0) = Z(�̃�). In addition, since �̃� is of 2-power order, the character �̃� lies in the principal block
of �̃� by [9, Theorem A]. □

The following lemma is crucial in verifying whether a block is AM-good.

Lemma 5.4. Let �̃� ∈ Irr(�̃�0) and �̃� ∈ Irr(�̃�) as in Lemma 5.3. Let 𝜎 ∈ 𝐸 and suppose that �̃�𝜎 = �̃��̂�

for some �̂� ∈ Irr(�̃�0∕𝐺0). Then we have �̃�𝜎 = �̃��̂�.

Proof. By [20, Corollary 6.4] there exists a character 𝜒 ∈ Irr(𝐺0 ∣ �̃�) which satisfies (�̃�0𝐸)𝜒 =

(�̃�0)𝜒𝐸𝜒 . Therefore, we have 𝜒𝜎 = 𝜒 and consequently if (𝜆0, 𝜂0) is the label in (0)2 of 𝜒, we
have (𝜆𝜎

0
, 𝜂𝜎

0
) = (𝜆0, 𝜂0). We have �̃�𝜎0 = �̃�0�̂� for some �̂� ∈ Irr(�̃�∕𝑇) and so we obtain that𝑊0(�̃�0) is

𝜎-stable. Moreover, 𝜂𝜎
0
= 𝜂0. We obtain Λ̃0(�̃�0)

𝜎 = Λ̃0(�̃�0)�̂�, see Proposition 5.1. Thus,

�̃�𝜎 = 𝑅
�̃�0

�̃�0
(�̃�𝜎0 )𝜂𝜎0

= �̂�𝑅
�̃�0

�̃�0
(�̃�0)𝜂0 = �̂��̃�,

where the middle equality is derived from [2, Proposition 13.15]. Moreover, �̃�𝜎 = �̃��̂� by Propo-
sition 3.4. On the other hand, Λ̃(�̃�)𝜎 = Λ̃(�̃�)�̂� by [20, Proposition 3.20] and so �̃�𝜎 = �̃��̂�, which
finishes the proof. □

6 THE CONDITION FOR A BLOCK TO BE AM-GOOD

In this section, we show that the principal 2-block of 𝐺0 ∶= 𝐆𝐹 for (𝐆, 𝐹) as in Section 2.3 is AM-
good for the prime 2. We make use of the following reformulation in the language of character
triples given in [28, Definition 4.12]. For the language of character triples and the definition of the
relation ⩾𝑏, we refer the reader to [24, Section 1.1].

Definition 6.1. Let 𝑆 be a finite non-abelian simple group with universal covering group 𝐺 and
𝑏 an 𝓁-block of 𝐺 with non-central defect group 𝐷. Assume for Γ ∶= NAut(G)(𝐷, 𝑏) there exists

(i) a Γ-stable subgroup𝑀 with N𝐺(𝐷) ⩽ 𝑀 ⪇ 𝐺;
(ii) a Γ-equivariant bijection Φ ∶ Irr0(𝐺, 𝑏) → Irr0(𝑀, 𝐵) where 𝐵 ∈ Bl(𝑀 ∣ 𝐷) is the unique

block with 𝐵𝐺 = 𝑏 and
(iii) Ψ(Irr0(𝑏, 𝜈)) ⊆ Irr0(𝐵 ∣ 𝜈) for every 𝜈 ∈ Irr(𝑍(𝐺)) and

(𝐺∕𝑍 ⋊ Γ𝜒, 𝐺∕𝑍, 𝜒) ⩾𝑏 (𝑀∕𝑍 ⋊ Γ𝜒,𝑀∕𝑍,Ψ(𝜒)),

for every𝜒 ∈ Irr0(𝐺, 𝑏) and 𝑍 = ker(𝜒) ∩ 𝑍(𝐺), where𝜒 andΦ(𝜒) list to𝜒 andΦ(𝜒), respec-
tively. Then we say that 𝑏 is AM-good for 𝓁.

