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Abstract

Optimization problems constrained by partial differential equations (PDEs) play an
important role in many areas of science and engineering. They often arise in the
optimization of technological applications, where the underlying physical effects are
modeled by PDEs. This thesis investigates such problems in the context of shape
optimization and optimal control with microchannel systems as novel applications.
Such systems are used, e.g., as cooling systems, heat exchangers, or chemical reactors
as their high surface-to-volume ratio, which results in beneficial heat and mass trans-
fer characteristics, allows them to excel in these settings. Additionally, this thesis
considers general PDE constrained optimization problems with particular regard to
their efficient solution.
As our first application, we study a shape optimization problem for a microchannel

cooling system: We rigorously analyze this problem, prove its shape differentiabil-
ity, and calculate the corresponding shape derivative. Afterwards, we consider the
numerical optimization of the cooling system for which we employ a hierarchy of
reduced models derived via porous medium modeling and a dimension reduction
technique. A comparison of the models in this context shows that the reduced mod-
els approximate the original one very accurately while requiring substantially less
computational resources.
Our second application is the optimization of a chemical microchannel reactor for

the Sabatier process using techniques from PDE constrained optimal control. To
treat this problem, we introduce two models for the reactor and solve a parameter
identification problem to determine the necessary kinetic reaction parameters for
our models. Thereafter, we consider the optimization of the reactor’s operating
conditions with the objective of improving its product yield, which shows considerable
potential for enhancing the design of the reactor.
To provide efficient solution techniques for general shape optimization problems,

we introduce novel nonlinear conjugate gradient methods for PDE constrained shape
optimization and analyze their performance on several well-established benchmark
problems. Our results show that the proposed methods perform very well, making
them efficient and appealing gradient-based shape optimization algorithms.
Finally, we continue recent software-based developments for PDE constrained op-

timization and present our novel open-source software package cashocs. Our software
implements and automates the adjoint approach and, thus, facilitates the solution of
general PDE constrained shape optimization and optimal control problems. Particu-
larly, we highlight our software’s user-friendly interface, straightforward applicability,
and mesh independent behavior.
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Zusammenfassung

Optimierungsprobleme mit partiellen Differentialgleichungen (PDEs) spielen in vie-
len Bereichen der Wissenschaft und Technik eine wichtige Rolle. Sie treten oftmals
bei der Optimierung von technischen Anwendungen auf, bei denen die zugrunde
liegenden physikalischen Effekte durch PDEs beschrieben werden. Diese Arbeit un-
tersucht solche Probleme im Kontext der Formoptimierung und Optimalsteuerung
mit Mikrokanal-Systemen als neuartige Anwendungen. Solche Systeme werden z.B.
als Kühlsysteme, Wärmetauscher oder chemische Reaktoren verwendet, da sie sich
in diesen Situationen durch ihr hohes Oberflächen-zu-Volumen-Verhältnis auszeich-
nen, welches für vorteilhafte Wärme- und Massentransport-Charakteristiken sorgt.
Darüber hinaus betrachtet diese Arbeit allgemeine PDE-beschränkte Optimierungs-
probleme mit besonderem Hinblick auf ihre effiziente Lösung.
Als erste Anwendung untersuchen wir ein Formoptimierungsproblem für ein Mi-

krokanal-Kühlsystem: Wir untersuchen dieses Problem analytisch, beweisen seine
Form-Differenzierbarkeit und leiten die zugehörige Formableitung her. Im Anschluss
betrachten wir die numerische Optimierung des Kühlsystems mittels einer Hierar-
chie von reduzierten Modellen, welche wir durch Poröse-Medium-Modellierung und
eine Dimensionsreduzierungs-Methode herleiten. Ein Vergleich der Modelle in diesem
Kontext zeigt, dass die reduzierten Modelle das originale sehr genau approximieren
und dabei deutlich weniger numerische Ressourcen benötigen.
Unsere zweite Anwendung ist die Optimierung eines chemischen Mikrokanal-Reak-

tors für die Sabatier-Reaktion unter Verwendung von Techniken der PDE-beschränk-
ten Optimalsteuerung. Zur Behandlung dieses Problems führen wir zwei Modelle für
den Reaktor ein und lösen ein Parameteridentifizierungsproblem, um die notwen-
digen kinetischen Reaktionsparameter für unsere Modelle zu bestimmen. Danach
untersuchen wir die Optimierung der Betriebsbedingungen des Reaktors mit dem
Ziel, seinen Produktertrag zu verbessern, was großes Potential für die Verbesserung
des Reaktordesigns aufzeigt.
Um effiziente Lösungsmethoden für allgemeine Formoptimierungsprobleme bereit-

zustellen, führen wir neuartige nichtlineare CG-Verfahren für die PDE-beschränkte
Formoptimierung ein und analysieren ihr Verhalten auf mehreren etablierten Bench-
mark-Problemen. Unsere Ergebnisse zeigen, dass die vorgestellten Methoden sehr gut
funktionieren, was sie zu effizienten und attraktiven gradientenbasierten Formopti-
mierungsalgorithmen macht.
Schließlich führen wir aktuelle softwarebasierte Entwicklungen für die PDE-be-

schränkte Optimierung fort und präsentieren unser neues Open-Source-Software-
paket cashocs. Unsere Software implementiert und automatisiert den adjungierten
Ansatz und ermöglicht daher die Lösung allgemeiner PDE-beschränkter Formopti-
mierungs- und Optimalsteuerungs-Probleme. Dabei heben wir besonders das benut-
zerfreundliche Interface, die unkomplizierte Anwendbarkeit und die Gitterunabhän-
gigkeit unserer Software hervor.
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Chapter 1

Introduction

1.1 Motivation and Objective
Microchannel cooling systems and reactors, as well as other types of microchannel
systems, are widely used in various industrial applications: Microchannel cooling sys-
tems are used to control the temperature of small devices that emit a large amount
of heat over a small surface area, such as electronic equipment or chemical microre-
actors (see, e.g., [70, 99, 128, 178] and the references therein). Such cooling systems
are well-suited for these applications due to the following: Their large heat transfer
coefficients allow them to absorb great amounts of heat and facilitate their thermal
management. Furthermore, their low system inertia enables a safe and reliable op-
eration. Microchannel reactors also inherit these advantages and benefit from the
high surface-to-volume ratio of the microchannels since this yields a higher catalytic
activity and, hence, a better chemical performance (see, e.g., [47, 69, 170, 182] and
the references therein). Additionally, the microscopic dimensions of such reactors
enable the investigation of operating conditions that would otherwise be infeasible,
such as very high temperatures or concentrations. In this thesis, we investigate the
optimization of such microchannel systems using techniques from PDE constrained
shape optimization and optimal control.
In PDE constrained optimal control, the optimization variables are functions which

act, e.g., as a right-hand side, an initial condition, or a parameter of a PDE. This
setting gives rise to infinite-dimensional optimization problems in Banach spaces,
which can be treated by appropriate optimization algorithms. The general theoretical
foundations of these problems are well-understood, and a detailed introduction to
this topic can be found in, e.g., [25, 83, 176]. PDE constrained optimal control
problems have many applications in science and engineering: They are used, e.g., for
the optimization of semiconductors [30, 82, 140], glass cooling processes [139, 175],
and chemical reactors [15, 180], for the optimal control of surface hardening [87, 88]
and fluid flow [37, 80, 81], and for parameter identification in medical applications
[1, 102, 177]. In this thesis, we consider a novel application for PDE constrained
optimal control, namely the optimization of a chemical microchannel reactor, where
we use the Sabatier process as example. For this application, we investigate the
optimization of the reactor’s operating conditions with the objective of improving
its chemical performance, which shows great potential for improving the reactor’s
design.
In PDE constrained shape optimization, the objective is to optimize the geometry

of a domain, on which a PDE is posed, by altering its shape. To do so, one usually
employs one of the following two approaches. First, one can parametrize geomet-
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1 Introduction

rical properties of the domain, such as the shape of the boundary, which reduces
the optimization problem to a finite-dimensional one. This approach suffers from
the drawback that only shapes representable by the chosen parametrization can be
reached in the optimization. Alternatively, one can consider shape calculus to inves-
tigate the sensitivity of a shape functional J : A → R; Ω 7→ J(Ω), where A is the
set of all admissible geometries, w.r.t. infinitesimal, smooth variations of the domain
Ω ∈ A, which gives rise to infinite-dimensional optimization problems. We refer the
reader to, e.g., [38, 166] for a detailed introduction to this topic.

Shape optimization based on shape calculus has various applications: It is used,
e.g., for the shape design of aircrafts [64, 75, 105, 120, 154–156], automobiles [53,
132, 135–137], electromagnetic devices [59–61, 113, 163], acoustic horns [12, 157],
and polymer spin packs [86, 110–112]. It is also used to solve inverse problems in
image segmentation [42, 79] or electrical impedance tomography [16, 78, 109]. In
this thesis, we explore a novel application for PDE constrained shape optimization,
namely the shape optimization of a microchannel cooling system. We first investi-
gate this problem analytically, proving its shape differentiability and calculating the
corresponding shape derivative. Subsequently, we consider a numerical shape opti-
mization of the cooling system for which we derive a hierarchy of reduced models
using a dimension reduction technique and porous medium modeling. A comparison
of the reduced models shows that they capture all relevant physical effects and yield
analogous results for the shape optimization, while being significantly more efficient.

There have been many recent advancements regarding the development, modifi-
cation, and analysis of shape optimization algorithms, e.g., in [158, 159, 161], where
Newton and quasi-Newton methods for shape optimization are proposed and ana-
lyzed, in [49, 91], where restricted mesh deformations and nearly conformal mappings
are considered to facilitate the numerical solution of shape optimization problems,
and in [84], where the numerical approximation of shape derivatives is considered in
the finite element context. In this thesis, we continue these developments and propose
novel nonlinear conjugate gradient methods for PDE constrained shape optimization
based on the Steklov-Poincaré-type metrics introduced in [161]. Our investigation
of these methods on several well-established benchmark problems shows that they
work very well in practice, outperform the gradient descent method considerably,
and provide results comparable to quasi-Newton methods for shape optimization.

In shape optimization, only the boundaries of the geometry under consideration
are subjected to the optimization, whereas its topology cannot be changed. This is
in contrast to the situation in the related discipline of topology optimization, where a
geometry’s topology is subjected to the optimization. Similarly to before, a topology
optimization can be either performed by employing parametrizations or by means of
a topological sensitivity analysis, which computes the sensitivity of a shape functional
w.r.t. the insertion of an infinitesimally small hole in the domain. However, we note
that the topic of topology optimization is beyond the scope of this thesis and refer
the reader to, e.g., [131] for more information on this topic.
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1.1 Motivation and Objective

For the numerical treatment of PDE constrained optimization problems the ques-
tion arises whether one should first discretize the optimization problems and then
optimize them, or the other way around. The former approach is known as “first dis-
cretize, then optimize” or discrete adjoint approach, and the latter is known as “first
optimize, then discretize” or continuous adjoint approach. The discrete adjoint ap-
proach has the following advantages: The optimization problem is finite-dimensional
after its discretization, so that well-established techniques from nonlinear optimiza-
tion can be used to analyze and solve the problem. Moreover, the numerical solution
of the problems with the discrete adjoint approach can be facilitated by using auto-
matic differentiation to compute derivatives of the discretized cost functional (see,
e.g., [71]). A major drawback of this approach is that there is no general a-priori
guarantee that the solutions of the discretized problem converge to the ones of the
infinite-dimensional problem for successively finer discretizations. Furthermore, this
can also cause the numerical solution of the problems to become increasingly harder,
i.e., the same optimization algorithm applied to finer discretizations of the problem
often needs more and more iterations to solve it (cf. [162]).
On the other hand, the “first optimize, then discretize” approach derives optimal-

ity conditions and algorithms in the infinite-dimensional setting. These are only dis-
cretized afterwards, so that the resulting numerical solution method is a discretization
of an infinite-dimensional optimization algorithm. This allows for an intricate anal-
ysis and a strong relationship between the discretized and the continuous problems.
Moreover, this approach can result in mesh independent behavior, i.e., for sufficiently
fine discretizations, the solution algorithm needs the same amount of iterations to
solve the problems regardless of the chosen discretization. The major drawback of
this approach is that its derivation and analysis is much more involved compared
to the “first discretize, then optimize” approach. In this thesis, we focus mainly on
the “first optimize, then discretize” approach as it facilitates a rigorous theoretical
investigation of the optimization problems. Moreover, we present our open-source
software package cashocs, which is a software for the automated solution of PDE
constrained shape optimization and optimal control problems. In our software, we
implement a novel approach of using automatic differentiation only to derive the
adjoint systems and (shape) derivatives of the optimization problems, whereas we
discretize the continuous adjoint approach in all remaining aspects. Furthermore, we
showcase our software’s user-friendly interface and effortless applicability as well as
its mesh independent behavior.
To summarize, the main contributions of this thesis are the following.

• The development of novel nonlinear conjugate gradient methods for PDE con-
strained shape optimization, based on the Steklov-Poincaré-type metrics from
[161], and their investigation on well-established benchmark problems.

• The rigorous analysis of a shape optimization problem for a microchannel cool-
ing system, where the PDE constraint is based on a Stokes system coupled to
a convection-diffusion equation.
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1 Introduction

• The derivation and comparison of several reduced models for microchannel
systems, using porous medium modeling and a dimension reduction technique.

• The numerical shape optimization of a microchannel cooling system and a
comparison of the reduced models in this context.

• The modeling and numerical optimization of a microchannel reactor by means
of parameter identification and optimal control problems.

• The development of the open-source software package cashocs, which discretizes
and automates the adjoint approach for solving general PDE constrained shape
optimization and optimal control problems.

1.2 Structure of the Thesis
In the first part of this thesis, i.e., in Chapters 2 to 4, we focus on general aspects of
PDE constrained shape optimization and optimal control.
In Chapter 2, we introduce the necessary preliminaries for this thesis: We present

the commonly used notations in Section 2.1. In Section 2.2, we recapitulate the
theory of optimal control problems as well as the adjoint approach for solving them.
Furthermore, we recall shape optimization problems and the techniques used to treat
them in Section 2.3. These include shape calculus as well as the recent averaged ad-
joint approach from [168]. For both classes of PDE constrained optimization prob-
lems, we present examples which illustrate how these techniques can be applied in
practice.
Chapter 3 introduces our open-source software package cashocs which implements

and automates the adjoint approach for solving PDE constrained shape optimization
and optimal control problems. In particular, we discuss its architecture and function-
alities in Section 3.2. Furthermore, we show how cashocs can be used to solve PDE
constrained optimization problems using the model examples of Chapter 2, and we
also investigate the mesh independent behavior of our software numerically in Sec-
tion 3.3. Note, that we use cashocs to solve the optimization problems considered in
Chapters 4 and 7.
In Chapter 4, we present novel nonlinear conjugate gradient (NCG) methods for

PDE constrained shape optimization, which are based on the Steklov-Poincaré-type
metrics introduced in [161]. To do so, we briefly recall the Riemannian view on shape
optimization from [159] as well as the Steklov-Poincaré-type metrics from [161] in
Section 4.2. Subsequently, we present the NCG methods in a general algorithmic
framework for solving shape optimization problems in Section 4.3, which includes
the gradient descent, limited memory BFGS, and NCG methods as special cases.
Finally, we investigate the performance of the proposed NCG methods numerically
in Section 4.4, where we compare them to the gradient descent and L-BFGS methods
on several well-established benchmark problems using our software package cashocs.

4



1.2 Structure of the Thesis

Our results show that the NCG methods are efficient and well-performing gradient-
based shape optimization algorithms.
Following the rather general considerations of PDE constrained optimization dis-

cussed previously, we then turn our attention to the application of these techniques
to microchannel systems in the second part of this thesis, i.e., in Chapters 5 to 7.
Chapter 5 is devoted to the investigation of the theoretical aspects of a shape opti-

mization problem for a microchannel cooling system. We present a three-dimensional
model for the cooling system as well as the corresponding shape optimization problem
in Section 5.2. Subsequently, we prove the well-posedness of the model in the context
of the shape optimization in Section 5.3. The latter is a crucial ingredient for the
investigation of the problem’s shape differentiability, which we rigorously analyze in
Section 5.4 using the averaged adjoint approach from [168] presented in Section 2.3.
Our theoretical results from Chapter 5 facilitate the numerical investigation of the

shape optimization problem for the microchannel cooling system, which we examine
in Chapter 6. There, we first introduce three reduced models for the cooling system,
which are derived using a homogenization of the microchannel geometry as well as a
dimension reduction technique that transforms the three-dimensional models to two-
dimensional ones in Sections 6.3 to 6.5. We adapt the optimization problem to these
models using analogous techniques and present the corresponding shape derivatives
and adjoint systems. Finally, we carry out a numerical investigation of the problems:
In Section 6.6 we compare the reduced models to the original one from Chapter 5.
Subsequently, we solve the corresponding shape optimization problems for all models
and compare the reduced models in this context in Section 6.7. Our results show
that the reduced models capture all important physical effects properly and that
they approximate the one from Chapter 5 very well, while being substantially more
efficient.
In Chapter 7, we consider the optimization of a microchannel reactor with tech-

niques from PDE constrained optimal control for the example of the Sabatier process.
Similarly to before, we first present our model of the microchannel reactor and the
corresponding chemically reacting flow and also introduce a reduced one-dimensional
model of the reactor in Section 7.2. We then derive necessary kinetic reaction param-
eters from the experiments carried out in [45, 46] using a parameter identification
problem which we solve numerically with our software cashocs in Section 7.3. Fi-
nally, we consider the optimization of the microchannel reactor by means of solving
optimal control problems in Section 7.4. Again, we use cashocs for the numerical
solution of the problems and, afterwards, discuss the realizability of our results in
practice. The obtained results show great potential for improving the design of the
microchannel reactor.
Finally, we conclude this thesis in Chapter 8, where we present a summary of our

results in Section 8.1 and address possibilities for future research in Section 8.2.
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Chapter 2

Basics of PDE Constrained Optimization

In this chapter, we introduce the necessary preliminaries and theoretical background
for this thesis. In Section 2.1, the notations used in this thesis are listed. In Sec-
tion 2.2, we recall optimal control problems and the corresponding adjoint approach.
Finally, in Section 2.3, we present PDE constrained shape optimization problems
and the theoretical foundations used to treat them, which includes shape calculus
and the averaged adjoint approach of [168].

2.1 Preliminaries and Notations
In the following, we give an overview of the notations used throughout this thesis.

Sets and geometry:

Unless stated otherwise, Ω is assumed to be a bounded domain with Lipschitz bound-
ary Γ := ∂Ω. Furthermore, n denotes the outer unit normal vector on Γ.

N set of natural numbers, including zero
Rd Euclidean space of dimension d
Sd−1 unit sphere in Rd

D hold-all domain, D ⊂ Rd, which is assumed to be a bounded
Lipschitz domain in case D 6= Rd

Linear Algebra:

Let A and B be matrices, and let x and y be vectors.

A> transpose of A
A−1 inverse of A
det(A) determinant of A
tr(A) trace of A
A : B Frobenius inner product of A and B; A : B = tr(A>B)
Ax action of A on x
x · y scalar product of x and y; x · y = x>y

I identity matrix

7



2 Basics of PDE Constrained Optimization

Banach and Hilbert spaces:

Let B and C be Banach spaces and H be a Hilbert space.

||·||B norm in B
(f, g)H inner product of f ∈ H and g ∈ H
L(B;C) linear and continuous mappings from B to C
B∗ topological dual space of B; B∗ = L(B;R)
〈ϕ, x〉B∗,B duality pairing of ϕ ∈ B∗ and x ∈ B
B ↪→ C continuous embedding of B into C
e∗ adjoint operator of e ∈ L(B;C); 〈e[x], ψ〉C,C∗ = 〈x, e∗[ψ]〉B,B∗

for x ∈ B and ψ ∈ C∗

Function Spaces:

C(Ω;Rd) continuous functions from Ω to Rd

Ck(Ω;Rd) set of k-times continuously differentiable functions from Ω to
Rd; C0(Ω;Rd) = C(Ω;Rd)

Ck
0 (Ω;Rd) set of Ck(Ω;Rd)-functions with compact support in Ω

Lp(Ω) set of p-integrable Lebesgue functions on Ω for p ∈ [1,∞)
L∞(Ω) set of essentially bounded Lebesgue functions on Ω
Wm,p(Ω) Sobolev space of order m for the power p
Wm,p(Ω)d vector valued Sobolev space of order m for the power p with

values in Rd; Wm,p(Ω)1 = Wm,p(Ω)
Wm,p

0 (Ω) set of Wm,p(Ω)-functions whose weak derivatives up to order
m− 1 vanish on Γ

Hm(Ω) Hm(Ω) = Wm,2(Ω);H0(Ω) = L2(Ω)
Hm(Ω)d Hm(Ω)d = Wm,2(Ω)d

Hm
0 (Ω) Hm

0 (Ω) = Wm,2
0 (Ω)

H−1(Ω) H−1(Ω) = (H1
0 (Ω))∗

Calculus:

dx volume measure in Ω
ds surface measure on Γ
∂uf or fu Fréchet derivative of f
∂uf(u∗)[h] application of the Fréchet derivative ∂uf at u∗ to some h
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Dv Jacobian of v
∂
∂n
f or ∂nf normal derivative of f on Γ; ∂nf = Df n

∇ gradient operator
ε symmetric part of the Jacobian; ε(v) = 1/2

(
Dv +Dv>

)
div divergence operator
divΓ tangential divergence on Γ; divΓ (v) = div (v)− (Dv n)n
∆ Laplace operator
limt↘0 one-sided limit where t approaches 0 from the right
f ′(0+) f ′(0+) = limt↘0 1/t (f(t)− f(0))

Physical and Chemical Parameters

µ dynamic viscosity; SI unit: Pa s
ρ density; SI unit: kg/m3

Cp specific heat capacity; SI unit: J/(kg K)
κ thermal conductivity; SI unit: W/(m K)
α heat transfer coefficient; SI unit: W/(m2 K)
hfs interfacial heat transfer coefficient; SI unit: W/(m3 K)
K permeability; SI unit: m3

Dk,mix mixture averaged diffusion coefficient
Dk,j binary diffusion coefficient between species k and j
V c correction velocity
M average molar mass
R universal gas constant; R = 8.314 462 618 153 24 J/(K mol)
ν stoichiometric coefficient
kf forward rate constant
kb backward rate constant
keq equilibrium constant; keq = kf

kb

patm atmospheric pressure; patm = 101 325 Pa
n empirical exponent
Ea activation energy; SI unit: J/mol
A pre-exponential factor
h specific enthalpy; SI unit: J/kg
s specific entropy; SI unit: J/(kg K)
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Miscellaneous

id identity mapping
χA characteristic function of some set A
C generic, positive constant, possibly taking different values

everywhere it appears
C(α) generic, positive constant depending on a parameter α

2.2 Optimal Control Problems
Let us now take a look at PDE constrained optimal control problems. In this section,
we recall their basic structure as well as the adjoint approach, which facilitates their
solution. Moreover, we also state some theoretical results concerning the existence
and uniqueness of minimizers for such problems. Note, that a detailed introduction
to these topics can be found, e.g., in [25, 83, 176].

2.2.1 General Form of PDE Constrained Optimal Control
Problems

The general form of a PDE constrained optimal control problem is the following
min
y,u
J (y, u)

subject to
e(y, u) = 0,
u ∈ Uad ⊂ U,

y ∈ Yad ⊂ Y,

(2.1)

where u and y are the so-called control and state variables that are part of the control
space U and the state space Y , respectively. Further, J : Y × U → R is the cost
functional, and e : Y ×U → Z∗ is an operator between Banach spaces that models the
PDE constraint. In particular, the so-called state equation e(y, u) = 0 is equivalent
to

Find y ∈ Y such that
〈e(y, u), z〉Z∗,Z = 0 for all z ∈ Z. (2.2)

Note, that (2.2) often corresponds to a variational form of a PDE. Finally, Uad ⊂ U
and Yad ⊂ Y are the sets of admissible controls and states, respectively, which are
used to model additional control and state constraints for the problem.
We assume that the state equation (2.2) has a unique solution y(u) ∈ Y for every

u ∈ U so that e(y(u), u) = 0 for all u ∈ U . This assumption allows us to define the
so-called reduced cost functional J : U → R via

J(u) = J (y(u), u). (2.3)

10
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Thus, we have formally eliminated the PDE constraint and can consider the following
equivalent reduced optimization problem

min
u

J(u)

subject to
u ∈ Uad,

y(u) ∈ Yad.

Example. As a model example for such a PDE constrained optimal control problem
we consider the following one, which is treated in, e.g., [83, 176]

min
y,u
J (y, u) = 1

2

∫
Ω
|y − yd|2 dx+ λ

2

∫
Ω
|u|2 dx

subject to
−∆y = u in Ω,

y = 0 on Γ,
u ∈ Uad.

(2.4)

Here, we use the control space U = L2(Ω), the set of admissible controls Uad ⊂ U is
assumed to be weakly closed and convex, and Ω is a bounded Lipschitz domain. The
first term of the cost functional is given by a tracking-type term which measures the
distance between the state variable y and a desired state yd ∈ L2(Ω), and the second
term is a Tikhonov regularization term with regularization parameter λ > 0. The
PDE constraint for this problem is given by a Poisson equation with homogeneous
Dirichlet boundary conditions, where the control variable enters as a distributed
right-hand side. Its weak form reads

Find y ∈ H1
0 (Ω) such that∫

Ω
∇y · ∇z dx−

∫
Ω
uz dx = 0 for all z ∈ H1

0 (Ω).
(2.5)

From weak solution theory for PDEs (see, e.g., [50]), we know that (2.5) has a
unique solution y = y(u) ∈ H1

0 (Ω) for every u ∈ L2(Ω). This allows us to define the
reduced cost functional J as before

J(u) = J (y(u), u),

so that we can consider the following reduced optimization problem

min
u

J(u)

subject to
u ∈ Uad,

which is equivalent to (2.4).
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2.2.2 Existence and Uniqueness of Optimal Controls
Let us now recall some theoretical results concerning the existence and uniqueness
of minimizers for problem (2.1). To do so, we first need the following definition.

Definition 2.1. We say that a functional F : U ⊃ Uad → R is coercive if

||u||U →∞ ⇒ F (u)→∞.

We introduce the following assumptions, which are required for the investigation
of existence and uniqueness of minimizers for (2.1).

Assumption 2.2.

(1) The set of admissible controls Uad ⊂ U is a nonempty, weakly closed subset of
a reflexive Banach space U .

(2) The set of admissible states Yad ⊂ Y is a nonempty, weakly closed subset of a
reflexive Banach space Y , so that (2.1) has a feasible point.

(3) The state equation e(y, u) = 0 has a bounded solution operator Uad → Y ; u 7→
y(u).

(4) The operator e : Y × U → Z∗ is weakly continuous.

(5) The cost functional J : Y × Uad → R is weakly sequentially lower semicontin-
uous.

Now, the following theorem answers the question of existence of minimizers for
problem (2.1).

Theorem 2.3. Let Assumption 2.2 hold. Additionally, let either J be coercive w.r.t.
u or let Uad be bounded. Then, problem (2.1) has an optimal solution (y∗, u∗) ∈
Yad × Uad.

Proof. The proof can be found in [83].

Regarding the question of uniqueness of a minimizer, we have the following well-
known result from convex analysis (see, e.g., [83]).

Theorem 2.4. Let part (3) of Assumption 2.2 hold, and let Uad and Yad be convex.
If the reduced cost functional J(u) = J (y(u), u) of problem (2.1) is convex, then
every local minimizer of (2.1) is also a global minimizer. Moreover, if J is strictly
convex, then there exists at most one global minimizer of (2.1).

Remark. For our model problem (2.4) it is easy to see that Assumption 2.2 is
satisfied (cf. [83, 176]). Moreover, due to the fact that the regularization parameter
λ is positive, the reduced cost functional J is coercive and even strictly convex
(cf. [83, 176]). Hence, Theorems 2.3 and 2.4 imply that (2.4) admits a unique global
minimizer.
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2.2.3 The Adjoint Approach
Let us now recall the adjoint approach for PDE constrained optimal control problems.
For a detailed introduction to this topic we refer the reader to, e.g., the textbooks
[83, 176]. Note, that in this section, we do not consider the case of state constraints,
i.e., we use Yad = Y .
Our goal is to efficiently compute the gradient of the reduced cost functional J ′(u)

from (2.3) which is to be used as part of derivative-based optimization algorithms
for solving (2.1). To do so, we need the following assumption (cf. [83]).

Assumption 2.5.

(1) The set of admissible controls Uad is nonempty, convex, and closed.

(2) Both J : Y ×U → R and e : Y ×U → Z∗ are continuously Fréchet differentiable,
and U , Y , and Z are Banach spaces.

(3) For all u ∈ V in a neighborhood V ⊂ U of Uad, the state equation e(y, u) = 0
has a unique solution y = y(u) ∈ Y .

(4) The operator ey(y(u), u) ∈ L(Y ;Z∗) has a bounded inverse for all u ∈ V ⊃ Uad.

Under these assumptions, the implicit function theorem ensures that the mapping
V → Y ; u 7→ y(u) is continuously Fréchet differentiable (cf. [83]).
To calculate the gradient of the reduced cost functional, we now derive the neces-

sary equations using a Lagrange approach. We introduce an adjoint variable p ∈ Z
for the state equation (2.2) and set up a Lagrangian function L : Y × U × Z → R
corresponding to (2.1) as follows

L (y, u, p) = J (y, u) + 〈e(y, u), p〉Z∗,Z .

If we insert y = y(u) into the Lagrangian, the PDE constraint vanishes and we have

L (y(u), u, p) = J (y(u), u) + 〈e(y(u), u), p〉Z∗,Z = J(u) for all p ∈ Z.

Hence, differentiating the Lagrangian at (y(u), u, p) w.r.t. u yields

〈J ′(u), v〉U∗,U =
〈
d

du
L (y(u), u, p), v

〉
U∗,U

= 〈Ly(y(u), u, p), y′(u)[v]〉Y ∗,Y + 〈Lu(y(u), u, p), v〉U∗,U .
(2.6)

The main idea of the adjoint approach is now to choose p = p(u) ∈ Z so that
Ly(y(u), u, p) = 0, i.e.,

〈Ly(y(u), u, p), q〉Y ∗,Y = 0 for all q ∈ Y.
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This equation can be rewritten as

0 = 〈Ly(y(u), u, p), q〉Y ∗,Y
= 〈Jy(y(u), u), q〉Y ∗,Y + 〈ey(y(u), u)[q], p〉Z∗,Z
=
〈
Jy(y(u), u) + e∗y(y(u), u)[p], q

〉
Y ∗,Y

for all q ∈ Y,

and we note that the use of the adjoint operator e∗y (and later also e∗u) gives the
adjoint approach its name. In particular, the above equation can be interpreted as

Find p ∈ Z such that〈
e∗y(y(u), u)[p], q

〉
Y ∗,Y

= −〈Jy(y(u), u), q〉Y ∗,Y for all q ∈ Y. (2.7)

As for the state equation, we assume that the adjoint equation (2.7) is well-posed,
and its solution p = p(u) ∈ Z is called the adjoint state w.r.t. u. Note, that the
adjoint equation (2.7) is always a linear equation, usually simplifying its numerical
solution significantly compared to the possibly nonlinear state equation.
Inserting p = p(u) into (2.6) reveals
〈J ′(u), v〉U∗,U = 〈Ly(y(u), u, p(u)), y′(u)[v]〉Y ∗,Y + 〈Lu(y(u), u, p(u)), v〉U∗,U

= 〈Lu(y(u), u, p(u)), v〉U∗,U
= 〈Ju(y(u), u), v〉U∗,U + 〈eu(y(u), u)[v], p(u)〉Z∗,Z
= 〈Ju(y(u), u) + e∗u(y(u), u)[p(u)], v〉U∗,U for all v ∈ U.

(2.8)

However, note that (2.8) only specifies the derivative of the reduced cost functional,
i.e., an element of U∗. In case that U is a Hilbert space, we can use the Riesz
representation theorem (see, e.g., [6]) to identify the derivative with the gradient of
the reduced cost functional, which is then given by

J ′(u) = Ju(y(u), u) + e∗u(y(u), u)[p(u)] ∈ U.

In summary, to compute the gradient of the reduced cost functional (2.3) for a given
u ∈ U , we solve the state equation (2.2) to obtain the state variable y(u) and then
solve the adjoint equation (2.7) to determine the adjoint variable p(u). If U is a
Hilbert space, we calculate the gradient J ′(u) using a Riesz projection as discussed
above.
Finally, the adjoint approach also gives rise to the following first order necessary

conditions.
Theorem 2.6. Let (y∗, u∗) be an optimal solution of problem (2.1) (with Yad = Y )
and let Assumption 2.5 hold. Then, there exists an adjoint state p∗ ∈ Z so that the
following optimality conditions hold

u∗ ∈ Uad,

Lp(y∗, u∗, p∗) = 0,
Ly(y∗, u∗, p∗) = 0,
〈Lu(y∗, u∗, p∗), u− u∗〉U∗,U ≥ 0 for all u ∈ Uad.
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These conditions can also be equivalently expressed as

u∗ ∈ Uad, (2.9)
e(y∗, u∗) = 0, (2.10)
e∗y(y∗, u∗)[p∗] = −Jy(y∗, u∗), (2.11)
〈Ju(y∗, u∗) + e∗u(y∗, u∗)[p∗], u− u∗〉U∗,U ≥ 0 for all u ∈ Uad. (2.12)

Proof. The proof can be found in [83].

Remark. Note, that we have the following interpretation of the first order necessary
conditions. The first equation, (2.9), states that the optimal control u∗ has to be
feasible for the optimization problem. Next, (2.10) and (2.11) imply that y∗ = y(u∗)
is the solution of the state equation (2.2) and that p∗ = p(u∗) is the solution of the
adjoint equation (2.7). Finally, due to (2.8) we have that (2.12) is equivalent to the
variational inequality

〈J ′(u∗), u− u∗〉U∗,U ≥ 0 for all u ∈ Uad.

If we have that Uad = U and that U is a Hilbert space, we see that this reduces to
the well-known first order necessary condition

J ′(u∗) = 0.

Example. For our model problem (2.4), the Lagrangian looks as follows

L (y, u, p) = 1
2

∫
Ω
|y − yd|2 dx+ λ

2

∫
Ω
|u|2 dx+

∫
Ω
∇y · ∇p dx−

∫
Ω
up dx.

It is indeed straightforward to see that all involved terms are Fréchet differentiable as
they are either linear and bounded, or are norms in Hilbert spaces, both of which are
Fréchet differentiable (cf. [83]). For this reason, we can now use the adjoint approach
to derive the gradient of the reduced cost functional J . Doing so reveals that the
adjoint equation corresponding to (2.4) is given by

Find p ∈ H1
0 (Ω) such that∫

Ω
∇p · ∇q dx = −

∫
Ω

(y − yd)q dx for all q ∈ H1
0 (Ω).

(2.13)

If the solution p ∈ H1
0 (Ω) of (2.13) is sufficiently smooth, we see that it satisfies the

following strong formulation

−∆p = −(y − yd) in Ω,
p = 0 on Γ.

Since U = L2(Ω) is a Hilbert space, the gradient of the reduced cost functional
can then be determined from

(J ′(u), v)L2(Ω) = (λu− p, v)L2(Ω) for all v ∈ L2(Ω),

15



2 Basics of PDE Constrained Optimization

so that we end up with
J ′(u) = λu− p ∈ L2(Ω).

Finally, the first order necessary conditions for (y∗, u∗) being a solution of prob-
lem (2.4) (cf. Theorem 2.6) are given by

u∗ ∈ Uad, y
∗ ∈ H1

0 (Ω), p∗ ∈ H1
0 (Ω),∫

Ω
∇y∗ · ∇z dx =

∫
Ω
u∗z dx for all z ∈ H1

0 (Ω),∫
Ω
∇p∗ · ∇q dx = −

∫
Ω

(y∗ − yd) q dx for all q ∈ H1
0 (Ω),∫

Ω
(λu∗ − p∗) (u− u∗) dx ≥ 0 for all u ∈ Uad.

2.3 Shape Optimization Problems
In this section, we discuss the theoretical foundations for analyzing shape optimiza-
tion problems. We introduce the notion of shape differentiability using the speed
method and then present the averaged adjoint approach of [168], which we use in
Chapters 5 and 6 to calculate the shape derivatives for our problems. Note, that a
detailed introduction to shape optimization can be found in, e.g., [38, 166].

2.3.1 General Form of PDE Constrained Shape Optimization
Problems

A general PDE constrained shape optimization problem can be written in the form

min
Ω,u

J (Ω, u)

subject to
e(Ω, u) = 0,
Ω ∈ A,

where u is the state variable that lies in the state space U(Ω), and J is a cost func-
tional which is to be optimized over a set of admissible geometries A ⊂ { Ω ⊂ D },
for some hold-all domain D ⊂ Rd. Furthermore, e(Ω, ·) : U(Ω) → V (Ω)∗ is an op-
erator between Banach spaces that models the state equation given on the domain
Ω ∈ A, which we interpret in the weak form

Find u ∈ U(Ω) such that
〈e(Ω, u), v〉V (Ω)∗,V (Ω) = 0 for all v ∈ V (Ω).

As before, we assume that the state equation admits a unique solution u = u(Ω)
so that e(Ω, u(Ω)) = 0 for all Ω ∈ A. Hence, we can introduce the reduced cost
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functional J(Ω) = J (Ω, u(Ω)) and consider the equivalent reduced problem

min
Ω

J(Ω)

subject to
Ω ∈ A.

(2.14)

Remark. Note, that in contrast to PDE constrained optimal control problems, which
we considered in Section 2.2, now the domain Ω, on which the PDE constraint is
posed, plays the role of the optimization variable. For this reason, the analysis of
shape optimization problems is a lot more involved as we do not have an underlying
Banach space structure which we could exploit.

Example. As a model example for a shape optimization problem, we consider the
following one from [49]

min
Ω,u

J (Ω, u) =
∫

Ω
u dx

subject to
−∆u = f in Ω,

u = 0 on Γ,
Ω ∈ A,

(2.15)

where the set of admissible geometries is given by

A = { Ω ⊂ D | Ω is a bounded Lipschitz domain } ,

for some hold-all domain D ⊂ Rd. The state equation for this problem is, as in
Section 2.2, given by a Poisson problem, whose weak formulation reads

Find u ∈ H1
0 (Ω) such that∫

Ω
∇u · ∇v dx =

∫
Ω
fv dx for all v ∈ H1

0 (Ω).
(2.16)

Note, that we assume that f ∈ H1(D), which is needed to ensure that the shape
derivative exists (cf. [38]). Due to the Lax-Milgram lemma (see, e.g., [50]), we know
that (2.16) has a unique weak solution u = u(Ω) for any bounded Lipschitz domain
Ω, in particular, for all Ω ∈ A. Hence, problem (2.15) can be recast into the form
(2.14) with J(Ω) = J (Ω, u(Ω)).

2.3.2 Shape Calculus
In Section 2.2 we have seen that we can treat optimal control problems, under suit-
able assumptions, with the adjoint approach. To do so, the involved mappings had
to be differentiable w.r.t. the control variable. To mimic this approach for shape
optimization problems, we use shape calculus to define a concept of differentiability
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w.r.t. the shape of a domain. Throughout this section, we consider a general bounded
domain Ω ⊂ Rd, d ∈ N, d ≥ 2, with Lipschitz boundary Γ = ∂Ω.
The speed method considers the transformation of Ω under the flow of a vector

field V . In particular, let V ∈ Ck
0 (D;Rd) for k ≥ 1. The evolution of a point x ∈ Ω

under the flow of V is defined as the solution of the following initial value problem

ẋ(t) = V(x(t)),
x(0) = x.

(2.17)

From classical ODE theory (see, e.g., [40, 174]) we know that (2.17) has a unique
solution x(t) for all t ∈ [0, τ ] if τ > 0 is sufficiently small. The flow of V is then
defined by

ΦVt : D → D;
x 7→ ΦVt (x) = x(t),

which is a diffeomorphism for all t ∈ [0, τ ] (see, e.g., [38]). Throughout the rest of
this thesis, we drop the dependence on the vector field V and only write Φt = ΦVt .
Let us now introduce the shape derivative, following [38, Chapter 9, Definition 3.4].

Definition 2.7. Let τ > 0 be sufficiently small, S ⊂ {Ω ⊂ D }, J : S → R, and
Ω ∈ S. Further, let V ∈ Ck

0 (D;Rd) for k ≥ 1, and let Φt be the flow associated to V .
Additionally, we assume that Φt(Ω) ∈ S for all t ∈ [0, τ ].
We say that the shape functional J has a Eulerian semi-derivative at Ω in direction
V if the following limit exists

dJ(Ω)[V ] := lim
t↘0

J(Φt(Ω))− J(Ω)
t

= d

dt
J(Φt(Ω))

∣∣∣∣∣
t=0+

.

Moreover, let Ξ be a topological vector subspace of C∞0 (D;Rd). We call J shape
differentiable at Ω w.r.t. Ξ if it has a Eulerian semi-derivative at Ω in all directions
V ∈ Ξ and, additionally, the mapping

dJ(Ω) : Ξ→ R;
V 7→ dJ(Ω)[V ]

is linear and continuous. In this case, we call dJ(Ω)[V ] the shape derivative of J at
Ω w.r.t. Ξ in direction V ∈ Ξ.

Remark. The subspace Ξ in the previous definition is needed to incorporate addi-
tional geometrical constraints of the optimization problem (2.14) into the definition
of the shape derivative, namely that we minimize over all geometries Ω ∈ A (cf. Sec-
tion 5.3.1).

Let us now repeat some basic results from shape calculus needed later on.

Lemma 2.8. Let τ > 0 be sufficiently small, V ∈ Ck
0 (D;Rd) with k ≥ 1, and Φt be

its associated flow.
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(1) The mapping
ξ : [0, τ ]→ C(D;R);

t 7→ ξ(t) := det (DΦt)

is continuously differentiable and we have

ξ(0) = 1 and ξ′(0+) = div (V) in C(D;R).

(2) The mapping
ω : [0, τ ]→ C(D;R);

t 7→ ω(t) := ξ(t)
∣∣∣DΦ−>t n

∣∣∣
is continuously differentiable and it holds that

ω(0) = 1 and ω′(0+) = divΓ (V) in C(D;R).

(3) The mapping
A : [0, τ ]→ C(D;Rd×d);

t 7→ A(t) := ξ(t)DΦ−1
t DΦ−>t

is continuously differentiable with

A(0) = I and A′(0+) = div (V) I − 2 ε(V) in C(D;Rd×d).

(4) The mapping
B : [0, τ ]→ C(D;Rd×d);

t 7→ B(t) := ξ(t)DΦ−>t
is continuously differentiable and we have

B(0) = I and B′(0+) = div (V) I −DV> in C(D;Rd×d).

Proof. The proof follows from results given in [166, Chapters 2.15 and 2.18].

Lemma 2.9. Let τ > 0 be sufficiently small, t ∈ [0, τ ], V ∈ Ck
0 (D;Rd) with k ≥ 1,

and Φt be its associated flow. Further, we write Ωt = Φt(Ω) as well as Γt = Φt(Γ).
Then, we have:

(1) Let f ∈ L1(Ω) and g ∈ L1(Γ). Then, f ◦ Φ−1
t ∈ L1(Ωt), g ◦ Φ−1

t ∈ L1(Γt), and
the following transformation formulas are valid∫

Ωt

f ◦ Φ−1
t dx =

∫
Ω
ξ(t) f dx as well as

∫
Γt

g ◦ Φ−1
t ds =

∫
Γ
ω(t) g ds.
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(2) Let n ∈ N>0, 1 ≤ p ≤ ∞, and f ∈ W 1,p(Ω)n. Then f ◦ Φ−1
t ∈ W 1,p(Ωt)n and

we have the chain rule

D
(
f ◦ Φ−1

t

)
=
(
Df DΦ−1

t

)
◦ Φ−1

t in Lp(Ω)n×d. (2.18)

In particular, for n = 1 we get that ∇(f ◦Φ−1
t ) = (DΦ−>t ∇f)◦Φ−1

t . Moreover,
for the divergence operator we can use (2.18) and get for v ∈ W 1,p(Ω)d that

div
(
v ◦ Φ−1

t

)
= tr

(
D
(
v ◦ Φ−1

t

))
= tr

(
DvDΦ−1

t

)
◦ Φ−1

t in Lp(Ω). (2.19)

(3) For f ∈ H1(D) it holds that

lim
t↘0
||f ◦ Φt − f ||H1(D) = 0 and lim

t↘0

∣∣∣∣∣∣f ◦ Φ−1
t − f

∣∣∣∣∣∣
H1(D)

= 0.

(4) Let n ∈ N>0, 1 ≤ p < ∞, and f ∈ W 1,p(D)n. Then, the mapping [0, τ ] →
Lp(D)n; t 7→ f ◦ Φt is differentiable and it holds that

(f ◦ Φt)′ (0+) = Df V in Lp(D)n.

In particular, for n = 1 we obtain (f ◦ Φt)′ (0+) = ∇f · V in Lp(D).

Proof. The proof follows from the following considerations:

(1) The transformation formula can be found in, e.g., [57, 92, 166].

(2) This is proved in, e.g., [6], and for (2.19) we refer to [86].

(3) This follows easily from [38, Lemma 2.1, p. 527] and (2).

(4) This follows from [166, Chapter 2.25].

