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Abstract

The high complexity of civil engineering structures makes it difficult to sat-
isfactorily evaluate their reliability. However, a good risk assessment of such
structures is incredibly important to avert dangers and possible disasters for
public life. For this purpose, we need algorithms that reliably deliver esti-
mates for their failure probabilities with high efficiency and whose results en-
able a better understanding of their reliability. This is a major challenge, es-
pecially when dynamics, for example due to uncertainties or time-dependent
states, must be included in the model.

The contributions are centered around Subset Simulation, a very popu-
lar adaptive Monte Carlo method for reliability analysis in the engineering
sciences. It particularly well estimates small failure probabilities in high di-
mensions and is therefore tailored to the demands of many complex problems.
We modify Subset Simulation and couple it with interpolation methods in
order to keep its remarkable properties and receive all conditional failure
probabilities with respect to one variable of the structural reliability model.
This covers many sorts of model dynamics with several model constellations,
such as time-dependent modeling, sensitivity and uncertainty, in an efficient
way, requiring similar computational demands as a static reliability analysis
for one model constellation by Subset Simulation. The algorithm offers many
new opportunities for reliability evaluation and can even be used to verify
results of Subset Simulation by artificially manipulating the geometry of the
underlying limit state in numerous ways, allowing to provide correct results
where Subset Simulation systematically fails. To improve understanding and
further account for model uncertainties, we present a new visualization tech-
nique that matches the extensive information on reliability we get as a result
from the novel algorithm.

In addition to these extensions, we are also dedicated to the fundamental
analysis of Subset Simulation, partially bridging the gap between theory and
results by simulation where inconsistencies exist. Based on these findings,
we also extend practical recommendations on selection of the intermediate
probability with respect to the implementation of the algorithm and derive
a formula for correction of the bias. For a better understanding, we also pro-
vide another stochastic interpretation of the algorithm and offer alternative
implementations which stick to the theoretical assumptions, typically made
in analysis.
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Chapter 1

Introduction

The complexity of numerical models for evaluation of engineering structures
is constantly increasing. Although computational power is also rapidly in-
creasing, typically a single analysis can take hours or days (Stocki et al.
(2017), Yi et al. (2020)), even on multi-core machines (Bourinet (2018)).
Development of highly efficient tools for reliability evaluation is thus cru-
cial for an adequate assessment of engineering structures and still a major
challenge. These tools require, beyond a high efficiency, a strong theoretical
basis and also verification of their functionality in practice. First, since the
complexity of analysis of such structures can make it impossible to decide
whether results for real applications are reasonable or not. Second, the con-
sequences of bad assessment can be severe and even cost human lives. This
extremely unfavorable combination requires the utmost caution which has
led many researchers to contribute to this field and to continuously improve
methods for reliability evaluation.

One can either use deterministic methods such as the First Order Relia-
bility Method (Hasofer and Lind (1974)), typically referred to as FORM, and
Second Order Reliability Method (SORM) (e.g. Fiessler et al. (1979), Bre-
itung (1984), Tvedt (1990)) or approach the reliability evaluation by Monte
Carlo methods. High dimensional integration and highly non-linear or only
implicitly given limit state functions (Schuëller and Pradlwarter (2007), Au
and Wang (2014), Su et al. (2017), Chehade and Younes (2020)) make reli-
ability analysis of complex structures particularly challenging. The general
applicability of Monte Carlo methods, especially for highly non-linear limit
state functions, where FORM and/or SORM lead to wrong results (see e.g.
Zhao and Ono (1999), Grandhi and Wang (1999), Bourinet et al. (2011)),
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high-dimensional problems (Schuëller et al. (2004)) or shortcomings associ-
ated with multiple design points which are hard to overcome (Der Kiureghian
and Dakessian (1998),Zhao and Ono (2001)), and the technological advances,
have made the Monte Carlo approach an important tool in structural reliabil-
ity analysis. Due to its high computational costs when exploring small failure
probabilities, several methods to improve its efficiency have been introduced
(see e.g. Engelund and Rackwitz (1993), Koutsourelakis et al. (2004)) and
enhanced in various directions. Popular methods are, among others, Subset
Simulation (SuS) (Au and Beck (2001b), Ching et al. (2005), Papaioannou
et al. (2015), Au and Patelli (2016)), Line Sampling (Koutsourelakis et al.
(2004), De Angelis et al. (2015)) or a Monte Carlo based extrapolation tech-
nique developed in Bucher (2009) (also compare Naess et al. (2009), Qin
et al. (2012)). These methods were originally developed to evaluate the
failure probability with respect to structures with given stochastic proper-
ties and expected demands. Assuming a fixed model, the algorithms rely
on importance sampling schemes where failure probabilities are calculated
by exploring specific regions of the variable space, often accurately deliver-
ing results for the given probabilistic model, but providing little information
about deviations from the model, especially when they are not very small.
This is necessary as only small parts of the sample space are relevant for
failure and exploring the whole variable space is often infeasible. So, these
methods are static by nature as they trade efficiency by locally restricted
information for robustness and global information.

Dynamic Models: A Substantial Challenge As opposed to the static
nature of Monte Carlo methods relying on importance sampling, the demand
for efficient analysis of dynamic models, where several model constellations
are relevant, is high for many reasons. First, stochastic properties of engi-
neering structures change over time (see e.g. Stewart and Rosowsky (1998),
Czarnecki and Nowak (2008), Li et al. (2015b), Schneider et al. (2017)), re-
quiring an analysis which accounts for the evolution of stochastic properties
with respect to time. Situations such that the effects of time-dependent
model dynamics result in a non-negligible change of the failure probabilities,
frequently appear if structures are deteriorating or if demands, such as traffic
volume, change or if inspections yield new information about the structure.
Second, uncertainties or sensitivities with respect to the stochastic model
(e.g. Song et al. (2009), Guo and Du (2009),Wei et al. (2013), Yun et al.
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(2018a)) play a major role in adequate decision making. When we have only
little knowledge about the model, it is clear that we have to quantify these
uncertainties and check the corresponding consequences. Particularly slightly
wrong model assumptions must not propagate and dramatically increase fail-
ure probabilities. Also, we should identify the most important impacts on
reliability and account for uncertainty propagation and sensitivity of the fail-
ure probability with respect to the variables of the model (compare e.g. Wei
et al. (2012), Yun et al. (2018b)). Third, in reliability based design opti-
mization (see e.g. Au (2005), Beck and de Santana Gomes (2012), Melchers
and Beck (2018), Bourinet (2018)) we need to consider several constellations
of the stochastic properties of the structure or sensitivities thereof. Facing
a constrained optimization problem also considering the design costs, only
allows to draw meaningful conclusions if the corresponding reliabilities can
be estimated accurate enough at a feasible computational demand. Observe
that the given distinction of dynamic models is not strict and methodologies
used in one case can as well serve in another case.

The calculation of such models for complex structures in a feasible time is
often difficult. The naive approach of repetitive evaluations for relevant con-
stellations of the model will often result in infeasible computational demands.
Therefore, developing methods to particularly address the efficient computa-
tion of dynamic models is given increasingly much relevance for quite some
time now. However, regarding the evaluation of small failure probabilities,
it is a challenging task to keep exploring important regions of the sample
space while keeping the necessary number of limit state evaluations low and
trying to collect information about different model constellations such as by
uncertainties or time-dependence. The reason is that we are now confronted
with several important regions of the state space, each belonging to a spe-
cific model constellation. These can be close to each other in the state space,
but they may also differ substantially. Additionally, it may also be difficult
to identify interesting model constellations and those which have to be ex-
plored by priority, as relevance also depends on the failure probability which
is not available in advance. Current approaches use repetitive calculations
for a selected number of constellations (e.g. Schneider et al. (2017)), surro-
gate models (Bourinet (2018)), determine local sensitivities with respect to
distribution parameters (Song et al. (2009)), add uncertainty to get an aug-
mented reliability problem (Au (2005)) to receive more information but with
lower resolution, compute boundaries for the failure probability (De Angelis
et al. (2015), Alvarez et al. (2018)) or consider interval probabilities (e.g.
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De Angelis et al. (2015)). In time-dependent reliability, there are a number
of specialized methods to compute failure probabilities. These are, for ex-
ample, first passage based methods (Andrieu-Renaud et al. (2004), Shi et al.
(2017)), extreme value based methods (Li et al. (2007), Du (2014)) or surro-
gate models (Zhang et al. (2017), Bourinet (2018)) which allow to attain low
computational costs but trade accuracy for this efficiency. Surrogate models
are promising, but, as they are based on approximations, might also lack
accuracy sometimes. Current models may in particular reach their limits in
high-dimensional or certain complex problems (Bourinet (2018)).

These approaches work very well in many settings. However, according
to the difficulty at exploring several important regions of the sample space,
they often require high computational costs or achieve low accuracies for
estimated failure probabilities if many constellations are considered and in
particular if these differ substantially, for example if distribution types of
stochastic variables are changed. This is often inevitable, since crucial mod-
ifications will, at some point, make it impossible to derive information from
several such models at the same time, so some restrictions are certainly re-
quired. Most existing approaches are either focusing on local properties of
model dynamics or rely on approximations that may fail in case of complex
structures. Even if we get a solution, we often remain uncertain about the
correct derivation of the failure probability, as we often rely on Black Box
models for computation. Thus, besides the consideration of efficiency in dy-
namic models, we additionally need to examine the statistical properties of
the utilized algorithms and try to include information on unknowns or uncer-
tainties in the model, their effects on the resulting failure probabilities and
an adequate presentation thereof.

The high Potential of Subset Simulation In our contribution, we face
these three challenges by extending the statistical analysis of Subset Sim-
ulation, introducing a novel algorithm for efficient reliability evaluation of
dynamic models and presenting a new visualization technique that matches
very well to the extensive information on reliability we get as a result from
our algorithm. The developments are largely based on the algorithm Sub-
set Simulation or at least on the principles thereof. As a consequence, our
proposed new algorithm rather does not compete with approaches for dy-
namic models of structures for which it is also not beneficial to use Subset
Simulation in general. Comparative studies on efficiency were carried out in
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Schuëller et al. (2004), Schuëller and Pradlwarter (2007), Seplveda and Faber
(2019). We mainly focus on improving the analysis of such structures where
Subset Simulation performs good and in addition on those that may not yet
be well analyzed in some dynamic settings by algorithms based on it.

The reason for a focus on Subset Simulation and its extension is, asides
from its high efficiency, is also as follows. Its incredible popularity across
many disciplines suggests that the algorithm defines an important tool for
reliability evaluation with remarkable properties. Originally developed for
estimating reliability of structures exposed to uncertain earthquake ground
motions (Au and Beck (2001b)), it has also been found to suit problems
in research fields such as aerospace (Pellissetti et al. (2006)), nuclear (Zio
and Pedroni (2012)), and geotechnical engineering (Phoon (2008), Au and
Wang (2014)), failure rate of nanoscale circuits (Sun and Li (2014)), estima-
tion of impact probabilities of asteroids (Romano et al. (2020)) and incident
prediction in flight safety (Wang et al. (2014)). Recently, on top of these
important fields of study, it was also shown that Subset Simulation is an
interesting candidate for use in dealing with current challenges: analysis of
complex networks such as critical infrastructures (Zuev et al. (2015), Zuev
and Beer (2018)) and considerations with respect to climate change (Yang
and Wang (2014), Elsheikh et al. (2014), Song and Wang (2016), Xiao et al.
(2019)). This is not surprising, because a special characteristic of Subset
Simulation is that it suits high-dimensional problems particularly well, so
that it is natural to consider it as a good option for analysis of such large
and complex systems. One reason for the widespread use of the method
is most likely its simplicity, making it easy to understand and implement.
Many problems of the future will certainly be interdisciplinary, so the basic
knowledge of the algorithm is also advantageous in discussions, where dif-
ferent perspectives and terminology might already be challenging. Another
advantage is the information it provides beyond a failure probability esti-
mate. By exploring the failure domain of the variable space with Monte
Carlo, it provides states that most likely result in failure of the structure so
that critical properties and importance of individual stochastic variables of
the structure can be identified. This way, it might provide insights into the
mechanics behind failure and thereby enable engineering experts to judge the
result afterwards.

On the other hand, apart from its great advantages, there are also some
challenges we have to deal with. A very critical one, which has to be consid-
ered is given in Breitung (2019). Indeed, it is demonstrated that for specific
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structures, Subset Simulation can systematically underestimate the failure
probability. This issue has to be given attention, particularly for complex
structures where an interpretation of the result is often difficult.

Main Contribution The main contribution of this work is the introduc-
tion and study of a novel algorithm ’Subset Simulation Interpolation’ (SuSI)
in Chapter 5 and Chapter 6. It couples Subset Simulation with interpolation
methods and can efficiently evaluate all relevant conditional failure probabil-
ities with respect to one variable of the probabilistic model. Chapter 5 yields
the introduction, implementation and statistical analysis of the algorithm
and Chapter 6 provides tests by simulation as well as application opportuni-
ties. Both approaches for analysis, theoretical and practical, suggest similar
computational demands as for an ordinary Subset Simulation evaluation of
a static model. In contrast to ordinary Subset Simulation, the algorithm
collects direct information about failure probabilities of the structure in ev-
ery subset to get more information despite similar effort. Thereby, we also
receive information about reliability of substantially differing constellations
of the probability model.

As briefly discussed in the introduction, limitations regarding the consid-
ered dynamic model appear to be inevitable. Therefore, we need to specify a
dynamic model, the algorithm will focus on. Our limitation is the reflection
of dynamics by one model variable which needs to have a monotone effect on
the limit state function and to be independent of all other stochastic model
variables. Detailed information on this dynamic model is given in Chap-
ter 2. Although this might seem quite restrictive at first, it yields several
non-obvious opportunities regarding dynamic models. Consider for example
an artificial time variable that has an effect on many stochastic properties
of the structure. Furthermore, it can be capable of solving problems where
Subset Simulation yields wrong results. Therefore, we could use it for vali-
dation of Subset Simulation results, identifying cases where it systematically
fails. This is particularly interesting because both algorithms perform well
on the same type of problems so that it could generally be used, not only for
derivation of stand-alone results, but also as a backup test and to generally
identify structures where Subset Simulation fails. This is a big step towards
a solution to the main drawback of ordinary Subset Simulation. These ex-
amples for application, and additional ones, are given in Chapter 6 as well
as Chapter 8. Also note that additional information on uncertainty or sen-
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sitivity can be explored in our new algorithm by applying similar methods
as those developed for ordinary Subset Simulation. The same applies to
methods for increased efficiency. There is not much direct competition, since
the algorithm differs greatly in the information provided and its structure.
However, it retains the basic principle and fundamental structure of Subset
Simulation, so that the same or similar methods for increased efficiency and
information will often apply for it too. So our approach can also be combined
with others and provide additional information or efficiency on top of them.

Apart from Subset Simulation Interpolation, we also dedicate ourselves to
other topics centered around Subset Simulation, although the main purpose
remains extending knowledge related to the new algorithm. First, we shortly
review ordinary Subset Simulation, in particular its fundamental analysis and
extensions for dynamic models, in Chapter 3. An extension of its stochastic
interpretation follows in Chapter 4, dealing with the discrepancies between
theory and practice in simulations. This allows for an easier modification of
Subset Simulation in meaningful ways, thus helps building and understand-
ing the novel algorithm. Nevertheless, this chapter also provides important
stand-alone results for ordinary Subset Simulation. In Chapter 7, we dis-
cuss efficient calculation of a specific time-dependent model which can be
considered as a particularly efficient special case of our main contribution.
Lastly, we present a new visualization technique that perfectly utilizes the
extensive information on reliability received in this special case, and also by
our novel algorithm, in Chapter 8. A detailed list of all contributions is given
in Section 2.3 and the corresponding scope in view of applicability is stated
in Section 2.4.





Chapter 2

Scope and Methodology

In this chapter, we introduce the considered dynamic reliability model, show
how we measure efficiency of algorithms and provide a list of our contributions
to reliability analysis of complex structures.

2.1 Reliability Estimation

Given a structure of any kind, we want to know the probability that it is
capable to fulfill the demands for which it was designed for. We would
like to remain as general as possible and only if necessary resort to certain
special cases, such as with respect to model dynamics where a specification
is indispensable. First, we state the general reliability model.

2.1.1 General Reliability Model

Let X := (X1,X2, ...,Xd) be a continuous d-dimensional real-valued and
non-degenerate random variable, where the Xi, i = 1, ..., d, are called basic
variables (or stochastic properties) of the structure. Their probability density
functions (pdfs) are f1, f2, ..., fd while fX denotes the joint pdf. The basic
variables represent properties of the structure as e.g. material properties,
geometric features or loads which the structure is exposed to. In this setup,
we would like to know the probability that a function g : D → R with
D = (D1, ..., Dd) ⊆ Rd, called limit state function, takes a value smaller than
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some threshold b∗ ∈ R given the stochastic properties of the structure:

E
[
1{g(X)<b∗}

]
= P (g(X) < b∗) =

∫
D

fX(x)1{g(x)<b∗}dx (2.1)

The case g(x) < b∗,x ∈ D corresponds to failure of the structure. We thus
also write pf = P (g(X) < b∗) and call it the failure probability. Correspond-
ingly, we call the probability L = 1− pf of the complement {g(X) ≥ b∗} the
reliability of the structure. In the following, we will refer to such a model with
fixed constellation (i.e. one evaluation of (2.1)) by the name ’static model’.
Many more formulations of reliability models are stated in e.g. Melchers and
Beck (2018).

Correlations. When correlations are present, it is convenient to derive
a solution by transforming the random variables X into independent stan-
dard normal ones. Typical transformations are Rosenblatt (Hohenbichler and
Rackwitz (1981)) or Nataf transformation (Der Kiureghian and Liu (1986)).
See Li et al. (2008) or Xiao (2014) for more information on how to efficiently
implement a Nataf transformation. Also see e.g. Bourinet (2018) for detailed
information on how to apply these transformations in reliability evaluation.
As this is the general procedure to deal with correlated random variables, we
can equivalently solve the corresponding version of Equation 2.1 in Gaussian
space. This transformation will, with only a few exceptions, not be addressed
in this work. However, it is important to keep in mind that it can be utilized
so that we are not restricted to models with independent variables. Our
contribution as well suits cases where correlations are present. Violations of
this statement, requiring independence for specific variables, will explicitly
be addressed.

2.1.2 Complexity and Efficiency

As our analysis aims at comparing the efficiency of different algorithms, we
need to define our indicator for efficiency. Our focus lies on the analysis of
complex engineering structures. Thus (2.1) is generally hard to solve and
evaluation of it takes a significant amount of time. First, we have to specify
the properties of so-called complex structures in this dissertation.

Assumption 2.1.1 (Complex Structures). In general, we make the following
assumptions for (2.1) to represent the given complexity (compare Zuev et al.
(2015)):
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(S1) There is no explicit formula for 1{g(x)<b∗}.

(S2) Evaluation of g(x) for a given realization x of X is considered as the
significant computational demand.

(S3) The dimension d of X is large (e.g. d ≥ 100).

(S4) The failure probability pf is small. Typically pf ≈ 10−j, j = 3, ..., 9.

These assumptions need not all to be fulfilled for every structure, but
we want to guarantee that structures with all these characteristics can be
considered in our contributions. This thesis focuses on general concepts and
methods for dealing with complex structures. Accordingly, no finite element
methods or external programs, which again would be common in analysis
of complex structures, are used in our presented examples. Instead, exam-
ples with explicit limit state functions are given. This allows for a better
traceability of the results and especially to recognize limits of the presented
methods, because then more information such as the geometry of the limit
state function is available. However, regarding the assumptions, in particular
the high dimensionality of X makes it impossible to solve (2.1) analytically,
demanding for specific algorithms which can give approximate results in a
feasible computation time. Now every algorithm needs a specific number
of total function evaluations ET of this expensive integral to achieve a spe-
cific accuracy. Next, we state how the efficiency of such algorithms will be
measured.

Definition 2.1.2 (Measuring Efficiency). We measure the efficiency of an
algorithm by the value of its Mean Squared Error (MSE(ET )) with respect
to its total number of limit state evaluations ET . As a representative, we
consider the relative root mean squared error (rRMSE) with respect to the real
failure probability pf for ease of interpretation. Thus, if an algorithm delivers
a lower MSE (resp. rRMSE) than another algorithm for the same number of
total function evaluations ET in an application, it is considered more efficient
for the corresponding analysis. When pointing out specific properties of the
distribution of results by simulation, we will also provide other benchmarks,
such as mean absolute error or empirical quantiles, to get a more holistic
impression. In some special cases, such an extension of information can be
extremely important. Otherwise, it may remain unclear, for example, whether
we underestimate or overestimate the probability of failure.
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Counting the number of limit state evaluations, neglecting other compu-
tational demands such as generating random variables or performing low di-
mensional integration, is due to the fact that typically evaluation of g is very
expensive and yields the main computational burden (cf. Zuev et al. (2015))
as stated by Assumption (S2). Exceptions are sometimes briefly discussed
in our analysis. If no relevant bias exists, the rRMSE naturally reduces
to the coefficient of variation (CV). Regarding the measure for efficiency,
another approach would be to look at intervals that contain specific values
with a given probability. This has the advantage of allowing us to evaluate
probabilities of benchmark violations, but requires to assume a distribution
that might be unknown. Anyhow, empirical estimations of quantiles in ex-
periments are feasible. Typically we need many assumptions to derive the
properties of advanced stochastic algorithms, so that one should combine
results from statistical analysis and simulation.

Remark 2.1.3. It is important to take into account both, theoretical and
simulation based results in analysis of advanced algorithms for complex struc-
tures to avoid drawing only example based conclusions for specific situations
or stand-alone theoretical ones that do possibly not suit practice.

This is particularly important, since in applications we will typically face
Black-Box-like limit state evaluations (compare (S1)), e.g. by a tremendous
complexity of underlying numerical computations, so that it is often practi-
cally impossible to decide whether results in reliability analysis are reasonable
or not. Ensuring the accuracy of the applied methods is therefore extremely
important.

2.2 Focus: Dynamic Models

We particularly examine the special case of dynamic models, where the model
constellation is not fixed and changes in the underlying stochastic model oc-
cur. However, instead of allowing arbitrary dynamics in the model, we choose
a dynamic model where all dynamics can be attributed to one stochastic vari-
able of the model. This variable is referred to as ’dynamic variable’ Xk. At
first, this might seem very restrictive, but in practice this yields the poten-
tial to cover many interesting realistic settings while being computational
feasible. Situations that can be covered are e.g. knowing a dominant vari-
able of the model, having most uncertainty in one variable or representing
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time effects by some time-dependent stochastic process which is part of the
limit state function. The opportunities are widespread, also often allowing to
approximate even more sophisticated settings by e.g. artificially introduced
stochastic variables. Some useful cases will be demonstrated in Chapter 6
and in Chapter 8. Alternatively, also the analysis of robustness or sensitiv-
ity of pf with respect to the choice of the pdf fk of Xk or its parameters is
captured in the dynamic model this way.

In all these cases, the model (2.1) then needs to be evaluated for several
different pdfs fk of the stochastic variable Xk. We can rewrite the structural
reliability equation (2.1) with conditional failure probabilities with respect
to the dynamic variable Xk, resulting in

pf =

∫
Dk

P (g(X) < b∗|Xk = y)fk(y)dy . (2.2)

Since we are interested in dynamic models here, i.e. we want to compute the
reliability for several different models of Xk, the assumption of independence
of Xk is made.

Assumption 2.2.1 (Independence). The basic variable Xk is independent
of all other model variables Xi, i ∈ {1, ..., d} with i 6= k.

This assumption is necessary to allow computing Equation 2.2 by a simple
one dimensional integration for several pdfs fk, once P (g(X) < b∗|Xk = y)
is calculated for all relevant y ∈ Dk. To demonstrate the necessity of the
assumption of independence of the dynamic variable Xk, an example of a
stochastic model with present correlations is given in Appendix A. Otherwise,
for different joint distributions the conditional probability P (g(X) < b∗|Xk =
y) could have different values (compare Appendix A). Furthermore, we will
also add another assumption which is not required for the same purpose but
instead is utilized in our algorithm ’Subset Simulation Interpolation’, which
we introduce in this thesis (Chapter 5).

Assumption 2.2.2 (Monotonicity). The limit state function g is monotone
with respect to Xk. Without loss of generality, we further assume g(x1, ...,xd)
is increasing in component xk.

The algorithm will successively compute the conditional failure probabili-
ties similar to the procedure given in Subset Simulation for varied thresholds,
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so that the monotonicity condition allows to explore the domain of Xk, start-
ing at low deterministic xk and successively heightening its value.

Those assumptions are necessary to allow efficient reliability evaluation
of dynamic models with the novel algorithm. However, contributions given
in Chapter 4 and Chapter 7 deal with the standard static setting also. There
are many cases of structural reliability analysis where both assumptions hold.
Temporary loads, for example, often fulfill both assumptions naturally, as
those are caused by external effects and are often assumed to not interact
with any other stochastic property of the structure (neglecting fatigue ef-
fects). Alternatively, it can also be beneficial to introduce a new artificial
variable (e.g. a time variable), capturing the dynamic effects and fulfilling
both assumptions. Indeed, the opportunity to identify an artificial variable
as the dynamic variable offers many interesting applications, as demonstrated
in Section 6.2.

2.3 Contributions

Our main focus is on dynamic models. However, we do not limit ourselves
to reliability analysis of such dynamic models, but instead also examine the
fundamental basis of the newly introduced algorithm, ordinary Subset Simu-
lation. This way, we contribute to the understanding of this popular original
algorithm, before adding additional complexity (to suit dynamic models) in
the presented algorithm. We even benefit directly from our results as for
example a more flexible choice of parameter settings in ordinary Subset Sim-
ulation is shown to not reduce efficiency, providing more opportunities for
modification. Furthermore, a parameter state model for time-dependent re-
liability evaluation is presented. Some of the contributions have previously
been presented and published. The corresponding publications, if existent,
are referenced in the following. In detail, we make the following contribu-
tions:

• Chapter 3: We give a short overview on fundamental improvements of
Subset Simulation, modifications that are capable to deal with similar
dynamic models as the one proposed and sum up important challenges
ordinary Subset Simulation is confronted with.

• Chapter 4: A novel analysis and thereby derived enhancements of ordi-
nary Subset Simulation are presented. Our aim is to bridge the gap be-
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tween theoretic study and practical findings in simulations. This yields
an extension of the fundamental basis of Subset Simulation to explore
new opportunities for future modifications, such as in our proposed
algorithm, and provides information on fundamental understanding of
the algorithm:

– We extend the analysis of Subset Simulation by giving a novel
stochastic interpretation, thereby further improving understand-
ing of the algorithm.

– It is shown how, under weak conditions, the conditional proba-
bilities in Subset Simulation, which we refer to as intermediate
(subset) probabilities, typically desired to be equal to some fixed
probability p0 ∈ [0.1, 0.3], are theoretically independent. Differ-
ent results in simulations are discussed, explained and erased by
a slight change in the implementation setting that results in a
similar computational demand as not re-using seeds in the al-
gorithm. Also, evidence on independence of intermediate subset
probabilities is stronger for higher choices of p0 in the original
implementation.

– We show how the definition of the thresholds and seed selection for
Markov Chain Monte Carlo (MCMC) in Subset Simulation can be
brought in line with theoretical analysis, avoiding uncontrollable
effects. This also exposes that there might be a potential to have
a negative bias in current implementations of Subset Simulation.

– The chain length in MCMC was found to have a significant ef-
fect on the efficiency of Subset Simulation. If the chain length is
adequately adapted, we are not restricted to parameters such as
p0 ∈ [0.1, 0.3], but may instead also use higher p0, such as p0 = 0.5
or p0 = 0.8 with the same (for very low failure probabilities pos-
sibly even slightly higher) efficiency.

– We develop an explicit formula for bias correction of Subset Simu-
lation results which does not require asymptotic arguments. As a
consequence, also smaller sample numbers become an interesting
field of study, when they have an undesirable bias otherwise.

– In simulations, we provide evidence for the results by stochastic
analysis.
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• Chapter 5: A new algorithm ’Subset Simulation Interpolation’ is pre-
sented and analyzed theoretically. This is the first part of the main
contribution of the thesis.1

– We propose a novel algorithm, based on Subset Simulation, de-
signed for efficient reliability evaluation under model dynamics. It
efficiently computes conditional failure probabilities for arbitrary
probability distributions of one stochastic variable of the model.

– The algorithm combines Subset Simulation with interpolation meth-
ods. For interpolation, we use cubic splines as well as approxima-
tion by staircase functions.

– We prove that, under certain conditions, the computational de-
mand of the new algorithm is similar to that of a static reliability
evaluation by Subset Simulation. The constructive proof provides
a good basic understanding on the mechanics in evaluation by the
new algorithm.

• Chapter 6: This chapter extends Chapter 5 by practically studying the
new algorithm and showing application opportunities.

– We demonstrate similarity of the computational demand of the
algorithm with respect to ordinary Subset Simulation in simula-
tions, considering different failure probabilities, geometries of the
limit state function, dimensions and parameter settings.

– The algorithm is, as Subset Simulation, particularly good for ex-
tensive analysis of complex high-dimensional structures with small
failure probabilities. The form of our dynamic model allows for
new interesting fields of study because asking and answering more
sophisticated or new questions becomes computational feasible or
less demanding. Some examples are given for illustration, showing
for example an efficient evaluation of time-dependent reliability
or an extensive sensitivity analysis with respect to one stochastic
variable.

1The algorithm was first presented at ESREL2019 (Blandfort et al. (2019a)). Since
then it has been further developed, applications were extended and a theoretical foundation
was given. The results are presented in this dissertation.
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– Furthermore, we discover that modifications of the limit state
function geometry, present in the new algorithm, could be ex-
tremely beneficial since many different ways to compute the same
failure probability become available, while keeping most useful
properties of Subset Simulation. In particular, this does not re-
quire specific model assumptions, is supposed to be general ap-
plicable and can also deliver correct results in cases where Subset
Simulation (SuS) critically underestimates the failure probability.

• Chapter 7: A way to efficiently compute reliability in time-dependent
capacity-demand models by conversion of the original model to a pa-
rameter state model is presented.2

– Similar to our new algorithm, this approach is based on the repre-
sentation by conditional failure probabilities with respect to one
variable.

– Using mathematical properties of the model, all time-dependent
information is mapped to one variable, allowing to consider many
effects by analyzing changes in this one variable.

– Additionally, an explicit formula for calculation of time-dependent
reliability in this model, under consideration of survival of the
structure, is given.

• Chapter 8: We show how to illustrate results of dynamic models in a
comprehensive and informative way, using a visualization tailored to
the information given in our approaches.3

– It is shown how to visualize the results of Chapter 6 and Chapter 7
by heat maps, allowing to improve understanding of effects on
reliability by model uncertainties and dynamics.

– To demonstrate the visualization technique, several examples are
given, under dynamic models such as required for application of
SuSI and also in the special case where the parameter state model
is suitable.

2The contents of this chapter are a slightly altered version of Blandfort et al. (2021).
Many parts coincide, but we do not introduce the presented visualization technique here
and add references to SuSI.

3The content of this chapter is partially an extract of Blandfort et al. (2021), containing
but also extending the visualization part of it and applying it on SuSI additionally.
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– We consider examples of a concrete slab, a network problem, a
lossy transmission line and a two degree of freedom damped oscil-
lator.

• An implementation providing the novel algorithm ’Subset Simulation
Interpolation’ and the option for extended parameter settings in Sub-
set Simulation, as utilized in Chapter 4 as well as Chapter 7, is publicly
available at GitHub: https://github.com/FBlandfort/Subset-Simulation-
Interpolation.

2.4 Scope in View of Applicability

All of our considered computational approaches are based on SuS. Thus, they
deal with the reliability analysis of complex engineering structures. In partic-
ular, SuS efficiently evaluates small failure probabilities in high dimensions,
often present in the stochastic models for analysis of complex structures. The
scope of this thesis is as follows.

• Ordinary Subset Simulation (Chapter 3, Chapter 4):

– SuS can (theoretically) be applied on any static reliability model.

– The given analysis in Chapter 4 is mainly based on modern im-
plementations as described at the beginning of Chapter 4.

– Contributions in Chapter 4 are specialized on either small and
moderate or high sample numbers, but generally apply to ordinary
Subset Simulation.

• Subset Simulation Interpolation (Chapter 5, Chapter 6)

– If used for altering the limit state function only, SuSI can be ap-
plied on any static reliability model, just like SuS. Examples are
given in Section 6.2.3, where the alteration allows to receive cor-
rect results by SuSI where SuS systematically and severely under-
estimates the true failure probability.

– Considering dynamic models, SuSI can be applied on any dynamic
model such as described in Section 2.2. This dynamic model does
not necessarily need to be given in the stochastic structural model
directly, but can also be artificially changed into the desired form.

https://github.com/FBlandfort/Subset-Simulation-Interpolation
https://github.com/FBlandfort/Subset-Simulation-Interpolation
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• Parameter State Model (Chapter 7):

– The parameter state model, as well as SuSI, should be applied on
dynamic models, but is much more restrictive in the model com-
pared to SuSI. In the static case, it already requires a capacity-
demand (R − S) reliability model with independent R and S
and demands represented by a single stochastic or deterministic
variable. If time-dependent effects are included into the model,
this single stochastic variable S must additionally belong to the
location-scale family (e.g. Gaussian, Cauchy, Uniform, Gumbel).
Note, the roles of R and S can also be exchanged.

– The explicit formula for derivation of time-dependent reliability
with consideration of survival is derived for scalar time effects
only.

– For the ability to transform the model to different reference pe-
riods (say, from fifty years to one year), S requires to follow an
extreme value distribution (Fréchet, Weibull, Gumbel)

– For more details, see Section 7.5.

• Visualization Techniques (Chapter 8)

– Visualization by heat maps with respect to the stochastic dis-
tribution of a single variable of the reliability model is always
applicable.

– Creation of the presented visualizations is efficient when the con-
sidered stochastic variable is computed with SuSI or in the pa-
rameter state model by SuS.

– The techniques can also be applied to simple models, but as SuSI
and SuS perform best at complex structures, it is also most ad-
visable to use these approaches for the latter.





Chapter 3

Subset Simulation

In this chapter, we review ordinary SuS (Au and Beck, 2001b), its state of the
art, remark on benefits and drawbacks and discuss future opportunities and
challenges. The reason is threefold. First, we want to give a better under-
standing of the algorithm, also to see how to increase its efficiency in Chap-
ter 4. Second, the novel algorithm presented in this thesis (see Chapter 5)
is based on Subset Simulation and therefore requires a substantial knowl-
edge of the original algorithm. Lastly, also in Chapter 7, Subset Simulation
is utilized as an optimal choice for efficient computation in the considered
time-dependent reliability model.

3.1 State of the Art

3.1.1 The Original Algorithm

Subset Simulation (SuS) was introduced almost two decades ago by Au and
Beck (Au and Beck (2001a), Au and Beck (2001b)). It is still a popular
method in reliability evaluation for small failure probabilities, especially for
high-dimensional problems. The main advantage might be its simplicity and
general applicability without much prior knowledge about the problem at
hand. It performs adaptively and works out of the box in most cases. SuS
computes the failure probability of a general structural reliability formula,
such as in (2.1), by computation of conditional probabilities. To do so, the
fact that g(x) < bi implies g(x) < bi+1 for x ∈ D, bi, bi+1 ∈ R and bi < bi+1

is utilized. A sequence of intermediate events F1 ⊇ F2 ⊇ ... ⊇ Fm ,m ∈ N, is
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Figure 3.1: Blandfort et al. (2019a). Illustration of Subset Simulation with
limit state function g(x1,x2) = x2

1/3 − 2x2 + 3, basic variables X1 ∼
N (3.2, 0.92) and X2 ∼ N (1.2, 0.13) and m = 3.

defined by Fi := {x ∈ D|g(x) ≤ bi} where b1 > b2 > ... > bm = b∗ guarantees
the subset property. By bm = b∗ the last subset is associated with failure of
the structure. We may thus compute the probability of failure pf by

pf = P (Fm) = P

(
m⋂
i=1

Fi

)
= P (F1)

m∏
i=2

P (Fi|Fi−1) .

This allows an effective evaluation of small failure probabilities by calculating
higher conditional failure probabilities, which generally requires less compu-
tational effort. As a consequence, a smaller total number of samples ET
is necessary to achieve the same estimation accuracy as for classical Monte
Carlo methods (Au and Beck (2001b)). The thresholds b1, ..., bm , defining the
subsets, are chosen adaptively, after sampling a subset. One samples Fi−1

in advance, then chooses a fraction p0 ∈ (0, 1) of samples with the lowest
limit state values and defines the new threshold bi as their highest limit state
value. The conditional probability is then given as P (Fi|Fi−1) by definition
of the threshold, where the corresponding estimate is given by p0. We refer
to this conditional probability as intermediate (subset) probability, also to
avoid confusion with other conditional probabilities studied in this thesis.
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Typically, one selects p0 ∈ [0.1, 0.3], which has been found to yield good effi-
ciency (cf. Zuev et al. (2012)). When approaching a new subset, we only have
p0N samples distributed according to it, when proceeding this way. Since we
need N samples again, a sampling procedure is necessary to create samples
accordingly. Otherwise, the sample number would be continuously decreased,
which would, most of the time, reduce efficiency significantly. The method
of choice for creation of samples is the Markov Chain Monte Carlo (MCMC)
method, which yields the main complexity of the algorithm but is often the
key to success for analyzing unknown probability distributions. Typically
a modified version of the Metropolis algorithm (Au and Beck (2001b)) or
conditional sampling (Papaioannou et al. (2015)) are used. Since exploring
properties when using MCMC has proved to be very difficult, the resulting
algorithm is mostly treated like a Black Box (e.g. Seplveda and Faber (2019))
and has statistical properties which are hard to examine. For a pseudo-code
of the algorithm, see Algorithm 1. Conventionally, seeds are kept (see Au
and Wang (2014)) in SuS, only requiring to produce (1 − p0)N samples by
MCMC in each subset. For detailed information, the reader is referred to
the original work Au and Beck (2001b) and to Au and Wang (2014)1. In the
next sections, we will also discuss state of the art in analysis and implemen-
tation of Subset Simulation and give a short overview on enhancements and
improvements of the algorithm. For an easier discussion, we next introduce
more notation regarding the SuS parameters. These have already been used
in the given pseudo-code of the algorithm (Algorithm 1).

Definition 3.1.1 (Number of Samples, Number of Evaluations). We refer
to the number of samples per subset by N . The resulting total number of
samples is given by NT = m ·N . The total number of evaluations is referred
to as ET and the corresponding number of evaluations per subset as E.

The relation stated for the number of samples does not apply for mea-
suring efficiency. Instead, the number of evaluations is the relevant charac-
teristic. Further information is given in Section 4.1 and Section 5.2.

Definition 3.1.2 (Number of Subsets). The correct number of subsets in

1A book containing a lot of details about Subset Simulation and the current state of
the art. It also well demonstrates many opportunities for using Subset Simulation as the
tool of choice for reliability evaluation, and provides a spreadsheet implementation.
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Algorithm 1: Subset Simulation (SuS)

Result: Estimated Failure Probability p̂f

Initialization. Define
N (number of samples in each intermediate step),
p0 (intermediate subset probability)

1. Procedure.
i = 1
create N Monte Carlo samples and evaluate limit state

function g
threshold bi := p0N -th lowest limit state value of samples

while subset threshold bi > b∗ do
create N new or (1− p0)N additional samples in subset Fi = {x : g(x) ≤ bi}

by MCMC and evaluate them
i = i+ 1
threshold bi := p0N -th lowest limit state value of samples

end
last subset level m = i
Fm = {x : g(x) ≤ b∗}
p̂m =

#samples in Fm

#samples in Fm−1

2. Simulation Result.
p̂f =

∏m
j=1 p̂j = p

m−1
0 · p̂m

Subset Simulation with respect to p0 and pf , is given by

m =

⌈
log(pf )

log(p0)

⌉
.

We refer to the corresponding realization of the estimator of m by m̂, reflect-
ing the number of subsets for a specific termination of Subset Simulation.

Additionally, with respect to MCMC sampling, we specify specific char-
acteristics that are always present in the sampling procedure.

Definition 3.1.3 (MCMC: Chain Elements). In each subset, the number of
seeds is given by Ns = p0N ∈ N. The number of chains for MCMC is given
by Nc ∈ N, Nc ≤ Ns and the chain length of each chain is Nl ∈ N.

Observe that for Nc = Ns we have to set Nl = 1 +
1−p0
p0

to receive N =

p0N + (1− p0)N = Ns +Nc · (1−Nl) subset samples. This choice is typical
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in SuS implementations and only an appropriate definition for p0 ≤ 0.5. At
first, those definitions might seem unnecessary with respect to the standard
implementation where we always have Nc = Ns and corresponding Nl. Later
on, we will show how those can indeed become important and variation of
those parameters changes efficiency of the algorithm drastically.

3.1.2 Enhancements: A Short Overview

Because of its high popularity, Subset Simulation has been significantly en-
hanced, improved and applied in many different fields of application, where
many researcher have explored its strength and potential for analysis. Thereby,
many ways to modify it for accelerated convergence or problem specific tasks
were given. In the following, we give an extract of the developments of the
algorithm and try to classify each according to its targeted benefits. We
focus on topics relevant for, or closest to, our own contributions, the ordi-
nary SuS algorithm, fundamental analysis and improvement thereof as well
as modifications with the potential to efficiently analyze dynamic models.

Analysis and Enhancements of Ordinary SuS

Fundamental Analysis and Enhancements Subset Simulation was first
presented in Au and Beck (2001b) (also compare Au and Beck (2001a)) to
compute first-excursion failure probabilities of oscillating systems, e.g. a five-
story shear building exposed to earthquake motion. Beyond the introduction
of the novel algorithm, a fundamental analysis of its statistical properties was
given. This analysis and the given discussion on challenges and assumptions,
still define most of the basis for theoretical analysis of the algorithm to this
day. In Zuev et al. (2012) the point estimate ’estimated failure probability’,
resulting by one run of SuS, was extended to a distribution of the true fail-
ure probability. The derivation is based on Bayesian statistics and the result
is correspondingly introduced as ’Bayesian Post Processor’. Additionally to
this, also a statistical analysis for selection of an optimal p0 was given. In-
dependent from the development in engineering, there was also progress in
analysis of SuS in the rare event mathematical literature. There, however,
the procedure is named ’Sequential Monte Carlo’ or ’Splitting’ and similar
algorithms were first introduced in Cérou et al. (2006) and Johansen et al.
(2005). In particular, Cérou et al. (2012) is a good reference for asymp-
totically derived results on statistical analysis. A very detailed overview on
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several aspects regarding SuS is given in Au and Wang (2014) that also sums
up many previous findings and discusses some open questions. The book pos-
sibly makes the best basis for introduction to the topic ’Subset Simulation’
and also yields a spreadsheet implementation of the algorithm. Papaioannou
et al. (2015) and Au and Patelli (2016) focus on efficient MCMC sampling
and allow to decrease the dependency of generated MCMC samples in SuS,
providing increased efficiency of the algorithm. More information on these
contributions is given in Section 3.1.3, where some results are explicitly stated
and discussed in more detail.

Increased Efficiency Trough Modified or Extended Approach Be-
sides fundamental analysis and improvements of the algorithm, there has also
been development on modifications of the basis of Subset Simulation. For
example Ching et al. (2005) utilizes splitting instead of MCMC to improve
the efficiency for reliability estimation of dynamical systems, applicable to
first-passage problems. In Katafygiotis and Cheung (2007), spherical Sub-
set Simulation which computes the failure probability by dividing the failure
domain into subregions and the auxiliary domain method, are presented.
Researchers keep the algorithm under constant development up to date. Re-
cently it was proposed in Abdollahi et al. (2020) to use a fitness-based seed
selection in SuS, preferring more probable samples over others in MCMC for
increased efficiency.

In contrast to beforehand mentioned changes of the core of SuS, many
approaches that aim at an increased efficiency by utilizing meta models have
been developed. For example Bourinet et al. (2011) uses support vector
machines and in Papadopoulos et al. (2012) neural networks are utilized to
increase efficiency of SuS. This well demonstrates that there is still much
room for enhancement of SuS, as the algorithm is very generic and provides
non-failure and failure samples whose implicit information can be used in
many ways.

Approaches with a Potential for Efficient Evaluation of Dynamic
Models

An important field in research is the modification of the algorithm to suit
demands of a specific selected engineering problem. By adapting SuS to a
given problem type, which can then be calculated more efficiently, some gen-
erality is lost and other cases are solved less efficiently. Nevertheless, such
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approaches are important to solve certain problems in a feasible time or to
generally achieve the maximum performance possible. Some of the devel-
oped methods can potentially be used for dynamic model evaluation. This
paragraph aims at providing a brief (and certainly not exhaustive) overview
on such methods, to clarify the difference of existing approaches to our novel
algorithm, presented in Chapter 5.

In Au (2005), an augmented reliability problem is considered, allowing
to use SuS for efficient calculation of design sensitivity. The paper focuses
on design optimization and is based on selecting at least one originally de-
terministic design parameter to be stochastic. Using ordinary SuS on this
augmented reliability problem then provides information on reliability with
respect to selection of this design parameter. Such conditional failure prob-
abilities are then presented by means of a histogram, where larger intervals
reduce the introduced stochastic noise. Note in particular that Au (2005)
does not provide failure probabilities with respect to distributions of the
selected parameter as it was found that spurious noise will typically be in-
troduced on the probability density function. Such an extension would most
likely need a high number of samples to get a good estimate, particularly
in the subsets that contain much information on failure probabilities. Song
et al. (2009) focuses on sensitivity of the failure probability with respect to
the distribution parameters of the stochastic variables. This method pro-
vides local information. To calculate the reliability of several limit state
functions, Hsu and Ching (2010) derives one variable correlated with all per-
formance functions by a principal component analysis and then conditions on
this representative to evaluate approximate failure probabilities. If multiple
stochastic responses need to be considered, generalized Subset Simulation
(Li et al. (2015a)) can be a good choice. It tackles the ’sorting difficulty’ for
choosing subset seeds when multiple limit states are considered so that sort-
ing according to the limit state value is not unique anymore. It constructs
a unified intermediate event instead, allowing to evaluate several limit state
functions simultaneously. Boundaries for failure probabilities, using random
set theory, are computed in Alvarez et al. (2018). A sequential approach
for time-dependent analysis of deteriorating structures is given in Kim and
Straub (2019) (also compare Schneider et al. (2017)). There, it is utilized
that the reliability of deteriorating structures decreases with respect to time
and thus allows to reach the failure region by SuS faster when starting with
the last relevant time instant. Starting in reverse order then allows to eval-
uate failure probabilities with respect to the limit states at different times
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in an efficient way, using samples of previously evaluated time instants for
successive evaluation of all time instants.

Subset Simulation Interpolation (SuSI): A Different Approach

The discussed methods focus either on local sensitivities or on evaluation of
a selected number of constellations. If many limit states are considered and
particularly a dynamic variable Xk can take substantially differing distribu-
tions, such methods may result in high computational efforts. In contrast,
when using SuSI, evaluation of several constellations needs no additional
computations so that we are not so much affected by the number of con-
sidered limit states with respect to the selected distribution of the dynamic
variable Xk. To achieve this, our presented algorithm has two new main
features:

• The way subsets are created is modified substantially, evaluating fail-
ure sets with respect to the dynamic model variable Xk. This allows
to collect information on failure regions in many (up to all) subsets,
exploring the sample space very efficiently.

• A conditional failure probability function, allowing to evaluate reliabil-
ity with respect to any distribution of Xk, is provided by extension of
the discrete solution set of the individual subset levels by interpolation.

With respect to the first point, note that developing meta models based on
this information could provide an even more efficient algorithm. Additionally,
a new way to explore the sample space for reliability evaluation by MCMC
provides a completely different way to derive a solution for a reliability prob-
lem while keeping the general remarkable properties of SuS. This might not
appear to be a great benefit at first, but it does, among others, provide the
opportunity for increased evidence on results by calculation solutions with
several methodologies while having the big advantage that SuSI and SuS
perform well on the same type of problems, not needing to account for a
not well suitable method for verification of results. As a consequence of the
second point, high accuracies for many constellations of Xk can be achieved
at the costs of a small number of total evaluations.

Remark 3.1.4. Although based on Subset Simulation and keeping most of its
remarkable properties, there is no direct competition to most existing methods
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based on Subset Simulation since such modifications might additionally be
utilized in the presented approach. Instead, its novelty guarantees interesting
fields of study based on the provided knowledge of enhancements of Subset
Simulation.

The fundamental difference of the novel algorithm makes it particularly
interesting to explore opportunities for combination with existing methods
such as Au (2005) or Song et al. (2009), as the samples in individual subsets
have not been utilized further to its fullest potential yet, as in some of the
discussed methods, in our algorithm. We could possibly explore uncertainty
with respect to several dimensions at computational costs similar to a static
reliability evaluation with SuS. This could deliver important information in
such settings, because, as stated in Au (2005), the computational demands
typically grow exponentially with the number of variables to be explored,
which generally seems to be an inevitable drawback when targeting on multi-
dimensional information and prevents us from such a sophisticated analysis.

Besides the advantages of the algorithm, there are of course also disadvan-
tages as well. First, our dynamic model variable is restricted to the assump-
tions it is based on, monotonicity with respect to the limit state function and
independence of the dynamic variable with respect to all other variables of
the model (compare Section 2.2). However, note that the dynamic variable
does not need to be a variable of the original problem formulation and can be
artificially created instead. Second, although the costs are similar as in SuS,
they are often slightly higher because some extra evaluations are necessary
in the new way subsets are created. As last and possibly worst disadvantage,
SuSI has a higher complexity in analysis and implementation compared to
SuS.

3.1.3 Brief Summary of Assumptions and Selected Fun-
damental Analytical Results

In this section, we outline the fundamental state of the art in analysis of the
algorithm, to start with a strong basis for discussing our own contributions
later.