Recall that 𝑄 ∶= 𝜄−1(𝑃) from Section 2.3 is a Sylow 2-subgroup of 𝐺0. In the following 𝑏 and 𝐵
denote the principal 2-block of 𝐺0, respectively, N𝐺0

(𝑄). We need the following lemma.
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1597

Lemma 6.2.

(a) Let 𝜒 ∈ Irr2′ (𝐺0). Then 𝜒 extends to 𝐺0𝐷𝜒 .
(b) Let 𝜒′ ∈ Irr0(N𝐺0

(𝑄), 𝐵). Then 𝜒′ extends to N𝐺0𝐷
(𝑄)𝜒′ and N�̃�0

(𝑄)𝜒′ .

Proof. The first part was proved in [20, Proposition 8.10].
For the first statement of (b) we pass to the Sylow 2-subgroup 𝑃 = 𝜄(𝑄) of𝐆𝑣𝐹 .We haveN𝐺(𝑃) =

C𝐺(𝑃)𝑃 by Theorem 2.3. In particular, any height zero character of the principal block ofN𝐺(𝑃) is
a trivial extension of a linear character of 𝑃. In other words, it is enough to show that every linear
character 𝜆 ∈ Irr(𝑃) extends to a character �̂� ∈ Irr(𝑃𝐸𝜆) with 𝑣�̂� in its kernel. For this choose
a linear character 𝜈 ∈ Irr(𝐸𝜆) with 𝜈(�̂�) = 𝜆(𝑣)−1 and define �̂�(𝑝𝑒) ∶= 𝜆(𝑝)𝜈(𝑒) for 𝑝 ∈ 𝑃 and
𝑒 ∈ 𝐸𝜆. The second part follows from Corollary 2.4 and Lemma 5.3(b). □

The following lemma also helps to check whether a block is AM-good.

Lemma 6.3. Any character in Irr0(𝑏) or Irr0(𝐵) has 𝑍(𝐺0) in its kernel.

Proof. Let𝜒 ∈ Irr2′ (𝐺0). As𝐺0 is perfect, the linear character det◦𝜒must be trival. For g ∈ Z(𝐺0)2
there is an 𝜖 ∈ ℂ× with 𝑜(𝜖) a 2-power such that𝜒(g) = 𝜖𝐼𝜒(1). Therefore as 𝜖𝜒(1) = 1 it follows that
𝜖 = 1 and thus Z(𝐺0)2 ⩽ ker(𝜒). Moreover, if 𝜒 lies in the principal block, then Z(𝐺0)2′ ⩽ ker(𝜒)

[22, Theorem6.10]. The local height zero characterswere parametrised after Proposition 4.4. Thus,
for them the result follows from Lemma 5.3. □

Wewill use the following theorem to checkwhether the blocks in question are AM-good.More-
over, for 𝜒 ∈ Irr(𝐻), an irreducible character of a finite group 𝐻, we denote by bl(𝜒) the 2-block
of𝐻 to which 𝜒 belongs.

Theorem 6.4. Let 𝜒 ∈ Irr(𝐺0, 𝑏) and 𝜒′ ∈ Irr(N𝐺0
(𝑄), 𝐵) such that the following holds.

(i) We have (�̃�0𝐷)𝜒 = (�̃�0)𝜒𝐷𝜒 and 𝜒 extends to (𝐺0𝐷)𝜒 .
(ii) We have (N�̃�0

(𝑄)N𝐺0𝐷
(𝑄))𝜒′ = N�̃�0

(𝑄)𝜒′N𝐺0𝐷
(𝑄)𝜒′ and 𝜒′ extends to N𝐺0𝐷

(𝑄)𝜒′ and to
N�̃�0

(𝑄)𝜒′ .
(iii) (�̃�0𝐷)𝜒 = 𝐺0(N�̃�0

(𝑄)N𝐺0𝐷
(𝑄))𝜒′ .

(iv) There exists �̃� ∈ Irr(�̃�0 ∣ 𝜒) and �̃�′ ∈ Irr(N�̃�0
(𝑄) ∣ 𝜒′) such that the following holds.