2.3.3 An Averaged Adjoint Approach
Now, we introduce the averaged adjoint approach of [168] which we use in Chapter 5
to calculate the shape derivatives of our problems. This approach modifies the clas-
sical theorem of Correa and Seeger (see, e.g., [38]) to obtain the differentiability of a
Lagrangian w.r.t. a saddle point. We present this modified version of the theorem,
which is due to [168] and tailored to nonlinear shape optimization problems, in the
following. Note, that there are several other approaches to prove the shape differen-
tiability and to calculate the shape derivative, an overview of which can be found in,
e.g., [169].
Let E,F be Banach spaces and τ > 0. We consider a mapping

G : [0, τ ]× E × F → R;
(t, U, P ) 7→ G (t, U, P ) ,
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which we assume to be affine in the third component for all (t, U) in [0, τ ]× E. We
define the set E(t) as

E(t) :=
{
U ∈ E

∣∣∣ ∂PG (t, U, 0)
[
V̂
]

= 0 for all V̂ ∈ F
}
.

To state the theorem, we need the following assumptions.

Assumption A1. We assume the following.

(i) The set E(t) is single valued for all t ∈ [0, τ ] and, hence, we write E(t) = {U t }.

(ii) For all t ∈ [0, τ ] and all P ∈ F the mapping

[0, 1]→ R; θ 7→ G
(
t, θU t + (1− θ)U0, P

)
is absolutely continuous.

(iii) For all t ∈ [0, τ ], all Û ∈ E, and all P ∈ F the mapping

[0, 1]→ R; θ 7→ ∂UG
(
t, θU t + (1− θ)U0, P

) [
Û
]

is well-defined and belongs to L1((0, 1)).

Thanks to Assumption A1, we can define the solution set of the averaged adjoint
system as

Y
(
t, U t, U0

)
={

P ∈ F
∣∣∣∣ ∫ 1

0
∂UG

(
t, θU t + (1− θ)U0, P

) [
Û
]

dθ = 0 for all Û ∈ E
}
.

For t = 0 we write Y (0, U0) := Y (0, U0, U0) which is the solution set of the usual
adjoint system, i.e.,

Y
(
0, U0

)
=
{
P ∈ F

∣∣∣ ∂UG (0, U0, P
) [
Û
]

= 0 for all Û ∈ E
}
.

Additionally, we have the following assumptions.

Assumption A2. The derivative ∂tG (t, U0, P ) exists for all t ∈ [0, τ ] and all P ∈ F .

Assumption A3. The set Y (t, U t, U0) is nonempty for all t ∈ [0, τ ], and the set
Y (0, U0) is single valued. Therefore, we write Y (0, U0) = {P 0 }.

Assumption A4. For every sequence (tn)n∈N ⊂ R with tn ≥ 0 and lim
n→∞

tn = 0 there
exists a subsequence (tnk

)k∈N and P tnk ∈ Y (tnk
, U tnk , U0) such that

lim
k→∞
θ↘0

∂tG
(
θ, U0, P tnk

)
= ∂tG

(
0, U0, P 0

)
.
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2 Basics of PDE Constrained Optimization

After these preliminaries, we now state the modified version of the Correa-Seeger
theorem.

Theorem 2.10. Let G as before and let Assumptions A1 to A4 be satisfied. Then,
we have for any P ∈ F that

d

dt
G
(
t, U t, P

)∣∣∣∣∣
t=0+

= ∂tG
(
0, U0, P 0

)
.

Proof. The proof can be found in [168, Theorem 3.1].

This theorem is very helpful for calculating the shape derivative of PDE con-
strained shape optimization problems, as we see in the following example.

Example. Let us again consider our model problem (2.15). Our goal is to compute
the shape derivative of the reduced cost functional J . To achieve this, we consider
the following. Let V ∈ Ck

0 (D;Rd) for k ≥ 1 and let Φt be its associated flow. We
define Ωt = Φt(Ω) and consider the PDE constraint on the perturbed domain Ωt,
i.e.,

Find ut ∈ H1
0 (Ωt) such that∫

Ωt

∇ut · ∇ṽ dx =
∫

Ωt

fṽ dx for all ṽ ∈ H1
0 (Ωt).

(2.20)

Using the reparametrization ut = ut ◦Φ−1
t and ṽ = v ◦Φ−1

t with ut, v ∈ H1
0 (Ω) allows

us to do a pull-back and consider the problem on the fixed domain Ω. In particular,
we have the following calculations, for which we utilize Lemmas 2.8 and 2.9∫

Ωt

∇ut · ∇ṽ dx =
∫

Ωt

fṽ dx

⇔
∫

Ωt

∇
(
ut ◦ Φ−1

t

)
· ∇

(
v ◦ Φ−1

t

)
dx =

∫
Ωt

f
(
v ◦ Φ−1

t

)
dx

⇔
∫

Ωt

((
DΦ−>t ∇ut

)
◦ Φ−1

t

)
·
((
DΦ−>t ∇v

)
◦ Φ−1

t

)
dx =

∫
Ωt

f
(
v ◦ Φ−1

t

)
dx

⇔
∫

Ω
ξ(t)

(
DΦ−1

t DΦ−>t ∇ut
)
· ∇v dx =

∫
Ω
ξ(t) (f ◦ Φt) v dx

⇔
∫

Ω

(
A(t)∇ut

)
· ∇v dx =

∫
Ω
ξ(t) (f ◦ Φt) v dx.

Since Φt is a diffeomorphism, we observe that if ut = ut ◦Φ−1
t ∈ H1

0 (Ωt) solves (2.20),
then ut ∈ H1

0 (Ω) solves the problem

Find ut ∈ H1
0 (Ω) such that∫

Ω

(
A(t)∇ut

)
· ∇v dx =

∫
Ω
ξ(t) (f ◦ Φt) v dx for all v ∈ H1

0 (Ω).
(2.21)

Furthermore, we have to consider the cost functional on the perturbed domain Ωt,
which we also transform back to Ω so that we can work on a fixed domain. This is
given by ∫

Ωt

ut dx =
∫

Ωt

ut ◦ Φ−1
t dx =

∫
Ω
ξ(t)ut dx.
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2.3 Shape Optimization Problems

We can now define a Lagrangian function L (Ω, ·, ·) : U(Ω) × V (Ω) → R on the
fixed domain Ω analogously to Section 2.2 as follows

L (Ω, u, p) = J (Ω, u) + 〈e(Ω, u), p〉V (Ω)∗,V (Ω) .

If we denote by u0 = u(Ω) the unique solution of the state equation (2.16) on the
domain Ω, we observe that

L (Ω, u0, p) = J (Ω, u(Ω)) + 〈e(Ω, u(Ω)), p〉V (Ω)∗,V (Ω)

= J (Ω, u(Ω))
= J(Ω).

Now, we can utilize the previously calculated pull-backs to introduce the following
shape Lagrangian G : [0, τ ]× U(Ω)× V (Ω)→ R, given by

G(t, u, p) = L (Ωt, u ◦ Φ−1
t , p ◦ Φ−1

t )
= J (Ωt, u ◦ Φ−1

t ) +
〈
e(Ωt, u ◦ Φ−1

t ), p ◦ Φ−1
t

〉
V (Ωt)∗,V (Ωt)

=
∫

Ω
ξ(t)u dx+

∫
Ω

(A(t)∇u) · ∇p dx−
∫

Ω
ξ(t) (f ◦ Φt) p dx,

which allows us to work with fixed function spaces on Ω (cf. [38]). Note, that for ut,
i.e., the solution of (2.21), we have that

G(t, ut, p) = J (Ωt, u
t ◦ Φ−1

t ) +
〈
e(Ωt, u

t ◦ Φ−1
t ), p ◦ Φ−1

t

〉
V (Ωt)∗,V (Ωt)

= J (Ωt, ut) +
〈
e(Ωt, ut), p ◦ Φ−1

t

〉
V (Ωt)∗,V (Ωt)

= J (Ωt, u(Ωt))
= J(Ωt),

where we have used the fact that ut = ut ◦ Φ−1
t = u(Ωt) is the solution of (2.20).

Finally, we can now calculate the shape derivative via

dJ(Ω)[V ] = lim
t↘0

J(Ωt)− J(Ω)
t

= d

dt
J(Ωt)

∣∣∣∣∣
t=0+

= d

dt
G(t, ut, p)

∣∣∣∣∣
t=0+

for all p ∈ H1
0 (Ω).

If Assumptions A1 to A4 are satisfied, Theorem 2.10 yields

d

dt
G(t, ut, p)

∣∣∣∣∣
t=0+

= ∂

∂t
G(0, u0, p0) for all p ∈ H1

0 (Ω),

where p0 is the solution of the classical adjoint equation

Find p ∈ H1
0 (Ω) such that

∂uG(0, u0, p)[q] = 0 for all q ∈ H1
0 (Ω).
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The latter can be rewritten as
Find p ∈ H1

0 (Ω) such that∫
Ω
∇p · ∇q dx = −

∫
Ω
q dx for all q ∈ H1

0 (Ω).
(2.22)

Note, that a verification of the assumptions of Theorem 2.10 for a similar shape
optimization problem can be found in [169] and that the modifications required to
transform this verification to our setting are straightforward. Hence, we can apply
Theorem 2.10 to our problem and calculate the shape derivative as follows

dJ(Ω)[V ] = d

dt
G(t, ut, p)

∣∣∣∣∣
t=0+

= ∂

∂t
G(0, u0, p0)

=
∫

Ω
div (V)u0 dx+

∫
Ω

(
(div (V) I − 2 ε(V))∇u0

)
· ∇p0 dx

−
∫

Ω
div (fV) p0 dx,

(2.23)

thanks to Lemma 2.8.

We summarize these findings in the following theorem (cf. [49]).

Theorem 2.11. The reduced cost functional J of problem (2.15) is shape differen-
tiable and its shape derivative is given in (2.23), where u0 solves the state equation
(2.16) and p0 solves the adjoint equation (2.22).

2.3.4 Hadamard’s Structure Theorem
Formula (2.23) for the shape derivative of problem (2.15) is also known as the vol-
ume formulation of the shape derivative as it involves integrals over the domain Ω.
However, under certain smoothness assumptions on the domain Ω and the data of
the PDE constraint, there exists an equivalent boundary formulation of the shape
derivative due to the structure theorem, which we recall in the following.

Theorem 2.12 (Structure Theorem). Let J be a shape functional which is shape
differentiable at some Ω ⊂ D and let Γ = ∂Ω be compact. Further, let k ≥ 0 be the
smallest integer for which

dJ(Ω) : C∞0 (D;Rd)→ R;
V 7→ dJ(Ω)[V ]

is continuous w.r.t. the Ck
0 (D;Rd) topology, and assume that Γ is of class Ck+1.

Then, there exists a continuous, linear functional g : Ck(Γ)→ R so that

dJ(Ω)[V ] = g [V · n] .

In particular, if g ∈ L1(Γ), we have

dJ(Ω)[V ] =
∫

Γ
g V · n ds.
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Proof. The proof can be found in [38, Theorem 3.6 and Corollary 1, pp. 479–481].

This form of the shape derivative given in the structure theorem is known as the
boundary formulation of the shape derivative. For our model problem (2.15), we
have the following result (cf. [49]).

Theorem 2.13. Let Ω be a bounded domain with C1,1 boundary Γ. Then, the shape
derivative (2.23) has the following equivalent boundary formulation

dJ(Ω)[V ] =
∫

Γ
−∂u

0

∂n

∂p0

∂n
V · n ds, (2.24)

where u0 solves (2.16) and p0 solves (2.22). In the framework of Theorem 2.12, we
have g = −∂u0

∂n
∂p0

∂n
∈ L2(Γ) as discussed in [49].

Remark. For our model problem (2.15), there exist two equivalent formulations
of the shape derivative, namely the volume formulation (2.23) and the boundary
formulation (2.24). Thanks to the structure theorem, we know that this is the case
for any sufficiently smooth shape functional of the form

J(Ω) =
∫

Ω
j dx,

whose shape derivative can be written as

dJΩ(Ω)[V ] =
∫

Ω
G[V ] dx and dJΓ(Ω)[V ] =

∫
Γ
g V · n ds.

Here, G represents a linear differential operator acting on V , and g is the functional
from Theorem 2.12. If Ω has a sufficiently regular boundary (cf. Theorem 2.12)
and the functional J is sufficiently smooth, both formulations are equivalent and we
have dJ(Ω)[V ] = dJΩ(Ω)[V ] = dJΓ(Ω)[V ]. However, for the boundary formulation
dJΓ we usually need more smoothness assumptions than for the volume formula-
tion dJΩ. In particular, for a given setting there may only be a volume, but no
boundary formulation of the shape derivative available. Finally, we remark that the
volume formulation shows better approximation properties for the numerical solution
of shape optimization problems with the finite element method (cf. [84]). For these
reasons, we consider only volume formulations of shape derivatives for our numerical
experiments in this thesis.
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Chapter 3

CASHOCS: A Computational, Adjoint-Based
Shape Optimization and Optimal Control
Software

In this chapter we present cashocs, a novel open-source software package written in
Python, which automates the solution of PDE constrained optimization problems
in the context of optimal control and shape optimization (cf. [18]). Our software
cashocs implements a discretization of the continuous adjoint approach, which derives
the necessary adjoint systems and (shape) derivatives in an automated fashion. As
cashocs is based on the finite element software FEniCS [5, 115], it inherits its simple,
high-level user interface, which makes it straightforward to solve PDE constrained
optimization problems with our software. We discuss the design and functionalities
of cashocs and also demonstrate its straightforward usability and applicability using
our model examples from Chapter 2. Additionally, we show that our approach of
discretizing and automating the continuous adjoint approach leads to mesh indepen-
dent behavior of the solution algorithms. Note, that cashocs is used to numerically
solve the (shape) optimization problems examined in Chapters 4 and 7.

3.1 Introduction
As discussed in Chapter 2, the adjoint approach is often employed to solve PDE con-
strained optimization problems. However, for complex, coupled, or highly nonlinear
problems, such as the ones arising from industrial applications, even the derivation of
the necessary equations for the continuous adjoint approach is an extremely involved
and error-prone task. Consequently, it is not feasible to carry out the adjoint ap-
proach manually anymore (see, e.g., [52, 124]). For these reasons, there has recently
been a lot of effort to automate the tasks for solving PDE constrained optimization
problems, resulting in software such as dolfin-adjoint [41, 124] and Fireshape [133],
shape optimization capabilities for the finite element software NGSolve [62], and our
software cashocs.
What distinguishes cashocs from these other packages is its novel approach of us-

ing automatic differentiation solely to derive the adjoint system and (shape) deriva-
tives, while implementing and automating a discretization of the continuous adjoint
approach in all remaining aspects. This means that the optimization algorithms to-
gether with all required operations are implemented as discretizations of the under-
lying infinite-dimensional operations. The aforementioned operations include, e.g.,
the determination of (shape) gradients from the computed (shape) derivatives, the
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3 CASHOCS: A Software for PDE Constrained Optimization

discretization and numerical solution of the state and adjoint equations, the compu-
tation of scalar products, and the usage of projection operators. Therefore, the cal-
culated (shape) derivatives are only used as “inputs” for our framework. Particularly,
cashocs implements discretizations of continuous, infinite-dimensional optimization
algorithms which are strongly related to the underlying problem, whereas the other
packages use either external optimization libraries [41, 124, 133], or require the user
to implement these algorithms themselves [62]. Our approach leads to unique fea-
tures, such as the possibility of discretizing and solving the state and adjoint systems
independently of each other as well as the possibility to specify which scalar product
is used for the computation of the (shape) gradients (cf. Chapter 2). Moreover, it
gives rise to mesh independent behavior, as shown in Section 3.3. Finally, we remark
that cashocs is the only one of these packages in which an automatic remeshing fea-
ture for shape optimization problems is implemented. Note, that cashocs is hosted at
https://github.com/sblauth/cashocs and that its documentation can be found
at https://cashocs.readthedocs.io.
This chapter is based on [18] and is structured as follows. In Section 3.2, we de-

scribe our software’s architecture and core functionalities. Subsequently, we demon-
strate cashoc’s straightforward applicability and efficiency in Section 3.3, where we
consider the two model examples from Chapter 2. Finally, we briefly discuss the
potential impact of our software in Section 3.4.

3.2 Software Description
In this section, we briefly describe the software architecture and core functionalities
of cashocs.

3.2.1 Software Architecture
To solve optimization problems with cashocs, the user has to do the following. First,
they have to implement the problem using a Python script, including the definition
of the computational mesh, the state system, and the cost functional. To do so,
they can use the same syntax as for defining the problem in FEniCS, with only very
minor modifications, resulting in a simple, high-level user interface that supports
many important types of optimization problems. Second, the user has to define
a configuration file that specifies the parameters for the solution of the state sys-
tem and the optimization algorithm, which is loaded into the user script. Then,
they can set up an optimization problem using cashocs.OptimalControlProblem
or cashocs.ShapeOptimizationProblem, respectively, and solve it with the solve
method of the respective class. Note, that a schematic overview of cashocs’ architec-
ture can be seen in Figure 3.1.
To derive the variational forms of the adjoint systems and (shape) derivatives,

cashocs utilizes the symbolic differentiation capabilities of the Unified Form Lan-
guage (UFL) (cf. [115, Chapter 17]), which is a part of the finite element software
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3.2 Software Description

configuration file
optimization parameters
PDE parameters
output parameters

user script
PDE constraint(s)
cost functional

optimization problem
cashocs.OptimalControlProblem
cashocs.ShapeOptimizationProblem

output
(numerical) solution
history of the optimization
visualization

is
loaded
into

calls

generates

Figure 3.1: Architecture of cashocs.

FEniCS [5, 115]. In particular, our software sets up a UFL form for the correspond-
ing Lagrangian analogously to the (shape) Lagrangians of Sections 2.2 and 2.3, which
is subsequently differentiated symbolically to derive the adjoint system and (shape)
derivatives of the problem (cf. [74]). Note, that if the user chooses to discretize the
state equation with a conforming Galerkin method that uses the continuous varia-
tional formulation, as we do for all problems we solve with cashocs in this thesis,
our software computes the corresponding continuous variational forms of the adjoint
systems and (shape) derivatives, which are only discretized at a later stage. In this
case, cashocs consistently discretizes the continuous adjoint approach we recalled in
Sections 2.2 and 2.3.
Finally, we remark that our software uses FEniCS to generate and compile C++ code

for the finite element assembly of the problems, and PETSc [11] is used to solve the
arising linear systems, which makes the solution of the problems very efficient. For
the solution of nonlinear problems we have implemented a damped Newton method
with backtracking line search based on the natural monotonicity criterion described
in [39, Chapter 3.3] as well as a Picard-type iteration in cashocs (cf. Section 7.2.6).

3.2.2 Software Functionalities
Our software can treat linear and nonlinear systems of PDE constraints for steady
state and transient conditions, as long as they can be implemented as (sequence of)
variational formulation(s) in FEniCS. Further, cashocs deals with additional control
constraints using projection techniques and can be used to solve state constrained
problems, e.g., by means of a Moreau-Yosida regularization (see, e.g., [83]). We
present two model problems constrained by Poisson’s equation which illustrate the
simplicity of cashocs’ interface in Section 3.3 and refer the reader to the tutorial
at https://cashocs.readthedocs.io/en/latest/tutorial_index.html for a de-
tailed description of our software’s capabilities for these more complex settings.
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The following algorithms are available for shape optimization and optimal control
problems in cashocs

• a gradient descent method,

• nonlinear conjugate gradient methods (NCG) methods,

• limited memory BFGS (L-BFGS) methods.

For a description of these algorithms in the context of optimal control problems, we
refer the reader to, e.g., [25, 76, 83, 176], and for a description of these algorithms
in the context of shape optimization we refer to Section 4.3. Note, that the conju-
gate gradient methods for shape optimization implemented in cashocs are the ones
we present in Chapter 4. Additionally, the following optimization algorithms are
available only for optimal control problems

• a truncated Newton method,

• a primal-dual active set method.

Note, that for optimal control problems, all methods can also treat box constraints
for the control variable using projection techniques (cf. [25, 76, 83, 176]). Finally,
we remark that the user can adjust the behavior of these algorithms using the con-
figuration file, where, e.g., the relative and absolute stopping tolerances, maximum
number of iterations, and other, algorithm specific, parameters can be modified.
Additional features of cashocs include, among others, the possibility to use differ-

ent discretizations for state and adjoint systems, the implementation of a Picard-type
iteration for solving coupled systems, the possibility to specify which scalar prod-
uct is used for the computation of the (shape) gradient, and remeshing for shape
optimization problems, which utilizes the mesh generation software Gmsh [67].

3.3 Illustrative Examples

To demonstrate our software’s simplicity for defining PDE constrained optimization
problems as well as its efficiency for solving them, we consider the two model problems
for optimal control and shape optimization from Chapter 2. Note, that a variety of
other examples for using our software can be found in cashocs’ tutorial at https:
//cashocs.readthedocs.io/en/latest/tutorial_index.html.
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3.3 Illustrative Examples

3.3.1 Optimal Control
As a model optimal control problem we consider the one we previously investigated
in Section 2.2, i.e.,

min
y,u
J (y, u) = 1

2

∫
Ω

(y − yd)2 dx+ λ

2

∫
Ω
u2 dx

subject to
−∆y = u in Ω,

y = 0 on Γ,

(3.1)

which we now consider without the additional box constraints, for the sake of sim-
plicity. To solve this problem numerically, let us use Ω = (0, 1)2, λ = 1e−4, and

yd(x) = x2
1 (1− x1)x2

2 (1− x2) .

For the discretization of the domain we use a uniform triangular mesh which divides
Ω into n × n squares that are halved to create triangles, as implemented in the
FEniCS function UnitSquareMesh(n, n). To solve this problem with cashocs, we
can use the code shown in Listing 3.1 together with the minimal configuration file
from Listing 3.2, which we briefly discuss in the following. Note, that as our software
is based on FEniCS, we refer the reader to [115, Chapter 1], where the syntax of
FEniCS is explained using several descriptive examples.
In Listing 3.1, we begin by importing FEniCS and cashocs in lines 1 and 2. Next,

we define the mesh with the UnitSquareMesh function, and set up the volume mea-
sure for integration, in lines 5–7. Subsequently, we set up a function space of linear
Lagrange elements in line 10, and define the functions y, p, and u. These are used to
state the weak form of the PDE constraint in line 17, where the function p plays the
role of the test function. Note, that p will, after the solution of the problem, play
the role of the optimal adjoint state p∗ from Theorem 2.6.
In lines 19 and 20 the homogeneous Dirichlet boundary conditions for the Poisson

problem are defined. Note, that up until now, we only used commands from FEniCS
with the following minor variations. Instead of defining y as a TrialFunction and p
as a TestFunction, both are now Function objects. Additionally, instead of defining
the (linear) PDE constraint using its left- and right-hand sides, we define it as we
would for a nonlinear variational problem in FEniCS, analogously to the form in (2.1)
and (2.5). In lines 23 and 24 we define the desired state, which is used in line 25 to
define the cost functional. Again, we have only used FEniCS commands for these
operations.
To invoke cashocs to solve this problem, all we have to do is to load the configura-

tion file (cf. Listing 3.2) into the script in line 28, create an OptimalControlProblem
in line 29, and call its solve method subsequently. In total, we have to add only three
additional lines of code to solve the problem. In the end, the resulting optimal con-
trol u∗, optimal state y∗, and corresponding adjoint state p∗ can be found in u, y,
and p, respectively.
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Listing 3.1: Code for solving problem (3.1) with cashocs.

1 from fenics import *
2 import cashocs
3

4 # define mesh and volume measure
5 n = 64
6 mesh = UnitSquareMesh(n, n)
7 dx = Measure('dx', mesh)
8

9 # function space for linear Lagrange elements
10 V = FunctionSpace(mesh, 'CG', 1)
11 # define state, adjoint, and control variables
12 y = Function(V)
13 p = Function(V)
14 u = Function(V)
15

16 # define the weak form of the PDE constraint
17 e = inner(grad(y), grad(p))*dx - u*p*dx
18 # define the boundary conditions
19 bdry = CompiledSubDomain('on_boundary')
20 bcs = DirichletBC(V, Constant(0), bdry)
21

22 # define desired state and cost functional
23 x = SpatialCoordinate(mesh)
24 y_d = pow(x[0],2)*(1 - x[0])*pow(x[1],2)*(1-x[1])
25 J = 0.5*pow(y - y_d,2)*dx + 1e-4/2*pow(u,2)*dx
26

27 # solve the optimization problem with cashocs
28 cfg = cashocs.create_config('config.ini')
29 ocp = cashocs.OptimalControlProblem(e, bcs, J, y, u, p, cfg)
30 ocp.solve()

Note, that a minimal configuration file for the code is shown in Listing 3.2. There,
the solution algorithm is set to be a nonlinear conjugate gradient (NCG) method in
line 2, which is specified to be the Dai-Yuan (DY) variant in line 7. Furthermore, in
line 3 the relative tolerance for the solution algorithm is specified to be 1e−3, and
in line 4 we define the maximum number of iterations the algorithm is allowed to
perform. For a detailed description of the configuration files for optimal control prob-
lems we refer the reader to https://cashocs.readthedocs.io/en/latest/demos/
optimal_control/doc_config.html, where many more parameters are described
in detail. Note, that the scalar product used for computing the gradient of the cost
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Listing 3.2: Minimal configuration file config.ini for problem (3.1).

1 [OptimizationRoutine]
2 algorithm = ncg
3 rtol = 1e-3
4 maximum_iterations = 50
5

6 [AlgoCG]
7 cg_method = DY
8

9 # additional parameters
10 # ...

functional can be determined by the user, as is explained in the tutorial. The default
configuration uses the L2(Ω) scalar product which is suitable for our model problem.
We solve this problem with cashocs using a gradient descent, Dai-Yuan NCG, L-

BFGS, and truncated Newton method, where the L-BFGS method uses a storage of 5
vectors. We terminate the algorithms if the L2(Ω) norm of the gradient falls below a
relative tolerance of 1e−3 as specified in the configuration file in Listing 3.2. A plot of
the optimal control and state computed with the NCG method is given in Figure 3.2.
To show the mesh independence of our software, we solve this problem on a sequence
of finer meshes, using n = 16, 32, 64, and 128 subdivisions of Ω as discretization.
Table 3.1 shows the required amount of iterations until the relative stopping criterion

(a) Optimal control u. (b) Optimal state y.

Figure 3.2: Numerical solution of problem (3.1), computed with the Dai-Yuan NCG
method.
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3 CASHOCS: A Software for PDE Constrained Optimization

Table 3.1: Required number of iterations for solving problem (3.1).

n 16 32 64 128

Gradient descent 32 33 33 33

Dai-Yuan NCG 10 10 10 10

L-BFGS 6 6 6 6

Newton 1 1 1 1

is reached by the algorithms for the different discretization levels. We observe that
all algorithms basically need the same number of iterations regardless of the chosen
discretization before they converge, showing a mesh independent behavior. This is
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(a) Cost functional value.
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(b) Gradient norm.

Figure 3.3: History of the optimization for problem (3.1) with the Dai-Yuan NCG
method.
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reinforced in Figure 3.3, where the history of the cost functional and the gradient
norm over the optimization are depicted for the Dai-Yuan NCG method. Here, we
see that there is basically no difference between the values of the cost functional and
the norm of the gradient for the considered discretizations, again showing the mesh
independence of our software.

3.3.2 Shape Optimization
As model problem for shape optimization we consider the one we previously used in
Section 2.3, which we briefly recall here

min
Ω,u

J (Ω, u) =
∫

Ω
u dx

subject to
−∆u = f in Ω,

u = 0 on Γ.

(3.2)

For the numerical solution of this problem, we proceed analogously to [49] and Sec-
tion 4.4.2, and use the unit circle in R2 as initial guess for the domain Ω0, and for
the right-hand side f we use

f(x) = 2.5
(
x1 + 0.4− x2

2

)2
+ x2

1 + x2
2 − 1.

Note, that this problem is again considered in Section 4.4.2, where it is used as one
of the benchmark problems for the NCG methods.
We discretize Ω0 with a uniform triangular mesh by dividing the circle into n

smaller strips, which are then meshed uniformly using FEniCS’ UnitDiscMesh func-
tion. This problem can be solved with cashocs using the code provided in Listing 3.3
with a minimal configuration file given in Listing 3.4, which we briefly discuss in the
following. As before, we refer to [115, Chapter 1] for a detailed introduction to the
syntax of FEniCS, which we also use for the problem definition in cashocs.
The code is very similar to the one in Listing 3.1 as we again have a Poisson equa-

tion as PDE constraint. We start the script by importing FEniCS and cashocs. Then,
we define the mesh and volume measure, now using the function UnitDiscMesh, in
lines 5–7. For the discretization of the Poisson equation, we again use linear La-
grange elements whose corresponding function space is defined in line 10, and the
functions u and p are defined in lines 12 and 13. As for optimal control problems, p
will play the role of the adjoint state in cashocs. Thereafter, we define the right-hand
side of the Poisson problem, using SpatialCoordinate in lines 16 and 17, which is
then used to define the weak form of the Poisson equation in line 19. As for optimal
control problems, the only major differences to classical FEniCS syntax are that u
and p are Function objects, and that the PDE constraint is written in the sense of
(2.5), as before.
Subsequently, we set up a FEniCS MeshFunction for the boundaries in line 22.

Thereafter, the entire boundary of Ω is marked with the marker 1 in line 23. This
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Listing 3.3: Code for solving problem (3.2) with cashocs.

1 from fenics import *
2 import cashocs
3

4 # define mesh and volume measure
5 n = 64
6 mesh = UnitDiscMesh.create(MPI.comm_world, n, 1, 2)
7 dx = Measure('dx', mesh)
8

9 # function space of linear Lagrange elements
10 V = FunctionSpace(mesh, 'CG', 1)
11 # state and adjoint variables
12 u = Function(V)
13 p = Function(V)
14

15 # right-hand side
16 x = SpatialCoordinate(mesh)
17 f = 2.5*pow(x[0] + 0.4 - pow(x[1], 2), 2) + pow(x[0], 2) +

pow(x[1], 2) - 1↪→

18 # define the PDE constraint
19 e = inner(grad(u), grad(p))*dx - f*p*dx
20 # define the boundary conditions
21 bdry = CompiledSubDomain('on_boundary')
22 mf_bdry = MeshFunction('size_t', mesh, dim=1)
23 bdry.mark(mf_bdry, 1)
24 bcs = DirichletBC(V, Constant(0), mf_bdry, 1)
25

26 # cost functional
27 J = u*dx
28

29 # solve the problem with cashocs
30 cfg = cashocs.create_config('config.ini')
31 sop = cashocs.ShapeOptimizationProblem(e, bcs, J, u, p, mf_bdry,

cfg)↪→

32 sop.solve()

is used in line 24 to define the homogeneous Dirichlet boundary conditions for the
problem. Moreover, this is also used to define which boundaries of Ω are deformable
and which are fixed. This can be seen in lines 7 and 8 of Listing 3.4, where we
specify that the deformable boundaries are the ones that are marked by the in-
dices in shape_boundary_def, and that the fixed boundaries are the ones that
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Listing 3.4: Minimal configuration file config.ini for problem (3.2).

1 [OptimizationRoutine]
2 algorithm = ncg
3 rtol = 5e-3
4 maximum_iterations = 50
5

6 [AlgoCG]
7 cg_method = DY
8

9 [ShapeGradient]
10 shape_bdry_def = [1]
11 shape_bdry_fix = []
12 damping_factor = 0.2
13 lambda_lame = 1.428571428571429
14 mu_def = 0.35714285714285715
15 mu_fix = 0.35714285714285715
16

17 # additional parameters
18 # ...

are marked by the indices in shape_boundary_fix. For our problem, this means
that the entire boundary, marked with 1, is deformable, and that no part of it
is fixed. Of course, one can also consider more complicated examples, such as
the one treated in https://cashocs.readthedocs.io/en/latest/demos/shape_
optimization/doc_shape_stokes.html, where multiple boundaries are fixed. Fi-
nally, we define the cost functional of problem (3.2) in line 27 of Listing 3.3.
For solving this problem with cashocs, we proceed analogously to Listing 3.1, and

first load the configuration file, then set up the ShapeOptimizationProblem, and
finally call its solve method in lines 30–32. In the end, the result of the optimization
is again stored in u, p, and mesh, respectively, where the latter is the deformed finite
element mesh which represents the optimized geometry.

A minimal configuration file for this problem is shown in Listing 3.4. This is
completely analogous to the one discussed previously in Listing 3.2, but we now have
to specify additional parameters for the computation of the gradient deformation.
This is covered in detail later on, in Chapter 4, where we establish an algorithmic
framework for PDE constrained shape optimization. In particular, we note that
lambda_lame, damping_factor, mu_def, and mu_fix are parameters for the linear
elasticity equations (4.6) and that we have chosen the same values for them as in our
later investigation in Section 4.4.2 (cf. [49]). A detailed discussion of the configuration
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Figure 3.4: Optimal state y on the optimal domain Ω for problem (3.2), computed
with the Dai-Yuan NCG method.

files for shape optimization can be found at https://cashocs.readthedocs.io/en/
latest/demos/shape_optimization/doc_config.html.
We solve this problem with cashocs using a gradient descent, Dai-Yuan NCG, and

a limited memory BFGS method, where the latter has a storage of 5 vectors. The
algorithms are terminated once the relative shape gradient norm reaches a tolerance
of 5e−3 (cf. Listing 3.4). Note, that a plot of the optimal state on the optimal
domain, computed by the NCG method, is shown in Figure 3.4.
As for the case of optimal control problems, we again investigate the mesh inde-

pendent behavior of our software. To do so, we solve problem (3.2) using successively
finer discretizations of Ω0, in particular, we use n = 16, 32, 64, and 128 strips for the
discretization of Ω0. The amount of iterations the optimization algorithms require
to reach the stopping criterion are depicted in Table 3.2. As before, we observe that
the number of iterations stays basically the same for all considered discretizations,
showing the mesh independence of cashocs also for shape optimization problems.
Moreover, in Figure 3.5 the history of the cost functional and shape gradient norm
are depicted for the NCG method. From this we can also observe that there is only
very little difference between the steps the algorithm performs for different discretiza-
tions, which confirms the mesh independence of cashocs.

Table 3.2: Required number of iterations for solving problem (3.2).

n 16 32 64 128

Gradient descent 46 47 47 47

Dai-Yuan NCG 20 19 19 19

L-BFGS 12 11 11 11
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(a) Cost functional value (shifted by 0.1).
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(b) Shape gradient norm.

Figure 3.5: History of the optimization for problem (3.2) with the Dai-Yuan NCG
method.

3.4 Impact

Our software enables users to treat complex, coupled, and highly nonlinear PDE con-
strained optimization problems in an automated fashion. The user is only required
to define the PDE constraint and cost functional using basically the same syntax
as for defining these objects in FEniCS. Thanks to the high-level user interface, the
corresponding optimization problem can then be solved by adding only three addi-
tional lines of code. Our approach of implementing a discretization of the continuous
adjoint approach leads to mesh independent behavior of the optimization algorithms,
as shown in Section 3.3, making our software attractive for science and industry.
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3 CASHOCS: A Software for PDE Constrained Optimization

We use cashocs in Chapter 4 for a numerical benchmark of NCG methods for
shape optimization, and also use it to treat highly nonlinear optimization problems
in the context of chemical microreactors in Chapter 7. Due to the generality of
our software, which can treat lots of important classes of cost functionals and PDE
constraints, it can be applied to many relevant problems in science and engineering,
automating their solution in an efficient and user-friendly way.

3.5 Conclusion
We have presented cashocs, a software for numerically solving PDE constrained shape
optimization and optimal control problems. The software automatically derives the
required adjoint systems and (shape) derivatives, and implements a discretization of
the continuous adjoint approach. Our software inherits FEniCS’ high-level user inter-
face which allows for a straightforward definition and solution of PDE constrained
optimization problems. Additionally, the user still retains control over many im-
portant parameters for the optimization, ranging from the solution of the PDEs to
the optimization algorithm, which allows them to make precise adjustments to the
numerical solution of their problems.
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Chapter 4

Nonlinear Conjugate Gradient Methods for
PDE Constrained Shape Optimization Based
on Steklov-Poincaré-Type Metrics

Shape optimization based on shape calculus has received a lot of attention in recent
years, particularly regarding the development, analysis, and modification of efficient
optimization algorithms. In this chapter we propose and investigate novel nonlinear
conjugate gradient methods based on Steklov-Poincaré-type metrics for the solution
of PDE constrained shape optimization problems. We embed these methods into a
general algorithmic framework for gradient-based shape optimization methods and
discuss the numerical discretization of the algorithms. We numerically compare the
proposed nonlinear conjugate gradient methods to well-established gradient-based
shape optimization methods on several benchmark problems. The results show that
the proposed nonlinear conjugate gradient methods achieve significant improvements
over the gradient descent method, and that their performance is comparable to that of
the limited memory BFGS methods, yielding efficient and attractive gradient-based
shape optimization algorithms.

4.1 Introduction
The development, analysis, and modification of algorithms for the efficient solution of
PDE constrained shape optimization problems has attracted a lot of interest in recent
literature, e.g., in [159], where a Riemannian view on shape optimization is presented
and corresponding shape Newton methods are analyzed, in [158, 161], where quasi-
Newton methods for shape optimization based on Steklov-Poincaré-type metrics are
proposed and investigated numerically, in [49], where restricted mesh deformations
are considered to obtain better meshes and to avoid remeshing, or in [84], where the
approximation of shape derivatives is investigated in the finite element context.
In this chapter, we continue these developments and propose nonlinear conjugate

gradient (NCG) methods for shape optimization problems based on the Steklov-
Poincaré-type metrics introduced in [161]. These methods are of particular interest
for large-scale optimization problems since they have very low memory requirements,
but are nevertheless very efficient. In particular, NCG methods usually outperform
the widely used gradient descent method and often exhibit superlinear convergence
behavior. To the best of our knowledge, such nonlinear CG methods for PDE con-
strained shape optimization have only been investigated in our work [19], on which
this chapter is based.
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4 Nonlinear CG Methods for PDE Constrained Shape Optimization

We present the NCG methods in the context of a general algorithmic framework for
gradient-based shape optimization methods, into which a gradient descent method,
limited memory BFGS (L-BFGS) methods from [161], and the novel NCG methods
are embedded. In particular, in this chapter we consider five popular NCG methods,
namely the Fletcher-Reeves [55], Polak-Ribière [143, 144], Hestenes-Stiefel [77], Dai-
Yuan [36], and Hager-Zhang [72] NCG variants. As our algorithmic framework is
based on the Steklov-Poincaré-type metrics from [161], it is well-suited for numerical
discretization and leads to little computational overhead.
We investigate the numerical performance of the NCG methods on four bench-

mark shape optimization problems: a shape optimization problem constrained by a
Poisson equation from [49], a shape identification problem in electrical impedance
tomography based on the ones considered in [78, 109, 161], the shape optimization
of an obstacle in Stokes flow from [158], and the shape optimization of a pipe with
Navier-Stokes flow from [153]. For each of these problems, we compare the NCG
methods with the gradient descent and L-BFGS methods to evaluate their perfor-
mance. The obtained results show that the proposed NCG methods are very efficient
at solving shape optimization problems. In particular, they always significantly out-
perform the gradient descent method and yield results comparable to the L-BFGS
methods, which makes them an attractive choice for the gradient-based solution of
shape optimization problems.
This chapter is structured as follows. In Section 4.2, we recall NCG methods

for finite-dimensional optimization problems, the Riemannian view on shape opti-
mization from [159], and the Steklov-Poincaré-type metrics for Riemannian shape
optimization from [161]. A general algorithmic framework for shape optimization as
well as the NCG methods embedded into it are presented in Section 4.3. Finally, in
Section 4.4, we numerically compare the NCG methods with the gradient descent
and L-BFGS methods on the four shape optimization problems described previously
and investigate their performance.

4.2 Preliminaries
First, we recapitulate NCG methods for finite-dimensional nonlinear optimization
problems. Afterwards, we recall the Riemannian view on shape calculus from [159]
as well as the Steklov-Poincaré-type metrics from [161].

4.2.1 Nonlinear CG Methods for Finite-Dimensional
Optimization Problems

A classical nonlinear optimization problem in Rn is given by

min
x

f(x)

subject to
x ∈ Rn,
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where f ∈ C1(Rn;R). Starting from an initial guess x0, NCG methods attempt to
solve this problem through the iteration

xk+1 = xk + αkdk.

Here, αk > 0 is a step size which is computed, e.g., by means of a backtracking line
search, and dk is the search direction defined by

dk = −gk + βkdk−1,

d0 = −g0,

where gk = ∇f(xk) and βk is the update parameter for the NCG methods. In
the literature, there are several update formulas available, each leading to a slightly
different NCG method. For the description of βk, we denote by ||·|| the Euclidean
norm in Rn and write yk = gk+1 − gk. In this thesis, we consider the following five
popular variants given by

βFR
k = ||gk||2

||gk−1||2
(Fletcher and Reeves [55]),

βPR
k = gk · yk−1

||gk−1||2
(Polak and Ribière [143]

and Polyak [144]),

βHS
k = gk · yk−1

dk−1 · yk−1
(Hestenes and Stiefel [77]),

βDY
k = ||gk||2

dk−1 · yk−1
(Dai and Yuan [36]),

βHZ
k =

(
yk−1 − 2dk−1

||yk−1||2

dk−1 · yk−1

)
·
(

gk
dk−1 · yk−1

)
(Hager and Zhang [72]).

Compared to the gradient descent method, NCG methods only need to store one
or two additional vectors, depending on which variant is used, while usually being
significantly more efficient than the former. In contrast, L-BFGS methods need 2m
additional vectors of storage, where m is the size of the memory. In particular, for
very large-scale problems arising, e.g., from industrial applications, L-BFGS methods
may not be feasible anymore and one has to rely solely on gradient descent and NCG
methods (cf. [98]). Finally, we remark that a detailed description of NCG methods
for finite-dimensional optimization problems can be found in, e.g., [73, 98, 130].

4.2.2 Riemannian Shape Optimization and Steklov-Poinaré-Type
Metrics

We start by recalling the Riemannian view on shape optimization introduced in [159],
following the notations used in, e.g., [65, 158, 159, 161]. We first consider connected
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and compact subsets Ω ⊂ D ⊂ R2 with C∞ boundary, where D is a bounded hold-all
domain. As in [123], we define the space of all smooth two-dimensional shapes as

Be(S1;R2) := Emb(S1;R2) /Diff(S1),

i.e., the set of all equivalence classes of C∞ embeddings of the unit circle S1 ⊂ R2 into
R2, given by Emb(S1;R2), where the equivalence relation is defined via the set of all
C∞ diffeomorphisms of S1 into itself, given by Diff(S1). Note, that this equivalence
relation factors out reparametrizations as these do not change the underlying shape.
In [104] it is shown that Be is in fact a smooth manifold. An element of Be(S1;R2)
is represented by a smooth curve Γ: S1 → R2; θ 7→ Γ(θ). Due to the equivalence
relation, the tangent space at Γ ∈ Be is isomorphic to the set of all C∞ normal vector
fields along Γ, i.e.,

TΓBe
∼= { h | h = αn, α ∈ C∞(Γ;R) }
∼= { α | α ∈ C∞(Γ;R) } ,

where n is the unit outer normal vector on Γ, i.e., n(θ) ⊥ Γ′(θ) for all θ ∈ S1, with Γ′
being the circumferential derivative as in [123]. Note, that for this manifold, several
metrics are discussed in [123], and that this viewpoint can also be extended to higher
dimensions (cf. [122]).
As in [161], we consider the following Steklov-Poincaré-type metric gSΓ at some

Γ ∈ Be which is defined as

gSΓ : H1/2(Γ)×H1/2(Γ)→ R;

(α, β) 7→
∫

Γ
α (SpΓ)−1 β ds.

(4.1)

Here SpΓ is a symmetric and coercive operator defined by

SpΓ : H−1/2(Γ)→ H
1/2(Γ);

α 7→ U · n,

where U ∈ H1(Ω)d solves the problem

Find U ∈ H1(Ω)d such that

aΩ(U, V ) =
∫

Γ
α (V · n) ds for all V ∈ H1(Ω)d,

(4.2)

for a symmetric, continuous, and coercive bilinear form aΩ : H1(Ω)d ×H1(Ω)d → R.
Note, that SpΓ corresponds to a projected Steklov-Poincaré operator, as discussed in
[161] and that (4.2) is well-posed due to the Lax-Milgram lemma (see, e.g., [50]).
The norm induced by this metric is denoted by

||α||Γ =
√
gSΓ(α, α) for α ∈ H1/2(Γ).

To define a Riemannian metric on Be, we restrict the Steklov-Poincaré metric to the
tangent space TΓBe, i.e., we consider gSΓ as a mapping gSΓ : TΓBe × TΓBe → R.
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Remark 4.1. The scalar product gSΓ in (4.1) is given for the case that the entire
boundary of Ω is variable, as it is the case for, e.g., our model problem (2.15). If
Γ = Γfix ∪ Γdef , where Γfix is fixed and Γdef is variable, we can instead use the space

H1
Γfix(Ω)d =

{
V ∈ H1(Ω)d

∣∣∣ V = 0 on Γfix
}
,

and modify the bilinear form aΩ, the scalar product gSΓ , and the operator SpΓ accord-
ingly.

Let us now discuss the relation between the metric gSΓ and shape calculus. To do
so, we assume that the shape functional J is shape differentiable and has a shape
derivative of the form

dJ(Ω)[V ] =
∫

Γ
g V · n ds,

with g ∈ L2(Γ) (cf. Theorem 2.12). Then, the Riemannian shape gradient w.r.t. gSΓ
is given by γ ∈ TΓBe, which is the solution of the following Riesz problem

Find γ ∈ TΓBe such that

gSΓ(γ, φ) =
∫

Γ
gφ ds for all φ ∈ TΓBe.

(4.3)

Due to the definition of gSΓ , the solution of (4.3) is given by γ = SpΓg, in particular,
we have that γ = G · n, where G solves

Find G ∈ H1(Ω)d such that
aΩ(G,V) = dJ(Ω)[V ] for all V ∈ H1(Ω)d.