Two very important points that define the character of the algorithm
”Subset Simulation” are estimation by conditional probabilities and sample
creation by Markov Chain Monte Carlo. Because Subset Simulation samples
from an unknown probability distribution and tries to find certain regions of
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the sample space that induce failure by the available information by already
created samples, it can be understood as an adaptive sampling method or
similarly as an importance sampling scheme where the importance sampling
function is implicitly computed adaptively on the fly. The algorithm was first
introduced in Au and Beck (2001b), already providing a strong fundamental
statistical analysis of SuS and defining the basis for analytical results on SuS
up to date. The general procedure for application is also shortly discussed
in Section 3.1.1. In the following, we will formally account for extensions in
understanding of the algorithm by analysis as well as discuss steps towards
state of the art implementations with highest efficiency available today. In
detail, we briefly review the topics ’Assumptions and Basic Properties of
SuS’, ’Efficient MCMC Sampling’, ’Analytical Results: Bias and Variance
Formula’ and ’Optimal Intermediate Probability p0 Selection’. We start by
listing relevant assumptions, made to draw conclusions in analysis.

Assumptions and Basic Properties of SuS

This paragraph gives an overview on some assumptions made in many ap-
proaches for analysis of SuS. All these assumptions were first introduced in
Au and Beck (2001b).

An often made assumption that mainly focuses on a simplification of
notation is the following.

Assumption 3.1.5 (Integer Number of Subsets). The number of subsets m
is assumed to be integer

m =
log(pf )

log(p0)
.

In general this does not result in much loss of generality. Another as-
sumption that, on the other hand, is crucial and restrictive at the same time
is that N is big enough.

Assumption 3.1.6 (Asymptotic Considerations). We assume high sample
numbers N .

Our results are asymptotic ones because it is not clear how high N needs
to be for the, under this assumption, drawn conclusions. However, moder-
ately high N (e.g. N = 1000 for p0 = 0.1) are expected to lead to sufficiently
accurate results, in line with theoretical derivations, often. Assumption 3.1.6
is very important to proceed with an appropriate statistical analysis in many



3.1 State of the Art 31

cases. Another assumption, often made, is an a priori selection of the subset
thresholds.

Assumption 3.1.7 (Pre-defined Thresholds). We assume the subsets Fi,
i = 1, ...,m, or equivalently the thresholds bi to be defined a priori so that the
true intermediate probabilities are equal to p0 in every subset.

This allows to consider the estimated intermediate probabilities in SuS as
stochastic, which they indeed are not in real implementations of the algorithm
where they are set to the constant p0 for all subsets except for the last one.
Still, results derived under such an assumption should be similar for high N ,
and hence often lead to good enough results while they may simplify analysis
drastically. Thus we will stick to Assumption 3.1.7 in the introduction and
analysis of our new algorithm Subset Simulation Interpolation. On the other
hand, since Chapter 4 is dedicated to a rigorous stochastic analysis of the
properties of Subset Simulation, we will drop it in the following chapter in
order to derive exact results. Next, regarding MCMC sampling, we can not
guarantee the samples to be distributed according to the true distribution
in general for small or moderately high N . We refer to such considerations
under the term ’ergodicity’.

Definition 3.1.8 (Ergodicity). MCMC sampling or its corresponding MCMC
chains are called ergodic, if the distribution of samples created by MCMC
sampling follow the limiting stationary distribution.

In Subset Simulation, we sample according to the true distribution of the
corresponding subsets if ergodicity is given.

Assumption 3.1.9 (Ergodicity). The Markov chains in Subset Simulation
are assumed to be ergodic, i.e. their distribution does not depend on the initial
state.

For high N , the algorithm becomes more and more similar to a robust
standard Monte Carlo simulation so that for high enough N we will have
ergodicity. Often used in statistical analysis at first, followed by a later
adjustment to real settings, is the following assumption that would hold
under perfect MCMC sampling.

Assumption 3.1.10 (Within Subset Sample Independence). The samples
in each subset are considered mutually independent.
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Efficient MCMC Sampling

First of all, note that we do not focus on MCMC. Thus, we will just discuss
it very shortly, although it is a crucially important topic regarding efficient
Subset Simulation. For more detailed information, than provided here, on
this topic, we refer to Au and Wang (2014), Papaioannou et al. (2015), Au
and Patelli (2016).

For MCMC sampling, a modified version of the Metropolis algorithm was
introduced in Au and Beck (2001b), which allows for a much more efficient
sampling in high dimensions. Choosing the proposal pdf2, the distribution
according to which new potential samples are created in MCMC sampling,
was already identified as challenging. This distribution defines how new
subset samples are produced by the subset seeds. The most critical part is
the selection of an appropriate ’distance’ from the last chain element (by
setting the variance of the proposal pdf) where new samples are created
preferentially. It requires finding a good balance between not rejecting too
many samples as a consequence of a too high variance of the proposal pdf
and sampling very close to original samples due to a low variance. Too high
or low variance both result in highly correlated samples by MCMC.

Remark 3.1.11. In traditional SuS implementations (e.g. Au and Beck
(2001b)), the variance of the proposal pdf is kept constant over all subsets,
which we will later refer to as non-adaptive methods.

The modified Metropolis algorithm works well for high dimensions and
fulfills the so-called reversibility condition2, which guarantees that samples
produced by MCMC remain in the same distribution as the original sample
they are created from.

Remark 3.1.12 (Reversibility Condition). All considered MCMC sampling
procedures in this dissertation satisfy the reversibility condition.

Thereby, if the original samples, used as seeds for a Markov chain, are in
the stationary distribution, new created samples by MCMC are also in the
stationary distribution in all considered MCMC sampling procedures. More
information and the corresponding proofs regarding the reversibility condi-
tion are given in Zuev et al. (2012), Au and Wang (2014) and Papaioannou
et al. (2015).

2See e.g. Au and Wang (2014) or Papaioannou et al. (2015) for more details.
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Regarding the challenging selection of the proposal pdf, current imple-
mentations provide an adaptive procedure. This procedure can improve ef-
ficiency by orders of magnitude and also substitute the modified Metropolis
algorithm by an efficient conditional sampling procedure (Papaioannou et al.
(2015), Au and Patelli (2016)).

Remark 3.1.13. In modern SuS implementations (see Papaioannou et al.
(2015)), the proposal spread for sampling is modified on the fly, so that the
acceptance rate of the samples stays close to an a priori selected target value,
known to provide good efficiency of the MCMC sampling.

A discussion on the relation of efficiency and acceptance rate in MCMC
sampling is also given in Zuev et al. (2012).

By the reversibility condition, it is known how to remain in an attained
stationary distribution belonging to a subset of Subset Simulation and that
all considered approaches in this dissertation do so (Remark 3.1.12). Whether
the sample seeds by MCMC are in the stationary distribution from start or
not is thus the next important point to be discussed and is closely connected
to ergodicity (Definition 3.1.8).

Remark 3.1.14 (Ergodicity: Number of Chains and Proposal Pdf). When
the number of MCMC chains or the variance of the proposal pdf is small, the
assumption of ergodicity (Assumption 3.1.9) can be violated. An easy exam-
ple for such a violation of ergodicity is given if there is only one MCMC chain
created and there exist several unconnected failure regions which are separated
by regions which too large to be crossed by the MCMC steps (compare Au and
Beck (2001b)). Then, one chain alone can not explore all relevant regions
at the same time so that the initial state of the Markov chain becomes rele-
vant, i.e. we are not in the stationary distribution of the simulated subset.
However, if the variance of the proposal pdf is chosen high enough, we may
always achieve ergodicity (Au and Beck (2001b)).

This concern regarding ergodicity is, among others, discussed in Au and
Beck (2001b). However, for a statistical analysis, we have to assume that
ergodicity holds, since otherwise it is not clear at all which distribution we
sample from. The consequence is Assumption 3.1.9. A high variance of the
proposal pdf makes fulfillment of the condition more likely. Furthermore, it
is noted in Au and Beck (2001b) that the subset seeds already follow the
correct distribution by construction, as stated in the following remark.
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Remark 3.1.15 (No Burn-In). The seed samples landing in intermediate
subsets are distributed according to the corresponding subset. Correspond-
ingly, the stationary distribution in MCMC is reached immediately.

Thus, no burn in, which is a typical drawback in MCMC sampling, is
required. These points taken together, having ergodicity and keeping the
correct distribution by MCMC sampling, means that we are indeed sampling
from the desired distribution of the subsets.

We can only sample from this specific distributions at the cost of depen-
dency of the created samples by MCMC sampling. Therefore, it is recom-
mended to compute the effective independent subset sample number in each
subset Fi after termination of the algorithm.

Assumption 3.1.16 (Effective Number of Samples). The effective number
of samples in subset Fi with N samples is assumed to be given by N/(1 + γi)
with (Au and Beck (2001b))

γi = 2

N/Nc−1∑
k=1

(
1− kNc

N

)
ρi(k) ,

where ρi(k) is the empirical autocorrelation of lag k in subset i.

The autocorrelation corresponds to the sequence of indicator variables of
an MCMC chain, indicating whether the sample is in the next subset or not
{I(i)

j,k : k = 1, ..., N/Nc}. For an exact derivation, see Au and Beck (2001b).
We refer to γi as the correlation factor of subset i, i = 1, ...,m and γ̄ is
defined as the average correlation factor over all subsets levels. Assump-
tion 3.1.16 implicitly assumes that different MCMC chains are uncorrelated
with respect to the indicator function. A comprehensive overview, covering
these and some additional aspects of MCMC in SuS is also given in Au and
Wang (2014). Under usage of the correlation factor, we can now reformulate
Assumption 3.1.16 as setting γi = 0 for all i = 1, ...,m. In general, an average
dependency term γ̄ is often first left out of analysis and added afterwards.
This simplifies analysis considerably.

Analytical Results: Formulas for Bias and Variance

All derived formulas require Assumption 3.1.9, meaning that MCMC sam-
pling generates samples of the desired distribution.
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First, the coefficient of variation (CV) of each intermediate subset prob-
ability estimator is considered locally. Under Assumption 3.1.16, the CV of
the Bernoulli distributed probability estimator for the intermediate proba-
bility p0 = P (Fi|Fi−1), i = 1, ...,m, is given by

δi =

√
1− p0

p0N
(1 + γi) .

This local result is then utilized to derive results for estimation by SuS.
Under assumption of pre-defined thresholds (Assumption 3.1.7) and high N
(Assumption 3.1.6) the intermediate subset probability estimators naturally
follow a Gaussian distribution with known mean value p0, by the Central
Limit Theorem. This allows to derive boundaries for the relative bias (writing
B for the absolute bias) of the failure probability estimator P̂f with respect
to the true failure probability pf as (Au and Beck (2001b))

|B|
pf

=

∣∣∣∣∣E
[
P̂f − pf
pf

]∣∣∣∣∣
≤
∑
i>j

δiδj + o(1/N)

= O(1/N)

and coefficient of variation (CV) of P̂f given by (Au and Beck (2001b))

CV2 = E

( P̂f − pf
pf

)2


≤
m∑

i,j=1

δiδj + o(1/N)

= O(1/N) .

Note, this corresponds to a coefficient of variation that is O(1/
√
N). Under

assumption of uncorrelated intermediate subset probability estimators, this
reduces to

CV2 =

m∑
i=1

δ2
i
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which was found to well approximate results in simulations (Au and Beck
(2001b)). Also including the possible correlations between intermediate sub-
set probability estimators, another formula (under reformulation) is given in
Au and Beck (2001b):

CV =

√
| log(pf )|r

(1 + γ̄)(1− p0)

p0| log(p0)|rNT

, (3.1)

with r ≤ 3 considering the true correlation of the intermediate subset prob-
ability estimators.

In contrast to this analysis, in the mathematical literature, analysis of
the properties of SuS was done also by order statistics (Cérou et al. (2012)).
Here, it is assumed that the number of subsets coincides with the correct
number thereof (compare Definition 3.1.2), which is fulfilled with probability
one for N →∞ under weak conditions. Nevertheless, having e.g. pf = 10−4

and p0 = 0.1 violates this assumption, since then asymptotic arguments fail
as remarked in Cérou et al. (2012). Anyhow, asides from that, not much
generality is lost. The proof relies on derivation of the distribution of the
threshold of the last subset, because this threshold alone then yields the
estimated failure probability. For deriving an approximation for bias and
variance, a Taylor approximation is utilized. Although this is a completely
different approach, the resulting formula for the CV is similar, but does not
consider dependencies within subset samples, yielding (Cérou et al. (2012))

CV =
1√
N

√
m

1− p0

p0

+
1− pm
pm

. (3.2)

Additionally, an asymptotic formula for the bias is given (Cérou et al. (2012))

E

[
P̂f − pf
pf

]
−→

N→+∞

1

N

m(1− p0)

p0

.

where the formula was modified according to Assumption 3.1.5. Furthermore,
the distribution of the estimator is shown to be asymptotically normal, yield-
ing a complete definition for the distribution of the Subset Simulation result.
The requirements for this analysis are assumption of independence within
subset samples (Assumption 3.1.10) and high sample numbers N (Assump-
tion 3.1.6). Also the counterpart of Assumption 3.1.5 is necessary. Note
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that Equation 3.2 coincides with Equation 3.1 under γ̄ = 0 (independent
within subset samples), r = 2 (independent intermediate subset probabil-
ity estimators) and Assumption 3.1.5 (last intermediate probability is p0),

when substituting N = NT
m

and m =
log(pf )

p0
. Furthermore, for SuS under

fixed thresholds (Assumption 3.1.7), unbiasedness is claimed in Cérou et al.
(2012).

A third approach for analysis of the statistical properties of SuS is followed
in Zuev et al. (2012). In contrast to the other approaches, no asymptotic ar-
guments (no need for Assumption 3.1.6) are necessary and p̂f is assumed to be
given and pf is analyzed as if it was stochastic, corresponding to a Bayesian
approach after given a terminated SuS simulation run. The focus of this
analysis is the derivation of a Bayesian Post processor, giving a distribution
of an estimator for the true failure probability Pf after termination of SuS
instead of receiving only the point estimate p̂f . Thereby, confidence intervals
for the true failure probability may be derived. A necessary assumption for
derivation of the post processor is independence of within subset samples
(Assumption 3.1.10). This assumption is necessary to derive closed formu-
las most of the time but unfortunately contradicts the creation of samples
by MCMC, as utilized in Subset Simulation. More information is given in
Section 4.2, as our approach for analysis is similar, but differs in some sub-
stantial points such as in the assumed distribution of the intermediate subset
probability estimators and threshold selection. In Zuev et al. (2012), inter-
mediate probabilities are also assumed Beta distributed as in the presented
approach. Note, we use different parameters since our analysis is based on
order statistics.

Optimal Intermediate Probability p0

At first, recommendations for selection of p0 were made on the basis of simu-
lations, where p0 = 0.1 yields good results (compare Au and Beck (2001b)).
Later, a statistical derivation was given in Zuev et al. (2012), minimizing the
coefficient of variation with respect to p0. Utilized assumptions are, beyond
using an asymptotic formula (Assumption 3.1.6), independence of the aver-
age within subset sample dependency γ̄ of the selected intermediate subset
probability p0 and that no seed samples are re-used. It is concluded that
the coefficient of variation is insensitive with respect to p0 for p0 ∈ [0.1, 0.3],
reaches its optimum at p0 = 0.2 and becomes very bad for exceptionally
small or high values of p0. This is the state of the art recommendation for
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an optimal choice of p0 up to date. Under re-use of seeds (there is consensus
to do so), the formula however yields flat results for high p0 also. This un-
fortunately is found to contrast results by simulation, where the coefficient
of variation appears to increase for high p0. In Au and Wang (2014), this
finding is justified by an increased correlation between intermediate subset
probability estimators for increased values of p0.

3.2 Challenges

In this section, we state challenges in analysis and application of SuS. Indeed
there are many assumptions that have to be made for an adequate statistical
analysis and a few of those are clearly violated in some cases. This might not
always result in too bad consequences, but nevertheless it remains important
to discuss those and look for improvement. Most points have already been
identified in past research, but have not been solved so far. If we provide a
(sometimes only partial) solution to the stated challenge, a reference to the
corresponding section is given.

Asymptotic Analysis and Reality (Section 4.2). An important as-
pect which is particularly interesting with respect to derivation of practical
implications by statistical analysis is given in the next remark.

Remark 3.2.1. [Small Sample Numbers] As Subset Simulation focuses on a
reduction of computational demands and should be applied by repetitive runs
of the algorithm, small sample numbers (e.g. N = 1000) or even very small
sample numbers (e.g. N = 200) are of interest. The following three main
reasons for the relevance of small sample numbers are identified.

• Most importantly, one often uses trivial parallelization by splitting the
independent Monte Carlo runs into smaller chunks. Evaluation of a
reliability problem by Subset Simulation is typically performed by sev-
eral independent runs of the algorithm and a subsequent averaging over
all results. This may result in a small sample number of samples in
each SuS evaluation, even when a higher number of total evaluations
is feasible. Benefits by repetitive independent runs of the algorithm
are possible feedback on ergodicity considerations and achievement of
an empiric, problem specific, coefficient of variation. Both points are
important for a reliable assessment of the result by SuS.
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• Very expensive evaluations only allow for small N . This even becomes
increasingly relevant due to an ongoing increasing model complexity in
the engineering sciences.

• High intermediate subset probabilities p0 can result in small N . For any
given constant number of total sample numbers NT , the sample number
per subset N can be arbitrarily decreased by increasing p0.

In contrast to Remark 3.2.1, statistical analysis is often based on asymp-
totic arguments, made under the assumption of high sample numbers N per
subset. Results are then extrapolated to the lower sample cases, where ac-
curacy remains unclear (see Breitung (2018)). This is especially the case
for derivation of bias and coefficient of variation that aim at optimization of
the algorithm. In addition, asymptotic results avoid strict comparisons of
theoretical claims and verification of those by simulation, since discrepancies
might be caused by approximations. As a consequence, it is hard to judge
whether new manipulations of the algorithm improve it or not. Simulation
studies are computational demanding and only cover specific cases. The
Black Box ’Subset Simulation’, typically applied on many substantially dif-
fering applications as discussed in Chapter 1, is thus challenging to interpret
and to alter in a meaningful way.

Ergodicity, Stationarity and Adaptive Sampling (Section 6.2). If
the failure regions are not connected or if the steepest descent of the limit
state function, taken in the SuS procedure, does not lead to the most rele-
vant failure regions, then we might not get the correct results if the proposal
spread is not chosen exceptionally high. Several examples are given in Bre-
itung (2019), where it is shown how specific geometries of the limit state
function lead to bad exploration of the sample space and thus highly bi-
ased SuS results. For higher N and high proposal spread, this issue will
vanish. However, then the demands might be almost as high as for crude
Monte Carlo. In the new adaptive methods, desired acceptance probabilities
in MCMC sampling are tried to be kept also in higher subset levels. Accord-
ingly, the proposal spread is successively decreased and therefore ergodicity
issues become even more likely for higher subset levels than in the standard
procedure. The performance however is much better in the new methods so
that we still prefer these over the non-adaptive ones.
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Remark 3.2.2 (Ergodicity: Geometry of Limit State Function). There are
cases, where SuS does not explore the state space appropriately, leading to
systematically wrong results for typical choices of N . Some examples, result-
ing in a (sometimes heavily) biased result have been given in Breitung (2019)
and Bourinet (2018).

In particular, such systematically wrong results are typically (dangerous)
underestimations of the failure probability. It is thus extremely important
to find criteria for circumventing this problem. A promising approach is
presented in Section 6.2.

Stationary Distribution and Thresholds (Section 4.2). Another crit-
ical point is the way subsets are created. Indeed, the threshold of a subset is
selected so that it belongs to the limit state value of a sample seed, which is
contained in the same subset. Under re-use of seeds, this sample will surely
be contained in the next subset. If seeds are not re-used, still the new sam-
ples are correlated with the given sample. This sample however does not
follow the stationary distribution of the next subset as discussed in Breitung
(2018). On the one hand this will typically not have a significant impact on
the result. For low N , on the other hand, it could.

Remark 3.2.3 (Threshold Selection and Bias). The sample seed which de-
fines the threshold of a subset produces a bias on the SuS result.

So, in ordinary SuS there is a, to the authors best knowledge, not yet
analyzed bias.

Dependency or Independence of Intermediate Subset Estimates
(Section 4.2). The dependency structure between intermediate subset
probability estimators is unknown. Knowing the real dependencies would
be substantial for statistical analysis. It was found in simulations, that sta-
tistically derived formula for the coefficient of variation yield good results
for low p0, when independence is assumed. In contrast to that, for high p0

it is recommended to assume increasing dependencies between intermediate
subset probability estimators Au and Wang (2014). In Section 4.2, we show
independence of successive intermediate subset probabilities under specific
conditions on the sampling.
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Many Existing Implementations (Section 4.1). There exist many dif-
ferent implementations for SuS. As a consequence, it is hard to generally
draw conclusions as those might only be valid for specific implementations
and not suit others at all. This makes it important to specify the implemen-
tation, an analytical result is based on.

Inconsistency of Statistically Derived CV and Results by Simula-
tion and Thus Optimal Intermediate Probability Selection (Sec-
tion 4.1). The statistically derived CV formula fails to provide even ap-
proximate results for high p0. The discrepancy is big and therefore indicates
serious differences between theory and practice. A possible reason was given
by an increased correlation between intermediate subset probability estima-
tors when higher p0 are considered (see e.g. Au and Wang (2014)). Even
discrepancies to the existing recommendation of p0 ∈ [0.1, 0.3] by statistical
analysis (Zuev et al. (2012)) and performance in simulations have been found
at some points, such as in Li and Cao (2016). It was found that p0 = 0.3
leads to a significantly worse performance than p0 = 0.15, 0.2, 0.25. Note
that inconsistencies in CV formula and results by simulation do not allow to
adequately select an optimal p0 based on a theoretical basis, having a direct
impact on efficiency in application of SuS.

Distribution of the Result (Section 4.2). In general, the distribution
of the estimator by SuS is unknown. For high N it is Gaussian by the Cen-
tral Limit Theorem. However, for low N it was shown to rather look like a
lognormal distribution (Breitung (2019)). As a consequence of the inconsis-
tent or unknown distribution, it is of course also difficult to derive formulas
for bias and variance of the result. Also the derivation of good confidence
intervals for a small number of SuS realizations in practical application can
be challenging. We propose to split statistical analysis in high and low sam-
ple numbers generally, because of the crucial differences in both the cases
and particularly since many considerations are only relevant for low sample
numbers (compare Chapter 4). In particular formulas for the coefficient of
variation can not hold for both cases since for low sample numbers the heavy
tailedness of the lognormal distribution will drastically increase the CV in
comparison to higher sample numbers due to the difference in the shape of
the distributions.
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Repetitive Runs for Evidence by Simulation. In particular for small
sample numbers, the distribution of the result of SuS becomes increasingly
heavy-tailed. Examining such distributions by repetitive runs in a simulation
study needs exceptionally many simulation runs if exact results are required.
A few samples will lead to extremely high values and contribute significantly
to the total result. However, for higher sample numbers repetitive runs be-
come increasingly computational demanding, so that the number of repetitive
runs has to be decreased often. It is thus challenging to use simulation studies
for reliable results. If several independent studies are made, less independent
runs might be sufficient. Then, however, one has to be aware of the variation
of such results and should not consider them as precise outcomes.

Remark 3.2.4 (Necessity of Many Simulation Runs: Slow Convergence).
Simulation studies with Subset Simulation require many independent runs to
draw valid conclusions. The distribution of its results is given by a product
of random variables, resulting in a heavy tailed distribution of the results for
many N . If simulations should deliver exact results, e.g. when specific minor
effects have to be explored, many simulations are necessary to receive trust-
worthy results. A good choice would be to create at least 10, 000 independent
simulation runs. This is a recommendation for testing one constellation with
respect to theoretical analysis where exact results are required. If several sim-
ilar constellations are tested and only trends or less sensitive characteristics
are explored, then also fewer (e.g. 500 − 2000) repeated runs should suffice
the demands on accuracy. Furthermore, the feasibility of computation may
set lower limits.

Concluding, depending on the conclusion discussed, the number of repet-
itive runs for study has to be adapted carefully.

Consequence: Theoretical Study and Simulation. As a consequence
of the small sample numbers in simulations, the threshold selection, the dis-
tribution and the unknown dependencies between intermediate subset prob-
ability estimators, it is hard to predict effects of changing parameters in
SuS or to alter the algorithm in a meaningful way. There is evidence in
simulations on claims by statistical analysis, but there are also high discrep-
ancies in some cases. An example is the increasingly high CV for high p0

values. The question is, whether such discrepancies are the consequence of
small sample numbers, wrong assumptions or just a matter of approximation
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and simplification in statistical analysis in general. Explanation of such dis-
crepancies then needs to be assigned to specific shortcomings of the analysis
such as e.g. dependent intermediate subset probability estimators, the use of
small sample numbers or a low number of repetitive independent simulation
runs for examination. If the drawn conclusions suit reality, can often not be
shown with confidence. Chapter 4 partially bridges the gap between theo-
retical study and practical findings in simulations, analyzing SuS in detail,
particularly with respect to the above presented challenges.





Chapter 4

Subset Simulation:
Enhancements and Extended
Stochastic Analysis

As summarized in Chapter 3, there are many variants of ordinary Subset
Simulation. Aiming at general conclusions for Subset Simulation in this
chapter, we still need to differ between implementations, but only require
to consider properties which have to be specified in every implementation
of Subset Simulation. First, we always need to decide whether seeds of
previous subsets are re-used for evaluation of successive subsets or not. Sec-
ond, the type of Markov Chain Monte Carlo (MCMC) sampling is chosen
to be either non-adaptive or adaptive. Adaptiveness refers to adaption of
the spread of the proposal distribution to increase efficiency of the sampling
(cf. Remark 3.1.13). A difference between conditional sampling and modified
Metropolis algorithm is not made due to the comparably little difference in ef-
ficiency for high-dimensional problems (compare Papaioannou et al. (2015)).

Definition 4.0.1 (Implementations). Subset Simulation is naturally imple-
mented according to one of the methods (I1)-(I4), given in Table 4.1.

(I1) and (I2) refer to the traditional sampling such as in Au and Beck
(2001b) where (I3) and (I4) represent modern implementations. For more de-
tails on (especially modern) MCMC methods, see Papaioannou et al. (2015).
In addition to the existing methods (I1)-(I4), we also study additional, though
also essential, variants of the most efficient implementation (I4), given by
(I5) and (I6). Those have not been examined yet. A detailed introduction



46 Analysis of Ordinary SuS

Established methods
Method Re-Using Seeds Adaptive MCMC

(I1) No No
(I2) Yes No
(I3) No Yes
(I4) Yes Yes

New methods, based on (I4)
Method Bias Correction Drop Threshold Seeds

(I5) No Yes
(I6) Yes Yes

* If a star is added (e.g. (I4*)), we use the fixed chain length Nl = 10

Table 4.1: The Basis of Subset Simulation Implementation: We only consider
differences in inevitable characteristics of the implementation of the Subset
Simulation algorithm. These decisions must be made in every implementa-
tion. Usage of bias correction and threshold seeds are additional decisions
that were not examined before in the engineering literature, never using a
bias correction and always using threshold seeds in (I1)-(I4) by default.

is given in Section 4.2. As recommended in Section 3.2, we split analysis
of SuS into moderate to high and small sample numbers. Although most
results presented hold for both cases, there are good reasons to do so. We
next state two of them. First, although the claims that will be made in
Section 4.1 appear to be also valid for small N , the utilized formula for the
coefficient of variation was originally derived under the assumption of high
N . Second, the conclusions in Section 4.2 are more important for small sam-
ple numbers because the studied effects will often, except for independence of
intermediate subset probabilities (Remark 4.2.17), have a negligible impact
on results for high sample numbers. Our practical simulations are carried
out under adaptive conditional sampling with re-use of seeds (I4), according
to Papaioannou et al. (2015), and later with (I4*), (I5*) and (I6*). So, al-
though non-adaptive methods seem to be popular still, we will only use the
most efficient implementations for our simulations, since these offer the most
relevant information for future research and application.



4.1 Optimal Choice of Intermediate Subset Probabilities for
Moderate and High Sample Numbers 47

4.1 Optimal Choice of Intermediate Subset

Probabilities for Moderate and High Sam-

ple Numbers

Outline

The optimal choice of the intermediate subset probability p0, has not been de-
rived under explicit differentiation of available implementations (I1)-(I4) yet.
Therefore, we extend the existing analysis, showing that under current ad-
vances, the common choice of p0 = 0.1 (Au and Beck (2001b) or p0 ∈ [0.1, 0.3]
(Zuev et al. (2012)) is not necessarily optimal anymore. Instead, the length
of the Markov chains in Subset Simulation is identified as the most impor-
tant parameter for efficiency. In addition, we extend the analysis to support
choices such as p0 = 0.2 as an optimum in traditional implementations and
for improvement of the general understanding of Subset Simulation and dis-
cuss an aspect regarding the within-subset-sample correlations with respect
to the threshold selection. Our results in this section will often be based on
asymptotic arguments, as we condition on an asymptotically derived formula
for the coefficient of variation. We thus recommend to relate the derived re-
sults to moderate or high sample numbers and not necessarily for very small
sample numbers where we have to additionally account for the results of
Section 4.2.

Preliminaries

Our objective is to choose the intermediate subset probability p0 so that we
achieve the best possible accuracy (measured by CV) of the Subset Simula-
tion estimator P̂f with respect to a given number of limit state evaluations
E∗T (compare Section 2.1), i.e.

min
p0
{CV(P̂f ) : for E∗T limit state evaluations} .

In general, the coefficient of variation CV(P̂f ) is derived as (Equation 3.1
with r = 2 (Au and Beck (2001b)),Zuev et al. (2012))

CV(P̂f ) ≈
√

1− p0

p0(log(p0))2

(log pf )2

ET
(1 + γ̄) . (4.1)
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For a detailed derivation and explanation of the formula, see Au and Beck
(2001b) and Zuev et al. (2012). In the following, we thus analyze (4.1) in
order to optimize p0 for implementations (I1)-(I4).

To do so, we first need to account for the underlying total number of
limit state calls. If seeds are not re-used such as in methods (I1) and (I3),
then we simply have ET = NT = mN . On the other hand, if we re-use
seeds as samples in intermediate subsets, at subset levels i = 1, ...,m − 1 we
will already have p0N samples of the previous subset falling into the present
analyzed subset Fi by definition. To start the algorithm by classical Monte
Carlo, we require E = N limit state evaluations. Thus, when re-using the
seeds, only (1 − p0)N samples are left to create and evaluate in all subsets
except for the first one. Again, this is due to the intersections of successive
subsets including p0N samples. In total, this results in

ET = N + (m − 1)(1− p0)N = m(1− p0)N + p0N

limit state calls when re-using seeds. For small failure probabilities (also
compare (S4), Section 2.1.2) we have m>>1, so we approximately have

ET ≈ m(1− p0)NT .

We use this approximation for easier derivation and comprehensibility of
the results. However, it is straightforward to substitute the approximation
with the exact number of evaluations in the analysis. Note, we neglected
that rejection of candidates in MCMC may require fewer evaluations if the
acceptance rate of pre-candidates is less than one, e.g. in the (modified)
Metropolis algorithm. This, however, will not impact our analysis at all,
since we do not differ between different efficiencies of MCMC methods.

Remark 4.1.1. Concluding, with respect to the methods in Table 4.1 we
have the following total number of limit state calls:

(I1) ET = mN = NT

(I2) ET ≈ m(1− p0)N = NT (1− p0)

(I3) ET = mN = NT

(I4) ET ≈ m(1− p0)N = NT (1− p0)
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So, a first step for analysis of the computational demand, given by Equa-
tion 4.1 with respect to p0, is to replace NT by the corresponding number
of evaluations ET . This covers the discrepancy in implementation between
re-using seeds for evaluation and not using samples repetitively for evalua-
tion of different subsets. Next, we analyze γ̄(p0) in (4.1) which is found to
depend on the intermediate probabilities p0 and has not yet been extensively
analyzed under consideration of all beforehand introduced implementations
(I1)-(I4).

4.1.1 Dependency of Samples Within Subsets

The dependency of samples within subsets, represented by γi (see Assump-
tion 3.1.16) for subset Fi or the corresponding resulting average dependency
of all subsets γ̄, respectively, has a high impact on the coefficient of varia-
tion of Subset Simulation. It determines the effective number of independent
samples, generated by MCMC in each subset. A formula for estimation after
termination of Subset Simulation exists (see Assumption 3.1.16), but unfor-
tunately its theoretical analysis is a challenging task and it also depends on
the implementation of choice. Adaptive implementations aim at optimizing
the MCMC sampling so that sample dependencies and therefore γ̄ is mini-
mized. On the other hand, traditional implementations do not react to the
changed conditions in higher level subsets (also compare Remark 3.1.13).

Remark 4.1.2 (Higher Levels Produce More Dependent Samples). In tradi-
tional methods, a constant spread of the proposal distribution (Remark 3.1.11)
is chosen. Often, the proposal spread is started at a high level which was found
to yield better results than starting too low (Zuev et al. (2012)). The accep-
tance rate of MCMC is then typically good in the first subsets and decreases
with each subset, resulting in many rejections of samples and thus a higher
dependency for increasing subset levels. Evidence is given in Table 2 in Zuev
et al. (2012), where the acceptance rates are found to decrease significantly
with higher order subsets, so that correlations become high in high subset lev-
els such as F5 (under p0 = 0.1). Thus, it is plausible to assume dependencies
of samples within subsets to be increasing with respect to the subset number

0 = γ0 < γ1 < ... < γm .

Note, within the starting set we naturally have independence, i.e. γ0 = 0.
This is due to creation by standard Monte Carlo sampling.
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In the following, we will show how the average dependency γ̄(p0) in tra-
ditional methods (implementations (I1) and (I2)) depends on the choice of
p0 as a consequence of Remark 4.1.2. For introduction of notation and for
a better intuition on the main result, we start with an illustration of the
issue and also thereby conclude, as a first finding, that γ̄(p0) is increasing
with respect to p0. First, as we need to compare simulation runs for different
choices of p0, we need to make clear in the notation to which p0 parameters
belong.

Definition 4.1.3. For Subset Simulation with p0 and m =
log pf
log p0

integer, we

define bi,m the thresholds of the corresponding subsets Fi,m := Fi = {x ∈
D|g(x) ≤ bi,m}, i = 1, ...,m and γi,m, i = 1, ...,m the correlation factors.
For completeness, we also define the set F0 := {x ∈ D|g(x) < ∞}, where
b0 =∞ and γ0,m = 0 by standard Monte Carlo.

Example 4.1.4. Given pf , consider the following choices of p0 in Subset
Simulation:

• p0 = 4
√
pf = p

1
4
f :

b
p

4
4
f = pf

b4,4 = b∗

γ4,4

p
3
4
f

b3,4

γ3,4

p
2
4
f =
√
pf

b2,4

γ2,4

p
1
4
f

b1,4

γ1,4 γ0

• p0 =
√
pf :

b
pf

b2,2 = b∗

γ2,2

√
pf

b1,2

γ1,2 γ0

• p0 = pf :
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b
pf

b1,1 = b∗

γ1,1 γ0

Observe that the p0’s are chosen so that the corresponding thresholds b2,4 =
b1,2 and b4,4 = b2,2 = b1,1 coincide. This way, we may directly compare the
sampling efficiency of all three approaches.

Remark 4.1.5 (Dependencies and Threshold). In general, the value of γi, i =
0, 1, ...,m yields the dependency of MCMC samples in subset Fi. However,
basically, the difference between subsets is only given by their unequal thresh-
old values bi, so that γi shall directly depend on the threshold bi and only
indirectly on the subset level. It is also plausible to assume this effect to be
independent of the sampling history as the MCMC itself remains mostly un-
touched and the seeds are distributed according to the stationary distribution
directly (Remark 3.1.15). As a notation, we thus also write γ(b) for any
b ∈ R.

With Remark 4.1.5, we further conclude for Example 4.1.4 that γ2,4 = γ1,2

by b2,4 = b1,2 as well as γ4,4 = γ2,2 = γ1,1 by b4,4 = b2,2 = b1,1. This way, we
can relate to the cases m = 1, 2 also by thresholds and dependencies given
under m = 4.

Next, we look at the number of samples generated under each dependency
factor. Subsets are always defined based on the p0N samples which fall into
the next subset and are used as seeds for the next subset. As a consequence,
in subset Fi+1, i = 1, ...,m−1, we have p0N samples from the previous subset
Fi. These seeds can be used for evaluation of this subset too, depending on
the exact implementation used (see (I1)-(I4))). The seed samples of subset Fi
have been sampled under dependencies γi−1 given in the previous subset. The
missing (1− p0)N samples are sampled with its own dependency γi if seeds
are re-used. Otherwise, if seeds are not re-used, all N samples of subset Fi
are sampled with dependency γi. Note, although only creating (1−p0)N new
samples under re-use of seeds, p0N of those will again be used for evaluation
of the next subset so that we again have a total of N samples evaluated with
the correlation of this subset. Thus the difference is only existent at the
boundaries, which is also demonstrated in Example 4.1.6.
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Example 4.1.6. Using Remark 4.1.2, we show monotonicity of γ̄(p0) with
respect to p0 in Example 4.1.4, also considering the different implementation
cases:

• Seeds not used for sampling in next subset (I1):

– p0 = pf : γ̄(pf ) = γ0

– p0 =
√
pf : γ̄(

√
pf ) = 1

2
γ0 + 1

2
γ2 > γ0

– p0 = 4
√
pf : γ̄( 4

√
pf ) = 1

4
γ0 + 1

4
γ1 + 1

4
γ2 + 1

4
γ3

• Seeds are used for sampling in next subset (I2):

– p0 = pf : γ̄(pf ) = γ0

– p0 =
√
pf : γ̄(

√
pf ) = 1

2
(1 + p0)γ0 + 1

2
(1− p0)γ2 > γ0

– p0 = 4
√
pf : γ̄( 4

√
pf ) = 1

4
(1 + p0)γ0 + 1

4
γ1 + 1

4
γ2 + 1

4
(1− p0)γ3

The differences between (I1) and (I2) for p0 = pf and p0 =
√
pf are trivial

examples for the dependency of γ̄ on the choice of p0, regardless of seeds being
re-used or not.

Although the effect shown in Example 4.1.6 might also hold for modern
adaptive MCMC sampling, it is exceptionally higher for traditional methods.
Comparing p0 =

√
pf and p0 = 4

√
pf also shows that, for modern methods,

the effect becomes negligible for higher p0 whereas traditional methods are
potentially highly affected due to the strict monotonicity and a particular
steep ascent with respect to subset sample dependencies for higher order
subsets. As the resulting effect directly depends on the rate of increase in
γ0 < γ1 < ... < γm , we next introduce another notation to capture this
feature better and also derive a realistic assumption that simplifies analysis
drastically.

Definition 4.1.7 (Rate of Dependency Increase). The rate of increase of
the within subset sample dependencies is given by

cγ (i) :=
1 + γi

1 + γi−1

.

Additionally, we let

c∗γ :=

m∏
i=1

cγ (i) =
1 + γm
1 + γ0

= 1 + γm
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the maximal dependency factor of the subsets, assumed at lowest threshold
bm = b∗.

Remark 4.1.8 (Constant Rate of Dependency Increase). It is reasonable to
consider the rate of dependency increase per subset in Subset Simulation with
m =

log pf
log p0

subsets as a constant

cγ,m := cγ (1) = cγ (2) = ... = cγ (m) .

A constant rate is expected, since the probability of successive subsets is also
set at a constant changing rate P (X ∈ Fi) = p0P (X ∈ Fi−1), i = 1, ...,m by
definition. Thus the general structure by changing b in every subset, which
induces γ directly, belongs always to the same rate of change in probabil-
ity. As a consequence it is plausible that this is also reflected in the rate of
dependency increase cγ (i) by MCMC sampling under bi, i = 1, ...,m − 1.

Remark 4.1.8 particularly suits cases where pf is low and the number of
subsets is high, since it is easy to see that it is not correct for the switch
from direct Monte Carlo in the first subset to MCMC in the second one. For
higher numbers of subsets, this effect shall become negligible, but for smaller
total numbers of subsets m, it is vividly present. Furthermore, by definition
of c∗γ , Remark 4.1.8 implies

cγ,m = (c∗γ )
1
m .

We are now able to derive a reasonable rule for assigning average depen-
dencies to a given p0.

Proposition 4.1.9 (Dependency of Samples Within Subsets). The factor for
conversion to an effective independent sample number for evaluation under
non-adaptive MCMC and no re-use of samples (I1), under assumption of
integer number of subsets m (Assumption 3.1.5), is given by

1 + γ̄(p0) =
log(p0)

log(pf )

c∗γ − 1

(c∗γ )
log(p0)

log(pf ) − 1

.

Proof. If seeds are not re-used, all N samples used for evaluation of any
subset are newly created by MCMC sampling in the corresponding subset and
therefore have the average dependencies of samples within this subset. Thus,
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for the total number of subsets m ≥ 1, by Definition 4.1.7 and Remark 4.1.8,
we have under no re-using of seeds

1 + γ̄(p0) =
1

m

m−1∑
i=0

(1 + γi) =
1

m

m−1∑
i=0

i∏
j=1

cγ (j) =
1

m

m−1∑
i=0

ciγ ,m ,

with cγ,m as in Remark 4.1.8. This is a geometric series, resulting in

1 + γ̄(p0) =
1

m

c
m
γ,m − 1

cγ,m − 1
.

Using cγ,m = (c∗γ )
1
m , we get on the right-hand side

1

m

c∗γ − 1

(c∗γ )
1
m − 1

.

Then plugging in m =
log(pf )

log(p0)
(Definition 3.1.2 and Assumption 3.1.5) yields

the result

1 + γ̄(p0) =
log(p0)

log(pf )

c∗γ − 1

(c∗γ )
log(p0)

log(pf ) − 1

.

Under large m (resp. small failure probabilities), Proposition 4.1.9 also
approximately holds for traditional implementations under re-use of seeds
(I2), because, as demonstrated in Example 4.1.6, only the first and last subset
are affected.

Remark 4.1.10. In comparison to Proposition 4.1.9, modern implementa-
tions (I3,I4) use adaptive methods, thereby decreasing the increase in depen-
dency of MCMC samples per subset. For further details, see Remark 3.1.13.
Thus, changing p0 should not significantly affect the overall γ̄ in (I3,I4) with
regards to Proposition 4.1.9

γ̄(p0) ≈ γ̄ = const.

As a matter of fact, there is a change in c∗γ for different b∗. However, most
of the time it is magnitudes lower than for traditional methods. Nevertheless,
we have to remember that this is an approximation. In particular, boundary
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Figure 4.1: Effect of p0 on γ̄(p0) under different maximal MCMC dependen-
cies c∗γ . The failure probability was fixed to pf = 10−6, so that c∗γ also refers
to the MCMC sampling dependency in subset Fm = {x ∈ D|g(x) < 0} with
P (Fm) = 10−6. Keep in mind that an MCMC sampling corresponding to
this maximum dependency c∗γ is actually not performed in Subset Simula-
tion, because when reaching the last subset no additional MCMC sampling
is required.

cases such as p0 = pf , having γ̄ = 0 (standard Monte Carlo), will always
result in a bad approximation as we are generally far from perfect sampling
in MCMC.

Concluding, the factor for conversion to an effective independent sample
number for evaluation under traditional and modern MCMC sampling is
given by

(I1,I2): 1 + γ̄(p0) =
log(p0)

log(pf )

c∗γ−1

(c∗γ )

log(p0)

log(pf )−1

(I3,I4): 1 + γ̄(p0) ≈ 1 + γ̄ = const.

An illustration of the result is given in Figure 4.1, not considering the trivial
cases (I3) and (I4). The effect seems not to be very strong, but still allows a
better comparison of traditional and modern methods as well as an improved
understanding of the mechanisms of the Subset Simulation algorithm. Ad-
ditionally, if pf becomes low, we typically have very high c∗γ in non-adaptive
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MCMC sampling so that it must definitely be considered then. For exam-
ple, if c∗γ = 25 then 1+γ̄(0.1)

1+γ̄(0.6)
= 0.80 and for c∗γ = 100 even 1+γ̄(0.1)

1+γ̄(0.6)
= 0.73.

Simulations haven shown that such or even higher values are not unrealistic
in traditional MCMC sampling (see e.g. Zuev et al. (2012)), and appear fre-
quently for low enough failure probabilities due to the fixed proposal spread
which then leads to rejection of many samples in MCMC sampling. Also note
that c∗γ does not belong to a subset that is really evaluated in Subset Simu-
lation. Indeed, it belongs to b∗, the failure set where the algorithm stops and

no MCMC is performed. The quotient
√

1+γ̄(0.1)
1+γ̄(0.6)

then directly affects the re-

lation of the coefficients of variation. Continuing above exemplary relations,
we have an effect on coefficients of variation of

√
0.8 = 0.89 and

√
0.73 = 0.85.

Equivalently we could also state that we require 0.8 and respectively 0.73 as
much limit state evaluations as assumed before to achieve the same accuracy
in estimation since the change in average dependencies γ̄(p0). This is in fa-
vor of low p0 and yields one explanation for discrepancies between statistical
analysis and simulation (compare Section 3.2), particularly for traditional
SuS implementations (I1,I2).

4.1.2 Optimal Choice: Result

We put together our results in the following Theorem.

Theorem 4.1.11 (Coefficient of Variation: Based on Implementation). The
coefficient of variation is approximately given by

CV(P̂f , ET ) ≈
√

(1− p0)r

p0(log(p0))2

(log pf )2

ET
(1 + γ̄(p0))

with

1 + γ̄(p0) =
log(p0)

log(pf )

c∗γ − 1

(c∗γ )
log(p0)

log(pf ) − 1

.

for traditional implementations (I1,I2) and γ̄(p0) ≈ γ̄ ∈ [0,∞) for modern
methods (I3,I4). Parameter r is set to r = 1 if sample seeds are not-reused
(I1,I3) and r = 2 if they are re-used (I2,I4).

Proof. Follows directly by plugging the number of limit state evaluations (Re-
mark 4.1.1) and the dependency factor with respect to p0 (Proposition 4.1.9,
Remark 4.1.10) into Equation 4.1.
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Minimizing CV(P̂f , ET ) with respect to p0 is thus achieved by minimiz-

ing the corresponding approximation of CV(P̂f , ET ) for the chosen imple-
mentation according to Theorem 4.1.11. Results are then easily derived by
Figure 4.2. It is easy to see that the currently used and considered as best
parameter selections in the interval [0, 1, 0.3] (cf. Zuev et al. (2012)) are ro-
bust to the chosen implementation, but on the other hand are not always the
best ones according to Theorem 4.1.11, in particular for the most efficient
method (I4). This raises the question why high p0 are typically not used yet,
even in modern implementations. The reason is twofold. First, low p0 values
were found to outperform high p0 in the past where only methods (I1-I2)
were present. Second, simulations did not yet manage to reproduce the low
coefficients of variation for p0 > 0.3 as given in the illustration (compare e.g.
Au and Wang (2014), and Li and Cao (2016) even identifies p0 = 0.3 as prob-
lematic). Due to the high popularity of the algorithm, recommendations to
use low p0 were justified in many simulations, yielding undisputed evidence
for correctness, at least if sticking to the implementations used in the past.
Still, we need to find an answer on why theoretical findings could not yet
be validated in past simulations. The reason has to be the consequence of a
counteracting effect that is not considered in the analysis, which again raises
the question whether it can be prevented or not. Indeed, we will identify
such an effect and show that the former holds true. First, however, we want
to remark that Theorem 4.1.11 is based on some assumptions possibly not
fulfilled, as stated in the following Remark and Section 4.1.3.

Remark 4.1.12 (Modern Implementations: Constant γ̄?). The average de-
pendency of samples within subsets γ̄ is assumed independent of p0 under
adaptive MCMC. However, it is likely that also for modern methods the de-
pendency structure as described for the traditional methods still applies in a
weak form.

Indeed we also find evidence for partially falsifying the assumption of a
constant γ̄ in Section 4.1.3 with respect to p0 by simulation, even beyond
the facts mentioned beforehand. Nevertheless, other findings are found even
more important and underline the general result of a flat coefficient of vari-
ation curve above p0 ≥ 0.1 (also above 0.3), so that also higher p0 values
generally lead to good efficiency. In the next section, we identify the nat-
urally altered chain length in current implementations of SuS as the main
reason for the high discrepancies between theory and observation in simu-
lations. This also explains the high variations of the SuS results for high
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Figure 4.2: Comparing the Coefficient of Variation (CV) for all four im-
plementations (I1-I4). The failure probability is fixed to pf = 10−6 and
dependency capturing parameters are set to c∗γ = 50 in (I1,I2) and γ̄ = 3
in (I3,I4). We additionally marked the interval [0.1, 0.3] which is currently
considered to be the best choice for p0. The currently most efficient imple-
mentation available (I4) is highlighted by blue color and solid line. Building
the average value over all implementations aims at demonstration of an al-
ways acceptable choice of p0 when several implementations are considered to
be in use.
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p0, because the chain length (as given in Definition 3.1.3) directly depends
on it in current implementations. The relation is given by Nl = N

Nc
with

Nc = p0N so that Nl = 1
p0

, where for p0 > 0.5 and under re-use of seeds

we may not use all the potential seeds anymore so that we are required to
choose some of them at random for sample production. However, the same
procedure can be applied for lower p0 ≤ 0.5, then requiring to artificially
increase the chain lengths to receive N samples again. In Remark 4.1.13,
we define the resulting approach without loss of generality only under re-use
of seeds. Conventionally, seeds are re-used for an increased efficiency of the
algorithm.

Remark 4.1.13 (Artificially Increasing the Chain Length). [Compare Au
and Wang (2014), page 174 ”More or Fewer Chains”] We allow to pick and
use only a fraction cs ∈ (0, 1] of the potential number of seeds min{p0N, (1−
p0)N} as initial chain state, resulting in Nc = csp0N chains for p0 ∈ (0, 0.5]
and Nc = cs(1 − p0)N for p0 ∈ (0.5, 1) . The corresponding chain length is

Nl = 1 +
(1−p0)N

Nc
(also counting the seed sample),

Nl = 1 +
1

cs

1− p0

p0

for p0 ∈ (0, 0.5] and

Nl = 1 +
1

cs

for p0 ∈ (0.5, 1).