∙ For all𝑚 ∈ N𝐺0𝐷
(𝑄)

𝜒′ there exists 𝜈 ∈ Irr(�̃�0∕𝐺0)with �̃�𝑚 = 𝜈�̃� and �̃�′𝑚 = Res
�̃�0

N�̃�0
(𝑄)

(𝜈)�̃�′.
∙ The characters �̃� and �̃�′ cover the same underlying central character of Z(�̃�0).

(v) The Clifford correspondents �̃�0 ∈ Irr((�̃�0)𝜒 ∣ 𝜒) and �̃�′
0
∈ Irr(N�̃�0

(𝑄)𝜒′ ∣ 𝜒′) of �̃� and �̃�′,
respectively, satisfy bl(�̃�0) = bl(�̃�′

0
)(�̃�0)𝜒 .

Let 𝑍0 ∶= Ker(𝜒) ∩ Z(𝐺0). Then

((�̃�0𝐷)𝜒∕𝑍0, 𝐺0∕𝑍0, 𝜒) ⩾𝑏 ((N�̃�0
(𝑄)N𝐺0𝐷

(𝑄))𝜒′∕𝑍0, N𝐺0
(𝑄)∕𝑍0, 𝜒

′),

where 𝜒 ∈ Irr(𝐺0∕𝑍0) and 𝜒′ ∈ Irr(N𝐺0
(𝑄)∕𝑍0) are the characters which inflate to 𝜒,

respectively, 𝜒′.
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1598 BROUGH and RUHSTORFER

Proof. This is a consequence of [24, Theorem 2.1] and [24, Lemma 2.2]. □

Note that all conditions in Theorem 6.4 except condition (v) only depend on the character the-
ory of 𝐺0 and �̃�0 (together with its associated groups).

Theorem 6.5. Let (𝐆, 𝐹) be as in Section 2.3. Then the principal 2-block 𝑏 of 𝐺0 is AM-good for the
prime 2.

Proof. We show that the bijection 𝜅 ∶ Irr0(𝑏) → Irr0(𝐵) fromTheorem 4.8 is a strongAM-bijection
in the sense of [24, Definition 1.9]. Let 𝜒 ∈ Irr0(𝑏) and 𝜒′ ∶= 𝜅(𝜒). By possibly conjugating 𝜒 by
an element of �̃� we can assume by [24, Theorem 2.11] that the character 𝜒 satisfies condition (i) of
Theorem 6.4. Using the Butterfly Theorem [28, Theorem 4.6] we see that it is enough to show that
𝜒 and 𝜒′ satisfy the remaining conditions in Theorem 6.4. Since 𝜅 is equivariant, we deduce that
conditions (ii) and (iii) hold (the extendibility of the local character follows from Lemma 6.2(b)).
Assume now first that 𝜒 ∈ (𝐺0, 𝑠0) and 𝑠0 is not one of the exceptional cases in Proposition 3.3.
Let �̃� ∈ Irr(�̃�0) and �̃� ∈ Irr(�̃�) be the characters constructed in Lemma 5.3. Let �̃�′ be the character
obtain by extending �̃�◦𝜄 trivially to a character of N�̃�0

(𝑄). Using Corollary 2.4 we see that �̃�′ is
indeed a well-defined character and lies in the principal block of N�̃�0

(𝑄). By Lemma 5.4 we see
that the characters �̃� and �̃�′ satisfy condition (iv) of Theorem 6.4. Finally for condition (v) let
�̃�0 ∈ Irr((�̃�0)𝜒 ∣ 𝜒) and �̃�′

0
∈ Irr(N�̃�0

(𝑄)𝜒′ ∣ 𝜒′) be the Clifford correspondents of �̃� and �̃�′. By
construction bl(�̃�0) is a block below the principal block of �̃�0. However, the principal block of
(�̃�0)𝜒 is the unique block below the principal block of �̃�0. Hence, bl(�̃�0) lies in the principal
block of (�̃�0)𝜒 , and similarly, �̃�′

0
lies in the principal block of N�̃�0

(𝑄)𝜒′ . By Brauer’s second main
theorem it follows that bl(�̃�0) = bl(�̃�′

0
)(�̃�0)𝜒 and so condition (v) holds.