(4.4)

Due to the Lax-Milgram lemma, this problem has a unique solution G which we call
the gradient deformation of J at Ω. The gradient deformation G can be interpreted
as an extension of the Riemannian shape gradient γ to the entire domain Ω. Note,
that due to the coercivity of aΩ there exists a constant C > 0 so that

dJ(Ω)[−G] = aΩ(−G,G) ≤ −C ||G||2H1(Ω) ≤ 0, (4.5)

i.e., an infinitesimal transformation of the domain Ω along the flow associated to
the negative gradient deformation yields a descent in the shape functional J . This
fact is often used for the numerical solution of shape optimization problems in, e.g.,
[49, 86, 158], where the domain is successively deformed according to the negative
gradient deformation in the sense of a gradient descent method. We discuss this
more detailedly in Section 4.3.
Let us end this section with the following remarks.

Remark. For the numerical solution of shape optimization problems, where the
domain Ω is discretized by a mesh, it is desirable to obtain gradient deformations
that lead to smooth mesh deformations. For this reason, the bilinear form aΩ is often
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chosen according to the linear elasticity equations (see, e.g., [49, 61, 158, 161]), i.e.,
aΩ : H1(Ω)d ×H1(Ω)d → R is given by

aΩ(V,W ) =
∫

Ω
2µelas ε(V ) : ε(W ) + λelas div (V ) div (W ) + δelas V ·W dx, (4.6)

where λelas and µelas are the so-called Lamé parameters, for which we assume µelas > 0
and 2µelas + dλelas > 0, and δelas ≥ 0 is a damping parameter. The latter is required
to be positive in case aΩ is defined on H1(Ω)d as this case corresponds to a pure
Neumann problem, where aΩ is not coercive in case δelas = 0. If we consider a setting
as in Remark 4.1 and aΩ is given on H1

Γfix(Ω)d, the damping parameter is allowed to
vanish as aΩ is also coercive for δelas = 0 in this case due to the Poincaré inequality.
Note, that for the Lamé parameters we have the relation

λelas = Eν

(1 + ν)(1− 2ν) and µelas = E

2(1 + ν) ,

where E is Young’s modulus and ν is Poisson’s ratio. As in [161], we remark that the
Lamé parameters do not have any physical meaning in our context. Instead they are
used to modify how the gradient deformation acts on the mesh. In this context, E
describes the stiffness of the mesh, and ν describes the ratio of how much the mesh
expands or contracts in directions perpendicular to the direction of the deformation.
We remark that for the numerical experiments in this thesis (cf. Sections 4.4

and 6.7) we only consider bilinear forms aΩ of the form (4.6). Finally, note that
each different choice for the bilinear form aΩ leads to a different Steklov-Poincaré
operator SpΓ and, hence, to a different Riemannian metric gSΓ .
Remark. As discussed in [161], the Riemannian shape gradient γ = G · n is not
necessarily an element of the tangent space TΓBe as it is not guaranteed that G is in
C∞. However, if the bilinear form aΩ arises from a second order elliptic PDE with
sufficiently smooth coefficients and the distribution of the shape derivative g as well
as the domain Ω are sufficiently smooth, then the gradient deformation G ∈ H1(Ω)d
is indeed an element of C∞(Ω;Rd) by the theorem of infinite differentiability (cf. [50,
Theorem 6, Section 6.3]), in which case γ ∈ TΓBe.

4.3 Algorithmic Solution of Shape Optimization
Problems with Nonlinear CG Methods

Having recalled the Riemannian view on shape calculus from [159] and the Steklov-
Poincaré-type metrics from [161], we now formulate a general algorithmic framework
for gradient-based shape optimization methods. Throughout this section we consider
the general form of a PDE constrained shape optimization problem given by the
reduced problem

min
Ω

J(Ω)

subject to
Ω ∈ A.
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We follow the algorithmic ideas from [149] and formulate the general descent algo-
rithm on the shape space Be based on the Steklov-Poincaré metric gSΓ . Afterwards,
we propose NCG methods for shape optimization in this setting. Finally, we give
an alternative formulation of the descent algorithm based on domain deformations
which is well-suited for numerical discretization.

4.3.1 General Descent Algorithm for Shape Optimization
Before we describe our algorithmic framework, we briefly recall the concepts of a
retraction and vector transport. For a detailed discussion of these topics we refer the
reader to, e.g., [2, 149]. For some Γ ∈ Be, a retraction RΓ is a smooth mapping

RΓ : TΓBe → Be;
α 7→ RΓ(α),

which satisfies RΓ(0Γ) = Γ and DRΓ(0Γ) = idTΓBe , where DRΓ denotes the deriva-
tive of RΓ, and 0Γ and idTΓBe are the zero element and identity mapping in TΓBe,
respectively. A special case of a retraction is given by the so-called exponential map

expΓ : TΓBe → Be;
α 7→ expΓ α = γαΓ(1),

where γαΓ : [0, 1] → Be is the unique geodesic starting at γαΓ(0) = Γ with γ̇αΓ(0) = α.
Moreover, as in [160] we denote by

T : TBe ⊕ TBe → TBe;
(α, β) 7→ Tα β

a vector transport which satisfies the following properties: For α, β ∈ TΓBe it holds
that Tα β is an element of TRΓ(α)Be. Further, we have the relations T0Γ α = α and
Tγ (aα + bβ) = aTγ α + bTγ β for a, b ∈ R. Note, that the parallel transport or
parallel translation, as defined in, e.g., [2, 149], is a vector transport associated to
the exponential map.
Let us now investigate the general descent algorithm for shape optimization, given

in Algorithm 4.1. After specifying the initial domain Ω0 via its boundary Γ0 as well
as several parameters for the input, the algorithm proceeds as follows: In iteration k
we consider the iterate Γk with corresponding domain Ωk. First, the state and adjoint
systems corresponding to the shape optimization problem are solved in line 2 so that
we can calculate the shape derivative dJ(Ωk)[·]. In line 3 we solve the Riesz problem
(4.3) to obtain the Riemannian shape gradient γk, which by definition of gSΓ involves
the computation of the gradient deformation as an intermediate step. Afterwards,
in line 4, the convergence of the algorithm is tested by a relative stopping criterion
involving the norm of the Riemannian shape gradient ||γk||Γk

. In line 6 the search
direction dk is computed, based on the information from γk. We consider different
choices for the search direction which lead to either the gradient descent, L-BFGS,
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Algorithm 4.1: General descent algorithm for shape optimization.
Input: Initial geometry, represented by Γ0, initial step size t0, tolerance

tol ∈ (0, 1), maximum number of iterations kmax, parameters for
the Armijo rule σ ∈ (0, 1) and ω ∈ (0, 1)

1 for k=0,1,2,. . . , kmax do
2 Compute the solution of the state and adjoint systems
3 Compute the Riemannian shape gradient γk ∈ TΓk

Be from (4.3)
4 if ||γk||Γk

≤ tol ||γ0||Γ0
then

5 Stop with approximate solution Γk
6 Compute a search direction dk ∈ TΓk

Be

7 if gSΓk
(dk, γk) > 0 then

8 Set dk = −γk
9 while J(RΓk

(tdk)) > J(Γk) + σt gSΓk
(γk, dk) do

10 Decrease the step size: t = ωt
11 Set tk = t, ηk = tkdk, and update the geometry via Γk+1 = RΓk

(ηk)
12 Increase the step size for the next iteration: t = tk/ω

or NCG methods, as detailed below. Since, in general, the search direction cannot
be guaranteed to be a descent direction, we need to make sure that we exclude the
case where it leads to an ascent in J , which is done in lines 7 and 8. As is explained
in Section 4.3.3, if we have dk = Dk · n for some vector field Dk, then it holds that
(cf. (4.9))

gSΓk
(dk, γk) = dJ(Ωk)[Dk].

Hence, an infinitesimal deformation of Ωk along the flow of Dk leads to an ascent
in the cost functional J if gSΓk

(dk, γk) > 0. In this case we reinitialize the search
direction to the negative Riemannian shape gradient in line 8, which is guaranteed
to be a descent direction thanks to

dJ(Ωk)[−Gk] = gSΓk
(γk,−γk) = − ||γk||2Γk

≤ 0.

After having computed the search direction, we employ an Armijo line search in
lines 9 and 10 (cf. [149]). For the sake of better readability, in line 9 of the algorithm
we write J(Γ) instead of J(Ω) to be compatible with the Riemannian framework. If
dk = Dk · n for some vector field D, then using the same arguments as above reveals
that the inequality from line 9 reduces to the classical form

J(RΓk
(tdk)) > J(Γk) + σt dJ(Γk)[Dk].

Note, that we terminate the algorithm if the trial step size t becomes too small in
order to prevent being stuck in the line search. If the Armijo line search is terminated
successfully, we update the geometry in line 11 via Γk+1 = RΓk

(ηk), where ηk = tkdk
is the corresponding increment and R is a retraction as defined previously. Finally,
we increase the step size in line 12 so that the algorithm uses a larger initial trial
step size in the next iteration.
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For the choice of the search direction we have the following remarks. For the
gradient descent method, we use dk = −γk, which is guaranteed to be a descent
direction as discussed above. The L-BFGS methods are detailed in, e.g., [158, 160,
161], where a double loop for the computation of the search direction is given. We
have two remarks concerning our implementation details of the L-BFGS methods.
First, we note that the curvature condition for the L-BFGS methods reads

gSΓk
(sk−1, yk−1) > 0, (4.7)

where we use the notation
sk−1 = Tηk−1 ηk−1 ∈ TΓk

Be,

yk−1 = γk − Tηk−1 γk−1 ∈ TΓk
Be,

for a vector transport T with associated retraction R. If condition (4.7) is not sat-
isfied for some k, we restart the L-BFGS methods with a gradient step, as discussed
in [98], i.e., we set si = 0 and yi = 0 for all i ≤ k. Second, as discussed in, e.g., [130],
the L-BFGS methods have, similarly to a Newton method, a built-in scaling of the
search direction so that we always consider a step size of t = 1 as initial guess for
the Armijo line search in case the methods have a nonempty memory.

4.3.2 Nonlinear CG Methods for Shape Optimization
We now formulate nonlinear conjugate gradient methods for the solution of shape
optimization problems, which we embed into the algorithmic framework discussed
previously. To do so, we only have to specify the computation of the search direction
in line 6 of Algorithm 4.1, the rest of the algorithm remains unchanged. Analogously
to [2, 149], the search direction for the NCG methods is computed by the following
formula

dk = −γk + βkTηk−1 dk−1 ∈ TΓk
Be,

where, as before, ηk = tkdk is the increment of the iterate from line 11. Analogously
to the finite-dimensional case, we initialize the search direction with the negative Rie-
mannian shape gradient, i.e., β0 = 0 or, equivalently, d0 = −γ0. For the computation
of the the update parameter βk we define

yk−1 = γk − Tηk−1 γk−1 ∈ TΓk
Be.

The parameter βk is given in analogy to the finite-dimensional ones from Section 4.2.1
and [2, 149] as follows

βFR
k =

||γk||2Γk∣∣∣∣∣∣Tηk−1 γk−1

∣∣∣∣∣∣2
Γk

,

βPR
k =

gSΓk
(γk, yk−1)∣∣∣∣∣∣Tηk−1 γk−1

∣∣∣∣∣∣2
Γk

,

(continues on next page)
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(continued from previous page)

βHS
k =

gSΓk
(γk, yk−1)

gSΓk

(
Tηk−1 dk−1, yk−1

) ,
βDY
k =

||γk||2Γk

gSΓk

(
Tηk−1 dk−1, yk−1

) ,
βHZ
k = gSΓk

yk−1 − 2Tηk−1 dk−1
||yk−1||2Γk

gSΓk

(
Tηk−1 dk−1, yk−1

) , γk

gSΓk

(
Tηk−1 dk−1, yk−1

)
 .

As described in [130], it can be beneficial to restart the NCG methods with a
gradient step, for which there are two popular methods. First, one can reinitialize
the search direction to the negative gradient direction every kcg iterations, which can
possibly enhance the convergence (cf. [130]). Second, NCG methods try to generate
directions for which the corresponding gradients are orthogonal, which indeed holds
for the classical linear CG method, i.e., if the cost functional is quadratic, but is only
satisfied approximately for general nonlinear cost functionals. Hence, we reinitialize
the search direction with the negative Riemannian shape gradient if the following
criterion (cf. [130]) is satisfied

gSΓk

(
γk, Tηk−1 γk−1

)
||γk||2Γk

≥ εcg, (4.8)

where εcg is a parameter usually chosen in (0, 1). We use the notation kcg =∞ and
εcg = ∞ in case we do not restart the methods after a fixed amount of iterations
or via the condition (4.8), respectively. Note, that the convergence properties of the
Fletcher-Reeves and Polak-Ribière methods on infinite-dimensional manifolds are
investigated in [149].

Remark. For the Fletcher-Reeves and Polak-Ribière methods, one usually consid-
ers the term ||γk−1||2Γk−1

as the denominator for βk. However, as all other quantities
for the algorithm are computed at the current iterate Γk, we instead use the term∣∣∣∣∣∣Tηk−1 γk−1

∣∣∣∣∣∣2
Γk

as this is also evaluated at Γk. Note, that both expressions are equiv-
alent if the vector transport T is an isometry, which is satisfied, e.g., by the parallel
transport (cf. [2]). Moreover, we note that for the numerical experiments in Sec-
tion 4.4 the formulation given above yields slightly better results.

4.3.3 Volume-Based Description of the Descent Algorithm
The description of the descent algorithm given in Algorithm 4.1 is not yet well-suited
for numerical discretization as it is focused on an abstract infinite-dimensional setting
involving the shape space Be. In particular, the deformation of the geometry via
retractions, which represents only a deformation of the boundary, is not efficient for
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the numerical solution of shape optimization problems due to the following: From the
numerical point of view, the domain Ω is discretized, e.g., by some kind of mesh. Only
deforming the boundary of this mesh is not suitable as, in general, this causes the
mesh to degenerate even for comparatively small deformations, which necessitates
costly remeshing. Hence, it is more efficient to deform the entire mesh directly,
and not only its boundary. As mentioned in Section 4.2.2, this is usually done by
computing the gradient deformation G via (4.4), where the bilinear form aΩ is chosen
according to the linear elasticity equations (4.6), and deforming the the geometry
accordingly, which results in smooth mesh deformations. For these reasons, we now
make use of the fact that the gradient deformation can be viewed as extension of the
Riemannian shape gradient to the entire domain (cf. Section 4.2.2) and formulate
the descent algorithm in this volume-based setting, which is well-suited for numerical
discretization.
Due to the definition of the Steklov-Poincaré metric gSΓ , we have to compute the

gradient deformation G as an intermediate result for the computation of the Rieman-
nian shape gradient γ = G · n. Moreover, we will see that for the search directions
d used in Algorithm 4.1 we also have d = D · n for some vector field D. We then
have the following relations between the scalar product gSΓ and the bilinear form aΩ.
Let the Riemannian shape gradient be given by γ ∈ TΓBe, where γ = G · n as in
Section 4.2.2, and consider an element β ∈ TΓBe given by β = V · n for some vector
field V . Then, we have that

gSΓ (γ, β) =
∫

Γ
gβ ds =

∫
Γ
g V · n ds = dJ(Ω)[V ] = aΩ(G,V). (4.9)

In particular, we can compute the norm of the Riemannian shape gradient via

||γ||2Γ = aΩ(G,G) = ||G||2aΩ
, (4.10)

where ||·||aΩ
is a norm on H1(Ω)d defined as

||V||aΩ
=
√
aΩ (V ,V), V ∈ H1(Ω)d.

From these considerations we see that the metric gSΓ embeds the gradient deformation
G into a Riemannian framework for shape optimization.
The only thing left to do before we can give the volume-based description of

Algorithm 4.1 is to extend the retraction and vector transport so that they act
on vector fields instead of elements of the tangent space TΓBe. We denote these
extensions by

R̃Ω : H1(Ω)d → A,
T̃ : H1(Ω)d ×H1(Ω)d → H1(R̃Ω(V))d,

where the retraction R̃Ω maps a vector field V ∈ H1(Ω)d to a domain R̃Ω(V) ⊂ A
deformed by it, and T̃ maps a vector field W ∈ H1(Ω)d to a vector field T̃VW ∈
H1(R̃Ω(V)). Moreover, to be compatible with the previous notions of a retraction

51



4 Nonlinear CG Methods for PDE Constrained Shape Optimization

and vector transport, we assume that for α = V · n ∈ TΓBe and β = W · n ∈ TΓBe

with V ,W ∈ H1(Ω)d it holds that RΓ(α) is the boundary of the domain R̃Ω(V) and
that

Tα β =
(
T̃VW

)
· n ∈ TRΓ(α)Be.

This extends the previous notions of retraction and vector transport to our volume-
based setting.
Following the above discussion, it is now straightforward to modify Algorithm 4.1

to a formulation that uses vector fields as search directions and deforms the domain
according to the retraction R̃, which is given in Algorithm 4.2. In particular, the
scalar products and norms involving tangent vectors and the metric gSΓ can now
be rephrased as scalar products and norms involving vector fields and the bilinear
form aΩ (cf. (4.9) and (4.10)). This formulation is stated in Algorithm 4.2 and is
straightforward to discretize consistently, e.g., by the finite element method, which
we briefly discuss in Section 4.4.1.
We have the following remarks regarding the computation of the search direction

in the setting of Algorithm 4.2. For the gradient descent method, we use the search
direction Dk = −Gk, i.e., we use the negative gradient deformation to deform our
domain. Due to (4.5), we know that this always yields a descent direction. For
the computation of the search direction with the L-BFGS methods we refer the
reader to [161], where the corresponding double loop for this volume-based setting
is given. In particular, the search direction for the L-BFGS methods is given as a
linear combination of previous gradient deformations Gi and increments ξi = tiDk
(cf. line 11 of Algorithm 4.2) of the geometry which are transported to the current
domain Ωk via the vector transport T̃ , making it a vector field as well.

Algorithm 4.2: Volume-based descent algorithm for shape optimization.
Input: Initial geometry Ω0, initial step size t0, tolerance tol ∈ (0, 1),

maximum number of iterations kmax, parameters for the Armijo rule
σ ∈ (0, 1) and ω ∈ (0, 1)

1 for k=0,1,2,. . . , kmax do
2 Compute the solution of the state and adjoint systems
3 Compute the gradient deformation Gk by solving (4.4)
4 if ||Gk||aΩk

≤ tol ||G0||aΩ0
then

5 Stop with approximate solution Ωk

6 Compute a search direction Dk
7 if aΩk

(Dk,Gk) > 0 then
8 Set Dk = −Gk
9 while J(R̃Ωk

(tDk)) > J(Ωk) + σt aΩk
(Gk,Dk) do

10 Decrease the step size: t = ωt

11 Set tk = t, ξk = tkDk, and update the geometry via Ωk+1 = R̃Ωk
(ξk)

12 Increase the step size for the next iteration: t = tk/ω
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Let us now detail the computation of the search direction for the NCG methods
in the setting of Algorithm 4.2. Analogously to before, we use the iteration

Dk = −Gk + βkT̃ξk−1 Dk−1 ∈ H1(Ωk)d,
where ξk = tkDk is the increment of the geometry as in line 11 of Algorithm 4.2.
Furthermore, we have β0 = 0 or, equivalently, D0 = −G0, as before. Obviously, as
for the gradient descent and L-BFGS methods, we observe that this leads to search
directions that are represented by vector fields on the domain Ωk. In analogy to
Section 4.3.2, we define

Yk−1 = Gk − T̃ξk−1 Gk−1 ∈ H1(Ωk)d,
and state the modified update formulas for βk in the following

βFR
k =

||Gk||2aΩk∣∣∣∣∣∣T̃ξk−1 Gk−1

∣∣∣∣∣∣2
aΩk

,

βPR
k = aΩk

(Gk,Yk−1)∣∣∣∣∣∣T̃ξk−1 Gk−1

∣∣∣∣∣∣2
aΩk

,

βHS
k = aΩk

(Gk,Yk−1)
aΩk

(
T̃ξk−1 Dk−1,Yk−1

) ,
βDY
k =

||Gk||2aΩk

aΩk

(
T̃ξk−1 Dk−1,Yk−1

) ,
βHZ
k = aΩk

Yk−1 − 2T̃ξk−1 Dk−1
||Yk−1||2aΩk

aΩk

(
T̃ξk−1 Dk−1,Yk−1

) , Gk
aΩk

(
T̃ξk−1 Dk−1,Yk−1

)
 .

Regarding the restart of the algorithm, condition (4.8) can be rewritten in this setting
as

aΩk

(
Gk, T̃ξk−1 Gk−1

)
||Gk||2aΩk

≥ εcg, (4.11)

i.e., we reinitialize Dk = −Gk if (4.11) holds.
The above discussions show that the Steklov-Poincaré metric gSΓ from [161] enables

us to define the NCGmethods for shape optimization in terms of vector fields directly,
which results in very efficient methods for PDE constrained shape optimization as
demonstrated in the following section.

4.4 Numerical Comparison of Gradient-Based
Algorithms for Shape Optimization

In this section, we numerically compare the NCGmethods to the gradient descent and
L-BFGS methods using four benchmark shape optimization problems. Throughout
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this section, we abbreviate the gradient descent method by GD, the L-BFGS method
with memory m by L-BFGS m, and the NCG methods are abbreviated as NCG FR,
PR, HS, DY, and HZ, corresponding to the Fletcher-Reeves, Polak-Ribière, Hestenes-
Stiefel, Dai-Yuan, and Hager-Zhang variants, respectively. Finally, note that our
implementation of the numerical experiments considered in this section is available
freely on GitHub [20].

4.4.1 Discretization and Setup
The general algorithmic framework of Section 4.3 is implemented in our software
cashocs (cf. Chapter 3), and we use this software for the numerical solution of the
shape optimization problems. For the state and adjoint systems, we detail the finite
element discretization for each problem individually later on. For the discretization
of the domain Ω we use the finite element meshes corresponding to the respective
state and adjoint systems. Moreover, problem (4.4), used to determine the gradient
deformation, is discretized with linear Lagrange elements. Hence, the gradient de-
formation Gk and the search direction Dk in Algorithm 4.2 are given by piecewise
linear functions.
For the extended retraction R̃ we proceed analogously to [160] and use the following

approximation
R̃Ω(V) = (I + V) Ω = { x+ V(x) | x ∈ Ω } . (4.12)

This is a similar concept to the perturbation of identity, which generates a family of
transformed domains Ωt for t ≥ 0 through

Ωt = (I + tV) Ω = { x+ tV(x) | x ∈ Ω } ,

and presents an alternative to the speed method for computing first order shape
derivatives (cf. [38]). Equation (4.12) implies that we consider a Eulerian setting,
where the underlying finite element mesh is deformed and moved in each iteration of
the respective optimization algorithm. In particular, the state and adjoint systems
as well as the linear elasticity equations for determining the gradient deformation
are solved on the deformed domain. From the numerical point of view, we can easily
realize this retraction by simply adding the (discretized) vector field V to the nodes
of the finite element mesh. Note, that the deformation of the geometry only occurs
during the Armijo line search in Algorithm 4.2 and that we reject deformations that
would result in inverted or intersecting mesh elements, so that we obtain a conforming
finite element mesh for all iterations.
For the vector transport T̃ we use the approximation

T̃VW(y) =W(x) for y = x+ V(x) ∈ R̃Ω(V) with x ∈ Ω, (4.13)

where T̃VW : R̃Ω(V)→ Rd is a vector field on R̃Ω(V), and V : Ω→ Rd and W : Ω→
Rd are vector fields on Ω. Due to the definition of the retraction and the fact that
we exclude deformations that would lead to inverted or intersecting mesh elements
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as discussed above, the retraction R̃Ω from (4.12) is in fact invertible so that (4.13)
is well-defined. From the numerical point of view, a vector field W defined on Ω
is represented by a vector of nodal values since it is discretized by piecewise linear
Lagrange elements. Equation (4.13) then states that the transported vector field
T̃VW on the deformed domain R̃Ω(V) is represented by the same vector of nodal
values as the original vector field W , where only the position of the corresponding
mesh nodes is changed according to (4.12). Note, that the retraction given by (4.12)
and the vector transport given by (4.13) are used in [65, 158, 160, 161] for the
numerical realization of the Riemannian framework from Section 4.2.2, and we refer
the reader to these publications for further details.
The previously described discretizations lead to finite-dimensional systems for the

state and adjoint systems as well as the Riesz problem for the gradient deformation
(4.4), whose solution we briefly discuss in the following. All nonlinear systems are
solved by a damped Newton method based on the natural monotonicity criterion
from [39, Chapter 3.3] with a backtracking line search, giving rise to a sequence of
linear systems. For the solution of these and all other linear systems, we use the
direct solver MUMPS from the library PETSc [11].
We solve each of the shape optimization problems considered in the subsequent

sections numerically using the five NCG methods from Section 4.3.3. Additionally,
we solve each problem with the gradient descent and the L-BFGS methods, where
we consider a memory size of one, three, and five for the latter. This enables a
detailed comparison of the NCG methods to already established gradient-based shape
optimization methods. Note, that from the perspective of memory requirements, the
gradient descent and NCG methods are comparable as the latter only need to store
one or two additional vectors compared to the former. As remarked in Section 4.2.1,
the L-BFGS m method needs 2m additional vectors of storage over the gradient
descent method, which can be prohibitive for very large-scale problems as discussed
in [98]. In particular, only the L-BFGS 1 method, which needs to store two additional
vectors, is comparable to the NCG and gradient descent methods regarding their
memory requirements.
Let us briefly discuss the parameters used for solving the optimization problems.

As stopping tolerance we use tol = 5e−4 in all cases, which is rather restrictive and
ensures (numerical) convergence to a stationary point or local minimizer. For the
Armijo line search, we always use σ = 1e−4 and ω = 1/2, as suggested in [98, 130].
The remaining parameters for the optimization algorithms differ slightly between
the problems so that we specify them at the relevant positions below. Note, that
the methods only differ in the fact that the initial trial step size for the L-BFGS
methods is chosen to be 1 in case of a nonempty memory, the remaining parameters
are identical for all methods so that a comparison is feasible. Finally, we remark
that our implementation of all numerical experiments considered in this chapter is
available as open-source code on GitHub [20].
We present our numerical results regarding the comparison of the methods in the

same way for all problems, which we briefly describe in the following. We visualize

55



4 Nonlinear CG Methods for PDE Constrained Shape Optimization

the history of the methods, i.e., the evolution of the cost functional J(Ωk) and relative
shape gradient norm ||Gk||aΩk

/||G0||aΩ0
, over the optimization. For the sake of better

readability, we only show the gradient descent, L-BFGS 5, and NCG methods in
these figures and exclude the L-BFGS 3 and 1 methods. We highlight the gradient
descent and L-BFGS 5 methods together with the NCG method that performed best
by plotting their history in opaque colors, whereas we use transparent colors for
the remaining NCG methods. An example for such a figure is given by Figure 4.2.
Moreover, we tabulate the amount of iterations the methods require until they first
reach a tolerance τ of

τ ∈ { 1e−1, 5e−2, 1e−2, 5e−3, 1e−3, 5e−4 } .

This allows us to compare how efficient the algorithms are for different tolerances,
e.g., if one would want to employ the methods using a less restrictive tolerance.
Note, that the main computational cost of Algorithm 4.2 comes from the solution
of the PDEs corresponding to the state and adjoint system as well as the linear
elasticity equation, which is used to determine the gradient deformation: Each of
these PDEs must be solved once per iteration of the algorithm in order to determine
the current gradient deformation. Additionally, the state system possibly has to be
solved several times to compute a feasible step size in the Armijo line search. The
cost of computing the search direction for the NCG and L-BFGS methods, however,
is negligible compared to the cost of the PDE solves. Hence, the number of PDE
solves an algorithm performs is a good indicator for its computational cost. For
this reason, we also state the number of solves for the state and adjoint systems
required by the methods. Note, that the number of solves depicted throughout
this section corresponds to the desired tolerance tol = 5e−4 in case the respective
method converged successfully, or to the number of solves after kmax iterations if
the respective method failed to converge. An example for such a table is given by
Table 4.2. In the end, we also show plots of the optimized geometries where we
use the geometry obtained with the L-BFGS 5 method as reference. Note, that for
the sake of brevity, we only show the geometries obtained by the gradient descent
method and one or two NCG methods.

4.4.2 A Shape Optimization Problem Constrained by a Poisson
Equation

The first problem we consider is our model problem from Section 2.3 (cf. [49]) which
we briefly recall here

min
Ω
J (Ω, u) =

∫
Ω
u dx

subject to
−∆u = f in Ω,

u = 0 on Γ,
Ω ∈ A,

(4.14)
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(a) Initial geometry. (b) Optimized geometry.

Figure 4.1: State variable u for the Poisson problem (4.14) on the initial and opti-
mized geometries, obtained by the L-BFGS 5 method.

where we have
A = { Ω ⊂ D } ,

for some bounded hold-all domain D. Note, that the corresponding adjoint equa-
tion for problem (4.14) is given in (2.22) and the volume formulation of the shape
derivative is stated in (2.23).
We consider this problem in two dimensions, following the numerical optimization

carried out in [49]. As initial geometry we use the unit circle S1 ⊂ R2 which we
discretize using a uniform mesh consisting of 7651 nodes and 15000 triangles, and for
the discretization of the Poisson equation we use piecewise linear Lagrange elements.
For the right-hand side f we use

f(x) = 2.5
(
x1 + 0.4− x2

2

)2
+ x2

1 + x2
2 − 1.

Table 4.1: Parameters for Algorithm 4.2 for the Poisson problem (4.14).

parameter value

initial step size t0 1.0
maximum number of iterations kmax 50
iterations for NCG restart kcg ∞
tolerance for NCG restart εcg ∞

first Lamé parameter λelas 1.429
second Lamé parameter µelas 0.357
damping parameter δelas 0.2
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(a) History of the cost functional (shifted by +0.1).
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(b) History of the relative shape gradient norm.

Figure 4.2: History of the optimization algorithms for the Poisson problem (4.14).

A plot of the state variable u on the initial and optimized domains, obtained by
the L-BFGS 5 method, can be found in Figure 4.1. The parameters used for the
optimization algorithm and for the bilinear form aΩ are based on the ones used in
[49] and are summarized in Table 4.1.
As discussed in Section 4.4.1, the history and performance of the methods are

depicted in Figure 4.2 and Table 4.2. From the results shown there, we observe that
the NCG methods work very well. Each of the NCG methods performs significantly
better than the gradient descent method, reaching the investigated tolerances in
about half the iterations, and, except for the Hager-Zhang NCG method, all of them
reach the desired tolerance of 5e−4. This is also reflected in the evolution of the
cost functional which decreases considerably slower for the gradient descent method
than for the NCG methods. In particular, the Dai-Yuan NCG method works very
well and even outperforms the L-BFGS 1 method. Overall, the performance of the
NCG methods is slightly worse than that of the L-BFGS ones, but far better than
that of the gradient descent method. Finally, we remark that the NCG methods
need to solve the state system more often than the L-BFGS methods. This is due

58



4.4 Comparison of Gradient-Based Shape Optimization Algorithms

Table 4.2: Amount of iterations required to reach a prescribed tolerance for the
Poisson problem (4.14).

tolerance 1e−1 5e−2 1e−2 5e−3 1e−3 5e−4 state / adjoint solves

GD 18 22 31 47 - - 101 / 50

L-BFGS 1 4 5 13 19 28 36 47 / 37
L-BFGS 3 3 4 6 11 16 22 29 / 23
L-BFGS 5 3 4 6 6 12 18 22 / 19

NCG FR 5 6 18 22 40 44 88 / 45
NCG PR 6 7 16 17 43 47 95 / 48
NCG HS 6 8 16 21 44 48 97 / 49
NCG DY 5 13 17 19 24 26 52 / 27
NCG HZ 7 12 21 29 - - 102 / 50

to the fact that the L-BFGS methods have a built-in scaling of the search direction,
as remarked in Section 4.3, so that the initial guess of 1 for the step size is almost
always accepted, whereas the gradient descent and NCG methods need to perform
more iterations for the computation of the step size via the Armijo line search.
The optimized geometries are shown in Figure 4.3, where we exemplarily compare

the gradient descent, Fletcher-Reeves NCG, and Polak-Ribière NCG methods with
the L-BFGS 5 method as reference. The optimized geometries are all rather similar,
however, we observe that there is still a visible difference between the geometry
obtained by the gradient descent and the reference geometry from the L-BFGS 5
method. This is not the case anymore for both NCG methods depicted there, where
the geometries are in perfect agreement with the reference one.

(a) Gradient descent. (b) Fletcher-Reeves NCG. (c) Polak-Ribière NCG.

Figure 4.3: Optimized Shapes (blue) compared to the solution of the L-BFGS 5
method (orange) for the Poisson problem (4.14).
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4.4.3 Shape Identification in Electrical Impedance Tomography
For our second problem, we consider an inverse problem in electrical impedance to-
mography, which is based on the ones investigated in, e.g., [78, 109, 161]. For this
problem, we consider the hold-all domain D as the domain of the PDE, which is
divided into the subdomains Ωin and Ωout. Each of these subdomains represents a
different material, which we assume to have different, and constant, electric conduc-
tivities κin ∈ R+ and κout ∈ R+, respectively. The goal of this problem is to identify
the shape of the interior object Ωin from measurements of the electric potential at
the boundary. To do so, usually several experiments are carried out. The electric
potential ui, where the index i = 1, . . . ,M denotes the number of the experiment,
can then be modeled via the following system

−κin ∆ui = 0 in Ωin,

−κout ∆ui = 0 in Ωout,

κout ∂nui = fi on ∂D,
uout
i = uin

i on Γ,
κout ∂ninuout

i − κin ∂ninuin
i = 0 on Γ,∫

∂D
ui ds = 0,

(4.15)

where fi denotes the electric current applied on the outer boundary ∂D and nin is the
unit outer normal vector for Ωin. Moreover, vin denotes the restriction of a function
v to Ωin, and vout denotes the restriction of v to Ωout. Note, that the fourth and fifth
equations of (4.15) are transmission conditions that model the fact that the electric
potential and the electric current are continuous over the interface Γ, and the final
equation ensures the unique solvability for this Neumann problem.
For the shape optimization problem, we assume that we are given measurements

mi of the electric potential on ∂D corresponding to the currents fi and want to
identify the shape of the interior object, i.e., the shape of Ωin. To do so, we use the
following shape optimization problem

min
Ωin

J (Ωin, u) =
M∑
i=1

νi
2

∫
∂D

(ui −mi)2 ds

subject to
(4.15) and Ωin ∈ A,

(4.16)

which aims at minimizing the L2(∂D) distance between the simulated electric po-
tential ui and the corresponding measurement mi. Here, νi ≥ 0 are weights and the
set of admissible geometries is given by

A =
{

Ωin ⊂ D
}
,

in particular, the boundary ∂D is assumed to be fixed.
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Remark. The shape derivative for (4.16) is given by

dJ(Ωin)[V ] =
M∑
i=1

∫
Ωin

κin ((div (V) I − 2 ε (V))∇ui) · ∇pi dx

+
M∑
i=1

∫
Ωout

κout ((div (V) I − 2 ε (V))∇ui) · ∇pi dx,

where ui is the solution of (4.15) and pi solves the following adjoint system

−κin ∆pi = 0 in Ωin,

−κout ∆pi = 0 in Ωout,

κout ∂npi + νi (ui −mi) = 0 on ∂D,
pout
i = pin

i on Γ,
κout ∂ninpout

i − κin ∂ninpin
i = 0 on Γ,∫

∂D
pout
i ds = 0,

for i = 1, . . . ,M (cf. [78, 109]). Note, that we have no direct contribution of the cost
functional to the shape derivative as V = 0 on ∂D due to the geometrical constraints.

For the numerical realization of this problem, we choose the following setting
closely based on the one of [109]. The hold-all domain D is chosen to be the unit
square (0, 1)2, which we discretize using a uniform mesh with 6070 vertices and
11870 triangles, and for the numerical solution of the state and adjoint systems we
use piecewise linear Lagrange elements. We divide the boundary of the holdall into
∂D = Γt ∪ Γb ∪ Γl ∪ Γr, corresponding to the top, bottom, left, and right sides of
the square. We consider the case of M = 3 measurements, where the currents fi are
chosen as

f1 = 1 on Γl ∪ Γr and f1 = −1 on Γt ∪ Γb,
f2 = 1 on Γl ∪ Γt and f2 = −1 on Γr ∪ Γb,
f3 = 1 on Γl ∪ Γb and f3 = −1 on Γr ∪ Γt,

Table 4.3: Parameters for Algorithm 4.2 for the EIT problem (4.16).

parameter value

initial step size t0 1.0
maximum number of iterations kmax 50
iterations for NCG restart kcg ∞
tolerance for NCG restart εcg ∞

first Lamé parameter λelas 0.0
second Lamé parameter µelas 1.0
damping parameter δelas 0.0
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(a) History of the cost functional.
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(b) History of the relative shape gradient norm.

Figure 4.4: History of the optimization algorithms for the EIT problem (4.16).

which satisfies the compatibility condition
∫
∂D fi ds = 0, and the electric conduc-

tivities are given by κout = 1 and κin = 10. The measurements are obtained by
numerically solving the state system (4.15) with a reference inner domain given by
a circle with center (0.5, 0.5) and radius 0.2. For the initial geometry we choose a
square with center (0.5, 0.5) and edge length 0.4. The weights νi for the cost func-
tional are chosen so that each summand in J has value 1 after solving (4.15) on the
initial geometry. Finally, the parameters for Algorithm 4.2 and for the choice of the
bilinear form aΩ are given in Table 4.3.
Analogously to before, we depict the history of the optimization and performance

of the methods in Figure 4.4 and Table 4.4, as discussed in Section 4.4.1. The
results again highlight the capabilities of the NCG methods proposed in Section 4.3.
Comparing their performance with the gradient descent method, we observe that
each NCG method performs significantly better. In particular, the gradient descent
method is only able to reach a tolerance of 5e−2 for the relative gradient norm,
whereas all NCG methods reach the desired tolerance of 5e−4. A similar trend can
be seen for the cost functional, which only decreases by about 1.5 orders of magnitude
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Table 4.4: Amount of iterations required to reach a prescribed tolerance for the EIT
problem (4.16).

tolerance 1e−1 5e−2 1e−2 5e−3 1e−3 5e−4 state / adjoint solves

GD 3 13 - - - - 104 / 50

L-BFGS 1 3 10 25 26 28 29 38 / 30
L-BFGS 3 3 7 9 10 11 11 18 / 12
L-BFGS 5 3 6 8 9 11 11 15 / 12

NCG FR 6 7 12 22 30 37 77 / 38
NCG PR 3 9 20 32 40 41 86 / 42
NCG HS 4 4 12 20 24 28 56 / 29
NCG DY 4 4 13 13 24 32 67 / 33
NCG HZ 3 17 17 17 24 26 53 / 27

for the gradient descent method, but by over 4 orders of magnitude for all other
methods. Comparing the NCG methods to the L-BFGS ones, we observe that they
perform rather similarly to the L-BFGS 1 method, particularly the Hestenes-Stiefel,
Dai-Yuan, and Hager-Zhang methods, which need slightly fewer iterations to reach
the investigated tolerances. Note, that the L-BFGS 3 and 5 methods perform best of
all methods, reaching the desired tolerance after only about a third of the iterations
required by the L-BFGS 1 and NCG methods. We also observe that the L-BFGS
methods need less solves of the state equation, again due to the same reason as
before. However, as remarked earlier, the L-BFGS methods also need significantly
more memory than the NCG methods to achieve these results.
The optimized geometries obtained by the methods, shown in Figure 4.5 for the

gradient descent method as well as the Hestenes-Stiefel and Hager-Zhang NCG meth-
ods, show a similar picture. For the gradient descent method there is still some differ-

(a) Gradient descent. (b) Hestenes-Stiefel NCG. (c) Hager-Zhang NCG.

Figure 4.5: Optimized Shapes for the EIT problem (4.16), Ωin (blue), Ωout (light
gray), together with initial (dark gray) and reference (orange) shape of
Ωint.
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ence between the optimized shape and the reference one, in particular, the optimized
geometry still exhibits kinks corresponding to those in the initial geometry. On the
other hand, both NCG methods yield accurately resolved circles, approximating the
reference shape very well.

4.4.4 Optimization of an Obstacle in Stokes Flow
For the next problem, we consider the shape optimization of an obstacle enclosed in
Stokes flow, where we aim at minimizing the energy dissipated by the obstacle. For
this optimization to be meaningful, we need additional constraints, namely we have
to fix the volume and the barycenter of the obstacle, otherwise it would either shrink
arbitrarily or move out of the computational domain. This problem is investigated
analytically in [141], where the optimal shape of the obstacle is found to be the
well-known ogive. Additionally, this problem is also used in, e.g., [41, 91, 158] for
validating the performance of shape optimization algorithms. Our formulation of the
problem is closely adapted from [158].
Regarding the geometrical setup, we have the following. The domain of the flow is

denoted by Ω. Its exterior boundary is divided into the inlet Γin, the wall boundary
Γwall, and the outlet Γout. Furthermore, we have the boundary of the obstacle Γobs,
which lies completely in the interior of Ω and determines the shape of the obstacle
Ωobs. The nondimensionalized Stokes system for this setting is given by

−∆u+∇p = 0 in Ω,
div (u) = 0 in Ω,

u = uin on Γin,

u = 0 on Γwall ∪ Γobs,

∂nu− pn = 0 on Γout.

(4.17)

The volume and barycenter of the obstacle are defined as

vol(Ωobs) =
∫

Ωobs
1 dx and bc(Ωobs) = 1

vol(Ωobs)

∫
Ωobs

x dx.

Hence, the shape optimization problem can be formulated as

min
Ω
J (Ω, u) =

∫
Ω
Du : Du dx

+ ν1

2
(
vol(Ωobs)− vol(Ωobs

0 )
)2

+ ν2

2
∣∣∣bc(Ωobs)− bc(Ωobs

0 )
∣∣∣2

subject to
(4.17) and Ω ∈ A,

(4.18)

where Ωobs
0 is the domain of the initial obstacle. Note, that we have regularized

the geometrical constraints in the cost function, as in [41]. The set of admissible
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geometries for this problem is given by

A =
{

Ω ⊂ D
∣∣∣ Γin = Γin

0 , Γwall = Γwall
0 , and Γout = Γout

0

}
,

for some initial flow domain Ω0 with boundary Γ0, i.e., only the boundary Γobs is
deformable, the remaining ones are fixed. Note, that the hold-all D for this example
is given by D = Ω0 ∪ Ωobs

0 .

Remark. The shape derivative of problem (4.18) is given by

dJ(Ω)[V ] =
∫

Ω
(Du (div (u) I − 2 ε (V))) : Du dx

+ ν1
(
vol(Ωobs)− vol(Ωobs

0 )
) ∫

Ωobs
div (V) dx

+
∑d

i=1 ν2
(
bc(Ωobs)i − bc(Ωobs

0 )i
) 1
vol(Ωobs)

∫
Ωobs

div (xiV) dx

−
∑d

i=1 ν2
(
bc(Ωobs)i − bc(Ωobs

0 )i
) bc(Ωobs)i
vol(Ωobs)2

∫
Ωobs

div (V) dx

+
∫

Ω
(Du (div (V) I − 2 ε (V))) : Dv dx

−
∫

Ω
p tr (Dv (div (V) I −DV)) dx

−
∫

Ω
q tr (Du (div (V) I −DV)) dx,

where (u, p) solves (4.17) and (v, q) is the solution of the following adjoint equation

−∆v +∇q = 2∆u in Ω,
div (v) = 0 in Ω,

v = 0 on Γin ∪ Γwall ∪ Γobs,

∂nv − qn = 0 on Γout.

As initial geometry, we choose Ω0 = (−3, 6) × (−2, 2) \ Ωobs
0 , with Ωobs

0 being a
circle with center (0, 0) and radius 0.5, in analogy to [158]. This is discretized by a
nonuniform mesh consisting of 6525 vertices and 12 326 triangles, of which 620 form
the deformable boundary Γobs. For the numerical solution of the state and adjoint
systems we use a mixed finite element method with piecewise quadratic Lagrange
elements for the velocity component and piecewise linear Lagrange elements for the
pressure component, which is LBB-stable for the saddle point structure of (4.17).
For uin we choose the parabolic profile

uin(x) = 1/4 (2− x2) (2 + x2) ,

so that the maximum inlet velocity is 1. The solution of the Stokes system (4.17)
on the initial and optimized geometries, obtained by the L-BFGS 5 method, can be
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(a) Initial geometry. (b) Optimized Geometry.

Figure 4.6: Magnitude of the velocity ||u|| for the Stokes problem (4.17) on the
initial and optimized geometries, obtained by the L-BFGS 5 method.

(a) Initial geometry. (b) Optimized Geometry.

Figure 4.7: Pressure p for the Stokes problem (4.17) on the initial and optimized
geometries, obtained by the L-BFGS 5 method.

seen in Figures 4.6 and 4.7, where the magnitude of the velocity and the pressure are
depicted, respectively. The weights νi for the regularization are chosen as ν1 = 1e4
and ν2 = 1e2. For the parameter µelas needed for the bilinear form aΩ we follow the
approach described in [158] and compute it as the solution of the following Laplace
problem

−∆µelas = 0 in Ω,
µelas = µmax on Γobs,

µelas = µmin on Γin ∪ Γwall ∪ Γout,

(4.19)

where we choose µmax = 500 and µmin = 1 as in [158]. The remaining parameters for
Algorithm 4.2 are shown in Table 4.5.
As before, the history and performance of the methods are shown in Figure 4.8

and Table 4.6 (cf. Section 4.4.1). Again, we observe that the NCG methods perform
well for this problem. Comparing them to the gradient descent method, we see
that all of them give significantly better results for this problem as the former fails
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Table 4.5: Parameters for Algorithm 4.2 for the Stokes problem (4.18).

parameter value

initial step size t0 1.0
maximum number of iterations kmax 250
iterations for NCG restart kcg ∞
tolerance for NCG restart εcg ∞

first Lamé parameter λelas 0.0
second Lamé parameter µelas computed from (4.19)
damping parameter δelas 0.0

to reach even the tolerance of 1e−1, whereas the NCG methods reach much lower
tolerances. In particular, all NCG methods except for the Fletcher-Reeves and Polak-
Ribière variants reach the desired tolerance of 5e−4. Moreover, we see that the NCG
methods perform similarly to the L-BFGS methods. In particular, the Dai-Yuan
NCG method, which reaches the desired tolerance with the fewest iterations among
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(a) History of the cost functional for the first 100 iterations.
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(b) History of the relative shape gradient norm.