The opportunity to generate more or fewer chains in this manner has
previously been mentioned in Au and Wang (2014), but to the author’s best
knowledge never been investigated further. The idea why this approach might
improve efficiency considerably, is that for example p0 = 0.5 results in a nat-
ural chain length of Nl = 2, thus only one new generated sample for every
seed. If we think of a tree structure with the seeds in the first subset identi-
fied as roots, the distance of seeds will then be very low in comparison to the
case when longer chains are used. This low average distance again implies
a high autocorrelation by MCMC and thus results in high correlations of
the samples. In higher level subsets, this might increase correlations signif-
icantly, especially when double appearances of samples become likely. Also
the independence assumption between chains, often made for estimation of
correlations, is rather admissible for longer chains.
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4.1.3 Simulation Study

We want to add steps towards consensus of theory and simulation. Also, as
our aim is to explore the most efficient method and its optimal parameters,
we restrict ourselves to the most efficient implementation (I4), which was
found to outperform the other approaches (see Papaioannou et al. (2015)).
Our findings will also have the greatest effect on (I4). Reusing seeds is
clearly favorable as they provide information at no cost and there is consent
in doing so. In the following simulation study and intermediate discussion,
we aim at verification or falsification of the theoretical findings by practical
simulations. Although we can of course not give certain results due to the
exemplary character of the given simulations, its results will give evidence
and hold approximately in many situations. This will help us to possibly
identify wrong assumptions and to further optimize the algorithm by proper
parameter choices matching theoretical and practical findings. We restrict
ourselves to p0 = 0.1, 0.3, 0.5, 0.8, because this will most likely cover the most
relevant cases sufficiently while keeping computational efforts in simulation
low.

For demonstration, we consider examples ’Example 1’ (linear), ’Example
2a’ (convex) and ’Example 2b’ (concave) given in Papaioannou et al. (2015)
(also compare Fujita and Rackwitz (1988)). The corresponding limit state
functions are given by

g1(X) = − 1√
n

n∑
i=1

Xi + β (4.2)

g2a(X) = ηa −
1√
n

n∑
i=1

Xi (4.3)

g2b(X) = −ηb +
1√
n

n∑
i=1

Xi (4.4)

where in g1, X is a vector of independent standard normally distributed ran-
dom variables and in g2a and g2b, it is a vector of independent exponentially
distributed variables. The constants β, ηa and ηb allow to control the failure
probability. Because we know that the first subset is produced by indepen-
dent samples, a high weighted first subset might distort the results. Thus we
choose pf = 1 · 10−8, a very low failure probability, for simulation. Further
information is given in the discussion in Section 4.1.4. Table 4.2 shows the
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results generated by implementation (I4), using the classical chain length
of Nl = 1

p0
. Results by simulation in Table 4.2 contradict our theoretical

statement that for the adaptive methods p0 becomes flat from 0.3 on and is
generally not varying much with respect to p0. The bias appears to be low,
although not necessarily negligible, and similar for all p0. Now, although this
appears to reject our theoretical statements, we also see that the chain length
is decreased when p0 is increased. So indeed we also simulated the effect of

an altered chain length. This was a natural consequence of Nl = 1 +
(1−p0)

p0
,

following by the demand of constant N in every subset when re-using and
utilizing all seeds for MCMC in intermediate subsets Nc = p0N . The idea
now is that for similar chain lengths, the dependencies of samples generated
by MCMC might be similar, regardless of p0. Simulations of Figure 4.2 are
extended in Table 4.3 to examine this hypothesis.

Table 4.3 shows that the bias is increased for longer Markov chains, gen-
erally resulting in a higher coefficient of variation unless the bias is corrected
afterwards. The reason is unclear at the moment, but Section 4.2 will bring
some clarity (The bias created as described in and around Remark 4.2.8 could
be the reason). Nevertheless, simulations give evidence that the efficiency of
Subset Simulation is insensitive with respect to the choice of p0 ∈ [0.1, 0.8] if
the chain length is adapted properly. When adapting, it however is impor-
tant to remember that increasing the chain length does reduce the number
of chains so that ergodicity issues might become more relevant (cf. Au and
Beck (2001b), Au and Wang (2014)). Care has to be taken. Thus, we will
next also look at a higher number of samples to avoid the upcoming bias
and compare the results for more different choices of the chain length while
restricting ourselves to the linear limit state case as differences between the
limit state types appeared to be insignificant. Our aim is to figure out at
which point further increasing of the chain length will not lead to significant
efficiency improvements anymore. The results are unbiased up to 1.5% in the
worst case and generally smaller than 1% so that we refrain from showing
the estimated failure probabilities. Table 4.4 clearly shows that the choice
of the chain length can be optimized and has a significant, for high p0 one of
the most important ones, effect on efficiency. Also interesting is that for high
p0 the coefficient of variation was found to slightly increase again for very
high chain lengths. An illustration of the results in Table 4.4 is also given in
Figure 4.3. Under the premise that a higher number of chains is favorable
due to wanted ergodicity of the algorithm, one has to find a good balance
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p0 0.1 0.3 0.5
N 1000 650 520
pa 0.1 0.2 0.4
Nl 10 ≈ 3 2

linear ls 1.08 1.07 1.05
p̂f · 10−8 convex ls 1.05 1.06 1.03

concave ls 1.11 1.06 1.05
linear ls 0.58 0.81 1.21

CV convex ls 0.62 0.75 1.07
concave 0.64 0.84 1.06
linear ls 0.54 0.74 1.13

CV∗ convex ls 0.58 0.69 1.02
concave 0.58 0.77 0.99

Table 4.2: Efficiency comparison under varied p0 and chain length
Nl for different limit state types. Results are based on 10, 000 indepen-
dent simulation runs for linear and 2000 runs for convex and concave limit
state functions with implementation (I4). The total number of evaluations
ET under re-use of samples is approximately kept constant for all the choices,
resulting in different N with respect to p0. The adjusted coefficient of vari-
ation CV∗ is calculated with respect to the empirical means instead of the
true failure probability pf = 1 · 10−8 and is also corrected to an equal total
number of samples. This is an interesting comparison because the bias might
possibly be removed by proper sampling or transformation after termination
of the algorithm (cf. Cérou et al. (2012) and Section 4.2). At the same time
we try to keep the number of total proposal spread updates similar for all the
methods (c.f. pa, which gives the percentage of chains after which adaption is
performed). Underlying limit state function and basic variable distributions
are as in Papaioannou et al. (2015) Example 1 (linear), Example 2a (convex)
and Example 2b (concave) with dimension d = 10. The first column belongs
to the typical recommended choice of p0 and chain length.
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p0 0.1 0.3 0.5 0.8
N 1000 650 520 410
pa 0.1 0.2 0.4 0.6
cs 1 0.1 1 0.1 1 0.05 0.25 0.01
Nl 10 91 3 24 2 21 2 26

linear ls 1.08 1.12 1.07 1.11 1.05 1.12 1.04 1.14
p̂f · 10−8 convex ls 1.05 1.12 1.06 1.09 1.03 1.12 1.06 1.16

concave ls 1.11 1.11 1.06 1.11 1.05 1.10 1.10 1.13
linear ls 0.58 0.55 0.81 0.56 1.21 0.58 0.94 0.60

CV convex ls 0.62 0.58 0.75 0.58 1.07 0.60 1.01 0.63
concave 0.64 0.55 0.84 0.59 1.06 0.57 1.27 0.66
linear ls 0.54 0.49 0.74 0.50 1.13 0.50 0.87 0.51

CV∗ convex ls 0.58 0.52 0.69 0.52 1.02 0.52 0.92 0.53
concave 0.58 0.50 0.77 0.52 0.99 0.51 1.12 0.57

Table 4.3: Efficiency comparison under varied p0 and chain length Nl

for different limit state types. This table is an extension of Table 4.2.
Settings are exactly the same, where additional columns for varied chain
length as well as for p0 = 0.8 have been added. The chain length is an exact
consequence of the choice of cs as described in Remark 4.1.13. We see that a
similar coefficient of variation is reached for all p0 when an appropriate chain
length is selected, where the coefficients of variation generally depend highly
on the chain length.
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p0 0.1 0.3 0.5 0.8
N 10, 000 6500 5200 4100
pa 0.1 0.2 0.4 0.6

cs CV∗ (Nl)
1 0.161(10) 0.207(3) 0.271(2) -

0.5 0.158(19) 0.170(5) - -
0.25 0.152(37) 0.156(10) 0.172(5) 0.273(2)
0.1 0.153(91) 0.149(24) 0.153(11) 0.176(3)
0.01 0.151(901) 0.149(234) 0.150(101) 0.149(26)
0.001 - - 0.160(1001) 0.159(251)

Table 4.4: Efficiency comparison under varied p0 and chain length
Nl: Searching for the optimal chain length. Results are based on
2000 independent simulation runs. The chain lengths assumed to be optimal
are marked with the darker blue color. Furthermore, typical selected chain
lengths are marked with bright blue color, demonstrating that for high p0 it
is very important to alter the chain length and not use the standard selection.

Figure 4.3: Efficiency comparison under varied p0 and chain length: A bigger
size of the markers reflects a higher chain length. Possible choices for an
optimal chain length are marked blue.
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between ergodicity (cf. Remark 3.1.14) and chain length. In our example, we
might choose a chain length of Nl = 37 for p0 = 0.1, Nl = 24 for p0 = 0.3,
Nl = 11 for p0 = 0.5 and Nl = 26 for p0 = 0.8. In general, less seed samples
might be sufficient for start of MCMC concerning ergodicity (Remark 3.1.14)
for higher p0. According to Theorem 4.1.11, the convergence of the CV is
of order 1√

ET
. Thus, in the case of for example picking p0 = 0.5, a change

from Nl = 2 to Nl = 11 approximately yields the same accuracy for a rela-

tively reduced to 32% =
(

0.153
0.271

)2
number of total evaluations ET , related to

the original number of total evaluations. This is a tremendous increase in
efficiency and makes it possible to use high intermediate subset probabilities
p0 with the same efficiency as low p0.

While this is a positive effect, the question remains as to why our expec-
tations for large N were not met. Also choosing high values of p0 still does
not bring a clear advantage over lower p0 values but only similar coefficients
of variation. Here a look at the dependencies within subset samples γ̄(p0)
provides a good reason. For example picking p0 = 0.1 and p0 = 0.5 leads to
corresponding empiric within subset sample dependencies γ̄(0.1) ≈ 1.7− 2.0
and γ̄(0.5) ≈ 2.7 − 3.0, respectively. This statement is based on examina-
tions with 10, 000 independent repetitive runs of Subset Simulation under
varied pf ∈ {1 · 10−3, 5 · 10−4, 5 · 10−5, 1 · 10−6, 5 · 10−7, 5 · 10−8, 1 · 10−8} and
N ∈ {500, 1000, 5000}, N ∈ {300, 600, 3000} respectively for p0 = 0.1, 0.5
as well as some variation of the limit state function (linear (g1), convex g2a,
concave g2b). To understand this effect, the construction of the subsets in
Subset Simulation returns a plausible reason.

• New samples are generated by MCMC, where samples that exceed
the threshold of the subset are rejected. This implies that samples
which start close to the threshold are rejected more frequently and
are stronger correlated in general. This should result in a dependency
structure similar as the one given in Figure 4.4.

• The next threshold is chosen at the p0N -th lowest limit state value of
the samples of the subset. For high p0, this is the limit state value of a
sample close to the threshold and for low p0 it is a sample’s limit state
value which is generally far from the threshold.

Now both points taken together imply that the derivation of the threshold
tends to be based on less dependent samples for low p0 than for high p0. An
illustration is given in Figure 4.4. The next remark summarizes this aspect.
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Figure 4.4: Expected Doubles by MCMC Samples: An Illustration of a rea-
sonable structure of sample repetitions by MCMC in Subset Simulation. The
frequency of sample repetitions varies with respect to the threshold and ap-
proaches its maximum at the threshold of the subset.

Remark 4.1.14. Samples used for determining the threshold for small p0 are
only slightly correlated as those are based on the ’flat’ part of the available
samples. As a result, γ̄(p0) could depend heavily on p0, even beyond the
strong impact of the chain length selection. This seems to be in contrast
to Theorem 4.1.11 and state of the art (Section 3.1), but in accordance with
simulations. Thus bias and variance increase for higher p0 with respect to the
derived formulas derived here and in the past are not perfect for optimization
of p0 without the extension to a variable γ̄(p0). However, even if this variation
is included in γ̄(p0), the formulas do not lead to correct results. We think
that this is due to the rather problematic analysis of order statistics with
dependencies, as discussed in the next section.

The suspected behavior in Figure 4.4 was also validated by simulations,
where typical results are shown in Figure 4.5 and Figure 4.6. Different
choices of p0 did not significantly change the structure of threshold frequen-
cies in our experiments. Furthermore, the shape of the limit state function
was found to possibly have some impact on the result, but most likely only a
minor one. This makes it hard to draw general conclusions on the behavior
of γ̄(p0) with respect to p0. In particular it is also not clear if empirically
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Figure 4.5: Frequency of subset samples with equal limit state values, indi-
cating the corresponding correlations with regards to selection of the subset
threshold. The result is based on a Subset Simulation run with p0 = 0.1 and
N = 1000 with respect to a linear limit state function. Four successive sub-
sets are considered. For comparison, we also marked where p0 = 0.5 would
have set the threshold of the next subset, to show that p0 = 0.1 selects the
next subset threshold from a part of the domain which has comparably few
doubles, yielding evidence for less correlated samples and therefore a compa-
rably higher number of effective samples. This is a feasible approach because
the subset sample structure looks similar under p0 = 0.5. The frequency of
a threshold b, if selected, coincides with the number of repetitive limit state
values of value b appearing in the current subset.



68 Analysis of Ordinary SuS

Figure 4.6: Average frequency of limit state values, or equivalently samples,
with respect to the intermediate probability p0. Both examples are for a
linear limit state function (Equation 4.2, g1). For convex and concave limit
state functions, no significant differences were observed.

(a) Samples generated with p0 = 0.1, N = 1000.

(b) Samples generated with p0 = 0.5, N = 600.
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derived autocorrelations allow to draw straightforward conclusions for the co-
efficient of variation since complexity of dependency in order statistics goes
beyond that. For analysis this could be a relevant drawback, but for practical
application it can be assigned a bit less importance. Appropriate values for
correlations with respect to p0 can still be approximately derived by empiri-
cally evaluating the autocorrelation of the Markov chains and yield satisfying
enough results. Remark 4.1.14 explains why we might have discrepancies be-
tween different p0 even for the same reliability evaluation. Unfortunately,
this change of γ̄(p0) with respect to p0 compensates our conclusion of prof-
iting from choosing higher p0 values so that we do not increase efficiency
much when choosing high p0. Nevertheless, the general result that high p0

can be beneficial still holds. Concluding, the results by simulation show that,
under appropriate Markov chain lengths, we find insensitivity of the coeffi-
cient of variation to the choice of p0 as stated in the statistical analysis. Yet,
we still see that theoretical results and simulation outcomes do not coincide
perfectly. A plausible reason for this outcome was given but a full explana-
tion is prevented by unknown properties of dependent order statistics. Some
additional causes are also discussed in the following section.

4.1.4 Discussion

We found evidence for analytically derived results on the optimal choice of
p0 in modern implementations by simulations. Still, there are discrepancies
which were not yet explained. These might come from assumptions that do
not stand the real world settings. Some shortcomings of the analysis in this
section, also beyond Section 3.2, are discussed in the following.

Remark 4.1.15 (The Special Character of the First Subset). Our derivation

of the main results is based on a constant proportion
1+γi+1

1+γi
, i = 1, ...,m − 1

(I1,I2) or a constant (1 + γ) for all subsets (I3,I4). This assumption is
violated clearly with regards to the first subset estimation by Monte Carlo,
where γ0 = 0, so that we will have a possibly non-negligible error. In fact,
this error increases for higher failure probabilities and also for high p0. Then
the effect by using less independent samples by standard Monte Carlo in the
first subset can become significant. In general this effect will always reduce
the efficiency of higher p0 in comparison to lower p0.

We observe a reduced coefficient of variation when choosing higher p0 in
general, but can also increase efficiency by using more standard Monte Carlo
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samples, i.e. choosing a low p0. To benefit from this, we suggest to fix the
first intermediate subset probability by Monte Carlo at p0 = 0.1 and then
switch to another p0 ≥ 0.1, for example p0 = 0.5, afterwards. Then we may
approximate the relations of different choices of p0 by Theorem 4.1.11 even
for higher failure probabilities, without having a noticeable approximation
error by the violation of the assumptions with respect to (1 + γ) in the first
subset.

Remark 4.1.16 (Thresholds). The implementation of Subset Simulation
suffers from an inappropriate definition of the threshold and seeds of the sub-
sets. For high p0, typically smaller N are chosen to keep the total number of
samples in comparison to lower p0, so that the number of subsets m naturally
increases. These two conditions together, result in a much stronger impact
of this effect for high p0.

A stochastically appropriate threshold selection is examined in Section 4.2,
also discovering a relation of it to the resulting bias in Subset Simulation,
which could not be explained in simulations yet. Conclusions are summarized
in Section 4.3, together with the findings of the next section.
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4.2 Novel Stochastic Interpretation and Ex-

plicit Analysis

Outline

In this section, we analyze Subset Simulation beyond asymptotic results, in-
troducing and utilizing a new stochastic interpretation of the algorithm. This
allows for an increased understanding of the algorithm in general and also
for an explicit bias correction. The basis of our analysis is the interpretation
of real intermediate subset probabilities as an order statistic with stochastic
threshold values, the local (subset-wise) perspective, and the combination of
Bayes and Frequentist analysis. Based on the extended stochastic analysis,
we can prove independence of successive intermediate subset probabilities un-
der weak conditions and discuss an appropriate successive threshold selection
for defining the subsets. The consequences of independence are far-reaching,
resulting in a more substantial argumentation basis for Subset Simulation
and a good outlook for further discoveries in the future. For an easier in-
terpretation of the algorithm, we also change the seed selection for MCMC,
resulting in a new implementation. Evidence on theoretical findings is given
in simulations.

Preliminaries

Before we start with the analysis, let us briefly recall the concept of order
statistics and also describe how we proceed in this section.

Remark 4.2.1 (Order Statistics). Order statistics deal with the distribution
of ordered random samples. In general, given N iid samples z1, ..., zN , in
ascending order, the k-th order statistic is the k-th element, 0 < k ≤ N of
the ordered samples z(1) ≤ z(2) ≤ ... ≤ z(N), thus the k-th smallest value z(k).
A detailed introduction to the topic is given in Arnold et al. (1992).

Using order statistics is necessary to guarantee a suitable assignment of
intermediate subset probabilities and thresholds. More information is given
in Remark 4.2.31. Due to the difficulties in analysis of dependent order
statistics, we have to stick to Assumption 3.1.10 (independent within subset
samples). However, when it is possible to avoid it, we will do so. Otherwise
dependencies are included in the analysis later, first assuming independence



72 Analysis of Ordinary SuS

and then converting the number of dependent samples to a representative
number of effective independent samples. This approach is typical for Subset
Simulation (cf. Au and Beck (2001b)).

Analysis of Subset Simulation is generally based on one of the two follow-
ing approaches. First, one can assume a fixed probability of failure as given
and examine the properties of estimations that arise from applying Subset
Simulation on the given problem. This approach is good for prediction of
performance and therefore can be utilized for parameter optimization. In
the following, we will also refer to it as the Frequentist approach since it is
indeed a Frequentist stochastic setting, having a fixed true failure probability
and considering the resulting estimates as random. Examples in literature
include Au and Beck (2001b) and Cérou et al. (2012). We choose the second
approach, stated in Definition 4.2.2.

Definition 4.2.2 (Setting for Analysis: Bayesian Approach). The real prob-
ability of failure pf is assumed to be unknown, considered as a stochastic
variable. In contrast to pf , its estimate p̂f is given. Thereby, we are given
the number of subsets m ∈ N and the corresponding intermediate probabilities
p̂i = p0 ∈ (0, 1), i = 1, ...,m − 1, p̂m ∈ (p0, 1]. This is a Bayesian approach,
assuming the true failure probability as stochastic.

As explained in Zuev et al. (2012), who follow a Bayesian approach as
in Definition 4.2.2, it is possible to derive a probability distribution of pf
after given a Subset Simulation result. In their work, the result is referred
to as ’Bayesian Post Processor’. This is exceptionally practice oriented and
allows to derive confidence intervals for the failure probability which is a
typical demand in reliability evaluation under stochastic evaluation methods.
Besides its practical relevance, the Bayesian approach is also chosen in favor
of the Frequentist because its analysis is more straightforward, avoiding to
estimate m and p̂m .

Similar as Zuev et al. (2012), we also follow the Bayesian approach most
of the time, but in addition take a local perspective with order statistics
on Subset Simulation and in particular focus on suitable results for small
N . Importance of such analysis is discussed in Remark 3.2.1. Nevertheless,
results also allow new conclusions such as independence between intermediate
subset probabilities and a new understanding of dependencies of samples
within subsets, for high sample numbers.
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4.2.1 Stochastic Interpretation by Order Statistics

First, we describe the construction of Subset Simulation subsets and show
how it is directly related to order statistics, giving a basis for clear reference
in the following. Analysis of Subset Simulation by order statistics has already
been proposed in Cérou et al. (2012), but unlike ours, results are based on
asymptotic arguments and are in the Frequentist setting.

Definition 4.2.3 (Construction of Subsets). The construction of subset Fi, i =
1, ...,m − 1 is as follows:

1) Produce N samples xr,i1 , ..., x
r,i
N ∈ Fi, with corresponding limit state val-

ues gr,i1 , ..., g
r,i
N , by Monte Carlo (i = 0, b0 = ∞) or Markov Chain

Monte Carlo (MCMC) (i ≥ 1) using the (p0N − ζ)-th lowest values
of the previous subset Fi−1 as seeds, naturally falling into Fi. Here
ζ ∈ {1, ..., p0N} is the number of the p0N lowest samples equal to the
threshold bi (also compare Remark 4.2.7 for more details).

2) Sort the limit state values of the samples gr,i1 , ..., g
r,i
N in ascending order

gr,i(1), ..., g
r,i
(N). The corresponding samples are ordered likewise.

3) Set the threshold bi+1 equal to the p0N-th lowest limit state result bi+1 :=

gr,i(p0N).

4) Define the next subset with the given threshold Fi+1 := {x ∈ D|g(x) ≤
bi+1}. If bi+1 < b∗ set bi+1 = b∗ and stop; termination in subset m is
reached.

Subset m is an exception as it has a fixed threshold bm = b∗ and switching
from the standard evaluation to evaluation of the last subset is a stopping
criterion, repeating 1) − 3) until bi ≤ b∗ for an i ≥ 1. Step 1) in our con-
struction of subsets is in contrast to conventional implementations insofar
as we do not use samples with values equal to the threshold of a subset as
seeds. We can also interpret the construction of subsets with regards to the
Frequentist setting.

Remark 4.2.4 (Identifying Stochastic and Deterministic Values in the Fre-
quentist Setting). An important observation in Definition 4.2.3 is that the
stochastic variables in Subset Simulation are the thresholds b1, ..., bm−1 which
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define the individual subsets except for the last one which is set to bm = b∗.
As a consequence, the real intermediate subset probabilities

Pr,i = P (Fi|Fi−1) = P (g(X) ≤ bi|g(X) ≤ bi−1), i = 1, ...,m − 1

are also stochastic. The corresponding estimated probabilities p̂i = P̂ (X ∈
Fi|X ∈ Fi−1), i = 1, ...,m − 1 on the other hand are deterministic and given
by p̂i = p0.

Now, we are mainly concerned here with the Bayesian setting after termi-
nation of the algorithm, where the estimated failure probability p̂f is given
and the thresholds are also deterministic. Anyway, although thresholds are
deterministic after termination of the algorithm, we still have to deal with
the structure of creation of the subsets where they are stochastic at first.
This defines the distribution of the intermediate probabilities.

Definition 4.2.5 (Stochastic Variable: Limit State Value). Define G :=
g(X), the real valued random variable given by the limit state value of the
stochastic properties X. The truncated versions of G corresponding to the
subsets i = 1, ...,m, are written as Gi := (G|G ≤ bi). The corresponding cdfs
are referred to by FG1

, ..., FGm .

With Definition 4.2.5, the intermediate subset probabilities Pr,i = P (Fi|Fi−1),
i = 1, ...,m can be rewritten as

Pr,i = P (Gi−1 ≤ bi) = FGi−1
(bi) .

The following assumption is not really restrictive in practice, but is nec-
essary to allow inversion of the cdf of G which will be required later.

Assumption 4.2.6. The cdf FG is assumed to be strictly increasing with
respect to g(x).

Although the distribution of the subset samples generated according to
Definition 4.2.3 presumably follows the stationary distribution of the subsets,
a thorough debate to remove remaining uncertainties is still pending. In
the following, we add some arguments to support the statement, but some
skepticism remains about the following remarks (Remark 4.2.7, Remark 4.2.8
and Remark 4.2.9), in particular with respect to ignoring the samples that
have equality to the threshold.
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Remark 4.2.7 (Hitting the Threshold). In step 1) of Definition 4.2.3, we
only take the (p0N − ζ)-th lowest values xr,i(1), ..., x

r,i
(p0N−ζ)

as seeds for the next

subset. This aims at generally avoiding to hit the threshold bi+1, which the

limit state value gr,i(p0N) = bi+1 of xr,i(p0N) does with probability one by defini-

tion. In practice, there might be many samples equal to the threshold due to
non-perfect sampling. Then, all such samples or even all samples of the cor-
responding chain highly correlated to it should not be used as seeds or samples
for the next subset. Otherwise, the assumption of a stationary distribution
can not hold.

Hitting the threshold might often be negligible, but for explicit results
and especially small N or high p0 with many subsets, we should take care
of such approximations. In real simulations, doubles of samples are almost
certain and more dependencies are generally present by MCMC, amplifying
the effect clearly. It is also important that the bias by keeping threshold
hitting values is negative so that it might result in an underestimation of the
failure probability. The samples hitting the threshold slow down approaching
the final threshold b∗ as they are concentrated most far from the failure
region of possible sample outcomes. Of course removing samples has to be
done carefully also, as the seed number and thus often the chain number is
reduced. A high enough chain number, however, is necessary to deal with
possible ergodicity issues of the algorithm (compare Remark 3.1.14).

Remark 4.2.8 (Stationary Distribution and Dropping Samples). By Re-
mark 3.1.15 samples produced in 1) are in the stationary distribution of Fi
from start. This is easy to see by the definition of the subsets and then fol-
lows by the symmetric proposal distribution in Markov chain Monte Carlo
for higher level subsets. However, we have to be careful as it is clear that
Remark 3.1.15 can only hold if we drop the threshold hitting sample and do
not use it for estimation of further intermediate subset probabilities.

Next, we would like to consider the stationarity of the samples in subset
simulation in a more formal and detailed way. In this way, we aim above all
at detecting issues that could still cause problems.

Remark 4.2.9 (Stationary Distribution: More Formal Considerations). It
seems that the algorithm in Definition 4.2.3, if necessary supplemented by
the extension of also not using related samples in general (as indicated in
Remark 4.2.7), should lead to samples in the stationary distribution for each
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subset, i.e. samples in each subset are distributed identically as Gi, i =
0, 1, ...,m. In the remainder of this remark, we address this claim and inves-
tigate to what extent a formal proof could be obtained.

First, it is reasonable to prove the claim by induction over the subset level
i. In the first step of Subset Simulation, we produce N Monte Carlo samples
with limit state values gr,01 , ..., gr,0N distributed according to G. Then, the first
threshold is defined as b1 := gr,0(p0N). Accordingly, the first subset is defined as

F1 = {x ∈ D|g(x) ≤ b1}. Now, as proposed in Remark 4.2.8, the samples
xr,0(1), ..., x

r,0
(p0N−ζ)

are used as seeds for F1, while we do not further use the

samples with limit state value equal to the threshold of subset F1 as these were
used to define the new subset. Then the remaining samples are distributed
according to G1 = (G|G ≤ b1) by definition. Intuitively we might think that
dropping the samples defining the threshold, which are also the samples with
highest limit state value in the subset by definition, might lead to a bias.
However, this is not the case as these samples, considered with perspective
of the new subset, only correspond to a random selection of the threshold,
which should be performed independently of the other samples, used as seeds.
Thus, the only difficulty might come from dependencies between samples in
higher subset levels. Yet, the effect of the correlated samples should be a
minor one, in particular if the proposal spread is high enough as this leads to
doubled samples rather than highly dependent ones with differing limit state
values. The next (1 − p0)N + ζ samples that are produced by MCMC are
also in the stationary distribution by Remark 3.1.12. Repetitive application
of the above argument would yield the claim for all subsets when neglecting
or circumventing the discussed difficulty regarding the threshold sample and
upcoming correlations in higher order subsets by MCMC.

4.2.2 Statistical Analysis and Unbiased Estimation

Based on the interpretation by order statistics, we may develop explicit for-
mulas for bias and variance of the Subset Simulation estimator, allowing to
extend past asymptotic results also to small sample numbers and even allow-
ing to decrease bias and variance in general. In particular, the bias correction
as well as the stochastic interpretation, which will be derived in this section,
do help in practical application of the algorithm, but also allow to decrypt
effects that could not yet be identified.

Before proceeding with derivation of the distribution of the true interme-
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diate subset probabilities, we first need to specify some notation.

Definition 4.2.10 (Beta Distribution). The Beta distribution Beta(α, β)
with parameters α > 0 and β > 0 is given by the pdf

fβ(p;α, β) =
pα−1(1− p)β−1

B(α, β)

for p ∈ [0, 1]. B(α, β) is the Beta function1.

Proposition 4.2.11 (Distribution of the True Intermediate Subset Proba-
bilities). Under Assumption 3.1.10, constructing subsets according to Defini-
tion 4.2.3 and if there would be no bias from the stopping criterion (compare
Remark 4.2.13), the true intermediate subset probabilities Pr,i = P (Fi|Fi−1),
i = 1, ...,m−1 follow a Beta distribution Beta(α, β) with parameters α = p0N
and β = (1− p0)N + 1, i.e.

Pr,i ∼ Beta(p0N, (1− p0)N + 1) .

Proof. Let i = 0, 1...,m−2 be arbitrary2. We start with the definition, using
the truncated versions Gi of G = g(X) as in Definition 4.2.5, allowing us to
rewrite the true intermediate subset probability as

Pr,i+1 = P (Gi ≤ bi+1) .

Reformulation according to the subset construction in Definition 4.2.3, defin-
ing bi+1 successively as the p0N -th order statistic of the current subset, yields

P (Gi ≤ bi+1) = P (Gi ≤ gr,i(p0N)) .

Now, xr,i1 , ..., x
r,i
N are iid by Assumption 3.1.10 and follow the stationary dis-

tribution of subset Fi by Remark 3.1.15. The corresponding limit state values
gr,i1 , ..., g

r,i
N are then distributed according to the corresponding truncated dis-

tribution FGi of G. Moreover, using that for a standard uniform distribution

U ∼ U(0, 1) and an arbitrary random variable with strictly increasing cdf,
such as Gi, F

−1
Gi

(U) ∼ Gi holds, we can conclude

P (Gi ≤ g
(p0N)
i ) = P (Gi ≤ F−1

Gi
(ur,i(p0N)))

1More details are given in Appendix B.
2The shifted index simplifies notation.
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where ur,i1 , ..., u
r,i
N are samples drawn from a standard uniform distribution

U ∼ U(0, 1) and ur,i(1), ..., u
r,i
(N) their corresponding order statistics. Using the

definition of the cdf yields

P (Gi ≤ F−1
Gi

(ur,i(p0N))) = FGi(F
−1
Gi

(ur,i(p0N))) = ur,i(p0N) .

This yields
Pr,i+1 = ur,i(p0N)

for an arbitrary i ∈ {0, 1, ...,m − 2}. Lastly, known for order statistics,
the distribution of ur,i(p0N) is a Beta distribution Beta(α, β) with parameters

α = p0N and β = (1− p0)N + 1 (cf. Arnold et al. (1992)).

The last subset Fm has a special role in Subset Simulation (compare
Definition 4.2.3). Instead of being adaptively created, it has a fixed threshold
bm = b∗. If we do not fix p̂f in advance, p̂m is stochastic in contrast to p̂i = p0,
i = 1, ...,m − 1. Still, under the assumption of given p̂m , we however get
information directly by the outcome of Pr,m instead. In comparison to the
other subsets, it is appropriate to use a standard Bayesian approach instead
of order statistics (compare Remark 4.2.31).

Remark 4.2.12 (Distribution of the Last Subset’s Intermediate Probabil-
ity). The intermediate probability of the last subset Pr,m is Beta distributed

Pr,m ∼ Beta(p̂mN, (1− p̂m)N) .

This follows by Bayes statistics under choice of a Beta distributed non-
informative prior with α = 0, β = 0 (Haldane prior) for Pr,m and the Bi-
nomial distributed data likelihood for updating given by the outcome of the
Monte Carlo simulation. Such a prior is admissible, since we have guaranteed
successes and failures in the Bernoulli trials by definition of the subset. Com-
pare Tuyl et al. (2008) for more details on non-informative priors and note
that the drawbacks stated for the Haldane prior are excluded by construction
of the subsets in Subset Simulation, supporting the proposed choice. Anyhow,
we neglect the fact that the last subset is generated as a stopping criterion,
meaning that our non-informative prior is not the perfect choice but remains
a plausible one since this effect should play a minor role in general.

Based on the simplification by a non-informative prior, similar effects
occur in the case of the other subsets.
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Remark 4.2.13 (Distribution Changes by Stopping Criterion). The condi-
tion in Proposition 4.2.11 does not hold exactly. Similar to Remark 4.2.12,
we had truncated Beta distributions for all subsets Fi, i = 1, ...,m − 1. The
knowledge of m does indeed fix all previous intermediate probabilities Pr,i,
i = 1, ...,m−1 to a value greater than Pr,i ≥ pf∏i−1

j=1 Pr,j
. This also introduces a

negative bias in estimation, thus an underestimation of the failure probability,
where its extent increases in higher subset levels.

The effects of the stopping criterion will be neglected in the following,
until its inclusion will be discussed in Section 4.2.4, Remark 4.2.33. Impacts

on the result of Subset Simulation are often negligible, especially when
log(pf )

log(p0)

is not approximately an integer and N is not very small. In a next step, we
devote ourselves to more general conditions, showing independence between
successive intermediate subset probabilities under weak assumptions. This is
in particular necessary to derive a formula for the bias but also an important
discovery on its own.

Remark 4.2.14 (Dependencies by MCMC). The dependency structure of
samples generated by MCMC in subset Fi is not significantly related to typical
variations in its threshold bi. This means that although the dependencies by
MCMC sampling generally increase for lower subset probabilities and thus
with increasing subset level, slightly varied subset probabilities will not result
in a noticeable change. A good reason for this claim to hold is the irrelevance
of the subset threshold for the Markov chain creation procedure, especially
in adaptive MCMC sampling (compare I3-I6). Also correlations are tried to
be kept similar by adaptive MCMC for subset levels of higher order so that
independence should hold.

As a result, also the dependency structures of MCMC samples in subset
Fi, i = 2, ...,m will not rely on previous realizations pr,1, ..., pr,i−1 if the depen-
dency structure is not generally changing for different intermediate probabili-
ties in pr,i−1. Then the seeds that will be used for sampling in the next subset
will have different dependencies, resulting in dependency of samples in Fi by
MCMC with seeds in Fi−1 on Pr,i−1. By Proposition 4.2.11, the distribution
of the intermediate failure probabilities is given by Beta(p0N, (1− p0)N + 1).
It is easy to see, that this distribution depends on the number of effective
samples, considering dependencies by MCMC. Thus the intermediate proba-
bility Pr,i−1 can lead to a change in distribution of samples in Fi. However,
generally this effect will only be relevant for extreme cases and simulations
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suggest that under appropriate sampling it is negligible.

Furthermore, a critical case would occur if for example pr,1, ..., pr,i−1 are
exceptionally small realizations so that Fi has an exceptionally low threshold
and samples will be more dependent, changing the dependency structure. This
however is an extreme case again and it is also not clear how to compare
different algorithm outcomes rigorously as the total number of subsets m
is also likely to change for extreme realizations, resulting in a questionable
interpretation of changes. So, although not strictly correct, it is reasonable
to assume dependencies of MCMC samples in a subset to not rely on other
intermediate probabilities. This does not at all induce independent samples
in successive subsets. When re-using seeds, we even have repeated samples,
but the exact realization does not influence the results of both intermediate
subset probabilities.

Concluding, it is plausible to assume dependencies of the samples by
MCMC in subset Fj, j ∈ {1, ...,m} independent of Pr,i, i = 1, ...,m. We
conjecture that this feature might have had too much weight in past stud-
ies, utilized for capturing unknowns that have not been exposed yet. For
small p0, simulations suggested that the coefficient of variation of Subset
Simulation can be approximated well when intermediate subset probabilities
(Remark 4.2.17) are assumed independent. There are good reasons that in-
dependence holds under independence of the dependency structure of MCMC
samples with respect to the intermediate subset probabilities, thus if the de-
pendencies are as proposed in this remark.

We have several seeds starting from a previous subset. As those partially
keep their dependency in the previous subset and higher dependencies intro-
duce a higher bias for the intermediate subset probability, the dependency
structure that is given in the seeds might propagate. Nevertheless, this is of-
ten negligible and can be further reduced by an additional randomized seed
selection step. This additional step goes as follows. First drop threshold
related seeds so that we are in the stationary distribution. Then addition-
ally randomly only pick a specific amount of seeds that will be used further
and drop the others completely. For example for N = 1000, p0 = 0.1 we had
Nc = 100 seeds that would create chains. Now, only picking e.g. 20 seeds and
creating Nc = 20 chains, would then ’destroy’ given dependencies between
the samples, thus the dependency structure of samples becomes closer to full
independence of previous intermediate subset probabilities.
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Remark 4.2.15 (Destruction of Dependency Structure). The dependency
structure of MCMC seeds in Subset Simulation can be destroyed by random
selection of a fraction of the available seeds and not using the others for
evaluation of the next subset at all.

This will also be in favor of the independence assumption between Markov
chains for analysis. On the other hand, it will increase the necessary evalua-
tions if seed samples are kept, which is actually recommended. In our short
example, we would have 100 − 20 = 80 additional evaluations, thus 0.08N .
In total, the difference is small and it even might be sufficient for our purpose
to drop less seeds for chain creation, giving the opportunity to increase effi-
ciency. More care has to be taken with respect to ergodicity considerations
(see Remark 3.1.14).

Proposition 4.2.16 (Independence of Intermediate Subset Probabilities). If
Remark 4.2.14 holds or Assumption 3.1.10 is fulfilled, the intermediate sub-
set probabilities in Subset Simulation are pairwise independent for successive
subsets, i.e.

P (Pr,i+1 ≤ p◦|Pr,i = p•) = P (Pr,i+1 ≤ p◦)

for arbitrary p◦, p• ∈ (0, 1) and i = 2, ...,m − 1. The last subset probability
is excluded.

Proof. We prove the claim by induction on the subset level i. Starting with
i = 2, we first analyze the structure of the first subset. We are given the
sorted samples xr,0(1), ..., x

r,0
(N), produced by standard Monte Carlo, with limit

state values gr,0(1), ..., g
r,0
(N) and the corresponding threshold of the first subset,

defined as b1 = gr,0(p0N). Now Pr,1 = p• means that the threshold b1 defines a

subset with real probability p•, i.e.

Pr,1 = FG(b1) = P (g(X) < b1) = p• .

By Definition 4.2.3 and Remark 3.1.15, the seeds gr,1(1), ..., g
r,1
(p0N−1) of the next

subset are already in its stationary distribution and samples by MCMC are
distributed accordingly. Thus, the limit state value gr,1s of a randomly chosen
sample of the next subset xr,1s , s ∈ {1, ..., N} fulfills

FG(gr,1s ) ∼ (U |U < p•) ∼ U(0, p•) (4.5)
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with U ∼ U(0, 1) the standard uniform distribution, (U |U < p•) the corre-
sponding truncated distribution and U(0, p•) the uniform distribution with
pdf constant 1

p• on (0, p•). For an arbitrary p◦ ∈ (0, 1) we have

P

(
FG(gr,1s )

FG(gr,0(p0N))
≤ p◦

∣∣∣∣∣FG(gr,0(p0N)) = p•

)
= P

(
FG(gr,1s )

p•
≤ p◦

)
.

Using
FG (gr,1s )

p• ∼ U by equation (4.5) results in

P (U ≤ p◦) = p◦

for all p◦ for an arbitrary sample xr,1s which means(
Pr,2|Pr,1 = p•

)
follows a standard uniform distribution independent of the previous subset’s
conditional probability p•. This shows independence of the single sample
intermediate distribution with respect to the previous subset. As indepen-
dence holds for an arbitrary sample, it remains to show that it also holds for
the order statistics of several such samples even under dependencies between
those samples. First, we proceed the same way as in the single sample case,
having

P (Pr,2 ≤ p◦|Pr,1 = p•) = P

(
FG(gr,1(p0N))

FG(gr,0(p0N))
≤ p◦

∣∣∣∣∣FG(gr,0(p0N)) = p•

)
= P

(
FG(gr,1(p0N)) ≤ p◦p•

)
.

(4.6)

This time however, we have to represent the cdf of an order statistics FG(gr,1(p0N))

by an equivalent order statistics ur,1(p0N) of N samples ur,11 , ..., ur,1N drawn from a

properly chosen uniform distribution with limits (0, p•). Keeping the depen-
dency structure, we may scale those variables to the interval (0, 1), adding
the scaling factor p•. This leads to the same distribution for the p0N -th order
statistics p•ur,1∗(p0N) of p•ur,1∗1 , ..., p•ur,1∗N with ur,1∗j , j = 1, ..., N the correspond-

ing variables on the interval (0, 1). Then (4.6) becomes

P
(
ur,1∗(p0N) ≤ p◦

)
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similarly as above in the single sample case, but relying on an order statistic
of uniform distributed samples. The samples are explicitly allowed to be
dependent due to the fact that they have to cover the dependencies induced
by Markov Chain Monte Carlo. Now this distribution is independent of the
previous subset if the dependencies between the samples ur,1∗1 , ..., ur,1∗N do not
depend on the previous subset probabilities. Thus Remark 4.2.14 yields the
claim.

As we are in the stationary distribution for crude Monte Carlo and
Markov chain Monte Carlo and also Remark 4.2.14 does not depend on the
subset level, our argument can be applied successively also on higher order
subsets to prove the claim.

Proposition 4.2.16 yields independence of successive intermediate prob-
abilities. However, this will not suffice our demands, and there are good
reasons for an extension of the result to a more general case.

Remark 4.2.17. As the subsets are created successively and only seem to
rely on the last subsets by the subset seeds received from the previous sub-
set, it is plausible to assume that also mutual independence of intermediate
probabilities holds as a consequence of Proposition 4.2.16.

Evidence for independence was found in simulations (also compare Sec-
tion 4.2.3). Thus, we assume Remark 4.2.17 generally holds in our theoretical
studies. For low p0, it is important to destroy the dependency structure as
it is then more likely to have extreme cases, as described in Remark 4.2.14,
due to the small number of samples considered for the order statistics. As
already mentioned earlier, this can be done by selecting only a few of the
available samples for further evaluation.

Remark 4.2.18. Independence of the intermediate subset probabilities also
guarantees independence of the error in estimation of the individual subset
probabilities. It is also worthwhile that we did not require independence of
within subset samples in Remark 4.2.17 so that it holds for Subset Simulation
with samples by MCMC, if Remark 4.2.14 holds. This later allows to switch
more easily from analysis under independence to realistic settings considering
dependencies between samples.

Following the approach in Zuev et al. (2012), we also use the following
approximation, given in Fan (1991), to derive the posterior distribution of
Pf . Note, we use the notation corresponding to Subset Simulation.
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Theorem 4.2.19. For Pr,1, Pr,2, ..., Pr,m independent Beta variables, Pr,i ∼
Beta(αi, βi) their product Pf = Pr,1Pr,2 · ... · Pr,m is approximately Beta dis-
tributed Beta ∼ (α, β) with

α = µ1
µ1 − µ2

µ2 − µ2
1

, β = (1− µ1)
µ1 − µ2

µ2 − µ2
1

where

µ1 = E[Pf ] =

m∏
i=1

αi
αi + βi

and µ2 = E[(Pf )
2] =

m∏
i=1

αi(αi + 1)

(αi + βi)(αi + βi + 1)
.

Accurateness of the approximation is also discussed in Fan (1991). Simi-
lar to Zuev et al. (2012), we can now derive a distribution for the true failure
probability given a Subset Simulation estimate. The procedure and result are
exactly the same, except for having different distributions for intermediate
subset probabilities and not needing independence as an unfulfilled assump-
tion but instead having good reasons for independence by Remark 4.2.17 so
that we can have more confidence in the outcome.

Corollary 4.2.20. [Posterior of the True Failure Probability] For ease of no-
tation and computation, assume p̂f = p

m
0 . Then after termination of Subset

Simulation, given parameters p0, N , the posterior of the true failure probabil-
ity Pf is approximately Beta distributed Beta(αp̂f , βp̂f ) with parameters

αp̂f =

(
p0N

N+1

)m
(1−

(
p0N+1

N+2

)m
)(

p0N+1

N+2

)m
−
(
p0N

N+1

)m
and

βp̂f =

(
1−

(
p0N

N+1

)m)
(1−

(
p0N+1

N+2

)m
)(

p0N+1

N+2

)m
−
(
p0N

N+1

)m .

Proof. This is a direct consequence of Theorem 4.2.19, plugging in the distri-
bution of the intermediate subset probabilities as given in Proposition 4.2.11.
Also note that independence was used, between subsets (Remark 4.2.17) as
well as within subsets (Assumption 3.1.10). The intermediate distribution
parameters are given by (αi, βi) = (p0N, (1− p0)N + 1), i = 1, ...,m − 1 and
(αm , βm) = (p̂mN, (1− p̂m)N) by Proposition 4.2.11 and Remark 4.2.12.
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We are not yet able to apply the result in Corollary 4.2.20 as the num-
ber of samples within the subsets is assumed independent. A subsequent
discussion on the effective sample number follows later, starting with Re-
mark 4.2.30. Next, we want to derive a formula that allows to correct biased
Subset Simulation results to unbiased ones. To do so, it is necessary to ex-
amine the probability of the case αp̂f < 1 in the Frequentist setting, later
allowing us to proof unbiasedness for an altered Subset Simulation estima-
tor under usage of this conclusion. For that reason, we look at the relation
between estimated failure probability p̂f and a resulting αp̂f < 1.

Remark 4.2.21 (Relation p̂f and αp̂f < 1). Using Corollary 4.2.20, but also
allowing p̂f 6= p

m
0 (derivation by Theorem 4.2.19 is straightforward), we can

take a numerical approach. Given an estimated failure probability p̂f and the
Subset Simulation parameters p0 and N , we have a unique suitable number
of subsets m and the estimated probability in the last subset p̂m. As a conse-
quence, all required information to derive the corresponding Beta distribution
Beta(αp̂f , βp̂f ) is given. It is thus straightforward to check for which param-
eters p0 and N , a given p̂f leads to αp̂f < 1. The result is best captured
through illustration. Figure 4.7 includes most relevant constellations.

Figure 4.7 allows to relate the requirements on N , given Subset Simu-
lation with parameter p0, to have an acceptable probability for p̂f yielding
αp̂f < 1. It remains to estimate the probability of critical outcomes p̂f , given
pf , in the Frequentist setting. This estimation does not need to be very
accurate so that it is not necessary to know the probability distribution of
P̂f , given pf , for our purposes. Instead, we know that the shape typically
(as a product of independent stochastic variables) yields a heavy tailed dis-
tribution, typically well suiting a lognormal distribution (compare Breitung
(2019)). Furthermore, the coefficient of variation can be bounded to realistic
cases given that the sample number N is above some limit. The boundaries
do not need to be tight, they should rather provide a good heuristic argu-
ment and serve as a basis to set safety margins for derivation of approximate
results.

To get an intuition of such distributions P̂f , we next give an example.

Example 4.2.22 (How Likely is αp̂f < 1?). For demonstration, we choose
N = 200, p0 = 0.1 and apply 1000 independent simulation runs of Subset
Simulation. We thereby aim at tracing variation of the estimated failure
probabilities on the downside to understand which N values in Figure 4.7
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Figure 4.7: Relation p̂f and αp̂f < 1. The minimal (effective) sample num-
ber N per subset which leads to an αp̂f < 1 of the Beta distribution in
Corollary 4.2.20, given a specific estimated failure probability p̂f by Subset
Simulation with parameter p0, is shown.

become relevant for specific true failure probabilities. In the example, we
fix pf = 1 · 10−6. Figure 4.8 illustrates the relevance of estimated failure
probabilities. The 0.025-quantile was found to be at around 10% of the orig-
inal failure probability, and outliers, except for one, took values above 5% of
pf = 1 · 10−6. The average empirical correlation factor over all independent
runs was found below two, so that we assume an effective sample number
higher than N = 100, of course under the assumption that autocorrelations
sufficiently well reflect the dependencies in the corresponding order statistics.
Figure 4.7 then allows to identify the estimates which would yield an αp̂f < 1,
concluding that such estimation results are very unlikely.

Simulations suggest that the findings in Example 4.2.22 should also ap-
proximately hold for other true failure probabilities and other choices of p0.
Indeed we may conclude that estimated failure probabilities below 5% of the
true failure probability should be very unlikely for many cases, in particular
for 1 ·10−8 < pf < 1. Other sample numbers per subset N of course result in
different variations of the estimated failure probabilities. However, for higher
N , variation decreases so that we are on the safe side and for lower N we are
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Figure 4.8: Downside Probabilities. The distribution of estimated failure
probabilities for N = 200, p0 = 0.1, pf = 1 · 10−6 given 1000 independent
simulation runs of Subset Simulation. Outliers take values down to 5 · 10−8

and the whiskers were chosen to contain 95% of the values, providing a
downside 2.5%-quantile slightly above 1 · 10−7.

in a questionable situation anyways (e.g. with respect to critical ergodicity
issues).