Assume finally that 𝑠0 is one of the exceptional cases in Proposition 3.3. By Corollary 4.9 it
follows that (�̃�0)𝜒 = 𝐺 Z(�̃�0). By Lemma 6.3 we can therefore define �̃�0, respectively, �̃�′

0
as the

unique extensions of 𝜒, respectively, 𝜒′ with Z(�̃�) in their kernel. From this it is clear that these
characters satisfy conditions (iv) and (v). □

7 THE REMAINING FINITE SIMPLE GROUPS

For the remaining blocks of finite simple groups the following criterion will be helpful.

Lemma 7.1. Let 𝑆 be a finite simple non-abelian group and 𝓁 a prime. Let 𝑏 be an 𝓁-block of the
universal covering group �̂� of 𝑆 with defect group 𝑄 such that Out(�̂�)𝑏 is cyclic. Assume that there
exists anAut(�̂�)𝑏-equivariant Alperin–McKay bijection 𝑓 ∶ Irr0(�̂�, 𝑏) → Irr0(N�̂�(𝑄), 𝐵) preserving
central characters of Z(�̂�) and that one of the following holds.

(i) All characters of Irr0(�̂�, 𝑏) have Z(�̂�) in their kernel.
(ii) Out(�̂�)𝑏 is an 𝓁-group.

Then the block 𝑏 is AM-good for 𝓁.

Proof. We check that the conditions in [28, Definition 4.4] are satisfied. Let 𝑋 ∶= �̂�∕(Ker(χ) ∩

Z(�̂�)). There exists an overgroup 𝑌 of 𝑋 such that 𝑌∕C𝑌(𝑋)𝑋 ≅ Out(𝑋)𝜒 and 𝑌∕𝑋 is cyclic.
Let 𝜒 ∈ Irr0(�̂�, 𝑏) and 𝜒′ ∶= 𝑓(𝜒) ∈ Irr0(N�̂�(𝑄), 𝐵) considered as characters of 𝑋, respectively,
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1599

N𝑋(𝑄). Assume that we are in case (i) so that 𝑋 = �̂�∕Z(�̂�) = 𝑆 is a simple non-abelian group.
We can therefore choose an overgroup 𝑌 with C𝑌(𝑋) = 1. There exist extensions �̃� ∈ Irr(𝑌 ∣ 𝜒)

and �̃�′ ∈ Irr(N𝑌(𝑄) ∣ 𝑓(𝜒)) such that bl(�̃�′)𝑌 = bl(�̃�). As C𝑌(𝑋) = 1, �̃� and �̃�′ lie over the same
central character of C𝑌(𝑋). In particular, we have

(𝑌, 𝑋, 𝜒) ⩾𝑏 (N𝑌(𝑄), N𝑋(𝑄), 𝑓(𝜒))

by [28, Proposition 4.4].
In case (ii) we observe that 𝑌∕C𝑌(𝑋)𝑋 is an 𝓁-group. In particular, every block of C𝑌(𝑋)𝑋

is covered by a unique block of 𝑌. By the proof of [28, Lemma 3.16] we find �̃� ∈ Irr(𝑌 ∣ 𝜒)

and �̃�′ ∈ Irr(N𝑌(𝑄) ∣ 𝑓(𝜒)) which lie above the same character of C𝑌(𝑋). In particular, we have
bl(Res

N𝑌(𝑄)

N𝑋(𝑄)C𝑌(𝑋)
(�̃�′))𝑌 = bl(�̃�). By [28, Proposition 4.4] this implies that

(𝑌, 𝑋, 𝜒) ⩾𝑏 (N𝑌(𝑄), N𝑋(𝑄), 𝑓(𝜒)).

In both cases, the Butterfly Theorem [28, Theorem 4.6] implies that the block 𝑏 is AM-good for
the prime 𝓁. □

We consider now the case excluded in Section 2.3. Together with Theorem 6.5 this completes
the proof of Theorem 1.3 from the introduction.