Figure 4.8: History of the optimization algorithms for the Stokes problem (4.18).
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Table 4.6: Amount of iterations required to reach a prescribed tolerance for the
Stokes problem (4.18).

tolerance 1e−1 5e−2 1e−2 5e−3 1e−3 5e−4 state / adjoint solves

GD - - - - - - 504 / 250

L-BFGS 1 26 32 84 91 142 154 236 / 155
L-BFGS 3 28 30 70 78 100 105 160 / 106
L-BFGS 5 22 22 36 44 68 83 110 / 84

NCG FR 40 81 111 146 232 - 509 / 250
NCG PR 63 69 107 204 - - 502 / 250
NCG HS 51 51 92 107 133 142 286 / 143
NCG DY 17 23 44 48 63 78 159 / 79
NCG HZ 75 86 163 186 212 224 452 / 225

all considered methods, performs very well. Additionally, the Hestenes-Stiefel NCG
method yields results that are very similar to the L-BFGS 1 method, but performs
a bit weaker than the L-BFGS 3 and 5 ones. As before, we note that the L-BFGS
methods need less solves for the state system due to the built-in scaling of the search
directions.

(a) Gradient descent. (b) Polak-Ribière NCG. (c) Dai-Yuan NCG.

(d) Polak-Ribière NCG. (e) Dai-Yuan NCG.

Figure 4.9: Optimized Shapes Ωobs (white) and Ω (blue) compared to the solution
of the L-BFGS 5 method (orange) for the Stokes problem (4.18).
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The optimized geometries, depicted in Figure 4.9 for the gradient descent, Polak-
Ribière, and Dai-Yuan methods, confirm our previous findings. Whereas the geom-
etry is still far from the optimal ogive for the gradient descent method, we observe
very little difference already between the solution of the L-BFGS 5 and the Polak-
Ribière method, which performed worst of all NCG methods. We see that the overall
shape of the ogive is well approximated by the Polak-Ribière method, with the only
major differences occurring at the front and back, where the geometry is still com-
paratively smooth and does not yet exhibit the 90° wedges when inspected very
closely (cf. Figure 4.9d). In contrast, the Dai-Yuan method approximates the ogive
perfectly, including the front and back wedges, and yields basically identical results
to the L-BFGS 5 method.

4.4.5 Shape Optimization of a Pipe
Finally, we investigate the shape optimization of a pipe, based on the problems
considered in [74, 153]. Similarly to the previous problem, our objective is to minimize
the dissipated energy of the flow, which is now governed by the incompressible Navier-
Stokes equations. We also have a geometric constraint for this problem, namely we
fix the volume of the pipe so that the geometry cannot degenerate. We denote the
domain of the pipe by Ω and its boundary by Γ. The latter is divided into three
parts, namely the inlet Γin, the wall boundary Γwall, and the outlet Γout. We assume
that the inlet and outlet are fixed, and that only a subset Γdef ⊂ Γwall is deformable,
whereas the part Γfix = Γwall \ Γdef , located near the in- and outlet, is fixed, as in
[153]. This is done to avoid a degeneration of the geometry near the in- and outlet
sections of the pipe.
The nondimensionalized incompressible Navier-Stokes system describing the flow

for this problem reads

− 1
Re ∆u+ (u · ∇)u+∇p = 0 in Ω,

div (u) = 0 in Ω,
u = uin on Γin,

u = 0 on Γwall,

1
Re ∂nu− pn = 0 on Γout,

(4.20)

where Re > 0 denotes the Reynolds number. The corresponding shape optimization
problem reads

min
Ω
J (Ω, u) = 1

Re

∫
Ω
Du : Du dx+ ν

2 (vol(Ω)− vol(Ω0))2

subject to
(4.20) and Ω ∈ A,

(4.21)
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where we again have regularized the geometric constraints in the cost functional, and
Ω0 denotes the initial geometry of the pipe with corresponding boundary Γ0. The
set of admissible geometries for this problem is given by

A =
{

Ω ⊂ D
∣∣∣ Γin = Γin

0 , Γout = Γout
0 , and Γfix = Γfix

0

}
.

Remark. The shape derivative of (4.21) is given by

dJ(Ω)[V ] = 1
Re

∫
Ω

(Du (div (V) I − 2 ε (V))) : Du dx

+ ν (vol(Ω)− vol(Ω0))
∫

Ω
div (V) dx

+ 1
Re

∫
Ω

(Du (div (V) I − 2 ε (V))) : Dv dx

+
∫

Ω
((Du (div (V) I −DV))u) · v dx

−
∫

Ω
p tr (Dv (div (V) I −DV)) dx

−
∫

Ω
q tr (Du (div (V) I −DV)) dx,

where (u, p) solves (4.20) and (v, q) solves the following adjoint Navier-Stokes system
(cf. [114, 153])

− 1
Re ∆v + (Du)> v − (u · ∇) v +∇q = 2

Re ∆u in Ω,

div (v) = 0 in Ω,
v = 0 on Γin ∪ Γwall,

1
Re ∂nv + (u · n) v − qn = 0 on Γout.

The magnitude of the velocity ||u|| and the pressure p on the initial and optimized
geometries are shown in Figures 4.10 and 4.11, respectively. Note, that the initial
geometry is based on the one used in [153], in particular, it has a boundary with
several kinks, which induce strong forces on the flow. This geometry is discretized
with a mesh consisting of 16 652 nodes and 32 300 triangles. As in [153], the Reynolds
number is chosen as Re = 400 and the inlet velocity is given by a parabolic profile with
mean inlet velocity of 1. For the discretization of the Navier-Stokes problem (4.20) we
proceed analogously to the previous section and use a mixed finite element method
with piecewise quadratic Lagrange elements for the velocity component and piecewise
linear Lagrange elements for the pressure component due to their LBB-stability for
the underlying saddle point structure. The weight ν for the regularization of the
volume constraint is chosen as ν = 1. The remaining parameters for Algorithm 4.2
can be found in Table 4.7.
The history of the optimization and the performance of the methods are shown in

Figure 4.12 and Table 4.8, as remarked in Section 4.4.1. As before, we observe that
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(a) Initial geometry. (b) Optimized Geometry.

Figure 4.10: Magnitude of the velocity ||u|| for the Navier-Stokes problem (4.20)
on the initial and optimized geometries, obtained by the L-BFGS 5
method.

(a) Initial geometry. (b) Optimized Geometry.

Figure 4.11: Pressure p for the Navier-Stokes problem (4.20) on the initial and
optimized geometries, obtained by the L-BFGS 5 method.

the NCG methods are very efficient at solving the shape optimization problem. They
perform better than the gradient descent method, having lower function values and
gradient norms throughout the optimization as well as needing less iterations to reach
the investigated tolerances. In particular, the gradient descent method only reaches

Table 4.7: Parameters for Algorithm 4.2 for the Navier-Stokes problem (4.21).

parameter value

initial step size t0 5e−3
maximum number of iterations kmax 50
iterations for NCG restart kcg ∞
tolerance for NCG restart εcg 0.25

first Lamé parameter λelas 0.0
second Lamé parameter µelas 1.0
damping parameter δelas 0.0
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(b) History of the relative shape gradient norm.

Figure 4.12: History of the optimization algorithms for the Navier-Stokes problem
(4.21).

a tolerance of 5e−3, whereas all NCG methods reach the desired tolerance of 5e−4.
In contrast to the previous problems, we now also restart the NCG methods via the
criterion (4.11). In particular, we observe that because of the restarting procedure,
the first nine iterates of the gradient descent and the NCG methods coincide. This
is due to the fact that the geometry changes a lot in the first couple of iterations
which makes it hard for the NCG methods to generate (nearly) orthogonal gradient
deformations. After these initial iterations, the changes of the geometry become
smaller and the NCG methods do not have to be restarted as often, which leads
to a superior convergence speed. Comparing the NCG methods with the L-BFGS
ones we observe that they again yield quite comparable results, with the L-BFGS
methods needing just slightly fewer iterations to reach a specified tolerance. In
particular, the Polak-Ribière and Hestenes-Stiefel methods perform very similarly to
the L-BFGS 1 method, and the L-BFGS 3 and 5 methods only need 3 to 4 iterations
less to reach a tolerance of 5e−4. So, overall, there are not many differences between
the performance of the NCG and the L-BFGS methods for this problem, except for
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4.4 Comparison of Gradient-Based Shape Optimization Algorithms

Table 4.8: Amount of iterations required to reach a prescribed tolerance for the
Navier-Stokes problem (4.21).

tol 1e−1 5e−2 1e−2 5e−3 1e−3 5e−4 state / adjoint solves

GD 7 18 24 31 - - 94 / 50

L-BFGS 1 5 8 11 13 27 35 38 / 36
L-BFGS 3 5 10 17 17 23 32 35 / 33
L-BFGS 5 5 9 12 18 25 31 37 / 32

NCG FR 7 10 15 20 34 40 69 / 41
NCG PR 7 10 14 20 30 36 57 / 37
NCG HS 7 10 17 20 27 35 58 / 36
NCG DY 7 14 18 20 27 42 69 / 43
NCG HZ 7 16 18 24 39 44 79 / 45

(a) Gradient descent. (b) Hager-Zhang NCG.

Figure 4.13: Optimized Shapes (blue) compared to the solution of the L-BFGS 5
method (orange) for the Navier-Stokes problem (4.21).

the fact that the L-BFGS methods need less state equation solves due to the built-in
scaling of the search direction.
Finally, in Figure 4.13 the optimized geometries obtained by the gradient descent

and Hager-Zhang NCGmethods are compared to the one from the L-BFGS 5 method.
There, we do not observe any visual difference between the geometries even for the
gradient descent method. Moreover, we note that all methods were able to handle
the kinks in the initial geometry well as the middle sections of the optimized pipes
are smooth. Note, that the new kinks in the geometry arise at the points where the
deformable and fixed boundary are joint together and could potentially be avoided
by using a curvature or surface regularization.

4.4.6 Summary of the Numerical Comparison
Our numerical results for the proposed NCG methods suggest that they perform very
well for the numerical solution of shape optimization problems. In particular, each
of the NCG methods yields significantly better results than the gradient descent
method for all test cases. In fact, the NCG methods perform similarly to the L-
BFGS methods and are about as efficient as the L-BFGS 1 method. For most of
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the test cases, the L-BFGS 3 and L-BFGS 5 methods yield slightly better results,
however, one also has to take into account that these methods need considerably more
memory, which can become prohibitive for very large-scale problems (cf. [98]). Hence,
in such settings the L-BFGS 1 and NCG methods are very attractive for solving
shape optimization problems as they have a significantly better performance than
the gradient descent method, while using only slightly more memory. In conclusion,
the NCG methods proposed in this chapter are efficient and attractive alternatives
to already established gradient-based shape optimization algorithms.

4.5 Conclusion
In this chapter, we have proposed and investigated nonlinear conjugate gradient
(NCG) methods for shape optimization. After recalling the Steklov-Poincaré metrics
from [161] for Riemannian shape optimization, we presented a general algorithmic
framework for the solution of shape optimization problems. We formulated novel
NCG methods for shape optimization in the context of our algorithmic framework
and detailed its numerical discretization. Finally, we investigated the proposed NCG
methods numerically on four different benchmark problems and compared their per-
formance to the gradient descent and L-BFGS methods with our software cashocs.
The results of this investigation show that the NCG methods significantly outper-
form the gradient descent method, while needing only slightly more memory, and
that they are comparable to the L-BFGS methods. This makes them efficient and
attractive gradient-based optimization methods for the numerical solution of shape
optimization problems, particularly for large industrial problems where memory re-
quirements are a major restriction.
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Chapter 5

Shape Sensitivity Analysis for a
Microchannel Cooling System

In this chapter, we analyze the theoretical framework of a shape optimization problem
for a microchannel cooling system. To this end, a cost functional based on the
tracking of the energy absorbed by the cooler as well as some desired flow on a
subdomain of the cooling system is introduced. The flow and temperature of the
coolant are modeled by a Stokes system coupled to a convection-diffusion equation.
We prove the well-posedness of this model on a domain transformed by the speed
method (cf. Section 2.3.2). Further, we rigorously prove that the cost functional of
our optimization problem is shape differentiable and calculate its shape derivative
by means of the averaged adjoint approach presented in Section 2.3.3.

5.1 Introduction
After our general investigations of PDE constrained optimization problems in the
previous chapters, we now focus on our first application, namely the shape optimiza-
tion of a microchannel cooling system. As discussed in Chapter 1, microchannel
cooling systems are widely used to cool devices that emit a lot of heat over a small
area, e.g., electronic equipment or chemical microreactors, due to their excellent ther-
mal properties and low system inertia. In this chapter, we are going to rigorously
analyze the theoretical aspects of a shape optimization problem for such a cooling
system.
In the literature the shape design of microchannel geometries received lots of atten-

tion in, e.g., [7, 14, 34, 35, 56, 90, 106–108, 134, 147, 151, 165, 181]. In most of these
publications, the shapes of the geometries are parametrized to reduce the optimiza-
tion problems to finite-dimensional ones. This approach obviously limits the shapes
under consideration to the ones representable by the chosen parametrization. A more
general, infinite-dimensional approach is given by shape sensitivity analysis based on
shape calculus, which we presented in Chapter 2. As discussed in Chapter 1, shape
optimization based on shape calculus has become a well-established approach used
in many fields of science and engineering, and it is in this context that we consider
the shape optimization of a microchannel cooling system in this chapter. To the best
of our knowledge, the shape optimization of a microchannel cooling system based on
shape calculus has only been investigated in our work [21, 22], on which this chapter
is based.
To model the cooling system, we use a Stokes system coupled to a convection-

diffusion equation, which describe the coolant’s flow and temperature, respectively.
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We present a shape optimization problem for the cooler given by the minimization of
a cost functional consisting of two tracking-type terms and a perimeter regularization.
The former are based on the absorption of energy by the cooling system and on a
desired velocity on a subdomain of the cooler, respectively.
The main objective of this chapter is to rigorously prove that the cost functional

of the optimization problem mentioned above is shape differentiable and to calculate
its shape derivative. For this, we use the recent averaged adjoint approach from
[168] (cf. Chapter 2). In particular, we transform a reference domain by the speed
method, analyze the state system on the resulting transformed domain, and show
its well-posedness for small transformations. Using this, we verify the assumptions
of the modified Correa-Seeger theorem of [168], which we apply to our problem to
calculate the shape derivative of our cost functional. Note, that the theoretical
results obtained in this chapter are the foundation for our numerical investigation
of the problem in Chapter 6, where we also consider several reduced models for the
cooling system and its optimization.
This chapter is structured as follows. In Section 5.2 we present our mathematical

model of the cooling system and the corresponding shape optimization problem. The
analysis of the state system on a domain transformed by the speed method is carried
out in Section 5.3. This is used in Section 5.4, where we transfer our setting to the
one of the averaged adjoint approach of [168] and prove the shape differentiability of
our cost functional.

5.2 Problem Formulation
In this section, we introduce some notations used throughout this chapter. Sub-
sequently, we present our mathematical model for the cooling system. Finally, we
formulate a PDE constrained shape optimization problem used to design the cooler’s
geometry.

5.2.1 Basic Notations

Let d = 2, 3 be the spatial dimension. To model the cooling system we consider only
the domain of the coolant Ω ⊂ Rd, which is assumed to be encased by metal. This
metal conducts the heat from a heat source, to which the entire cooler is attached, to
the coolant. Note, that Ω ⊂ Rd is assumed to be an open, bounded, and connected
Lipschitz domain. Its boundary Γ = ∂Ω is divided into Γin, Γout, and Γwall, corre-
sponding to in- and outlet as well as wall boundary of the cooler. We assume that
all three parts have a positive Lebesgue measure. Moreover, we denote by Ωsub a
subdomain of Ω consisting of the disjoint union of open and connected subsets of Ω.
A two-dimensional slice of such a microchannel geometry, which we use in Chapter 6
for the numerical shape optimization of the cooling system, is shown in Figure 5.1.
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ΩΓin

Γout

Γwall

(a) The complete geometry.

Ωsub
Γin

Γwall

Γmc

(b) Zoom, showing inlet and some microchannels.

Figure 5.1: Two-dimensional slice of the cooling system, where the domain of the
microchannels is exemplarily used as Ωsub (cf. Section 6.2).

Furthermore, let us introduce the Sobolev spaces

V (Ω) := {u ∈ H1(Ω)d | u = 0 on Γin ∪ Γwall } ,
P (Ω) := L2(Ω),
W (Ω) := {T ∈ H1(Ω) | T = 0 on Γin } ,
U(Ω) := V (Ω)× P (Ω)×W (Ω),
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5 Shape Sensitivity Analysis for a Microchannel Cooling System

equipped with the usual norms (see, e.g., [6, 48]). Note, that for generic elements
U, P ∈ U(Ω) we write U = (u, p, T ) and P = (v, q, S).

5.2.2 Mathematical Model
As we only investigate the steady state of the system, we model all physical processes
using stationary equations. The viscous dominated flow of the cooling fluid, which is
caused by the slow flow velocities and the small size of the microchannel geometry,
is modeled by the Stokes equations

−µ∆u+∇p = 0 in Ω,
div (u) = 0 in Ω,

u = uin on Γin,

u = 0 on Γwall,

µ ∂nu− pn = 0 on Γout,

(5.1)

where u is the fluid’s velocity, p is its pressure, and µ denotes its viscosity. We
prescribe the inflow velocity uin on Γin, which is chosen to satisfy uin · n ≤ 0 a.e. on
Γin. Without loss of generality, we assume that uin ∈ H1(Ω)d and uin = 0 on Γwall.
Additionally, we use the usual no-slip boundary condition on Γwall and a do-nothing
condition on Γout, where the latter models the flow of the coolant out of Ω (see, e.g.,
[94]).
To model the coolant’s temperature distribution we use the following convection-

diffusion equation

−∇ · (κ∇T ) + ρCp u · ∇T = 0 in Ω,
T = T in on Γin,

κ ∂nT + α
(
T − Twall

)
= 0 on Γwall,

κ ∂nT = 0 on Γout,

(5.2)

where T denotes the temperature of the fluid and u its velocity, obtained from (5.1).
Further, κ is the fluid’s thermal conductivity, ρ its density, and Cp denotes its specific
heat capacity. On Γin we have a Dirichlet condition with inflow temperature T in. As
before, we assume T in ∈ H1(Ω). Further, we assume that a heat source, which we do
not model explicitly, is coupled to the cooling system. The wall temperature arising
from this is denoted by Twall ∈ H2(Rd) and is assumed to be known. Note, that
the regularity of Twall is needed for the analysis of the shape optimization problem
later on. The heat transfer between the heat source and the coolant is then modeled
by a Robin boundary condition on Γwall, where α is the corresponding heat transfer
coefficient. Finally, we have a homogeneous Neumann condition on Γout that models
the behavior of the coolant’s temperature at the outlet. Throughout this chapter we
assume that the physical parameters µ, κ, ρ, Cp, and α are positive constants.
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For the purpose of PDE constrained optimization the strong formulation of (5.1)
and (5.2) is too strict (cf. [83, 176]), hence, we use the corresponding weak formulation
introduced in the following. We write u = u0 + uin, p = p0, and T = T 0 + T in

with u0 ∈ V (Ω), p0 ∈ P (Ω), and T 0 ∈ W (Ω), i.e., we do a so-called lifting of the
inhomogeneous Dirichlet boundary conditions (see, e.g., [48, 50]), and obtain the
following weak form of (5.1) and (5.2)

Find U0 = (u0, p0, T 0) ∈ U(Ω) such that∫
Ω
µD(u0 + uin) : Dv̂ dx−

∫
Ω
p0 div (v̂) dx−

∫
Ω
q̂ div

(
u0 + uin

)
dx

+
∫

Ω
κ∇(T 0 + T in) · ∇Ŝ dx+

∫
Ω
ρCp

(
u0 + uin

)
· ∇(T 0 + T in) Ŝ dx

+
∫

Γwall
α
(
(T 0 + T in)− Twall

)
Ŝ ds = 0

for all V̂ = (v̂, q̂, Ŝ) ∈ U(Ω).

(5.3)

A generalized version of this weak formulation is analyzed in Section 5.3, which will
give the well-posedness of (5.3) as a special case.

5.2.3 The Optimization Problem
We want to improve the quality of the cooling system by modifying its shape. How-
ever, not all changes of the geometry lead to physically meaningful results. In partic-
ular, we assume that the boundaries Γin and Γout are fixed and must not be changed.
This is reasonable as the cooling system is connected to other devices, such as the
coolant supply, via these boundaries. The previously stated geometrical constraints
are incorporated to the optimization problem by defining the following set of admis-
sible domains

A :=
{

Ω̂ ⊂ Rd
∣∣∣ Ω̂ is a bounded Lipschitz domain, Γ̂in = Γin, and Γ̂out = Γout

}
,

and only considering domains that are in A.
To optimize the cooling system, we consider the following cost functional

J (Ω, U) = λ1 J (1)(Ω, U) + λ2 J (2)(Ω, U) + λ3 J (3)(Ω, U), (5.4)

where we write U = (u, p, T ), and the individual terms of the cost functional are
given by

J (1)(Ω, U) =
(
Q(0, T )−Qdes

)2
,

J (2)(Ω, U) =
∫

Ωsub

∣∣∣(u+ uin)− udes
∣∣∣2 dx,

J (3)(Ω, U) =
∫

Γ
1 ds,

with
Q(0, T ) :=

∫
Γwall

α
(
Twall −

(
T + T in

))
ds. (5.5)
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We remark that the notation Q(0, T ) is introduced to be compatible with the cal-
culations done later on in Section 5.4.1. Further, we assume that the weights λi are
nonnegative, Qdes ∈ R is a constant, and udes ∈ H1(Rd)d. This yields the following
shape optimization problem

min
Ω
J (Ω, U)

subject to
(5.3) and Ω ∈ A.

(5.6)

We observe that minimizing the cost functional leads to the following. The first
term ensures that Q(0, T ), which corresponds to the energy absorbed by the cooler,
approaches a desired amount Qdes. For the physical application this models that the
heat-producing device the cooling system is coupled to should be kept at an optimal
working temperature, which occurs if the cooling system absorbs the desired amount
of energy Qdes. The second term causes the flow velocity to approximate the desired
velocity udes on the subdomain Ωsub by minimizing the L2 distance between u + uin

and udes. This can, e.g., be used to achieve a uniform flow distribution through the
microchannels, which helps to avoid the occurrence of hot-spots and, thus, increases
the quality of the cooler (cf. Section 6.2). The final term of the cost functional, a
so-called perimeter regularization, penalizes the increase of surface area, which helps
to keep the geometries bounded and enhances the numerical stability of the problem.
Moreover, the perimeter regularization can, under suitable assumptions, be useful in
proving the existence of a minimizer, as discussed in, e.g., [4]. However, we note that
the investigation of existence of an optimal shape for problem (5.6) is beyond the
scope of this thesis.
Finally, we remark that one could additionally consider the minimization of the

system’s pressure drop as additional goal for the optimization, which is often relevant
for physical applications. This can be done, e.g., by adding the viscous dissipated
energy

∫
Ω D(u + uin) : D(u + uin) dx to the cost functional (cf. Chapter 4), which

models the pressure power loss between in- and outlet, as discussed in [86]. We refer
the reader to, e.g., [86, 156] for a discussion of this term in the context of shape
optimization. However, in this thesis we do not further consider the pressure drop
as it was of minor importance for our numerical optimization in Chapter 6.
In Section 5.3 we show that the state system (5.3) has a unique solution for every

Ω ∈ A. Denoting by U(Ω) this weak solution on the domain Ω ∈ A, we introduce
the reduced cost functional J as

J(Ω) := J (Ω, U(Ω)). (5.7)

It is easy to see that (5.6) is equivalent to the following reduced shape optimization
problem

min
Ω

J(Ω)

subject to
Ω ∈ A,
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where we have formally eliminated the PDE constraint. This problem is investigated
in Section 5.4.

5.3 Analysis of the State System
In this section, we analyze the state system (5.3) on a domain that is transformed
by the speed method (cf. Chapter 2). In particular, we prove the existence and
uniqueness of weak solutions as well as their continuous dependence on the data for
small transformations. The results of this section are crucial for the shape sensitivity
analysis carried out in Section 5.4. Throughout the rest of this chapter, we restrict
the spatial dimension d ∈ N to 2 ≤ d ≤ 4, as all of the following results are valid
for this choice. Note, that for the physical application, only the cases d = 2, 3 are
relevant.

5.3.1 Reformulation as an Abstract Problem
Let Ω ∈ A be as in Section 5.2, i.e., Ω is a bounded domain with Lipschitz boundary
Γ. We define the set of admissible vector fields by

Ξ :=
{
V ∈ C∞0 (Rd;Rd)

∣∣∣ V = 0 on Γin ∪ Γout
}
. (5.8)

Obviously, Ξ is a vector subspace of C∞0 (Rd;Rd), so that V ∈ Ξ is admissible as
direction for the shape derivative (cf. Definition 2.7). Throughout the rest of this
section, let V ∈ Ξ and Φt be its associated flow. It is easy to see that we have Φt = id
on Γin ∪ Γout. We assume that τ > 0 is sufficiently small such that the transformed
domain Ωt = Φt(Ω) is, like Ω, a bounded Lipschitz domain for all t ∈ [0, τ ] (cf. [85]).
In particular, this implies that Ωt ∈ A for all t ∈ [0, τ ]. The state system on Ωt is
given by

Find Ut = (ut, pt, Tt) ∈ U(Ωt) such that∫
Ωt

µD(ut + uin
t ) : D¯̂v dx−

∫
Ωt

pt div
(¯̂v
)

dx−
∫

Ωt

¯̂q div
(
ut + uin

t

)
dx

+
∫

Ωt

κ∇(Tt + T in
t ) · ∇ ¯̂

S dx+
∫

Ωt

ρCp
(
ut + uin

t

)
· ∇

(
Tt + T in

t

) ¯̂
S dx

+
∫

Γwall
t

α
(
(Tt + T in

t )− Twall
) ¯̂
S ds = 0

for all ¯̂
V = (¯̂v, ¯̂q, ¯̂

S) ∈ U(Ωt),

(5.9)

where we define uin
t := uin ◦Φ−1

t and T in
t := T in ◦Φ−1

t . Due to the choice of V ∈ Ξ we
see that Φt(Γin) = Γin and uin

t = uin as well as T in
t = T in on Γin, i.e., these functions

are valid liftings for the boundary conditions on Ωt. Furthermore, observe that we
also have uin

t = 0 on Γwall
t . From these considerations we see that the formulation

(5.9) is equivalent to the original one from (5.3) with the domain Ω replaced by
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Ωt. Using the change of variables Ut = U t ◦ Φ−1
t and ¯̂

V := V̂ ◦ Φ−1
t in addition to

Lemmas 2.8 and 2.9 reveals that (5.9) is equivalent to the following system

Find U t = (ut, pt, T t) ∈ U(Ω) such that∫
Ω
µ
(
D(ut + uin)A(t)

)
: Dv̂ dx−

∫
Ω
pt tr

(
Dv̂ B(t)>

)
dx

−
∫

Ω
q̂ tr

(
D
(
ut + uin

)
B(t)>

)
dx

+
∫

Ω
κ
(
A(t)∇(T t + T in)

)
· ∇Ŝ dx

+
∫

Ω
ρCp

(
ut + uin

)
·
(
B(t)∇(T t + T in)

)
Ŝ dx

+
∫

Γwall
α
(
(T t + T in)− Twall ◦ Φt

)
Ŝ ω(t) ds = 0

for all V̂ = (v̂, q̂, Ŝ) ∈ U(Ω).

(5.10)

To recast this into an abstract setting, we make use of the following definitions.

Definition 5.1. We have the following mappings for the left-hand side of (5.10)

a : [0, τ ]× V (Ω)× V (Ω)→ R;

(t, u, v) 7→
∫

Ω
µ (DuA(t)) : Dv dx,

b : [0, τ ]× V (Ω)× P (Ω)→ R;

(t, u, q) 7→ −
∫

Ω
q tr

(
DuB(t)>

)
dx,

c : [0, τ ]× V (Ω)×W (Ω)×W (Ω)→ R;

(t, u, T, S) 7→
∫

Ω
κ (A(t)∇T ) · ∇S dx

+
∫

Ω
ρCp

(
u+ uin

)
· (B(t)∇T )S dx

+
∫

Γwall
αTS ω(t) ds.

Definition 5.2. For the right-hand side of (5.10) we use the following mappings

fu : [0, τ ]× V (Ω)→ R;

(t, v) 7→ −
∫

Ω
µ
(
Duin A(t)

)
: Dv dx,

fp : [0, τ ]× P (Ω)→ R;

(t, q) 7→
∫

Ω
q tr

(
Duin B(t)>

)
dx,

(continues on next page)
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(continued from previous page)

fT : [0, τ ]× V (Ω)×W (Ω)→ R;

(t, u, S) 7→ −
∫

Ω
κ
(
A(t)∇T in

)
· ∇S dx

−
∫

Ω
ρCp

(
u+ uin

)
·
(
B(t)∇T in

)
S dx

−
∫

Γwall
α
(
T in − Twall ◦ Φt

)
S ω(t) ds.

We define the mapping e : [0, τ ]× U(Ω)× U(Ω)→ R by

e(t, U, P ) = a(t, u, v̂) + b(t, v̂, p) + b(t, u, q̂)− fu(t, v̂)− fp(t, q̂)
+ c(t, u, T, Ŝ)− fT (t, u, Ŝ),

where U = (u, p, T ) ∈ U(Ω) and P = (v̂, q̂, Ŝ) ∈ U(Ω). Finally, using the mappings
from Definitions 5.1 and 5.2 reveals that (5.9) is equivalent to

Find U t =
(
ut, pt, T t

)
∈ U(Ω) such that

e
(
t, U t, V̂

)
= 0 for all V̂ =

(
v̂, q̂, Ŝ

)
∈ U(Ω).

(5.11)

It is easy to see that we can rewrite (5.11) equivalently as the following one-way
coupled system

Find (ut, pt) ∈ V (Ω)× P (Ω) such that
a(t, ut, v̂) + b(t, v̂, pt) = fu(t, v̂) for all v̂ ∈ V (Ω),

b(t, ut, q̂) = fp(t, q̂) for all q̂ ∈ P (Ω),
(5.12)

as well as
Find T t ∈ W (Ω) such that

c(t, ut, T t, Ŝ) = fT (t, ut, Ŝ) for all Ŝ ∈ W (Ω),
(5.13)

where (ut, pt) solves (5.12). We use this equivalent formulation in the following
section to prove the well-posedness of the state system.

5.3.2 Well-Posedness of the Abstract Problem
To show the well-posedness of the abstract problem (5.11) we first analyze the map-
pings from Definitions 5.1 and 5.2. We start by introducing the following assumption.

Assumption 5.3. We assume that the inlet velocity uin ∈ H1(Ω)d is sufficiently
small, i.e., ||uin||H1(Ω)d is sufficiently small.

Remark. This assumption is only needed to ensure the coercivity of the bilinear
form of the convection-diffusion equation (5.13) with a velocity obtained from the
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Stokes system (5.12). The well-posedness of the latter is completely independent of
the assumption (cf. the proof of Lemma 5.6).
Note, that while Assumption 5.3 is not restrictive mathematically, it might be

physically. An alternative assumption that would ensure the coercivity for the
convection-diffusion equation is given by (u + uin) · n ≥ 0 a.e. on Γout, i.e., the
fluid should not re-enter the domain at the outlet. Physically, this assumption is
very reasonable and we observed that it is indeed satisfied for the numerical opti-
mization we carry out in Chapter 6. However, this assumption is very restrictive
mathematically, as it has to hold for all admissible domains Ω, which is why we use
Assumption 5.3 instead. Another way to ensure the coercivity would be a modifica-
tion of the boundary conditions, e.g., by prescribing the outlet velocity so that we
have no re-entrant flow, but this would not fit to our physical model.

Lemma 5.4. Let τ > 0 be sufficiently small and t ∈ [0, τ ], and let Assumption 5.3
hold. Then, there exist constants C(Ω) > 0, independent of t, such that we have the
following:

(1) The mapping a(t, ·, ·) is a symmetric, continuous, and coercive bilinear form.
In particular, it holds

a(t, u, u) ≥ C(Ω) ||u||2V (Ω) for all u ∈ V (Ω).

(2) The mapping b(t, ·, ·) is bilinear, continuous, and satisfies the following LBB
condition

sup
u∈V (Ω),
u6=0

b(t, u, q)
||u||V (Ω)

≥ C(Ω) ||q||P (Ω) for all q ∈ P (Ω),

which is named after Ladyzhenskaya, Babuška, and Brezzi and is also known
as inf-sup condition (cf. [94]).

(3) Let w ∈ V (Ω) with ||w||V (Ω) sufficiently small. Then, the mapping c(t, w, ·, ·)
is a continuous and coercive bilinear form which satisfies

c(t, w, T, T ) ≥ C(Ω) ||T ||2W (Ω) for all T ∈ W (Ω).

Proof. Let t ∈ [0, τ ] and w ∈ V (Ω) with ||w||V (Ω) sufficiently small. It is obvious
from their definitions that the mappings a(t, ·, ·), b(t, ·, ·), and c(t, w, ·, ·) are bilinear.

(1) Let u, v ∈ V (Ω). The symmetry of a(t, ·, ·) directly follows from the symmetry
of A(t). Due to Lemma 2.8 the mapping t 7→ ||A(t)||L∞(Ω)d×d is continuous and,
thus, attains its maximum on the interval [0, τ ]. Using this in conjunction with
the Hölder inequality yields the continuity of a(t, ·, ·) via∣∣∣∣∫

Ω
µ (DuA(t)) : Dv dx

∣∣∣∣ ≤ C sup
t∈[0,τ ]

||A(t)||L∞(Ω)d×d ||u||V (Ω) ||v||V (Ω)

≤ C ||u||V (Ω) ||v||V (Ω) ,
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where the maximum (and, therefore, also the constant C > 0) is independent
of t. We obtain the desired coercivity by the following calculation

a(t, u, u) =
∫

Ω
µDu : Du dx−

∫
Ω
µ (Du (I − A(t))) : Du dx

≥
(
C(Ω)− C sup

t∈[0,τ ]
||I − A(t)||L∞(Ω)d×d

)
||u||2V (Ω) ,

where we used the Poincaré and Hölder inequality for the first and second
term, respectively. As a consequence of Lemma 2.8 it is easy to see that the
mapping t 7→ ||I − A(t)||L∞(Ω)d×d is continuous and, thus, attains its maximum
on [0, τ ]. This maximum is independent of t and, since A(0) = I, it becomes
arbitrarily small if we choose τ > 0 sufficiently small. Therefore, we finally
obtain a constant C(Ω) independent of t such that

a(t, u, u) ≥ C(Ω) ||u||2V (Ω) for all u ∈ V (Ω).

(2) Let q ∈ P (Ω) and u ∈ V (Ω). The continuity of the mapping b(t, ·, ·) follows
from the Hölder inequality and Lemma 2.8 due to∣∣∣∣∫

Ω
q tr

(
DuB(t)>

)
dx
∣∣∣∣ ≤ C sup

t∈[0,τ ]

∣∣∣∣∣∣B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

||q||P (Ω) ||u||V (Ω)

≤ C ||q||P (Ω) ||u||V (Ω) .

For the LBB condition, we first observe that the divergence operator

div : V (Ω)→ P (Ω)

is surjective by a slight modification of the proof given in [48, Lemma 4.9].
Then, applying [63, Lemma 2.1], which is a consequence of the open mapping
theorem, yields the existence of a constant C(Ω) > 0 such that

sup
u∈V (Ω),
u6=0

∫
Ω q div (u) dx
||u||V (Ω)

≥ C(Ω) ||q||P (Ω) for all q ∈ P (Ω). (5.14)

Similarly to, e.g., [17, 58], we have the following for the LBB condition

sup
u∈V (Ω),
u6=0

b(t, u, q)
||u||V (Ω)

= sup
u∈V (Ω),
u6=0

∫Ω q div (u) dx
||u||V (Ω)

−
∫

Ω q tr
(
Du

(
I −B(t)>

))
dx

||u||V (Ω)


≥
(
C(Ω)− C sup

t∈[0,τ ]

∣∣∣∣∣∣I −B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

)
||q||P (Ω)

≥ C(Ω) ||q||P (Ω) ,

where we used (5.14) to estimate the first term and Hölder’s inequality for the
second. As before, the final estimate and the fact that C(Ω) is independent of
t follows from Lemma 2.8.
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(3) Let w be given as above and T, S ∈ W (Ω). For the continuity of c(t, w, ·, ·) we
use the continuous embedding H1(Ω) ↪→ L4(Ω) (due to the Sobolev embedding
theorem, cf. [3]), the Hölder inequality, and Lemma 2.8 to obtain

|c(t, w, T, S)|

≤
∣∣∣∣∫

Ω
κ (A(t)∇T ) · ∇S dx

∣∣∣∣+ ∣∣∣∣∫
Ω
ρCp

(
w + uin

)
· (B(t)∇T )S dx

∣∣∣∣
+
∣∣∣∣∫

Γwall
αTS ω(t) ds

∣∣∣∣
≤ C(Ω) sup

t∈[0,τ ]
||A(t)||L∞(Ω)d×d ||T ||W (Ω) ||S||W (Ω)

+ C(Ω) sup
t∈[0,τ ]

||B(t)||L∞(Ω)d×d

(
||w||V (Ω) +

∣∣∣∣∣∣uin
∣∣∣∣∣∣
H1(Ω)d

)
||T ||W (Ω) ||S||W (Ω)

+ C(Ω) sup
t∈[0,τ ]

||ω(t)||L∞(Ω) ||T ||W (Ω) ||S||W (Ω)

≤ C(Ω)
(

1 + ||w||V (Ω) +
∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

)
||T ||W (Ω) ||S||W (Ω) .

For the coercivity of c(t, w, ·, ·) we observe that

c(t, w, T, T ) =
∫

Ω
κ∇T · ∇T dx−

∫
Ω
κ ((I − A(t))∇T ) · ∇T dx

+
∫

Ω
ρCp

(
w + uin

)
· (B(t)∇T )T dx+

∫
Γwall

αT 2 ω(t) ds

≥
(
C(Ω)− C sup

t∈[0,τ ]
||I − A(t)||L∞(Ω)d×d

)
||T ||2W (Ω)

− C sup
t∈[0,τ ]

||B(t)||L∞(Ω)d×d

(
||w||V (Ω) +

∣∣∣∣∣∣uin
∣∣∣∣∣∣
H1(Ω)d

)
||T ||2W (Ω)

≥ C(Ω) ||T ||2W (Ω) ,

where we used the Poincaré inequality for the first term, the Hölder inequality
for the second and third term, and the fact that ω(t) > 0 for sufficiently small τ
for the final term. The last estimate is obtained analogously from Lemma 2.8,
where we also used the smallness of w and uin.

Lemma 5.5. Let τ > 0 be sufficiently small, t ∈ [0, τ ], and w ∈ V (Ω). Then, the
mappings fu(t, ·), fp(t, ·), and fT (t, w, ·) are linear and continuous. In particular,
there exists constants C > 0 that are independent of t such that

|fu(t, v)| ≤ C
∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

||v||V (Ω) for all v ∈ V (Ω),

|fp(t, q)| ≤ C
∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

||q||P (Ω) for all q ∈ P (Ω),

|fT (t, w, S)| ≤

C
((

1 + ||w||V (Ω) +
∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

) ∣∣∣∣∣∣T in
∣∣∣∣∣∣
H1(Ω)

+
∣∣∣∣∣∣Twall

∣∣∣∣∣∣
H2(Rd)

)
||S||W (Ω)

for all S ∈ W (Ω).
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Proof. The linearity of the mappings is readily seen. Their continuity follows from the
Hölder inequality and Lemma 2.8 applied analogously to the proof of Lemma 5.4.
Lemma 5.6. Let Assumption 5.3 hold and τ > 0 be sufficiently small. Then, for
every t ∈ [0, τ ] the state system (5.11) is well-posed, i.e., there exists a unique so-
lution U t = (ut, pt, T t) ∈ U(Ω) of (5.11) that depends continuously on the data. In
particular, there is a constant C(Ω) > 0 which is independent of t such that∣∣∣∣∣∣U t

∣∣∣∣∣∣
U(Ω)

=
∣∣∣∣∣∣ut∣∣∣∣∣∣

V (Ω)
+
∣∣∣∣∣∣pt∣∣∣∣∣∣

P (Ω)
+
∣∣∣∣∣∣T t∣∣∣∣∣∣

W (Ω)

≤ C(Ω)
(∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

+
(

1 +
∣∣∣∣∣∣uin

∣∣∣∣∣∣
H1(Ω)d

) ∣∣∣∣∣∣T in
∣∣∣∣∣∣
H1(Ω)

+
∣∣∣∣∣∣Twall

∣∣∣∣∣∣
H2(Rd)

)
≤ C

(
Ω, uin, T in, Twall

)
for all t ∈ [0, τ ].

(5.15)
Proof. Let t ∈ [0, τ ]. For the proof we switch to the equivalent one-way coupled
formulation of (5.11) given by (5.12) and (5.13).
We start by investigating the Stokes system (5.12). In Lemma 5.4 we have shown

that the bilinear form a(t, ·, ·) is continuous and coercive and that the bilinear form
b(t, ·, ·) is continuous and satisfies the LBB condition (5.14). Thanks to Lemma 5.5 we
know that the right-hand sides fu(t, ·) and fp(t, ·) are continuous linear functionals.
Therefore, the Lions-Lax-Milgram theorem (see, e.g., [48, Theorem 2.34] or [68, 94])
gives us the existence of a unique solution (ut, pt) ∈ V (Ω)×P (Ω) of (5.12). Moreover,
there exists a constant C(Ω) > 0 independent of t such that∣∣∣∣∣∣ut∣∣∣∣∣∣

V (Ω)
+
∣∣∣∣∣∣pt∣∣∣∣∣∣

P (Ω)
≤ C(Ω)

∣∣∣∣∣∣uin
∣∣∣∣∣∣
H1(Ω)d

for all t ∈ [0, τ ]. (5.16)

For the convection-diffusion equation (5.13) we note that ut is sufficiently small in
the V (Ω) norm due to (5.16) and Assumption 5.3, which ensures that ||uin||H1(Ω)d

is sufficiently small. As a consequence of Lemma 5.4, c(t, ut, ·, ·) is a continuous
and coercive bilinear form. Further, fT (t, ut, ·) is a continuous linear functional
(cf. Lemma 5.5). Therefore, the Lax-Milgram lemma (see, e.g., [48, 50, 68]) yields
the existence and uniqueness of T t ∈ W (Ω) that solves (5.13). Due to (5.16), we
have a constant C(Ω) > 0 independent of t such that∣∣∣∣∣∣T t∣∣∣∣∣∣

W (Ω)
≤ C(Ω)

((
1 +

∣∣∣∣∣∣uin
∣∣∣∣∣∣
H1(Ω)d

) ∣∣∣∣∣∣T in
∣∣∣∣∣∣
H1(Ω)

+
∣∣∣∣∣∣Twall

∣∣∣∣∣∣
H2(Rd)

)
for all t ∈ [0, τ ].

(5.17)

Note, that the constants in (5.16) and (5.17) are independent of t as they are
rational functions of the constants of Lemmas 5.4 and 5.5, which do not dependent
on t. Finally, adding (5.16) and (5.17) completes the proof.

5.4 Shape Differentiability of the Problem
In this section we prove the shape differentiability of the reduced cost functional J ,
defined in (5.7). To do this, we first establish the connection between the abstract
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differentiability result of Section 2.3.3 and our setting. Afterwards, we verify the
assumptions of Theorem 2.10 and calculate the shape derivative of (5.7).
Throughout this section, we assume that Ω ∈ A is a fixed reference domain,
V ∈ Ξ (cf. (5.8)), and that Φt is the flow associated to V . Further, we assume that
Assumption 5.3 is valid and for t ∈ [0, τ ], with τ > 0 sufficiently small, we denote
by U t = (ut, pt, T t) the unique solution of (5.11) (cf. Lemma 5.6). Finally, note that
each constant C or C(Ω) appearing in this section is independent of t.

5.4.1 Relation to the Abstract Differentiability Result of
Section 2.3.3

We introduce the following Lagrangian associated to (5.6) on Ω

L (Ω, U, P ) = J (Ω, U) + e(0, U, P ).

As U0 = U(Ω) is the unique solution of (5.11) for t = 0, we have that e(0, U0, P ) = 0
for all P ∈ U(Ω) and, hence, it holds that

L (Ω, U0, P ) = J (Ω, U0) + e(0, U0, P )
= J (Ω, U(Ω))
= J(Ω) for all P ∈ U(Ω).