Remark 4.2.23 (Probability of αp̂f < 1). In the Frequentist setting and un-
der assumption of independent within subset samples (Assumption 3.1.10),
given pf and applying Subset Simulation with parameters p0 and sample num-
ber N , we may approximate the probability of αp̂f < 1 as follows. For a given
pf and p0, we use Figure 4.7 to find the corresponding N value that belongs
to e.g. p̂f := 0.05pf . We then need to add a safety margin by deriving a non-
effective sample number required to achieve this number of effective samples
N . For example a factor of 2− 4 covers most settings in modern implemen-
tations (I3,I4), dependent on pf and most likely also p0. Evaluation of the
corresponding effective N after finished simulation can be approached as in
Assumption 3.1.16 and Section 4.2.3. Concluding, it is easy to choose N
so that the set of p̂f yielding an αp̂f < 1 becomes negligible, since the initial
values for comparison as in Figure 4.7 are very low already.

Although we need to require a minimum N under some uncertainties
here, the unknowns can be faced by boundary approaches or safety margins
and we receive explicit advisory instead of asymptotic results, stating explicit
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values for N . Simulations in Section 4.2.3 below also provide evidence for
the thereby drawn conclusions.

The Bayes framework itself can be useful to derive confidence intervals
for the true failure probability. However, a main focus in research is also the
optimization of the algorithm, deriving good choices for p0, or as shown in
the following, remove the bias of the result. This, on the one hand, relies
on the Frequentist approach and requires a fixed pf . On the other hand,

we do not have the distribution of P̂f for a given pf . So we need an ar-
gument for symmetry by the Bayes Formula as provided. To do so, it is
however necessary to first recognize that Pf |p̂f is a continuous random vari-

able taking values in (0, 1), whereas P̂f |pf is a discrete variable taking values
in {p̂f,i : p̂f,i is a possible outcome of Subset Simulation} =: ASuS. We ref-
erence its corresponding probability mass function with pP̂f . This never
defines a continuous variable as N is practically finite always. Without loss
of generality assume that ASuS is a finite set with np elements and let the
possible outcomes p̂f,1 < p̂f,2 < .... < p̂f,np = 1 be given in ascending order.
To apply Bayes Formula, we need to assume a prior, where we aim to take
a non-informative one. For Pf , we assume a uniform prior U(0, 1). On the

other hand for P̂f , it would not be plausible to use the standard discrete uni-
form prior, since for N →∞, it would be a desirable property that the prior
converges to something similar to the continuous uniform prior. We achieve
this, by defining p̂f,0 = 0 and then assigning the probabilities as follows:

pP̂f : ASuS → (0, 1), (p̂f,i) 7→ p̂f,i − p̂f,i−1 .

It is easy to check that
∑np

i=1 pP̂f (p̂f,i) = 1 and that for high N in Subset
Simulation, this approximates the continuous uniform probability distribu-
tion.

We then have for an arbitrary pf ∈ (0, 1) and an arbitrary p̂f,i ∈ ASuS by
the Bayes Formula

f
Pf |P̂f=p̂f,i

(pf ) = pP̂f |Pf=pf
(p̂f,i)

fPf (pf )

pP̂f (p̂f,i)
=

1

(p̂f,i − p̂f,i−1)
· pP̂f |Pf=pf

(p̂f,i) .

(4.7)
Using this symmetry, we can now prove how to approximately remove the
bias in Subset Simulation by utilizing results of the Bayes approach.

Proposition 4.2.24 (Unbiased Subset Simulation Estimation: Proof of Con-
cept). Under the assumption that the probability of P̂f leading to αp̂f < 1 is
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small (compare Remark 4.2.23), we state the following claim. Given an esti-
mated failure probability p̂f by Subset Simulation with parameters p0, N and
given m, p̂m, we state an approximately unbiased Subset Simulation result
under fixed but unknown real failure probability pf

Epf

[
P̂ ν
f

]
≈ pf

by transforming the Subset Simulation estimation outcome p̂f according to

p̂νf = p̂f

(
E

[
P̂f
Pf

∣∣∣∣P̂f = p̂f

])−1

.

The expectation used for the transformation corresponds to the Bayesian ap-
proach, referring to the distribution of the true failure probability under given
estimated failure probability p̂f (as stated in Definition 4.2.2).

Proof. Starting with

Epf

[
P̂ ν
f

]
= Epf

P̂f (E [ P̂f
Pf

∣∣∣∣P̂f
])−1

 ,

we use the definition of the expected value and reformulation to get3

np∑
i=1

pP̂f |Pf=pf
(p̂f,i)

(
E

[
1

Pf

∣∣∣∣P̂f = p̂f,i

])−1

.

To further reformulate the term in the brackets, we apply Lemma B.0.3
(expected value of the inverse of a Beta distributed random variable) where
fPf |P̂f=p̂f,i

follows a Beta distribution with parameters (αp̂f,i , βp̂f,i), depending
on p̂f,i, by Corollary 4.2.20. We thus have

np∑
i=1

αp̂f,i − 1

αp̂f,i + βp̂f,i − 1
· pP̂f |Pf=pf

(p̂f,i) . (4.8)

3Strictly speaking, we also require an independence assumption with respect to the
corresponding Frequentist and Bayesian estimators. However, since this is a plausible
assumption, the derived result is an approximation and we have evidence for our claim by
simulations, a detailed discussion is skipped here.
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Next, by Bayes Formula (Equation 4.7) we have

np∑
i=1

αp̂f,i − 1

αp̂f,i + βp̂f,i − 1
· (p̂f,i − p̂f,i−1) · f

Pf |P̂f=p̂f,i
(pf )

where the pdf f
Pf |P̂f=p̂f,i

can be identified as the pdf of the Bayes estimation

of the true failure probability f
P |P̂f=p̂f,i

as given above. Using the definition

of the pdf, this becomes

np∑
i=1

αp̂f,i − 1

αp̂f,i + βp̂f,i − 1
·
p
αp̂f,i−1

f (1− pf )βp̂f,i−1

B(αp̂f,i , βp̂f,i)
· (p̂f,i − p̂f,i−1) (4.9)

with B the Beta function. In the next step, we utilize a relation of the Beta
function (see Lemma B.0.2)

B(αp̂f,i , βp̂f,i) = B(αp̂f,i − 1, βp̂f,i) ·
αp̂f,i − 1

αp̂f,i − 1 + βp̂f,i
(4.10)

which is defined for αp̂f,i > 1 and undefined otherwise. As a consequence,
we first need to split the integral. To do so, note that given p̂f,i by Subset
Simulation as in Remark 4.2.20, we have a unique combination of parameters
(αp̂f,i , βp̂f,i) assigned to it. Naturally, we may thus define the set of all i which
correspond to non-admissible αp̂f,i < 1

Ana := {i : αp̂f,i < 1}

and the thereby induced decomposition of all p̂f,i

{i : p̂f,i ∈ ASuS} = Ana∪̇Aa ,

where Aa defines the set of indexes, leading to admissible parameters for the
desired transformation. Then, using (4.10) and taking the representation
given in (4.8) for the non-admissible set, (4.9) becomes∑

i∈Ana

αp̂f,i − 1

αp̂f,i + βp̂f,i − 1
· pP̂f |Pf=pf

(p̂f,i)

+pf
∑
i∈Aa

(p̂f,i − p̂f,i−1) ·
p
αp̂f,i−2

f (1− pf )βp̂f,i−1

B(αp̂f,i − 1, βp̂f,i)
.
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The second term contains the pdf f̃Pf |P̂=p̂f,i
of a Beta distribution with pa-

rameters (αp̂f,i − 1, βp̂f,i) and can thus be rewritten as

pf
∑
i∈Aa

(p̂f,i − p̂f,i−1) · f̃Pf |P̂=p̂f,i
(pf ) .

Again using Equation 4.7, then results in

pf
∑
i∈Aa

p̃P̂f |Pf=pf
(p̂f,i) .

Concluding, we have∑
i∈Ana

αp̂f,i − 1

αp̂f,i + βp̂f,i − 1
· pP̂f |Pf=pf

(p̂f,i) + pf
∑
i∈Aa

p̃P̂f |Pf=pf
(p̂f,i) .

It remains to bound the first summand from above, showing it is negligible
and also derive for the second term in which cases

∑
i∈Aa pP̂f |Pf=pf

(p̂f,i) ≈
1. The result is then approximately unbiased. For both conclusions, it is
important to understand how the sets Aa and Ana are connected to the Subset
Simulation parameters and if there are realistic constellations that introduce
a relevant Aa. Fortunately, Remark 4.2.23 yields the required information.

Note,
αp̂f,i−1

αp̂f,i+βp̂f,i−1
in the first summand is well approximated by the mode

for small failure probabilities (βp̂f,i � αp̂f,i) so that its value is close to
p̂f . Assuming a negligible (improbable) set Ana (compare Remark 4.2.23),
then certainly also results in a negligible summand. Thus, only the second
summand remains. Again using the assumption of a small probability for
Ana to occur (compare Remark 4.2.23) then yields the claim.

Proposition 4.2.24 shows, under suitable conditions, a way to transform
biased Subset Simulation results to unbiased ones. The special feature of our
derivation is an explicit specification of a minimum sample number, given
specific Subset Simulation parameters, which will result in an approximately
accurate bias correction. In previous analyses, asymptotic arguments were
necessary for analysis of the bias in Subset Simulation. Nevertheless, as it
is an approximation, evidence by simulations is crucial and given in Sec-
tion 4.2.3. Proceeding with the derivation of an approach to receive an un-
biased SuS result, it remains to explicitly state the term used for correction
according to Proposition 4.2.24.
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Theorem 4.2.25 (Relative SuS ’Bias’). Under independent samples (As-
sumption 3.1.10) and termination of the algorithm as in Definition 4.2.2, the
relative ’bias’ in Subset Simulation is approximately (up to Remark 4.2.13)
given by

E

[
p̂f
Pf

]
=

(
p0N

p0N − 1

)m−1
(
p̂mN − p̂m
p̂mN − 1

)
(4.11)

where m is the number of subsets.

Proof. We can rewrite Pf =
∏m

i=1 Pr,i as the product of all true intermediate
subset probabilities. Then

E

[
p̂f
Pf

]
= E

[
p
m−1
0 · p̂m∏m
i=1 Pr,i

]
.

By independence between intermediate subset probabilities (Remark 4.2.17),
this can be formulated as

m−1∏
i=1

E

[
p0

Pr,i

]
· E
[
p̂m
Pr,m

]
.

By Proposition 4.2.11, Pr,i follows a Beta distribution Beta(α, β) with α =
p0N and β = (1 − p0)N + 1. The distribution of the last subset is given by
Remark 4.2.12. Thus we can apply Lemma B.0.3 to get(

p0N

p0N − 1

)m−1
(
p̂mN − p̂m
p̂mN − 1

)
.

In accordance to Theorem 4.2.25, we can also state a bias-like term based
on the outcome p̂f of Subset Simulation. We refer to it as bias-like, as
Bayesian estimation is generally not connected to the concept of a bias. How-
ever, the close relation to the Frequentist setting shown in Proposition 4.2.24
allows to estimate the bias of the Frequentist setting by given outcomes p̂f in
Subset Simulation. Thus we also refer to this term as if it was the Frequentist
bias, as it converges to it when repetitively applying Subset Simulation and
averaging over all estimated bias terms. Strictly speaking, it however is a
random variable and not a bias.
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Remark 4.2.26. The ’bias’ derived in Theorem 4.2.25 with respect to a given
estimation p̂f is always positive and O(1/N), i.e.(

p0N

p0N − 1

)m−1

=

(
1 +

1

p0N − 1

)m−1

.

This result coincides with findings in Au and Beck (2001b) and Cérou et al.
(2012).

In comparison to our result which is based on a Bayes analysis, a re-
sult under fixed Pf = pf in the Frequentist setting, requiring asymptotic
arguments, was given in Cérou et al. (2012).

Remark 4.2.27 (Comparison of the Explicit Bias Formula to Asymptotic
Results). In Cérou et al. (2012), asymptotic arguments were utilized to derive
the bias in Subset Simulation as

E

[
P̂f − pf
pf

]
∼ 1

N

m(1− p0)

p0

. (4.12)

A comparison of Equation 4.12 and our formula (Equation 4.11 subtracting
one) is given in Figure 4.9, where for pr,m 6= p0 we have to adequately sub-
stitute p0 by pr,m partially. It suffices to consider only these choices of ET
and pf , since we get corresponding shapes for other constellations. For low
p0, the results appear to be similar where on the other hand high p0, which
also comes with lower N , induces a clear divergence of the results. This is a
surprising result which suggests problems in derivation of one of the formu-
las. We believe that Equation 10 on page 807 in Cérou et al. (2012) lacks
the bias in the expectation of an order statistics. This bias needs to be con-
sidered for each individual subset level, creating a divergence of the results
for high numbers of subsets, i.e. high p0 values. Anyhow, this will not affect
conclusions in Cérou et al. (2012) drastically and asymptotic results remain
generally valid in most points. Although the shape of the result is indepen-
dent of ET , the difference is negligible for high NT as the bias is O(1/N) in
both cases. Our bias is not a prediction bias as in Cérou et al. (2012) but
instead is designed to correct the bias depending on the Subset Simulation
result, not requiring the value of the real failure probability. Still, the results
should deliver a similar outcome for all p0, particularly for high ET .
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(a) ET = 6000

(b) ET = 100, 000

Figure 4.9: Comparison of Bias Formulas: The total number of evaluations
ET = 6000 and ET = 100, 000 (assumed effective number of evaluations,
used in the formulas: ET/3) and failure probability pf = 10−6 (p̂f = 10−6 in
our formula) are compared under variation of p0. The explicit formula refers
to the bias formula derived in this work where the asymptotic formula was
derived in Cérou et al. (2012). Jumps are produced by a switched number of
samples per subset where it is not optimal to have a high number of samples
in the last subset when it has a probability close to one at the cost of reducing
N also in lower level subsets with possibly low p0.
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Figure 4.9 suggests that the bias can have a significant effect, in partic-
ular for high p0. This conclusion relies on the assumption that our formula
derived in the Bayes approach also reflects bias in the Frequentist setting ap-
proximately, which is plausible. For repetitive runs and low N the bias even
becomes increasingly important, due to the decreased coefficient of variation
but unchanged bias. It remains to check how it suits results by simulation,
which we do in Section 4.2.3. Additional to a comparison of the methods
and a general bias curve, Figure 4.9 exposes spikes with respect to p0 in the
relative bias curve. This relates to the fact that we do not adapt the sample
number in the last subset. So, efficiency could be increased if an adaption is
performed, or if we switch to a p0 that defines a local minimum. So, depen-
dent on pf , which can be estimated after a first run of Subset Simulation, we
should adapt p0 so that we choose the best p0 and are not at a local peak or
adapt the sample number in the last subset. Although generally unimpressive
as we are in O(1/N), this effect may lead to a for example 80% higher bias in
relation to a similar p0 at a minimum position. Unfortunately, for low N it is
also harder to control the intermediate probability of the last subset because
of the higher variation in general. Additionally, if we hit a p0 that results
in a high estimated intermediate probability for the last subset, the absolute
value of the bias by the stopping criterion will increase (Remark 4.2.13).

Knowing an explicit formula for the bias also allows to transform the
biased result to an unbiased one.

Corollary 4.2.28 (Unbiased Subset Simulation). An approximately unbiased
estimation by Subset Simulation, terminated with result p̂f , m subset levels
and p̂m = pm, is given by

p̂νf = p̂f · ν

for ν = ν
m−1
0 νm with ν0 :=

p0N−1

p0N
and νm =

Npm−1

Npm−pm
.

Proof. Follows directly by Theorem 4.2.25.

The benefit of a bias correction is also an increase in efficiency.

Remark 4.2.29 (Improved Efficiency by Bias Correction). The bias cor-
rection as in Corollary 4.2.28 reduces the variance of the SuS estimator by
canceling out the positive bias, lowering the reference value by downscaling
while keeping a constant coefficient of variation.
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In the previous analysis of this section, we did not yet pay much atten-
tion to the within subset sample dependencies, mostly sticking to Assump-
tion 3.1.10. Such dependencies and the thereby resulting effective sample
number of course need to be considered in the given formulas. Unfortunately,
this is not straightforward, as Section 4.1 already suggests.

Remark 4.2.30 (Correlated Within Subset Samples: Empirical Approach).
In contrast to Assumption 3.1.10, samples within subsets are dependent as
they are created by MCMC. We even have a targeted acceptance rate of
0.44 for good efficiency of the algorithm which corresponds to about half of
the samples being doubles of other samples (compare Section 4.1). Analysis
of order statistics with dependent samples is a challenging topic and depen-
dency in order statistics goes beyond Markovian dependence (Arnold et al.
(1992)). Indications that theoretical statements are difficult here are also
given in Section 4.1. Despite the difficulties for theoretical derivation of the
effective sample number in order statistics, we can still empirically approach
it as usual and see if there is enough evidence by simulations. Section 4.2.3
shows that the standard approach yields good results in case of our bias for-
mula but does not apply to the formula for the coefficient of variation. This
is not very surprising since the causes of the bias are rather simple and vari-
ation of dependent order statistics is much harder to understand.

4.2.3 Simulation Study

This section aims at providing evidence and limitations of the theoretical
results of the previous section. In detail, we examine

• Independence of intermediate subset probabilities (Proposition 4.2.16,
Remark 4.2.17)

• The effect of keeping samples equal to the threshold (Remark 4.2.7)

• The bias correction formula (Corollary 4.2.28)

Additionally, we also add some information on the distribution of SuS re-
sults (compare Section 3.2). Simulations are with representative p0 values,
p0 = 0.1 representing low p0 choices with few subsets and p0 = 0.5 high
ones with many subsets in comparison to current implementations. This
reduces computational effort of the study significantly, makes the overview
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of the analysis easier manageable and still allows to answer a wide range of
questions.

First, we give evidence for independence of intermediate subset probabil-
ities by examining correlations as well as corresponding distributions. This
will not let us conclude independence clearly, but at least allows us to claim
that it is plausible. Together with the statistical analysis, we then have
a good argument for the claim to hold true. This would also be helpful
for many derivations in statistical analysis where often uncorrelatedness is
sufficient. For analysis, we need to look at the distribution of the true inter-
mediate probabilities Pr,i, i = 2, ...,m−1, given the intermediate probability
of the previous subset pr,i−1. With many repetitive runs of SuS, enough
necessary information will be available for this approach. Then we can plot
the corresponding distributions considering all runs, calculate the empiri-
cal correlation of the samples or test for independence directly. This is not
straightforward to do, since the true probabilities are not directly available
but the object of interest. For this purpose, we create one result by SuS
with p0 = 0.1 and N = 500, 000 and save all limit state values. Such a
simulation yields quite accurate results and we can use the limit state val-
ues to assign threshold values to a probability, F : R → [0, 1], F (b) := p.
The corresponding function is the empirical cdf of g(X) and allows to eval-
uate the approximately true intermediate probabilities in low N SuS runs
by assigning the thresholds of the individual subsets an approximately true
probability and dividing the probabilities of successive subsets

pr,i =
F (bi)

F (bi−1)
.

This way, we can derive an empirical distribution of the intermediate proba-
bilities given the outcome of the previous subset P (Pr,i|Pr,i−1), i = 2, ...,m−1
and also directly evaluate the correlation coefficient of the two variables
Corr(Pr,i, Pr,i−1). This can be done with respect to a specific subset level or
over all subsets. The last subset needs to be taken out of analysis, because
its properties substantially differ. First, to prove independence of succes-
sive intermediate subset probabilities (Proposition 4.2.16), it was necessary
to assume either independence of within subset samples which is not real-
istic under feasible computational efforts or that the dependency structure
of samples does not significantly depend on the intermediate probability of
the corresponding subset as described in Remark 4.2.14. Thus, we first need
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Figure 4.10: Distribution of intermediate subset probabilities with respect
to a previously realized intermediate probability pr,3 ∈ [0.08, 0.1] or pr,3 ∈
[0.1, 0.12] for subset level 4, based on 1000 independent simulation runs.
Implementation (I4) was used with p0 = 0.1 and N = 500.

to check whether such dependencies are present and we need to follow Re-
mark 4.2.15 to destroy them. Thus, we start with an analysis based on imple-
mentation (I4). If not stated otherwise, results are with respect to limit state
function g1 (Equation 4.2). A first impression, including the whole distribu-
tion, is given in Figure 4.10 which at least shows no big differences, but also
does not allow to draw certain conclusions. Additionally, a more abstract but
also more insightful illustration is given in Figure 4.11, where we look at the
empirical correlation coefficients with respect to the subset level. This time,
p0 = 0.1 and p0 = 0.5 are considered. Figure 4.11 shows that for p0 = 0.1
correlations are present, positive and appear to increase with higher subset
levels. As there are correlations for p0 = 0.1, Remark 4.2.14 can not hold in
general. However, this well relates to the comments in Remark 4.2.14 and
therefore is not a contradiction to the claim of independence as in Proposi-
tion 4.2.16 and Remark 4.2.17. The positive correlations can be explained
by an increased bias due to decreased number of effective subset samples
when sampling already starts with high dependent samples. Extreme cases
will thus spread to higher subset levels (also compare Au and Wang (2014)).
In case of p0 = 0.5, the result is not as clear. Therefore, we here proceed
with 5000 independent repetitive SuS runs and derive 95% confidence in-
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Figure 4.11: Correlation coefficients with respect to the subset level, based
on 1000 independent simulation runs and implementation (I4*).

(a) p0 = 0.1, N = 500 (b) p0 = 0.5, N = 300

tervals for the correlation coefficients, resulting in e.g. ρ11 ∈ [−0.035, 0.020]
for subset level 11 and ρ21 ∈ [0.043, 0.098] in level 21. So, in both cases we
could not show the intermediate subset probabilities to be uncorrelated al-
though p0 = 0.5 seems to produce less correlated intermediate probabilities.
As already stated, this can result from dependencies between seed samples
affecting the intermediate subset estimation. This also explains why the cor-
relations are positive since higher intermediate probabilities typically appear
for higher dependencies because then the bias would increase, starting with
more dependent samples in the next subset again, thereby inducing a higher
expected probability. Extreme cases will thus spread to higher subset lev-
els (also compare Au and Wang (2014)). Additionally, we did not drop the
threshold seeds which might lead to a discrepancy between theory and simu-
lation and did not apply the bias correction, which could also be done locally
in every subset individually.

Although the effects might be negligible for higher p0, we can now also
follow Remark 4.2.15 to hopefully get the desired results for high and also
small p0. To do so, the same experiment is performed, but this time only 10
seeds are kept and used as a start for MCMC. The other seeds are dropped
and not used in the next subset. The idea is to destroy the dependency
structure between those samples, randomly removing many of them until
only 10 seeds are left, which are then used for MCMC. Additionally, we
increase the number of samples per subset to N = 1000 so that a destruc-
tion of the dependency structure of the seeds is even more likely. Also, we
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Figure 4.12: Correlation coefficients with respect to the subset level, based
on 3000 independent simulations runs and implementation (I5*).

(a) p0 = 0.1, N = 1000, Ns = 10 (b) p0 = 0.5, N = 300, Ns = 20

drop threshold related sample seeds for better theoretical consistency, having
only seeds in the stationary distribution. The result is shown in Figure 4.12
where intermediate subset probabilities appear to be uncorrelated now. This
time, we also got evidence on uncorrelated intermediate subset probabilities
by the corresponding confidence intervals. For p0 = 0.1, all subset levels
1,3,5,7 include ρ = 0 such as ρ1 ∈ [−0.051, 0.020], ρ3 ∈ [−0.013, 0.058],
ρ5 ∈ [−0.035, 0.037] and ρ7 ∈ [−0.011, 0.060]. Empirical distributions (com-
pare Figure 4.13) support the assumption of independence. In general, small
dependencies might still be present due to keeping 10 > 1 samples, we how-
ever might assume that these can be neglected if the dependency structure
of the seeds is destroyed appropriately. Our aim also is to show that not
all seeds except for one need to be dropped to receive the desired result, al-
lowing an outlook for application in practice, not obviously causing too bad
ergodicity issues in comparison to having only one seed sample remaining
(compare Remark 3.1.14). For p0 = 0.5 we did not increase the sample num-
ber and kept Ns = 20 seeds, as results seemed to almost provide evidence
for uncorrelated intermediate probabilities, without modification, already.
We still might have a small correlation present, but ρ = 0 is included in
the corresponding confidence intervals for almost all subset levels. Thus, to
guarantee the often, particularly in statistical analysis, beneficial property of
having approximately uncorrelated (most likely even independent) interme-
diate probabilities, following Remark 4.2.15 should meet the requirements.

Next, Table 4.5 demonstrates the effect of dropping threshold related
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Figure 4.13: Distribution of intermediate subset probabilities with respect
to a previously realized intermediate probability pr,3 ∈ [0.08, 0.1] or pr,3 ∈
[0.1, 0.12] for subset level 4, based on 3000 independent simulation runs.
Implementation (I5) was used with p0 = 0.1 and N = 1000.

samples according to Remark 4.2.7 instead of keeping them as in current
implementations. Additionally to dropping all samples with limit state value
equal to the threshold, we also did not use samples with distances less than
3 chain members in their corresponding Markov chain. We see that keeping
the threshold increases the bias and we have two effects that possibly cancel
each other out in the ordinary SuS implementation, the positive bias by order
statistics and the negative bias by keeping the threshold seeds. In total, we
could conclude that it is thus better to keep the threshold samples anyhow,
but it is not clear if the negative bias can also become bigger than the positive
one. Then we had a systematic underestimation of the failure probability and
not much information on how big it could become. Also, there still remains a
positive bias, which especially for small N and high p0 will be non-negligible.
When several repetitive runs are performed and the bias remains the same
but the CV is decreased, it can indeed play a significant role. Also note that
these results were produced with good adaptive sampling, which may not be
reachable in reality always. So a much higher bias is imaginable, depending
on the problem at hand. An alternative, which possibly adds some control
to the situation, is given in Table 4.6. Note, if thresholds are kept as in
current implementations, the bias correction formula will not suit in the way
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p0, N pf 1 · 10−3 5 · 10−5 1 · 10−6 5 · 10−8

0.1, 500

p̂f (%B), keep 1.04(4) 5.39(8) 1.11(11) 5.78(16)
p̂f (%B), drop 1.07(7) 5.57(11) 1.18(18) 6.27(25)
CV (keep) 0.34 0.47 0.62 0.75
CV (drop) 0.34 0.46 0.61 0.75

0.5, 300

p̂f (%B), keep 1.06(6) 5.35(7) 1.12(12) 5.65(13)
p̂f (%B), drop 1.14(14) 6.13(23) 1.34(34) 7.29(46)
CV (keep) 0.36 0.45 0.58 0.67
CV (drop) 0.35 0.45 0.56 0.65

Table 4.5: Subset Simulation with and without dropping threshold
related seed samples: We examine the relative bias (with respect to the
true failure probability pf ) in percent (%B) and the corresponding coeffi-
cient of variation, under varied true failure probability. The number of total
evaluations is similar for both considered p0. We see that the bias increases
when dropping the threshold. The effect becomes stronger for higher p0 and
lower pf . Coefficients of variation remain the same. Table values are based
on 10, 000 independent simulation runs and linear limit state function g1

(Equation 4.2). g2a and g2b (Equation 4.3-4.4) lead to similar results.
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we apply it here because assumptions in theory are not fulfilled then. So
both alterations of the algorithms go together best, which we show next.

p0, N pf 1 · 10−3 5 · 10−5 1 · 10−6 5 · 10−8

0.1, 500

p̂f (%B), drop 1.07(7) 5.57(11) 1.18(18) 6.27(25)
p̂f (%B), corr. 0.99(−1) 4.83(−3) 0.98(−2) 4.9(−2)

CV* 0.36 0.51 0.72 0.94
CV*, corr. 0.34 0.45 0.60 0.74

0.5, 300

p̂f (%B), drop 1.14(14) 6.13(23) 1.34(34) 7.29(46)
p̂f (%B), corr. 0.98(−2) 4.86(−3) 0.96(−4) 4.82(−4)

CV* 0.40 0.55 0.75 0.95
CV*, corr 0.34 0.44 0.54 0.62

Table 4.6: Subset Simulation with and without bias correction: We
examine the relative bias (with respect to the true failure probability pf )
in percent (%B) and adjusted coefficient of variation CV*. CV* yields the
CV with respect to true pf and therefore accounts for the increased, or for
the bias corrected result decreased, variance as a consequence of a different
reference value under constant coefficient of variation. Table values are based
on 10, 000 independent simulation runs and linear limit state function g1

(Equation 4.2). g2a and g2b (Equation 4.3-4.4) lead to same results. The
number of total evaluations is similar for both considered p0.

The effect by bias correction can be significant, in particular for high
p0, low N as well as low pf . Under joint bias correction and dropping of
the threshold, we achieve less biased results in comparison to the original
method, in all simulations. For higher N the results remain the same, just
on a lower and less important scale. Remember also that the slightly negative
bias was expected, because we neglected the change in distribution accord-
ing to Remark 4.2.13 in our formula derivation. However, despite having
achieved good results with the empirical approach it is not absolutely clear
if this is the right way to handle the dependent order statistics (compare Re-
mark 4.2.30). By comparing the results for dropping the threshold samples
and bias correction with Table 4.5, it seems that the current implementa-
tion and the new one with bias correction do not differ so much in the result.
However we might have reliability problems that lead to worse adaptive sam-
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pling and thus a higher bias due to the resulting less effective samples. Then
the bias might become even higher when keeping the same sample number
per subset N , making an understanding of the bias even more important and
valuable. Most importantly, it might provide very accurate results by many
independent runs of the algorithm, if necessary, and does help to understand
the fundamental properties of the algorithm.

4.2.4 Discussion

Note, in contrast to analysis by order statistics, a general Bayes approach
with updates by Binomial distributed information will not deliver an exact
result, in particular for small N .

Remark 4.2.31 (General Bayesian Approach: Questionable Threshold Se-
lection). If we aim to derive distributions of intermediate probabilities pr,i, i =
1, ...,m − 1 by a general Bayesian approach, starting with a non-informative
prior such as Beta(0, 0) (most uncertainty and no zeros after estimation guar-
anteed by subset construction) and identifying information in each subset by
the given failures p0N , then the posterior distribution is a Beta distribution
Beta(p0N, (1− p0)N). However, although we may derive the probability dis-
tribution accurately, we do not know which threshold bi it has to be assigned
to. The Beta distribution corresponds to a threshold b∗i where in each subset a
Binomial experiment is performed. As a result of this experiment, we should
have p0N limit state values below the threshold b∗i and (1 − p0)N above it.
But, by definition this case never happens in reality because we always hit
the threshold, by defining it according to the limit state value of a sample. A
suitable threshold b∗i on the other hand has to separate limit state values of
samples in the subset and the ones out of it. Thus it has to be placed some-
where in between gr,i(p0N) and gr,i(p0N+1), where exactly is unclear. If doubles

occur the situation becomes even more complicated.

Regarding the findings of this section, in particular the consequences of
independent intermediate subset probabilities are far-reaching, allowing to
proceed with theoretical analysis under a strong foundation and to better
judge effects of altered parameters in SuS.

Remark 4.2.32 (Comparison to Previous Analysis). We figured out that
the bias is due to the construction of the subsets with order statistics. In
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past analysis the bias was considered a consequence of correlated intermedi-
ate subset probabilities mostly. However, having shown that those should be
uncorrelated, the latter explanation may not be suitable. The same holds for
upper and lower boundaries on the variance. The increased variance with re-
spect to higher p0 which had to be explained, is more likely the consequence of
a decreased effective sample number N (increased γ̄) in evaluation for higher
p0 as discussed in Section 4.1.3.

Remark 4.2.33 (Additional Bias by Stopping Criterion). By definition of
Subset Simulation, we may hit the final threshold b∗ much earlier than we do
on average, possibly even in the first subset. Once we have p0N samples with
limit state value smaller than b∗, we directly terminate the algorithm. So, we
had m−1 Monte Carlo simulations that could have end the simulation before,
when finally getting to m. This bias, produced in every subset Fi, i < m, is
given by

N∑
k=p0N

k

N
pi0binom

(
k;N, pf/

i−1∏
j=1

pr,j

)

with binom
(
k;N, pf/

∏i−1
j=1 pr,j

)
being the probability mass function of the

binomial distribution for k successes in N independent Bernoulli trials with
probability pf/

∏i−1
j=1 pr,j. The fact that k starts at p0N only allows estimated

probabilities greater than p0N so that a termination of the algorithm by the
stopping criterion is reached, k

N
pi0 the estimated value and

binom

(
k;N, pf/

i−1∏
j=1

pr,j

)

the corresponding probability of the event {gi(k) ≤ 0}. Unfortunately, we nei-
ther know the true failure probability pf , nor the true intermediate subset
probabilities pr,i, i = 1, ...,m − 1, when applying Subset Simulation for re-
liability evaluation. Thus, we can, in addition to the uncertainty from an
unknown effective sample number per subset N , only approximately cancel
this bias. Nevertheless, having the opportunity to derive a distribution for Pf
after termination of Subset Simulation by Corollary 4.2.20, we can approxi-
mate the total bias from the stopping criterion by

m−1∑
i=1

N∑
k=p0N

k

N
pi0

∫
0<p≤1

binom(k;N, p) · Beta(p; a, b)dp ,
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Figure 4.14: Shape of the Distribution of SuS Results. For derivation of the
results, 10, 000 independent simulations of SuS were performed, respectively.
Here, we used the implementations (I4*), (I5*) and (I6*).

(a) N = 500, p0 = 0.1, (I4*) (b) N = 300, p0 = 0.5, (I4*)

(c) N = 300, p0 = 0.5, (I5*) (d) N = 300, p0 = 0.5, (I6*)

replacing the unknown probabilities by the best estimates available. The pa-
rameters of the Beta distribution are given by Corollary 4.2.20.

Lastly, we would like to add some information on the distribution of SuS
results, to get a more holistic understanding of SuS results with small sample
numbers. Illustrations are given in Figure 4.14. The distributions appear to
be non-normal where a qq-plot of the data allows more precise classification
of them as shown in Figure 4.15. Figure 4.15c and Figure 4.15d indicate
that the distribution of SuS results matches a lognormal distribution well for
small N , most likely even independent of p0. The first part of this conclusion
coincides with Breitung (2019).
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Figure 4.15: qq-plots of SuS results, based on 10, 000 independent simulations
of SuS with (I4*).

(a) qq-plot of p̂f , p0 = 0.1, N = 500 (b) qq-plot of p̂f , p0 = 0.5, N = 300

(c) qq-plot of log(p̂f ), p0 = 0.1, N =
500

(d) qq-plot of log(p̂f ), p0 = 0.5, N =
300
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4.3 Conclusion: Practical Enhancements

Our theoretical analysis and simulation studies have provided insights into
fundamental properties of Subset Simulation, allowing for further under-
standing and explicit goal-oriented modifications. In short, we have made
the following discoveries.

1. High p0 does not necessarily result in higher variation of the result if
sample seeds are re-used in successive subsets. Thus, opportunities for
extension or modification of the algorithm are not limited to low p0

values, offering new fields of relevant study. In particular our novel
algorithm, presented in Chapter 5 will benefit a lot from this finding.

2. Simulations have shown that the chain length plays a major role in
efficiency, especially for high choices of p0. This partially explains the
higher than expected coefficients of variation for high p0 in the past.

3. We derived a transformation for calculating an unbiased Subset Simu-
lation result which works under minor conditions, instead of an O(1/N)
unbiased one that is derived under asymptotic arguments. Limits of
applicability are explicitly given.

4. The typical threshold selection in Subset Simulation was found to lead
to a negative bias. Here, further studies should examine if the resulting
SuS bias can also become negative. If it can, those cases must be
identified to carry out secure and reliable analysis of failure probabilities
under small N when threshold samples are kept as in most current
implementations.

5. Successive intermediate subset probabilities have been theoretically
shown to be independent under weak assumptions. Practically, high p0

may give uncorrelated intermediate subset probabilities and if the im-
plementation is slightly modified both, low and high p0, should lead to
approximately uncorrelated intermediate probabilities. This has crucial
consequences for a more closed statistical analysis and suitable findings
by simulation.

6. Effective sample numbers, given sample numbers per subset N , were
demonstrated to highly depend on the choice of p0. Higher p0 result
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in a lower number of effective samples. This, together with the auto-
matically reduced chain length explains an inconsistency of theory and
findings in simulations with respect to the coefficient of variation being
higher than expected for higher choices of p0.

Subset Simulation: Guidelines for Application

The following points shortly summarize the parameter settings we identified
as most important ones for good efficiency during our simulation studies:

• It is important to use enough chains to have a higher probability to
find all failure regions. A specific number can not be given here.

• Implementations with adaptive sampling (I3,I4,I5,I6) are much more
efficient than non-adaptive ones (I1,I2) and should preferably be cho-
sen.

• The proposal spread should not be updated within Markov chains.
Otherwise an additional bias is the consequence.

• The distribution of SuS results highly depends on the sample number.
In particular, when deriving confidence intervals or when interpreting
the rRMSE, care has to be taken.

• It is advisable to use several independent runs of SuS for one reliability
evaluation because theory can often not provide secure results (in par-
ticular for the distribution) in advance and evidence through multiple
trials is therefore very valuable.

• The chain length should be set to a fixed value such as Nl between 10
and 20, independent of p0.

• Intermediate subset probabilities p0 ≥ 0.1 do not result in a lower
efficiency necessarily and can be used as well. A recommendation on
values p0 ≥ 0.8 is not given by simulation evidence, since higher p0

were not included in our practical tests.

• Keeping threshold samples seems to be okay and even beneficial, if no
bias correction is applied. This however needs further analysis, to avoid
an unwanted negative bias.
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Note that the last three points have not been identified so far, where the
other points have already been discussed in e.g. Au and Beck (2001b), Au
and Wang (2014), Papaioannou et al. (2015), Breitung (2019).







Chapter 5

Subset Simulation
Interpolation: Introduction and
Statistical Analysis1

In Chapter 3 we have seen that SuS yields the failure probability for one fixed
constellation of the basic variables where analysis of its statistical properties
has been extended in Chapter 4. To evaluate the failure probability when
the distribution of a random variable changes, a possibly inaccurate approx-
imation by Taylor expansion or an additional calculation is necessary. A
short overview of existing Subset Simulation approaches with the potential
for efficient evaluation of dynamic models and a clarification on the differ-
ence to the method of this section was given in Chapter 3. However, if
many different distributions of a specific random variable are relevant, then
either the approximations might become unacceptable or repetitive calcula-
tions can result in very high, possibly infeasible, computational demands. A
main drawback of local approximations is that their accuracy is generally un-
known, especially if the different distributions differ substantially from each
other. In this chapter, we propose a novel algorithm, ’Subset Simulation
Interpolation’ (SuSI), which is based on Subset Simulation and deals with
the solution of this problem.

In particular, we describe the idea as well as the implementation of SuSI
and give a detailed statistical analysis in this chapter. A simulation study

1The algorithm was first presented at ESREL2019 (Blandfort et al. (2019a)). Since
then it has been further developed, applications were extended and a theoretical foundation
was given. The result is presented in this dissertation.
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and its extensive application opportunities are presented in Chapter 6. The
results of both chapters taken together (as suggested by Remark 2.1.3), give
a good indication of SuSI yielding a similar computational demand as a static
SuS evaluation, in many cases.
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5.1 Introduction of the Algorithm

In this section, we explain how the new algorithm deals with the problematic
computational demands given in reliability evaluation of dynamic models as
described in Section 2.2. We start with a brief introduction of the underlying
idea, allowing to understand how the approach can provide more informa-
tion about structural failure than ordinary SuS. In the next sections, we
add a detailed description, explicitly state its implementation and derive
general statistical properties. Furthermore, theoretically derived results and
the given concept are tested by practical simulations, verifying efficiency and
functionality of the algorithm.

5.1.1 A Method Designed for Dynamic Models

Subset Simulation Interpolation is designed for dynamic models such as in-
troduced in Section 2.2. To better trace efficiency, we next make the dynamic
model representation more explicit. Assume we have n relevant distributions
of the dynamic variable Xk and have to examine the corresponding failure
probability of the structure as in Equation 2.2 by

pf =

∫
Dk

P (g(X) < b∗|Xk = y)fk(y)dy (5.1)

for every pdf fk ∈ {f 1
k , ..., f

n
k }. The two assumptions, which have to be

fulfilled by the corresponding static reliability problem, are independence of
the dynamic variable Xk with respect to all other random variables (compare
Assumption 2.2.1) and monotonicity of the limit state function with respect
to it (Assumption 2.2.2). Our proposed algorithm SuSI was developed to deal
with exactly this type of dynamic model and yields the following benefit.

Remark 5.1.1 (Benefit One of SuSI). If we are given a limit state function
g and stochastic properties X as in Section 2.2 and want to evaluate the
probability of failure for n different distributions of Xk, SuSI allows to derive
the result of all those failure probabilities by one single simulation run. In
contrast, SuS needs n repetitive simulation runs or utilization of local approx-
imations with unknown accuracy.

Remark 5.1.2 (Benefit Two of SuSI). Another benefit is the opportunity to
compute a single SuS result by different underlying limit state functions so
that more robust SuS results might be determined (cf. Section 6.2.3)
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The comparison of SuSI and SuS with respect to the computational de-
mand comes natural because both perform best at the same type of reliability
problems where the proposed method is specialized on dynamic models. Re-
mark 5.1.1 and Remark 5.1.2 clarify that SuSI does not necessarily need to
beat the performance of SuS in general to improve efficiency in the dynamic
model setting. Depending on how much evaluations with different distribu-
tions of Xk are required, it would even improve efficiency if the performance
was much worse in the static setting. In short, we, although not entirely
accurate, conclude:

Computational demands of SuSI can be n times lower than that of SuS if
both have the same efficiency in a single static reliability evaluation.

This is a good guideline, but one should also remind that it neglects some
important facts such as the possibility to consider approximative methods
for dynamic models. On the other hand, such methods might not deliver
results as accurate as SuSI does. At least, we will be able to interpret the
computational demand easily by deriving the cost in relation to an ordinary
static SuS evaluation, which is exactly the type of information we need to
rate the efficiency of SuSI. The efficiency of the algorithm will be studied
theoretically in Section 5.3 and practically in Section 6.1 where we will always
refer to the above statement in so far that efficiency is evaluated with respect
to the efficiency of a static SuS evaluation.

5.1.2 Idea

In a nutshell, SuSI estimates a failure probability by a pdf weighted sum
(or integral) of SuS estimates according to Equation 5.1 as illustrated in
Figure 5.1. These single SuS estimates are not independent, instead they are
created by one SuS-like simulation run and are given by the product of the
intermediate subset probabilities up to one specific subset.

This might seem to be a minor change at first, but the intermediate
subsets are created by variation of the limit state function differently than in
SuS. By altering the way subsets are adaptively defined, every of those SuS
estimates yields a conditional failure probability with respect to a fixed value
of the dynamic variable Xk. Still, this different creation of subsets uses the
same basic idea as in SuS and keeps most remarkable properties for reliability
evaluation. So, under an increased gain of information by the algorithm, the
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principles of SuS are kept as a basis.

Remark 5.1.3. The similarity between SuS and SuSI is highly beneficial
for the new algorithm, as most enhancements for Subset Simulation are also
applicable in our algorithm. As a popular method, it has been enhanced and
tested a lot over the past two decades, yielding a strong foundation for analysis
and proof of concept for SuSI also.

In more detail, the idea and substantial difference of SuSI with respect
to SuS is twofold:

(W1) The first difference is the way subsets are created: In SuSI, the thresh-
old for subset generation is kept constantly set to failure b = b∗ and
the values of a specific random variable Xk are changed instead. Doing
so, we get the conditional failure probabilities P (g(X) < b∗|Xk = y)
with respect to (deterministic) values y ∈ Dk of Xk. If monotonicity
(Assumption 2.2.2) is fulfilled, this allows us to construct a sequence
of intermediate events F1 ⊇ F2 ⊇ ... ⊇ Fm∗ ,m∗ ∈ N as in SuS, where
in contrast to SuS, we define Fi := {x ∈ D|g(x) < b∗ ∧ xk = yi} with
y1 < y2 < ... < ym∗ and y1, y2, ..., ym∗ ∈ Dk for monotone increasing g
with respect to xk and refer to subsets by Fyi , i = 1, ...,m∗ instead of
Fi to clarify the dependency on the value of the dynamic variable. If
a subset is either produced by SuS or SuSI, we keep the original nota-
tion and refer to it by Fi. Therefore, in SuSI, only failure probabilities
(b = b∗), and not the probability of non-critical threshold violations,
are calculated at every subset. The number of subset levels might also
differ from that given in SuS and is referred to as m∗ ∈ N. An illus-
tration of the subset structure and the corresponding failure space is
given in Figure 5.2. Figure 5.3 provides a comparison with respect to
SuS. Additionally, because this is the most important point of the idea,
Figure 5.4 again illustrates the difference in subset creation of SuS and
SuSI.

(W2) Second, the discrete conditional failure probabilities, given at each
grid point, are extended by a subsequent interpolation. This cre-
ates a continuous conditional failure probability estimation function
q : Dk → [0, 1], q(y) = P (g(X) < b∗|Xk = y) with respect to the
dynamic variable, as shown in Figure 5.5. After interpolation, one can
then evaluate (5.1) by a simple one-dimensional integration. The main
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Figure 5.1: Subset Simulation Interpolation: Estimating the Failure Proba-
bility by weighted SuS estimates. The result of SuSI is the result of an inte-
gration of the function fk(y) · q(y) over the domain of the dynamic variable
Xk (compare Equation 5.1). Correspondingly, we have the conditional failure
probability function q which is constructed by SuS like estimates weighted
with the pdf of Xk. For demonstration, we have chosen g1 (compare Equa-
tion 4.2) with 4 random variables as a limit state and assumed pf = 1 · 10−6

for the failure probability. To stick to the typical monotonicity assumption
(Assumption 2.2.2), we dropped the negative sign before the Gaussian vari-
ables in g1. The result is shown for linear and for log scale because of q
decreasing exponentially.

(a) Linear Scale (And Scaled fk(y) · q(y))

(b) Log Scale
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benefit is that this inexpensive evaluation can then be repeated for
several different distributions of Xk instead of the typically extremely
computational demanding reliability evaluation.

Note that the failure sets in Figure 5.2b are 2-dimensional, thus are of a
lower dimension than in SuS (compare Figure 5.3). In terms of exploring the
failure space, we well see that SuSI tries to sample along the failure space
with respect to Xk, exploring information about the failure space in each
subset.

For clarification of the close connection between SuS and SuSI, we can
even interpret SuS as a special case of SuSI.

Remark 5.1.4 (SuS as Special Case of SuSI). If we look at the general
formulation of SuS, variation of the threshold at each subset level b1 > b2 >
... > bm = b∗ can also be understood as variation of the limit state according to
gi(X) := g(X)−bi with g(X) the original limit state function. In comparison
to that, SuSI would interpret the exact same constellation as gi(X) := g(X)−
Xd+1, where Xd+1 is then understood as a new artificial variable set to a
different deterministic value in each subset adaptively. Xd+1 takes the role
of the dynamic variable Xk. The probability of failure is then given for a
constant Xd+1 = b∗, so that the conditional failure probability at this value is
just taken as estimation of the failure probability, not needing to calculate a
linear combination of several estimates to get the result. In terms of the pdf
fk, this would refer to Xk = b∗ almost surely, which can be approximated by
a Dirac delta function centered at b∗. In this setting, we will not benefit from
SuSI, just introducing the potential bias for interpolation if we do not directly
evaluate conditional on Xd+1 = b∗. Also the general approach for finding the
deterministic values of Xd+1 for each subset will yield additional unnecessary
computational demands if we follow the standard procedure. Additionally,
no double evaluations, as discussed later, are necessary. More details follow
in Section 5.2. So SuS is a special case of SuSI that utilizes computational
benefits of a specific setting.

The basis of both algorithms is an adaptive creation of subsets, but the
resulting effect by their differences in creation is not a priori clear. The
following remark comments on some consequences.

Remark 5.1.5 (Subset Creation: Comparison of SuS and SuSI). The most
important difference comes from the fact that in SuSI, the failure sets change
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Figure 5.2: Subset Simulation Interpolation: Dimension Reduction and Ex-
ploring the Failure Space. SuSI changes Xk in each step so that we produce
samples that belong to points on the planes shown in Figure 5.2a. The planes
were chosen so that they contain all sample values of a subset. In Figure 5.2b
and Figure 5.2c the corresponding failure regions are drawn and failed sam-
ples are marked red. This well shows the gain of information by SuSI in
every subset, receiving samples which belong to the failure region always.
The limit state function chosen for illustration is g1 (compare Equation 4.2,
monotone decreasing with respect to component xk) with 3 random variables
and pf = 1 · 10−3, having a starting subset corresponding to X1 = Xk = 3.9.
Note the double plane at Xk = 3.9 corresponds to starting the simulation
with SuS until enough failures are found (compare Section 5.2).

(a) Subset Construction

(b) Failure Sets, Perspective 1 (c) Failure Sets, Perspective 2
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Figure 5.3: Subset Simulation: Exploring the Failure Space. The limit state
function is the same as in Figure 5.2, g1 (compare Equation 4.2) with 3
random variables and pf = 1 · 10−3. In contrast to SuSI, the failure set is
3-dimensional and does not change in successive subsets. Moreover, Xk = X1

does not take a special role. Starting around (0, 0, 0) with highest probability
density, we sample in the direction of steepest descent by MCMC to find the
failure region.
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Figure 5.4: Comparison of the subset generation procedure in SuS and SuSI.
In contrast to SuS, where subsets are defined with respect to successive
thresholds, SuSI conditions on deterministic values of the dynamic variable
Xk. This way, SuSI explores information about failure conditional on Xk in
every, or many, subsets, depending on the importance of Xk on failure.

(a) SuS (b) SuSI

Figure 5.5: Blandfort et al. (2019a), modified. SuSI with upper staircase
and cubic spline interpolation: Extension of the discrete set of evaluated
conditional failure probabilities in SuSI to a continuous result.
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in each subset whereas in SuS the conditional failure sets change. This results
in a substantial difference of application of the algorithm and also makes
the main idea to provide more information by a single run of the algorithm
because this way failure sets are examined in each subset. The properties
of both methods, should however coincide in many cases. With respect to
ergodicity, we implicitly assume at start of the algorithm that the direction of
important regions remains the same for higher subset levels. The equivalent
in SuS is given by a change of the conditional failure sets in each subset by
variation of the threshold b. Thus the underlying assumptions for receiving
correct results are similar, both assuming that the lower level subsets allow to
extrapolate to higher level subset failure sets as discussed in Breitung (2018)
and Breitung (2019). As a special feature of SuSI, the dimension of the
state space is reduced by one, in comparison to ordinary SuS. This does not
necessarily affect efficiency, but it can, if only higher failure probabilities are
given more weight or if it alters the limit state function in a beneficial way.
Note, this also potentially decreases efficiency.