Lemma 7.2. The principal 2-block of 𝐺 ∈ {Sp2𝑛(𝑞),
3𝐷4(𝑞)} is AM-good for the prime 2 whenever 𝑞

is an odd power of an odd prime.

Proof. In our case Out(𝐺) is cyclic and every character of 2′-degree lies over the trivial character
of Z(𝐺). Moreover, Irr2′ (𝐺) = Irr0(𝐵0(𝐺)) by Remark 3.12. Let 𝑄 be a Sylow 2-subgroup of 𝐺. By
Lemma 4.1 there exists an Aut(𝐺)𝑄-equivariant bijection Irr2′ (𝐺) → Irr2′ (N𝐺(𝑄)) preserving the
underlying central characters of Z(𝐺). In particular, the principal block of 𝐺 is AM-good for the
prime 2 by Lemma 7.1. □

We say that a simple group 𝑆 is AM-good for the prime 2 if all 2-blocks of its universal covering
group are AM-good for the prime 2.

Lemma 7.3. Let 𝑆 be a simple group of Lie type defined over a field of characteristic 𝑝 ≠ 2 with
exceptional Schur multiplier. Then 𝑆 is AM-good for the prime 2.

Proof. As argued in [25, Proposition 14.8] it suffices to consider as 𝑆 the simple groups 2𝐴3(3) and
𝐵3(3). Let �̂� be the universal covering group of 𝑆. By [18, Theorem 4.1] there exists a McKay-good
bijection 𝑓 ∶ Irr2′ (�̂�) → Irr2′ (�̂�), where �̂� is the normaliser of a Sylow 2-subgroup of �̂�. The
distribution of 2-blocks of �̂� is known by [3]. We observe that for every character 𝜈 ∈ Irr(Z(�̂�))

of 2′-order there exists a unique 2-block 𝑏𝜈 of �̂� of maximal defect associated to it. Moreover,
as argued in the proof of [18, Theorem 4.1] we have that Out(�̂�)𝜈 is a cyclic 2-group for every
1 ≠ 𝜈 of 2′-order. The principal block is AM-good for the prime 2 by Theorem 6.5. As a McKay-
good bijection preserves central characters, we see that 𝑓 preserves the block decomposition. We
deduce that 𝑏𝜈, 𝜈 ≠ 1, is AM-good for the prime 2 by Lemma 7.1. In particular, by [3] the group
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1600 BROUGH and RUHSTORFER

2𝐴3(3) is AM-good for the prime 2, as all blocks with non-maximal defect are of central defect.
We are left to consider the three blocks 𝑏 of the universal covering group �̂� of 𝐵3(3) of defect 22.
Let 𝑏 be one of these blocks. We can use a proof similar to [25, Proposition 14.6]. An inspection
of [3] shows that | Irr0(𝑏)| = 22. Moreover, these characters have Z(�̂�)2 in their kernel. By [16,
Theorem 4.1] we deduce that the Brauer correspondent 𝐵 of 𝑏 has also exactly four height zero
characters which all have Z(�̂�)2 in their kernel. Let �̄� and �̄� be the images of the blocks 𝑏 and 𝐵
in the quotient �̂�∕𝑍(�̂�)3′ . As �̄� has defect 23 and precisely 5 ordinary characters (see [3]) its defect
group is isomorphic to the dihedral groupDih8, see [26, Theorem 8.1]. Using [25, Proposition 14.4,
Proposition 14.5] we deduce that there exists an Aut(�̂�′)-equivariant bijection Irr(�̄�) → Irr(�̄�).
Thus, 𝑏 is AM-good for the prime 2 by Lemma 7.1. □

Lemma 7.4. Let 𝑆 be a simple group of Lie type defined over a field of characteristic 𝑝. Then 𝑆 is
AM-good for the prime 𝑝.