Using the speed method, we define Ωt = Φt(Ω) and recall that Ωt ∈ A (cf. Sec-
tion 5.3). Then, the cost functional on the transformed domain Ωt is given by

J (Ωt, Ũ) = λ1

(∫
Γwall

t

α
(
Twall − (T̃ + T in

t )
)

ds−Qdes
)2

+ λ2

∫
Ωsub

t

∣∣∣(ũ+ uin
t )− udes

∣∣∣2 dx

+ λ3

∫
Γt

1 ds,

where we write Ũ = (ũ, p̃, T̃ ) ∈ U(Ωt) as well as uin
t = uin ◦ Φ−1

t and T in
t = T in ◦ Φ−1

t

as in (5.9). Now, using the change of variables Ũ = U ◦ Φ−1
t as well as Lemmas 2.8

and 2.9 allows us to pull-back the cost functional to the reference domain Ω and we
obtain

J (Ωt, U ◦ Φ−1
t ) = λ1

(
Q(t, T )−Qdes

)2

+ λ2

∫
Ωsub

∣∣∣(u+ uin)− udes ◦ Φt

∣∣∣2 ξ(t) dx

+ λ3

∫
Γ
ω(t) ds,

where we write U = (u, p, T ) and define

Q(t, T ) :=
∫

Γwall
α
(
Twall ◦ Φt − (T + T in)

)
ω(t) ds,
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which reduces to (5.5) for t = 0 due to Lemma 2.8. To get a consistent notation, we
write j(t, U) := J (Ωt, U ◦ Φ−1

t ). We define the shape Lagrangian G : [0, τ ]× U(Ω)×
U(Ω)→ R corresponding to (5.6) by

G(t, U, P ) = L (Ωt, U ◦ Φ−1
t , P ◦ Φ−1

t ) = j(t, U) + e(t, U, P ).

Note, that this parametrization allows us to work with the fixed function space U(Ω)
on the reference domain Ω instead of using the varying space U(Ωt), significantly
simplifying the analysis (cf. [38]). For U t, i.e., the solution of the state system
(5.11), we have that

e(t, U t, P ) = 0 for all P ∈ U(Ω).
Moreover, we define the function Ut := U t ◦Φ−1

t . As Φt is a diffeomorphism, we can
read the calculations at the beginning of Section 5.3.1 backwards and observe that
Ut = U(Ωt), i.e., Ut is the solution of the state system (5.9). This yields that

G(t, U t, P ) = j(t, U t) + e(t, U t, P )
= J (Ωt, Ut)
= J (Ωt, U(Ωt))
= J(Ωt) for all P ∈ U(Ω).

(5.18)

Using (5.18) we can now calculate the shape derivative in the following way

dJ(Ω)[V ] = lim
t↘0

J(Ωt)− J(Ω)
t

= d

dt
J(Ωt)

∣∣∣∣∣
t=0+

= d

dt
G(t, U t, P )

∣∣∣∣∣
t=0+

for all P ∈ U(Ω).

(5.19)

To calculate the final derivative in the above equation, we apply Theorem 2.10 to
the shape Lagrangian G. However, we first have to verify its assumptions, which we
do in the following.

5.4.2 Verification of the Conditions of Theorem 2.10
We set E = F = U(Ω) and use G = G, where the latter is affine in the P component
by construction.

Verification of Assumption A1
It is easy to see that ∂PG(t, U t, 0)[V̂ ] = e(t, U t, V̂ ) for all V̂ ∈ U(Ω). Therefore, we
see that the set E(t) can be rewritten equivalently as

E(t) =
{
U ∈ U(Ω)

∣∣∣ e(t, U, V̂ ) = 0 for all V̂ ∈ U(Ω)
}
,
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i.e., E(t) is the solution set of the state system (5.11). Thanks to Lemma 5.6 we
know that (5.11) has a unique solution U t ∈ U(Ω) and, thus, E(t) = {U t } is single
valued, showing part (i) of Assumption A1.
Furthermore, we note that the pulled-back cost functional j(t, U) is continuously

Fréchet differentiable in U as it consists of linear, continuous mappings in U and
compositions of these with continuously Fréchet differentiable functions. Addition-
ally, the state system e(t, U, P ) is multilinear and continuous in U (cf. Lemma 5.4)
and, hence, also continuously Fréchet differentiable (see, e.g., [83, 176]). From this,
we obtain that G is continuously Fréchet differentiable w.r.t. U . As the mapping

[0, 1]→ U(Ω); θ 7→ θU t + (1− θ)U0

is obviously Fréchet differentiable, we get by the chain rule (see, e.g., [83, 176]) that

[0, 1]→ R; θ 7→ G
(
t, θU t + (1− θ)U0, P̂

)
is also Fréchet differentiable, which implies part (ii) of Assumption A1.
Finally, it is easy to see that the mapping

[0, 1]→ R; θ 7→ ∂UG
(
t, θU t + (1− θ)U0, P

) [
Û
]

is indeed continuous and, thus, in L1((0, 1)), completing the verification of Assump-
tion A1.

Verification of Assumption A2

Due to Lemmas 2.8 and 2.9 we know that all terms of G involving t are continuously
differentiable w.r.t. t. A straightforward calculation shows that we have the following

∂tG(t, U0, P ) (5.20)

= 2λ1
(
Q(t, T 0)−Qdes

) ∫
Γwall

α
(
Twall ◦ Φt − (T 0 + T in)

)
ω′(t) ds

+ 2λ1
(
Q(t, T 0)−Qdes

) ∫
Γwall

α
((
∇Twall · V

)
◦ Φt

)
ω(t) ds

+ λ2

∫
Ωsub

∣∣∣(u0 + uin)− udes ◦ Φt

∣∣∣2 ξ′(t) dx

− 2λ2

∫
Ωsub

(
(u0 + uin)− udes ◦ Φt

)
·
((
Dudes V

)
◦ Φt

)
ξ(t) dx

+ λ3

∫
Γ
ω′(t) ds

(continues on next page)
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(continued from previous page)

+
∫

Ω
µ
(
D(u0 + uin)A′(t)

)
: Dv dx−

∫
Ω
p0 tr

(
DvB′(t)>

)
dx

−
∫

Ω
q tr

(
D(u0 + uin)B′(t)>

)
dx

+
∫

Ω
κ
(
A′(t)∇(T 0 + T in)

)
· ∇S dx

+
∫

Ω
ρCp

(
u0 + uin

)
·
(
B′(t)∇(T 0 + T in)

)
S dx

+
∫

Γwall
α
(
(T 0 + T in)− Twall ◦ Φt

)
S ω′(t) ds

−
∫

Γwall
α
((
∇Twall · V

)
◦ Φt

)
S ω(t) ds,

where P = (v, q, S). Due to the Hölder inequality and the fact that Twall ∈ H2(Rd)
(cf. Section 5.2) this is well-defined. Hence, we have verified Assumption A2.

Verification of Assumption A3 and Adjoint System

For this, we prove that the averaged adjoint system

Find P t ∈ U(Ω) such that∫ 1

0
∂UG

(
t, θU t + (1− θ)U0, P t

) [
Û
]

dθ = 0 for all Û ∈ U(Ω)
(5.21)

has a unique solution. Carrying out the integration over θ yields the following equiv-
alent system

Find P t = (vt, qt, St) ∈ U(Ω) such that∫
Ω
κ
(
A(t)∇T̂

)
· ∇St dx+

∫
Ω
ρCp

(
1/2
(
ut + u0

)
+ uin

)
·
(
B(t)∇T̂

)
St dx

+
∫

Γwall
α T̂St ω(t) ds

+
∫

Ω
µ (DûA(t)) : Dvt dx−

∫
Ω
qt tr

(
DûB(t)>

)
dx

−
∫

Ω
p̂ tr

(
DvtB(t)>

)
dx+

∫
Ω
ρCp û ·

(
B(t)∇

(
1/2
(
T t + T 0

)
+ T in

))
St dx

= 2λ1
(
Q(t, 1/2(T t + T 0))−Qdes

) ∫
Γwall

α T̂ ω(t) ds

− 2λ2

∫
Ωsub

(
1/2
(
ut + u0

)
+ uin − udes ◦ Φt

)
· û ξ(t) dx

for all Û = (û, p̂, T̂ ) ∈ U(Ω).
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In the following, we reformulate this as an abstract problem and prove its well-
posedness in analogy to Section 5.3. For this, we introduce the mappings

gT : [0, τ ]×W (Ω)→ R;

(t, T̂ ) 7→ 2λ1
(
Q(t, 1/2(T t + T 0))−Qdes

) ∫
Γwall

α T̂ ω(t) ds,

gu : [0, τ ]×W (Ω)× V (Ω)→ R;

(t, S, û) 7→ − 2λ2

∫
Ωsub

(
1/2
(
ut + u0

)
+ uin − udes

)
· û ξ(t) dx

−
∫

Ω
ρCp û ·

(
B(t)∇

(
1/2
(
T t + T 0

)
+ T in

))
S dx,

(5.22)
where U t = (ut, pt, T t) solves (5.11). We define the mapping e∗ : [0, τ ] × U(Ω) ×
U(Ω)→ R by

e∗(t, U, P ) = c
(
t, 1/2

(
ut + u0

)
, T̂ , S

)
− gT (t, T̂ )

+ a(t, û, v) + b(t, û, q) + b(t, v, p̂)− gu(t, S, û),

where U = (û, p̂, T̂ ) and P = (v, q, S). Using the definitions of the mappings involved
in (5.21) (cf. Definitions 5.1 and 5.2 and (5.22)), we see that (5.21) is equivalent to
the following problem

Find P t ∈ U(Ω) such that
e∗(t, Û , P t) = 0 for all Û ∈ U(Ω).

(5.23)

To prove the well-posedness of problem (5.23), we proceed similarly to Section 5.3
and first investigate the boundedness of the right-hand sides.

Lemma 5.7. Let τ > 0 be sufficiently small, t ∈ [0, τ ], and S ∈ W (Ω). Then, for all
t ∈ [0, τ ] the mappings gT (t, ·) and gu(t, S, ·) are linear and continuous. In particular,
there exists constants C(Ω, uin, T in, Twall) > 0 independent of t such that∣∣∣gT (t, T̂ )

∣∣∣ ≤ C(Ω, uin, T in, Twall)
∣∣∣∣∣∣T̂ ∣∣∣∣∣∣

W (Ω)
for all T̂ ∈ W (Ω),

|gu(t, S, û)| ≤ C(Ω, uin, T in, Twall)
(
1 + ||S||W (Ω)

)
||û||V (Ω) for all û ∈ V (Ω).

Proof. The linearity of the mappings is readily seen. Their continuity follows from
an application of Hölder’s inequality and Lemma 2.8 analogously to the proof of
Lemma 5.4. The fact that the constants are independent of t follows from the energy
estimates of Lemma 5.6 (cf. (5.15)).

Now, we have the following result concerning the solvability of (5.23).
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Lemma 5.8. Let τ > 0 be sufficiently small. Then, for every t ∈ [0, τ ] the averaged
adjoint system (5.23) has a unique solution P t = (vt, qt, St) ∈ U(Ω) and there exists
a constant C(Ω, uin, T in, Twall) > 0 which is independent of t such that∣∣∣∣∣∣P t

∣∣∣∣∣∣
U(Ω)

=
∣∣∣∣∣∣vt∣∣∣∣∣∣

V (Ω)
+
∣∣∣∣∣∣qt∣∣∣∣∣∣

P (Ω)
+
∣∣∣∣∣∣St∣∣∣∣∣∣

P (Ω)

≤ C(Ω, uin, T in, Twall) for all t ∈ [0, τ ].

Proof. As can be seen from the definition of e∗, the averaged adjoint system is struc-
turally very similar to the state system (cf. (5.11)). However, the order of the one-way
coupling in the system is now reversed. In particular, problem (5.23) is equivalent
to the following one-way coupled problem

Find St ∈ W (Ω) such that
c
(
t, 1/2(ut + u0), T̂ , St

)
= gT (t, T̂ ) for all T̂ ∈ W (Ω),

(5.24)

as well as

Find (vt, qt) ∈ V (Ω)× P (Ω) such that
a(t, û, vt) + b(t, û, qt) = gu(t, St, û) for all û ∈ V (Ω),

b(t, vt, p̂) = 0 for all p̂ ∈ P (Ω),
(5.25)

where St solves (5.24) and U t = (ut, pt, T t) is the solution of the state system (5.11).
We want to apply the Lax-Milgram lemma to the adjoint convection-diffusion

equation (5.24). Thanks to the proof of Lemma 5.6, we know from (5.16) that∣∣∣∣∣∣ut + u0
∣∣∣∣∣∣
V (Ω)
≤ C(Ω)

∣∣∣∣∣∣uin
∣∣∣∣∣∣
H1(Ω)d

.

Thanks to Assumption 5.3 we can use the results from Lemma 5.4 for w = 1/2(ut +
u0) and observe that c (t, 1/2(ut + u0), ·, ·) is bilinear, continuous, and coercive. As
the right-hand side of (5.24) is a continuous linear functional (cf. Lemma 5.7), we
can apply the Lax-Milgram lemma to (5.24) and get a unique solution St ∈ W (Ω)
together with a constant C(Ω, uin, T in, Twall) > 0 such that∣∣∣∣∣∣St∣∣∣∣∣∣

W (Ω)
≤ C(Ω, uin, T in, Twall) for all t ∈ [0, τ ]. (5.26)

Note, that the constant is independent of t due to Lemmas 5.6 and 5.7.
Thanks to Lemmas 5.4 and 5.7 we apply, as in the proof of Lemma 5.6, the Lions-

Lax-Milgram theorem to the adjoint Stokes system (5.25). This yields a unique
solution (vt, qt) ∈ V (Ω) × P (Ω) as well as a constant C(Ω, uin, T in, Twall) > 0 such
that ∣∣∣∣∣∣vt∣∣∣∣∣∣

V (Ω)
+
∣∣∣∣∣∣qt∣∣∣∣∣∣

P (Ω)
≤ C(Ω, uin, T in, Twall) for all t ∈ [0, τ ].

Again, the constant is independent of t due to Lemmas 5.6 and 5.7, and (5.26),
completing the proof.
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Hence, we have verified Assumption A3.

Remark. For t = 0 we obtain the usual adjoint system

Find P 0 = (v0, q0, S0) ∈ U(Ω) such that∫
Ω
κ∇T̂ · ∇S0 dx+

∫
Ω
ρCp

(
u0 + uin

)
· ∇T̂ S0 dx+

∫
Γwall

α T̂S0 ds

+
∫

Ω
µDû : Dv0 dx−

∫
Ω
q0 div (û) dx−

∫
Ω
p̂ div

(
v0
)

dx

+
∫

Ω
ρCp û · ∇

(
T 0 + T in

)
S0 dx

= 2λ1
(
Q(0, T 0)−Qdes

) ∫
Γwall

α T̂ ds

− 2λ2

∫
Ωsub

((
u0 + uin

)
− udes

)
· û dx

for all Û = (û, p̂, T̂ ) ∈ U(Ω),

(5.27)

where U0 = (u0, p0, T 0) is the solution of the state system (5.3). Assuming that the
involved quantities are sufficiently smooth, we can also derive a strong formulation
of (5.27), which reads

−∇ · (κ∇S)− ρCp u · ∇S = 0 in Ω,
S = 0 on Γin,

κ ∂nS + α
(
S − 2λ1

(
Q(0, T )−Qdes

))
= 0 on Γwall,

κ ∂nS + ρCp (u · n)S = 0 on Γout,

as well as

−µ∆v +∇q + ρCp∇T S + 2λ2 χΩsub

(
u− udes

)
= 0 in Ω,

div (v) = 0 in Ω,
v = 0 on Γin ∪ Γwall,

µ ∂nv − qn = 0 on Γout.

Verification of Assumption A4
As noted in [168], we can verify Assumption A4 by proving the weak convergence of
P t ⇀ P 0 in U(Ω) and the weak continuity of the mapping (t, P ) 7→ ∂tG(t, U0, P ).
For this, we need the following result, whose proof is similar to the ones given in,
e.g., [54, 86].

Lemma 5.9. Let U t ∈ U(Ω) and U0 ∈ U(Ω) be the solution of (5.11) for t ∈ [0, τ ]
and t = 0, respectively. Then, we have that

lim
t↘0

∣∣∣∣∣∣U t − U0
∣∣∣∣∣∣
U(Ω)

= 0. (5.28)
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Proof. Let U t = (ut, pt, T t) and U0 = (u0, p0, T 0) be as above. Furthermore, we write

eu(t) := ut − u0,

ep(t) := pt − p0,

eT (t) := T t − T 0.

It is easy to see that (5.28) is equivalent to

lim
t↘0
||eu(t)||V (Ω) = 0,

lim
t↘0
||ep(t)||P (Ω) = 0,

lim
t↘0
||eT (t)||W (Ω) = 0,

which we verify in the following. Note, that the energy estimates (5.15) from
Lemma 5.6 combined with the triangle inequality yield

||eu||V (Ω) ≤
∣∣∣∣∣∣ut∣∣∣∣∣∣

V (Ω)
+
∣∣∣∣∣∣u0

∣∣∣∣∣∣
V (Ω)
≤ C(Ω),

||ep||P (Ω) ≤
∣∣∣∣∣∣pt∣∣∣∣∣∣

P (Ω)
+
∣∣∣∣∣∣p0

∣∣∣∣∣∣
P (Ω)
≤ C(Ω),

(5.29)

where we drop the dependence of the constant on the data uin, T in, and Twall.

Convergence of the Velocity

We have that (5.12) for some t ∈ [0, τ ] is equivalent to∫
Ω
µ
(
D
(
ut + uin

)
A(t)

)
: Dv̂ dx−

∫
Ω
pt tr

(
Dv̂ B(t)>

)
dx = 0 for all v̂ ∈ V (Ω),

(5.30)
as well as ∫

Ω
q̂ tr

(
D
(
ut + uin

)
B(t)>

)
dx = 0 for all q̂ ∈ P (Ω). (5.31)

Moreover, (5.12) for t = 0 is equivalent to∫
Ω
µ
(
D
(
u0 + uin

))
: Dv̂ − p0 tr (Dv̂) dx = 0 for all v̂ ∈ V (Ω), (5.32)

as well as ∫
Ω
q̂ tr

(
D
(
u0 + uin

))
dx = 0 for all q̂ ∈ P (Ω). (5.33)

Subtracting (5.32) from (5.30) as well as (5.33) from (5.31) and rearranging the
resulting expression gives∫

Ω
µDeu(t) : Dv̂ dx =

∫
Ω
µ
(
D
(
ut + uin

)
(I − A(t))

)
: Dv̂ dx

−
∫

Ω
pt tr

(
Dv̂

(
I −B(t)>

))
dx

+
∫

Ω
ep(t) div (v̂) dx for all v̂ ∈ V (Ω),

(5.34)
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as well as∫
Ω
q̂ div (eu(t)) dx =

∫
Ω
q̂ tr

(
D
(
ut + uin

) (
I −B(t)>

))
dx for all q̂ ∈ P (Ω).

(5.35)
Due to Hölder’s inequality and (5.15) we have for all v̂ ∈ V (Ω) that∣∣∣∣∫

Ω
µDeu(t) : Dv̂ dx

∣∣∣∣ ≤ C ||eu(t)||V (Ω) ||v̂||V (Ω) , (5.36)∣∣∣∣∫
Ω
µ
(
D
(
ut + uin

)
(I − A(t))

)
: Dv̂ dx

∣∣∣∣ ≤ C(Ω) ||I − A(t)||L∞(Ω)d×d ||v̂||V (Ω) ,

(5.37)∣∣∣∣∫
Ω
pt tr

(
Dv̂

(
I −B(t)>

))
dx
∣∣∣∣ ≤ C(Ω)

∣∣∣∣∣∣I −B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

||v̂||V (Ω) .

(5.38)

Further, Poincaré’s inequality gives

C(Ω) ||eu(t)||2V (Ω) ≤
∫

Ω
µDeu(t) : Deu(t) dx for all t ∈ [0, τ ]. (5.39)

As P (Ω) = L2(Ω), the Riesz representation theorem and (5.35) reveal that

div (eu(t)) = tr
(
D
(
ut + uin

) (
I −B(t)>

))
in P (Ω),

and Hölder’s inequality in addition to (5.15) then gives

||div (eu(t))||P (Ω) ≤ C(Ω)
∣∣∣∣∣∣I −B(t)>

∣∣∣∣∣∣
L∞(Ω)d×d

.

Using the previous estimate in addition to Hölder’s inequality and (5.29) reveals that∣∣∣∣∫
Ω
ep(t) div (eu(t)) dx

∣∣∣∣ ≤ ||ep(t)||P (Ω) ||div (eu(t))||P (Ω)

≤ C(Ω)
∣∣∣∣∣∣I −B(t)>

∣∣∣∣∣∣
L∞(Ω)d×d

.
(5.40)

Choosing v̂ = eu(t) in (5.34), estimating the term on the left of this equation by
(5.39) and those on the other side by (5.37), (5.38), and (5.40), and using (5.29) to
estimate ||eu(t)||V (Ω) on the right-hand side gives

||eu(t)||2V (Ω) ≤ C(Ω)
(
||I − A(t)||L∞(Ω)d×d +

∣∣∣∣∣∣I −B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

)
.

As C(Ω) is independent of t, we get from the above estimate and Lemma 2.8 that

lim
t↘0
||eu(t)||V (Ω) = 0. (5.41)
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Convergence of the Pressure

Next, we show the convergence of the pressure component. For this, we rearrange
(5.34) as follows∫

Ω
ep(t) div (v̂) dx =

∫
Ω
µDeu(t) : Dv̂ dx

−
∫

Ω
µ
(
D
(
ut + uin

)
(I − A(t))

)
: Dv̂ dx

+
∫

Ω
pt tr

(
Dv̂

(
I −B(t)>

))
dx for all v̂ ∈ V (Ω).

(5.42)

Estimating the terms on the right-hand side of (5.42) by (5.36) to (5.38) gives∫
Ω
ep(t) div (v̂) dx ≤ C(Ω) ||v̂||V (Ω) ||eu(t)||V (Ω)

+ C(Ω) ||v̂||V (Ω) ||I − A(t)||L∞(Ω)d×d

+ C(Ω) ||v̂||V (Ω)

∣∣∣∣∣∣I −B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

.

(5.43)

Since the divergence operator div : V (Ω)→ P (Ω) is surjective (cf. Lemma 5.4), there
exists a v̂(t) ∈ V (Ω) such that div (v̂(t)) = ep(t) in P (Ω) for all t ∈ [0, τ ]. Moreover,
as a consequence of the open mapping theorem (see, e.g., [6] or [48, Lemma A.36])
there exists a constant C(Ω) > 0 such that

||v̂(t)||V (Ω) ≤ C(Ω) ||ep(t)||P (Ω) ≤ C(Ω), (5.44)

where we used (5.29) for the last estimate. Choosing v̂ = v̂(t) in (5.43) and using
(5.44) yields

||ep(t)||2P (Ω) =
∫

Ω
ep(t) div (v̂(t)) dx

≤ C(Ω)
(
||I − A(t)||L∞(Ω)d×d +

∣∣∣∣∣∣I −B(t)>
∣∣∣∣∣∣
L∞(Ω)d×d

+ ||eu(t)||V (Ω)

)
.

Due to Lemma 2.8 and (5.41), we get from the previous estimate that

lim
t↘0
||ep(t)||P (Ω) = 0.

Convergence of the Temperature

Finally, we investigate the convergence of the temperature component. We have that
(5.13) for t ∈ [0, τ ] is equivalent to

0 =
∫

Ω
κ
(
A(t)∇

(
T t + T in

))
· ∇Ŝ dx

+
∫

Ω
ρCp

(
ut + uin

)
·
(
B(t)∇

(
T t + T in

))
Ŝ dx

+
∫

Γwall
α
(
(T t + T in)− Twall ◦ Φt

)
Ŝ ω(t) ds for all Ŝ ∈ W (Ω).

(5.45)
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Moreover, (5.13) for t = 0 is equivalent to

0 =
∫

Ω
κ∇

(
T 0 + T in

)
· ∇Ŝ dx

+
∫

Ω
ρCp

(
u0 + uin

)
· ∇

(
T 0 + T in

)
Ŝ dx

+
∫

Γwall
α
(
(T 0 + T in)− Twall

)
Ŝ ds for all Ŝ ∈ W (Ω).

(5.46)

Subtracting (5.46) from (5.45) yields, after rearranging and testing with Ŝ = eT (t),
the following∫

Ω
κ∇eT (t) · ∇eT (t) dx+

∫
Ω
ρCp

(
u0 + uin

)
· ∇eT (t) eT (t) dx

+
∫

Γwall
α eT (t)2 ds

=
∫

Ω
κ
(
(I − A(t))∇

(
T t + T in

))
· ∇eT (t) dx

+
∫

Ω
ρCp

(
ut + uin

)
·
(
(I −B(t))∇

(
T t + T in

))
eT (t) dx

−
∫

Ω
ρCp eu(t) · ∇

(
T t + T in

)
eT (t) dx

+
∫

Γwall
α
(
(T t + T in)− Twall ◦ Φt

)
eT (t) (1− ω(t)) ds

+
∫

Γwall
α
(
Twall ◦ Φt − Twall

)
eT (t) ds.

(5.47)

Using Poincaré’s inequality together with Assumption 5.3 analogously to the proof
of Lemma 5.4 reveals that

C(Ω) ||eT (t)||2W (Ω) ≤
∫

Ω
κ∇eT (t) · ∇eT (t) dx

+
∫

Ω
ρCp

(
u0 + uin

)
· ∇eT (t) eT (t) dx

+
∫

Γwall
α eT (t)2 ds.

(5.48)

For the terms of the right-hand side of (5.47) we use Hölder’s inequality, Lemma 2.9,
and (5.15) to obtain∣∣∣∣∫

Ω
κ
(
(I − A(t))∇

(
T t + T in

))
· ∇eT (t) dx

∣∣∣∣ ≤
C(Ω) ||I − A(t)||L∞(Ω)d×d ||eT (t)||W (Ω) , (5.49)

∣∣∣∣∫
Ω
ρCp

(
ut + uin

)
·
(
(I −B(t))∇

(
T t + T in

))
eT (t) dx

∣∣∣∣ ≤
C(Ω) ||I −B(t)||L∞(Ω)d×d ||eT (t)||W (Ω) , (5.50)

(continues on next page)
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(continued from previous page)∣∣∣∣∫
Ω
ρCp eu(t) · ∇

(
T t + T in

)
eT (t) dx

∣∣∣∣ ≤ C(Ω) ||eu(t)||V (Ω) ||eT (t)||W (Ω) , (5.51)

∣∣∣∣∫
Γwall

α
(
(T t + T in)− Twall ◦ Φt

)
eT (t) (1− ω(t)) ds

∣∣∣∣ ≤
C(Ω) ||1− ω(t)||L∞(Ω) ||eT (t)||W (Ω) , (5.52)

∣∣∣∣∫
Γwall

α
(
Twall ◦ Φt − Twall

)
eT (t) ds

∣∣∣∣ ≤
C
∣∣∣∣∣∣Twall ◦ Φt − Twall

∣∣∣∣∣∣
H1(Rd)

||eT (t)||W (Ω) . (5.53)

Plugging estimates (5.48) to (5.53) into (5.47) and dividing by ||eT (t)||W (Ω) gives

||eT (t)||W (Ω) ≤ C(Ω)
(
||I − A(t)||L∞(Ω)d×d + ||I −B(t)||L∞(Ω)d×d + ||eu(t)||V (Ω)

+ ||1− ω(t)||L∞(Ω) +
∣∣∣∣∣∣Twall ◦ Φt − Twall

∣∣∣∣∣∣
H1(Rd)

)
.

Similarly to before, using (5.41) as well as Lemmas 2.8 and 2.9 reveals that

lim
t↘0
||eT (t)||W (Ω) = 0.

Altogether, we have shown that limt↘0 ||U t − U0||U(Ω) = 0, completing the proof.

Using this result, we can now show the weak convergence of P t ⇀ P 0 in U(Ω) as
follows.

Lemma 5.10. Let {P t } = Y (t, U t, U0) be the solution set of the averaged adjoint
system (5.23) and let {P 0 } = Y (0, U0) be the solution set of the usual adjoint system
(5.27). Then, we have for t→ 0 that

P t ⇀ P 0 in U(Ω).

Proof. Let (tn)n∈N ⊂ R be a sequence with tn ≥ 0 and limn→∞ tn = 0. As a
consequence of Lemma 5.8, we see that P tn is uniformly bounded in U(Ω), which
is a Hilbert space. Therefore, there exists a subsequence (tnk

)k∈N and an element
Q ∈ U(Ω) such that P tnk ⇀ Q in U(Ω). Due to Lemmas 2.8, 2.9, and 5.9 and
[6, Remark 6.3] we observe that e∗(t, Û , P t) → e∗(0, Û , Q) for all Û ∈ U(Ω). In
particular, we get e∗(0, Û , Q) = 0 for all Û ∈ U(Ω). Therefore, we indeed have
Q = P 0 due to the uniqueness of the limit (cf. Lemma 5.8).

Now, we prove the weak continuity of the mapping (t, P ) 7→ ∂tG(t, U0, P ).
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Lemma 5.11. The mapping

[0, τ ]× U(Ω)→ R; (t, P ) 7→ ∂tG(t, U0, P )

is weakly continuous.

Proof. Let tn ⇀ t in R and P n ⇀ P in U(Ω). Thanks to Assumption A2 we
can differentiate G w.r.t. t and end up with the formula given in (5.20). Due to
Lemmas 2.8 and 2.9 we get the strong convergence of all mappings involving t.
Using [6, Remark 6.3] we get that ∂tG(tn, U0, P n)→ ∂tG(t, U0, P ) in R, proving the
weak continuity as desired.

This completes the verification of Assumption A4. Hence, we have proved that
the assumptions of Theorem 2.10 are indeed satisfied for our problem and we obtain
the shape differentiability of our cost functional. Finally, we summarize this result
in the following theorem.

Theorem 5.12. Let Ω ∈ A, V ∈ Ξ, and Φt be the flow associated to V. Then, the
reduced cost functional J from (5.7) is shape differentiable at Ω w.r.t. Ξ with shape
derivative

dJ(Ω)[V ] = 2λ1
(
Q(0, T 0)−Qdes

) ∫
Γwall

α
(
Twall − (T 0 + T in)

)
divΓ (V) ds

+ 2λ1
(
Q(0, T 0)−Qdes

) ∫
Γwall

α∇Twall · V ds

+ λ2

∫
Ωsub

∣∣∣(u0 + uin)− udes
∣∣∣2 div (V) dx

− 2λ2

∫
Ωsub

(
(u0 + uin)− udes

)
·
(
Dudes V

)
dx

+ λ3

∫
Γ

divΓ (V) ds

+
∫

Ω
µ
(
D
(
u0 + uin

)
(div (V) I − 2 ε(V))

)
: Dv0 dx

−
∫

Ω
p0 tr

(
Dv0 (div (V) I −DV)

)
dx

−
∫

Ω
q0 tr

(
D
(
u0 + uin

)
(div (V) I −DV)

)
dx

+
∫

Ω
κ
(
(div (V) I − 2 ε(V))∇

(
T 0 + T in

))
· ∇S0 dx

+
∫

Ω
ρCp

(
u0 + uin

)
·
((

div (V) I −DV>
)
∇
(
T 0 + T in

))
S0 dx

+
∫

Γwall
α
((
T 0 + T in

)
− Twall

)
S0 divΓ (V) ds

−
∫

Γwall
α∇Twall · V S0 ds,

(5.54)

where U0 = (u0, p0, T 0) solves the state system (5.3) and P 0 = (v0, q0, S0) solves the
adjoint system (5.27).
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5.4 Shape Differentiability of the Problem

Proof. We apply Theorem 2.10, whose assumptions have been verified throughout
this section, to the shape Lagrangian G defined in Section 5.4.1. In combination with
(5.19) we can then calculate the shape derivative in the following way

dJ(Ω)[V ] = lim
t↘0

J(Ωt)− J(Ω)
t

= d

dt
J(Ωt)

∣∣∣∣∣
t=0+

= d

dt
G(t, U t, P )

∣∣∣∣∣
t=0+

= ∂tG(t, U0, P 0).

Due to Lemmas 2.8 and 2.9 as well as the formula (5.20) it is easy to see that we
indeed have the claimed expression for the shape derivative. Furthermore, dJ(Ω)[V ]
is linear in V and continuous in the C∞0 (Rd;Rd) topology. Therefore, it is in fact the
shape derivative of the reduced cost functional.

This completes the theoretical analysis of the shape optimization problem from
Section 5.2.

Remark. The results of this chapter are easily transferred to the other flow models
for the cooling system we present in Chapter 6. This is due to the fact that these
models differ from the one here only in additional linear terms and in the usage of
state spaces adapted to each model. However, the former only enhance the coercivity
of the corresponding bilinear forms and the latter are structurally very similar to
U(Ω). As a consequence, the proofs can be carried out analogously, and we obtain
indeed the shape differentiability of the models we consider in Chapter 6.
We remark that this shape differentiability result only leads to a local improvement

of the geometry and that the investigation of the existence of an optimal shape for
problem (5.6) is beyond the scope of this thesis.
Note, that we consider only the volume formulation of the shape derivative, as

given in (5.54), due to the following. To derive a boundary or Hadamard formula-
tion of the shape derivative in the spirit of the structure theorem (cf. Theorem 2.12),
we would need additional smoothness assumptions. The boundary formulation only
exists for domains Ω whose boundary is of class Ck with k ≥ 1 (cf. Theorem 2.12),
whereas we only consider Lipschitz domains for the cooling system, as motivated by
the application. In particular, the geometries depicted in Figures 5.1 and 6.8 only
have a Lipschitz boundary, and are not sufficiently smooth to satisfy the assumptions
of the structure theorem. Moreover, for the numerical solution of shape optimization
problems it is discussed in [84] that the volume formulation has superior approxi-
mation properties. Hence, for the numerical optimization of the physical application
the volume formulation is to be preferred over the boundary formulation. For these
reasons, a derivation of the boundary formulation is not feasible within the setting
of this thesis.
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5 Shape Sensitivity Analysis for a Microchannel Cooling System

5.5 Conclusion
In this chapter, we investigated the theoretical framework of a shape optimization
problem for a microchannel cooling system. The presented mathematical model for
the microchannel cooling system consists of a Stokes system coupled to a convection-
diffusion equation. For the optimization, we use a cost functional based on the
tracking of the energy absorbed by the cooler as well as some desired fluid velocity
on a subdomain of the system. Thereafter, we analyzed the well-posedness of the
state system on a domain transformed by the speed method. In particular, we have
shown the well-posedness of the transformed state system for small transformations.
Furthermore, we proved that the cost functional of our optimization problem is shape
differentiable and calculated its shape derivative by an application of the averaged
adjoint approach of [168].
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Chapter 6

Modeling and Numerical Shape Optimization
of a Microchannel Cooling System

In this chapter, we again consider the optimization problem for the microchannel
cooling system from Chapter 5, but now we focus on the numerical optimization
of the cooling system using a hierarchy of reduced models. These are derived via a
homogenization of the geometry in 3D and a transformation of the three-dimensional
models to two dimensions. We compare the reduced models numerically to the three-
dimensional one from Chapter 5 and show that all reduced models approximate the
original one well. Moreover, we adapt the optimization problem of the previous
chapter to all models and present the corresponding shape derivatives and adjoint
systems, which we derived analogously to before. To demonstrate the feasibility of
the reduced models, the optimization problems are solved numerically with a gradient
descent method. A comparison of the results shows that the reduced models perform
similarly to the original one while using significantly less computational resources,
which facilitates the efficient numerical solution of the problem.

6.1 Introduction
In this chapter, we consider the shape optimization problem we investigated analyt-
ically in Chapter 5, but now turn our attention to its numerical solution. Although
the three-dimensional model from Chapter 5 covers all relevant physical effects of
the cooling system, using it for the numerical optimization can become infeasible as
solving the model numerically requires a lot of computational resources due to the
complexity of the geometry. To remedy this problem, we derive a model hierarchy
consisting of the following models: the three-dimensional one from Chapter 5, which
represents the most important physical effects, as well as three reduced models. One
of the reduced models is a three-dimensional porous medium model based on a ho-
mogenization of the domain, similar to those used in, e.g., [32, 100, 101]. For the
other two reduced models we use a dimension reduction technique similar to the one
of [24] which transforms the previous, three-dimensional, models to two-dimensional
ones. A numerical comparison of the reduced models with the original one shows
that they capture the most important physical effects properly, while requiring con-
siderably less computational resources.
For the shape optimization, our aim is to increase the amount of heat absorbed by

the cooler and to achieve a uniform distribution of flow through the microchannels,
which we realize using the cost functional introduced in Chapter 5. This optimiza-
tion problem is adapted to all reduced models using analogous techniques to their
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6 Numerical Shape Optimization of a Microchannel Cooling System

modeling. Subsequently, we present the shape derivatives and adjoint systems for
all optimization problems, which we obtained analogously to Chapter 5. For the
numerical optimization of the cooling system, we also adapt the bilinear forms used
for computing the gradient deformations to each model and use a gradient descent
method to solve the problems (cf. Chapter 4). A comparison of the optimized geome-
tries shows that the reduced models give similar results for the shape optimization
problem while being substantially more efficient. To the best of our knowledge, the
optimization of a microchannel cooling system by means of shape calculus as well as
a comparison of different models in this context have only been investigated in our
work [21, 22], on which this chapter is based.
This chapter is structured as follows. In Section 6.2, we introduce the specific

problem setting we consider for the numerical shape optimization of the cooling sys-
tem in this chapter. In the three subsequent sections we present the reduced models
as well as the corresponding adaptations for the shape optimization problem: The
dimension reduction technique is introduced and used to derive a two-dimensional
model in Section 6.3. Section 6.4 provides the details for the three-dimensional
porous medium model of the cooler, to which the dimension reduction approach is
then applied in Section 6.5, so that we also obtain a two-dimensional porous medium
model. Subsequently, we compare the reduced models numerically in Section 6.6.
Finally, we discuss the numerical solution of the shape optimization problems and
our obtained results in Section 6.7, where we again focus on the comparison of the
models.

6.2 Problem Formulation
In contrast to the general, theoretical investigation carried out in Chapter 5, we now
consider a specific instance of the optimization problem, motivated by the industrial
application, which we present in this section.

6.2.1 Description of the Geometry
The domain of the cooling system has the structure Ω = Ω̃× (0, h), where Ω̃ ⊂ R2 is
a two-dimensional domain and h > 0 is the constant height of the geometry, i.e., Ω is
an extrusion of Ω̃ along the z-axis. As before, the boundary of Ω is denoted by Γ and
is divided into three parts: the inlet Γin, where the coolant enters the system, the
wall boundary Γwall, where heat transfer from the heat source to the cooling system
takes place, and the outlet Γout, where the cooling liquid leaves the domain. The
boundaries inherit the structure of Ω, i.e., Γin = Γ̃in × (0, h), Γout = Γ̃out × (0, h),
and Γwall \ ({ z = 0 } ∪ { z = h }) = Γ̃wall × (0, h). Note, that the structure of Γwall

comes from the fact that the planes { z = 0 } and { z = h }, i.e., the top and bottom
of the cooler and part of Γwall, cannot be represented as boundaries of Ω̃. Of course,
it holds that Γ̃ = Γ̃in ∪ Γ̃wall ∪ Γ̃out. Additionally, we denote by Ωmc the subdomain
corresponding to the microchannels, whose wall boundaries are denoted by Γmc ⊂
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6.2 Problem Formulation

Γwall. Note, that for this problem, Ωmc plays the role of the sub-domain Ωsub from
our theoretical investigation in Chapter 5 as we want to achieve a uniform flow
distribution through the microchannels (cf. Section 6.2.3).

This situation is depicted in Figure 6.1, where the domain Ω̃ is shown. Note, that
as the height of the geometry h = 300 µm is very small compared to the diame-
ter of Ω̃, which is about 10 cm, we only show slices through Ω at z = h/2 for all

Ω̃Γ̃in

Γ̃out

Γ̃wall

(a) The complete geometry.

Ω̃mc
Γ̃in

Γ̃wall

Γ̃mc

(b) Zoom, showing inlet and some microchannels.

Figure 6.1: Two-dimensional domain of the cooling system Ω̃.
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6 Numerical Shape Optimization of a Microchannel Cooling System

three-dimensional problems. Finally, we remark that such cooling systems can be
manufactured using, e.g., wet chemical etching [103] or 3D-printing [146].

6.2.2 Physical Parameters
The values of the physical parameters we use for our particular problem setting are
given in Table 6.1. They are chosen to resemble a viscous coolant that could be
used for the application in a cooling system for a chemical microreactor. The heat
transfer coefficient is chosen so that the amount of energy absorbed by the system
resembles the amount of heat generated by the chemical reaction. In particular, we
consider a setting similar to the one described in [28], where the Sabatier process in
microreactors is investigated (cf. Chapter 7). Note, that all physical parameters are
assumed to be constant throughout this chapter.

6.2.3 The Optimization Problem
For the shape optimization of the microchannel cooling system, we consider the same
setting as in Section 5.2.3 with the following geometrical constraints: We assume that
we can only change the shape of Γwall and that Γin and Γout remain fixed. This is
reasonable since the cooling system is connected to other parts, such as the coolant
supply, via in- and outlet. Moreover, we also do not change the underlying structure
of the geometry since we assume that the height h of the cooler is fixed, and we also
only allow the microchannels to change in length.
As stated previously, for our numerical investigation of problem (5.6) we now use

Ωsub = Ωmc. Additionally, we choose udes as the velocity profile corresponding to
the case of uniformly distributed flow through each channel, which can be computed
as Poiseuille flow for a single channel (see, e.g., [29, Chapter 3.4]). Hence, in this
setting, the term J (2) in (5.4) tries to achieve a uniform flow distribution through
the microchannels which helps to minimize the occurrence of hot spots and, thus,
improves the quality of the cooling system.

Table 6.1: Physical parameters for the cooling system.

parameter [unit] value

dynamic viscosity µ [kg/(m s)] 3e−4
density ρ [kg/m3] 700
specific heat capacity Cp [J/(kg K)] 2000
thermal conductivity κ [W/(m K)] 0.1
heat transfer coefficient α [W/(m2 K)] 10
mass inflow min [kg/s] 6e−5
inflow temperature T in [◦C] 300
wall temperature Twall [◦C] 400
height of the geometry h [m] 3e−4
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6.3 The Dimension Reduction Technique

6.3 The Dimension Reduction Technique
Let us now introduce the reduced models for the cooling system and describe the
corresponding adaptations for the shape optimization problem in the subsequent
sections. For our first reduced model, we introduce a dimension reduction technique,
similar to the idea discussed in [24] for the topology optimization of Stokes flow which
was also used in, e.g., [66, 181] for the same purpose. The technique transforms
the three-dimensional state system to a two-dimensional one, making its numerical
solution considerably easier. Afterwards, we discuss this technique in the context of
the shape optimization problem.

6.3.1 Description of the Model
The main idea of this model is to exploit the structure of our domain, i.e., we use
that Ω = Ω̃ × (0, h). As this model is based on the weak formulation of the PDEs,
we now introduce the following two-dimensional function spaces in analogy to the
ones given in Chapter 5

Ṽ (Ω̃) :=
{
ũ ∈ H1(Ω̃)2

∣∣∣ ũ = 0 on Γ̃in ∪ Γ̃wall
}
,

P̃ (Ω̃) := L2(Ω̃),
W̃ (Ω̃) :=

{
T̃ ∈ H1(Ω̃)

∣∣∣ T̃ = 0 on Γ̃in
}
,

Ũ(Ω̃) := Ṽ (Ω̃)× P̃ (Ω̃)× W̃ (Ω̃).

The key observation for the dimension reduction of the Stokes equation is the
following. For viscous flow between parallel, infinite planes we get a parabolic velocity
profile in analogy to two-dimensional Poiseuille flow (cf. [29]). This situation is not
very different from our setting. We still consider the flow of a viscous fluid between
two parallel plates, albeit with a more complex geometry. Due to this observation
we make the following assumption: There is no fluid velocity in z-direction and the
x and y components of the velocity are parabolic in z, i.e., we describe the fluid
velocity u = [u1, u2, u3]> as

u(x, y, z) = 4
h2 z(h− z)

ũ1(x, y)
ũ2(x, y)

0

 = 4
h2 z(h− z)

[
ũ(x, y)

0

]
, (6.1)

where ũ = [ũ1, ũ2]> ∈ Ṽ (Ω̃) is the two-dimensional velocity. The factor 4/h2 is chosen
so that ũ represents the maximum fluid velocity. Furthermore, we see that the no-slip
boundary conditions at { z = 0 } and { z = h } are satisfied by (6.1). For the fluid
temperature and pressure we assume that they are constant along the z-direction,
i.e.,

p(x, y, z) = p̃(x, y) and T (x, y, z) = T̃ (x, y), (6.2)
where p̃ ∈ P̃ (Ω̃) and T̃ ∈ W̃ (Ω̃). For the pressure this is reasonable as we do not
have a flow in z-direction (cf. (6.1)) and, hence, we easily get ∂zp = 0 from the
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6 Numerical Shape Optimization of a Microchannel Cooling System

Stokes equation (5.1). For the temperature the situation is more complicated and, in
general, it is not constant in z. However, as the temperature equation is convection-
dominated and there is no convection in z-direction due to (6.1), we observe that
the variation in temperature is significantly higher in the x-y-plane than it is in z-
direction, so that the assumptions (6.2) are justified. For the Dirichlet boundary
conditions, we assume that ũin ∈ H1(Ω̃)2 and T̃ in ∈ H1(Ω̃) are obtained from uin and
T in analogously to (6.1) and (6.2).
As we want to derive a two-dimensional weak formulation of (5.9), we introduce

the test functions

v̂(x, y, z) = 4
h2 z(h− z)

˜̂v1(x, y)
˜̂v2(x, y)

0

 ,
where ˜̂v = [˜̂v1, ˜̂v2]> ∈ Ṽ (Ω̃) as well as

q̂(x, y, z) = ˜̂q(x, y) and Ŝ(x, y, z) = ˜̂
S(x, y),

in analogy to (6.1) and (6.2).
Using these test functions in the weak form (5.9) then yields

Find Ũ = (ũ, p̃, T̃ ) ∈ Ũ(Ω̃) such that∫
Ω̃

∫ h

0
µ
( 4
h2 z(h− z)

)2
D
(
ũ+ ũin

)
: D˜̂v dz dx

+
∫

Ω̃

∫ h

0
µ
( 4
h2 (h− 2z)

)2 (
ũ+ ũin

)
· ˜̂v dz dx

−
∫

Ω̃

∫ h

0

4
h2 z (h− z) p̃ div

(˜̂v
)

dz dx

−
∫

Ω̃

∫ h

0

4
h2 z (h− z) ˜̂q div

(
ũ+ ũin

)
dz dx

+
∫

Ω̃

∫ h

0
κ∇

(
T̃ + T̃ in

)
· ∇ ˜̂

S dz dx

+
∫

Ω̃

∫ h

0
ρCp

4
h2 z(h− z)

(
ũ+ ũin

)
· ∇

(
T̃ + T̃ in

) ˜̂
S dz dx

+
∫

Γ̃wall

∫ h

0
α
(
T̃ + T̃ in − Twall

) ˜̂
S dz ds

+
∫
{ z=0 }∪{ z=h }

α
(
T̃ + T̃ in − Twall

) ˜̂
S ds = 0

for all ˜̂
V = (˜̂v, ˜̂q, ˜̂

S) ∈ Ũ(Ω̃).