In order to compare the efficiency of SuS and SuSI next, we need to
analyze the total number of evaluations ET and therefore study an imple-
mentation of SuSI. Thus, we next discuss how SuSI can be implemented
efficiently and emphasize differences between SuS and SuSI.
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5.2 Implementation

Regarding the twofold idea (compare (W1) and (W2) in Section 5.1) of SuSI,
we next state challenges that come with such an approach and explain how to
modify the procedures applied in SuS to efficiently deal with them, providing
Algorithm 22. The challenges can be directly formulated with respect to the
twofold idea given above:

(C1): Challenges in subset creation (W1).

(C1-1) Selection of y1. It is not a priori clear how to select the first value
y1 of the dynamic variable to define the first subset. Depending on
the limit state function, it might even be impossible to select a y1 ∈
Dk so that the initial conditional failure probability P (g(X) <
b∗|Xk = y1) is high enough for efficient evaluation by Monte Carlo
simulation.

(C1-2) Selection of yi+1. The subsets are successively defined by Fyi :=

{x ∈ D|g(x) < b∗ ∧ xk = yi} with ascending y1 < y2 < ... < ym∗ .
Efficient calculation as in Subset Simulation is typically achieved if
the intermediate subset probabilities approximately take a specific
pre-defined value p0, P (Fyi+1

|Fyi) ≈ p0, i = 1, ...,m∗ − 1, or at

least are in a specific range of probabilities such as [pl, pu] with
pl < pu, pl, pu ∈ (0, 1). The corresponding yi that provide these
probabilities however are unknown in advance.

(C2): Challenges in interpolation and evaluation of the failure probability
(W2).

(C2-1) Interpolation method. Because the shape of the function q is
generally unknown, one has to account for possible systematic
overestimation or underestimation of the failure probability by in-
terpolation. In particular, also a critical negative bias is generally
possible.

(C2-2) Coverage of domain. Regarding the dynamic variable Xk, we
choose a minimum value y1 and a maximum value ym∗ , where the

2An implementation of the algorithm is publicly available at GitHub
(https://github.com/FBlandfort/Subset-Simulation-Interpolation).

https://github.com/FBlandfort/Subset-Simulation-Interpolation
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conditional failure probability is evaluated. In the desired evalu-
ation of Equation 5.1 we can thus not cover the whole domain of
Xk by the given evaluated points and need to extrapolate beyond
the given minimum and maximum or neglect the corresponding
Xk values.

On the whole, it might seem not worth with the effort to deal with these
challenges, but we will show shortly how they can be overcome very well
and how it is indeed worth the effort to do so. First, we need to allow for
approximations, introducing a thereby permitted error.

Definition 5.2.1 (Approximation Accuracy). The maximal admissible error
by approximation is given by εmax.

The approximation error εmax can be set to any value, where one might
typically assume values such as 1− 5% of relevant failure probabilities. Any-
how, good choices of course depend on the general accuracy also induced by
the sample number per subset N . If variation is high, we need not to be
overly accurate in the approximation also.

In terms of implementation, we are responding to the challenges similar as
described in Blandfort et al. (2019a), but choose an alternative way to cope
with (C1-1) to achieve even higher efficiency regarding the total number of
limit state evaluations (compare Section 2.1) and to guarantee termination of
the algorithm. In Blandfort et al. (2019a), the number of total samples was
considered instead. In this dissertation, we assume the following implemen-
tation, where we logically split the description with respect to the challenges
as previously introduced (A1 replies to C1 etc.).

(A1)A1-1 Initialization by ordinary Subset Simulation: The dynamic vari-
able is set to a low deterministic value Xk = y1, typically given
by a quantile of Xk such that the domain is covered sufficiently
well in every case (cf. Lemma 5.3.9). To cover a specific range
of Xk values, we might also assume a uniform distribution on
that range. The first limit state function is then defined by this
deterministic value of Xk. By the monotonicity assumption this
corresponds to a rather likely failure with respect to the choice
of Xk. We then start with ordinary Subset Simulation until a
subset Fi yields bi < b∗. When reaching bi < b∗, we set bi = b∗

and continue with SuSI steps, changing Xk for the calculation of



126 SuSI: Introduction and Theory

successive failure probabilities. If the estimated failure probabil-
ity under Xk = y1 is higher than a desired p0, then a prior nested
interval approach such as in Blandfort et al. (2019a) or alteration
of y1 helps to define an adequate initialization.

A1-2 Prediction Step, Scanning Dk for adequate successive yi+1 choices:
This is the most challenging part of the algorithm since the con-
ditional failure probability function q is unknown and can take
an arbitrary form. Also a bias might be introduced if a specific
choice yi+1 of Xk does not yield any failure. Naively changing
Xk to another value for subsequent analysis then introduces a
bias. Instead, we have to pre-sample values to guarantee a proper
selection of yi+1 in advance so that at least one failure will oc-
cur with high probability. The proposed procedure is as follows.
Given grid points y1, ..., yi, i ∈ N, and their corresponding failure
probability estimates q(y1), ..., q(yi), we search for a yi+1 ∈ Dk

with P (Fyi+1
|Fyi) ≈ p0. In all except for the first SuSI evalu-

ation, this can be done by setting up an extrapolation function
with grid point values as outputs and corresponding estimates as
arguments. If we refer to this function by fext : [0, 1]→ Dk, then

fext

(
P (Fyi)p0

)
yields an estimate for a good choice of yi+1. How-

ever, because this estimation could be bad (e.g. when q is highly
non-linear), we propose to use a few samples of the previous sub-
set for the possibility of testing for good yi+1 values. Assume such
an evaluation with a candidate yi+1 yields Nf ∈ {0, ..., Nt} fails
out of Nt ∈ N samples. The fraction Nf/Nt is a guess of the
intermediate probability P (Fyi+1

|Fyi) at yi+1. Indeed, this guess

is demanded to imply that the probability of the true intermedi-
ate probability being included in a specific range of values [pl, pu]
is high. Fortunately, the true intermediate probability is known
to be Beta distributed with parameters Nf and Nt − Nf + 1 by
Proposition 4.2.11, so that we have

P
(
P (Fyi+1

|Fyi) ∈ (pl, pu)
)

= Beta(puNt;Nf , Nt −Nf + 1)

− Beta(plNt;Nf , Nt −Nf + 1) .

(5.2)

Defining a demanded probability for (5.2), such as pc = 90%,
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Figure 5.6: Blandfort et al. (2019a). Extrapolation step in the SuSI algo-
rithm: Successive testing of candidate values until an acceptable xk value,
such that the conditional failure probability is likely to be contained in a se-
lected interval of probabilities (pl, pu), is found. The final candidate is then
taken for the next subset evaluation, defining yi+1. In this illustration, con-
trasting Assumption 2.2.2, we have a decreasing g(x1, ...,xd) with respect to
xk.

yields a formal acceptance criterion for candidates. This test cor-
responds to a non-informative prior. A graphical illustration is
given in Figure 5.6. We refer to this approach as ’version a’ of the
prediction step (compare Algorithm 2).

Although we still want to control our algorithm this way, we for-
tunately have shown in Section 4.1 that the coefficient of varia-
tion is insensitive with respect to p0, if appropriate MCMC chain
lengths are used, so that the interval (pl, pu) can be kept rather
large to avoid many evaluations in the pre-steps. Then, we should

adaptively define N dependent on Nf/Nt, such as N =
log(p0)

log(Nf/Nt)

to keep good efficiency. If several independent runs of SuSI are
performed, previous results may be utilized for estimation of ap-
propriate yi+1 instead (Algorithm 2, ’version b’ of the prediction
step). In this case, either the information can be used as a prior in
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testing or the prediction step is completely replaced by the avail-
able information, not requiring any additional sampling efforts.

(A2)A2-1 Appropriate choices of y1 and ym∗ : We propose to define y1 as
a quantile of the distribution function of Xk. A straightforward
choice is to set y1 to the lowest 0.5εmax quantile of all relevant
distribution functions. This guarantees an error by evaluation
smaller than 0.5εmax. If no distributions are given in advance,
one can also set y1 equal to any extraordinary small value in the
domain of Xk. Evaluation can be stopped when q̂(yi+1) < 0.5εmax,
having ym∗ = yi+1 also resulting in an error less than 0.5εmax.
If information about relevant distributions is given, we can also
look at (1 − minF jk

{F j
k (y1)})q̂(yi+1) < 0.5εmax instead, to avoid

unnecessary evaluations.

A2-2 Simultaneous use of staircase and spline interpolation: We pro-
pose to use several interpolation methods so that one has not to
rely on a single, possibly biased, result. In particular, staircase
interpolation yields a guaranteed positive bias for upper and a
negative bias for lower staircase case. This particularly allows
to receive a result with guaranteed systematic overestimation of
the failure probability by upper staircase interpolation, sticking to
the principle of safety. On the other hand, for smooth conditional
failure functions q, cubic spline interpolation yields approximately
accurate results. If q is smooth, then this performs good in many
situations. The bias can also be reduced by increasing p0 or eval-
uation of additional grid points at important regions. Indeed,
simulations suggest that it might even be sufficient to consider
spline interpolation (compare Section 6.1) to reduce the bias.

In implementation, we notice the increased complexity of the algorithm.
However, under our model assumptions, the algorithm is still general appli-
cable and adaptively explores failure regions well in many cases. The full
implementation is stated in Algorithm 2. Before demonstrating the full po-
tential of SuSI, we want to be fair and not hold back drawbacks. These
will be discussed in the following. Afterwards, we show why the additional
implementation complexity is worth the effort.

Despite the increased gain of information by changing the limit state
equation in each subset, there is also a disadvantage that must be considered
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for a fair assessment of the method. To do so, we first need to define the
resulting number of subset levels in SuSI that belong to SuS evaluations and
those created according to the new procedure by altering Xk in successive
subsets.

Definition 5.2.2. The total number of subsets after termination of SuSI,
is defined by m∗, where we refer to the subset level before the first SuSI-like
step, i.e. the corresponding number of Monte Carlo and SuS subsets, as ms.
At grid point ym∗, we achieve the minimal, and at y1 the maximal, evaluated
conditional failure probability.

Remark 5.2.3 (Number of Evaluations). In SuSI the limit state function
changes and it is unknown if the ordering of samples according to their limit
state function values remains the same. Thus, in a new subset, all samples
have to be evaluated again, even if they have been calculated in the previous
subset. If not re-using seeds, this results in the following number of total
evaluations for both the methods:

E-SuSI ET = msN
SuSI + 2(m∗ −ms)N

SuSI = NSuSI(2m∗ −ms)

E-SuS ET = mNSuS

Under re-using seeds, the number of total evaluations in SuSI is increased
even more, in particular for high p0:

Ep-SuSI ET ≈ ms(1− p0)NSuSI + (m∗ −ms)N
SuSI(2− p0)

= NSuSI(m∗(2− p0)−ms)

Ep-SuS ET ≈ ms(1− p0)NSuS

Comparing the two methods for same ET thus often results in a smaller
number of samples per subset in SuSI, NSuSI < NSuS. If we instead are
rather interested in the number of generated samples which can be kept when
Xk is changed in the evaluation or still know the ordering after changing Xk,
we have

N-SuSI ET = NT = m∗NSuSI

when not re-using seeds and

Np-SuSI ET = NT ≈ m∗(1− p0)NSuSI
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otherwise, having an equal effort for SuSI and SuS-like evaluations. The
additional evaluations of the prediction step (compare A1-2) are omitted due
to several reasons. First, it is recommended to perform multiple independent
simulation runs to derive an estimation result. In this case, however, we
can also predict appropriate grid points by using the provided information of
the first simulation run, not needing a prediction step anymore. Second, the
sample number for the prediction step should be chosen small, so that it will
become negligible if sample numbers are not very small. Third, the number
of evaluations necessary for the predictions highly depends on the problem
at hand and the implementation of the prediction step and it is therefore
impossible to provide general results.

The higher number of evaluations in SuSI compared to SuS weakens its
performance. At first, one might conclude that the computational demands
of SuSI must thus be higher than in SuS. However, the number of SuSI evalu-
ations is particularly higher for Xk that have a high impact on the limit state
function. As a consequence, we have many additional evaluations for such
Xk that also need many low level subsets for evaluation in the integration,
which on the other hand increases efficiency because these generally provide
a lower variation in their estimates. We will later see how those two effects
might even cancel each other, resulting in a stable and good performance in
many cases.

If the number of samples is the relevant measure for performance, SuSI
even takes an approximately equal computational demand as SuS under same
number of samples per subset N . Furthermore, if the ordering of the samples
with respect to the limit state function is not changed in successive subsets,
we have the same consequence. Also meta models might be a good idea to
predict orderings and save computational time.

Lastly, we want to highlight that similar to SuS, it is advantageous to
use several independent runs of SuSI as a result for reliability evaluation.
This allows to use pre-calculated results for scanning of successive choices
yi, i = 1, ...,m∗, instead of doing an additional scanning step as in (A1-
2). This not only reduces the number of evaluations, but might also yield
better control of intermediate probabilities. Additionally, as the initial y1

can be set to more reasonable values by the gained information, the number
of total evaluations is further decreased. In addition, when several results
are available, we may also use regression to derive a result. If the individual
points then cover the domain finely, the bias can be decreased substantially.
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Although often not explicitly mentioned, we propose to implement SuSI in
the standard normal space (compare Section 2.1.1). This allows to refer to
standard normal quantiles for coverage of the domain.

Remark 5.2.4. In comparison to SuS, the main drawback of the SuSI al-
gorithm might be its additional complexity in implementation. In particular
the prediction step can be challenging, if one wants to cover all possible sit-
uations, including very extreme shapes of the conditional failure probability
function q.
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Algorithm 2: Subset Simulation Interpolation (SuSI)

Result: Failure Probabilities p̂f for all relevant distributions of Xk

Initialization. Define
N (number of samples in each intermediate step),
Npred (number of samples for prediction step),
p0 (intermediate subset probability for SuS),
(pl, pu) (interval for admissible probabilities of intermediate subsets for SuSI),
Xk (stochastic property considered for SuSI),
F ∗
k (’worst’ relevant distributions of Xk, see step A2-1. and step A2-2.),
εmax (maximal admissible domain error)

A2-1. SuS Subsets.
y1 := minF∗

k
{c0.5εmax,Fk

} the lowest 1
2εmax quantile

set limit state g(X|Xk = y1),
evaluation with Monte Carlo,
i = 1

while subset threshold bi > b∗ do
continue ordinary Subset Simulation, subset level i = i+ 1

end

A2-2. SuSI Subsets.
save starting subset ms = i

while (1− F ∗
k (yi))q̂(yi) >

1
2εmax do

create N samples of the previous subset {x : g(x|Xk = yi) < b∗} by MCMC
(as in SuS)

Prediction Step:
a) find candidate yi+1 s.t. p̂i+1 ∈ (pl, pu) is likely by few samples

Npred<<N
b) if a previous SuSI result is availble, use A2-4 to find yi+1 so that

q̂(yi+1)/q̂(yi) = 1
2 (pl + pu)

evaluate g(x|Xk = yi+1) < b∗ for all samples and compute p̂i = P̂ (Fyi+1
|Fyi)

i = i+ 1
end

A2-3. Simulation Result.
grid points yms

, ..., ym∗

estimated conditional failure probabilities: q̂(yi) =
∏ms+i
j=1 p̂j , i = ms, ...,m

∗

A2-4. Interpolation.
choose interpolation method and create a continuous result q̂(y) for y ∈ Dk,

using the grid point results q̂(yms
), ..., q̂(ym∗)

A2-5. Evaluating failure probabilities for any fk, by numerical
interpolation.

p̂f =
∫
Dk

q̂(y)fk(y)dy
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5.3 Statistical Analysis

We have introduced the idea and implementation of the new algorithm. Now,
we explore the theoretical basis for it. We are going to answer the question:

What is the computational demand of applying SuSI in comparison to
ordinary SuS in a static reliability analysis?

Note, we compare a single run of SuS and SuSI here, whereas SuSI was
developed for evaluation of several model constellations n, since it only re-
quires one simulation run, independent of n. Therefore, in case of similar
efficiency for a single evaluation, we can conclude a great performance of
SuSI, providing computational demands as low as a static evaluation for dy-
namic reliability analysis. Even if not comparing efficiency of SuSI and SuS
directly, it enables an intuitive access to the computational demands of ap-
plying SuSI, relating it to the demands of a popular algorithm in a static
reliability analysis. The results on statistical analysis of splines could be
considered hard to interpret. However, the proofs already implicitly offer
a better understanding, show some proof strategies for the special setting
we are confronted with and furthermore aim at providing a contribution to
statistical analysis of splines with Gaussian distributed knot values.

5.3.1 Preliminaries

First, it is plausible to assume the statistical properties of single Subset
Simulation estimators to also hold for the individual grid point estimators
produced by the altered SuS-like steps in SuSI because the applied procedure
for their creation is basically the same. Anyhow, in contrast, the intermedi-
ate subset probability estimators in SuSI are unbiased while SuS steps are
asymptotically unbiased with rate O(1/N) as discussed in Section 4.2. Un-
biasedness in SuSI is due to pre-definition of the threshold by the prediction
step in SuSI (cf. fixed levels method in Cérou et al. (2012)). However, we
also start with ordinary Subset Simulation often when applying SuSI so that
estimation results also rely on SuS steps in many cases.

To simplify analysis, we assume Gaussian distributed intermediate prob-
ability estimators P̂i with mean value pr,i = p0 (Assumption 5.3.1) for all
subsets Fi (and Fyi), i = 1, ...,m∗. This is the traditional approach for ana-

lyzing Subset Simulation (Au and Beck (2001b)) and clearly results in many
advantages for further analysis. This assumption relates to a priori chosen
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thresholds with true probability p0 and large sample number N . Indeed, this
will not suit reality exactly (compare Section 4.2), but is sufficient in our
case since we focus on general properties and not on details or small sample
numbers. Furthermore, the simplifications allow to derive results that are
much easier to interpret, even under the increased complexity by interpola-
tion. Linear combinations of Gaussian distributed random variables, which
are then the basis of our analysis, are rather easy to handle.

Assumption 5.3.1. The intermediate subset probability estimators, in SuS
and SuSI, for simplicity writing P̂i, i = 1, 2, ... jointly for both approaches,
are assumed Gaussian distributed and unbiased

P̂i = pr,i + σiZi

for standard normally distributed random variables Z1, Z2, ... with variance

σ2
i =

pr,i(1− pr,i)
N

(1 + γi)

in O
(

1
N

)
where γi accounts for conversion of dependent samples to an effec-

tive number of independent samples. According to Remark 4.2.17, we further
assume Z1, Z2, ... to be independent.

Note, the simplified approach as by Assumption 5.3.1 suits SuSI better
with respect to the a priori selection of thresholds. Our aim is to analyze SuSI
with SuS as a benchmark, looking at relative behavior. The assumptions and
approximations are made for both the methods, so that our simplifications
should not change the results significantly if both methods are affected sim-
ilarly. Next, we define a substantial simplification of the statistical analysis
that is kept throughout the whole section and also corresponds to a typical
assumption in analysis of SuS (compare Assumption 3.1.6).

Remark 5.3.2. Terms of order O(1/N) are neglected.

The assumption of neglecting O(1/N) terms, under dependent interme-
diate subset probability estimators, results in the same consequences as in-
dependent intermediate subset probability estimators in many parts of the
analysis. So we could, instead of proceeding as stated in Remark 5.3.2, also
often use independence given by Assumption 5.3.1 to proceed with the anal-
ysis. However, we prefer the asymptotic considerations most of the time
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because Assumption 5.3.1 is more plausible under high N and details as de-
rived in Section 4.2 are neglected. Also this suffices our demands here as we
are interested in a general comparison of SuS and SuSI where conclusions
should not be substantially altered unless the sample number is very small.
Nevertheless, it is important to keep in mind that all results in this section
are asymptotic results up to order O(1/N) so that they hold asymptotically,
thus only for large N .

Additionally, we also shorten the notation and rewrite the monotonicity
assumption by the corresponding conditional failure probability function as
given in the following Remark.

Remark 5.3.3 (Definition and Monotonicity of the Conditional Failure
Probability q). By monotonicity Assumption 2.2.2, the conditional failure
probability q : Dk → [0, 1],

q(y) := P (g(X) < b∗|Xk = y) =

∫
D

fX(x)1{g(x)<b∗|xk=y}dx

is monotone decreasing with respect to xk. We will sometimes write short
qw = q(yw), w ∈ {1, ...,m∗} with respect to the grid points y1, ..., ym∗ in SuSI
for ease of notation and write an uppercase letter Q̂ for the corresponding
stochastic variable.

Because of the assumption of Gaussian distributed estimators and pre-
defined thresholds, the following conclusions closely follow the ones given in
Au and Beck (2001b) for ordinary SuS.

Proposition 5.3.4. Under Gaussian distributed intermediate probability es-
timators (Assumption 5.3.1), the estimation error Ew := Q̂(yw) − q(yw) of
the failure probability at grid point yw, w = 1, ...,m∗ in SuSI is given by

Ew =
w∑
i=1

(
σi
∏
j 6=i

pr,j

)
Zi

for Z1, ..., Zw standard normally distributed N (0, 1), σ2
i the variance of the

intermediate subset probability estimators P̂i. Consequently, Q̂(yw) is asymp-
totically unbiased.

Proof. By pr,i = P (Fi+1|Fi), the true intermediate subset probability of sub-
set i = 1, ...,m∗, we have q(yw) =

∏w
i=1 pr,i and equivalently for the stochastic
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variable Ew,

Ew = Q̂(yw)− q(yw) =
w∏
i=1

P̂i −
w∏
i=1

pr,i .

Let Z1, ..., Zw be standard normally distributed random variables and σ2
i =

O(1/N) (see Assumption 5.3.1) the variance of P̂i. By Assumption 5.3.1, we
get

Ew =
w∏
i=1

(pr,i + σiZi)−
w∏
i=1

pr,i

=
w∑
i=1

σiZi
∏
j 6=i

pr,j +
w∑
i=1

w∑
j>i

ZiZjσiσj

w∏
l 6=i,j

pr,l + ...

From σi = O(1/
√
N) it follows

Ew =
w∑
i=1

σiZi
∏
j 6=i

pr,j +O(1/N) .

Neglecting terms of order O(1/N) according to Remark 5.3.2 yields the main
result. Unbiasedness then follows directly by E [Z1] = ... = E [Zw] = 0.

Next, we can explore statistical properties of the derived error in the SuS-
like estimators, but first add an assumption for ease of notation and analysis.
At the same time, we formalize the assumption of identical stochastic prop-
erties of SuS-like estimators in SuS and SuSI.

Assumption 5.3.5 (Homogeneous Subsets Assumption). We assume the
intermediate subset probability estimators P̂i = P (Fi+1|Fi) by SuS and SuSI
to be homogeneous, i.e. pr,i = p0 and σ2

i = σ2 for all i = 1, 2, ...,m∗. In
addition, we also assume that the local variances σ2 of the estimators in SuS
and SuSI coincide under identical intermediate probability p0 and number of
samples N per subset. This corresponds to assuming a constant γi in As-
sumption 5.3.1 for all subsets and independent of SuS or SuSI type steps.
Since there is no systematic difference between the two methods, we assume
γi = 0 (cf. Assumption 3.1.10) in the following for ease of notation, corre-
sponding to perfect sampling. Later we will also comment on the effects of
non-perfect sampling γi > 0.
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Although the SuSI estimators are not derived in the exact same manner
as in SuS, as the limit state might be exposed to more general changes in
every subset, the Homogeneous Subset Assumption is still plausible as the
creation procedure is very similar. Nevertheless, the approximately constant
pr,i = p0 in each subset should better be fulfilled in SuS, at least when not
performing several independent SuSI runs so that previous information can
be utilized for selecting appropriate grid points in SuSI.

Proposition 5.3.6. Under Assumption 5.3.5, the error Ew = Q̂(yw)− q(yw)
of the grid point estimator has variance Var(Ew) and covariances Cov(Ew, El),
for w, l ∈ {1, ...,m∗}, as given by

(i) Var(Ew) = wσ2p
2(w−1)
0 ,

(ii) Cov(Ew, El) = Var(Ew)pl−w0 for grid points yw, yl with w ≤ l .

Proof. We start with the representation in Proposition 5.3.4. Using unbi-
asedness of the estimator, the variance of the grid point estimators is given
by

Var(Ew) =
w∑
i=1

(
σ2
i

∏
j 6=i

p2
r,j

)
.

Now Assumption 5.3.5 yields

Var(Ew) = wσ2p
2(w−1)
0 ,

which proves the first part.
For the second part, again by Proposition 5.3.4, we have

Ew =
w∑
i=1

(
σi
∏
j 6=i

pr,j

)
Zi

for some standard normally distributed Zi, i = 1, ..., w. The covariance is
thus given by

Cov(Ew, El) = E

[(
w∑
i=1

σiZi
∏
q 6=i

pr,q − 0

)(
l∑

j=1

σjZj
∏
k 6=j

pr,k − 0

)]

= E

[(
w∑
i

l∑
j

σiσjE [ZiZj]
w∏
q 6=i

pr,q

l∏
k 6=j

pr,k

)]
.
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By independence of Zi, Zj, i 6= j (compare Assumption 5.3.1), this is equal
to

w∑
i=1

σ2
i

w∏
q 6=i

pr,q

l∏
k 6=i

pr,k .

Now using the homogeneous subsets assumption (Assumption 5.3.5) yields

Cov(Ew, El) =
w∑
i=1

σ2p
(w−1)+(l−1)
0 = wσ2p

(w−1)+(l−1)
0 .

Comparison with the variance of Ew

Var(Ew) = wσ2p
2(w−1)
0

allows the reformulation

Cov(Ew, El) = Var(Ew)pl−w0

where l − w ≥ 0.

Next, we make two technical assumptions and simplify notation and anal-
ysis without much loss of generality.

Assumption 5.3.7. The conditional failure probability q is assumed to be
continuous.

Also, we again use Assumption 3.1.5, assuming that pf can be written as
pf = p

m
0 , m the integer number of subsets in SuS with conditional probabili-

ties equal to p0 ∈ (0, 1). If Assumption 3.1.5 is violated, m would define the
final subset level in SuS with p̂m > p0. Then however notation is less handy.
In the considered case, SuS is also most efficient as the number of samples
per subset N is chosen perfectly in the last subset, which it is not in general.
The number of necessary subset levels for sufficient accuracy in SuSI may
generally differ to that of SuS. This difference is due to the fact that SuSI
integrates over the conditional failure probabilities where values smaller than
p
m
0 might be necessary to get the demanded accuracy, requiring m∗ > m. On

the other hand it might also be the case that only values greater than p
m
0

are relevant for evaluation, then needing less subsets in SuSI, m∗ < m under
same p0.
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Remark 5.3.8. Although SuSI utilizes ordinary SuS up to level ms before
beginning with SuSI steps in general, we may mostly ignore this in our anal-
ysis as it does not affect the derived results in many cases. Still note that
usually the first subsets all belong to the same choice of Xk so that an inter-
polation between those is technically impossible. An exception where we can
not ignore this is the number of evaluations ET , where we have a significant
difference between using SuS or SuSI steps (compare Remark 5.2.3).

In addition to the simplification in Remark 5.3.8, we neglect the error
by an imperfect domain coverage for ease of notation and assume it is small
enough by a proper selection of y1 and ym∗ , where Lemma 5.3.9 shows that
this error can anyways be reduced arbitrarily by a suitable construction of
the subsets.

Lemma 5.3.9. For every ε > 0, we find y1, ym∗ ∈ Dk so that the domain
[y1, ym∗ ] for approximation in SuSI allows to calculate the probability of failure
accurately up to error ε:∫ y1

−∞
fk(y)q(y)dy +

∫ ∞
y
m∗

fk(y)q(y)dy ≤ Fk(y1) + (1− Fk(ym∗))q(ym∗) < ε .

Proof. This is straightforward by continuity and by boundedness of non-
degenerate pdfs and the natural boundary [0, 1] of the conditional failure
probability q.

In the next sections, we analyze two interpolation methods. In both
cases, we can understand the results by interpolation as a linear combination
of SuS-like produced estimates. A first question one might pose is why we use
interpolation and not regression when trying to approximate the conditional
failure probability function q.

Remark 5.3.10 (Preferring Interpolation to Regression). Preferring inter-
polation to regression has the purpose of keeping as much confidence as pos-
sible on the failure probability estimation by the algorithm. There are already
many sources of uncertainty such as unknown effective number of samples,
a potential bias or the question of ergodicity in Subset Simulation. Thus,
we do not want to create an algorithm that is even worse interpretable than
Subset Simulation is already. Indeed we even demonstrate how SuSI can help
to provide evidence on SuS results. Having the opportunity to rely directly on
the SuS-like generated samples by interpolation promises a possibly tractable
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increase in uncertainty as we have similarity of the grid point estimators
to classical Subset Simulation estimators, allowing to build up a theoretical
foundation directly on SuS. Furthermore, the values of the given discrete set
of estimates by SuSI are differing a lot so that it might not be a good idea to
smooth the regression function at the cost of not hitting the estimates directly.
Indeed, these point estimates are the best approximately unbiased information
given on the unknown shape of q.

In contrast to Remark 5.3.10, if we have many repetitive calculations of
SuSI and thereby many estimates for one or several close grid point values,
then it can be beneficial to use regression. In this case, efficiency might be
improved without adding relevant uncertainty on the bias at the grid points.
In particular it should be possible to erase the bias by a dense coverage of the
domain of Xk if many points are available. Nevertheless, before proceeding
with such an analysis, it is necessary to better understand SuSI in general
and also to be capable of performing SuSI by only one or a few indepen-
dent simulation runs of it. This also allows better comparison of statistical
properties with respect to SuS.

In both cases, interpolation and regression, the result is generated by
a weighted sum of SuS-like estimates. We thus need to derive properties of
such linear combinations of correlated SuS-like estimators where we study in-
terpolation approaches. To proceed by SuSI, one needs to choose a concrete
interpolation method. We analyze a staircase approximation as well as cubic
spline interpolation. Estimation of failure probabilities by such interpolation
methods certainly requires to consider the thereby introduced bias. In com-
parison to ordinary SuS, we then have to consider both, bias and coefficient
of variation jointly to reasonably judge the efficiency of the new algorithm.

5.3.2 Staircase Approach

We first analyze SuSI with staircase interpolation.

Definition 5.3.11 (Staircase Interpolation). The upper and lower staircase
approximations su, sl : Dk → [0, 1] of the conditional failure probability func-
tion q are given by

su(y) := q(yi) and sl(y) := q(yi+1) for y ∈ [yi, yi+1) ,

where i ∈ {1, ...,m∗ − 1}. To cover the whole domain, we also define

su(y) := 1, sl(y) := q(y1) for y < y1
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and
su(y) := q(ym∗), sl(y) := 0 for y ≥ ym∗

which is an upper boundary by the natural probability boundaries q(y) ∈ [0, 1]
for all y ∈ Dk. By Lemma 5.3.9 the error by not fully covering the domain
can be made arbitrarily small by appropriate choice of y1 and ym∗.

The staircase interpolation for approximation of the conditional failure
function is important due to the following reason.

Remark 5.3.12 (Choosing the Staircase Approach). As the conditional fail-
ure probability function q is in general unknown, only known to be monotone,
the only function that guarantees a non-negative bias, avoiding systematic un-
derestimation of the failure probability is the upper staircase function. For
every other approximation method, it is not clear if the estimation has a neg-
ative bias and therefore does converge to a value lower than the true failure
probability for high N , systematically underestimating the real failure proba-
bility. An additional point is that the staircase function allows for a better
comprehensible theoretical analysis. As SuSI is a newly proposed approach,
we should start with a strong basis where analysis remains simple enough
to have a good understanding of the mechanisms. It is also straightforward,
although perhaps lengthy in analysis, to adapt the staircase results to more
sophisticated interpolation methods as shown in the next section.

Our objective is to measure efficiency by comparison of the MSE for same
number of function evaluations ET (compare Definition 2.1.2). To do so, we
use the well known relation

MSE(P̂f ) = Var(P̂f ) + B(P̂f )
2

and separately analyze bias (B(P̂f )) and variance (Var(P̂f )) in the following,
afterwards putting together both the results. To clarify the method used for
estimation, we write P̂ sus

f for classical Subset Simulation and P̂ u
f and P̂ l

f for
Subset Simulation Interpolation with upper and lower staircase interpolation,
respectively. Note, these estimators always correspond to specific choices of
parameters, samples per subset N and intermediate subset probability p0.

Theorem 5.3.13 (Bias of SuSI). The relative bias of the estimator in upper
staircase interpolation is given by

B(P̂ u
f )

pf
= cu(p0)

1− p0

p0

(5.3)
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for some cu(p0) ∈ [0, 1]. Correspondingly the relative bias of the estimator
under lower staircase interpolation is given by

B(P̂ l
f )

pf
= −cl(p0)

1− p0

p0

(5.4)

for some cl(p0) ∈ [0, 1].

Proof. We proceed in two steps, first deriving the boundaries of the bias and
then using the intermediate value theorem to prove the claim. We only show
the upper staircase case as the lower staircase case is proven alike.

In SuSIu the estimated conditional probability of failure of y ∈ [yi, yi+1] ⊆
Dk, i ∈ {1, ...,m∗ − 1}, is given by the estimate of the upper staircase func-
tion Ŝu(y) = Q̂(yi). By unbiasedness of the grid point estimators (Proposi-

tion 5.3.4), we thus have E
[
Ŝu(y)

]
= E

[
Q̂(yi)

]
= q(yi). Similarly, we have

E
[
Ŝl(y)

]
= E

[
Q̂(yi+1)

]
= q(yi+1) for the lower staircase function approxi-

mation. The bias of the upper staircase estimation with respect to the whole
interval [yi, yi+1] is given by

Bi(P̂
u
f ) =

∫ yi+1

yi

fk(y)(q(yi)− q(y))dy .

By monotonicity of the conditional failure function q(y), we have q(yi+1) =
sl(y) ≤ q(y) ≤ su(y) = q(yi) and by Assumption 5.3.5 q(yi+1) = p0q(yi) so
that

Bi(P̂
u
f ) ≤

∫ yi+1

yi

fk(y)(q(yi)− p0q(yi))dy .

Reformulation yields

Bi(P̂
u
f ) ≤ (1− p0)

(∫ yi+1

yi

fk(y)q(y)dy +

∫ yi+1

yi

fk(y)(q(yi)− q(y))dy

)
.

Thus the bias over the whole domain Dk is bounded by

B(P̂ u
f ) ≤ (1− p0)

m∗−1∑
i=1

(∫ yi+1

yi

fk(y)q(y)dy +

∫ yi+1

yi

fk(y)(q(yi)− q(y))dy

)
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up to approximation error as in Lemma 5.3.9, which is neglected. This is
just the upper staircase approximation multiplied by (1− p0) so that

B(P̂ u
f ) ≤ (1− p0)(pf + B(P̂ u

f )) .

Reordering yields the upper boundary

B(P̂ u
f )

pf
≤ 1− p0

p0

where the boundary is also known to be positive by definition of su and
monotonicity of q.

Now the intermediate value theorem on function f : [0, 1] →
[
0,

1−p0
p0

]
with f(c) := c

1−p0
p0

yields the result.

Proposition 5.3.14. The relation of the factors for upper and lower stair-
case bias in Theorem 5.3.13 is given by

1 =
cl(p0)

p0

+ cu(p0) .

Proof. Write P̂ u
f and P̂ l

f for the upper and lower staircase estimators by SuSI.
The definition of the bias gives

pf = E[P̂ l
f ]− B(P̂ l

f ) .

By construction we also know the relation between upper and lower staircase
expected values of estimation to be given by

pf = p0E[P̂ u
f ]− B(P̂ l

f ) = p0(pf + B(P̂ u
f ))− B(P̂ l

f ) .

Theorem 5.3.13 then yields

pf = p0

(
pf + pfcu

1− p0

p0

)
+ pfcl

1− p0

p0

.

Crossing out pf

1 = p0

(
1 + cu

1− p0

p0

)
+ cl

1− p0

p0
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and reformulating

1− p0 =
1− p0

p0

(p0cu + cl)

yields

1 = cu +
cl
p0

.

Proposition 5.3.14 also indicates that the more biased a lower staircase
approximation is, the less biased the upper will be and vice versa. This is
straightforward as q takes values between upper and lower staircase functions
by monotonicity. The factor 1

p0
comes from the fact that a smaller lower

staircase bias corresponds to a smaller pf . This again affects the relative
bias with respect to pf .

Remark 5.3.15. Upper and lower staircase bias yield the highest possible
positive and negative bias for monotone interpolation, respectively. Thus the
bias under every monotone interpolation method in SuSI can be written by
either Equation 5.3 or Equation 5.4 by choosing appropriate cu or cl values.
However, it might miss information on the behavior of the bias such as de-
crease of a specific order with respect to the length of the grid point intervals
in spline interpolation. Even in staircase interpolation, the factors in the
equations are not fixed and change by the placement of the grid points or
equivalently p0. Still, we will treat the factors as constants cu and cl, not
further analyzing their dependency on p0, in the following. This is due to
the fact that they are generally not traceable, depending on the unknown real
function q.

Remark 5.3.16. Using the average of upper and lower staircase function
for interpolation, the bias follows

|B(P̂ average
f )|
pf

≤ 1

2
· 1− p0

p0

,

since one bias is positive and the other is negative. Moreover, this allows a
reduction of the absolute value of the bias boundary, but may also result in
a positive or a negative bias. In other words, we expect to perform better for
many functions at the cost of uncertainty in the sign of the bias.
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Next, after proving as preparation the following claim, we dedicate our-
selves to the variation of estimations by SuSI.

Lemma 5.3.17. Under Assumption 3.1.5 and for given pdf fk and
F1, ...,Fm∗−1 defined as Fi :=

∫ yi+1

yi
fk(y)dy, i = 1, ...,m∗ − 1 and corre-

sponding grid points y1, ..., ym∗ by SuSI, we have

m∗−1∑
i=1

F2
i

i

m
p2i

0 + 2
∑

1≤i<j≤m∗−1

FiFj
i

m
pi+j0

= Cu · p2m
0

(
1 + p

−m
0 B(P̂ u

f )
)2

for some Cu ∈ [ 1
m
, m
∗−1
m

] and B(P̂ u
f ) the bias of the upper staircase approxi-

mation. Similar, we have for the lower staircase approximation

m∗−1∑
i=1

F2
i

i+ 1

m
p2i+2

0 + 2
∑

1≤i<j≤m∗−1

FiFj
i+ 1

m
pi+j+2

0

= Cl · p2m
0

(
1 + p

−m
0 B(P̂ l

f )
)2

for some Cl ∈ [ 2
m
, m
∗

m
] and B(P̂ l

f ) the bias of the lower staircase approxima-
tion.

Proof. For the upper staircase approximation, we have

E
[
P̂ u
f

]
=

m∗−1∑
i=1

∫ yi+1

yi

fk(y)q(yi)dy =
m∗−1∑
i=1

Fiq(yi) (5.5)

and

E
[
P̂ u
f

]
= pf + B(P̂ u

f ) (5.6)

where B(P̂ u
f ) is the bias of the upper staircase estimation. Combining (5.5)

and (5.6) yields
m∗−1∑
i=1

Fiq(yi) = pf + B(P̂ u
f ) .



146 SuSI: Introduction and Theory

Then squaring both sides and using q(yi) = pi0 by upper staircase approxi-
mation gives

m∗−1∑
i=1

F2
i p

2i
0 + 2

∑
1≤i<j≤m∗−1

FiFjpi+j0 = p2
f + 2pfB(P̂ u

f ) + (B(P̂ u
f ))2 .

Replacing pf by p
m
0 results in

m∗−1∑
i=1

F2
i p

2i
0 + 2

∑
1≤i<j≤m∗−1

FiFjpi+j0︸ ︷︷ ︸
=:L

= p
2m
0

(
1 + p

−m
0 B(P̂ u

f )
)2

︸ ︷︷ ︸
=:R

. (5.7)

Now we want to look at

L∗ :=
m∗−1∑
i=1

F2
i

i

m
p2i

0 + 2
∑

1≤i<j≤m∗−1

FiFj
i

m
pi+j0

which is then, due to i
m
∈ { 1

m
, 2
m
, ..., m

∗−1
m
}, bounded by

1

m
L ≤ L∗ ≤ m∗ − 1

m
L .

Thus, by (5.7) we may derive boundaries for L∗ as

1

m
R ≤ L∗ ≤ m∗ − 1

m
R .

Now the intermediate value theorem with respect to the interval [ 1
m
, m
∗−1
m

]
yields the claim. The lower staircase case is shown accordingly.

Theorem 5.3.18 (Variance of SuSI). Let M be the relation of sample num-

bers, i.e. M = NSuS

NSuSI . Under Assumption 5.3.5 and Assumption 3.1.5, the
relation of the variance of estimated failure probabilities by upper staircase in
SuSI and classical SuS variance with same p0 and number of total evaluations
ET is given by

Var(P̂ u
f )

Var(P̂ sus
f )

= MCu

(
1 + cu

1− p0

p0

)2
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for some cu ∈ [0, 1] as in Proposition 5.3.14 and some Cu ∈ [ 1
m
, m
∗−1
m

] as in
Lemma 5.3.17. In the case of lower staircase approximation, we correspond-
ingly have

Var(P̂ l
f )

Var(P̂ sus
f )

= MCl

(
1− cl

1− p0

p0

)2

for cl ∈ [0, 1] with cl = (1−cu)p0 by Proposition 5.3.14 and some Cl ∈ [ 2
m
, m
∗

m
].

If seeds of successive subsets are not re-used for evaluation in the next
subset, M is given by 2m∗−ms

m
.

Proof. We proceed as follows: In a first step, we write P̂ u
f as a linear com-

bination of SuS-like produced estimates. Weights are derived by the inter-
polation method as well as the probability distribution of Xk. The SuS
estimates are given by the product of the estimated intermediate probabili-
ties of the subsets up to a specific subset. Note, in SuSI those SuS estimates
are identified as estimated conditional failure probabilities at the grid points
q̂(yi), i = 1, ...,m∗ − 1. Then we use the formula for variances and covari-
ances in Proposition 5.3.6 with sample numbers per subset as derived in
Remark 5.2.3. This allows to compare the variances of SuS and individual
grid point SuSI estimators with respect to a fixed number of total limit state
calls ET . This result is then used to derive the variance of the weighted SuS
estimators in P̂ u

f in relation to the single SuS estimator in SuS.

Interpolation: Weighted SuS Estimates Write Fi :=
∫ yi+1

yi
fk(y)dy

and, as above, Ei = Q̂(yi) − q(yi) the estimation error at grid points yi, i =
1, ...,m∗ − 1 by SuSI. The variance of the upper staircase estimator P̂ u

f is
then written as

Var(P̂ u
f ) = E

[
(P̂ u

f − E
[
P̂ u
f

]
)2
]

= E

(m∗−1∑
i=1

FiQ̂(yi)−
m∗−1∑
i=1

Fiq(yi)

)2
 = E

(m∗−1∑
i=1

FiEi

)2


where we used ŝu(y) = q̂yi for y ∈ [yi, yi+1), i = 1, ...,m∗−1 and unbiasedness

of the grid point estimators (Proposition 5.3.4). Reformulation yields

Var(P̂ u
f ) =

m∗−1∑
i=1

F2
i Var(Ei) + 2

∑
1≤i<j≤m∗−1

FiFjCov(Ei, Ej) . (5.8)
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Replacing the covariance according to Proposition 5.3.6 results in

Var(P̂ u
f ) =

m∗−1∑
i=1

F2
i Var(Ei) + 2

∑
1≤i<j≤m∗−1

FiFjVar(Ei)pj−i0 . (5.9)

Variance and Number of Subset Samples To proceed further, we have
to analyze the variance Var(Ei), i = 1, ...,m∗ − 1 where we try to rewrite it
so that it is well comparable to the variance of the ordinary SuS estimator
applied on the same problem formulation with same failure probability pf .
In general, by Proposition 5.3.6, Var(Ei), i = 1, ...,m∗ − 1 is given by

Var(Ei) = iσ2p
2(i−1)
0 . (5.10)

The variance of SuS already looks similar, following

Var(P̂ sus
f ) = mσ2p

2(m−1)
0 . (5.11)

However, to compare this variance to that of classical SuS, we need to account

for the number of samples per subset as σ2 =
p0(1−p0)

N
(compare Assump-

tion 5.3.1) are not necessarily the same in both equations ((5.10),(5.11)). As
discussed in Remark 5.2.3, the constant number of samples per subset for a
fixed total number of samples ET generally differs in SuS and SuSI and is
given by

• SuSI: ET = msN
SuSI + 2(m∗ −ms)N

SuSI

• SuS: ET = mNSuS

under re-use of seeds. Thus we have the relation

M−1 :=
NSuSI

NSuS
=

m

2m∗ −ms

.

If we let σ2 =
p0(1−p0)

NSuS be the variance of a subset estimator corresponding to
ordinary SuS, then

σ2(SuSI) =
NSuSI

NSuS
σ2 := M−1σ2 . (5.12)
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Continuation of deriving Var(P̂ u
f ) (5.9)

Var(P̂ u
f ) =

m∗−1∑
i=1

F2
i Var(Ei) + 2

∑
1≤i<j≤m∗−1

FiFjVar(Ei)pj−i0

Now, using (5.10), and (5.12), neglecting the effect of changing γ̄i for different
order subsets (this effect would be beneficial for SuSI)

Var(Ei) = iMσ2p
2(i−1)
0

yields

Var(P̂ u
f ) = M

(
m∗−1∑
i=1

F2
i iσ

2p
2(i−1)
0 + 2

∑
1≤i<j≤m∗−1

FiFjiσ2p
2(i−1)
0 pj−i0

)

= M

(
m∗−1∑
i=1

F2
i iσ

2p
2(i−1)
0 + 2

∑
1≤i<j≤m∗−1

FiFjiσ2pi+j−2
0

)
.

Now, we also know Var(P̂ sus
f ) = mσ2p

2(m−1)
0 so that

Var(P̂ u
f )

Var(P̂ sus
f )

= Mp
−2m
0

(
m∗−1∑
i=1

F2
i

i

m
p2i

0 + 2
∑

1≤i<j≤m∗−1

FiFj
i

m
pi+j0

)
.

Using Lemma 5.3.17, the right hand side can be rewritten as

Mp
−2m
0 Cu

(
p

2m
0 + 2p

m
0 B(P̂ u

f ) + (B(P̂ u
f ))2

)
for some Cu ∈ [ 1

m
, m
∗−1
m

]. In short, we may write

MCu

(
1 + p

−m
0 B(P̂ u

f )
)2

. (5.13)

In addition, by Theorem 5.3.13, we have

B(P̂ u
f ) = pf · cu

1− p0

p0

= p
m
0 · cu

1− p0

p0

(5.14)

for some cu ∈ [0, 1]. Now, combining (5.13) and (5.14) yields the claim

Var(P̂ u
f )

Var(P̂ sus
f )

= MCu

(
1 + cu

1− p0

p0

)2

.

The lower staircase case is shown accordingly.
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Remark 5.3.19 (Variance of SuSI Under Re-use of Seeds). Under re-use of
seeds, the result in Theorem 5.3.18 remains the same, except for replacing
M according to Remark 5.2.3 by

M =
NSuS

NSuSI
=
m∗(2− p0)−ms

m(1− p0)
.

Theorem 5.3.18 relates the variances of SuS and SuSI under same com-
putational costs. The different effects by bias, interpolation and differing
number of samples per subset are captured in several parameters. So, to
better understand the relation it is crucial to individually look at those in-
dividual parameters and see in which situations they take big or low values.
This allows to identify problems where SuSI performs good or bad.

Remark 5.3.20 (Interpretation of Theorem 5.3.18). Here, we give some
intuition on the theoretical findings in Theorem 5.3.18.

• In the upper staircase case, we have

Var(P̂ u
f )

Var(P̂ sus
f )

= M︸︷︷︸
(1)

Cu︸︷︷︸
(2)

(
1 + cu

1− p0

p0

)2

︸ ︷︷ ︸
(3)

for some cu ∈ [0, 1]. A factor-wise interpretation is as follows:

(1) This is the influence of the sample number N for same total limit
state evaluations ET . The required number of subsets of SuSIu

with respect to SuS and the double evaluations necessary in SuSI
subsets affect the resulting N in each subset. This again affects the
Monte Carlo variance. However, we have to be aware that when
re-using seeds, M is dependent on p0 where otherwise it is not.
When re-using seeds, SuSI efficiency will generally become worse
in comparison to SuS for high p0 as discussed in Remark 5.2.3.

(2) To interpret the constant Cu, one can think of a function that is
given by the product of the pdf of Xk and the corresponding con-
ditional failure probability function q (as shown in Figure 5.1).
Then Cu should approximately be given by the subset level mmass

of SuSI that locates near the ’most mass grid point’ of this func-
tion divided by the total number of subset levels m of SuS, thus
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Cu ≈ mmass

m
. If the variable Xk is not so relevant for the failure

probability, then the above importance function is almost identical
to the pdf of Xk. In this case, choosing the mean of the pdf as
an approximation of the mass point is plausible. If however, the
variable Xk has a very significant effect on the failure probabil-
ity (global sensitivity index high), then the important conditional
failure probabilities are taken at the tail of the pdf, yielding a low
Cu as a consequence. Typically Cu ≤ 1 and Cu can be assumed
independent of p0.

(3) This term includes the bias of the interpolation method. A higher
bias generally results in higher estimated failure probabilities and
thus a higher relative variation with respect to the real and fixed
failure probability pf .

Observe that the factors are not independent, as for example a high bias
may result in a different number of subsets to reach a required accuracy
and also change the constant cu. While Cu decreases with respect to
the relevance of Xk, M can be decreased by proper choices of y1 in the
initial limit state and vice versa.