Proof. Let �̂� be the universal covering group of 𝑆 and 𝐺 = �̂�∕𝑍(�̂�)𝑝. By [22, Theorem 9.10] there
exists a bijection between the set of𝑝-blocks of �̂� and the set of𝑝-blocks of𝐺.With this observation
the statement follows as in the proof of [27, Theorem 8.4]. □

8 CONSEQUENCES

In this section we derive some consequences of Theorem 6.5. We keep the notation and setup of
Section 2.3 but we make no restriction on the type of 𝐺.

Corollary 8.1. Assume that the root system of 𝐆 is of classical type. Then every 2-block of 𝐺 is AM-
good for the prime 2.

Proof. By Lemma 7.3 we can assume that 𝑆 ∶= 𝐺∕Z(𝐺) has non-exceptional Schur multiplier.
Observe that every subgraph of a Dynkin diagram of classical type is again of classical type.
According to [24, Theorem 3.12] it suffices to prove that all strictly quasi-isolated 2-blocks 𝑏 of
𝐺 are AM-good. Suppose first that 𝐆 is not of type 𝐴. Using the classification of quasi-isolated
elements in [1] together with [5, Theorem 21.14] we deduce that 𝑏 is the principal block of 𝐺. The
claim follows therefore from Theorem 6.5. Suppose therefore now that 𝐆 is of type 𝐴 and 𝑏 is a
quasi-isolated block of 𝐺. We go through the proof of [25, Theorem 12.2] and replace ‘Cabanes
subgroup of the defect group’ everywhere by ‘defect group’. All arguments apply directly to our
setup except for the reference to the proof of [24, Lemma 3.12] which in our situation must be
changed to the proof of [24, Lemma 3.10]. Hence, as in [25, Theorem 12.2] we can conclude that
it suffices to prove that all isolated 2-blocks (that is the principal 2-block) are AM-good for the
prime 2. This again follows from Theorem 6.5. □

Corollary 8.2. Suppose that the root system of 𝐆 is of exceptional type and let 𝑏 be a quasi-isolated
2-block of 𝐺 of maximal defect. Then 𝑏 is the principal block of 𝐺.

Proof. Suppose first that 𝑏 is a unipotent block of 𝐺. Then the claim of the corollary follows from
the description of defect groups given in [9]. Suppose now that 𝐺 is not of type 𝐸6. Any block of
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ON THE ALPERIN–MCKAY CONJECTURE FOR 2-BLOCKS OF MAXIMAL DEFECT 1601

maximal defect contains a character of 2′-degree. According to Remark 3.12 such characters lie in
a unipotent block.
Finally for𝐺 = 𝐸6(±𝑞) the non-unipotent quasi-isolated 2-blocks are given in [13, Table 3]. The

order of the defect group is bounded by |𝐶𝐺∗(𝑠)|2, see [13, Lemma 2.6(a)], where 1 ≠ 𝑠 ∈ 𝐺∗ is the
semisimple quasi-isolated element of 2′-order associated to the block 𝑏. Going through the list
given in [13] one checks that |𝐶𝐺∗(𝑠)|2 is always smaller than |𝐺|2. □

We can now complete the proof of Theorem 1.2 from the introduction.

Theorem 8.3. The Alperin–McKay conjecture holds for 2-blocks of maximal defect.

Proof. By [6, Proposition 2.5] it suffices to establish that every block 𝑏 of maximal defect of the
universal central extension of a finite simple non-abelian group 𝑆 is AM-good for the prime 2. As
explained in the proof of [25, Proposition 14.8], alternating groups, Suzuki and Ree groups and
sporadic groups are AM-good for the prime 2. By Lemma 7.3 and Lemma 7.4 we can therefore
assume that 𝑆 = 𝐺∕𝑍(𝐺), such that 𝐺 is a group of Lie type defined over a field of odd charac-
teristic and 𝐺 is the universal covering group of 𝑆. By Corollary 8.1 we can assume that 𝐺 is an
exceptional group of Lie type. By the main result of [24] we can assume that 𝑏 is a quasi-isolated
block. In this case the result follows from Corollary 8.2 and Theorem 6.5. □
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