(6.3)

Note, that the second term in (6.3) comes from the fact that for u as in (6.1) we have

Du = 4
h2

z(h− z)∂xũ1 z(h− z)∂yũ1 (h− 2z)ũ1
z(h− z)∂xũ2 z(h− z)∂yũ2 (h− 2z)ũ2

0 0 0

 ,
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so that
Du : Dv̂ =

( 4
h2 z(h− z)

)2
Dũ : D˜̂v +

( 4
h2 (h− 2z)

)2
ũ · ˜̂v.

Due to the fact that ũ, ũin, ˜̂v, p̃, ˜̂q, T̃ , T̃ in, and ˜̂
S are constant in z and since it holds

that ∫ h

0

( 4
h2 z(h− z)

)2
dz = 8h

15 ,∫ h

0

( 4
h2 (h− 2z)

)2
dz = 16

3h,∫ h

0

4
h2 z(h− z) dz = 2h

3 ,

performing the integration w.r.t. z yields the two-dimensional system

Find Ũ = (ũ, p̃, T̃ ) ∈ Ũ(Ω̃) such that∫
Ω̃

8h
15µD

(
ũ+ ũin

)
: D˜̂v dx+

∫
Ω̃

16
3hµ

(
ũ+ ũin

)
· ˜̂v dx

−
∫

Ω̃

2h
3 p̃ div

(˜̂v
)

dx−
∫

Ω̃

2h
3

˜̂q div
(
ũ+ ũin

)
dx

+
∫

Ω̃
hκ∇

(
T̃ + T̃ in

)
· ∇ ˜̂

S dx+
∫

Ω̃

2h
3 ρCp

(
ũ+ ũin

)
· ∇

(
T̃ + T̃ in

) ˜̂
S dx

+
∫

Γ̃wall
hα

(
T̃ + T̃ in − Twall

) ˜̂
S ds+

∫
Ω̃

2α
(
T̃ + T̃ in − Twall

) ˜̂
S dx = 0

for all ˜̂
V = (˜̂v, ˜̂q, ˜̂

S) ∈ Ũ(Ω̃).

(6.4)

Note, that for the surface integral over { z = 0 } ∪ { z = h } in (6.4) we have used
that ∫

{ z=0 }∪{ z=h }
α
(
T̃ + T̃ in − Twall

) ˜̂
S ds = 2

∫
Ω̃
α
(
T̃ + T̃ in − Twall

) ˜̂
S dx,

as T̃ , T̃ in, and ˜̂
S are constant in z.

Remark. If we assume that the solutions of the dimension-reduced system (6.4) are
sufficiently smooth, it is easy to see that they solve the following (suitably rescaled)
strong form of the equations:

−4
5µ∆ũ+ 8

h2µ ũ+∇p̃ = 0 in Ω̃,

div (ũ) = 0 in Ω̃,
ũ = ũin on Γ̃in,

ũ = 0 on Γ̃wall,

4
5µ ∂nũ− p̃n = 0 on Γ̃out,

(6.5)
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as well as

−∇ ·
(
κ∇T̃

)
+ 2

3ρCp ũ · ∇T̃ + 2
h
α
(
T̃ − Twall

)
= 0 in Ω̃,

T̃ = T̃ in on Γ̃in,

κ ∂nT̃ + α
(
T̃ − Twall

)
= 0 on Γ̃wall,

κ ∂nT̃ = 0 on Γ̃out,

(6.6)

where ũ solves (6.5). In particular, we see that the dimension-reduced equations (6.5)
and (6.6) have a structure similar to the original ones (5.1) and (5.2), albeit with
slightly different parameters and additional source terms arising from the boundary
conditions on the top and bottom of the geometry.

6.3.2 Application to the Shape Optimization Problem
We now describe the application of the dimension reduction technique to the shape
optimization problem (5.6). For this, we again use the parabolic profile (6.1) for the
velocity as well as the constant profile (6.2) for pressure and temperature. Note,
that we also use the parabolic profile for udes so that this state is reachable by the
dimension reduction model. Substituting these into the cost functional (5.4) and
carrying out the integration over z yields the dimension-reduced cost functional

J̃
(
Ω̃, Ũ

)
= λ1 J̃ (1)

(
Ω̃, Ũ

)
+ λ2 J̃ (2)

(
Ω̃, Ũ

)
+ λ3 J̃ (3)

(
Ω̃, Ũ

)
,

where the individual terms are given by

J̃ (1)
(
Ω̃, Ũ

)
=
(
Q̃
(
0, Ũ

)
−Qdes

)2
,

J̃ (2)
(
Ω̃, Ũ

)
=
∫

Ω̃mc

8h
15
∣∣∣ũ+ ũin − ũdes

∣∣∣2 dx,

J̃ (3)
(
Ω̃, Ũ

)
=
∫

Γ̃
h ds+

∫
Ω̃

2 dx.

Here, we use Ũ = (ũ, p̃, T̃ ), and Q̃ is defined as

Q̃
(
0, Ũ

)
=
∫

Γ̃wall
hα

(
Twall −

(
T̃ + T̃ in

))
ds+

∫
Ω̃

2α
(
Twall −

(
T̃ + T̃ in

))
dx,

where we use an analogous notation to Chapter 5. Note, that the terms
∫
Ω̃ 2 dx and∫

Ω̃ 2α
(
Twall −

(
T̃ + T̃ in

))
dx in these equations arise due to the integration over lid

and bottom of the three-dimensional domain as before. The corresponding reduced
optimization problem reads

min
Ω̃

J̃(Ω̃) = J̃ (Ω̃, Ũ(Ω̃))

subject to
Ω̃ ∈ Ã,
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where Ũ(Ω̃) is the solution of (6.4) on Ω̃ and the set of admissible domains Ã for
this problem is given analogously to Section 5.2.3 by

Ã :=
{

Ω̂ ⊂ R2
∣∣∣ Ω̂ is a bounded Lipschitz domain, Γ̂in = Γ̃in, and Γ̂out = Γ̃out

}
.

To derive the shape derivative for this model, we have to make an additional as-
sumption on the vector fields we use to deform the domain. As stated in Section 6.2.3,
we want to keep the height of the cooling system fixed. Therefore, we restrict our-
selves to deformations generated by vector fields whose z-component vanishes, i.e.,

V(x, y, z) =

Ṽ1(x, y)
Ṽ2(x, y)

0

 =
[
Ṽ(x, y)

0

]
, (6.7)

where Ṽ ∈ Ck
0 (D;R2). Any other vector field with nonvanishing z-component only

introduces a reparametrization along the z-axis that cannot change the geometry
as h is fixed. Using this, we apply the dimension reduction technique to the shape
Lagrangian defined in Section 5.4.1 and, after lengthy calculations, end up with the
shape derivative

dJ̃(Ω̃)[Ṽ ] = 2λ1
(
Q̃(0, Ũ(Ω̃))−Qdes

) ∫
Γ̃wall

hα
(
Twall −

(
T̃ + T̃ in

))
divΓ

(
Ṽ
)

ds

+ 2λ1
(
Q̃(0, Ũ(Ω̃))−Qdes

) ∫
Ω̃

2α
(
Twall −

(
T̃ + T̃ in

))
div

(
Ṽ
)

dx

+ λ2

∫
Ω̃mc

8h
15
∣∣∣ũ+ ũin − ũdes

∣∣∣2 div
(
Ṽ
)

dx

− 2λ2

∫
Ω̃mc

8h
15
(
ũ+ ũin − ũdes

)
·
(
Dũdes Ṽ

)
dx

+ λ3

(∫
Γ̃
h divΓ

(
Ṽ
)

ds+
∫

Ω̃
2 div

(
Ṽ
)

dx
)

+
∫

Ω̃

8h
15µ

(
D
(
ũ+ ũin

) (
div

(
Ṽ
)
I − 2 ε(Ṽ)

))
: Dṽ dx

+
∫

Ω̃

16
3hµ

(
ũ+ ũin

)
· ṽ div

(
Ṽ
)

dx

−
∫

Ω̃

2h
3 p̃ tr

(
Dṽ

(
div

(
Ṽ
)
I −DṼ

))
dx

−
∫

Ω̃

2h
3 q̃ tr

(
D
(
ũ+ ũin

) (
div

(
Ṽ
)
I −DṼ

))
dx

+
∫

Ω̃
hκ
((

div
(
Ṽ
)
I − 2 ε(Ṽ)

)
∇
(
T̃ + T̃ in

))
· ∇S̃ dx

+
∫

Ω̃

2h
3 ρCp

(
ũ+ ũin

)
·
((

div
(
Ṽ
)
I −DṼ>

)
∇
(
T̃ + T̃ in

))
S̃ dx

+
∫

Γ̃wall
hα

(
T̃ + T̃ in − Twall

)
S̃ divΓ

(
Ṽ
)

ds

+
∫

Ω̃
2α
(
T̃ + T̃ in − Twall

)
S̃ div

(
Ṽ
)

dx,
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6 Numerical Shape Optimization of a Microchannel Cooling System

where (ũ, p̃, T̃ ) = Ũ(Ω̃) is the weak solution of (6.4) and (ṽ, q̃, S̃) = P̃ (Ω̃) solves the
following adjoint system

Find P̃ = (ṽ, q̃, S̃) ∈ Ũ(Ω̃) such that∫
Ω̃
hκ∇S̃ · ∇ ˜̂

T dx+
∫

Ω̃

2h
3 ρCp

(
ũ+ ũin

)
· ∇ ˜̂

T S̃ dx

+
∫

Γ̃wall
hα S̃

˜̂
T ds+

∫
Ω̃

2α S̃ ˜̂
T dx

+
∫

Ω̃

8h
15µDṽ

: D ˜̂u dx+
∫

Ω̃

16
3hµ ṽ ·

˜̂u dx−
∫

Ω̃

2h
3 q̃ div

(˜̂u
)

dx

−
∫

Ω̃

2h
3

˜̂p div (ṽ) dx+
∫

Ω̃

2h
3 ρCp ˜̂u · ∇

(
T̃ + T̃ in

)
S̃ dx

= 2λ1
(
Q̃(0, Ũ(Ω̃))−Qdes

) (∫
Γ̃wall

hα
˜̂
T ds+

∫
Ω̃

2α ˜̂
T dx

)
− 2λ2

∫
Ω̃mc

8h
15
(
ũ+ ũin − ũdes

)
· ˜̂u dx

for all ˜̂
V = (˜̂u, ˜̂p, ˜̂

T ) ∈ Ũ(Ω̃).
Remark. Assuming that all involved terms are sufficiently smooth, the strong form
of the adjoint system is, after a suitable rescaling, given by

−∇ ·
(
κ∇S̃

)
− 2

3ρCp ũ · ∇S̃ +
2
h
α
(
S̃ − 2λ1

(
Q̃(0, Ũ(Ω̃))−Qdes

))
= 0 in Ω̃,

S̃ = 0 on Γ̃in,

κ ∂nS̃ + α
(
S̃ − 2λ1

(
Q̃(0, Ũ(Ω̃))−Qdes

))
= 0 on Γ̃wall,

κ ∂nS̃ + 2
3ρCp (ũ · n) S̃ = 0 on Γ̃out,

as well as

− 4
5µ∆ṽ + 8

h2µ ṽ +∇q̃ +

ρCp∇T̃ S̃ + 2λ2 χΩ̃mc
4
5
(
ũ− ũdes

)
= 0 in Ω̃,

div (ṽ) = 0 in Ω̃,
ṽ = 0 on Γ̃in ∪ Γ̃wall,

4
5µ ∂nṽ − q̃n = 0 on Γ̃out.

Remark. Note, that the only simplification made for the dimension-reduction model
is that we suppose that the state variables are of the form (6.1) and (6.2). Hence,
we could derive the shape derivative presented in this chapter also by applying the
dimension-reduction technique directly to the shape derivative from (5.54) and the
corresponding adjoint system (5.27). Thus, the optimization commutes with the
dimension reduction technique.
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6.4 Porous Medium Model

6.4 Porous Medium Model
Both previously described models completely resolve all microchannels, which com-
plicates a physically meaningful discretization of the geometry. To circumvent this,
we now introduce our second reduced model, for which we consider the microchan-
nels as a porous medium. This allows us to use a much simpler geometry which
substantially eases the numerical solution of the equations. For a detailed introduc-
tion to porous medium models and their application to microchannels we refer to,
e.g., [96, 129] and [32, 100, 101], respectively.

6.4.1 Description of the Geometry for the Porous Medium Model
First, we introduce the structure of the domain Ωpor which we consider for the porous
medium or Darcy model. It consists of the two subdomains Ωf

por = Ω \ Ωmc, the
domain without the microchannels that remains unaltered, and Ωd

por, which is the
homogenized geometry corresponding to Ωmc. The boundary of Ωpor is denoted by
Γpor and consists of the following parts: For the in- and outlet we have Γin

por = Γin

and Γout
por = Γout, and the wall boundary is given as Γwall

por = Γwall \ Γmc. Additionally,
we obtain a new boundary Γd

por that is the outer boundary of Ωd
por, and the interfaces

Ω̃d
por

Ω̃f
por

Ω̃f
por

Γ̃in
por

Γ̃out
por

Γ̃wall
por

Γ̃d
por Γ̃fd

por

Figure 6.2: Two-dimensional geometry for the Darcy model Ω̃por, partitioned into
the fluid part Ω̃f

por (light gray) and porous medium part Ω̃d
por (dark

gray).
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6 Numerical Shape Optimization of a Microchannel Cooling System

between Ωf
por and Ωd

por are denoted by Γfd
por. Naturally, the geometry of the Darcy

model has a similar structure to the geometry of the full model, i.e., we have Ωpor =
Ω̃por× (0, h). An analogous decomposition also holds for the two subdomains as well
as the boundaries (cf. Section 6.2.1). The corresponding two-dimensional domain
Ω̃por depicting the above situation can be seen in Figure 6.2.

6.4.2 Description of the Model
To couple the fluid equations on Ωf

por, where we have the usual Stokes system as in
Section 6.2, and Ωd

por, where we consider the porous medium, we choose the Brinkman
equation (cf. [129]). This allows an implicit coupling through transmission conditions
that vanish in the weak formulation of the problem (cf. (6.12)). In particular, the
Brinkman equation, without the transmission conditions, reads

−µ′∆u+ µK−1u+∇p = 0 in Ωd
por,

div (u) = 0 in Ωd
por,

u · n = 0 on Γd
por,

µ′ ∂nu× n = 0 on Γd
por,

(6.8)

where K denotes the permeability tensor and µ′ denotes the effective viscosity. Here,
u describes the averaged velocity, which is also known as Darcy velocity, and not a
physical fluid velocity. The permeability tensor K already models the friction arising
from the no-slip boundary condition in the microchannels completely so that we must
not prescribe a no-slip condition on Γd

por for the Brinkman equation. Instead we
choose the slip condition u ·n = 0 and µ′ ∂nu×n = 0 on Γd

por so that the fluid cannot
leave the domain and does not experience additional friction. For the permeability
tensor we observe that the flow through the channels is basically one-dimensional
and in y-direction. To model this anisotropy, K has the structure

K = K̂

ε 0 0
0 1 0
0 0 ε

 ,
where K̂ is the permeability in y-direction and 1� ε > 0 is a relaxation parameter
needed for the invertibility ofK (cf. (6.8)). We compute K̂ numerically using Darcy’s
law (see, e.g., [96, 129]) and choose ε = 1e−5. Further, as 1/K̂ is very large, we neglect
the influence of the effective viscosity and set µ′ = µ as originally suggested in [26].
To describe the transmission conditions for the coupling of (6.8) with the Stokes

system, we denote by vf and vd the restriction of a function v on Ωf
por and Ωd

por,
respectively. Then, the coupling conditions are given by the continuity of both the
velocity and the normal component of the viscous stress tensor, i.e.,

uf − ud = 0 on Γfd
por,(

µ ∂n̂u
f − pf n̂

)
−
(
µ ∂n̂u

d − pdn̂
)

= 0 on Γfd
por,

(6.9)
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where n̂ denotes the outer unit normal to Ωf
por. To summarize, the Darcy model for

the fluid reads

−µ∆u+∇p = 0 in Ωf
por,

−µ∆u+ µK−1u+∇p = 0 in Ωd
por,

div (u) = 0 in Ωpor,

u = uin on Γin
por,

u = 0 on Γwall
por ,

u · n = 0 on Γd
por,

µ ∂nu× n = 0 on Γd
por,

µ ∂nu− pn = 0 on Γout
por,

uf − ud = 0 on Γfd
por,(

µ ∂n̂u
f − pf n̂

)
−
(
µ ∂n̂u

d − pdn̂
)

= 0 on Γfd
por.

(6.10)

For the modeling of heat transfer in the porous medium we modify the so-called
local thermal nonequilibrium approach that can be found in, e.g., [129, Chapter
2.2]. This model uses two equations, one for the liquid and one for the solid phase.
However, we assume that the solid’s temperature is constant, in analogy to the
constant wall temperature Twall (cf. Section 6.2), and are left with the equation for
the fluid phase. In particular, the heat transfer equation in Ωd

por reads

−∇ · (ϕκ∇T ) + ρCp u · ∇T + hfs
(
T − Twall

)
= 0 in Ωd

por,

ϕκ ∂nT = 0 on Γd
por,

(6.11)

where ϕ is the porosity of the porous medium, i.e., the fraction of total volume
occupied by the fluid, and hfs denotes the interfacial heat transfer coefficient. The
latter can, again, be computed numerically using the formulas given in, e.g., [116,
173]. The homogeneous Neumann boundary condition in (6.11) is used for a similar
reason as the slip boundary condition in (6.8). The heat transfer between solid
and fluid phase is completely contained in the term hfs(T − Twall) and, therefore,
we must not have an additional heat source on the boundary Γd

por. Note, that the
parameters for the porous medium model which we computed numerically using a
single microchannel as representative elementary volume are given in Table 6.2.

Table 6.2: Parameters for the Darcy model.

parameter [unit] value

porosity ϕ [1] 2.02e−1
permeability K̂ [m3] 3.16e−9
interfacial heat transfer coefficient hfs [W/(K m3)] 2.63e+4
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6 Numerical Shape Optimization of a Microchannel Cooling System

Finally, for the transmission conditions coupling the temperature in Ωd
por with the

one in Ωf
por we proceed analogously and require the continuity of the temperature

and the normal component of the heat flux over the interface Γfd
por, i.e.,

T f − T d = 0 on Γfd
por and κ ∂n̂T

f − ϕκ∂n̂T d = 0 on Γfd
por.

Note, that demanding the continuity of the heat flux’ conductive part over the inter-
face is already sufficient for the continuity of the entire flux, as we get the continuity
of its convective part directly from (6.9) and the continuity of the temperature. To
summarize, our model for heat transfer in the porous medium reads

−∇ · (κ∇T ) + ρCp u · ∇T = 0 in Ωf
por,

−∇ · (ϕκ∇T ) + ρCp u · ∇T + hfs
(
T − Twall

)
= 0 in Ωd

por,

T = T in on Γin
por,

κ ∂nT + α
(
T − Twall

)
= 0 on Γwall

por ,

ϕκ ∂nT = 0 on Γd
por,

κ ∂nT = 0 on Γout
por,

T f − T d = 0 on Γfd
por,

κ ∂n̂T
f − ϕκ∂n̂T d = 0 on Γfd

por,

where u solves (6.10).
For the weak form of the Darcy model we introduce the spaces

Vpor(Ωpor) :=
{
u ∈ H1(Ωpor)3

∣∣∣ u = 0 on Γin
por ∪ Γwall

por and u · n = 0 on Γd
por

}
,

Ppor(Ωpor) := L2(Ωpor),
Wpor(Ωpor) :=

{
T ∈ H1(Ωpor)

∣∣∣ T = 0 on Γin
por

}
,

Upor(Ωpor) := Vpor(Ωpor)× Ppor(Ωpor)×Wpor(Ωpor).
Finally, the weak form of the Darcy model is given by

Find U = (u, p, T ) ∈ Upor(Ω) such that∫
Ωpor

µD
(
u+ uin

)
: Dv̂ dx+

∫
Ωd

por

µK−1
(
u+ uin

)
· v̂ dx

−
∫

Ωpor
p div (v̂) dx−

∫
Ωpor

q̂ div
(
u+ uin

)
dx

+
∫

Ωf
por

κ∇
(
T + T in

)
· ∇Ŝ dx+

∫
Ωd

por

ϕκ∇
(
T + T in

)
· ∇Ŝ dx

+
∫

Ωpor
ρCp

(
u+ uin

)
· ∇

(
T + T in

)
Ŝ dx+

∫
Ωd

por

hfs
(
T + T in − Twall

)
Ŝ dx

+
∫

Γwall
por

α
(
T + T in − Twall

)
Ŝ ds = 0

for all V̂ = (v̂, q̂, Ŝ) ∈ Upor(Ω),
(6.12)
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where we assume that uin ∈ H1(Ωpor)3 with uin = 0 on Γwall
por and uin · n = 0 on Γd

por
as well as T in ∈ H1(Ωpor) in analogy to Section 6.3.

6.4.3 Application to the Shape Optimization Problem
While the problem for Ωf

por stays like in Section 5.2, we now have to modify the cost
functional in the porous region Ωd

por to reflect the changes made in modeling the
channels as porous medium. Therefore, the cost functional (5.4) takes the following
form for the Darcy model. For the first term, we use

J (1)
por(Ωpor, U) =

(
Qpor(0, U)−Qdes

)2
,

where

Qpor(0, U) =
∫

Ωd
por

hfs
(
Twall −

(
T + T in

))
dx+

∫
Γwall

por

α
(
Twall −

(
T + T in

))
ds.

This is due to the fact that the heat transfer in Ωd
por is given by the volume source

term hfs(T+T in−Twall) for the Darcy model. Note, that we again write U = (u, p, T ).
The second term can be represented by the tracking-type functional

J (2)
por(Ωpor, U) =

∫
Ωd

por

∣∣∣u+ uin − udes
por

∣∣∣2 dx.

The difference now lies in the interpretation of the velocity. Whereas we have a
physical velocity in Ωmc and, thus, also prescribe a physical one for udes, the fluid
velocity in Ωd

por is an averaged one. Hence, the desired velocity udes
por has to be the

mean of udes over Ωd
por. The perimeter regularization is modeled analogously to

before, i.e., we use
J (3)

por(Ωpor, U) =
∫

Γpor
1 ds.

Finally, the cost functional Jpor for the Darcy model reads

Jpor(Ωpor, U) = λ1 J (1)
por(Ωpor, U) + λ2 J (2)

por(Ωpor, U) + λ3 J (3)
por(Ωpor, U). (6.13)

As before, we denote by U(Ωpor) the solution of (6.12) on Ωpor and consider the
following reduced optimization problem

min
Ωpor

Jpor(Ωpor) = Jpor(Ωpor, U(Ωpor))

subject to
Ωpor ∈ Apor.

Here, the set of admissible domains (cf. Chapter 5) is given by

Apor :=
{

Ω̂ ⊂ R3
∣∣∣ Ω̂ is a bounded Lipschitz domain, Γ̂in = Γin

por, and Γ̂out = Γout
por

}
.
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Applying the same techniques as in Section 2.3.2 we derive the following shape deriva-
tive for Jpor

dJpor(Ωpor)[V ]

= 2λ1
(
Qpor(0, U(Ωpor))−Qdes

) ∫
Ωd

por

hfs
(
Twall −

(
T + T in

))
div (V) dx

+ 2λ1
(
Qpor(0, U(Ωpor))−Qdes

) ∫
Γwall

por

α
(
Twall −

(
T + T in

))
divΓ (V) ds

+ λ2

∫
Ωd

por

∣∣∣u+ uin − udes
por

∣∣∣2 div (V) dx

+ λ3

∫
Γpor

divΓ (V) ds

+
∫

Ωpor
µ
(
D
(
u+ uin

)
(div (V) I − 2 ε(V))

)
: Dv dx

+
∫

Ωd
por

µK−1
(
u+ uin

)
· v div (V) dx

−
∫

Ωpor
p tr (Dv (div (V) I −DV)) dx

−
∫

Ωpor
q tr

(
D
(
u+ uin

)
(div (V) I −DV)

)
dx

+
∫

Ωf
por

κ
(
(div (V) I − 2 ε(V))∇

(
T + T in

))
· ∇S dx

+
∫

Ωd
por

ϕκ
(
(div (V) I − 2 ε(V))∇

(
T + T in

))
· ∇S dx

+
∫

Ωpor
ρCp

(
u+ uin

)
·
((

div (V) I −DV>
)
∇
(
T + T in

))
S dx

+
∫

Ωd
por

hfs
(
T + T in − Twall

)
S div (V) dx

+
∫

Γwall
por

α
(
T + T in − Twall

)
S divΓ (V) ds,

where (u, p, T ) = U(Ωpor) is the solution of (6.12) and (v, q, S) = P (Ωpor) is the
solution of the following adjoint system

Find P = (v, q, S) ∈ Upor(Ωpor) such that∫
Ωf

por

κ∇S · ∇T̂ dx+
∫

Ωd
por

ϕκ∇S · ∇T̂ dx

+
∫

Ωpor
ρCp

(
u+ uin

)
· ∇T̂ S dx+

∫
Ωd

por

hfs ST̂ dx+
∫

Γwall
por

αST̂ ds

+
∫

Ωpor
µDv : Dû dx+

∫
Ωd

por

µ
(
K−1v

)
· û dx−

∫
Ωpor

q div (û) dx

−
∫

Ωpor
p̂ div (v) dx+

∫
Ωpor

ρCp û · ∇
(
T + T in

)
S dx

(continues on next page)

118



6.5 Dimension Reduction Applied to the Porous Medium Model

(continued from previous page)

= 2λ1
(
Qpor(0, U(Ωpor))−Qdes

)(∫
Ωd

por

hfs T̂ dx+
∫

Γwall
por

α T̂ ds
)

− 2λ2

∫
Ωd

por

(
u+ uin − udes

por

)
· û dx

for all Û = (û, p̂, T̂ ) ∈ Upor(Ωpor).

Remark. Assuming that all involved terms are sufficiently smooth, the strong from
of the above adjoint system is given by

−∇ · (κ∇S)− ρCp u · ∇S = 0 in Ωf
por,

−∇ · (ϕκ∇S)− ρCp u · ∇S +
hfs
(
S − 2λ1

(
Qpor(0, U(Ωpor))−Qdes

))
= 0 in Ωd

por,

S = 0 on Γin
por,

κ ∂nS + α
(
S − 2λ1

(
Qpor(0, U(Ωpor))−Qdes

))
= 0 on Γwall

por ,

ϕκ ∂nS = 0 on Γd
por,

κ ∂nS + ρCp (u · n)S = 0 on Γout
por,

T f − T d = 0 on Γfd
por,

κ ∂n̂T
f − ϕκ∂n̂T d = 0 on Γfd

por,

as well as

−µ∆v +∇q + ρCp∇TS = 0 in Ωf
por,

− µ∆v + µK−1v +∇q +
ρCp∇TS + 2λ2

(
u− udes

por

)
= 0 in Ωd

por,

div (v) = 0 in Ωpor,

v = 0 on Γin
por ∪ Γwall

por ,

v · n = 0 on Γd
por,

µ ∂nv × n = 0 on Γd
por,

µ ∂nv − qn = 0 on Γout
por,

vf − vd = 0 on Γfd
por,(

µ ∂n̂v
f − qf n̂

)
−
(
µ ∂n̂v

d − qdn̂
)

= 0 on Γfd
por.

6.5 Dimension Reduction Applied to the Porous
Medium Model

For our final reduced model, we apply the dimension reduction technique of Sec-
tion 6.3 to the porous medium model derived in the previous section.
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6.5.1 Description of the Model
For the application of the dimension reduction approach, we now use two different
profiles for the fluid velocity. In Ωf

por we have a physical velocity and, hence, we use
a parabolic profile as in (6.1). In contrast, in Ωd

por we have an averaged velocity and,
therefore, we assume to have a constant profile for the velocity there, i.e., we use

u = 6
h2 z(h− z)

ũ1(x, y)
ũ2(x, y)

0

 in Ωf
por and u =

ũ1(x, y)
ũ2(x, y)

0

 in Ωd
por. (6.14)

Note, that we use the scaling factor of 6/h2 so that ũ = [ũ1 ũ2]> represents the mean
fluid velocity in both parts of the domain, making a coupling with transmission
conditions similarly to (6.9) possible. For the pressure and temperature we use the
same approach as in (6.2) and assume that they are constant in z. We introduce the
Sobolev spaces

Ṽpor(Ω̃por) :=
{
ũ ∈ H1(Ω̃por)2

∣∣∣ ũ = 0 on Γ̃in
por ∪ Γ̃wall

por and ũ · n = 0 on Γ̃d
por

}
,

P̃por(Ω̃por) := L2(Ω̃por),
W̃por(Ω̃por) :=

{
T̃ ∈ H1(Ω̃por)

∣∣∣ T̃ = 0 on Γ̃in
por

}
,

Ũpor(Ω̃por) := Ṽpor(Ω̃por)× P̃por(Ω̃por)× W̃por(Ω̃por).

Proceeding analogously to Section 6.3, we get the following weak form for the 2D
Darcy model

Find Ũ = (ũ, p̃, T̃ ) ∈ Ũpor(Ω̃por) such that∫
Ω̃f

por

6
5hµD

(
ũ+ ũin

)
: D˜̂v dx+

∫
Ω̃f

por

12
h
µ
(
ũ+ ũin

)
· ˜̂v dx

+
∫

Ω̃d
por

hµD
(
ũ+ ũin

)
: D˜̂v dx+

∫
Ω̃d

por

hµ
(
K−1

(
ũ+ ũin

))
· ˜̂v dx

−
∫

Ω̃por
h p̃ div

(˜̂v
)

dx−
∫

Ω̃por
h ˜̂q div

(
ũ+ ũin

)
dx

+
∫

Ω̃f
por

hκ∇
(
T̃ + T̃ in

)
· ∇ ˜̂

S dx+
∫

Ω̃d
por

hϕκ∇
(
T̃ + T̃ in

)
· ∇ ˜̂

S dx

+
∫

Ω̃por
hρCp

(
ũ+ ũin

)
· ∇

(
T̃ + T̃ in

) ˜̂
S dx

+
∫

Ω̃d
por

hhfs
(
T̃ + T̃ in − Twall

)
dx+

∫
Γ̃wall

por

hα
(
T̃ + T̃ in − Twall

) ˜̂
S ds

+
∫

Ω̃f
por

2α
(
T̃ + T̃ in − Twall

)
dx = 0

for all ˜̂
V = (˜̂v, ˜̂q, ˜̂

S) ∈ Ũpor(Ω̃por),

(6.15)

where we assume that ũin ∈ H1(Ω̃por)2 with ũin = 0 on Γ̃wall
por and ũin · n = 0 on Γ̃d

por
as well as T̃ in ∈ H1(Ω̃por), similarly to before.
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Remark. The corresponding strong form of the state system (6.15) is given by

−6
5µ∆ ũ+ 12

h2µ ũ+∇p̃ = 0 in Ω̃f
por,

−µ∆ũ+ µK−1ũ+∇p̃ = 0 in Ω̃d
por,

div (ũ) = 0 in Ω̃por,

ũ = ũin on Γ̃in
por,

ũ = 0 on Γ̃wall
por ,

ũ · n = 0 on Γ̃d
por,

µ ∂nũ× n = 0 on Γ̃d
por,

6
5µ ∂nũ− p̃n = 0 on Γ̃out

por,

ũf − ũd = 0 on Γ̃fd
por,(6

5µ ∂n̂ũ
f − p̃f n̂

)
−
(
µ ∂n̂ũ

d − p̃dn̂
)

= 0 on Γ̃fd
por,

as well as

−∇ ·
(
κ∇ T̃

)
+ ρCp ũ · ∇T̃ + 2

h
α
(
T̃ − Twall

)
= 0 in Ω̃f

por,

−∇ ·
(
ϕκ∇T̃

)
+ ρCp ũ · ∇T̃ + hfs

(
T̃ − Twall

)
= 0 in Ω̃d

por,

T̃ = T̃ in on Γ̃in
por,

κ ∂nT̃ + α
(
T̃ − Twall

)
= 0 on Γ̃wall

por ,

ϕκ ∂nT̃ = 0 on Γ̃d
por,

κ ∂nT̃ = 0 on Γ̃out
por,

T̃ f − T̃ d = 0 on Γ̃fd
por,

κ ∂n̂T̃
f − ϕκ∂n̂T̃ d = 0 on Γ̃fd

por.

6.5.2 Application to the Optimization Problem
For the shape optimization problem we again proceed as before and use the profiles
given by (6.2) and (6.14) for the cost functional (6.13). Integrating the resulting
expression over z results in the cost functional

J̃por(Ω̃por, Ũ) = λ1 J̃ (1)
por(Ω̃por, Ũ) + λ2 J̃ (2)

por(Ω̃por, Ũ) + λ3 J̃ (3)
por(Ω̃por, Ũ),

where
J̃ (1)

por(Ω̃por, Ũ) =
(
Q̃por(0, Ũ)−Qdes

)2
,

J̃ (2)
por(Ω̃por, Ũ) =

∫
Ω̃d

por

h
∣∣∣ũ+ ũin − udes

por

∣∣∣2 dx,

J̃ (3)
por(Ω̃por, Ũ) =

∫
Γ̃por

h ds+
∫

Ω̃por
2 dx,
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with

Q̃por(0, Ũ) =
∫

Ω̃d
por

hhfs
(
Twall −

(
T̃ + T̃ in

))
dx+

∫
Γ̃wall

por

hα
(
Twall −

(
T̃ + T̃ in

))
ds

+
∫

Ω̃f
por

2α
(
Twall −

(
T̃ + T̃ in

))
dx.

The corresponding (reduced) shape optimization problem reads

min
Ω̃por

J̃por(Ω̃por) = J̃por(Ω̃por, Ũ(Ω̃por))

subject to
Ω̃por ∈ Ãpor,

where Ũ(Ω̃por) denotes the solution of (6.15) and the set of admissible domains is
given similarly to before as

Ãpor :=
{

Ω̂ ⊂ R2
∣∣∣ Ω̂ is a bounded Lipschitz domain, Γ̂in = Γ̃in

por, and Γ̂out = Γ̃out
por

}
.

As in Section 6.3, we assume that the z-component of the vector field V vanishes
(cf. (6.7)) in order to calculate the shape derivative, which then reads

dJ̃por(Ω̃por)[Ṽ ]

= 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Ω̃d

por

hhfs
(
Twall −

(
T̃ + T̃ in

))
div

(
Ṽ
)

dx

+ 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Γ̃wall

por

hα
(
Twall −

(
T̃ + T̃ in

))
divΓ

(
Ṽ
)

ds

+ 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Ω̃f

por

2α
(
Twall −

(
T̃ + T̃ in

))
div

(
Ṽ
)

dx

+ λ2

∫
Ω̃d

por

h
∣∣∣ũ+ ũin − udes

por

∣∣∣2 div
(
Ṽ
)

dx

+ λ3

(∫
Γ̃por

h divΓ
(
Ṽ
)

ds+
∫

Ω̃por
2 div

(
Ṽ
)

dx
)

+
∫

Ω̃f
por

6
5hµ

(
D
(
ũ+ ũin

) (
div

(
Ṽ
)
I − 2 ε(Ṽ)

))
: Dṽ dx

+
∫

Ω̃f
por

12
h
µ
(
ũ+ ũin

)
· ṽ div

(
Ṽ
)

dx

+
∫

Ω̃d
por

hµ
(
D
(
ũ+ ũin

) (
div

(
Ṽ
)
I − 2 ε(Ṽ)

))
: Dṽ dx

+
∫

Ω̃d
por

hµ
(
K−1

(
ũ+ ũin

))
· ṽ div

(
Ṽ
)

dx

−
∫

Ω̃por
h p̃ tr

(
Dṽ

(
div

(
Ṽ
)
I −DṼ

))
dx

−
∫

Ω̃por
h q̃ tr

(
D
(
ũ+ ũin

) (
div

(
Ṽ
)
I −DṼ

))
dx

(continues on next page)
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(continued from previous page)

+
∫

Ω̃f
por

hκ
((

div
(
Ṽ
)
I − 2 ε(Ṽ)

)
∇
(
T̃ + T̃ in

))
· ∇S̃ dx

+
∫

Ω̃d
por

hϕκ
((

div
(
Ṽ
)
I − 2 ε(Ṽ)

)
∇
(
T̃ + T̃ in

))
· ∇S̃ dx

+
∫

Ω̃por
hρCp

(
ũ+ ũin

)
·
((

div
(
Ṽ
)
I −DṼ>

)
∇
(
T̃ + T̃ in

))
S̃ dx

+
∫

Ω̃d
por

hhfs
(
T̃ + T̃ in − Twall

)
S̃ div

(
Ṽ
)

dx

+
∫

Γ̃wall
por

hα
(
T̃ + T̃ in − Twall

)
S̃ divΓ

(
Ṽ
)

ds

+
∫

Ω̃f
por

2α
(
T̃ + T̃ in − Twall

)
S̃ div

(
Ṽ
)

dx,

where (ũ, p̃, T̃ ) = Ũ(Ω̃por) is the solution of (6.15) and (ṽ, q̃, S̃) = P̃ (Ω̃por) solves the
adjoint system

Find P̃ = (ṽ, q̃, S̃) ∈ Ũpor(Ω̃por) such that∫
Ω̃f

por

hκ∇S̃ · ∇ ˜̂
T dx+

∫
Ω̃d

por

hϕκ∇S̃ · ∇ ˜̂
T dx

+
∫

Ω̃por
hρCp

(
ũ+ ũin

)
· ∇ ˜̂

T S̃ dx

+
∫

Ω̃d
por

hhfs S̃
˜̂
T dx+

∫
Γ̃wall

por

hα S̃
˜̂
T ds+

∫
Ω̃f

por

2α S̃ ˜̂
T dx

+
∫

Ω̃f
por

6
5hµDṽ

: D ˜̂u dx+
∫

Ω̃f
por

12
h
µ ũ · ṽ dx

+
∫

Ω̃d
por

hµDṽ : D ˜̂u dx+
∫

Ω̃d
por

hµK−1ṽ · ˜̂u dx

−
∫

Ω̃por
h q̃ div

(˜̂u
)

dx−
∫

Ω̃por
h ˜̂p div (ṽ) dx

+
∫

Ω̃por
hρCp ˜̂u · ∇

(
T̃ + T̃ in

)
S̃ dx

= 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Ω̃d

por

hhfs
˜̂
T dx

+ 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Γ̃wall

por

hα
˜̂
T ds

+ 2λ1
(
Q̃por(0, Ũ(Ω̃por))−Qdes

) ∫
Ω̃f

por

2α ˜̂
T dx

− 2λ2

∫
Ω̃d

por

h
(
ũ+ ũin − udes

por

)
· ˜̂u dx

for all ˜̂
U = (˜̂u, ˜̂p, ˜̂

T ) ∈ Ũpor(Ω̃por).
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Remark. Assuming that the solution of the above adjoint system is sufficiently
smooth, we observe that it satisfies the following strong form

−∇ ·
(
κ∇S̃

)
− ρCp ũ · ∇S̃ +

2
h
α
(
S̃ − 2λ1

(
Q̃por(0, Ũ(Ω̃por))−Qdes

))
= 0 in Ω̃f

por,

−∇ ·
(
ϕκ∇S̃

)
− ρCp ũ · ∇S̃ +

hfs
(
S − 2λ1

(
Q̃por(0, Ũ(Ω̃por))−Qdes

))
= 0 in Ω̃d

por,

S̃ = 0 on Γ̃in
por,

κ ∂nS̃ + α
(
S̃ − 2λ1

(
Q̃por(0, Ũ(Ω̃por))−Qdes

))
= 0 on Γ̃wall

por ,

ϕκ ∂nS̃ = 0 on Γ̃d
por,

κ ∂nS̃ + ρCp (ũ · n) S̃ = 0 on Γ̃out
por,

S̃f − S̃d = 0 on Γ̃fd
por,

κ ∂n̂S̃
f − ϕκ∂n̂S̃d = 0 on Γ̃fd

por,

as well as

−6
5µ∆ṽ + 12

h2µ ṽ +∇q̃ + ρCp∇T̃ S̃ = 0 in Ω̃f
por,

− µ∆ṽ + µK−1ṽ +∇q̃ +
ρCp∇T̃ S̃ + 2λ2

(
ũ− udes

por

)
= 0 in Ω̃d

por,

div (ṽ) = 0 in Ω̃por,

ṽ = 0 on Γ̃in
por ∪ Γ̃wall

por ,

ṽ · n = 0 on Γ̃d
por,

µ ∂nṽ × n = 0 on Γ̃d
por,

6
5µ ∂nṽ − q̃n = 0 on Γ̃out

por,

ṽf − ṽd = 0 on Γ̃fd
por,(6

5µ ∂n̂ṽ
f − q̃f n̂

)
−
(
µ ∂n̂ṽ

d − q̃dn̂
)

= 0 on Γ̃fd
por.

6.6 Numerical Comparison of the Reduced Models
After introducing all reduced models in Sections 6.3 to 6.5, we now investigate how
well they approximate the original model from Section 5.2. To distinguish between
the models we use the following naming: We call the model from Section 5.2, i.e.,
the three-dimensional model without further approximations, the “full 3D” model.
In analogy, we call the model from Section 6.3, i.e., the one arising from applying
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the dimension reduction technique to the full 3D model, the “full 2D” model. The
models of Sections 6.4 and 6.5 are then called “Darcy 3D” and “Darcy 2D” model,
respectively.

6.6.1 Discretization and Numerical Solution of the PDEs
The computational meshes are generated with the help of FreeCAD 0.16 [148] and
Gmsh 4.1.0 [67]. To get a comparable discretization in the x–y plane, we generate
the three-dimensional meshes by extruding the ones for the two-dimensional mod-
els. Further, for the Darcy models we use a similar discretization on the in- and
outlet domains as for the full models, whereas the homogenized part of the domain
Ωd

por is discretized significantly coarser than Ωmc to reduce computational cost. We
discretize all PDEs with the finite element method using FEniCS (cf. [5, 115]). For
the fluid velocity we use quadratic Lagrange elements, and for both the pressure and
temperature we use linear Lagrange elements, in particular, we use the LBB-stable
Taylor-Hood elements for the Stokes system (see, e.g., [44, 94]). For the temper-
ature we additionally use a streamline-upwind Petrov-Galerkin (SUPG) method to
stabilize the convection-dominated system (see, e.g., [27, 44, 94]).
The linear systems arising from the finite element method are solved with the li-

brary PETSc (cf. [11]). For all two-dimensional problems we use the direct solver
MUMPS. For the three-dimensional Stokes equations we use GMRES as it showed a
better convergence than the MINRES method. As preconditioner, we use a FIELD-
SPLIT method based on the Schur complement, consisting of an ILU preconditioner
for the velocity block and the algebraic multigrid preconditioner BOOMERAMG
for the pressure block. For the three-dimensional convection-diffusion equation we
again use GMRES with an ILU factorization as preconditioner. All linear systems
are solved to a relative tolerance of 1e−10.
In Table 6.3 we compare the computational efficiency of the models w.r.t. the size

of the mesh and linear systems, as well as the resources needed for the solution of
the corresponding PDEs. We see that using the reduced models leads to smaller
meshes and, thus, also to smaller linear systems. Especially the dimension reduction
yields a significant decrease in system size that comes from the fact that we use
quadratic elements for the velocity and that one velocity component vanishes for
the 2D models. Moreover, both the solution time and memory requirements also go

Table 6.3: Comparison of number of vertices and DoF’s, as well as time and memory
for solving the state systems.

Model Vertices DoF’s Time [s] Memory [GB]

Full 3D 5.71e+5 1.33e+7 1610.7 50.91
Darcy 3D 2.50e+5 5.85e+6 467.5 22.28
Full 2D 1.13e+5 1.10e+6 33.5 2.44
Darcy 2D 5.00e+4 4.96e+5 18.6 1.39
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6 Numerical Shape Optimization of a Microchannel Cooling System

down quite a bit from the full 3D model to the 3D Darcy one, and they decrease
substantially when considering the two-dimensional models.