• The lower staircase case yields the same components, where in contrast,
the lower staircase approximation induces a negative bias and may thus
result in a lower variance than an unbiased interpolation method. Ac-
cordingly, an upper boundary for the variance of the lower staircase
estimation with respect to the unbiased estimator is reached for zero
bias. A negative bias, resulting in a lower variance, improves the per-
formance but also systematically underestimates the failure probability.

Further note that the relation of cu and cl can not be stated in advance if fk
is free to choose.

Remark 5.3.21 (Sample Correlation Factor: Simplification in Favor of SuS).
The variance of SuSI is in general even lower in comparison to SuS than
stated in Theorem 5.3.18 because of the simplification by Assumption 5.3.5,
where we did not account for the inner subset sample dependencies γi. As
SuSI relies more on lower level subset estimates than SuS and higher subset
levels correspond to higher dependencies γi, thus less effective samples, the
variance of SuSI is even lower in comparison to SuS. This effect was ne-
glected since it can depend on many factors such as convexity or concavity
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of the intermediate subset domains which are in general not observable. For
less efficient implementations, such as non-adaptive MCMC, this effect can
become very important as seen in Blandfort et al. (2019a).

Now that we have derived bias and variance of SuSI, we can finally analyze
efficiency by the rRMSE.

Corollary 5.3.22 (rRMSE). The rRMSE of the failure probability estimator
P̂ u
f by SuSI is given by

rRMSE(P̂ u
f ) =

{
MCu

(
1 + cu

1− p0

p0

)2
(1− p0)r

p0(log(p0))2

(log(pf ))
2

ET
(1 + γ̄)

+

(
cu

1− p0

p0

)2} 1
2

with Cu, cu as in Theorem 5.3.18. If seeds are not re-used, r = 1 and M as in
Theorem 5.3.18. Otherwise, we have r = 2 and M as in Remark 5.3.19. The
factor (1+ γ̄) accounts for the effective sample number as in Theorem 4.1.11.
Cu and cu can be replaced by Cl,−cl respectively for the lower staircase case
P̂ l
f .

Proof. We have

rRMSE(P̂ u
f ) =

√
Var(P̂ u

f ) + (B(P̂ u
f ))2 .

By Theorem 5.3.13 and Theorem 5.3.18 this becomes

1

pf
·
√
MCu

(
1 + cu

1− p0

p0

)2

Var(P̂ sus
f ) +

(
cu

1− p0

p0

pf

)2

.

Using Theorem 4.1.11

Var(P̂ sus
f ) =

(
CV(P̂f , ET )

)2

p2
f =

(1− p0)r

p0(log(p0))2

(log(pf ))
2

ET
(1 + γ̄)p2

f

then yields the result.

It is good to have an explicit formula for the rRMSE in Corollary 5.3.22.
However, we are more interested in the relation of rRMSE of SuSI and vari-
ance of SuS under optimal parameter settings. We already derived the re-
lation of the variances of SuSI and SuS explicitly. So, we could either addi-
tionally compare the bias of SuSI with the variance of SuS or just use the
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explicit formula for the rRMSE of SuSI in Corollary 5.3.22 and compare its
results to that of the variance of SuS in Theorem 4.1.11 directly. We choose
the latter approach, where we will also consider the optimal p0 for both ap-
proaches separately so that each method reaches its best performance on a
specific given problem. The choice of an optimal p0 in SuSI obviously de-
pends on the explicit case, e.g. the total number of evaluations ET , because
if the variance becomes low, the bias has a higher effect on the absolute value
of the errors and therefore choosing a higher p0 to decrease the bias becomes
more important for a good performance of SuSI. The statistical derivations
in the staircase approach, provide a general result for the rRMSE dependent
on parameters of the problem at hand. It remains to consider results for
specific scenarios and compare the rRMSE of SuS and SuSI in realistic situ-
ations. This will allow to provide more insights on practical efficiency of the
new algorithm. Conclusions are jointly drawn for staircase and interpolation
by splines approaches in Section 5.4. Furthermore an empirical analysis by
a simulation study considering artificial and real world problems is given in
Section 6.1.
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5.3.3 Piecewise Cubic Hermite Interpolation

Now that we have examined the staircase interpolation approach, which
yields boundaries with respect to systematic estimation errors of the fail-
ure probability, we next study a more sophisticated interpolation method,
which should give more accurate results in many cases. Interpolation yields
smooth and visually pleasing functions for approximation. We thus achieve
good accuracy by interpolation, if either the grid point distances are small
or the interpolated function is smooth.

Remark 5.3.23 (Smoothness of q). According to the construction of q under
the influence of many random variables, it is often plausible that q is rather
smooth. The idea is that the noise of the stochastic variables flattens abrupt
changes in the underlying function. We assume q to be continuously differ-
entiable up to at least fifth order on the domain of Xk, q ∈ Cj(Dk), j ≥ 5.
Although violations of this assumption may prevent us from deriving theo-
retical conclusions at some points, practically it will still be beneficial to use
the interpolation approach in many such cases. However, we need to take a
heuristic approach here and do not claim any general validity here.

We thus study piecewise cubic Hermite interpolation as an interpolation
method in SuSI. In our case, we however certainly know that q is mono-
tone. Thus, we should also examine shape preserving interpolation methods,
where we want to keep a locality property of the approximation method for
easier analysis. The proposed method will be the one validated in our sim-
ulation studies and is therefore motivated by also providing some historical
background, demonstrating it is well tested and easy to integrate in imple-
mentation. Furthermore, this simplifies further study of the method for the
interested reader. Fortunately, monotonicity preserving interpolation was ex-
amined by Fritsch and Carlson (1980), decades ago. It was shown, how one
can, only by modifying the interpolation derivatives at the grid points, get
a monotone piecewise cubic Hermite interpolation. The result was extended
in Fritsch and Butland (1984) by using results obtained in Butland (1980),
offering a simple formula for determination of the derivatives which fulfilled
all conditions given in Fritsch and Carlson (1980) and was also shown to lead
to ’visually pleasing’ results. This procedure is not only simple and can be
applied for all monotone data, it is also completely local and does account
for different scales, which we have in Subset Simulation Interpolation, very
well. The method for determination of the derivatives is also known as the
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weighted Harmonic mean:

dq(yi)

dy
=

di−1di
αdi + (1− α)di−1

for di−1, di > 0 and 0, otherwise. The

di =
q(yi+1)− q(yi)

yi+1 − yi

are the finite differences and the weights are given as

α =
yi − yi−1 + 2(yi+1 − yi)

3(yi+1 − yi−1)
.

For equidistant points, this becomes just the Harmonic mean. While the
Harmonic mean itself, although being not so popular in general, was already
known (see e.g. Coggeshall (1886), Ferger (1931)), its perfect match to this
application was a very nice and pleasant discovery. Although this method
was explored decades ago, it is still a good choice for monotone interpolation
and is also frequently used in current software implementations (see e.g.
Python; in scipy:’PchipInterpolator’ or Matlab:’pchip’, entitled as Piecewise
Cubic Hermite Interpolating Polynomial (PCHIP)). By using this method,
we therefore benefit, beyond the shape preserving property, from the fact
that it is well explored and also that it is already implemented in several
software packages, making it easy applicable for our new method without
additional effort. Note, the guarantee of monotonicity avoids overshooting.

Remark 5.3.24 (A Potential Drawback). Constructing derivatives by Har-
monic means tends to create too flat curves (Fritsch and Butland (1984)). In
addition, the interpolation function is only C1 (Fritsch and Butland (1984))
instead of C2 as in usual cubic spline interpolation, since the splines need to
fulfill the monotonicity condition and are thus not chosen as smooth as they
could otherwise. However, it has many benefits such as O(h2) convergence
for uniform data, ’visually pleasing’ results and being simple and completely
local. Still, the tendency to create too flat curves should be noted because
this may result in a systematic underestimation of the failure probability, a
negative bias. A more detailed discussion for accurateness of monotone cubic
interpolation is given in Huynh (1993).
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In this section, we analyze the properties of SuSI with respect to shape
preserving and standard piecewise cubic Hermite interpolation. These meth-
ods allow for derivation of good results when the conditional failure function
q is smooth. But the method can not guarantee a positive bias such as
the upper staircase approximation. Thus, in contrast to the staircase ap-
proach, even a systematic underestimation of the failure probability can be
the consequence. On the other hand, we expect more accurate results in
many cases. Also Subset Simulation has a potential for underestimation of
the failure probability as discussed in Section 3.2. The interpolation methods
in this section are generally supposed to offer good performance on average,
but usually lack some control of the bias. Other methods should be used
additionally.

Remark 5.3.25. Derivation of the results in this section is, in contrast to
the staircase approach, often based on numerical methods. We will often need
to look at the permitted values for p0 and focus on intervals that are typically
more important for evaluation of small failure probabilities. Special features
at the domain boundaries will not be considered as the corresponding effects
will usually be negligible.

In the proposed interpolation method of this section, each interval [yw, yw+1) ⊂
Dk, corresponds to a piecewise polynomial as given in the following definition.

Definition 5.3.26 (Hermite Interpolation). For w = 1, ...,m∗− 1, the cubic
Hermite interpolation splines sSpl.

w (y), y ∈ Iw := [yw, yw+1) ⊂ Dk, are given
by

sSpl.
w (y) = qwHw,1(y) + qw+1Hw,2(y) +mwHw,3(y) +mw+1Hw,4(y) (5.15)

with qw = q(yw), mw the tangent at grid point yw and

Hw,1(y) = 3

(
yw+1 − y
yw+1 − yw

)2

− 2

(
yw+1 − y
yw+1 − yw

)3

,

Hw,2(y) = 3

(
y − yw

yw+1 − yw

)2

− 2

(
y − yw

yw+1 − yw

)3

,

Hw,3(y) = −(yw+1 − yw)

((
yw+1 − y
yw+1 − yw

)3

−
(
yw+1 − y
yw+1 − yw

)2
)

and

Hw,4(y) = (yw+1 − yw)

((
y − yw

yw+1 − yw

)3

−
(

y − yw
yw+1 − yw

)2
)

.
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By Definition 5.3.26, the function value is thus given as a linear combi-
nation of the Hermite basis functions Hw,1, Hw,2, Hw,3, Hw,4 for every w =
1, ...,m∗ − 1.

Assumption 5.3.27. The grid points yj, j = 1, ...,m∗ are assumed to be
equidistant

yw+1 − yw = h or equivalently |Iw| = h

for all w = 1, ...,m∗ − 1 and some h ∈ R+. Iw as in Definition 5.3.26.

The intervals for upper and lower part of the domain I0 ⊆ (−∞, y1) and
Im∗ ⊆ (ym∗ ,∞) are neglected. This is admissible according to Lemma 5.3.9
for appropriate choices of y1 and ym∗ .

Using equidistant points, the cubic Hermite interpolation splines in Def-
inition 5.3.26 become

Hw,1(y) = 3

(
yw+1 − y

h

)2

− 2

(
yw+1 − y

h

)3

,

Hw,2(y) = 3

(
y − yw
h

)2

− 2

(
y − yw
h

)3

,

Hw,3(y) = −h
((

yw+1 − y
h

)3

−
(
yw+1 − y

h

)2
)

and

Hw,4(y) = h

((
y − yw
h

)3

−
(
y − yw
h

)2
)

.

The key for a well suitable cubic Hermite interpolation is the determina-
tion of the tangents mw, w = 1, ....,m∗. We consider three different types for
tangent derivation:

(3FD) Three-point central finite difference. This approach is the classical one
for cubic Hermite spline interpolation and is easy to analyze due to its
simple representation. Here, tangents are given by slope

m3FD
w =

1

2

(
qw+1 − qw
yw+1 − yw

+
qw − qw−1

yw − yw−1

)
=
qw+1 − qw−1

2h
.

(5FD) Five-point central finite difference:

m5FD
w =

qw−2 − 8qw−1 + 8qw+1 + qw+2

12h
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This approach allows for increased accuracy for smooth functions in
comparison to 3FD at the cost of an increased complexity in statistical
analysis.

(HM) Harmonic mean of the finite differences. We define

mHM
w =

2dw−1dw
dw−1 + dw

(5.16)

with

dw =
qw+1 − qw
yw+1 − yw

=
qw+1 − qw

h

the two point finite differences. In comparison to the other approaches,
this one is generally harder to handle in the analysis due to the fraction
term but on the other hand it preserves monotonicity, which suits our
demands very well.

The formulas for the tangent slopes can not be applied on all grid points,
instead they only e.g. hold for w = 2, ...,m∗− 1 for (3FD). At the end points

we need another definition such as
qw+1−qw

h
for mw. This is neglected here as

relevance of the corresponding intervals should be small anyways, in order to
have accurate results.

In order to analyze the accuracy of SuSI, we consequently need to account
for the accuracy of the chosen method for tangent approximation. Those can
be derived by considering the corresponding Taylor approximations and are
particularly interesting since they will appear in the bias term later.

Remark 5.3.28 (Decomposition of the Estimation Error). In Subset Simu-
lation Interpolation with cubic Hermite spline interpolation, we are required
to choose a specific method (3FD, 5FD, HM) for derivation of the derivatives
at the grid points. Then the error made by approximating the true conditional
failure probability q(y) by the estimation, e.g. choosing method 3FD resulting
in ŜSpl.3FD

w (y) can be split in a stochastic error and two deterministic errors.
The deterministic errors are given by the error that results from assuming
a non-correct derivative as consequence of applying method 3FD, 5FD or
HM and the error that is present by generally applying cubic Hermite spline
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interpolation for approximation of q. We can thus specify the error as follows

ŜSpl.3FD
w (y)− q(y) = ŜSpl.3FD

w (y)− sSpl.3FD
w (y)︸ ︷︷ ︸

stoch.

+ sSpl.3FD
w (y)− sSpl.

w (y)︸ ︷︷ ︸
deriv.

+ sSpl.
w (y)− q(y)︸ ︷︷ ︸

interp.

,

so that we may separately analyze the specific errors. In the following anal-
ysis, we consider separately stochastic error

ŜSpl.3FD
w (y)− sSpl.3FD

w (y)

and deterministic error (bias)

B(P̂ Spl.3FD
f ) = sSpl.3FD

w (y)− sSpl.
w (y) + sSpl.

w (y)− q(y)

by derivative approximation as well as general interpolation by cubic Hermite
spline interpolation. The sum of derivative error and interpolation error
yields the bias at y, having

B(P̂ Spl.3FD
f ) =

m∗−1∑
i=1

∫ yw+1

yw

fk(y)(sSpl.3FD
w (y)− q(y))dy

for the bias of the SuSI estimation P̂ Spl.3FD
f .

The individual errors in Remark 5.3.28 are first separately examined, later
putting together the complete result by all single component results.

Definition 5.3.29. We write q(j) for the j-th derivative of the conditional
failure probability function q,

First, we examine the derivative error for the most simple approximation.

Lemma 5.3.30 (Accuracy of Deterministic Tangent Determination). The
tangent determinations of method (3FD) and method (5FD) have the follow-
ing accuracies.

3FD: Approach 3FD yields

m3FD
w = q(1)

w +
h2

3
q(3)(τw,3FD)

for a τw,3FD ∈ [yw−1, yw+1].
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5FD: Using 5FD for approximation results in

m5FD
w = q(1)

w +
h4

180

( (
q(5)(τ1) + q(5)(τ2)

)
− 4

(
q(5)(τ3) + q(5)(τ4)

) )
with τ1 ∈ [yw, yw+1], τ2 ∈ [yw−1, yw], τ3 ∈ [yw, yw+2] and τ4 ∈ [yw−2, yw]
or under a change of representation in

m5FD
w ∈

[
q(1)
w −

∣∣h4

36
q(5)(τw,5FD)

∣∣, q(1)
w +

∣∣h4

36
q(5)(τw,5FD)

∣∣]

for a τw,5FD ∈ [yw−2, yw+2] .

Proof. A proof is given in Appendix C.

So we have O(h2) convergence of 3FD and O(h4) convergence of 5FD
to the true value. By that, increasing p0 which results in decreasing h will
allow convergence to the real derivative at the grid points for interpolation.
However, choosing high p0 to decrease h will increase the computational cost
drastically in most cases. The real benefit of course also depends on the rela-
tion of p0 and h and might induce expensive reductions of the interval length.
As a consequence in the case of one run of SuSI, it will generally be much
more important to have smooth conditional failure probability functions q to
receive a small error. In more detail, we have an error term that is given by
a fraction of a third derivative in case of 3FD, or even of fifth derivatives if
we use the more sophisticated approach 5FD.

Lemma 5.3.31. Under the assumption of equidistant points yw+1 − yw = h

for all w = 1, ...,m∗−1, q
(1)
w 6= 0 and small h, approximation of mw by (HM)
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yields

mHM
w = q(1)

w +

(
h2
[
q(1)
w

(
q(3)(τ3) + q(3)(τ4)

)
− 3(q(2)

w )2
]︸ ︷︷ ︸

r2

+ h3
[
q(2)
w

(
q(3)(τ4)− q(3)(τ3)

)]︸ ︷︷ ︸
r3

+ h4

[
1

3
q(3)(τ3)q(3)(τ4)

]
︸ ︷︷ ︸

r4

)

· 1

12q
(1)
w + h2 (q(3)(τ3) + q(3)(τ4))︸ ︷︷ ︸

r∗

.

Proof. Appendix C.

By Lemma 5.3.31, we have O(h2) convergence with respect to the grid
point distances but might also consider smoothness of q to argue on sufficient
well approximations, due to dependence of the error term on derivatives of
higher orders only. We have ri · r∗ is O(hi) for i = 2, 3, 4 if q

(1)
w 6= 0 and

O(hi−2) otherwise, where the latter certainly holds if q is strictly monotone.
Although this might appear to be a worse deterministic error than for 3FD,
the deterministic error is not tractable anyways and HM remains a favorable
approach since it utilizes the given information about the real shape of q,
providing monotone functions as a result only.

Remark 5.3.32. In the following, we will use the big O−notation for the bias
terms, as the focus of analysis is on the stochastic part. The deterministic
error by interpolation is important, but since the shape of the underlying
real function q is generally unknown and particularly no information about
smoothness is available, one should not give results on the systematic errors
too much weight in the conclusions. As a consequence, we will specify the
bias by terms such as e.g. O(q(3)h2) for accuracy up to terms containing
derivatives of third order multiplied by the squared grid point distance.

Next, we analyze the statistical properties of SuSI when interpolating
with one of the methods and compare their efficiency to that of ordinary
SuS.
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Proposition 5.3.33 (Hermite Representation, Estimation Error (3FD)).
The estimation error by cubic Hermite spline interpolation with method 3FD,
with equidistant grid points, i.e. h = yw − yw−1, is given by

ŜSpl.3FD
w (y)− sSpl.

w (y) =EwHw,1(y) + Ew+1Hw,2(y) +
Ew+1 − Ew−1

2h
Hw,3(y)

+
Ew+2 − Ew

2h
Hw,4(y) +O(h2 · q(3))

for y ∈ [yw, yw+1], sSpl.
w (y) as in (5.15) and ŜSpl.3FD

w (y) being the corresponding

estimator. We also refer to the estimation error
Ew+1−Ew−1

2h
as m̂3FD

w,err and

define m̂3FD
w+1,err correspondingly. Ew = Q̂(yw)− q(yw) is the estimation error

of the failure probability at grid point yw.

Proof. First, we replace the general definition of the spline (5.15) with its
estimation

ŜSpl.3FD
w (y) = Q̂wHw,1(y) + Q̂w+1Hw,2(y) + m̂wHw,3(y) + m̂w+1Hw,4(y) .

(5.17)
Now by Proposition 5.3.4, the estimator can be rewritten by real value and
Gaussian noise as

Q̂w = qw + Ew (5.18)

where Ew ∼ N (0, σ2
Ew) with variance σ2

Ew as in Proposition 5.3.6. For the
derivatives, additionally using Lemma 5.3.30, we thus get

m̂w =
qw+1 + Ew+1 − (qw−1 + Ew−1)

2h
+O(h2 · q(3)) . (5.19)

Plugging (5.18) and (5.19) into (5.17) then directly yields the result together
with (5.15).

Proposition 5.3.34 (Hermite Representation, Estimation Error (HM)).
The estimation error by cubic Hermite spline interpolation with method HM
is given by

ŜSpl.HM
w (y)− sSpl.

w (y) =EwHw,1(y) + Ew+1Hw,2(y) + m̂HM
w,errHw,3(y)

+ m̂HM
w+1,errHw,4(y) +O(h2 · q(2))
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for y ∈ Iw, sSpl.
w (y) as in (5.15) and ŜSpl.HM

w (y) the corresponding estimator.
m̂HM
w,err is given by

2
(
−p2

0Ew−1 + Ew(p2
0 − 1) + Ew+1

)
h(p0 + 1)2

and m̂HM
w+1,err analogously.

Proof. Appendix C.

In the first place Proposition 5.3.33 and Proposition 5.3.34, i.e. the es-
timation errors in 3FD and HM, are not so easy to compare. However,
differences are the estimated derivative values m̂3FD

w,err and m̂HM
w,err as well as

having accuracy up to O(h2q(3)) terms for 3FD and up to O(h2q(2)) terms in
case of approximation by HM. So we need to compare the estimated deriva-
tive values where we can include our knowledge about the estimation errors
Ew−1, Ew and Ew+1 in analysis next. The estimation errors are given as

Ew =
w∑
i=1

σi
∏
j 6=i

p0Zi =
w∑
i=1

σip
w−1
0 Zi (5.20)

and Ew−1, Ew+1 analogously, compare Proposition 5.3.4. The resulting rela-
tion of the derivative variances for both approaches is derived in Appendix C
and illustrated in Figure 5.7. Numerical evaluation yields similar variances
for high p0 ≥ 0.5 and significantly lower variances for low p0. The result re-
acts insensitively to changes in w > 1 which covers all relevant constellations
most of the time. We are now able to draw a conclusion on the comparison
of the two approaches for our purpose.

Remark 5.3.35 (Comparison of Approaches by 3FD and HM). The estima-
tion errors by cubic Hermite spline interpolation with method 3FD and HM
(compare Proposition 5.3.33 and Proposition 5.3.34) should generally have
similar variances. For low intermediate subset probabilities p0, HM might
even outperform 3FD. Keep in mind that only half of the main terms in Her-
mite representation differ and the methods are similar in general. Thus, the
variances should also be comparable and not differ as much as indicated by
Figure 5.7. The same holds for the bias, which also does only affect some
error terms in interpolation.
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Figure 5.7: Comparison of the relation of Var(m̂HM
w,err) and Var(m̂3FD

w,err) with
respect to different choices of p0. Additionally, several w were considered

by w = log(p∗)
log(p0)

so that comparability of different p0 is given. The artificially

introduced p∗ then defines the probability where estimation is performed and
only serves for defining w.
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Concluding, we see from Remark 5.3.35 that the stochastic error by HM
should in general be lower than that by 3FD estimation as we have the same
characteristics except for the higher variance in case of 3FD at the derivative
estimation errors Var(m̂HM

k,err) < Var(m̂3FD
k,err). This inequality is not generally

fulfilled, but holds for typical settings concerning p0 and the most relevant
estimation intervals of the interpolation.

As a consequence, we restrict ourselves to the case of choosing the 3FD
approach, remembering that HM will not be worse in general and most likely
take similar results. We are particularly interested in general variation of the
splines in comparison to SuS, so that small differences need not be accounted
for in detail. The following part of the section is dedicated to the analysis of
the statistical properties of the 3FD method, with the idea that the derived
results also approximately apply to the other approaches as well. To proceed,
we first simplify notation.

Definition 5.3.36 (Interval Estimation Error). Define the estimation error
for cubic Hermite spline interpolation with respect to the integral between two
successive grid points yw, yw+1 as

Sw :=

∫ yw+1

yw

fk(y)(ŜSpl.
w (y)− sSpl.

w (y))dy

with sSpl.
w (y) the cubic Hermite interpolation spline on interval [yw, yw+1]

and ŜSpl.
w (y) its corresponding estimator such as ŜSpl.3FD

w (y), ŜSpl.5FD
w (y) or

ŜSpl.HM
w (y).

Proposition 5.3.37. Under Assumption 5.3.5, the interval estimation error
by cubic Hermite spline interpolation (3FD) has zero mean and variance

Lw =

(∫ yw+1

yw

(fk(y))2dy

)
hVar(Ew)f1(p0, w)

with
lim
w→∞

f1(p0, w) ≤ f1(p0, w) ≤ f1(p0, 1) ,

where

f1(p0, 1) =
1

210

(
3

2
p4

0 −
47

2
p3

0 +
325

2
p2

0 + 76p0 + 85

)
and

lim
w→∞

f1(p0, w) =
1

210

(
1

2
p4

0 −
47

4
p3

0 +
155

2
p2

0 +
307

4
p0 −

47

4
p−1

0 +
1

2
p−2

0 +
155

2

)
.
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As a short notation, we use f1(p0,∞) := limw→∞ f1(p0, w).

Proof. We start with the Hermite Representation, given in Proposition 5.3.33
as

ŜSpl.3FD
w (y)− sSpl.3FD

w (y) =EwHw,1(y) + Ew+1Hw,2(y) +
Ew+1 − Ew−1

2h
Hw,3(y)

+
Ew+2 − Ew

2h
Hw,4(y) .

This is a sum of random variables with zero mean, so that the mean of
the integrands is also zero and their variance is given by the sum of the
covariances of the corresponding random variables. This also holds for the
whole integral, so that

Sw =

∫ yw+1

yw

fk(y)(ŜSpl.3FD
w (y)− sSpl.3FD

w (y))dy

has also zero mean for every w = 1, 2, ...,m∗ − 1. The variance, defined by
Lw ∈ R+, will be evaluated next.

To do so, note that by definition of the Hermite Basis functions, we have
for ϕ(t) := 3t2 − 2t3, ψ(t) := t3 − t2 and t =

yw+1−y
h

:

Hw,1(y) = ϕ(t)

Hw,2(y) = ϕ(1− t)
Hw,3(y) = −hψ(t)

Hw,4(y) = hψ(1− t) .

This yields

ŜSpl.3FD
w (y)− sSpl.3FD

w (y) = Ew︸︷︷︸
=:ew,1

ϕ(t) + Ew+1︸︷︷︸
=:ew,2

ϕ(1− t)

−1

2
(Ew+1 − Ew−1)︸ ︷︷ ︸

=:ew,3

ψ(t)

+
1

2
(Ew+2 − Ew)︸ ︷︷ ︸

=:ew,4

ψ(1− t)

+O(h2 · q(3))

(5.21)
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for y ∈ [yw, yw+1] and corresponding t ∈ [0, 1]. Since we are interested in
analyzing the variance of Sw given by

Var(Sw) = E

[(∫ yw+1

yw

fk(y)(ŜSpl.3FD
w (y)− sSpl.3FD

w (y))

)2
]

,

we use Cauchy Schwarz for simplification

Var(Sw) ≤ E

[(∫ yw+1

yw

(fk(y))2dy

)(∫ yw+1

yw

(ŜSpl.3FD
w (y)− sSpl.3FD

w (y))2dy

)]
=

(∫ yw+1

yw

(fk(y))2dy

)
E

[(∫ yw+1

yw

(ŜSpl.3FD
w (y)− sSpl.3FD

w (y))2dy

)]
.

So, it remains to analyze the term under the expectation to show the claim.
By substituting t =

yw+1−y
h

we have by (5.21)

E

[(∫ yw+1

yw

(ŜSpl.3FD
w (y)− sSpl.3FD

w (y))2dy

)]
= h · E

[ ∫ 1

0

(
ew,1ϕ(t) + ew,2ϕ(1− t)

+ ew,3ψ(t) + ew,4ψ(1− t)
)2

dt

]
,

where before taking the expectation, we need to evaluate the integral. This
is a straightforward but lengthy calculation, where one just needs to expand
the product, use linearity of the integral and then calculate the result for
the individual polynomial integrals, keeping the pre-factors. The evaluation
yields

h · E
[

2e2
w,4 + (3ew,3 − 22ew,2 − 13ew,1)ew,4 + 2e2

w,3

210

−(13ew,2 + 22ew,1)ew,3 + 78e2
w,2 + 54ew,1ew,2 + 78e2

w,1

210

] (5.22)
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with

ew,1 =Ew ,

ew,2 =Ew+1 ,

ew,3 =− 1

2
(Ew+1 − Ew−1) ,

ew,4 =
1

2
(Ew+2 − Ew) .

Linearity of the expected value then allows to derive the result by Proposi-
tion 5.3.6, resulting in

=h
Var(Ew)

210
·
(

1

2

w + 2

w
p4

0 −
47

4

w + 1

w
p3

0 + 85
w + 1

w
p2

0 −
15

2
p2

0 +
3

4

w − 1

w
p0

+ 76p0 −
47

4

w − 1

w
p−1

0 +
1

2

w − 1

w
p−2

0 −
15

2

w − 1

w
+ 85

)
.

(5.23)

For more details on derivation of (5.22) and (5.23), see Appendix C. Define
f1(p0, w) := (5.23) · 1

hVar(Ew)
the term inside the brackets multiplied by 1

210
.

We can not draw conclusions independent of w here, but we can derive ap-
proximate values or boundaries instead. Its derivative with respect to w is
given by

df1(p0, w)

dw
=
−4p4

0 + 47p3
0 − 340p2

0 + 3p0 − 47p−1
0 + 2p−2

0

840w2
.

It is easy to check numerically that
df1(p0,w)

dw
< 0 for all p0 ≥ 0.0425 and

positive w so that for relevant values of p0 and w, f1(p0, w) is monotone
decreasing with respect to w. As a consequence, for 0.0425 ≤ p0 < 1 we can
bound f1(p0, w) by

lim
w→∞

f1(p0, w) ≤ f1(p0, w) ≤ f1(p0, 1)

which yields the claim.

To better understand the conclusion in Proposition 5.3.37, Figure 5.8
shows typical values and boundaries for function values of f1(p0, w) with
respect to w and p0.

Another relevant integral is examined in the following proposition.
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Figure 5.8: Illustration of the boundaries of f1(p0, w) in Proposition 5.3.37.
The lower boundary corresponds to a high subset level w and the upper
boundary to small w.

Proposition 5.3.38. Under Assumption 5.3.5, the cubic Hermite spline in-
terpolation value for integration of the interval between two grid points yw
and yw+1, w = 1, ...,m∗ − 1 is given by∫ yw+1

yw

(sSpl.3FD
w (y))2dy = h · p2w

0 f1(p0,∞)

with f1(p0, w) as in Proposition 5.3.37.

Proof. The proof is similar to Proposition 5.3.37, but more simple since we
do not need to evaluate stochastic terms. First, in Hermite representation
we have

sSpl.3FD
w (y) = qwHw,1(y) + qw+1Hw,2(y) +m3FD

w Hw,3(y) +m3FD
w+1Hw,4(y) .

Replacing m3FD
w ,m3FD

w+1 and assuming equidistant grid points results in

sSpl.3FD
w (y) =qwHw,1(y) + qw+1Hw,2(y) +

qw+1 − qw−1

2h
Hw,3(y)

+
qw+2 − qw

2h
Hw,4(y) .
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Continuing with ∫ yw+1

yw

(sSpl.3FD
w (y))2dy

we can rewrite with substitution of t =
yw+1−y

h
and ϕ(t) := 3t2− 2t3, ψ(t) :=

t3 − t2 as above to receive

h ·
∫ 1

0

(
qwϕ(t) + qw+1ϕ(1− t)− 1

2
(qw+1 − qw−1)ψ(t)

+
1

2
(qw+2 − qw)ψ(1− t)

)2

dt

which might again be evaluated as above, only differing in having the condi-
tional failure probability at the grid points instead of the corresponding error
terms. The result is given by

h

210

[
2(

1

2
(qw+2 − qw))2 + (3

1

2
(qw+1 − qw−1)− 22qw+1 − 13qw)

1

2
(qw+2 − qw)

+2(
1

2
(qw+1 − qw−1))2 − (13qw+1 + 22qw)

1

2
(qw+1 − qw−1) + 78q2

w+1

+54qwqw+1 + 78q2
w

]
.

With the assumption of equidistant points and the homogeneous subsets
assumption, the result is derived as in Proposition 5.3.37, but with simplified
computation. It is given by

h · p2w
0

[
1

420
p4

0 −
47

840
p3

0 +
31

84
p2

0 +
307

840
p0 +

31

84
− 47

840
p−1

0 +
1

420
p−2

0

]
.

Remark 5.3.39. Although the terms f1(p0, w) in Proposition 5.3.37 and
f1(p0,∞) in Proposition 5.3.38 are for themselves not easy to interpret, a
comparison is much more simple as f1(p0,∞) corresponds to limw→∞ f1(p0, w).
This is a consequence of an almost identical structure of the evaluated terms.
So, the relation of the two terms is easy to interpret by Figure 5.8 where we
see that the term in Proposition 5.3.38 corresponds to the lower boundary.
For moderate subset level w, however the value of the relation should only
slightly differ from one.
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Next, we analyze the general deterministic interpolation error, under the
assumption of known derivatives.

Proposition 5.3.40. The deterministic interpolation error in SuSI with
piecewise cubic Hermite spline interpolation with known first derivatives and
under equidistant grid points h = yw+1 − yw for all w = 1, 2, ...,m∗ − 1 is
bounded from above by

∫ y
m∗

y1

|sSpl.
w (y)− q(y)|dy ≤

m∗−1∑
w=1

h5 5

384
|q(4)(y)|

up to the domain approximation error, εmax.

Proof. Follows directly by the error boundary for cubic polynomial interpo-
lation (compare e.g. Hall and Meyer (1976))

max
yw≤y≤yw+1

|sSpl.
w (y)− q(y)| ≤ 5

384
max

yw≤y≤yw+1

|q(4)(y)|(yw+1 − yw)4

for each of the intervals [yw, yw+1], w = 1, 2, ...,m∗−1. In total, we thus have

m∗−1∑
w=1

(yw+1 − yw)
5

384
|q(4)(y)|(yw+1 − yw)4 ,

where h = yw+1 − yw for all w = 1, 2, ...,m∗ − 1 yields the result.

Remark 5.3.41. The deterministic error by interpolation in Proposition 5.3.40
is negligible for smooth functions q. Moreover, the bounds by fourth deriva-
tives are local bounds, so that we receive a tighter boundary by consideration
of the domain intervals individually. As a consequence, in particular for
lower grid point distances and more sophisticated methods such as 5FD, the
bias should become negligible for rather smooth functions. However, we still
often favor HM as it does certainly preserve monotonicity of the function q.

Additionally, we need another lemma which is necessary for the compar-
ison of SuS and SuSI. It links the representation of the variance in SuSI to
the failure probability so that a comparison of the variances of SuS and SuSI
becomes possible.
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Lemma 5.3.42. With F∗w =
∫ yw+1

yw
f 2
k (y)dy the integral of the squared density

function with respect to Xk between the grid points yw, yw+1. Then, under the
homogeneous assumption and for smooth enough conditional failure probabil-
ity function q or small grid point distances h = yw+1− yw, w = 1, ...,m∗− 1,
we have

h
m∗−1∑
i=1

Mf,p0
F∗wp2w

0 f1(p0,∞)+2h
∑

1≤r<t≤m∗−1

Mf,p0

√
F∗rF∗t pr+t0 f1(p0,∞) = p

2m
0

for some

Mf,p0
≥ min

w∈{1,...,m∗−1}

4f
¯ w

s
¯wf̄ws̄w

(f̄ws̄w + f
¯ w

s
¯w)2

and f
¯ w

the minimum of fk, f̄w the maximum of fk, s
¯w the minimum of

sSpl.3FD
w and s̄w the maximum of sSpl.3FD

w on interval [yw, yw+1].

Proof. Under the homogeneous subset assumption, the real failure probabil-
ity might be represented in terms of Subset Simulation procedure as

pf =

m∏
i=1

p0 = p
m
0 .

On the other hand, in the Subset Simulation Interpolation approach, we have

pf =
m∗−1∑
w=1

∫ yw+1

yw

fk(y)sSpl.3FD
w (y)dy +

m∗−1∑
i=1

∫ yw+1

yw

fk(y)(q(y)− sSpl.3FD
w (y))dy︸ ︷︷ ︸

=−B(P̂Spl.3FD
f )

with B(P̂ Spl.3FD
f ) the bias by SuSI with 3FD estimation. We then have

m∗∑
w=1

∫ yw+1

yw

fXw
(y)sSpl.3FD

w (y)dy = p
m
0 + B(P̂ Spl.3FD

f )
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Now, squaring both sides yields

m∗∑
w=1

(∫ yw+1

yw

fXw
(y)sSpl.3FD

w (y)dy

)2

+ 2
∑

1≤r<t≤m∗−1

(∫ yr+1

yr

fk(y)sSpl.3FD
r (y)dy

)(∫ yt+1

yt

fk(y)sSpl.3FD
t (y)dy

)
= (p

m
0 + B(P̂ Spl.3FD

f ))2 .

(5.24)

Next, by a continuous version of the Pólya-Szegö inequality (Pólya and Szegö
(2013), see Dragomir (2003) for a survey on similar type inequalities) we have

4f
¯w
s
¯w
f̄ws̄w

(f̄ws̄w + f
¯w
s
¯w

)2︸ ︷︷ ︸
=:Mf,p0

(w)

∫ yw+1

yw

f 2
k (y)dy

∫ yw+1

yw

(sSpl.3FD
w (y))2dy

≤
(∫ yw+1

yw

fk(y)sSpl.3FD
w (y)dy

)2

,

(5.25)

with f
¯w

the minimum of fk, f̄w the maximum of fk, s¯w
the minimum of

sSpl.3FD
w and s̄w the maximum of sSpl.3FD

w on [yw, yw+1]. FurthermoreMf,p0
(w)

is a function depending on fk and p0 which can be evaluated for each pair of
successive grid points yw, yw+1. Now, using Equation 5.25 in Equation 5.24
gives

m∗−1∑
w=1

Mf,p0
(w)F∗w

∫ yw+1

yw

(sSpl.3FD
w (y))2dy

+2
∑

1≤r<t≤m∗−1

Mf,p0
(r)Mf,p0

(t)
√
F∗rF∗t

·
√∫ yr+1

yr

(sSpl.3FD
r (y))2dy

∫ yt+1

yt

(sSpl.3FD
t (y))2dy

≤ (p
m
0 + B(P̂ Spl.3FD

f ))2 .

We can next replaceMf,p0
(w) by its minimumMmin

f,p0
:= minwMf,p0

(w) over
all intervals w = 1, 2, ...,m∗ − 1. Then applying Proposition 5.3.38 and the
intermediate value theorem yields the result.
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Before continuing, we would like to explain the result in Lemma 5.3.42
to add a little more meaning, as we would not be able to interpret the result
for practical applications later, otherwise.

Remark 5.3.43 (Values forMf,p0
(w)). First of all, we know that sSpl.3FD

w (y)
takes the values pw0 and pw+1

0 at the grid points for w = 1, ...,m∗ − 1. If the
spline does not overshoot those boundaries, those are also maximum and
minimum of the spline in this interval, respectively. For the monotone in-
terpolation procedure sSpl.HM

w (y) we never overshoot. 3FD and 5FD interpo-
lation however may overshoot, although this might typically be only minor
overshoots. So it is often accurate to replace s

¯w = sSpl.3FD
w (yw) = pw0 and

s̄w = sSpl.3FD
w (yw+1) = pw+1

0 . This allows to rewrite the boundaries of each
interval w ∈ {1, ...,m∗ − 1} by

4f
¯ w

s
¯wf̄ws̄w

(f̄ws̄w + f
¯ w

s
¯w)2

=
4f
¯ w

pw+1
0 f̄wp

w
0

(f̄wpw0 + f
¯ w

pw+1
0 )2

=
1

1
2

+ 1
4p0

f̄w
f
¯w

+
p0
4

f
¯w
f̄w

.

The given boundary however is often not tight at all. Considering local
boundaries in the formula instead of the minimum over all intervals and
reducing the interval length by choosing higher p0 yields a more significant
result, but then it still remains unclear which values the correct factor Mf,p0

in Lemma 5.3.42 takes. In simulations, we however also found many cases
where it takes values slightly bigger than one in the dominant regions (where
product of pdf and spline value are highest), such as 1.0− 1.20. In particular
for high p0 such results seem to be of a rather stable nature, which is a sig-
nificant difference with respect to the given sparse boundary. However, this
can not be generalized, as it can also be much higher.

We can now finally compare the variances of SuS and SuSI.

Theorem 5.3.44. Under the homogeneous subset assumption and for smooth
enough q(y) or small enough equidistant grid point distances h and negligible
domain error (compare Lemma 5.3.9), comparison of variance of ordinary
Subset Simulation (SuS) and Subset Simulation Interpolation (SuSI) with
3FD yields

Var(P̂ Spl.3FD
f )

Var(P̂ sus
f )

≤ f1(p0, wrt)

f1(p0,∞)
M−1

f,p0
MCSpl.3FD(1 + p

−m
0 B(P̂ Spl.3FD

f ))2
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for some Mf,p0
∈ (Mmin

f,p0
,∞), for some wrt ∈ (1,m∗ − 1), CSpl.3FD ∈

[ 1
m
, m
∗−1
m

], M = 2m∗−ms
m

, bias given by B(P̂ Spl.3FD
f ) and f1(p0, w) as in Propo-

sition 5.3.37.

Proof. The estimation error with piecewise cubic Hermite interpolation (3FD)
is given by

P̂ Spl.3FD
f − pf =

m∗−1∑
w=1

∫ yw+1

yw

fk(y)(ŜSpl.3FD
w (y)− q(y))

=
m∗−1∑
w=1

∫ yw+1

yw

fk(y)(ŜSpl.3FD
w (y)− sSpl.3FD

w (y)) + B(P̂ Spl.3FD
f )

with bias B(P̂ Spl.3FD
f ). First, notice that by Proposition 5.3.37 for every

w = 1, ...,m∗ − 1 the integrals Sw =
∫ yw+1

yw
fk(y)(ŜSpl.3FD

w (y)− sSpl.3FD
w (y))dy

have variance

Lw ≤
(∫ yw+1

yw

(fk(y))2dy

)
hVar(Ew)f1(p0, w) (5.26)

with f1(p0, w) as in Proposition 5.3.37.
Next, as the sum of random variables with zero mean still has zero mean

and the variance is given by the sum of the covariances, we have

Var(P̂ Spl.3FD
f ) =

m∗−1∑
w=1

Var(Sw) + 2
∑

1≤r<t≤m∗−1

Cov(Sr,St) ,

where by Cauchy Schwarz we get

Var(P̂ Spl.3FD
f ) ≤

m∗−1∑
w=1

Var(Sw) + 2
∑

1≤r<t≤m∗−1

√
Var(Sr)Var(St) . (5.27)

Next, (5.26) allows to bound the variance by

Var(P̂ Spl.3FD
f ) ≤

m∗−1∑
w=1

F∗whVar(Ew)f1(p0, w)

+ 2
∑

1≤r<t≤m∗−1

h
√
F∗rF∗t Var(Er)f1(p0, r)Var(Et)f1(p0, t) .
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With Proposition 5.3.6, we thus have

Var(P̂ Spl.3FD
f ) ≤

m∗−1∑
w=1

hF∗wwσ2(SuSI)p
2(w−1)
0 f1(p0, w)

+ 2
∑

1≤r<t≤m∗−1

h
√
F∗rF∗t

√
rtσ2(SuSI)pr+t−2

0

√
f1(p0, r)f1(p0, t) .

(5.28)

Here,
√
f1(p0, r)f1(p0, t) can be replaced by f1(p0, rt) for some rt ∈ (r, t) by

the intermediate value theorem.
On the other hand, the variance of SuS, following Proposition 5.3.6, is

given by
Var(P̂ sus

f ) = mσ2(SuS)p
2(m−1)
0 . (5.29)

Now it remains to account for σ2 in SuS and SuSI as in the staircase ap-
proach. Following the approach in Theorem 5.3.18, we again need to include
the possibly different number of samples per subset NSuS, NSuSI (compare Re-
mark 5.2.3) under fixed total number of total evaluations ET , having under
no-reuse of seeds

M−1 =
NSuS

NSuS
=

m

2m∗ −ms

so that σ2(SuSI) = M−1σ2(SuS). Then (5.28) and (5.29) yield

Var(P̂ Spl.3FD
f )

Var(P̂ sus
f )

≤ p
−2m
0

(m∗−1∑
w=1

hF∗w
w

m
p2w

0 f1(p0, w)

+ 2
∑

1≤r<t≤m∗−1

h
√
F∗rF∗t

√
rt

m
pr+t0 f1(p0, rt)

)
.

(5.30)

With the aim of converting the term to a similar one as given in Lemma 5.3.42,
we rewrite the right hand side in Equation 5.30 as

p
−2m
0

f1(p0, wrt)

f1(p0,∞)

1

Mf,p0

M

(
h
m∗−1∑
w=1

Mf,p0
F∗w

w

m︸︷︷︸
I

p2w
0 f1(p0,∞)

+ 2h
∑

1≤r<t≤m∗−1

Mf,p0

√
F∗rF∗t

√
rt

m︸︷︷︸
II

pr+t0 f1(p0,∞)

)
.

(5.31)
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for some wrt ∈ (min(w, r, t),max(w, r, t)).
Now we see that this term is, up to terms I and II, equal to the one in

Lemma 5.3.42, resulting in

p
−2m
0

f1(p0, wrt)

f1(p0,∞)

1

Mf,p0

MCSpl.3FD(p
m
0 + B(P̂ Spl.3FD

f ))2 (5.32)

where CSpl.3FD ∈ [ 1
m
, m
∗−1
m

] accounts for the difference by weighting according
to terms I and II.

Similar as for the staircase approach, we also add interpretation to the
not so easy to interpret result in Theorem 5.3.44.

Remark 5.3.45 (Interpretation of Theorem 5.3.44). We have

Var(P̂ Spl.3FD
f )

Var(P̂ sus
f )

(∗)
≤ M︸︷︷︸

(1)

CSpl.3FD︸ ︷︷ ︸
(2)

(1 + p
−m
0 B(P̂ Spl.3FD

f ))2︸ ︷︷ ︸
(3)

M−1
f,p0︸ ︷︷ ︸

(4)

f1(p0, wrt)

f1(p0,∞)︸ ︷︷ ︸
(5)︸ ︷︷ ︸

≈1?

for some Mf,p0
∈ (Mmin

f,p0
,∞), CSpl.3FD ∈ [ 1

m
, m
∗−1
m

], M = m∗−ms
m

and

f1(p0, w) as in Proposition 5.3.37. We start with a component-wise inter-
pretation:

(1) This is the same as in the staircase interpolation approach and accounts
for the different number of samples per subset N in SuSI and SuS for
same number of total evaluations ET .

(2) As Mu, Ml, this constant represents the effect by having more weight
of the density function in specific grid point intervals.

(3) As in the staircase approach, this corresponds to the different absolute
value when a bias is given which induces another coefficient of variation
with respect to the fixed true failure probability pf .

(4) M−1
f,p0

is hard to interpret. Remark 5.3.43 offers some support, but
sharp boundaries are in general not available. Simulations give evidence
that it might be appropriate to assume M−1

f,p0
≈ 1 in several cases,

neglecting the factor, in particular when p0 is high.
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(5) Figure 5.8 yields a good basis for derivation of possible values of the
fraction and strict bounds thereof. Additionally, we can see that in
practice it will often approximately be equal to one since wrt will be
rather high. It relates to the importance of subset levels for evaluation
of the failure probability so that moderate or high values are typical.
Otherwise, the failure probability would be high. In particular for p0

not very low, the difference is low and additionally m∗ increases so
that subset levels which are put more weight on also increase.

(∗) In contrast to Theorem 5.3.18, we only have an inequality here. This
results from indispensable usage of the Cauchy Schwarz inequality.

Note that we may represent the bias in the interpolation approach as given in
the staircase case by appropriate replacement of cu or cl in Theorem 5.3.13,
respectively. More details are given in the remainder of this section.

In comparison to the staircase approach, in this case it is much harder
to understand the meaning of the result as we have many unknowns which
are also specific with respect to the given particular problem. Furthermore
the boundary might not be sparse because of using Cauchy Schwarz type
inequalities in the proof (implicitly in (5.26), explicitly in (5.27) and also
in a reversed form from (5.31) to (5.32)). The result however still helps to
understand the variance in SuSI as we might explore many properties by
the proofs and show where the main discrepancies of SuS and SuSI variance

are produced and it even is likely that often M−1
f,p0

f1(p0,wrt)

f1(p0,∞)
≈ 1, when p0 is

not too small, so that the formula for splines complies with the one for the
staircase approach. In particular, Proposition 5.3.37 can be compared with

FwVar(Ew) =
(∫ yw+1

yw
fk(y)dy

)2

Var(Ew) which corresponds to the variance

of an interval in the staircase approach (compare (5.8)). We just need to
evaluate (∫ yw+1

yw
(fk(y))2dy

)
hf1(p0, w)(∫ yw+1

yw
fk(y)dy

)2 ,

which was found to be often well approximated by f1(p0, w). The information
this provides in combination with Figure 5.8 is that the variances are actually
similar. Indeed, we see how f1(p0, w) typically takes values smaller than
one, but the stated comparison relates to the variance of the upper staircase
approach. If the lower staircase approach is taken or the average approach,
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then we have similar effects that will cancel with f1(p0, w). This discovery is
in line with our expectations.

The main benefit of the interpolation over the staircase approach comes
from the expected bias reduction. Unfortunately, we do not have a formula
for the bias which might be practically applied because of the unknown q.
Thus, we may either assume q is sufficiently smooth to have an approximately
unbiased result or just fix it to specific values for examination of performance.
By Proposition 5.3.40 and Proposition 5.3.33 or Proposition 5.3.34, the bias
can be bounded from above and becomes small for smooth functions (deriva-
tives of third order q(3) small) or small grid point distances h. If q is smooth
enough or h small, the interpolation error can thus become negligible. Still,
q is unknown and the bias might as well be relevant. To better account
for these different considerations, we utilize another representation of the
bias which allows to easily account for the fact that the staircase approach
yields boundaries for the bias for any monotone function. Consequently,
the shape preserving piecewise cubic Hermite interpolation (corresponding
to HM) takes a bias in between the bias of upper staircase and lower stair-
case approach. To simplify analysis, it is thus admissible to represent the
bias by interpolation, similar as in the staircase approach by

B = cI
1− p0

p0

with cI ∈ [−1, 1] under preserving monotonicity with method HM. The
rRMSE is then bounded as follows.