6.6.2 Comparison of the Models
To compare the models we proceed as follows. First, we solve the PDEs on their
respective domains. For the full 2D model we then only have to “reverse” the dimen-
sion reduction using the profiles given in (6.1) and (6.2) to obtain three-dimensional
quantities. For the 3D Darcy model we do not alter the solution in Ωf

por, since we
did not change the model there, and compute from the mean velocity in Ωd

por the
corresponding physical velocity as solution of Poiseuille flow in the channels. For
the pressure and temperature we interpolate the values on Ωd

por to Ωmc as they de-
scribe values extended to the larger averaged domain Ωd

por. Finally, we combine both
approaches for the 2D Darcy model.
We compute both the absolute and relative errors of the reduced models to the

full 3D model in three different norms: the L∞(Ω)-norm (Table 6.4), the L2(Ω)-norm
(Table 6.5), and the L1(Ω)-norm (Table 6.6), and the relative errors are also shown
in Figure 6.3 in a logarithmic plot. Note, that the relative errors of the temperature
are computed w.r.t. the reference temperature T in, i.e., we use∣∣∣∣∣∣(T̄ − T in)− (T − T in)

∣∣∣∣∣∣
||T − T in||

=

∣∣∣∣∣∣T̄ − T ∣∣∣∣∣∣
||T − T in||

,

Table 6.4: Errors in the L∞(Ω) norm.

velocity pressure temperature

Full 2D 2.40e−3 (3.63 %) 1.36e0 (0.87 %) 9.75e−1 (1.33 %)
Darcy 3D 2.64e−2 (39.95 %) 5.17e−1 (0.33 %) 9.54e0 (13.05 %)
Darcy 2D 2.50e−2 (37.81 %) 8.46e−1 (0.54 %) 9.76e0 (13.35 %)

Table 6.5: Errors in the L2(Ω) norm.

velocity pressure temperature

Full 2D 3.48e−7 (2.07 %) 3.21e−4 (0.35 %) 2.45e−4 (0.63 %)
Darcy 3D 6.96e−7 (4.13 %) 8.38e−5 (0.09 %) 6.55e−4 (1.67 %)
Darcy 2D 6.95e−7 (4.12 %) 1.05e−4 (0.11 %) 6.69e−4 (1.71 %)

Table 6.6: Errors in the L1(Ω) norm.

velocity pressure temperature

Full 2D 2.00e−10 (1.24 %) 2.59e−7 (0.30 %) 2.17e−7 (0.60 %)
Darcy 3D 2.10e−10 (1.30 %) 7.34e−8 (0.09 %) 4.79e−7 (1.32 %)
Darcy 2D 2.09e−10 (1.29 %) 9.32e−8 (0.11 %) 5.20e−7 (1.43 %)
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Figure 6.3: Comparison of the models’ relative errors.

where T is the temperature computed by the full 3D model and T̄ is the temperature
obtained from a reduced model.
The largest difference between all models can be seen for the L∞(Ω)-norm. There,

the errors in velocity and temperature for the full 2D model are ten times as small
as the ones for both Darcy models. This comes from the fact that the full 2D model
is posed on the domain Ω̃ that still includes the microchannels, whereas the Darcy
models utilize an averaged domain. In particular, the flow of the coolant into and
out of the channels is only resolved by the full 2D model, which explains the large
L∞ error for the other ones. However, this is remedied when we consider the L2

and L1 norms. There, we observe that the Darcy models are still worse compared
to the full 2D model, but the difference of the errors is now considerably smaller.
Moreover, we observe that the pressure is approximated very well by all models since
the corresponding relative errors are below 1 % in all considered norms. Altogether,
except for the L∞ norm, all relative errors are below 5 % for all quantities, which
indicates that our reduced models work rather well.
In addition to this, we see that both Darcy models have very similar errors in

all considered norms. This suggests that most of the error of the 2D Darcy model
comes from the porous medium modeling, and not from the subsequent dimension
reduction. From this, we conclude that we can use the 2D Darcy model instead of
the 3D one as their errors are nearly identical, but the 2D model is significantly more
efficient (cf. Table 6.3). Finally, the full 2D model shows the best overall performance
of the reduced models due to its combination of efficiency and accuracy.

6.7 Numerical Results for the Optimization Problem

Now, we describe the numerical solution of the shape optimization problems and
explain the details and modifications we use for the reduced models. Afterwards, we
discuss the results obtained from the different models and compare them.
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6.7.1 Numerical Solution of the Shape Optimization Problem
For the numerical solution of the shape optimization problems presented in the pre-
vious sections we use a gradient descent method, which is explained detailedly in
Section 4.3. In particular, this means that we use Algorithm 4.2 with search direc-
tion Dk = −Gk. We remark that we utilize the gradient descent method due to its
robustness for solving this shape optimization problem, which has a very complicated
underlying geometry (cf. Figure 6.1). Note that the numerical results presented in
this section are not obtained with cashocs, but we instead implemented Algorithm 4.2
by hand to solve these problems. As parameters for the Armijo line search in Algo-
rithm 4.2 we use σ = 1e−4 and ω = 1/2. Additionally, we do a mesh quality control
based on conditions given in [49] to avoid step sizes that lead to excessively large
deformations: We only accept step sizes that satisfy

1
2 ≤ det (I + tDDk) ≤ 2 as well as t ||DDk||F ≤ 0.3,

for each element of the mesh, where ||·||F denotes the Frobenius norm of a matrix.
The only thing left to do before we can apply Algorithm 4.2 to our problems is the
specification of the bilinear form a for the computation of the gradient deformation
for all models (cf. Section 4.2), which is done in the subsequent section.

6.7.2 Choice of the Bilinear Form for the Gradient Deformation
The bilinear forms used for computing the gradient deformation presented in Chap-
ter 4 are based on the equations of linear elasticity which are used in, e.g., [12, 86, 161]
for the same purpose. We modify this approach and use equations of anisotropic,
inhomogeneous, linear elasticity for our problems in this chapter.

Full 3D Model

Let us start with the full 3D model from Section 5.2. We define the Hilbert space
H(Ω) as

H(Ω) =
{
V ∈ H1(Ω)3

∣∣∣ V = 0 on Γin ∪ Γout,

V · n = 0 on { z = 0 } ∪ { z = h } ∪ Γmc
}
.

Note, that this choice is consistent for our optimization problem, i.e., it respects the
geometrical constraints stated in Section 6.2.3: For a deformation V ∈ H(Ω) we get
from our numerical retraction in (4.12) that the boundaries Γin and Γout are fixed.
Furthermore, thanks to the slip condition V ·n = 0 on { z = 0 }∪{ z = h }∪Γmc, the
height of the geometry remains fixed and the microchannels can only change their
length. For the computation of the gradient deformation, we use the bilinear form
a : H(Ω)×H(Ω)→ R given by

a(V,W ) =
∫

Ω
ν(x) (µelas E(V ) : ε(W ) + λelas div (V ) div (W ) + δelas V ·W ) dx,

(6.16)
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where

E(V ) =

 ε(V )1,1 ε(V )1,2 C ε(V )1,3
ε(V )2,1 ε(V )2,2 C ε(V )2,3

C ε(V )3,1 C ε(V )3,2 C ε(V )3,3

 . (6.17)

Again, λelas and µelas are the Lamé parameters and δelas ≥ 0 is a damping parameter,
as in Chapter 4. Further, C � 1 is a numerical constant that leads to an anisotropic
strain tensor E(V ), which we choose as C := 1e5. Hence, the z-component of the
gradient deformation is small in comparison to its other components. This is done to
avoid unnecessarily small step sizes due to a deformation in z-direction that does not
have an actual effect on the geometry as its height is already fixed. Finally, the term
ν(x) models an inhomogeneous stiffness of the geometry which can only be defined
after discretizing the geometry with a triangulation Th. Then, it is given by

ν(x) = 1
|T (n)|

max
T (k)∈Th

∣∣∣T (k)
∣∣∣ for x ∈ T (n),

i.e., it is one over the relative (d-dimensional) volume of the considered element. This
idea from [12] ensures that large elements have a lower stiffness than small ones since
they absorb large deformations better. As in [12] we compute ν once on the initial
mesh and do not update it during the optimization process so that elements cannot
become arbitrarily stiff. We found that using this approach significantly increased
the mesh quality during the optimization, so that we did not have to remesh at all.

Full 2D Model

For the dimension reduction model we proceed similarly to Section 6.3. We al-
ready assumed that the z-component of the deformation vanishes to derive the two-
dimensional shape derivative (cf. (6.7)). This is now also used to derive a dimension-
reduced formulation of the bilinear form a. To this end, we introduce the Hilbert
space

H̃(Ω̃) =
{
Ṽ ∈ H1(Ω̃)2

∣∣∣ Ṽ = 0 on Γ̃in ∪ Γ̃out, Ṽ · n = 0 on Γ̃mc
}
.

Using condition (6.7) in (6.16) then yields the following bilinear form on H̃(Ω̃)

ã(Ṽ , W̃ ) =
∫

Ω̃
h ν(x)

(
µelas ε

(
Ṽ
)

: ε
(
W̃
)

+ λelas div
(
Ṽ
)

div
(
Ṽ
)

+ δelas Ṽ · W̃
)

dx.

3D Darcy Model

For the 3D Darcy model we use the Hilbert space

Hpor(Ωpor) =
{
V ∈ H1(Ωpor)3

∣∣∣ V = 0 on Γin
por ∪ Γout

por,

V · n = 0 on { z = 0 } ∪ { z = h } ∪ Γd
por

}
,
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which acts as an equivalent of H(Ω) for the domain Ωpor. As before, this ensures
that the height h of Ωpor and the boundaries Γin

por and Γout
por remain fixed. We choose

the bilinear form

apor(V,W )

=
∫

Ωf
por

ν(x) (µelas E(V ) : ε(W ) + λelas div (V ) div (W ) + δelas V ·W ) dx

+
∫

Ωd
por

ν(x)
(
µelas E

d(V ) : ε(W ) + λelas div (V ) div (W ) + δelas V ·W
)

dx,

where

Ed(V ) =

 C ε(V )1,1 ε(V )1,2 C ε(V )1,3
ε(V )2,1 ε(V )2,2 C ε(V )2,3

C ε(V )3,1 C ε(V )3,2 C ε(V )3,3

 ,
and E(V ) is given in (6.17). As before, the Darcy model coincides with the full model
in Ωf

por, and in Ωd
por we have the following modification: The strain tensor Ed in Ωd

por
now also exhibits a large stiffness in the x-direction. This models the influence of
the microchannels on the gradient deformation, due to the following reason. As we
have lots of narrow channels in Ωmc and use the slip condition V · n = 0 on Γmc,
the geometry of the channels is only allowed to stretch or compress along the y-axis.
Therefore, we can neglect the x-component of the gradient deformation in Ωmc. The
anisotropic strain tensor Ed achieves a similar effect by increasing the stiffness in
x-direction in Ωd

por.

2D Darcy Model

The 2D Darcy model again combines the dimension reduction technique with the
porous medium model. As before, we assume that the z-component of the deforma-
tion vanishes, and now use the Hilbert space

H̃por(Ω̃por) =
{
Ṽ ∈ H1(Ω̃por)2

∣∣∣ Ṽ = 0 on Γ̃in
por ∪ Γ̃out

por, Ṽ · n = 0 on Γ̃d
por

}
.

The bilinear form for the 2D Darcy model then reads

ãpor(Ṽ , W̃ )

=
∫

Ω̃f
por

h ν(x)
(
µelas ε

(
Ṽ
)

: ε
(
W̃
)

+ λelas div
(
Ṽ
)

div
(
W̃
)

+ δelas Ṽ · W̃
)

dx

+
∫

Ω̃d
por

h ν(x)
(
µelas Ẽ

d
(
Ṽ
)

: ε
(
W̃
)

+ λelas div
(
Ṽ
)

div
(
W̃
)

+ δelas Ṽ · W̃
)

dx,

where
Ẽd(Ṽ ) =

[
C ε(Ṽ )1,1 ε(Ṽ )1,2
ε(Ṽ )2,1 ε(Ṽ )2,2

]
.

Similarly to Section 4.4, we again use FEniCS for the numerical computation of the
gradient deformation: We discretize the variational equations corresponding to the
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bilinear forms introduced in this section using piecewise linear Lagrange elements and
solve the resulting linear systems using MUMPS for the two-dimensional problems,
and a conjugate gradient method preconditioned with BOOMERAMG for the three-
dimensional ones. Note, that the parameters used in Algorithm 4.2 for the numerical
solution of the problems are summarized in Table 6.7.

6.7.3 Numerical Results for the Shape Optimization Problem
After giving the details of the numerical solution of the shape optimization problems
as well as the choice of the bilinear forms for computing the gradient deformation
for all models, let us now investigate the results we obtained. We choose the weights
for the cost functionals as

λ1 = 1
J (1)(Ω0, U(Ω0)) ,

λ2 = 1
J (2)(Ω0, U(Ω0)) ,

λ3 = 1e−2
J (3)(Ω0, U(Ω0)) ,

where Ω0 denotes the initial geometry. The scaling of the cost functional is chosen
so that we weight the functions J (1) and J (2) equally, while having only a slight
regularization from J (3). Note, that we use an analogous scaling for the reduced
models. Finally, we discuss the choice of udes and Qdes. For the former, we choose
the velocity corresponding to the case of uniformly distributed flow among the mi-
crochannels, which we compute numerically as Poiseuille flow. For the latter, we
have the following considerations. The cooling system absorbs 6.74 W of heat with
its initial shape. For the optimized cooler we want to increase this and, hence, choose
Qdes = 7.1 W, which corresponds to an increment of about 5 %.
The history of the optimization process is shown in Figure 6.4, where both the

value of the cost functional and the relative norm of the gradient are shown for all
four models. We observe that the function value does not decrease much further after

Table 6.7: Parameters for Algorithm 4.2 for solving the shape optimization prob-
lems of Section 6.7.

parameter value

initial step size t0 1.0
relative tolerance tol 1e−3
maximum number of iterations kmax 20

first Lamé parameter λelas 0.1
second Lamé parameter µelas 1.0
damping parameter δelas 0.1
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(b) Relative norm of the gradient.

Figure 6.4: History of the optimization process.

five iterations for all models, indicating that all geometries converge very quickly to
the optimal one. Note, that the cost functional value is rather similar for all four
models, again suggesting that they perform similarly. We terminated the optimiza-
tion algorithm after 20 iterations as the norm of the gradient nearly decreased by
two orders of magnitude for all models, which is sufficient for industrial applications.
These results indicate that Algorithm 4.2 converged and found a (local) minimizer.
The results of the shape optimization can be seen in Figure 6.5, where the initial

and optimized geometries for the full 3D model are shown. First, we observe that
both the initial and optimized geometry are (nearly) point-symmetric to the center
of the geometry. For the optimized shape, we see that the in- and outlet domains are
pushed to the outside. Additionally, they are dented in the middle, creating a kind

Figure 6.5: Comparison of initial shape (blue) and optimized one (orange) for the
full 3D model.

132



6.7 Numerical Results for the Optimization Problem

0 10 20 30 40 50 60 70
Number of the channel

8.4e-07

8.8e-07

9.2e-07

9.6e-07

1.0e-06
M

as
s f

lo
w 

ra
te

 [kg s
]

initial
optimized
desired

(a) Full 3D model.
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(b) Full 2D model.

0.000 0.025 0.050 0.075 0.100
Position

8.4e-07

8.8e-07

9.2e-07

9.6e-07

1.0e-06

M
as

s f
lo

w 
ra

te
 [kg s

]

initial
optimized
desired

(c) Darcy 3D model.
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(d) Darcy 2D model.

Figure 6.6: Distribution of initial and optimized mass flow rates for all models.

Table 6.8: Amount of energy absorbed by the cooler in W.

Full 3D Darcy 3D Full 2D Darcy 2D

initial 6.649 6.648 6.74 6.67
optimized 7.094 7.149 7.1 7.1

of U-shape on the top. The length of the channels changed accordingly, to balance
the pressure differences generated in the in- and outlet domains. The results of this
can be seen in Figure 6.6, where the mass flow rate of the coolant in the channels
is depicted for all models on the initial and optimized geometries. Note, that for
the full 3D and full 2D models we compute the mass flow rate through each channel
individually, whereas we have an averaged mass flow rate over the homogenized
geometry for the Darcy 3D and Darcy 2D models due to their modeling. However,
we scaled the velocity of the Darcy models as well as the corresponding x-axes of
the plots so that all figures are directly comparable. We see that for the initial
geometries the flow resembles a U-shape for all models. In particular, the outer
channels get the most amount of fluid and the ones in the middle get the least
amount. This discrepancy is removed on the optimized domains, where we observe
a nearly uniform flow distribution among all channels, achieving one goal of the
optimization. Additionally, the amount of heat absorbed by the cooler for all models
on the initial and optimized geometries is depicted in Table 6.8. There, we observe
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6 Numerical Shape Optimization of a Microchannel Cooling System

that all models get close to the desired amount of 7.1 W on the optimal geometry,
and also yield similar results. For these reasons, we note that the reduced models
perform very similarly to the full 3D model and approximate it very well w.r.t. both
objectives of the optimization.
The optimized geometries as well as the corresponding achieved temperature dis-

tribution for all four models can be seen in Figures 6.7 and 6.8. The temperature
distribution shown in Figure 6.7 shows that the reduced models again approximate

(a) Full 3D Model. (b) Full 2D Model.

(c) Darcy 3D Model. (d) Darcy 2D Model.

Figure 6.7: Optimized geometries for all models, depicting the temperature distri-
bution.
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(a) Full 2D Model (orange), Full 3D Model
(blue).

(b) Darcy 3D Model (orange), Full 3D
Model (blue).

(c) Darcy 2D Model (orange), Full 3D
Model (blue).

Figure 6.8: Comparison of the optimized geometries.

the full 3D one very well, as expected from our investigation in Section 6.6. To com-
pare the optimized geometries of the models, we show their outlines for all reduced
models in Figure 6.8 together with the outline of the optimized geometry of the full
3D model. For the Darcy models, we additionally visualize the boundaries Γfd

por and
Γ̃fd

por, respectively, which describe the in- and outlets of the channels. We observe
that all optimized geometries look very similar. In particular, there are only minor
differences between the full 3D and the full 2D model (cf. Figure 6.8a): The full 2D
model has some slightly longer or shorter channels as well as slight differences in the
outer boundaries of the in- and outlet domains. Compared to the optimized geome-
try of the full 3D model, both Darcy models show larger deviations (cf. Figures 6.8b
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6 Numerical Shape Optimization of a Microchannel Cooling System

Table 6.9: Comparison of the wall time for the solution of the optimization problem.

Full 3D Darcy 3D Full 2D Darcy 2D

time (speedup) 149 416 s 37 040 s (4) 1440 s (104) 869 s (172)

and 6.8c): The in- and outlet domains for the Darcy models are consistently further
to the outside than their equivalents. Additionally, the curves near the in- and outlet
are pushed deeper into the geometry. However, these differences are to be expected
due to the changes in modeling. In contrast, the region Ωd

por behaves similarly to
its counterpart, Ωmc. The curves Γfd

por and Γ̃fd
por are very similar between the full 3D

model and the Darcy ones, with only slight variations. Moreover, comparing the op-
timized geometries of both Darcy models reveals only very subtle differences. These
results suggest that the differences in the optimized geometries for the Darcy models
mainly arise from the porous modeling and not from the dimension reduction.
In conclusion, all reduced models also work very well in the shape optimization

context. Additionally, since the main numerical work of Algorithm 4.2 consists of
solving the state and adjoint systems, the reduced models demand significantly less
computational resources. This is depicted in Table 6.9, where the time for the so-
lution of the shape optimization problems as well as the speedup for the reduced
models relative to the full 3D model is shown. Again, we observe that the two-
dimensional models are over 100 times faster than the full 3D models, making them
very attractive. In particular, the full 2D model needs about as much time for the
entire optimization as the full 3D model needs for a single solve of the state system.
Finally, we note that, as for the state system, the full 2D model shows the best
performance of all reduced models due to its combination of accuracy and efficiency.

6.8 Conclusion
In this chapter, we introduced three reduced models for the microchannel cooling
system from Chapter 5 using both porous medium modeling and a dimension re-
duction technique. A numerical comparison between the models showed that all
reduced ones approximate the original one quite well while requiring substantially
less computational resources. Further, we adapted the shape optimization problem
from Chapter 5 to all models using analogous techniques. For all our models, we pre-
sented the corresponding shape derivatives and the adjoint systems. We solved the
shape optimization problems numerically using a gradient descent method, where we
computed the gradient deformation with equations of anisotropic, inhomogeneous,
linear elasticity. The numerical results for the shape optimization show that all mod-
els behave similarly and that they yield similar optimized geometries while requiring
significantly less computational resources.
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Chapter 7

Optimal Control of the Sabatier Process in a
Microchannel Reactor

In this chapter, we consider the optimization of a chemical microchannel reactor
by means of PDE constrained optimization techniques, using the example of the
Sabatier reaction. To model the chemically reacting flow in the microchannels, we
introduce a three- and a one-dimensional model. As these are given by strongly
coupled and highly nonlinear systems of PDEs, we use our software cashocs for the
numerical solution of the subsequent optimization problems. We solve a parame-
ter identification problem to determine necessary kinetic parameters for the models
from experimental data given in the literature. The obtained results show excellent
agreement to the measurements. Finally, we present two optimization problems for
optimizing the reactor’s product yield. First, we use a tracking-type cost functional
to maximize the reactant conversion, keep the flow rate of the reactor fixed, and use
its wall temperature as optimization variable. Second, we consider the wall temper-
ature and the inlet gas velocity as optimization variables, use an objective functional
for maximizing the flow rate in the reactor, and ensure the quality of the product
by means of a state constraint. The results obtained from solving these problems
numerically with our software cashocs show great potential for improving the design
of the microreactor.

7.1 Introduction
After investigating the shape optimization of a microchannel cooling system in Chap-
ters 5 and 6, we now turn our attention to our second application, namely the opti-
mization of a microchannel reactor for the Sabatier process. The Sabatier process,
named after the French chemists Paul Sabatier and Jean-Baptiste Senderens who
reported it in 1902 (cf. [164]), is given by the reversible exothermic reaction

CO2 + 4 H2 −−⇀↽−− CH4 + 2 H2O, ∆H0 ≈ −165 kJ/mol (at 25 ◦C). (7.1)

This reaction has been investigated, e.g., in the context of in-situ resource utilization
on mars [31, 89], for life support systems on the ISS [152], and it is also used for
power-to-gas applications [43, 51] and cogeneration systems [10, 167]. An overview
over these and various other applications can be found in, e.g., [179]. Microchannel
geometries are particularly interesting for chemical reactions as the large specific
surface area of the microchannels allows for high performance of catalytic reactions
as well as precise temperature management by means of appropriate temperature
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

control systems, such as the one we investigated in Chapters 5 and 6. Microchannel
reactors have already been investigated for the Sabatier reaction in, e.g., [28, 31, 46,
89].
The purpose of this chapter is to investigate the optimization of a microchannel

reactor for the Sabatier process using techniques from PDE constrained optimiza-
tion. Note, that the optimization of microchannel reactors has been investigated
previously, using derivative free approaches only, in, e.g., [93, 95, 127, 172]. To the
best of our knowledge, the derivative-based optimization of microchannel reactors
with methods from PDE constrained optimization has only been considered in our
work [23], on which this chapter is based.
Throughout this chapter, we consider the same setting as in [45, 46], where a mi-

crochannel reactor for the Sabatier reaction is investigated by means of experiments
and simulations. To model this reactor mathematically, we introduce the following
two models. First, we present a three-dimensional model that contains all important
physical and chemical effects of the reactor. Second, we derive a one-dimensional
model from the first one using a homogenization procedure similar to the one we
performed in Section 6.4. As both models are given by strongly coupled and highly
nonlinear systems of PDEs, we use our software package cashocs from Chapter 3
for the numerical solution of the subsequent optimization problems. In particular,
cashocs is used to determine the relevant kinetic reaction parameters for both mod-
els by solving a parameter identification problem constrained by the one-dimensional
reactor model. The obtained results show excellent agreement with the experimental
results reported in [45, 46]. Subsequently, a numerical comparison of both models
shows that the one-dimensional model approximates the three-dimensional one very
well, which validates our approach of using the one-dimensional model as the PDE
constraint for the parameter identification.
Finally, we consider the following two optimization problems for the reactor. First,

we use a cost functional based on the tracking of the CO2 conversion at the reactor
outlet and treat the surrounding temperature of the reactor, i.e., its wall tempera-
ture, which can be influenced by means of appropriate temperature control systems,
as optimization variable while keeping the inlet flow rate fixed. In the second case, we
consider the inlet gas velocity of the reactor and its wall temperature as optimization
variables and use an objective functional for maximizing the flow rate in the reac-
tor. In this case, the quality of the product is ensured by using a state constraint
for the CO2 conversion. Both problems are solved numerically using cashocs and
the obtained results show great potential for improving the design of microchannel
reactors.
This chapter is structured as follows. We begin with the introduction of our

mathematical models and an investigation of the Sabatier reaction in Section 7.2.
The necessary kinetic reaction parameters are determined in Section 7.3, where we
also compare both reactor models numerically. Finally, we investigate the numerical
optimization of the reactor and discuss the potential for optimizing its design in
Section 7.4.
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7.2 Model Formulation

7.2 Model Formulation
We first give some preliminary notations regarding our setting. Afterwards we in-
troduce a three- and a one-dimensional model for the reactor and investigate the
behavior of the Sabatier reaction. We conclude this section by detailing the numeri-
cal solution procedure for both models.

7.2.1 Preliminary Notations
For the modeling of the Sabatier process in a microchannel reactor we consider the
experimental setting from [45, 46], where such a reactor is investigated by exper-
iments and simulations. The reactor consists of 80 identical microchannels, each
having a width of W = 450 µm, a height of H = 150 µm, and a length of L = 5 cm
(cf. Table 7.2). As in [46], we assume that the flow is distributed uniformly between
the channels so that we can model the behavior of the whole reactor by simulat-
ing a single channel, which is a well-established assumption in the literature (see,
e.g., [33, 46, 184]). Additionally, we consider an inlet section, where we assume
that no reaction occurs, with a length of L/10 in front of the catalytic reaction part.
Hence, throughout this chapter the geometry of the entire reactor is denoted by
Ω = (−L/10, L)× (0,W )× (0, H) which is divided into the catalytic reactor domain
Ωreac = (0, L)×(0,W )×(0, H) and the inlet domain Ωin = (−L/10, 0)×(0,W )×(0, H),
where we have no catalyst and, hence, can neglect the chemical reaction. The bound-
ary Γ = ∂Ω of the channel is divided into three disjoint parts. The inlet Γin at
x = −L/10, where the fluid enters the domain, the wall boundary Γwall, which bounds
the domain and encloses the flow, and the outlet Γout at x = L, where the fluid leaves
the domain. Moreover, we remark that since the authors of [45, 46] only considered
stoichiometric inlet conditions, i.e., mole fractions of 1/5 for CO2 and 4/5 for H2, we
only consider these as inlet conditions throughout this chapter.

7.2.2 Mathematical Model
We assume that the chemically reacting gas mixture obeys the ideal gas law ρ = ptotM

RT
,

where ptot denotes the total pressure of the gas, M is its average molar mass, T its
temperature, and R is the universal gas constant. Further, we assume that the flow
is weakly compressible, which implies that ptot can be written as ptot = pref + p with
a constant reference pressure pref and pressure variations p, so that p � pref and
∇ptot = ∇p (cf. [142]). Hence, we can approximate the ideal gas law by

ρ = prefM

RT
, (7.2)

as the contribution of the pressure variations towards the change in density of the gas
is negligible. Moreover, for the derivation of a general model for chemically reacting
fluid flow we assume that the reaction is described by the following system of Nr
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elementary and reversible chemical reactions between Ns chemical species, denoted
by the symbolMk for k = 1, . . . , Ns,

Ns∑
k=1

ν ′k,jMk −−⇀↽−−
Ns∑
k=1

ν ′′k,jMk, j = 1, . . . , Nr, (7.3)

where νk,j is the (nonnegative) stoichiometric coefficient of species k in reaction j.
We describe the chemically reacting flow in the channel by the following system

of PDEs
∇ · (ρ u) = 0 in Ω,

ρ (u · ∇)u+∇p−∇ · (µ∇u)−∇ (µ/3∇ · u) = 0 in Ω,
ρCp u · ∇T −∇ · (κ∇T )− ω̇T,r − ω̇T,d = 0 in Ω,

ρ u · ∇Yk +∇ · (ρ V c Yk)−∇ · (ρDk,mix∇Yk)− ω̇k = 0 in Ω, k = 1, . . . , Ns,
(7.4)

where u denotes the gas mixture’s velocity, T its temperature, and ∇p corresponds
to the gradient of the pressure (cf. the remarks above). Additionally, Yk denotes the
mass fraction of species k, which are combined to the vector Y vec = [Y1, . . . , YNs ]>.
Since the mass fractions sum to unity, we can get rid of, e.g., the last of the chemical
species and compute its mass fraction via

YNs = 1−
Ns−1∑
k=1

Yk,

which decreases the computational complexity of the model. Further, ρ, µ, Cp, and
κ denote the gas mixture’s density, viscosity, specific heat capacity, and thermal
conductivity, respectively. To model the diffusion of the chemical species we use the
mixture-averaged diffusion coefficients Dk,mix and a correction velocity V c that en-
sures the consistency between the mass and species conservation equations (cf. [142]).
The term ω̇k models the conversion between the species due to the chemical reaction
(7.3), and the terms ω̇T,r and ω̇T,d model the change of temperature due to the reac-
tion and molecular diffusion of the species, respectively. The equations of the PDE
system (7.4) model the conservation of mass, momentum, enthalpy, and chemical
species, respectively. The constitutive equations needed to complete this system are
given in Section 7.2.3.
The system (7.4) is supplemented with the following boundary conditions. On the

inlet Γin we use Dirichlet conditions to prescribe the ingoing velocity, temperature,
and mass fractions of the gas mixture, i.e., we use

u = uin on Γin,

T = T in on Γin,

Yk = Y in
k on Γin, k = 1, · · · , Ns.

On the wall boundary Γwall we use the usual no-slip condition for the velocity, which
is valid as the Knudsen number of the flow is sufficiently small so that the continuum
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assumption holds. Additionally, we use a no-flux condition for the chemical species,
which models that the species do not leave the reactor over the wall boundary, and
a Dirichlet condition for the gas mixture’s temperature. The latter models that the
wall temperature of the reactor can be influenced through appropriate temperature
control systems (as discussed in Section 7.4.3). In summary, the boundary conditions
on Γwall are given by

u = 0 on Γwall,

T = Twall on Γwall,

ρ (V c Yk −Dk,mix∇Yk) · n = 0 on Γwall, k = 1, . . . , Ns,

(7.5)

where n denotes the outer unit normal vector on Γ, as before.
Finally, the unimpeded flow of the gas out of the reactor at the outlet Γout is

modeled by a do-nothing condition for the momentum equation and homogeneous
Neumann conditions for the temperature and chemical species, i.e.,

µ ∂nu+ µ

3 (∇ · u)n− pn = 0 on Γout,

κ∇T · n = 0 on Γout,

ρ (V c Yk −Dk,mix∇Yk) · n = 0 on Γout, k = 1, . . . , Ns.

7.2.3 Constitutive Relations
The first constitutive relation for (7.4) is given by the ideal gas law in its form (7.2),
i.e.,

ρ = prefM

RT
.

To calculate the average molar mass M , we use the relation

M =
(
Ns∑
k=1

Yk
Mk

)−1

,

where Mk is the molar mass of species k, which can be found in, e.g., [121] (cf. Ta-
ble 7.1).
We calculate the specific heat capacity Cp, specific enthalpy h, and specific entropy

s of the gas mixture as mass averages (cf. [142]) via

Cp(Y vec, T ) =
Ns∑
k=1

Yk Cp,k(T ),

h(Y vec, T ) =
Ns∑
k=1

Yk hk(T ),

s(Y vec, T ) =
Ns∑
k=1

Yk sk(T ),
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where the corresponding quantities for pure species, i.e., Cp,k, hk, and sk, are deter-
mined using the polynomial fits from [121] (cf. Table 7.1)

Cp,k(T ) Mk

R
= a1T

−2 + a2T
−1 + a3 + a4T + a5T

2 + a6T
3 + a7T

4,

hk(T ) Mk

R
= −a1T

−1 + a2 log(T ) + a3T + a4

2 T
2 + a5

3 T
3 + a6

4 T
4 + a7

5 T
5 + b1,

sk(T ) Mk

R
= −a1

2 T
−2 − a2T

−1 + a3 log(T ) + a4T + a5

2 T
2 + a6

3 T
3 + a7

4 T
4 + b2.

This reflects that the specific enthalpy and specific entropy are defined as

h(Y vec, T ) =
∫ T

T0
Cp(Y vec, θ) dθ + ∆h0

f ,

s(Y vec, T ) =
∫ T

T0

Cp(Y vec, θ)
θ

dθ + ∆s0
f ,

with specific standard enthalpy of formation ∆h0
f and specific standard entropy of

formation ∆s0
f .

For the viscosity µ we have the following. The pure species viscosities µk are
calculated via the fit given in [171] (cf. Table 7.1)

µk(T ) = 1e−7 exp
(
Aµ log(T ) +Bµ T

−1 + Cµ T
−2 +Dµ

)
.

The mixture-averaged viscosity is then given by (cf. [97])

µ(Y vec, T ) =
Ns∑
k=1

Xk µk(T )∑Ns
j=1Xj Φk,j

,

where Xk = Yk M
Mk

is the mole fraction of species k, and the weights Φk,j are given by

Φk,j =

(
1 +

(
µk(T )
µj(T )

)1/2 (Mj

Mk

)1/4
)2

(
8
(
1 + Mk

Mj

))1/2
.

Similarly to the viscosity, the thermal conductivity κ of the gas mixture is cal-
culated from the pure species thermal conductivities κk, which are given by the
analogous fit (cf. [171] and Table 7.1)

κk(T ) = 1e−4 exp
(
Aκ log(T ) +Bκ T

−1 + Cκ T
−2 +Dκ

)
,

with the following averaging rule

κ(Y vec, T ) = 1
2

 Ns∑
k=1

Xk κk(T ) +
(
Ns∑
k=1

Xk

κk(T )

)−1 .
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Table 7.1: Parameters for the pure species, taken from [121, 171].

parameter CO2 H2 CH4 H2O

Mk [g/mol] 44.009 2.016 16.043 18.015

a1 4.944e+4 4.078e+4 −1.767e+5 −3.948e+4
a2 −6.264e+2 −8.009e+2 2.786e+3 5.756e+2
a3 5.302e0 8.215e0 −1.203e+1 9.318e−1
a4 2.504e−3 −1.270e−2 3.918e−2 7.223e−3
a5 −2.127e−7 1.754e−5 −3.619e−5 −7.343e−6
a6 −7.690e−10 −1.203e−8 2.027e−8 4.955e−9
a7 2.850e−13 3.368e−12 −4.977e−12 −1.337e−12
b1 −4.528e+4 2.682e+3 −2.331e+4 −3.304e+4
b2 −7.048e0 −3.044e+1 8.904e+1 1.724e+1

Aµ 5.114e−1 7.455e−1 5.764e−1 4.997e−1
Bµ −2.295e+2 4.356e+1 −9.370e+1 −6.978e+2
Cµ 1.371e+4 −3.258e+3 8.699e+2 8.827e+4
Dµ 2.708e0 1.356e−1 1.733e0 3.088e0

Aκ 5.144e−1 1.024e0 1.024e0 1.132e0
Bκ −4.744e+2 2.971e+2 −3.109e+2 −5.121e+2
Cκ 3.130e+4 −3.140e+4 3.294e+4 9.991e+4
Dκ 3.413e0 1.056e0 6.779e−1 −5.290e−1

To model the molecular diffusion in the gas, we use the Chapman-Enskog theory
and approximate the multicomponent diffusion by mixture-averaged diffusion coeffi-
cients which are defined via the following averaging procedure (cf. [97, Chapter 11])

Dk,mix(Y vec, T ) =

 Ns∑
j=1
j 6=k

Xj

Dk,j(T ) + Xk

1− Yk

Ns∑
j=1
j 6=k

Yj
Dk,j(T )


−1

.

Here, the Dk,j’s are the binary diffusion coefficients that can be computed via the
formulas given in, e.g., [97]. Note, that an overview of the parameters we used for
the pure species is given in Table 7.1.
Note, that all transport parameters for the model depend on the fluid’s chemical

composition, represented by the mass fractions Y vec, through the mixture averaging
formulas presented above. Additionally, they also depend on the fluid’s temperature
T via the temperature dependence of the corresponding parameters for the pure
species. This leads to a strong and highly nonlinear coupling between the individual
equations of (7.4).
The correction velocity V c, which is defined as

V c =
Ns∑
k=1

Dk,mix∇Yk,

is used to ensure the consistency between the mass and species conservation equations
for the mixture-averaged diffusion model, as is explained in detail in, e.g., [97, 142].
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

The reaction source term ω̇k models the conversion between the species due to the
chemical reaction. It is given by

ω̇k =
0 in Ωin,

Mk
∑Nr
j=1 νk,j Qj in Ωreac,

where we define νk,j = ν ′′k,j − ν ′k,j, and Qj is the rate of progress of reaction j, given
by

Qj = kf,j

Ns∏
k=1

(
ρYk
Mk

)ν′k,j

− kb,j

Ns∏
k=1

(
ρYk
Mk

)ν′′k,j

= kf,j

Ns∏
k=1

[Xk]ν
′
k,j − kb,j

Ns∏
k=1

[Xk]ν
′′
k,j .

(7.6)

Note, that the reaction source term vanishes in Ωin and is only active in Ωreac, as
discussed in Section 7.2.1. Further, we remark that (7.6) is only valid for elementary
chemical reactions, hence our assumption for (7.3). The rate of progress depends on
the forward and backward rate constants kf,j and kb,j and on the molar concentration
of the species, defined as

[Xk] = ρ Yk
Mk

.

As usual (cf. [97, 142]), we model the forward rate constant kf,j with an Arrhenius
law, i.e.,

kf,j = Aj exp
(
−Ea,j

RT

)
,

where Aj is the so-called pre-exponential factor and Ea,j is the activation energy for
reaction j. To ensure correct behavior regarding the thermodynamic equilibrium of
(7.3), we describe the backward rate constant kb,j with the help of the equilibrium
constant keq,j, which is defined below, as

kb,j = kf,j

keq,j
.

Therefore, we rewrite (7.6) as

Qj = kf,j

 Ns∏
k=1

[Xk]ν
′
k,j −

∏Ns
k=1[Xk]ν

′′
k,j

keq,j

 .
The equilibrium constant keq,j is calculated from thermodynamic relations as follows
(see, e.g., [97, 142])

keq,j = exp
(

∆S0
r,j(T )
R

−
∆H0

r,j(T )
RT

)(
patm

RT

)∑Ns
k=1 νk,j

,
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7.2 Model Formulation

where patm denotes the atmospheric pressure and the argument of the exponential
function corresponds to the change in Gibbs free energy for reaction j, which is
calculated from

∆S0
r,j(T ) =

Ns∑
k=1

νk,jMk sk(T ),

∆H0
r,j(T ) =

Ns∑
k=1

νk,jMk hk(T ).

The heat generated by the reaction is modeled through the source term ω̇T,r, which
is given by

ω̇T,r = −
Ns∑
k=1

hk(T ) ω̇k.

Finally, the heat generated due to the molecular diffusion of the species is modeled
by the term ω̇T,d, which reads

ω̇T,d = −
(
ρ
Ns∑
k=1

Cp,k (Yk V c −Dk,mix∇Yk)
)
· ∇T.

7.2.4 The Sabatier Reaction in Microchannel Reactors
The Sabatier reaction (7.1) is a reversible exothermic reaction used to convert CO2
and H2 into CH4 and H2O. For most of its applications it is desirable that the
reaction proceeds as far as possible to the right, so that ideally all of the CO2 would
be consumed by the reaction. It is in this regard that we consider optimizing the
microchannel reactor under investigation (cf. Section 7.4). As a measure for how far
the reaction has already proceeded, we use the CO2 conversion, which is defined as

χCO2 = 1− YCO2

Y in
CO2

= 1− nCO2

nin
CO2

, (7.7)

where nin
CO2 denotes the molar amount of CO2 entering the domain. In this chapter,

we only evaluate YCO2 and nCO2 , which is the molar amount of CO2 in the gas
mixture, at the outlet of the reactor (cf. Sections 7.3 and 7.4), so that χCO2 describes
the total CO2 conversion of the reactor.
Let us now investigate the behavior of the Sabatier reaction. First of all, we

mention that there is another possible reaction between the reactants CO2 and H2,
namely the reverse water gas shift (RWGS) reaction, given by

CO2 + H2 −−⇀↽−− CO + H2O, ∆H0 ≈ +41 kJ/mol (at 25 ◦C).

However, the RWGS reaction only becomes important for temperatures over approx-
imately 550 ◦C – 600 ◦C and shows negligible CO production at lower temperatures
(see, e.g., [125, 126]). For these reasons, we proceed as in [125, 126] and restrict the
temperatures under investigation to be below 600 ◦C and neglect the RWGS reaction,
which only introduces a limited error in our model.
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

The next point we need to address is that the Sabatier reaction is not an elementary
reaction, which is required for the formula of the rate of progress (7.6). However, we
decided not to break down the Sabatier reaction into a system of elementary reactions
due to the following reasons. First, the Sabatier reaction is not fully understood
yet from the viewpoint of elementary reaction mechanisms, with two possibilities
proposed (cf. [13]). Second, using a system of elementary reactions would increase
the computational complexity of the model significantly as this would introduce
additional variables for the intermediate chemical species. For these reasons, we use
the following modified formula for the rate of progress (7.6) developed in [117–119]

Q = kf

( Ns∏
k=1

[Xk]ν
′
k,j

)n
−

∏Ns
k=1[Xk]ν

′′
k,j

keq

n , (7.8)

where n is an empirical exponent. This approach has been used extensively in the
literature to model the Sabatier reaction in, e.g., [28, 45, 46, 51, 125, 145]. To model
the forward rate constant kf , we again use an Arrhenius law, i.e.,

kf = A exp
(
− Ea

RT

)
. (7.9)

It is straightforward to see that both formulations yield the same thermodynamic
equilibrium (cf. [119]) which is a crucial feature of (7.8). Note, that even though
this model for the Sabatier reaction is comparatively simple, it still covers the most
important effects of the reactor. Hence, it is feasible that we consider this model to
investigate the potential for improving the microchannel reactor. An investigation
of more sophisticated reaction mechanisms or the inclusion of the RWGS reaction
into the reactor model is beyond the scope of this chapter and could be considered
in future work.
Let us now take a look at some important properties of the Sabatier reaction which

are depicted in Figure 7.1 for stoichiometric inlet conditions (cf. Section 7.2.1). In
Figure 7.1a the temperature dependence of the equilibrium CO2 conversion is shown
for pressures of 1 bar, 5 bar, and 10 bar, which resemble the operating pressures in-
vestigated in [45, 46]. We observe that the CO2 conversion decreases monotonically
with temperature and increases monotonically with pressure. Both effects are direct
consequences of Le Chatelier’s principle (cf. [9]) applied to the Sabatier reaction.
Hence, we only consider the case pref = 10 bar in this chapter as the CO2 conversion
is largest for this case. In Figure 7.1b we can see the influence of the temperature on
the equilibrium composition at the operating pressure of 10 bar. Again, we observe
that the composition is more favorable for low temperatures of about 200 ◦C, where it
consists almost exclusively of the products CH4 and H2O. The equilibrium composi-
tion becomes increasingly worse with higher temperatures as the amount of reactants
increases considerably, mirroring our previous discussion regarding the equilibrium
CO2 conversion. Finally, Figure 7.1c shows the dependence of the rate of progress
and, hence, of the reaction rate on the temperature at different levels of CO2 conver-
sion, which we computed using the parameters determined later on (cf. Section 7.3).
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7.2 Model Formulation

We see that the rate of progress increases strongly with temperature for low levels
of CO2 conversion. However, the greater the CO2 conversion, the lower the rate of
progress becomes. For the highest levels of CO2 conversion, we observe that the
maximum rate of progress, highlighted by the markers on the graphs, is obtained
at progressively lower temperatures. Additionally, for sufficiently high levels of CO2
conversion and temperatures, the rate of progress even becomes negative and, thus,
reverses the direction of the reaction. These are direct consequences of the thermo-
dynamic equilibrium which pushes the reaction into the reverse direction under such
conditions.
Regarding the optimization of the reactor, these characteristics lead to the follow-

ing considerations. To obtain a high reaction rate, high temperatures are desirable,
especially for low levels of CO2 conversion, as shown in Figure 7.1c. However, if
the temperature is kept high throughout the entire reactor, the thermodynamic lim-
itations of the reaction severely constrain the maximum achievable CO2 conversion.
On the other side, low temperatures are thermodynamically favorable, but the cor-
responding low reaction rate only leads to low levels of CO2 conversion. These
considerations lead to the conclusion that, ideally, the reactor should have high tem-
peratures near the inlet, where we have low levels of CO2 conversion, so that we
have a high reaction rate initially. Subsequently, the temperature should decrease
along the channel as this leads to more favorable equilibrium compositions and is
also beneficial for the rate of progress at higher levels of CO2 conversion. These
deliberations are confirmed in Section 7.4, where we investigate the optimization of
the reactor. Finally, we note that the above deliberations regarding the influence
of the temperature on the reaction is inherent in all exothermic reactions, and not
specific to our choice of the Sabatier reaction, which is, again, a consequence of Le
Chatelier’s principle (cf. [9]).
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Figure 7.1: Properties of the Sabatier reaction for stoichiometric inlet conditions.
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

7.2.5 A One-Dimensional Model of the Reactor
The PDE system (7.4) of Section 7.2.2 completely models the behavior of chemically
reacting fluid flow for a homogeneous reaction. However, a major drawback of the
model is that it is three-dimensional, which makes the numerical simulation of the
reactor comparatively costly and leads to a substantial bottleneck for the adjoint-
based optimization of the reactor we consider in Sections 7.3 and 7.4. To remedy
this, we now use ideas similar to Chapter 6 to derive a reduced one-dimensional
model of the reactor which is significantly easier to solve numerically.
As a first step, we interpret the geometry as a porous medium with porosity 1.