Corollary 5.3.46 (rRMSE, Splines). The rRMSE of the estimated failure
probability by 3FD is given by

rRMSE(P̂ Spl.3FD
f ) ≤

{
MCSpl.3FD

(
1 + cI

1− p0

p0

)2

M−1
f,p0

f1(p0, wrt)

f1(p0,∞)

· (1− p0)r

p0(log(p0))2

(log(pf ))
2

ET
(1 + γ̄) +

(
cI

1− p0

p0

)2} 1
2

withMf,p0
,Mf,p0

, CSpl.3FD and f1(p0, w) as in Theorem 5.3.44 and for some
cI ∈ R. The factor (1 + γ̄) accounts for the effective sample number as in
Theorem 4.1.11. If seeds are not re-used, r = 1 and M as in Theorem 5.3.44.
Otherwise, we have r = 2 and M as in Remark 5.3.19.
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Proof. The proof is derived as in the staircase case. Starting with

rRMSE(P̂ Spl.3FD
f ) =

√
Var(P̂ u

f ) + (B(P̂ Spl.3FD
f ))2

using the derived variance in Theorem 5.3.44 and rewriting the bias we get

1

pf
·
{
MCSpl.3FD

(
1 + cI

1− p0

p0

)2

M−1
f,p0
· f1(p0, wrt)

f1(p0,∞)
Var(P̂ sus

f )

+

(
cu

1− p0

p0

)2} 1
2

.

Using Theorem 4.1.11

Var(P̂ sus
f ) =

(
CV(P̂f , ET )

)2

p2
f =

(1− p0)r

p0(log(p0))2

(log(pf ))
2

ET
(1 + γ̄)p2

f

then yields the result. Remark 5.3.19 for consideration of re-using seeds
naturally also holds for the spline approach.

As in Corollary 5.3.46, results for methods 5FD and HM can be derived
accordingly. Then the variance should be similar as described in the begin-
ning of this section whereas the bias is bounded for HM by cI,HM ∈ [−1, 1]
and should be lower than in 3FD for smooth functions when choosing 5FD.
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5.4 Main Results: Interpretation and Conse-

quences

This section is devoted to a transformation of the theoretical results to practi-
cal applications of SuSI and thereby serves as another step towards exploring
its real performance. The rRMSE of SuSI was found to depend on many dif-
ferent factors. Although we have already discussed them separately, it still
remains hard to understand in which cases SuSI performs good and in which
it does not. To improve understanding, we examine the results by statistical
analysis for some specific (realistic) scenarios in this section. Because SuS
and SuSI might reach their optimal performance under different parameter
choices, it is important to not directly compare the two methods for the same
p0. Furthermore, it is important to favor robust parameter choices, so that
variations in the outcome of the algorithm should not lead to a high loss in
efficiency. To capture all important information, we will compare the rRMSE
and intervals containing the realizations of P̂f with high probability for SuSI
and SuS with respect to all p0 ∈ (0, 1), based on the considered scenarios.

We are not given the shape of the distribution of the failure probability
estimators, neither in SuS nor in SuSI. The resulting intervals containing
P̂f with high probability, which we try to approximate, should therefore
be viewed critically. Many arguments and conclusions in this section are
heuristic ones, since we derived our results under assumption of high sample
numbers N , while being most interested in rather low or moderately high N .

Remark 5.4.1. Even though assumptions such as a Gaussian distribution
for the estimation results are violated, the conclusions should remain similar
as the assumptions were made for both SuS and SuSI. As long as there is no
systematic error involved, favoring one approach over the other by simplifi-
cations, the results will not be affected much. Nevertheless, this extrapolation
of the results to low N has to be backed by evidence. According to this, sim-
ulations are given in Section 6.1.

For analysis, we set M−1
f,p0

f1(p0,wrt)

f1(p0,∞)
≈ 1 for SuSI with splines, which was

found to be admissible in many cases, in particular for high p0. However,
we also apply the formula on low p0, since this approximation does not nec-
essarily need to suit reality well. There are other good arguments (such as
the clear similarity in construction of the estimates and similarities visible
in derivation of theoretical results in this section) that variances of staircase
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and interpolation approach should be similar and hence not substantially
differ. As a consequence, we may then give an approximate upper boundary
for the rRMSE of SuSI by the same formula, according to Corollary 5.3.22
and Corollary 5.3.46 in the staircase and spline approach, respectively.

Remark 5.4.2 (Formula). We use the following formula for evaluation
(compare Corollary 5.3.22 and Corollary 5.3.46)

rRMSE(P̂ ∗f ) ≤
{
M(p0)C

(
1 + c

1− p0

p0

)2
(1− p0)r

p0(log(p0))2

(log(pf ))
2

ET
(1 + γ̄)

+

(
c
1− p0

p0

)2} 1
2

,

(5.33)

where we replace M by M(p0) to underline its dependency on p0 when subset
seeds are re-used. P̂ ∗f refers to the estimator by any interpolation method. C
and c are written without superscript or subscript in contrast to the previ-
ous analysis, respectively, since we jointly analyze interpolation and staircase
approximation.

The corresponding c in Remark 5.4.2 is unknown but bounded by c ∈
[−1, 1] for monotone interpolation functions. For smooth conditional failure
probability functions q, c becomes small c ≈ 0. Note that the formula only
yields an upper bound for the rRMSE. In reality it might as well perform
better, in particular because the boundary was derived under usage of the
Cauchy Schwarz inequality.

Next, we define scenarios for our analysis. The scenarios, which require
to define C and M , are created as follows. For factor M which describes the
effect by different N under the same number of total evaluations ET for SuS
and SuSI, we use SuSI with a maximum error of approximately 2% · pf so
that we can assume two more subsets on average for p0 = 0.1 (1% error on

each side of the domain of Xk) and 2 log(0.1)
log(p∗0)

more subsets for any p∗0 ≥ 0.1.

Remark 5.4.3. Instead of the number of total evaluations, it could also be
appropriate to count the number of sample creations NT instead, if either we
indeed want to reduce the sample number, have meta models that allow for
cheap evaluation or know the ordering of the samples according to the chang-
ing limit state function with respect to Xk, e.g. when it is kept in successive
subsets. In this case, SuSI benefits a lot, practically requiring only half of the



5.4 Main Results: Interpretation and Consequences 183

samples (compare Remark 5.2.3), which is equal to ordinary SuS. Then M
is significantly decreased.

The maximum error can often be chosen higher, since we do not need to
be very accurate in the deterministic error, when the variance is much higher
under small sample numbers. Also note that the relative increase of subsets
remains the same for any p∗0 under same p0 for initial SuS and successive SuSI
steps, so that the effect does not change significantly for different M , except
for higher variation when selecting lower p0. This simplification is admissible,
since we can adapt our N ’s in each subset to suit the corresponding p0.
Another point that defines M is the number of subsets which are created
by SuS steps before the initial SuSI step. Those do not need the double
evaluations which are typically required in SuSI steps. By Remark 5.2.3, or
as explicitly restated in Theorem 5.3.18 and Theorem 5.3.44 we can derive
results when not re-using seeds or as in Remark 5.3.19 under re-use of seeds.

Example 5.4.4. If we have a failure probability of pf = 5 · 10−7, then we
need 7 subsets in SuS and 9 = 7 + 2 subsets in SuSI with maximum error 2%
for p0 = 0.1 on average. Then, under including the effect of SuS steps before
SuSI steps, depending on the significance of Xk for the failure probability, we
could have

M =
2m∗ −ms

m
=

2 · 9− 6

7
≈ 1.7

for mostly irrelevant Xk and

M =
2m∗ −ms

m
=

2 · 9− 2

7
≈ 2.3

when Xk is the dominant variable. Under re-use of seeds, this changes to

M =
m∗(2− p0)−ms

m(1− p0)

dependent on p0. Concerning C, we assume C ≈ 0.5 for the dominant vari-
able case and C ≈ 1 when Xk is not so relevant. An illustration for justifi-
cation of the plausibility of this assumption is given in Figure 5.9.

Considered scenarios, resulting from relevance of Xk and varied number of
total evaluations, are stated in Table 5.1. In total, we then have 9 scenarios,
trying to cover enough cases to get an intuition of the effectiveness of SuSI
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Figure 5.9: Illustration of the effect of different significances of the dynamic
variable Xk on the placement of the most important parts in derivation of the
total estimated failure probability p̂f on the domain of Xk. The difference is
best recognized by the relative placement of the important evaluation parts of
the domain with respect to the pdf of Xk. The procedure follows Figure 5.1,
where again fxk(y) · q(y) was scaled so that it becomes clearly visible, but

instead the standard limit state function g1 (compare Equation 4.2) was
considered.

(a) Dominant Xk, d = 2 (b) Moderate Xk, d = 5

(c) Insignificant Xk, d = 100
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Scenario Description Model Parameters
Short name Role of Xk #N C M ET

nD-Nl
Insignificant

low
1.0 1.7

3 · 103

nD-Nm moderate 1 · 104

nD-Nh high 8 · 104

M-Nl
Moderate

low
0.75 2.0

3 · 103

M-Nm moderate 1 · 104

M-Nh high 8 · 104

D-Nl
Dominant

low
0.5 2.3

3 · 103

D-Nm moderate 1 · 104

D-Nh high 8 · 104

Table 5.1: Considered scenarios for analysis, based on a calibration with a
real example. nD, M and D refer to the importance of Xk and Nl, Nm, Nh
to the number of samples, in ascending order. The failure probability was
set to pf = 5 ·10−7 and the dependency factor was set to γ̄ = 3.0 in all cases.
Note, M∗ depends on p0, as given in Example 5.4.4, if seeds are re-used, so
that the corresponding table values do not necessarily represent such cases,
relying on a constant M∗.

in different realistic settings. For plotting the rRMSE, we can just plug
the corresponding scenario parameters into Equation 5.33, whereas for the
intervals containing P̂f with high probability, we evaluate bias and variance in
Equation 5.33 individually and then state the intervals of the corresponding
quantiles of the distribution of the estimates. To do so, we have to assume a
distribution of the estimator P̂f , where we choose the Gaussian or lognormal
distribution. Appropriate choices depend on N , where for small N these
are more likely to take a lognormal shape because they are generally heavy-
tailed. For high N , we apply a Gaussian distribution. To define the intervals
containing P̂f with high probability, we use statistically derived bias and
variance to define the first two moments and thereby, under assumption of
a distribution type, derive the distribution of the result. Note that it is not
a priori clear, if the resulting rRMSE, and thus bias and variance, can be
extrapolated to low N as it is derived under asymptotic arguments.

Before showing the results, we want to remind of our focus on the dynamic
model application.

Remark 5.4.5 (Interpretation: Use-Case, n Constellations). We often set
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the number of relevant constellation equal to one (n = 1) for comparison
as stated in Section 5.1.1, whereas SuSI is not designed to perform better
at such static models. Instead SuSI focuses on dynamic models with n > 1.
So if SuSI is worse for n = 1, we know that SuSI takes a higher computa-
tional demand than a corresponding static reliability evaluation by SuS but
of course would still typically outperform repetitive SuS evaluations in the
dynamic model setting for higher n. The number of constellations n is thus
also varied to really capture the benefits by SuSI. Then it is assumed that
the number of total evaluations ET is equally distributed across the individ-
ual SuS runs so that SuS is considered to have only ET/n total evaluations
for evaluation of every constellation, in contrast to ET in SuSI where one
run delivers the result for all n constellations. This is a questionable way of
comparing efficiencies, since the use-cases of SuS are static reliability models
and extensions for more dynamic model variants, as discussed in Section 3.1,
exist. However, it is not clear which method to use for comparison and often
methods for dynamic models are based on intractable approximations (e.g.
when utilizing surrogate models or local Taylor approximations) which SuSI
is not. Furthermore, ordinary SuS is very popular with known computational
demands so that information relating to SuS offers an easily understandable
interpretation. The proposed procedure can also be interpreted as comparing
the computational demands of SuSI with n static reliability evaluations by
SuS. Finding a number of constellations n where SuS then provides the same
rRMSE as SuSI corresponds to SuSI requiring computational demands as low
as n static reliability evaluations by SuS for evaluation of a dynamic model.

In the subsequent studies, it is important to be aware of the number
of model constellations n, as stated in Remark 5.4.5, to judge the given
results. Also note, that utilization of SuS for interpolation instead, is not
straightforward nor efficient. Instead of computing all relevant constellations
by a SuS result, one could also think of spanning the domain of the dynamic
variable Xk with grid points. To do so, one would require a SuS evaluation
for each grid point. This is impractical because of three main reasons.

• This approach can be infeasible for complex structures as many grid
points are required, in particular if the maximum bias should be small.

• It is not clear, how to find appropriate grid points at all. The prediction
step in SuSI is crucial to do so and we would need something similar
for SuS, also including the potential drawbacks of SuSI this way.
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• The result will generally have a higher variation. Every SuS estimation
is individually exposed to stochastic noise. We might thereby receive
wrong results, even with respect to monotonicity of q, in general.

Also, it is important to remember that a twofold rRMSE does not induce
double computational demands.

Remark 5.4.6. Convergence of SuS and SuSI is O(1/N). As a consequence,
we need to approximately quadruple the number of total evaluations ET , to
achieve half of the standard deviation, which is contained in the rRMSE and
shown in the scenario illustrations.

The capability of SuSI to compute failure probabilities with respect to
several constellations at once, additionally provides the following benefit.

Remark 5.4.7 (Relations of Failure Probabilities). When using SuSI for
derivation of several model constellations, e.g. deriving time-dependent con-
stellations by one run, relations of the corresponding failure probabilities are
calculated particularly efficient. In comparison to ordinary SuS, we then have
a reduction of stochastic noise in these relations because all results are derived
by the same simulation run.

Figure 5.10 shows the rRMSE for several constellations, demonstrating
that SuS is often more efficient than SuSI for n = 1 but at the same time
showing that SuSI typically outperforms repetitive SuS, or equivalently does
not require more computational demands than a few static SuS evaluations,
in the use-case, as demonstrated by setting n = 5. In addition we see that
it is important to keep track of the bias in SuSI as it might decrease its
performance significantly, even taking worse results than SuS in case of n = 5.
In addition to the statistical derivations of the bias, having c = 1 for upper
and c = −1 for lower staircase approximations, we also examine the cases c =
0.1 and c = −0.1 which is not a boundary anymore but could be considered
as more realistic values, expecting the conditional failure probability function
to not fluctuate extremely. Also the case of unbiased SuSI estimation c = 0 is
considered for direct comparison of the variances. In general, SuSI performs
better for more relevant Xk. This effect however is exceeded by the number
of relevant constellations n. For small n, we see that a highly positive bias
as for the upper staircase case results in the worst performance. However, in
contrast to this bad performance, it yields security with respect to systematic
underestimations of the result.
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Figure 5.10: Comparing the efficiency of SuS and SuSI for different scenar-
ios. A moderate sample number is assumed, considering a single reliability
evaluation n = 1 and n = 5 evaluations. The subset seeds are assumed to be
re-used for evaluation (implementation (I4*)).

(a) Scenario nD-Nm, n = 1 (b) Scenario nD-Nm, n = 5

(c) Scenario M-Nm, n = 1 (d) Scenario M-Nm, n = 5

(e) Scenario D-Nm, n = 1 (f) Scenario D-Nm, n = 5
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Remark 5.4.8 (Optimal Choice of p0). The optimal choice of p0 is not clear,
but moderate values appear to achieve a good balance between total sample
number and bias. In general, as the bias is unknown, one has to make the
decision if the optimal p0 should be chosen so that the maximal bias of the
result is minimized, or minimize the rRMSE with respect to the most plausible
bias. Also note that for higher p0, the bias becomes smaller which allows for
more unlikely and smaller systematic errors. In all cases, the real bias can
be bounded but remains unknown, demanding a careful interpretation of the
results. In contrast to the interpolation approaches, we should certainly reach
c ≈ 0 for approaches by regression with many repetitive runs of the algorithm,
even if p0 is chosen small.

In Figure 5.11, we demonstrate how SuSI can even have a higher efficiency
for a single evaluation according to statistical analysis (c = −0.2 negative
bias). This is surprising because we did derive an upper boundary for the
variance of SuSI and utilized approximations that favored SuS so that real
simulations should give even better results for SuSI. Therefore, it possibly
outperforms SuS noticeably even in the single evaluation case which is not
even considered a use-case for SuSI. The negative bias reduces the absolute
mean value of the estimation under approximately constant relative varia-
tion. Although this tends to underestimate the result, it might still be useful
to take the approach because of higher confidence on results. However, we
also have to be careful with results corresponding to a negative bias and
high rRMSE. An rRMSE = 1 can always be achieved by setting P̂f = 0.0
constant. Then the relative bias is certainly one, regardless of the real failure
probability pf , and the variance is zero. Thus rRMSE = 1 is a critical bench-
mark and provides the reason for the behavior of the interval probabilities
containing p̂f with probability 95% of SuSI in Figure 5.11b and Figure 5.11c.
Still, the situation of a slightly negative c performing best, is a welcome
discovery. Indeed we know that shape-preserving piecewise cubic Hermite
interpolation (approach HM) tends to slightly underestimate the result (see
Remark 5.3.24). Although we have to be cautious, as an underestimation
can become dangerous, it is interesting that this property might induce a de-
creased rRMSE for our favorite approach. Extensive simulation studies are
required, where we also need to examine how the outcome is distributed in
reality. Then we may judge better, if it yields a potential benefit instead of a
drawback. In contrast to the best performance for low N , the bias becomes
less acceptable for high N and efficiency is reduced for insignificant Xk as
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Figure 5.11: Comparing the efficiency of SuS and SuSI for Scenario D-Nl
under no re-use of seeds and for a single reliability evaluation n = 1. We
consider the rRMSE as well as the corresponding intervals containing realiza-
tions of P̂f with probability 95% (quantiles 2.5%, 97.5%), under assumption

of lognormally distributed P̂f . In Figure 5.11b and Figure 5.11c, we let
c = −0.2.

(a) Scenario D-Nl

(b) Scenario D-Nl, linear scale, c = −0.2 (c) Scenario D-Nl, log scale, c = −0.2
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shown in Figure 5.12.
Next, we additionally consider higher number of relevant constellations

n = 10 and n = 50 in Figure 5.13. We look at scenario M-Nh, having a
moderate impact of Xk on the failure probability. In this case, it is clear that
we benefit a lot by using SuSI. Although it might also become interesting to
use different methods instead of repetitive SuS here. This comparison aims at
examples where SuS performs best and different constellations of the model
can not reasonably be derived by local approximations or do not provide
good information on approximation errors. An example, where potentially
many relevant constellations are present, is when the distribution of Xk is
unclear and several cases need to be evaluated. For n = 50, the rRMSE
of SuS is approximately 3 − 5 times lower than that of SuSI in most cases.
To achieve the same accuracy in SuS thus requires 9 − 25 times as many
computational demanding limit state evaluations as it does when using SuSI.
Thus SuSI performs orders of magnitude better in cases, where reliability has
to be evaluated with respect to many different constellations of the dynamic
variable.

Remark 5.4.9. The best benefit of SuSI is achieved for high numbers of
constellations n and dominant dynamic variable Xk, where it is worthwhile
that the corresponding number of evaluations necessary for SuS to receive the
same accuracy is often infeasible. In particular, when one has to test several
distribution functions to give a clear picture of the unknown effects of the
dynamic variable on the failure probability, it is also questionable whether
interesting cases will even be explored or if many details just remain unseen
because of avoiding the extraordinary high computational costs and basing
results on a few single evaluations. Thus, defining n does not capture the rel-
evance of the SuSI approach fully. In contrast, there are cases where such an
extensive analysis by SuSI might be irreplaceable for the desired information.
In Chapter 8 we will also see how the gain in information can help to create
a more complete interpretation of reliability analysis.

Also remarkable is the opportunity to prevent the drawback of a given
bias by either using additional evaluations conditional on important regions
of Xk after termination of the algorithm or by regression such as fitting
a smoothing spline to the points of several repetitive independent runs of
SuSI. This allows for approximately unbiased results, mostly independent of
q, and requires only slightly more limit state evaluations than the analyzed
interpolation methods. Anyhow, smoothing splines or regression approaches
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Figure 5.12: Comparison of the efficiency of SuS and SuSI for Scenario nD-Nh
under no re-use of seeds for a single reliability evaluation n = 1. We consider
the rRMSE as well as the corresponding intervals containing realizations of
P̂f with probability 95%, under assumption of lognormally distributed P̂f .
In Figure 5.12b and Figure 5.12b, we let c = −0.2.

(a) Scenario nD-Nh

(b) Scenario nD-Nh, c = 0.0 (c) Scenario nD-Nh, c = 0.2
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Figure 5.13: Comparison of the efficiency of SuS and SuSI for Scenario M-
Nh under re-use of seeds for n = 10 and n = 50 reliability evaluations. For
the intervals containing realizations of P̂f with probability 95%, we assume
SuSI normally distributed due to the high sample number and the single SuS
evaluations to be lognormally distributed due to their small corresponding
sample number.

(a) Scenario M-Nh, n = 10

(b) Scenario M-Nh, n = 50
(c) Scenario M-Nh, n = 50, c = 0.0, log
scale



194 SuSI: Introduction and Theory

in general are not analyzed here because that would go beyond the scope
of this work, needing to calibrate many parameters and requiring repetitive
runs of SuSI for a single evaluation.



Chapter 6

Subset Simulation
Interpolation: Simulation
Study and Applications1

In this chapter, after having extensively analyzed SuSI theoretically, we now
examine it practically by simulation, thereby giving evidence for our claims
of the previous chapter by testing the true performance of the algorithm
directly. Furthermore, some application opportunities of SuSI, such as time-
dependent reliability evaluation, increased robustness (ergodicity examina-
tion, see Remark 3.2.2) of SuS results and sensitivity analysis are presented.

6.1 Simulation Study

We use modern MCMC techniques with constant MCMC chain length of
Nl = 10 (implementation (I4*), see Chapter 4, Table 4.1) to compare the
efficiency of SuSI and SuS. This is in favor of SuS, where using traditional
implementations (I1,I2) would favor SuSI according to Remark 5.3.21 (also
compare Blandfort et al. (2019a)). Our examples will relate to cases where
adaptive sampling works particularly well, which also is in favor of ordinary
SuS with respect to comparison of their efficiency, since the within subset
sample dependencies will not increase much with respect to the subset level.

1The algorithm was first presented at ESREL2019 (Blandfort et al. (2019a)). Since
then it has been further developed, applications were extended and a theoretical foundation
was given. The result is presented in this dissertation.
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Remark 6.1.1 (n = 1). For ease of understanding, we fix the number of
constellations to n = 1 always. Again note that this only aims at demon-
strating the general efficiency of SuSI being similar to that of SuS, allowing
to evaluate dynamic models instead of the considered static ones at this cost.
So, even if for the single constellation case SuSI performs significantly worse,
we will often still favor it over SuS for dynamic models.

As described in Chapter 2, we will use the rRMSE for analysis of effi-
ciency. It should be pointed out that the rRMSE weights higher distances
from the real pf much stronger than small ones, following a quadratic in-
crease with respect to the distance. This is not generally an issue, but for
low N we are having a heavy tailed distribution of the estimators in SuS
and SuSI where we might not want to penalize rare overestimations of the
failure probability extremely, which we do by applying the rRMSE. Also
comparing performances for different number of total samples ET is thus not
straightforward and an increased sample number will most likely increase the
efficiency more than expected because of the beneficial change in the shape of
the distribution of P̂f , i.e. it will become less heavy-tailed. As a consequence,
and as the distributions of SuS and SuSI might substantially differ for small
N , we consider supplementary information.

Remark 6.1.2 (MAE, Quantiles). In addition to the rRMSE, we also con-
sider the mean absolute error (MAE) and quantile values. As we propose
a new algorithm, it is crucial to give a more full examination of the shape
of the result. So, the combined information of rRMSE, MAE and quantiles
will also help us to understand the algorithm better and allows us to not rely
on a single loss function completely, although we still favor the rRMSE for
measuring the performance and pay the most attention to it.

With regards to the bias, we want to draw attention to an interesting
point. In the presented simulations, the grid points are not fixed, as they are
also stochastically drawn in a regular simulation in practice. Thus the bias
might differ from the bias that would be given just as the bias by interpola-
tion concerning the smoothness of q derived in the statistical analysis part.
Remark 6.1.3 shortly states the consequence of such a grid point selection.

Remark 6.1.3 (Stochastic Grid Point Selection). By the adaptive creation
of the grid points, the bias of repetitive SuSI runs is a combination of several
bias, depending on the individual grid point selections. In general, this should
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reduce the probability of worst case scenarios for the bias. Parts of the un-
derlying conditional failure probability function q that behave erratic, will be
spanned by the grid points differently in independent simulation runs. This
allows to avoid worst case scenarios in many cases, so that the bias might
typically not take exceptionally high values when averaging over repetitive
runs.

Before we give results by simulation, we want to draw attention to the
underlying difference of the studied limit state functions. We again consider
g1, g2a and g2b (compare Equation 4.2-4.4) as a basis for our analysis since
these differ to a great extent in their characteristics and cover extreme cases
as recognizable in Figure 6.1 and Figure 6.2 . In particular, the big difference
in the shape of the conditional failure probability function q is important.
Consequently, studying these limit state functions allows to draw conclusions
on many settings. At the same time, defining an appropriate adaptive selec-
tion of the grid points in the prediction step to well suit all these settings at
the same time is a challenging task. It might even be used to test adaptively
defined prediction step implementations for provision of general applicability.
In our examples, we found that after successfully testing our implementation
with these limit state functions, SuSI also worked well out of the box for
other more realistic examples, such as in Section 6.2. Figure 6.1c now pro-
vides a good basis for understanding and reasoning on results obtained by
simulation.

Remark 6.1.4 (Bias by SuSI Estimation). According to Figure 6.1 and Fig-
ure 6.2, a high bias would require the conditional failure probability function
to frequently behave erratic at particular points. Even if the function is not
smooth, only very specific functions will result in a high relative bias.

For insightful simulation studies, we need to artificially alter limit state
functions for consideration of cases with important and with less important
dynamic variables.

Remark 6.1.5 (Construction of Different Limit State Functions for Testing).
To consider different cases of important or non import dynamic variables,
we vary the dimension of the limit state functions g1, g2a and g2b. The
used implementation (I4*) is rather insensitive with respect to the shape of
the failure domain, so that although there might be an impact on the failure
domain, simulation results should at least remain similar. This is suspected
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Figure 6.1: Illustration of the effect of considering different limit state func-
tions g1, g2a and g2b on the relevance of the domain of Xk with respect to
the total estimated failure probability pf . Typical results by application of
SuSI are shown. The dimension is chosen to be d = 2 (high impact of Xk).

(a) g1, Xk ∼ N (0, 1)

(b) g2a, Xk exponentially distributed
with parameter 1.

(c) g2b, Xk exponentially distributed with
parameter 1.
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Figure 6.2: Illustration of the effect of considering different limit state func-
tions g1, g2a and g2b on the relevance of the domain of Xk with respect to
the total estimated failure probability pf . Typical results by application of
SuSI are shown. Dimension is chosen to be d = 10 (low impact of Xk).

(a) g1, Xk ∼ N (0, 1)

(b) g2a, Xk exponentially distributed
with parameter 1.

(c) g2b, Xk exponentially distributed with
parameter 1.
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in Papaioannou et al. (2015) and also supported by our own studies. The
main object of interest, is the effect of the conditional evaluation so that
this altering of the limit state functions suffices our demands. We consider
dimension d = 2 for important Xk and d = 10 for the case of less relevant
Xk. Because the single variables of the considered limit states are equally
affecting the failure probability, Xk is set to an arbitrary one of those, without
loss of generality. Such low dimensions might not be considered a use-case
for application of Subset Simulation in general, but nevertheless results are
expected to be similar for high dimensions so that we get an informative and
feasible simulation study this way.

Remark 6.1.6 (Simulation Settings). In the presented simulation studies,
the chain length in MCMC is set to Nc = 10 in all cases (implementa-
tion (I4*)). This allows for a coefficient of variation CV(P̂f ) being approxi-
mately independent of p0 (compare Section 4.1.3), to increase the efficiency
for higher choices of p0, which may decrease the bias in SuSI. Beyond the
choice of [pl, pu] for the SuSI-like steps, we also require to set an intermediate
probability p0 for initialization by SuS. The choice of this p0 is not impor-
tant for efficiency, but it should not be too low so that one avoids big grid
point steps that result in missing evaluation of some important parts of the
domain of Xk more densely. We fix p0 = 0.5 without much loss of generality.
Also, when using version a) of the prediction step, we minimize the samples
for prediction of appropriate grid points by choosing a rather large interval
length, such as |pu− pl| = 0.2. So, after the prediction step, we accept a can-
didate grid point with expected intermediate probability p for some p ∈ (pl, pu)
which can be substantially different with respect to the subset level. To still
preserve good efficiency, the corresponding N have to be adapted on the fly.
We set N = N∗ · (log(p)/ log(p∗)) for some fixed p∗. This way, the number
of samples is distributed efficiently across subsets with potentially different
intermediate probability estimates. In version a) of the prediction step, we
also reduce the number of samples in the prediction step when higher p0 are
used to keep the total number of samples similar. However, we do not reduce
it enough to get an equal number of total samples as it should not become
too small, needing to use more samples for prediction if higher intermediate
probabilities are chosen. For interpolation (Algorithm 2 A2-5), which is also
utilized for step b) (Algorithm 2 A2-2), we use shape preserving piecewise
cubic Hermite interpolation (compare Section 5.3). Function values beyond
the evaluated domain are assumed to take the highest failure probability pos-
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sible, using the worst case staircase function. Although often not required,
we restrict the maximum error by approximation to 1% which is a very low
tolerance with respect to rather moderate sample numbers. This way, we eval-
uate the conditional failure probability function q even with respect to utterly
small failure probabilities which might not be relevant but avoid us to base
results in the forthcoming simulation study on approximation errors. Higher
admissible errors will often be sufficient and result in lower computational
demands due to reduced total subset number m∗ and increased SuS-like steps
ms.

Remark 6.1.1, Remark 6.2.2, Remark 6.1.5 and Remark 6.1.6 underline
that it is not straightforward to compare efficiencies of SuS and SuSI. Indeed,
one should rather interpret these comparative results with respect to SuS,
given in the following section, as an easy understandable way to demonstrate
the computational demands of the introduced novel algorithm by relating it
to the demands of a popular algorithm for a static evaluation.

6.1.1 Results

To study results by simulation, we have to distinguish between requiring the
prediction step and the opportunity to use previous results for selection of
adequate grid point values. We start with version a) of the prediction step,
which in contrast to version b), explained later, is always available.

Prediction Step: Version a) First, we examine a typical form of a use-
case of SuSI, given a dynamic model where the failure probability of a struc-
ture has to be estimated with respect to several different constellations. For
illustration, we use g1 with dimension two (for higher relevance of Xk) and
identify one of the variables as Xk and vary its distribution. Then, the es-
timated differences of the results are examined. Figure 6.3 yields the result.
From this example, we may already conclude that SuSI might not only pro-
vide lower computational demands for several constellations, but also allows
us to prevent drawing conclusions out of stochastic noise if differences of fail-
ure probabilities with respect to different constellations are studied. We now
know that SuSI can perform very well in specific settings. Although SuSI uses
about a third of the SuS samples, it is even better in estimation, avoiding to
consider stochastic noise of single outcomes when comparing their estimated
failure probabilities. In particular, in cases (1,2) and (1,3) we see that SuSI
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Figure 6.3: Evaluating the difference in failure probabilities of three different
constellations by SuS and SuSI. In every case, we rely on the limit state
function g1 with two variables. The first is fixed standard Gaussian always
and the second one is varied to (1) standard Gaussian, (2) Gaussian with
coefficient of variation 1.1 and (3) Gumbel with coefficient of variation 0.5.
SuS(1,2) corresponds to comparing the results of 1000 Subset Simulation runs
of constellation (1) and constellation (2), subtracting results by (2) from the
ones by (1). Correspondingly SuSI(1,2) refers to the result by SuSI with
similar number of total evaluations ET for all three evaluations as for one
simulation run by SuS.

SuS(1,2) SuS(1,3) SuS(2,3)SuSI(1,2) SuSI(1,3) SuSI(2,3)
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does always provide the right sign where on the other hand SuS may not, so
that its results are more reliable where the corresponding approximations by
SuS might provide totally wrong results, e.g. if used for Taylor approxima-
tions afterwards. This may prevent extreme misinterpretations and therefore
possibly severe consequences. However, there are some novelties such as the
prediction step and the estimation by integration over estimated conditional
failure probabilities which might affect its performance in an unexpected and
possibly unfavorable manner. Furthermore, SuSI allows for several parame-
ter settings that might lead to different conclusions. Thus, we need a more
broad study.

As a first more extensive study, we fix the failure probability to pf =
1 · 10−6 and track mean value, rRMSE and MAE for limit state functions g1,
g2a and g2b with respect to different parameter choices in SuSI. The result
is shown in Table 6.1. Table 6.1 gives a good overview of several effects and
illustrates how different choices of [pl, pu] affect the distance of lower and
upper staircase values to the real failure probability pf . We see that moder-
ate choices of [pl, pu] appear to be favorable over rather extreme ones. As a
consequence and by further experimenting, we choose [pl, pu] = [0.2, 0.4] for
further analysis. Note that the intervals were chosen to be rather large, since
in Chapter 4 we have shown that efficiency does not significantly depend
on the exact choice of the intermediate probabilities if p0 ≥ 0.1 in imple-
mentation (I4*) and to have higher probabilities for candidate acceptance in
the prediction step, lowering the total number of necessary evaluations. An
overview on the resulting number of evaluations is given in Table 6.2, show-
ing that the samples for the prediction step took around half of the number
of total samples in SuSI for dominant Xk. This is due to the generally small
number of samples in these examples and that we did not spent much efforts
to reduce the number of samples used in the prediction step (e.g. by sophis-
ticated adaptive methods). Also note that the number of total evaluations
with prediction step was chosen slightly higher than for SuS because for less
relevant Xk it decreases (compare Table 6.3, due to the increasing number of
initial SuS steps) and we will later also consider variant b) where there are
no prediction step samples, allowing to directly compare results of version a)
with version b) (explained later) of the prediction step while having the same
number of samples for SuS as a comparison. Typically, one would start with
a single evaluation by version a) and then add some (e.g. 5− 20) simulation
runs with version b) based on the first simulation result. Indeed we do not
have to be very accurate with respect to the number of total evaluations
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Scenario Method SuS SuSI [staircase]
M-Nm N* 1500 ≈ 650
d = 2 p0 0.1 0.5

pf = 1 · 10−6 [pl, pu] - [0.05, 0.15] [0.2, 0.4] [0.4, 0.6]
ET ≈ 10, 000 Npred - 100 75 50

g1
1.03

1.25 [0.43, 8.49] 1.04 [0.67, 1.82] 1.14 [0.82, 1.62]
p̂f · 10−6 g2a 4.10 [0.52, 63.1] 1.32 [0.69, 6.10] 1.89 [0.85, 6.10]

g2b 1.07 [0.23, 1.90] 1.09 [0.64, 2.56] 1.11 [0.80, 1.37]
g1

0.35
0.61 [0.61, 17.3] 0.40 [0.42, 1.09] 0.52 [0.40, 0.95]

rRMSE g2a 15.7 [1.39, 345] 5.22 [0.70, 65.1] 19.9 [0.46, 118]
g2b 0.44 [0.78, 1.19] 0.48 [0.46, 32.4] 0.48 [0.40, 0.70]
g1

0.26
0.42 [0.58, 7.48] 0.30 [0.37, 0.84] 0.37 [0.34, 0.69]

MAE g2a 3.19 [0.70, 62.1] 0.54 [0.42, 5.12] 1.10 [0.37, 5.13]
g2b 0.33 [0.78, 0.92] 0.34 [0.41, 1.63] 0.36 [0.34, 0.50]

Table 6.1: Efficiency of SuSI with respect to different limit states
and parameter choices. Results are based on 1000 independent simula-
tion runs for SuSI and 2000 for SuS. The total amount of evaluations ET
under re-use of samples is approximately kept constant for all the choices,
resulting in different N with respect to the used method and parameters.
Underlying limit state function and basic variable distributions are as in
Papaioannou et al. (2015) Example 1 (linear), Example 2a (convex) and Ex-
ample 2b (concave) which we already used in the simulations of Chapter 4.
Implementation (I4*) is used. N* relates to p0 = 0.1 in every case, where for
the real selected N in subsets, we use N = N* ·(log(p)/ log(0.1)) for p = p0

or p ∈ [pl, pu]. Except for limit state function g2a, results by interpolation
with splines appear to be slightly higher, but similar, as those given by SuS
for [pl, pu] = [0.2, 0.4].
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ET −
∑
Npred

∑
Npred ET

[pl, pu] g1 g2a g2b g1 g2a g2b g1 g2a g2b
[0.05, 0.15] 10500 9500 8500 3000 4000 5500 13000 13500 14000
[0.2, 0.4] 8500 8000 7500 3000 4000 3500 12000 12000 10500
[0.4, 0.6] 8000 7500 7000 5500 5500 4000 13500 13000 11000

SuS 9000 9000 9000 0 0 0 9000 9000 9000

Table 6.2: Number of evaluations with respect to the simulations
in Table 6.1 (Dimension d = 2 of the limit state functions). The total
number of evaluations for SuS and SuSI as well as its split into evaluations
by the prediction step and normal subset evaluations are provided.

∑
Npred

corresponds to the sum of all prediction step evaluations under consideration
of all subset levels.

ET −
∑
Npred

∑
Npred ET

[pl, pu] g1 g2a g2b g1 g2a g2b g1 g2a g2b
[0.05, 0.15] 8500 8500 6500 2000 3500 1500 10500 12000 8000
[0.2, 0.4] 7000 7000 5500 2500 3500 2500 9500 10500 7000
[0.4, 0.6] 6500 6500 5500 4000 5000 2500 10500 11500 8000

SuS 9000 9000 9000 0 0 0 9000 9000 9000

Table 6.3: Number of evaluations with respect to limit state func-
tions with dimension d = 10. As in Table 6.2, the total number of eval-
uations for SuS and SuSI are provided.

here, as our focus is on general properties and proof of concept. Regarding
the choice of the parameters in SuSI, we found [pl, pu] = [0.2, 0.4] to perform
best. Additionally, we see bad results with respect to limit state function g2a

for all choices of [pl, pu]. For a better understanding, an analysis with respect
to the quantiles is considered in Figure 6.4 and Figure 6.5. A closer look at
the quantiles exposes that the bad rRMSE must be the consequence of rare
events. Parameters [pl, pu] = [0.2, 0.4] were also found favorable in analysis
of quantiles, although less than expected by Table 6.1. The following remark
explains our findings and the suggestion to favor moderate values of [pl, pu].

Remark 6.1.7 (Discrepancies: Stochastic Prediction Step a)). In Chap-
ter 4, we have shown insensitivity of the coefficient of variation of the results
by SuS with respect to SuSI. By Section 5.3 and as we just integrate over
several SuS results in the same manner always, the key to differences in re-
sults with respect to the parameter settings, beyond the effect on the total
number of evaluations, must be assigned to the prediction steps. Indeed, the
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Figure 6.4: Analysis of the quantiles of estimates by SuS and SuSI, based
on 1000 simulation runs in each setting. The results refer to an important
dynamic variable, setting the dimension of limit state functions g1, g2a and
g2b to two (d = 2).



6.1 Simulation Study 207

Figure 6.5: Analysis of the quantiles of estimates by SuS and SuSI, based
on 1000 simulation runs in each setting. The results refer to a rather unim-
portant dynamic variable, setting the dimension of the limit state functions
g1, g2a and g2b to ten (d = 10).
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shortcomings for [pl, pu] = [0.05, 0.15] and [pl, pu] = [0.4, 0.6] can be explained
by the impact of this selection on the prediction steps. Scanning for very low
intermediate probabilities will result in high effects for stochastic variation
in the predictions. Selecting slightly wrong grid points might result in an ex-
treme relative change of the intermediate probability, yielding to p0 < 0.05
which will lead to a bad performance. Choosing [pl, pu] = [0.4, 0.6] on the
other hand requires to lower the number of samples for the prediction step if
we do not want to increase the number of total evaluations much and also
the requirement for several prediction steps because the number of subsets
increases a lot. As a result, we more frequently have bad results due to the
stochastic variation of the result by the prediction step. In general, estimat-
ing an intermediate probability by a prediction step with less samples than
used for evaluation of the subsets, will usually lead to a non-optimal choice
of the number of subset samples in the corresponding intermediate probability
evaluation, since this has to be set in advance. However, such methods could
also be made adaptive again, increasing the performance.

Remark 6.1.7 discusses choices of [pl, pu] and also explains the shortcoming
of a stochastic prediction step. In particular, we found high rRMSE and high
mean values to be the consequence of some rare events, where the prediction
step did not provide sufficiently well estimated grid point values.

On the one hand, these rare events would be a big drawback, causing
the algorithm to perform bad on average although yielding a good efficiency
most of the time. On the other hand, we have some options to avoid them:

• Generally, it was easy to identify ill-posed results. Typically interme-
diate probabilities take extreme values, either close to zero (e.g. below
0.01) or approximately one, in the rare events where the prediction step
fails. As these are visible, such results can be detected and removed in
a post-processing step.

• We can choose to use more samples for the prediction step.

• Version b) of the prediction step can be utilized after we have one
terminated simulation. Typically, we should make several independent
simulation runs, as in Subset Simulation, to evaluate results, anyways.

• The prediction step can be further refined. Many adaptive methods
can be tested.
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Figure 6.6: Comparison of the rRMSE of SuS and SuSI. The dimension
of the limit state function is set to two (left) and ten (right). High sample
numbers are considered.

Using more samples in the prediction step is always possible and easy, but
results in a higher number of total evaluations. Nevertheless, for generally
higher sample numbers, one could naturally increase the samples for the pre-
diction step adequately. This further increases robustness of the prediction
step. The result for doubled prediction step sample number and five times
the sample numbers considered in Table 6.1 is given in Figure 6.6. Under
doubled sample number in the prediction step, no ill-posed rare events were
present anymore, in 1000 independent simulations. According to Figure 6.6,
we see a similar, although often slightly higher, rRMSE for dimension d = 2.
In the case of dimension d = 10, SuSI clearly has a worse rRMSE. This
was expected and we also point out again that the most interesting cases
are the ones where the dynamic variable is more relevant such as for d = 2.
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Thus, not only because of the intended application on dynamic models, but
also because of this fact, we claim the algorithm to be very efficient. Also
note that our expected main drawback, the bias, seems to be negligible in
many cases, as we did not have systematic errors in our simulations. Results
with high N , corresponding to Figure 6.6, were found to not provide a sig-
nificant bias, taking its maximum at d = 10 and g2b with 5%. While there
exist functions that provide the maximum bias derived by statistical analysis
in Section 5.3, these functions seem to require an unnatural shape, at least
for moderate [pl, pu] values such as [0.2, 0.4]. As a consequence, we focus
on interpolation by the Piecewise Cubic Hermite Interpolating Polynomial
(PCHIP), only rarely examining staircase approximations.

If several independent simulation runs of SuSI are used for reliability
evaluation, then we should use previous results for more accurate prediction
steps (’version b’ of the prediction step). Although the algorithm already
performs similar as SuS in many cases of static settings for high N , the
presented algorithm is a novel approach so that many enhancements may
still be possible with respect to its implementation.

Prediction Step: Version b) Next, we consider version b) of the predic-
tion step so that the simulation procedure is as follows. The first simulation
run is executed under prediction step version a). Then, all successive runs
are carried out under selection of the next grid point by using the previous
estimated conditional failure probability function q̂ with respect to the exist-
ing simulation results, version b) of the prediction step. This does not result
in correlated results, since this procedure only has an effect on the grid point
selection, not on the estimation of intermediate probabilities with respect
to the stochastic variation. Variant b) does not only decrease the sample
number in simulations, but at the same time might increase the goodness of
fit of the grid point estimators as previous results are based on the usually
higher sample number per subset instead of the sample number for prediction
steps Npred. For an even higher benefit, one can also use several results of
terminated simulations for estimation in the prediction step. The result is
shown in Figure 6.7. As expected, we furthermore avoid the outliers, rarely
available but strongly influencing the rRMSE and the mean value in version
a) so that we can now consider the rRMSE as a performance measure in-
stead. Table 6.2 and Table 6.3 show that the number of samples is reduced
significantly in version b), neglecting prediction step samples. In comparison
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Figure 6.7: Comparison of the rRMSE of SuS and SuSI, using version b) of
the prediction step in SuSI. The dimension of the limit state functions is set
to two (left) and ten (right).
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Figure 6.8: Comparison of the rRMSE of SuS and SuSI under usage of lower
staircase approximation in SuSI. The dimension of the limit state functions
is set to two (left) and ten (right).

to SuS, we then even have a smaller number of total evaluations ET in SuSI.
Although using [pl, pu] = [0.2, 0.4] for examination, simulations suggest that
prediction of the adaptive grid point selection by previous simulation runs
allows to switch to higher intermediate probability values for more assurance
of a low bias, also. Still, for ease of comparison and also because the bias
seems to be negligible in most cases, we keep [pl, pu] = [0.2, 0.4] fixed in the
analysis.

As already supposed in the statistical analysis part, it is sometimes pos-
sible to use the lower staircase approximation to decrease the rRMSE and
thus increase efficiency. An example is given in Figure 6.8. In comparison
to the results by interpolation (compare Figure 6.7), particularly in the case
of less relevant Xk (respectively d = 10) the rRMSE is drastically reduced.
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Figure 6.9: Comparison of the empirical mean values of the estimated fail-
ure probabilities under consideration of the lower staircase approximation in
SuSI. The dimension of the limit state functions is set to two (left) and ten
(right).

Also, note that the shape of the conditional failure probability function seems
to lose relevance and better results could even be achieved for lower sample
numbers so that the bias has less impact on the total result. However, we
then underestimate the true failure probability systematically which requires
to be extra careful. The corresponding mean values are shown in Figure 6.9.

As a last simulation study, we consider a more practical example, a two
degree of freedom primary/secondary damped oscillator (see Der Kiureghian
and De Stefano (1991); Bourinet et al. (2011)). We fix the mean value of
the force capacity of the secondary spring Fs to µFs = 27.5, resulting in a
reference failure probability of pf = 3.78 · 10−7. The limit state function is
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Variable mp ms kp ks ζp ζs Fs S0

Distribution ln ln ln ln ln ln ln ln
Mean 1.5 0.01 1 0.01 0.05 0.02 27.5 100
c.o.v. 0.1 0.1 0.2 0.2 0.4 0.5 0.1 0.1

Table 6.4: Bourinet et al. (2011). Random variables according to limit state
function (6.1) by Der Kiureghian and De Stefano (1991).

given by (Der Kiureghian and De Stefano (1991), Bourinet et al. (2011)):

g(x) = Fs − 3ks

√
πS0

4ζsω3
s

[
ζaζs

ζpζs(4ζ2
a + θ2) + γζ2

a

(ζω3
p + ζsω3

s)ωp

4ζaω4
a

]
(6.1)

with ωp =
√
kp/mp, ωs =

√
ks/ms, wa = (wp + ws)/2, ζa = (ζp + ζs)/2, γ =

ms/mp, θ = (ωp−ωs)/ωa and random variables according to Table 6.4, given
distribution type, mean value and coefficient of variation (c.o.v.) of each
variable. We consider four cases for SuSI, successively setting ζp, ζs, Fs and S0

as the dynamic variable Xk. For analysis of efficiency, we use 50 independent
simulation runs, each starting with a single estimation according to SuSI with
prediction step variant a) followed by 19 simulation runs with prediction step
variant b). In variant b), we consider only the previous simulation run for
estimation of suitable grid points. In total, we thereby get 1000 simulation
runs. For comparison of performance, we use 2000 independent simulation
runs of SuS. The resulting statistics of the results by simulation are described
in Figure 6.10 and Figure 6.11. The number of repetitive runs for testing
in this example is small. However, for general statements these should be
sufficient at this point, in particular because the results based on averages of
repetitive runs make the corresponding distribution of the results less heavy
tailed. SuSI with dynamic variables ζp, ζs and Fs appears to provide a similar
performance as SuS does. Choosing S0 as a dynamic variable, on the other
hand, requires the computational demands of a few static reliability analysis
by SuS, with same number of total evaluations in each analysis, to achieve the
same accuracy. Remarkable is that the total number of evaluations in SuSI
was smaller than it was for SuS on average, still providing similar efficiency
as SuS for several choices of dynamic variables so that we expect a practically
equivalent coefficient of variation for both methods under same number of
total evaluations in this static evaluation. Indeed we took the same parameter
settings as in Table 6.1 with [pl, pu] = [0.2, 0.4]. The average samples in the
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Figure 6.10: Box plots of the estimated failure probabilities of SuS and SuSI,
based on 1000 simulation runs. Whiskers correspond to 5 and 95 percent
quantiles. SuSI was applied with respect to variables ζp, ζs, Fs and S0.
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Figure 6.11: Usage of repetitive calculations for estimation. Based on 50
independent simulation runs, each consisting of a first simulation run with
prediction step a), followed by nineteen simulations with prediction step b),
we plot the change of rRMSE with respect to utilization of an increased
number of repetitive runs. SuSI was considered with respect to four different
stochastic variables. For comparison, 100 SuS runs were considered in the
same manner but without any variation in parameter settings.
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prediction step become negligible for higher (say more than 5) number of
repetitive runs. So, we get the result for a dynamic model at the cost of
a static reliability evaluation by SuS in a realistic setting. Also note that
the possibility to condition on several variables allows to draw conclusions
based on this joint information, while the failure probability of the static
reliability problem is simultaneously computed by several simulation runs.
We can, for example, compare sensitivities with respect to different variables
or provide evidence for accurateness of the results in contrast to calculation
by SuS where reliability evaluation relies on the same settings for the limit
state and the stochastic variables in every repetitive run.

Lastly, we want to remark that we did not focus on optimizing every
single parameter of SuSI for testing the new algorithm since our focus was
on introducing the general concept and demonstrating functionality of it.
Indeed, we think that there exist many opportunities for improvement. Some
of them were shortly discussed previously, some are left for future research.

6.1.2 Conclusions

Concluding, our simulations give evidence for functionality of the method and
support our findings by statistical analysis. We have two main conclusions.