While the boundary Γwall is still present from this point of view due to the geometrical
constraints, it now only acts as a mathematical boundary of the domain and does
not interact physically with the fluid. To model the fluid velocity in such a porous
medium, we use a Brinkman equation with slip boundary conditions, in analogy to
Section 6.4, given by the system

ρ (u · ∇)u+∇p−∇ · (µ∇u)−∇ (µ/3∇ · u) + µK−1 u = 0 in Ω,
u · n = 0 on Γwall,

µ ∂nu× n = 0 on Γwall,

where K denotes the permeability of the channel. Note, that the permeability is a
property of the geometry only. As before, it can be determined either analytically
or numerically (cf. [29]), and its value for our setting can be found in Table 7.2. For
the porous medium model, the above equations replace the momentum equation in
(7.4) as well as the boundary condition for the velocity on Γwall in (7.5).
Additionally, we have to modify the temperature equation as we can no longer

incorporate the effect of the wall temperature on the gas mixture via a Dirichlet
boundary condition due to the previously mentioned reasons. Hence, we proceed
analogously to Section 6.4 and use the following equation

ρCp u · ∇T −∇ · (κ∇T ) + hfs
(
T − Twall

)
− ω̇T,r − ω̇T,d = 0 in Ω,

ρCp u · n− κ∇T · n = 0 on Γwall,

where hfs is the interfacial heat transfer coefficient which models the heat transfer
between the gas mixture and the wall. We computed the value of hfs numerically, as

Table 7.2: Parameters for the reactor geometry and one-dimensional model (7.10).

parameter [unit] value

length L [m] 5e−2
width W [m] 4.5e−4
height H [m] 1.5e−4

permeability K [m3] 1.48e−9
interfacial heat transfer coefficient hfs [W/(K m3)] 6.77e8
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in Section 6.4, and the result is shown in Table 7.2. The no-flux boundary condition
for the temperature again models that the temperature does not interact with the
wall boundary.
Averaging the system with the modifications described above over the channel

cross section yields a one-dimensional model of the microchannel reactor, which is
given by

∇ · (ρ u) = 0 in Ω,
ρ (u · ∇)u+∇p−∇ · (µ∇u)−∇ (µ/3∇ · u) + µK−1u = 0 in Ω,
ρCp u · ∇T −∇ · (κ∇T ) + hfs

(
T − Twall

)
− ω̇T,r − ω̇T,d = 0 in Ω,

ρ u · ∇Yk +∇ · (ρ V c Yk)−∇ · (ρDk,mix∇Yk)− ω̇k = 0 in Ω, k = 1, . . . , Ns,
(7.10)

supplemented with the boundary conditions

u = uin on Γin,

T = T in on Γin,

Yk = Y in
k on Γin, k = 1, · · · , Ns,

µ ∂nu+ µ

3 (∇ · u)n− pn = 0 on Γout,

κ∇T · n = 0 on Γout,

ρ (V c Yk −Dk,mix∇Yk) · n = 0 on Γout, k = 1, . . . , Ns.

Note, that the wall boundary is not present in (7.10) anymore, its influence is only
modeled through the additional terms in the momentum and temperature equations,
as discussed above. Additionally, for the sake of better readability we do not dis-
tinguish between the three-dimensional and the one-dimensional domain and denote
both of them by Ω as it is obvious from the context to which we refer to.
Finally, we mention that for (7.10) only the form of the PDE system has changed

slightly, all constitutive relations remain the same as described in Sections 7.2.3
and 7.2.4. Furthermore, except for the kinetic parameters for the forward rate con-
stant (7.9), all parameters for the model are obtained using the fits given in [121] and
[171] as discussed in Section 7.2.3. We determine the missing parameters, namely the
pre-exponential factor A, the activation energy Ea, and the empirical exponent n,
by solving a parameter identification problem in Section 7.3. Moreover, we compare
the one-dimensional model (7.10) numerically to the three-dimensional one (7.4) in
Section 7.3.3 after determining the aforementioned parameters. The corresponding
results (cf. Figure 7.4) show that the one-dimensional model approximates the three-
dimensional one very well, so that it is justified to use the former as model for the
reactor throughout the rest of this chapter.

149



7 Optimal Control of the Sabatier Process in a Microchannel Reactor

7.2.6 Numerical Solution of the Models
To conclude this section, we briefly describe the methods used for solving the PDE
systems (7.4) and (7.10). First, for the one-dimensional model we discretize the cor-
responding interval with a uniform mesh consisting of 1001 nodes, corresponding to
1000 line segments. Second, for the three-dimensional model we also use a uniform
mesh with 44040 nodes, corresponding to 178200 tetrahedrons. We use the finite
element software FEniCS (cf. [5, 115]) to discretize both systems with a mixed finite
element method using the following finite elements. The fluid’s pressure, temper-
ature, and mass fractions for CO2, H2, and CH4 are discretized with continuous,
piecewise linear Lagrange elements, and the fluid’s velocity is discretized with con-
tinuous, piecewise quadratic Lagrange elements. This yields the well-known Taylor-
Hood finite element pair for velocity and pressure that is LBB stable for the saddle
point structure of the continuity and momentum equations. As explained earlier, we
calculate the mass fraction of H2O via the relation YH2O = 1− (YCO2 + YH2 + YCH4).
This discretization leads to a nonlinear system of equations which has to be solved.
To do so, we use iterative methods which are described below and consider an initial
guess given by zero velocity and pressure as well as a constant temperature and mass
fractions determined by the respective inlet conditions for both models.
As the discretization described above leads to a system with 7006 degrees of free-

dom (DoF’s) for the one-dimensional system (7.10), we solve it monolithically using
a damped Newton method with backtracking line search based on the natural mono-
tonicity criterion described in [39, Chapter 3.3]. The arising linear systems for the
Newton method are solved with the direct sparse linear solver MUMPS from the
library PETSc [11].
The numerical solution of the resulting nonlinear system for the three-dimensional

model (7.4) is more involved. As the system is considerably larger than the previously
considered one, we do not use a monolithic approach for its solution. Instead we use
a Picard-type fixed point iteration that consists of the following steps: First, we
freeze the temperature and mass fractions and solve the continuity and momentum
equations to obtain values for the velocity and pressure. In the second step we freeze
the velocity, pressure, and temperature, and solve the species conservation equation
for the mass fractions. The final step consists of freezing the velocity, pressure, and
mass fractions, and solving the temperature equation. This is repeated until the
residual of the original system reaches a relative tolerance of 1e−10. Note, that in
each of these steps a nonlinear system of equations has to be solved. This is done
using the same damped Newton method as discussed above. In particular, the system
of continuity and momentum equations has 176160 DoF’s, the species conservation
equation has 132120 DoF’s, and the temperature equation has 44040 DoF’s. As
before, all resulting linear systems are solved using the solver MUMPS since they are
sufficiently small to be solved by a direct method.
Since the size of the systems for the one-dimensional model is significantly smaller

than the size of the ones for the three-dimensional model, the numerical solution of
the former is also considerably faster. In particular, a solve of the one-dimensional
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model takes a few seconds, whereas it takes about an hour to solve the three-
dimensional model, i.e., we get a speedup of over two orders of magnitude. This
enables the fast solution of the optimization problems investigated subsequently in
Sections 7.3 and 7.4.

7.3 Identification of Kinetic Reaction Parameters
In this section, we determine the kinetic parameters needed to complete our models of
the reactor (cf. Section 7.2.5) from the experimental results reported in [45, 46]. We
introduce a parameter identification problem based on our one-dimensional reactor
model which is solved numerically utilizing our software cashocs from Chapter 3.
Finally, we compare our two reactor models from Section 7.2 numerically and see
that both yield nearly identical results.

7.3.1 Description of the Parameter Identification Problem
In [45, 46], the authors consider a different model for the reactor with the following
major variations to our models from Section 7.2. They consider a heterogeneous
reaction only occurring in a porous catalyst located close to the channel wall, whereas
we consider a homogeneous reaction. Moreover, they assume that the reaction starts
immediately at the inlet of the computational domain, whereas we include the inlet
section Ωin where no reaction occurs. For these reasons, we cannot use the kinetic
parameters reported in [45, 46], but have to determine appropriate ones for our
models ourselves.
As remarked in Section 7.2.4, we restrict our investigation to the case of 10 bar

for the operating pressure of the reactor. For this setting, a total of 21 experiments,
considering 7 different reactor temperatures Twall (250 ◦C – 400 ◦C with increments
of 25 ◦C) and 3 different inlet flow rates (50 mL/min, 100 mL/min, and 150 mL/min),
were carried out in [45, 46]. Note, that here and throughout the rest of this chapter,
when we specify flow rates of the gas, we always assume normal conditions given
by a pressure of 1 atm and a temperature of 273.15 K so that we can compare them
regardless of the physical conditions. We remark that the experimental results of
[45, 46] are given by measurements of the achieved CO2 conversion, and that we
extracted the corresponding numerical values using the software Webplot Digitizer
[150].
To determine the kinetic parameters, we consider the following parameter identi-

fication problem

min
y,uc

J (y, uc) =
21∑
l=1

1
2

∫
Γout

(
χCO2

sim,l − χCO2
exp,l

)2
ds

subject to
e(y, uc) = 0 and uc ∈ Uad,

(7.11)
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

where the state variables are combined in the vector y = [p, u, T, Y vec]> and the con-
trol variables are combined in the vector uc = [Ea, log(A), n]>. Note, that we use the
logarithm of the pre-exponential factor, i.e., log(A), instead of A as control variable
since this ensures a better scaling of the parameters and, additionally, guarantees
that the computed pre-exponential factor is positive. Moreover, we assume that uc
is constant in Ω, i.e., that the kinetic parameters do not vary spatially. This yields
a finite-dimensional optimization problem, so that we do not require additional reg-
ularization for the cost functional. Furthermore, χCO2

exp,l denotes the CO2 conversion
measured in experiment l, and χCO2

sim,l is the CO2 conversion of the l-th simulation,
which are calculated via (7.7). The operator for the state system e(y, uc) is given by

e(y, uc) = [e1(y, uc), . . . , e21(y, uc)]>,

where el(y, uc) = 0 is the weak form of the state system (7.10) with appropriate
values for uin and Twall corresponding to the l-th experiment, as discussed above.
Finally, the set of admissible controls is given by

Uad =
{

[Ea, log(A), n]> ∈ R3
∣∣∣ n ≥ 0

}
,

which models that the empirical exponent is supposed to be nonnegative. Note, that
the cost functional in (7.11) corresponds to a least-squares problem for fitting the
CO2 conversion to the experimental results.

7.3.2 Numerical Results
We solve the parameter identification problem (7.11) numerically using our software
package cashocs described in Chapter 3. For the discretization of the adjoint sys-
tem we choose analogous finite elements as for the discretization of the state system
(cf. Section 7.2.6). Moreover, we use a projected limited memory BFGS (L-BFGS)
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Figure 7.2: History of the numerical optimization.

152



7.3 Identification of Kinetic Reaction Parameters

method with a memory of 5 vectors as optimization algorithm. For the computation
of the step size we use an Armijo line search with initial guess one for the step size.
Furthermore, we restart the algorithm with a gradient step in case the respective
curvature condition for the BFGS method is not satisfied. The optimization algo-
rithm is terminated once a relative tolerance of 1e−6 for the stationarity measure
is reached. Our initial guess for the kinetic parameters is based on the parameters
computed in [45, 46] and is given by Ea = 65 kJ/mol, log(A) = 12, and n = 0.222.
We refer the reader to, e.g., [98, 130] for a detailed description of the algorithm
for finite-dimensional problems and to [8] for its application in the context of PDE
constrained optimization.
The history of the cost functional and the relative stationarity measure over the

course of the optimization are shown in Figure 7.2. We observe that the algorithm
terminates successfully after 48 iterations, suggesting that we find a local minimizer
(or stationary point) of (7.11). Since one solve of the state system requires 21 solves of
(7.10), one for each experiment, this amounts to a total of 1113 solves for (7.10), and
1008 solves for the corresponding adjoint system over the course of the optimization.
Note, that the additional solves needed for the state system are a consequence of
the Armijo line search. In Figure 7.3, the simulated and measured CO2 conversions
are depicted for all 21 experimental settings for the identified kinetic parameters.
We see that our model shows excellent agreement to the experimental results: The
largest difference between simulated and measured CO2 conversion is about 7 %,
and the mean error is around 1.9 %, which is well within the reproducibility of the
experiment of 5 % (cf. [45, 46]) and closer than the original fit proposed in [45, 46].
For these reasons, we conclude that our model is able to simulate the physical and
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Figure 7.3: Simulated and measured CO2 conversion for the experiments from [45,
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Table 7.3: Kinetic parameters determined by the parameter identification.

parameter [unit] value

empirical exponent n 0.0581
pre-exponential factor A [1/s(mol/m3)1−5n] 4.744e5
activation energy Ea [kJ/mol] 52.141

chemical processes in the reactor sufficiently well so that we can use it in Section 7.4
to optimize the reactor.
We also remark that for the parameters identified above, the solution shows a

nearly isothermal behavior, in particular, the difference between the simulated gas
temperature and the wall temperature is well below 1 ◦C at all points in the reactor.
Hence, we could also use an isothermal model for the reactor, where the temperature
is not treated as a state variable, but directly prescribed as the wall temperature,
simplifying the numerical simulations. However, as this behavior cannot be known
before the determination of the kinetic parameters and since other sets of parameters
could yield a nonisothermal behavior, we keep the temperature as a state variable.
Finally, the identified parameters are shown in Table 7.3. We remark that they

are in a good agreement with the kinetic parameters found in [51] and the references
therein. Since we consider a higher operating pressure, a different type of catalyst,
and also use a slightly different model to the ones in [51], the minor deviations for
the identified parameters are justified.

7.3.3 Numerical Comparison of the Reactor Models
To conclude this section, we briefly compare the one-dimensional model (7.10) to
the three-dimensional model (7.4), similarly to our numerical investigation in Sec-
tion 6.6. For this, we simulate all of the 21 test cases of [45, 46], using the kinetic
parameters obtained previously, with both models and compute the corresponding
relative errors between the models in the L∞(Ω), L2(Ω) and L1(Ω) norms. To com-
pare the models to each other, we average the results of the three-dimensional model
over the channel cross section, which can then be directly compared to the results of
the one-dimensional model. The arising errors are shown in Figure 7.4 in the form
of a box plot. We see that the relative error between both models is well below
1 % for all test cases and variables. The highest relative errors are obtained for the
pressure with about 0.2 %, all other variables have relative errors even below 1 ‰.
This is the case since the physical and chemical behavior in a single channel of the
reactor is basically one-dimensional, with variations along the channel length being
significantly larger than variations along its cross section. Finally, we note that the
relative errors for the temperature are very small even compared to the small errors
of the other variables. This is due to fact that we use the Kelvin scale to compute the
relative errors for the temperature as this is a ratio scale. These results validate our
approach to use the 1D porous medium model for computing the necessary kinetic
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Figure 7.4: Relative errors between the 1D and 3D model.

parameters for the models instead of the more costly three-dimensional one since
both yield basically identical results.

7.4 Optimization of the Microreactor
In this section, we discuss the optimization of the microchannel reactor under consid-
eration by means of solving PDE constrained optimal control problems. Throughout
this section, we use the one-dimensional model (7.10), which models the behavior of
the reactor as validated in the previous section, as corresponding state system for
the optimization problems. We consider two optimization problems for improving
the reactor’s performance which we solve numerically using our software cashocs,
which is described in Chapter 3. We discuss the obtained results as well as their
applicability and realizability.

7.4.1 Optimization with Fixed Flow Rates
For the first problem, we keep the inlet flow rate fixed at the respective values
considered in [45, 46]. Our goal is to maximize the CO2 conversion of the reactor,
since this corresponds to maximizing the product yield for a fixed flow rate, by using
the wall temperature Twall as optimization variable, which is detailed below. To
model this, we consider the following optimization problem

min
y,Twall

J (y, Twall) = 1
2

∫
Γout

(
χCO2 − 1

)2
ds

subject to
e(y, Twall) = 0 and Twall ∈ Uad.

(7.12)
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As in Section 7.3, the state variables are combined into the vector y = [p, u, T, Y vec]>
and the CO2 conversion χCO2 is defined as in (7.7). Moreover, the wall temperature
Twall now plays the role of the control variable, and the state system e(y, Twall) = 0 is
given by the corresponding weak form of (7.10), with the respective inlet conditions
for the velocity. Note, that we use a tracking-type cost functional which aims at
bringing the CO2 conversion as close as possible to one on Γout. Note, that this
case, i.e., χCO2 = 1, corresponds to the total conversion of CO2 and, therefore, to
the maximum product yield. We remark that we tested several alternative cost
functions that also have the goal of maximizing the reactor’s yield and found that
all of them gave nearly identical results in practice. Hence, it is justified that we
restrict ourselves to the cost functional given in (7.12). Finally, the set of admissible
controls Uad is given by

Uad =
{
Twall ∈ L2(Ω)

∣∣∣ 180 ◦C ≤ Twall ≤ 600 ◦C a.e. in Ω
}
,

i.e., we have box constraints for the wall temperature. Due to these box constraints,
we do not require additional regularization terms for the optimization problem (7.12).
Since the model is quasi-isothermal (cf. Section 7.3.2), this constraint also restricts
the temperature of the gas mixture. Note, that the lower bound of 180 ◦C corresponds
to the boiling point of water at a pressure of 10 bar, so that we do not have to consider
any phase change effects. The upper bound for the temperature is chosen so that we
can neglect the effect of the RWGS reaction and the corresponding CO production
(cf. Section 7.2.4).
For the wall temperature, we consider the following four models. First, we use

a constant value for Twall throughout the entire reactor, which corresponds to an
isothermal reactor. Second, we divide Ωreac into two halves along its length and
restrict Twall to be constant in each half, which models a reactor consisting of two
isothermal stages. Third, we proceed analogously to before, but now divide Ωreac into
thirds, which corresponds to a three-stage isothermal reactor. For the final model,
we do not specify any sort of profile and consider Twall to be an arbitrary function
in L2(Ω), which we discretize with piecewise linear Lagrange elements. We refer to
these models as constant, two stage, three stage, and distributed model, respectively,
throughout the rest of this chapter. These models exhibit different levels of complex-
ity, particularly regarding their realizability and capability of controlling the reaction,
which we discuss in Section 7.4.3. In particular, we note that while these models may
only be approximately realizable in practice, they still serve as benchmark for the
optimization by showcasing the theoretical limitations of the reactor.
We solve the optimization problem (7.12) numerically for all four models and the

three inlet flow rates of 50 mL/min, 100 mL/min, and 150 mL/min, as considered in
[45, 46], using our software package cashocs (cf. Chapter 3). For the corresponding
adjoint system we use an analogous discretization to the one for the state system
(cf. Section 7.2.6). As optimization algorithm we again use the projected L-BFGS
method described in Section 7.3.2, which is terminated once the relative stationarity
measure reaches a tolerance of 1e−4. The required amount of PDE solves for the state
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Table 7.4: Number of solves for state / adjoint system for problem (7.12).

inlet flow rate constant two stages three stages distributed

50 mL/min 6 / 6 8 / 8 12 / 12 13 / 13
100 mL/min 9 / 9 10 / 10 12 / 12 18 / 18
150 mL/min 8 / 8 8 / 8 10 / 10 16 / 15

and adjoint systems for the optimization algorithm are tabulated in Table 7.4. Note,
that the number of iterations of the algorithm corresponds to the number of solves
for the adjoint system minus one, as we need an additional gradient computation for
the termination criterion. We observe that the algorithm is very efficient as it needs
less than 20 iterations to reach the desired tolerance for the stationarity measure
in all cases. Since the number of solves for the state system exceeds the ones for
the adjoint system only for one case and one additional solve, we observe that the
initial step length is almost always accepted by the algorithm. We note that with
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Figure 7.5: Optimized temperature profiles for problem (7.12).
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increasing complexity of the models we need slightly more iterations to reach the
desired tolerance which is, however, to be expected.
The optimized wall temperatures are depicted in Figure 7.5 together with the cor-

responding CO2 conversions, and the latter can also be found in Table 7.5 to facilitate
an easier comparability. Comparing the CO2 conversions with the ones from the ex-
periments (cf. Section 7.3) we recognize that we achieve considerably higher levels of
CO2 conversion for all flow rates by optimizing the wall temperature. Moreover, by
comparing the achieved CO2 conversions with the equilibrium conversions (cf. Fig-
ure 7.1a), we can also conclude that the thermodynamic equilibrium is a limiting
factor in all cases as the difference between the obtained and the equilibrium CO2
conversions are only about 1–2 % for the respective outlet temperatures. We observe
that the optimized wall temperatures are at their largest near the inlet of the channel
and then decrease monotonically along its length. This yields a large reaction rate at
the beginning of the reactor as well as more favorable thermodynamic equilibria to-
wards its end, which are actually limiting the reaction as discussed above. Moreover,
note that the optimized wall temperatures increase monotonically with the flow rate,
due to the following. As a higher flow rate corresponds to a lower residence time
of the gas in the reactor, a higher reaction rate is needed to increase the CO2 con-
version, which can be achieved through a higher wall temperature (cf. Figure 7.1c).
This confirms our deliberations from Section 7.2.4 regarding the dependence of the
thermodynamic equilibrium and the reaction rate on the temperature w.r.t. the op-
timization of the reactor.
Analyzing the obtained CO2 conversions (cf. Table 7.5) more closely, we first ob-

serve that the CO2 conversion increases monotonically with the complexity of the
wall temperature models, i.e., the constant model performs worst for all flow rates,
the two and three stage models perform increasingly better, and the distributed
model has the highest conversion of all profile types for each flow rate. In particular,
the increase in conversion is roughly 2 % between the constant and two level profiles
and then only about 0.5 % each for the successive models. Hence, we conclude that
the ability to use a lower temperature towards the end of the reactor can have an
important effect on the quality of the reaction, but using more sophisticated tem-
perature profiles does not add a great amount of additional improvements on top of
this. Moreover, we observe that the optimized conversion also decreases monotoni-
cally with increasing flow rate. This is due to the fact that for higher flow rates a
larger temperature has to be used to obtain a sufficiently high reaction rate, as men-

Table 7.5: CO2 conversion for problem (7.12).

inlet flow rate constant two stages three stages distributed

50 mL/min 95.54 % 97.32 % 97.71 % 98.11 %
100 mL/min 92.33 % 94.69 % 95.25 % 95.83 %
150 mL/min 89.48 % 92.13 % 92.79 % 93.41 %
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Table 7.6: Absolute molar product yield in [mol/s] for problem (7.12).

inlet flow rate constant two stages three stages distributed

50 mL/min 2.131e−5 2.171e−5 2.180e−5 2.189e−5
100 mL/min 4.119e−5 4.225e−5 4.250e−5 4.275e−5
150 mL/min 5.988e−5 6.166e−5 6.210e−5 6.251e−5

tioned previously. This then leads to worse thermodynamic equilibria and explains
the overall lower CO2 conversion.
Finally, let us investigate the obtained product yield which is shown in Table 7.6.

There, we consider the total amount of product, i.e., CH4 and H2O, that is generated
by the reactor and, due to the stoichiometry of the reaction, 1/3 of this amount is
CH4 and 2/3 is H2O. Obviously, for a fixed flow rate a higher conversion leads to a
higher molar product yield, so that the yield increases monotonically with the model
complexity. Moreover, for the conditions under consideration, we observe that the
molar yield is almost linear in the flow rate for all models. This can be explained by
the fact that the achieved conversions are all rather close to each other for all models
and flow rates. Therefore, the slightly lower CO2 conversion obtained at higher flow
rates is compensated by the higher resulting throughput, leading to overall higher
product yields for higher flow rates. These results indicate that one should try to use
the highest possible flow rate so that the resulting quality of the product, measured
by the CO2 conversion, is still sufficiently high. We take a more detailed look at
this problem of balancing the molar yield and product quality of the reactor in the
following section.

7.4.2 Optimization with Variable Flow Rates and State
Constraints

As indicated above, our goal is now to maximize the molar yield of the reaction by
considering the wall temperature and the inlet flow rate as control variables, where
the product quality is ensured by means of a state constraint on the CO2 conversion.
In particular, we consider the following optimization problem

min
y,uc

J (y, uc) = −
∫

Γout
ρu · n ds

subject to
e(y, uc) = 0,
y ∈ Yad,

uc ∈ Uad.

(7.13)

Analogously to before, the vector of state variables is given by y = [p, u, T, Y vec]>
and the vector of control variables is given by uc = [uin, Twall]>, i.e., now both the
inlet flow rate and the wall temperature act as control variables. The state system
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7 Optimal Control of the Sabatier Process in a Microchannel Reactor

e(y, uc) = 0 is, again, given by the corresponding weak form of the one-dimensional
porous medium model (7.10). The cost functional J measures the negative outgoing
mass flow rate at the outlet of the reactor. Note, that thanks to the sign in J , the
minimization of this cost functional is equivalent to maximizing the outgoing mass
flow rate. The set of admissible controls is defined as

Uad =
{

[uin, Twall]> ∈ R× L2(Ω)
∣∣∣ ua ≤ uin ≤ ub on Γin,

180 ◦C ≤ Twall ≤ 600 ◦C a.e. in Ω
}
,

where the box constraints for Twall are the same as in the previous section. The
constraints for the inlet flow rate are motivated by the physical limitations of the
reactor, i.e., we cannot prescribe arbitrarily small or large flow rates as the reactor
is not stable for such conditions. Note, that the particular choice of ua and ub is
detailed below. Additionally, as we use the one-dimensional model of the reactor,
the inlet velocity uin corresponds to the averaged inlet flow rate, and is, thus, a scalar
quantity.
The state constraint is modeled by the set of admissible states Yad, given by

Yad =
{

[p, u, T, Y vec]>
∣∣∣∣∣ χCO2 = 1− YCO2

Y in
CO2

≥ χdes on Γout
}
,

i.e., the state constraint is given by the requirement that the CO2 conversion is
larger than a given desired conversion 0 ≤ χdes < 1. Obviously, this can be easily
transformed into a more classical form of a state constraint, namely YCO2 ≤ C for
some appropriate constant C ∈ (0, 1). As we have seen in Section 7.4.1, the maximum
achievable CO2 conversion decreases monotonically with the flow rate. Therefore, we
conclude that for the maximum possible flow rate the state constraint is satisfied with
equality. Since the molar product yield of the reactor solely depends on the mass
flow rate ρu and the gas composition, which is restricted to the desired conversion
as just discussed, the solution of problem (7.13) maximizes the product yield of the
reactor for a given CO2 conversion χdes.
Finally, we note that problem (7.13) is a Dirichlet boundary control problem for

the control variable uin. For the numerical solution of this problem we proceed anal-
ogously to [38, Chapter 10.6], i.e., we treat the Dirichlet boundary condition with the
help of an appropriately chosen Lagrange multiplier that consists of terms involving
the respective adjoint variables. These terms correspond to the ones arising from the
integration by parts carried out for the derivation of the variational formulation of
the PDE. This allows us to include the boundary condition in the variational form
of the problem, so that we can solve it using our software cashocs from Chapter 3.
For more details regarding Dirichlet boundary control problems we refer the reader
to, e.g., [83].
For the numerical solution of problem (7.13) we treat the state constraint with

a Moreau-Yosida regularization (cf. [83]) which leads to the following regularized
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optimization problem

min
uc
Jγ(y, uc) = −

∫
Γout

ρu · n ds+ 1
2γ

∫
Γout

max
(
0, µ̂+ γ

(
χdes − χCO2

))2
ds

subject to
e(y, uc) = 0 and uc ∈ Uad.

(7.14)
Here, the state and control variables as well as the state system and Uad are defined
exactly as for problem (7.13). The cost functional Jγ now includes the Moreau-
Yosida regularization of the state constraint with penalty parameter γ > 0 and shift
function µ̂. However, we only consider the case µ̂ = 0 in this chapter. The idea of
the Moreau-Yosida regularization is to solve a sequence of regularized optimization
problems (7.14) with increasing values of γ with γ →∞ so that we obtain a solution
of the state constrained problem (7.13) in the limit.
For the wall temperature we consider the same four models as in the previous

section, i.e., the constant, two and three stage, and distributed model. Again, the
models might only be approximately realizable in practice, but still act as benchmark
for the optimization. For the state constraint we use the following values for the
desired CO2 conversion

χdes ∈ { 0.85, 0.875, 0.9, 0.925, 0.95 } .

Additionally, the box constraints for the velocity are always chosen with ua corre-
sponding to 50 mL/min, i.e., the lowest flow rate considered in the experiments in
[45, 46], and with ub corresponding to a flow rate of at least 150 mL/min, which
is explained more detailedly below. Note, that for a flow rate of 50 mL/min, the
obtained optimized temperature profiles from Section 7.4.1 all have CO2 conversions
of over 95 % (cf. Figure 7.5), which directly makes the corresponding controls and
states feasible for problem (7.13) for all considered values of χdes, so that Uad and
Yad are, in fact, nonempty and we do not minimize over the empty set.
For the numerical solution of (7.13), we use a homotopy approach, i.e., we solve

(7.14) for one value of γ and then use the obtained solution as initial guess for (7.14)
with the next higher value of γ. In particular, for all three piecewise constant tem-
perature models, we use the sequence γl = 10l, l = 0, . . . , 6, and for the distributed
temperature model we use the sequence γl = 7l, l = 0, . . . , 7, as the corresponding
problem is slightly harder to solve numerically. We solve the subproblems (7.14) by
means of a projected L-BFGS method with memory size 5 and a stopping tolerance
of 1e−2 for the relative stationarity measure, as discussed in Section 7.3.2. Again,
the adjoint system is discretized analogously to the state system (cf. Section 7.2.6).
The value of the upper bound for the inlet velocity ub is chosen as follows. We start

with a value of ub corresponding to 150 mL/min and solve the optimization problem
(7.13) as discussed above. If the resulting optimized inlet velocity is located at the
upper bound ub, we increase the bound by 50 mL/min and repeat this procedure,
until the optimized flow rate is not at the upper bound anymore. Since the maximum
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possible CO2 conversion decreases monotonically with the flow rate as discussed
previously, it is straightforward to see that this indeed yields the maximum flow
rate. Note, that we do not use a fixed and sufficiently large value for ub for all
settings as we cannot solve all of the corresponding problems numerically due to the
following. For the initially low values of γ the solution to (7.14) is given by uin = ub
as the regularization term for the state constraint has only a minor influence on
the problem. The higher the value of γ, the larger this influence becomes and the
smaller the flow rate has to be to satisfy the state constraint. This, however, leads to
very bad initial guesses for the subsequent problem with a larger penalty parameter,
making the numerical solution of (7.14) very hard or even impossible, so that the
whole approach of regularizing the state constraint becomes pointless in this case.
Before we discuss the numerical results, we remark that the absolute difference

between the CO2 conversion obtained by solving (7.13) numerically and the desired
conversion χdes is less than 0.01 % in all considered cases, which is sufficiently accurate
for our purposes and shows that we indeed compute feasible solutions to the original
problem (7.13). The required amount of solves for the state and adjoint system
for the numerical solution of (7.13) is shown in Table 7.7. Since we now solve a
sequence of optimization problems, the required number of PDE solves obviously
increases compared to the problems investigated in Section 7.4.1. We also observe
that we need significantly more solves for the state system than for the adjoint system
which indicates that the step size computation via the Armijo rule takes more effort.
On average we need about two to three times as many solves for the state system
compared to the number of solves for the adjoint system. As before (cf. Table 7.4), we
observe that we need roughly the same amount of iterations to solve problems with
the piecewise constant temperature models, and that we need considerably more
iterations to solve the problems for the distributed model. Finally, we note that
the number of PDE solves increases with increasing χdes for almost all cases, which
indicates that the problems become increasingly harder to solve for higher values of
χdes.
Let us first investigate the qualitative behavior of the temperature profiles and

flow rates, which are depicted in Figure 7.6 for a desired conversion of χdes = 0.9 and
χdes = 0.95. We observe that the optimized temperature profiles look very similar to
the ones investigated in the previous section (cf. Figure 7.5). Again, the temperature
is higher at the beginning of the reactor and then decreases monotonically along its

Table 7.7: Number of solves for state / adjoint system for problem (7.13).

CO2 conversion constant two stages three stages distributed

85.0 % 159 / 71 147 / 59 126 / 48 247 / 152
87.5 % 163 / 83 152 / 61 145 / 67 265 / 149
90.0 % 166 / 78 164 / 67 146 / 66 295 / 182
92.5 % 182 / 90 249 / 103 186 / 89 331 / 198
95.0 % 215 / 124 201 / 97 194 / 105 254 / 141
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(c) Three temperature stages model.
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(d) Distributed temperature model.

Figure 7.6: Optimized temperature profiles for problem (7.13) with χdes = 0.9 and
χdes = 0.95.

length for all cases. As expected after our previous investigation, the optimized flow
rate increases considerably when using more complex temperature profiles. Moreover,
we observe that the largest increase in flow rate happens between the constant and
two stage temperature models, whereas increasing the model complexity further has
only a smaller influence on the obtained flow rate. For all models the optimized
temperature profiles and flow rates are lower for a higher desired conversion χdes.
This can be explained through the thermodynamically favorable conditions at lower
temperatures and the higher residence times induced by lower flow rates which both
lead to an increase in CO2 conversion (cf. Section 7.2.4).
The optimized flow rates and absolute product yields for all choices of χdes are listed

in Tables 7.8 and 7.9. Table 7.8 confirms our previous findings, as we see that the
optimized flow rate increases with increasing complexity of the temperature models
in all cases. As before, we also observe that the biggest difference is between the
constant and the two stage model, where the flow rate increases by about 50 mL/min,
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Table 7.8: Optimized flow rate in [mL/min] for problem (7.13).

CO2 conversion constant two stages three stages distributed

85.0 % 239.74 306.03 320.89 329.42
87.5 % 188.01 247.08 265.08 273.80
90.0 % 140.52 193.49 208.08 220.45
92.5 % 97.20 142.71 155.83 168.65
95.0 % 57.89 94.12 104.86 117.21

Table 7.9: Absolute molar product yield in [mol/s] for problem (7.13).

CO2 conversion constant two stages three stages distributed

85.0 % 9.092e−5 1.161e−4 1.217e−4 1.249e−4
87.5 % 7.340e−5 9.646e−5 1.035e−4 1.069e−4
90.0 % 5.642e−5 7.769e−5 8.355e−5 8.852e−5
92.5 % 4.011e−5 5.889e−5 6.431e−5 6.960e−5
95.0 % 2.454e−5 3.989e−5 4.444e−5 4.968e−5

and additional improvements from the three stage and distributed model are smaller,
with about 10 mL/min each. Furthermore, we observe that the optimized flow rate
decreases rapidly when the CO2 conversion is increased. This indicates that higher
CO2 conversions are considerably harder to achieve than lower ones. Considering
the total molar product yield, which is depicted in Table 7.9, we obviously have a
similar behavior regarding the complexity of the temperature models as for the flow
rate, since the CO2 conversion is restricted by the state constraint for all models.
Finally, concerning the influence of the state constraint, it is interesting to observe
that the molar product yield decreases with an increase of the desired conversion
χdes. In particular, the higher achieved level of CO2 conversion cannot compensate
the necessary reduction in the flow rate, so that overall less product is formed. This
implies that one should consider optimizing the flow rate for a desired conversion
χdes as closely as possible to the actual desired product quality since using higher
values of χdes than necessary leads to lower product yields.

7.4.3 Realizability of our Results in Practice
Usually, chemical reactors are equipped with heat exchangers or cooling systems to
control the temperature in the reactor. Regarding the realization of the optimized
temperature profiles shown in Figures 7.5 and 7.6 with such systems, we have the
following remarks. For a microchannel reactor an obvious heat exchanger system is
one which is based on microchannels, too, as they have large heat transfer coefficients
due to their high specific surface area (cf. Chapter 1). Moreover, they already have
the appropriate dimensions to be coupled to a microchannel reactor. We refer the
reader to, e.g., [99, 128] for an overview of such temperature control systems, as
well as to our previous investigations in Chapters 5 and 6, where we considered the
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shape optimization of such systems. Naturally, for these systems the question arises,
how to align the flow of the coolant with the flow of the chemically reacting gas
mixture. Popular choices are given by setups that use co-current, counter-current,
or cross-flow configurations (see, e.g., [47, 138, 183]).

Let us start by investigating the counter-current configuration. In this setup,
the coolant enters the domain around the area where the gas leaves it. It is at its
lowest temperature there since it did not absorb a large amount of heat yet. As the
coolant traverses its channel, it is constantly heated up by the reaction and becomes
warmest near the reactor inlet. Looking at this from the view of the reactor channel,
the gas temperature is at its highest point at the inlet and then gets cooled down
progressively as it passes through the reactor. From our results (cf. Figures 7.5
and 7.6) we can see that this behavior is desirable, so that a suitably chosen counter-
current flow configuration could potentially approximate the temperature profiles
from the distributed model. These deliberations also directly imply that the co-
current flow configuration should be avoided if possible as this would cool the gas
right at the inlet and heat it up as it passes through the reactor, achieving the
opposite of our goal.

Finally, the cross-flow configuration could also be used to achieve the desired tem-
peratures in the reactor: By using different coolant temperatures in the channels,
corresponding to different sections of the reactor, one can achieve high temperatures
around the reactor inlet and low temperatures around its outlet. In particular, if a
sufficient amount of cooling channels is used, temperature profiles similar to those
obtained by the distributed model could potentially be achieved. Moreover, also
the piecewise constant temperature profiles could be, approximately, realizable us-
ing a cross-flow channel configuration by dividing the cooling channels into distinct
groups, each with the same coolant temperature. In particular, these deliberations
show that our choice of the temperature models for the considered optimization
problems is sensible as they can be approximately realized in practice by means of
appropriate temperature control systems.

In conclusion, we have seen that optimizing a microchannel reactor with methods
from PDE constrained optimization shows clear potential for considerable improve-
ments of the reactor’s design. In particular, all of our results indicate that optimizing
the temperature profile and flow rate of the reactor can increase the obtained product
yields considerably. As the considered temperature models are realizable in practice,
our results can be readily transferred to the actual application in order to optimize
its design. However, we remark that, for this transfer, one also has to consider ad-
ditional factors, such as energy and cost efficiency, for the particular application at
hand.
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7.5 Conclusion
In this chapter, we have introduced two mathematical models for chemically react-
ing fluid flow. First, a three-dimensional model that resolves all quantities over the
channel cross section, and second, a one-dimensional model we derived using a ho-
mogenization of the reactor over its cross section, analogously to Section 6.4. We
used these to model the Sabatier reaction in a microchannel reactor. We deter-
mined the necessary kinetic parameters for the computation of the reaction rate for
these models by means of solving a parameter identification problem constrained
by the one-dimensional model using our software package cashocs, which we intro-
duced in Chapter 3. Our results show excellent agreement with the corresponding
experimental data published in [45, 46]. We compared both models numerically and
found that the one-dimensional model is a very good approximation of the three-
dimensional one, with relative errors well below 1 %. Finally, we investigated two
types of optimal control problems aimed at improving the quality of the reactor.
First, we considered the wall temperature of the reactor as optimization variable
and maximized the CO2 conversion for a fixed flow rate. Second, we considered the
inlet flow velocity as additional control variable and maximized the mass flow rate
of the reactor subject to a state constraint for the CO2 conversion that ensures a de-
sired quality of the product. The results we obtained for both problems show great
potential for optimizing the design of the reactor.
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Chapter 8

Conclusion and Outlook

To conclude this thesis, we summarize our work in Section 8.1 and discuss several
possibilities and open questions for future research in Section 8.2.

8.1 Summary of the Thesis
In Chapter 2, we presented the notations used in this thesis and introduced the
theoretical foundations of PDE constrained optimal control and shape optimization.
We recalled several theoretical results required in the rest of the thesis, such as the
adjoint approach for optimal control problems, shape calculus, and the averaged
adjoint approach for shape optimization from [168].
We presented our novel open-source software package cashocs in Chapter 3, which

we developed as part of this thesis and which we used to obtain the numerical results
of Chapters 4 and 7. Our software package utilizes the finite element software FEniCS
to discretize and automate the adjoint approach discussed in Chapter 2, facilitating a
straightforward solution of PDE constrained shape optimization and optimal control
problems. After briefly presenting our software’s architecture and functionalities,
we considered two model examples which illustrate the straightforward applicability
of cashocs. Finally, the numerical investigation of these examples showed that our
software achieves mesh independent behavior for the solution of PDE constrained
optimization problems.
In Chapter 4, we proposed and examined novel nonlinear conjugate gradient

(NCG) methods for PDE constrained shape optimization. For this purpose, we
presented the Riemannian view on shape optimization from [159] and the Steklov-
Poincaré-type metrics for shape optimization from [161], which are the basis for the
NCG methods. Subsequently, we introduced a general algorithmic framework for the
solution of shape optimization problems into which the NCG methods are embedded.
Finally, we analyzed the performance of the NCG methods on several well-established
benchmark problems for shape optimization, where we compared them to the gradi-
ent descent and limited memory BFGS methods. The obtained results show that the
proposed NCG methods are efficient and appealing shape optimization algorithms.
After these general considerations of PDE constrained (shape) optimization prob-

lems, the remaining chapters focused on the optimization of industrial applications
in the context of microchannel systems. In Chapter 5, we investigated the theoretical
framework of a shape optimization problem for a microchannel cooling system. To
model the flow and temperature of the coolant, we used a Stokes system coupled to
a convection-diffusion equation. We analyzed this model theoretically, showing its
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well-posedness on domains transformed by the speed method. This is an important
ingredient for our analytical treatment of the shape optimization problem which we
considered subsequently. For this, we rigorously proved the shape differentiability of
the problem and calculated its shape derivative with the averaged adjoint approach
of [168], which we presented in Section 2.3.
The theoretical results of Chapter 5 are the foundation of our numerical investiga-

tion of the shape optimization problem for the cooling system, which we considered
in Chapter 6. There, we first introduced three additional reduced models for the
microchannel cooling system which we derived using a homogenization of the ge-
ometry and a dimension reduction technique. Furthermore, we adapted the shape
optimization problem to all of these models and presented the corresponding shape
derivatives and adjoint systems. Subsequently, a numerical comparison between the
reduced models and the original one from Chapter 5 showed that all reduced models
approximate the underlying physics very well. Finally, we solved the corresponding
shape optimization problems for all models and compared the models w.r.t. the op-
timization. Again, the obtained results showed that all reduced models approximate
the original one very well while requiring significantly less computational resources.
In Chapter 7, we considered our second application, namely the optimization of

a microchannel reactor using techniques from PDE constrained optimal control, for
which we considered the Sabatier reaction as example. After presenting our mathe-
matical model for the chemically reacting flow, we derived a one-dimensional model
using a homogenization of the geometry analogously to Chapter 6. Subsequently,
we determined the necessary kinetic reaction parameters for the models by means of
a parameter identification problem, which we solved numerically with our software
package cashocs. Finally, we examined the numerical optimization of the reactor
with cashocs for the following two problems: First, we considered the reactor’s wall
temperature as optimization variable with the goal of optimizing its product yield.
Second, we used the wall temperature and the inlet gas velocity as optimization vari-
ables with the goal of maximizing the reactor’s flow rate, while sufficient product
quality was ensured via a state constraint for the reactant conversion. The obtained
results showed great potential for improving the design of microchannel reactors.

8.2 Future Research
The work presented in this thesis leaves space for further investigations in several
directions.
Further development of our software package cashocs, which we presented in Chap-

ter 3, is possible in, e.g., the following directions: The implementation of additional
numerical optimization algorithms for PDE constrained optimization is desirable
as this gives users even more possibilities and freedom for solving their problems.
Moreover, as explained in Chapter 1, there have been lots of recent developments re-
garding the modification of algorithms for shape optimization, such as the restricted
mesh deformations in [49] or the nearly conformal transformations considered in [91].
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These techniques could be implemented in cashocs to facilitate the solution of shape
optimization problems.
For the nonlinear conjugate gradient methods of Chapter 4, a theoretical analy-

sis of the methods on infinite-dimensional manifolds, particularly in the context of
shape optimization, is an open problem (cf. [149]). Moreover, the application and
investigation of the proposed NCG methods to other shape optimization problems,
in particular large-scale industrial problems, is of great interest.
There is also the possibility of further theoretical analysis for the shape optimiza-

tion problem (5.6) from Chapter 5: The question whether the shape optimization
problem admits a minimizer is an interesting and challenging task. Moreover, the
rigorous calculation of second order shape derivatives for this problem is an addi-
tional research possibility, and considering a topological sensitivity analysis in this
setting is also of interest.
These problems are, of course, related to the numerical shape optimization from

Chapter 6. In particular, the second order shape derivatives could be used in a shape
Newton method for solving the problem, and the information obtained from the
topological sensitivity analysis would be very useful for a topological optimization
of the cooling system. For the latter, one could consider, e.g., using a different
amount of channels or adding flow-guiding structures to the in- and outlet domains
in order to obtain optimized geometries, which could subsequently be optimized
by means of shape optimization. Naturally, it would also be of great interest to
manufacture cooling systems based on our results from Chapter 6 and to examine
their performance for industrial applications.
Similarly, our results from Chapter 7 could also be transferred into practice so that

they could be tested for a real microchannel reactor. To facilitate this, our reactor
model could be extended to include, e.g., more sophisticated reaction mechanisms
for the Sabatier process or the RWGS reaction. Moreover, one could also consider
other reactions or more complex reactor settings, where, e.g., multiple reactions occur
consecutively or in parallel, and investigate optimization problems similar to the ones
considered in this thesis for such settings.
Finally, there are lots of research possibilities regarding the models and optimiza-

tion problems presented in this thesis. One could investigate a shape optimization
problem for the microchannel reactor of Chapter 7 which is, e.g., aimed at improving
its product yield. Moreover, one could combine the problems considered in Chap-
ters 5 to 7 and consider an entire microchannel system consisting of a reactor coupled
to a cooling system. The modeling, simulation, and optimization of such a coupled
system analogously to the ones considered in this thesis is a challenging open prob-
lem. However, the reduced models introduced in this thesis could be used as building
blocks for the simulation and optimization of such a system as they require signifi-
cantly less computational resources but still approximate the underlying physics very
well.
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