First, it is remarkable that the bias by interpolation, which was first
identified as the potential drawback of the algorithm, was found to be small in
the considered problems and there even exist several options to easily reduce
it further such as refinement of the grid as a post-processing procedure.

• In the simulation studies, the bias was found negligible, if systematic er-
rors induced by the stochastic prediction step were excluded by proper
implementation or post-processing.

• There are several options for a certain bias reduction:

– If repetitive runs of the algorithm are performed, regression can
be used.

– The set of grid points can be refined in an additional post-processing
step. Such additional evaluations can focus on important regions
of the domain of Xk and even require a lower computational effort
than usual evaluations, because the samples for these evaluations
are already given and it is also known, by monotonicity, that some
samples surely fail according to the successive subset.
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– Intermediate probabilities can be increased.

The regression approach was not studied in this work, since we first focus
on building a strong basis for the generally better traceable interpolation
case, which is also applicable after a single run of the algorithm. To study
regression in detail, many settings would have to be accounted for, such as
the number of repetitive runs considered, the number of selected knots and
the degree of smoothness. This would go beyond the scope of this work,
which focuses on introduction of the algorithm and its general applicability,
and is therefore left for future research.

Second and most importantly, the algorithm yields an impressive perfor-
mance as it has often similar, although sometimes slightly higher, computa-
tional demands as a static reliability evaluation by SuS for analysis of a much
more complex dynamic reliability model. Therefore, SuSI can reduce the nec-
essary computational effort in dynamic reliability evaluation, drastically. On
the other hand, there exist cases where SuSI requires a significantly higher
computational demand to achieve similar accuracy as SuS in one static reli-
ability evaluation, such as an irrelevant Xk. This however is not necessarily
a big disadvantage, since good performance was shown in the use-case.

Remark 6.1.8 (Use Case: Similar Computational Demands as a Static SuS
Evaluation). As SuSI is designed for dynamic models, it should be applied
when Xk is expected to have a rather high impact on the failure probability
and particularly when differences between different settings have to be consid-
ered. In both cases, SuSI achieves at least a similar rRMSE as SuS with the
same number of total evaluations in a static reliability evaluation (compare
Figure 6.3, Figure 6.6 (left) and Figure 6.7 (left)). Worthwhile is in partic-
ular the superior performance of SuSI in computing relations of the failure
probabilities of different model constellations by avoiding stochastic noise in
the results, as shown in Figure 6.3.

In contrast to Remark 6.1.8, in cases where Xk is not so relevant, SuSI
might need up to about five times as many evaluations as SuS in a corre-
sponding static reliability evaluation, in our examples. Nevertheless, this
can still be considered an acceptable computational demand for the provided
gain in information.
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6.2 Application: Model Dynamics

Important to note is that we identify the main benefit of SuSI not as an in-
creased efficiency given n constellations. This setting was useful for tractabil-
ity of performance. Instead, SuSI allows a different way of approaching re-
liability analysis under model dynamics and specific uncertainties or robust
analysis by accurate continuous failure probabilities with respect to the dis-
tribution of a stochastic variable.

New Methods allow to pose and answer new questions, helping to extend
the understanding in structural reliability analysis.

The provided information by SuSI makes it straightforward to use com-
pletely different representations of the reliability with respect to variation in
the distribution of Xk. However this is not only beneficial for specific distri-
butions, it also gives new insights such as the conditional failure probability
with respect to deterministic values of Xk, even if it has a very complex
and not at all comprehended impact on the failure probability in advance.
So, extensive case studies or analysis that include many different distribu-
tions of a variable are easy, cheap and handy to include into analysis. As a
consequence, it becomes more likely to discover effects that remain unseen
otherwise. Furthermore, there are many more opportunities. For example
the shortly presented robust evaluation (presented later, in Section 6.2.3)
which could be very valuable for backup testing, or as a stand-alone algo-
rithm, could only be one of many such opportunities. Especially because of
the widespread application of SuS in many different fields with individual
requirements for good and interesting aspects of analysis, we will most likely
not even be able to demonstrate some obvious use-cases with a high benefit
in specialized fields.

Anyhow, we present several cases for application of the algorithm, where
for one variable Xk, several constellations of the distribution function need
to be evaluated. In particular, we demonstrate that Xk is not restricted to
the original variables of the problem formulation, but can be anything, such
as a time variable or even a variable that artificially changes the failure set
drastically by scaling the whole failure space.

Remark 6.2.1 (Complex Structures). Note that the given examples for ap-
plication in this section are for illustration purposes and therefore do not
claim absolute correctness or relevance on the engineering side, nor are they
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complex enough to require applying SuS. Picking simple examples for illus-
tration allows for an easy access to the settings of the examples and to the
general understanding of the presented procedures. In Chapter 8, we explicitly
address a few more complex problems, where SuSI could be applied.

However, the examples are still well suited for illustration and the pre-
sented procedures can be applied to complex structures and higher dimen-
sions just as well and in the same manner.

Remark 6.2.2. Also worthwhile, beyond the high number of cheap reliability
evaluations, is that the algorithm might reduce stochastic noise when com-
paring several different constellations (compare Section 6.1). These relations
can then be derived by the same stochastic result, instead of relying on in-
dependent results where the randomness of results can be misinterpreted as
information on the relation of failure probabilities. Examples which benefit
from this advantage include sensitivity analysis and time-dependent reliability
analysis, presented in the following.

Coefficients of variation of variables of the stochastic model are gener-
ally referred to as c.o.v., or written as e.g. vfc for stochastic property fc, in

contrast to the coefficient of variation CV(P̂f ) of the estimator of the failure
probability.

6.2.1 Extensive Sensitivity Analysis2

We start with a reinforced concrete beam, such as in Figure 6.12, where the
underlying probabilistic model is given in Table 6.5. The model is based
on Glowienka et al. (2011) with modified loads and an extra limit state.

In detail, the beam is exposed to distributed loads g + q and a test (or
accidental) load Fa that is concentrated at one ending of the beam where we
are interested in two failure mechanisms, reinforcement failure due to flexural
tension (Freinf.) and failure of the concrete by crushing of the compression
strut (Fconc.). The corresponding limit state equations are given by:

greinf. =θR,M(fyAs)

(
(h− d1)− fyAs

1.615bfc

)
− θE,M(Mg+q +Ma)

2This example was first presented and is extracted from Blandfort et al. (2019a).
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Table 6.5: Blandfort et al. (2019a), modified. Probabilistic model for re-
inforced concrete beam example. Relevant distributions for the random
variables are normal(n) and lognormal(ln). Additionally, there are deter-
ministic(d) model variables. Units: Forces are given in meganewton[MN],
geometric quantities in meters[m].

Variable fy As b h d1 d
Distribution ln det n n n n
Mean µ 580 0.00493 1.0 0.8 0.05 0.75
c.o.v. v 0.06 - 0.01 0.013 0.2 0.013
Variable bw αc cotθ a1 a2

Distribution n det det det det
Mean µ 1.0 0.75 3.0 0.3 6.20
c.o.v. v 0.01 - - - -
Variable θ[−] fc g + q Fa
Distribution n ln n det
Mean µ 1.0 20-50 0.1 2.0
c.o.v. v 0.1 0.1-0.2 0.2 -

Figure 6.12: Blandfort et al. (2019a). Reinforced concrete beam exposed to
distributed load g + q and concentrated load Fa.
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Figure 6.13: Blandfort et al. (2019a). Sensitivity analysis of failure proba-
bility and failure mechanisms of a RC beam with respect to its compressive
strength distribution.

and

gconc. =θR,V
bw0.9dαc0.85fc
cotθ + tanθ

−θE,V (Vg+q + Va) .

Now, greinf. belongs to a ductile, whereas gconc. belongs to a brittle failure
mechanism. Thus, it is crucially important which failure mechanism is more
likely to occur. Unfortunately, concrete core testing typically comes with
huge uncertainties in estimation of the compressive strength fc. For that
reason, we examine reliability and dominant failure mechanism for several
stochastic distributions of fc. Applying SuSI, this only requires one single
run for each of the limit state equations, then a one dimensional integration
yields the result for each chosen distribution. Results are illustrated in Fig-
ure 6.13. For comparison, SuS would have required 150 simulation runs to
compute failure probabilities for 5 different settings at 30 nodes. The result
shows, as expected, a high dependency between failure due to crushing of the
compression strut and fc, whereas the impact on reinforcement failure due
to flexural tension is insignificant. As a consequence, the dominant failure
mechanism highly depends on the assumed distribution of fc here. Further-
more, high variability of the failure probability with respect to the stochastic
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distribution of fc and the uncertainty involved when estimating it, may also
lead to risks such as dangerous overestimations or costly underestimations
of reliability. For that reasons, a rigorous analysis, including uncertainties,
yields important information.

6.2.2 Time-Dependent Reliability Analysis

Here, we show how time-dependent models may very well suit the dynamic
model in SuSI. Instead of choosing the dynamic variable Xk as a stochastic
property of the structure, this time Xk will take the role of the time variable
t. For discussion, we take a simple RC slab example, following Blandfort
et al. (2021) but taking a different time-dependent approach in this section.
UM represents the model uncertainty of the resistance and is assumed to be
lognormally distributed with mean value mS = 1.0 and coefficient of variation
vS = 0.07. The limit state function for its dominant failure mechanism
(bending) is given by

g(X) = UM(fyAs)

(
(h− d1)− fyAs

1.615bfc

)
− |Ms|

where Ms represents the moment force in the column area 2. Loads are
given as a combination of dead loads g and live loads q (assumed to act on
all three fields at the same time). Dead loads are generally either given as
deterministic or Gaussian with low variability. The stress resultant Ms is
the resulting moment force derived by dead loads g and live loads q. We
assume g+q Gumbel distributed with mean value m50 = 0.015MN

m2 and c.o.v.
v50 = 0.1 for the reference period of 50 years. Then Ms is Gumbel distributed
with mean mS = −0.1(g+q)l21 = −0.02166MNm and coefficient of variation
vS = 0.1. The corresponding yearly maximum loading distribution, if no
time effects are present, is then given by (m1, v1) = (0.01505, 0.14388). An
overview of the stochastic properties is given in Table 6.14c. Next we want
to add time dynamics to the model and show that SuSI allows for an efficient
evaluation. We consider two cases.

In the first case, we assume a variable of the structure that fulfills mono-
tonicity (Assumption 2.2.2) and independence (Assumption 2.2.1) assump-
tions as dynamic variable that changes over time and has the most important
effect on the failure probability of the structure. For example, the structure
might be exposed to a marine environment and suffer from corrosion. The
time-dependent decrease of the cross sectional area of the steel might then
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(a) 3-span slab

(b) 2-span slab

Property Values

Variable fc fy As b h d1 l1 UM Ms

Distribution ln ln d n n n d ln g

Mean m 33 580 0.000524 1.0 0.2 0.03 3.8 1.0 −0.01505

c.o.v. v 0.132 0.06 - 0.01 0.013 0.2 - 0.07 0.14388

∗ fc, fy and Ms are given in MN
m2 , As in m2

m and the geometric quantities

b, h, d1, l1 in m.

(c) Stochastic properties of the reinforced concrete slab

Figure 6.14: Blandfort et al. (2021). Properties of the reinforced concrete
structure, 3-span slab (Figure 6.14a) and corresponding 2-span slab (Fig-
ure 6.14b) after column failure are given. Both are subjected to evenly
distributed dead loads g and live loads q. The corresponding stochastic
properties, except for the loadings, are given in Fig 6.14c.
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have the highest impact on reliability over time. If, unfortunately, the exact
cross sectional area and how it develops over time is mostly unknown but
we, nevertheless, have to make a prediction on the remaining life time (or
plan the next inspection) under sufficient reliability, we are required to con-
sider several realistic scenarios for a meaningful conclusion. The procedure
is then exactly the same as in the previous example, just that sensitivity
analysis is now connected to specific time instants instead of relating to un-
certainty considerations. However, a much more specific way to apply SuSI
on time-dependent reliability analysis is the following.

In the second case, we assume the time-dependent limit state function can
be written with respect to t. For demonstration, it is assumed that the steel
cross sectional area As decreases by κ = 0.000002m

2

m
per year and loading

demands increase by 1% in every year. The resulting time-dependent limit
state function is then given by

g(X, t) =UM(fy(As − t · κ)

(
(h− d1)− fy(As − t · κ)

1.615bfc

)
− (1 + 0.01)t|Ms| .

(6.2)

Except for the first phase of structures, where we typically expect the re-
liability to increase, time-dependent models generally suit the requirements
for application of SuSI (monotonicity and independence) naturally. Start-
ing at initial settings (i.e. t = 0) with failure probability 3.17 · 10−8, the
failure probability increases quickly with respect to time, having 4.60 · 10−7,
5.59 · 10−6, 6.18 · 10−5, 6.20 · 10−4 and 4.04 · 10−3 when considering years
t = 10, 20, 30, 40, 50. By one simulation run of SuSI, setting the time vari-
able t as dynamic variable Xk, we then get the time-dependent reliability
for all desired years. We set the algorithm so that we discover all times for
years 1 to 50 (e.g. by assuming a uniform distribution for the time variable,
t ∼ U(0, 50) in Algorithm 2). An illustration is given in Figure 6.15. The
options for formulation of such time-dependent limit states are manifold, al-
lowing to write the limit state function generally as a function of the time
t. In particular the option to evaluate several such time-dependent scenarios
under different time effects, because single scenario analysis have a low com-
putational demand, allows extensive studies in time-dependent reliability of
complex structures.

Note that we could evaluate t in smaller chunks (e.g. days or weeks) at
similar costs. Even high demanded accuracies for many single values of t
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Figure 6.15: Time-Dependent Reliability Analysis with SuSI. One simulation
run yields an estimated failure probability for every year t = 1, ..., 50. The
algorithm was run with N = 1000, p0 = 0.3, and [pl, pu] = [0.2, 0.4] and
Npred = 50, yielding a total of about ET = 20, 000 evaluations, including
prediction steps, for a complete time-dependent result. Effects by survival of
the structure were neglected, deriving unconditional failure probabilities in
all cases.

(a) Linear Scale (b) Logarithmic Scale

are easy accessible in SuSI as the bias can be reduced by adding additional
grid points or performing a regression on several independent algorithm runs.
Efforts still remain similar or only slightly higher with respect to SuS in a
static setting.

6.2.3 Robust SuS Evaluations by SuSI

This application is an exceptional example of a SuSI application and should
be given high attention, as it does provide a new and eventually very robust
approach for general reliability evaluation and is not restricted to the special
case of dynamic models. We present how SuSI can be capable of offering
a more robust approach on reliability problems, correctly deriving the fail-
ure probability in cases where ordinary SuS fails. In Breitung (2018) and
Breitung (2019) it was discussed how SuS can be thought of some sort of ex-
trapolation that only yields correct results under specific conditions and how
it may be related to a local optimization procedure that will not always find
the global optimum, here corresponding to the most important failure re-
gions. The counterexamples where SuS may yield wrong results are based on
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the fact that the direction of steepest descent of the samples with respect to
their corresponding limit state value does not necessarily lead to exploration
of all globally important failure regions. We choose the direction of steepest
descent in SuS sampling by successively selecting the subset samples with
lowest limit state values in each subset. Reasons for wrong results include
existence of several failure regions or the steepest descent at the originating
first subsets in the algorithm leading to the wrong directional sampling at
first. We show how SuSI can overcome these issues, yielding a robust SuS-like
evaluation, most likely independent of the problem.

Examples that Challenge Ergodicity of SuS Sampling (compare
Remark 3.2.2)

At first, we select an example from Breitung (2019) for demonstration, con-
sidering piecewise linear functions. The procedure is the same for all given
examples. The limit state function corresponds to a series system and is
given by

min{g1(u1, u2), g2(u1, u2)} ,

with u1 and u2 realizations of standard normally distributed random variables
U1, U2, respectively, and piecewise linear functions

g1(u1, u2) =

{
4− u1 , u1 > 3.5

0.85− 0.1 · u1 , u1 ≤ 3.5

and

g2(u1, u2) =

{
0.5− 0.1 · u2 , u2 > 2

2.3− u2 , u2 ≤ 2
.

We choose N = 500 and p0 = 0.1 for evaluation by SuS. The true failure
probability is approximately pf = 3.2 · 10−5, where identifying the wrong
failure region as the significant one results in pf = 2.9 · 10−7. The latter thus
yields an underestimation of the true failure probability by a factor of 100.
SuS will often not find the most important failure region and deliver severely
biased results. An illustration is given in Figure 6.16a.

Now SuSI, on the other hand, can be used to circumvent such dangerous
shortcomings by manipulating the limit state function. All variables are
scaled by a factor of the so-called dynamic variable Xk, where Xk now plays
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the role of an artificial variable that is added to the original problem, resulting
in the altered versions

g∗1(u1, u2,Xk) =

{
4−Xku1 , Xku1 > 3.5

0.85− 0.1 ·Xku1 , Xku1 ≤ 3.5

and

g∗2(u1, u2,Xk) =

{
0.5− 0.1 ·Xku2 , Xku2 > 2

2.3−Xku2 , Xku2 ≤ 2

of g1 and g2 with corresponding new limit state function

min{g∗1(u1, u2,Xk), g
∗
2(u1, u2,Xk)} .

First, we see that for Xk = 1, this naturally defines the original problem and
that for higher Xk, the failure probability will increase. For problems with
small failure probabilities, increasing the variance of the model variables will
generally result in higher failure probabilities, because then typically the tails
of distributions lead to failure. This however, without needing any conditions
on the limit state function itself, allows to apply SuSI. The artificially defined
Xk fulfills the SuSI conditions, being independent of all other variables and
monotone with respect to the failure probability. Now starting with a high
Xk, such as y1 = 10−15, the scaling factor is successively decreased until we
reach ym∗ ≈ 1 in the last level. Instead of predefining y1, also nested interval
sampling with few samples to find a suitable starting point is appropriate
(compare Section 5.2). The procedure is illustrated in Figure 6.16b where
also the direct comparison to SuS is given (Figure 6.16). We choose to start
by SuS with y1 = 11, p0 = 0.1, N = 500 and SuSI with [pl, pu] = [0.2, 0.4]
and ≈ 150 samples per subset, depending on the exact predicted p0. These
settings result in a total number of evaluations of 3000 for SuS and 3500
for the approach by SuSI, including prediction steps with 50 samples. It
is remarkable that SuSI resembles standard Monte Carlo in the first subset,
which is also the reason for finding all failure regions, including the dominant
region. The result is insensitive to the starting value but should yield a few
non-failed samples in the first subset so that the algorithm is applicable in
the standard setup. Thus it might be necessary to find a suitable factor by
low sample testing in advance, yielding a failure probability less than 100%.
However, in our simulations this appeared to be an easy task. According
to our implementation (compare Algorithm 2, ’worst’ relevant distribution
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Figure 6.16: The illustration provides background information on the sys-
tematic underestimation of the failure probability by SuS, in contrast to the
approach by SuSI. For a clearer view on the subset samples, we only plotted
every 10-th sample in SuS as well as every 2nd subset in Figure 6.16a (SuS).
For SuSI, we only plot subset levels 1, 2, 5 and 11 in Figure 6.16b and every
5-th sample. The artificial variable Xk is multiplied to every variable of the
original problem, thus drastically altering the failure space in subsets with
high Xk, starting with Xk = 11, so that we directly hit the failure region in
the first subset by crude Monte Carlo, e.g. transforming U2 = 1 to U2 = 11
in the original limit state function. In a nutshell, we control the geometry
of the limit state function to find the desired regions of the sample space,
opposed to ordinary SuS, where no controlled manipulation is applied.

(a) Underestimation of pf : SuS does not
find the most important failure region.

(b) Correct Estimation of pf : SuSI finds the most important fail-
ure region.
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Figure 6.17: Illustration of the estimated failure probabilities of SuS and SuSI
after 500 independent simulation runs. The whiskers are chosen to contain
90% of all estimates, providing the 95% quantile on the upper side. For simu-
lation, implementation (I4*) was used. In this example, SuS underestimates
pf by a factor of 100 in about 50% of the simulations.

SuSI

of Xk), sampling according to the needs of this robust approach by SuSI
is easily achieved by choosing Xk ∼ U(1, 11) uniformly distributed. More
details on the resulting estimates are given in Figure 6.17.

A second example, where SuS dramatically fails to provide correct results
is given in Bourinet (2018). The limit state function is given by

g(u) = min
k∈{1,2}

Gk(u)

where
G1(u) = (u1 − 1 · 10−6) + β1 ,

G2(u) = β1

(
1−

[
1

2

(
u2 − 1 · 10−6

β2

+
∣∣u1 − 1 · 10−6

β2

∣∣)]30
)

,

u = (u1, u2) two independent standard normal variables and β1 = 6, β2 = 4.5.
The reference failure probability was derived as pf = 3.4 · 10−6 (Bourinet
(2018)). In Figure 6.18 we compare the resulting estimates for application
of SuS and approach by SuSI for a total number of 8500 and 7000 samples,
respectively. Neglecting prediction step samples, e.g. when using repetitive
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Figure 6.18: Illustration of the estimated failure probabilities of SuS and SuSI
after 500 independent simulation runs. The whiskers are chosen to contain
90% of all estimates, providing the 95% quantile on the upper side. For sim-
ulation, implementation (I4) was used. In this example, SuS underestimates
pf by a factor of 1000 in more than 95% of the simulations.

SuSI

runs for evaluation, would even result in approximately 5000 samples for
SuSI. The rRMSE by SuS was found to be given by rRMSE(SuS) = 14.86 in
contrast to rRMSE(SuSI) = 0.82, which again indicates the severely biased
result when applying SuS. Using SuSI, we in contrast do not have any severe
underestimations, always finding the important failure region of the sample
space.

The proposed approach should be capable of proving correct results in
many cases where SuS leads to severe systematic errors.

Discussion

These are simple examples for illustration and only two dimensions were
considered. In such cases, one might detect such issues by SuS. However,
in reliability analysis of complex structures with high dimensions, such crit-
ical conditions might not be discovered by SuS (Breitung (2018), Breitung
(2019)).

The result naturally includes ym∗ = 1 if it is adequately set up and
therefore allows a direct estimation of the original problem, having no bias



232 SuSI: Simulation and Application

in such an evaluation by SuSI. It is also possible to only scale the failure
sets with respect to a few variables instead of scaling all of them or initialize
with minor or moderate scalings as we can still use preceding SuS as in the
original SuSI algorithm. With respect to the optimization analogy (compare
Breitung (2018)), repetitive runs with varied scalings can be thought of the
counterpart to starting in several initial states to get a better approximation
of the globally optimal result.

The presented procedure is, as an application of SuSI, a new one and thus
needs further study by testing and analysis. In particular, the possibility to
alter limit states in a desired way offers good opportunities for analytical
results, as modifications can focus on settings where analytical results can
be provided more easily. If at all, we can find similarity to existing meth-
ods presented in Bucher (2009) and Qin et al. (2012). Anyhow, there are
also many differences between the approaches. We do not need an extrap-
olation as necessary for these approaches and do explore the domain in a
different manner. Still questions such as robustness in high dimensions may
arise, since the stated similar method performs bad in such situations. Al-
though such questions need to be answered, such methods should be capable
of delivering correct results in most cases, because of its close connection
to local and global optimization and a start by crude Monte Carlo for high
failure probability estimation. The algorithm starts at N points in a crude
Monte Carlo simulation with high enough failure probability and then suc-
cessively decides which failure events are the most important ones, based on
the changing probabilities of the states for decreased Xk. This works very
well, as in each subset we just pull away the failure regions from the samples
in the speed as it is given by the corresponding real probabilities and since
we simulate in the failure regions already given from the start. We assume
that wrong results might occur, if failure regions are of the shape of ’small
isolated isles’, which however are not present if the limit state function is
monotone in the variables, and if the pdfs of the random variables of the
model have specific distribution functions.

In contrast to SuS, such approaches may not require conditions, or rely
only on controllable conditions, on the descent to the failure regions.

Apart from the proposed approach, there are also other ways to get ev-
idence for underestimation of failure probabilities, due to not identifying
the correct failure regions. Instead of introducing an artificial variable, one
might also successively compute the failure probability under selecting dif-
ferent model variables as Xk, where the results should all coincide. If enough
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variables fulfilling the conditions for SuSI are present in the model, then
high discrepancies of the conditionally estimated failure probabilities beyond
normal variation of the results in the single runs can be considered as an
alarming sign, giving evidence for miscalculation.

Conclusion

SuSI appears to provide opportunities for developing new approaches to cope
with the problems present in SuS. The presented approach by SuSI seems
promising for dealing with problems where SuS yields systematic errors, al-
lowing to carry out more robust reliability analysis.

Remark 6.2.3. The presented approach for robust evaluation by SuSI can be
applied, without any model variable of the original problem formulation fulfill-
ing the SuSI assumptions (monotonicity and independence). In general, the
approach should be unbiased, have a similar, although slightly higher, compu-
tational demand as SuS (compare Section 6.1, irrelevant Xk case and point
estimate, thus approximately doubled computational demands) and provide
the opportunity to succeed in reliability analysis where SuS fails.

6.2.4 Further Considerations and Applications

As we are sampling right at the failure regions in every subset when applying
SuSI, we may also attain more information about failure in general. This
information could, for example, be utilized to draw conclusions such as eval-
uating conditionally on deterministic values of Xk and understanding typical
appearances of other stochastic properties of the structure that lead to failure
then. The increased knowledge about the failure region may also be used for
creating meta models, where in general, meta models, e.g. by utilization of
neural networks, could increase efficiency as they may in SuS. Indeed, many
enhancements for SuS can as well be applied to SuSI. Another point is the
opportunity to also include more conditional variables or trying to relax the
conditions on Xk.

There are many more applications to be explored. More examples are
also provided in Section 8.2. In particular the opportunity to set Xk equal to
an artificial variable allows for novel creative solutions to existing problems,
creating several opportunities for future research.
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6.3 Conclusion

In this chapter, we have carried out a simulation study to demonstrate the
efficiency of SuSI and illustrated many opportunities for application of the
algorithm. The best performance of SuSI was reached for dominant dynamic
variables Xk, parameters [pl, pu] = [0.2, 0.4] and version b) of the prediction
step. Thus, in the use-case of dynamic models, SuSI was found to be very
efficient while keeping the remarkable properties of SuS, typically providing
computational demands similar as for a static reliability evaluation by SuS.
Sometimes, SuSI could even outperform SuS in the static case. The main
drawback of SuSI might be its complexity, due to the fact that we are required
to perform predictions on unknown probabilities for exploring conditional
failure probabilities with respect to Xk in the prediction step. In some very
rare cases, the algorithm might thereby become less stable, more biased or
less efficient. Anyhow, if it is well implemented and appropriately applied,
we found the challenges to be minor ones compared to the added informative
value. Additionally, unstable outcomes could typically be recognized.

A great benefit from the efficient dynamic model evaluation by SuSI is
the opportunity to consider novel questions regarding reliability analysis,
where SuSI now provides answers in a feasible time. Several applications
of the algorithm were demonstrated, showing that it may well satisfy de-
mands in extensive sensitivity and time-dependent reliability analysis. The
assumptions, necessary to apply SuSI on dynamic models, are often naturally
fulfilled in reliability analysis.

In addition, we showed how SuSI has the potential to compute more
robust SuS results or to serve as a supplement for validating results of SuS.
The presented robust approach is based on SuSI with respect to an artificial
variable and should be generally applicable for most reliability evaluations.
In particular at this point, future research should follow, as the presented
approach is promising to solve a very important problem in reliability analysis
with Subset Simulation.







Chapter 7

Efficient Time-Dependent
Reliability Evaluation by a
Parameter State Model1

This chapter is devoted to a special case of dynamic models, where instead
of using SuSI, we preferably use SuS for an efficient analysis. The approach
is closely connected to the ideas of SuSI, as it does also rely on the condi-
tional evaluation of reliability with respect to one dynamic variable and the
information provided by Subset Simulation. Since SuS can also be under-
stood as a special case of SuSI with less computational demands (compare
Example 5.1.4), it is not surprising that there exist dynamic models that
should rather be evaluated with SuS directly. We will discuss how such a
model must look like and introduce a time-dependent reliability model that
suits the requirements. The corresponding model is introduced under the
name ”parameter state model”. It maps all time-dependent information to
one stochastic variable, allowing to analyze the original problem, including
time-dependent modeling, by analyzing changes in the distribution of this
single variable. It is most efficient for, but is not restricted to, Subset Sim-
ulation. In particular, this clear-cut structure of our time-dependent model
allows for analyzing and visualizing dependencies in detail as well as a novel
perspective on reliability estimation, even in complex settings. Additionally,
we derive an explicit formula for reliability evaluation, given information of

1The contents of this chapter are a slightly altered version of Blandfort et al. (2021).
Many parts coincide, but we do not introduce the presented visualization technique here
and add references to SuSI.
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survival, beyond the typical narrow reliability bounds (e.g. Ditlevsen (1979)).
The content of this chapter is the result of a joint work, which has been pre-
sented first at Blandfort et al. (2019b) and submitted as an extended version
to the Journal of Risk and Uncertainty in Engineering Systems (compare
Blandfort et al. (2021)). In contrast to the paper, parameter state model
and visualization (see Chapter 8) are split. Additionally, some alterations
are made to suit the content of this work better. Although the parameter
state model is presented separately from the SuSI algorithm, the information
provided by their solutions is identical and can therefore also be presented
and understood in the same way, which is demonstrated in Chapter 8.

7.1 Capacity-Demand Factor Model

We start by conversion of the original problem to the capacity-demand model,
having separable R and S. This is crucial for the approach by the presented
parameter state model. In this section, we state the reliability model as well
as our assumptions on S and explain how to efficiently derive a distribution
of a possibly complex R.

7.1.1 Structural Reliability

Following Section 2.1, but fixing b∗ = 0 in this chapter, we have (compare
Equation 2.1)

pf = P (g(X) < 0) =

∫
D

fX(x)1{g(x)<0}dx

for X = (X1, ..., Xd) : Ω → D ⊆ Rd being the stochastic properties of the
structure, fX the probability density function (pdf) of X and some limit state
function g : D → R. A function value g(x) smaller than zero indicates failure
of the structure for a realization x of its stochastic properties X. Often, g(x)
is rewritten in terms of capacity (or stress resultant) S and resistance R,
such that g(X) = R(X)−S(X). Assuming stochastic independence between
S and R and continuous cumulative distribution function (cdf) FS of S and
pdf fR of R, yields (Melchers and Beck (2018))

pf = P (S > R) = 1−
∫ ∞
−∞

fR(r)FS(r)dr
(∗)≈ 1−

∫ ∞
0

fR(r)FS(r)dr (7.1)
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and correspondingly its reliability is given by L = P (S ≤ R). Note that
(∗) holds for small P (R < 0), thus for appropriate distributions of R, while
always ’≤’ holds, i.e. (∗) does not lead to underestimation of the failure
probability.

7.1.2 Properties of S and R

In this section, typical properties of S and R are stated. For formulating
the parameter state model and for discussing computational demands, both
their distributions need to be derived.

Stress Resultant S. The stress resultant S models the maximum demands
over a specific period of time. Suitable distributions are so-called extreme
value distributions (De Haan and Ferreira (2007)). The Gumbel distribution
is selected here. The following properties are useful:

(G1) If S1, ..., ST are Gumbel(µi, α) distributed, then max{S1, ..., ST} is

Gumbel
(
α ln

(∑T
i=1 exp(µi/α)

)
, α
)

-distributed.

(G2) If S ∼ Gumbel(µ, α) then aS + b ∼ Gumbel(aµ + b, aα) with a ∈
R+, b ∈ R.

(G3) If S ∼ Gumbel(µ, α) , then its mean value is given by mS = µ + αγ
and its coefficient of variation follows vS = πα√

6mS
, with γ the Euler-

Mascheroni constant. Vice versa, α = mS
√

6vS
π

and µ = mS − αγ.

Other extreme value type distributions may be handled similarly, cf. the
discussion in Section 7.5.

Resistance R. In contrast to S, there are no restrictions on the distribu-
tion of R in the model. This is inspired by applications, where R often con-
tains most of the complexity originally faced in computation of {g(X) < 0},
at least computationally. Therefore, the derivation of fR is the most de-
manding computational part in (7.1). To derive the pdf fR, instead of di-
rect computation, first its cdf FR is assessed. One method to derive FR is
by computing the conditional failure probabilities for a set of deterministic
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loads 0 ≤ s1 < s2 < ... < sm ∈ R+, i.e. (note P (R ≤ si) = P (R < si) by
continuity)

FR(si) = P (R < si) = P (R− si < 0) =

∫
D

fX(x)1{R(x)−si<0}dx . (7.2)

Note that given a deterministic load si, i = 1, ...,m, the cdf FR(si) and
the conditional failure probability pf (si) = P (R < S|S = si) are equiva-
lent, see (7.2). So, standard computational methods for structural reliability
with gi(x) := R(x) − si, i = 1, ..., n are applicable. Interpolation between
the points (s1, pf (s1)),..., (sm, pf (sm)) yields a conditional failure probabil-
ity function for the whole domain. Sticking to the principle of safety and
by monotonicity, pf (su) = 1 and pf (sd) = pf (s1) for all sd, su ∈ R+ with
sd < s1, sm < su are defined. This yields an estimate for the cdf FR of the
resistance R, where estimation sticks to the principle of safety. By taking
the derivative of FR, which works well for interpolation approaches such as
monotone splines, also the pdf of R is obtained. Care has to be taken with
respect to the interpolation error. Here, using an upper staircase approach
instead of smooth interpolation functions will result in an overestimation of
the failure probability rather than an underestimation (compare SuSI stair-
case, e.g. Figure 5.5).

Efficient Computation of FR for Complex Structures. Calculating
several failure probabilities with respect to m deterministic loading values
s1, ..., sm might be computational demanding, especially when Monte Carlo
methods have to be used. To achieve an acceptable interpolation accuracy,
often high m are required. However, a method that reduces this effort to
a minimum, suiting the requirements perfectly, is Subset Simulation (Au
and Beck (2001b), Papaioannou et al. (2015)). Instead of calculating only
the failure probability for one given loading distribution, Subset Simulation
can calculate the whole distribution of the resistance R by one simulation
run. Then, one-dimensional integration yields the failure probability for any
loading distribution, as given in (7.1) . This procedure can be extended to
more general cases by Subset Simulation Interpolation, see Chapter 5 and
Chapter 6. However, here a slightly modified version of Subset Simulation is
sufficient and also allows to achieve accurate enough estimates for the cdf of
R. The corresponding procedure is presented in Algorithm 3. Note that for
evaluation of FR one can utilize all samples generated in Subset Simulation,
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not only the particular subset level results (compare Algorithm 3). A good
choice for step 3 (in particular variant a)) is a shape-preserving piecewise
cubic Hermite interpolation which guarantees monotonicity of the cdf FR,
see Chapter 5 and Chapter 6.

Note that first and second order reliability methods (FORM, SORM)
would need repetitive calculations for every s1, ..., sm instead of a single sim-
ulation run, so that Subset Simulation is considered a good choice in many
applications. Thus, this model is particularly suitable for structures for which
Subset Simulation is the preferred method for reliability estimation, such as
structures with high dimension or highly non-linear limit states.

7.2 Introduction of the Parameter State Rep-

resentation

Before adding time-dependence to the model, the parameter state model is
introduced in a static setting. The reason for this is that its positive effects
are also present in static models, where information about robustness as well
as informational visualizations are obtained at a low cost. The parameter
state model focuses on keeping the distribution of the resistance in the eval-
uation constant and represents all dynamic effects by a change of the stress
resultant distribution. This way, after pre-calculation of the distribution of
R, only a one-dimensional integration, which often has negligible additional
costs, is necessary for evaluating (7.1). Indeed, the original complex setting
is transformed into a bivariate parameter state, reflecting the distribution
parameters of S, so that a new point of view and cheap calculations are the
consequence. The resulting state model is defined as follows.

Definition 7.2.1 (State Space). The state space W consists of all parameter
constellations W = (µ, α) with µ ∈ R the location and α > 0 the scale
parameter of the Gumbel distribution of S = S(µ, α).

Definition 7.2.2 (State Vector). The state vector w∗ = (µ∗, α∗) ∈ W de-
scribes the current state of the system.

The object of interest is the corresponding reliability, given a constellation
w∗ = (µ∗, α∗) ∈ W of the system, resulting in reliability (cf. (7.1))

L(w∗) = P (S(µ∗, α∗) ≤ R) =

∫ ∞
0

fR(r)Fµ∗,α∗(r)dr . (7.3)
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Algorithm 3: Blandfort et al. (2021). Pseudo-Code for Computation
of the cdf of R by Subset Simulation

Result: FR (cdf of R)

Initialization.
R(x) (function for capacity, given a realization x)
FX (distribution of the stochastic properties of the structure)
pmin (stopping criterion: benchmark for relevant probabilities pmin)
N, p0 (Subset Simulation parameters)
l = 0 (current subset level)

1. Initialization of Subset Simulation (Monte Carlo Simulation)
draw N samples x0

1, ...,x
0
N from X

order samples x0
(1), ...,x

0
(N) in ascending order

according to their outcomes in capacity R(x0
1), ..., R(x0

N )

2. Subset Simulation
while pl0 > pmin do

sl := R(xl(p0N))

F ∗
l := {x ∈ D|R(x)− sl < 0}

draw N samples xl1, ...,x
l
N from F ∗

l by Markov Chain Monte Carlo
order samples xl(1), ...,x

l
(N) in ascending order (w.r.t. R(x))

save all pairs
(
R(xl(p0N)), p

l+1
0

)
,
(
R(xl(p0N+1)), p

l
0 · p0N+1

N

)
,

...,
(
R(xl(N)), p

l
0

)
l = l + 1

end

3. Estimation of FR by Interpolation or Smoothing Splines
a) fit a selected model (e.g. spline) to all saved pairs,

considering all levels i = 0, ..., l
b) fit a selected model to a subset of the evaluated pairs
The resulting function is the estimated cdf FR(r) of R
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In this model, calculation of the pdf fR allows evaluation of reliability
by (7.3) for arbitrary choices of parameters of the loading variable. Note
that different types of distributions of the loading variable can be applied as
well, although then the comparison between different loading distributions in
visualization becomes harder (for details see Chapter 8, especially Figure 8.3).

7.3 Time-Dependent Reliability Analysis

In this section, time-dependent effects are added to the model, switching to
a time-dependent reliability formulation.

Initial, Current and Future Time. First, t = 0 refers to the time when
the structure was built and initially put into operation. All other relevant
times then are positive real numbers t > 0. At each time t > 0, a stochastic
real-valued resistance Rt and stress resultant St are given. Those induce the
real-valued stochastic processes (Rt)t≥0 and (St)t≥0. Further, let tc define the
current and tn the final relevant time. The task in reliability estimation is
then to estimate the failure probability of some future time interval (tk, tl]
for times tc ≤ tk < tl ≤ tn (e.g. tl − tk = 50 years, tk = tc).

Stopping Time for Failure of the Structure. Additionally, the stop-
ping time τF := min{t ∈ R+ ∪ {∞} : Rt < St} is introduced, defining the
(first) time when failure of the structure occurs, where ∞ means that no
failure ever occurs. Also set Rt = 0 for all t ≥ τF , meaning that after failure
occurred the structure has broken down and can no longer handle any de-
mands, remaining in a failed state. If one wants to estimate the reliability of
a structure, it has not failed so far. Thus it is convenient to assume τF > tc.

7.3.1 Time Effects

Discretization. The discretized approach is used for time-dependent reli-
ability. The observation period (0, tn] is split into n > 1 smaller equidistant
disjoint time periods. In more detail, a discretization induced by the set
of time instances T = {t0, t1, t2, ...tn} with 0 = t0 < t1 < ... < tn and
tj − tj−1 = c for all j = 1, ..., n and some c ∈ R is chosen. This discretiza-
tion splits the observation period naturally into n disjoint time intervals
(0, tn] = I1 ∪ I2 ∪ ... ∪ In for Ij := (tj−1, tj], j = 1, ..., n. The interval length
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is c and the set of intervals is referred to as I := {I1, ..., In}. To stick to
the principle of safety with respect to time continuity, the reliability of time
period I ∈ I is determined by

L(I) = P (max{St : t ∈ I} ≤ min{Rt : t ∈ I}) . (7.4)

This way, the failure probability is not underestimated. This induces how
to choose the time effects for non-stationary maximum loading distribution
and changes in resistance of the structure, if given the corresponding time-
continuous processes.

Deterioration and Post-Curing. Both effects have an impact on the
resistance of the structure, which is defined by a time-dependent function
θcr : T → R+, θcr(0) = 1. It is assumed that this function is decomposable
into its components, i.e. θcr(t) = θc(t)θr(t) for deterioration effect function
θr decreasing in t and post-curing function θc increasing in t, so that the
resistance is given by Rt = θc(t)θr(t)R0, with R0 the initial resistance. In
interval representation, these functions must yield the minimum resistance
of the whole interval. Therefore the corresponding interval version of the
time effects is defined as θIcr : I → R+, θIcr(I) := min{θcr(t) : t ∈ I}. θIc and
θIr are derived from the time continuous representatives by taking the same
minimal point t as in θIcr(I) such that RI = θIcr(I)R0 = θIc (I)θIr(I)R0 still
holds.

Non-Stationary Loadings. In contrast to the resistance and effects on
it, the maximum loading distribution and its change in distribution natu-
rally refer to an interval. The mean value of the maximum loadings changes
according to the function θIs : I → R, θIs(I1) = 1 so that SI ∼ θIs(I)SI1 for
I ∈ I.

Survival Effect. If the structure has already survived for a specific time,
the resistance of the structure should be updated based on this information.
Resistance at time t, given information of survival up to time s, equivalently
given by τF > s, is then written shortly as Rt|τF>s. The interval represen-
tation is written as RIl|τF>tk , 1 < k ≤ l < n referring to the minimum
reliability in interval Il given survival in I1, ..., Ik. Typically, survival up to
the last time period RIl|τF>tl−1

is needed for successive analysis of reliabil-
ity over time. Note that by assumption of independence between maximum



7.3 Time-Dependent Reliability Analysis 245

loadings of disjoint intervals, there is no gain in information about the stress
resultant, hence SIj |τF>tj−1

= SIj . The survival effect needs the most com-
putational effort and has a special role in the model. Also note that for
conservative estimation, in contrast to computation of reliability, one should
preferably switch maximum and minimum in comparison to (7.4) for deriva-
tion of RIl|τF>tk . Thus the corresponding time effects for each of the past
intervals are generally different. This is the case, since otherwise the effect
given by survival in the past could be overestimated, lowering future relia-
bility estimates too much. However, in the following this effect is neglected
since it seems to be not that severe here. Its inclusion is straightforward and
should be considered if very accurate results including the survival effect are
necessary or time intervals are long.

Resulting Effect. In conclusion, the model includes effects by discretiza-
tion, deterioration, post-curing, non-stationary loadings and survival of the
structure. Except for survival of the structure, all effects are assumed linear.
Assuming R and S take their worst interval values at the same time, this
leads to an overestimation of failure probability. However, shortening the
interval length reduces this approximation error. Note that fatigue effects
do not suit the model requirements due to the decoupled R − S model. In
the following each of those effects is further explored and it is shown how to
integrate them into the parameter state model.

7.3.2 Integration of the Time Effects in the Parameter
State Model

This section deals with the representation of the above time effects in the
parameter state model. To do so, one has to transform time-dependent relia-
bility formulas for single periods with non-identical distributions of resistance
and stress resultant into formulas with identical pdfs of R and fixed distribu-
tion type of the stress resultant. In brief, the aim is to rewrite the reliability

LI = P (SI ≤ RI) =

∫ ∞
0

fRI (r)FSI (r)dr

for time intervals I ∈ I in terms of a state w(I) = (µ(I), α(I)) ∈ W of the
parameter state model. Again sticking to the principle of safety, the ’worst’
state of the interval I is taken as a representative. For initial resistance R0
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and some loading distribution FSI = Fµ(I),α(I), one has

LI = P (SI ≤ RI) =

∫ ∞
0

fR0(r)Fµ(I),α(I)(r)dr . (7.5)

The properties of extreme value distributions fit perfectly here, cf. Sec-
tion 7.5.

Discretization. The max stable property (G1) guarantees that splitting
or merging of time periods is consistent, also yielding an explicit formula
for meaningful resulting stress resultant distributions and the opportunity to
easily reduce interval length.

Non-Stationary Loadings. Those are themselves just a direct change of
the loading distribution Fµ,α . In particular SI ∼ θIs(I)SI1 allows to apply
(G2) for an explicit formula to get the new state parameters.

Deterioration and Post-Curing. Considering both effects, deterioration
and post-curing, results in

LI = P (SI ≤ RI) = P (SI ≤ θIc (I)θIr(I)R0) = P

(
SI

θIc (I)θIr(I)
≤ R0

)
.

So, the location scale property (G2) yields equivalence of the effects on re-
sistance and a change in the parameters µ(I) and α(I) of the loading distri-
bution (7.5).

Survival Effect. This effect is the most difficult to integrate into the model
as it has to account for the past. Thus, Section 7.4 is devoted to the derivation
of its impact on reliability only. The resulting reliability in period Ij ∈ I
given survival up to the previous period Ij−1, or equivalently time tj−1, is
then given as

LIj |τF>tj−1
=

∫ ∞
0

∏j
i=1 FSIi

(
s · θIcr(Ii)

)∫∞
0

(∏j−1
i=1 FSIi (v · θIcr(Ii))

)
fR0(v)dv

fR0(s)ds . (7.6)

A proof is given in Section 7.4. The survival effect does not allow to give
explicit formulas for the state of the system anymore, but still does for the
reliability. For illustrations, it is thus often not included in the model first,
allowing for a more straightforward analysis and presentation.
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Resulting Effect. Concluding, the state vector for time period I ∈ I,
without survival effect, is given by

w(I) =

(
µ(1)

θIs(I)

θIc (I)θIr(I)
, α(1)

θIs(I)

θIc (I)θIr(I)

)
.

The initial state µ(1), α(1) corresponds to the maximum loading distribution
FSI1 of the first period I1. Note that both parameters are multiplied by the
same factor, resulting in a constant coefficient of variation. A main advan-
tage of this approach is its flexibility regardless of how complex the single
components of the factor become or if they are assumed to be stochastic, the
model remains simple and computational efforts are only slightly increased.
In the following, this type of model is referred to as ’factor model’. Although
this model is a bit restrictive and an extension to general linear effects on
capacity and arbitrary effects on demand is possible, it simplifies analysis
significantly and allows for an even better understanding.

Under the survival effect, the computational time is still not significantly
effected for complex structures because still only one dimensional integration
is necessary for reliability estimation as given in (7.6). On the other hand,
with survival effect it is not a priori clear how to find a representative state.
Deriving the best fitting state representation now requires to take a numerical
approach as in many cases no explicit solution exists, as∏j

i=1 FSIi
(
s · θIcr(i)

)∫∞
0

(∏j−1
i=1 FSIi (v · θIcr(i))

)
fR0(v)dv

in general does not belong to the family of extreme value distributions any-
more. One way to circumvent this problem is to search for parameter com-
binations (µ∗, α∗) ∈ R × R+ of the loading distribution that yield the same
as the beforehand computed reliability LIj |τF>tj−1

. However, as there exist
infinitely many solutions, which yield equality in reliability, another reason-
able criterion has to be specified. Our proposal is to minimize the Euclidean
distance of the state (µ∗, α∗) to the state under exclusion of the survival effect
(µb, αb) which is available by following the standard procedure. Allowing an
error of ε > 0 in reliability, this results in

minimize (µ∗ − µb)2 + (α∗ − αb)2 ,
subject to

∣∣ ∫∞
0
fR0(r)Fµ∗,α∗(r)dr − LIj |τF>tj−1

∣∣ ≤ ε .
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Again, finding the solution does not have a significant computational demand
if complex structures are analyzed.

Note that monitoring and inspection can also be included if the corre-
sponding information has a linear effect on R. If given a specific guess for
the cross sectional area of the steel, not knowing how it will effect R relatively
at all, more sophisticated approaches are necessary.

7.4 Reliability Under the Survival Effect:

Derivation of the Explicit Formula

This section derives the reliability under consideration of the survival effect,
as given in (7.6). For ease of notation, j is written instead of Ij = (tj−1, tj)
for reference to time intervals and Rj|j−1 instead of RIj |τF>tj−1

for known
survival up to the previous time period. The discretized model is kept, so all
references with respect to time, except for the initial resistance R0 and its
pdf fR0 , correspond to time intervals. Note, as described in Section 7.3, for
perfect alignment one would need other time effect functions for the intervals.
To derive the explicit formula for reliability, in a first step, it is shown that
in the time-dependent factor model, the updated pdf of the resistance for
period j ≥ 2 with information of survival in period j − 1 is given by

fRj|j−1
(r) =

(∏j−1
i=1 FSi

(
r∏j

k=i+1 ∆k

))
fR0

(
r∏j

k=1 ∆k

)
∫∞

0

(∏j−1
i=1 FSi

(
u∏j

k=i+1 ∆k

))
fR0

(
u∏j

k=1 ∆k

)
du

. (7.7)

For ease of notation also define ∆j := θIcr(j)
θIcr(j−1)

, the relative change of resistance

from time interval j − 1 to j. In the following, a proof of (7.7) is given by
induction on t for arbitrary r ∈ R.

Base Case j = 2: By definition of the pdf, non-formally, one has fR1|1(r) =
1
dr̃
P (r < R1 < r + dr̃|S1 ≤ R1) for an infinitely small dr̃ ∈ R+. Then Bayes
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Formula yields

1

dr̃
P (r < R1 < r + dr̃|S1 ≤ R1)

=
P (S1 ≤ R1|r < R1 < r + dr̃)P (r < R1 < r + dr̃)

dr̃
∫∞

0
P (S1 ≤ R1|R1 = s)fR1|0(s)ds

. (7.8)

P (S1 ≤ R1|r < R1 < r + dr̃) = FS1(r) and P (r < R1 < r + dr̃) = fR1(r)dr̃,
therefore yields

fR1|1(r) =
FS1(r)fR1|0(r)∫∞

0
FS1(s)fR1|0(s)ds

.

Next, the cdf of the transformed random variable R2|1 = ∆2R1|1 is given by

FR2|1(r) = P (R2|1 ≤ r) = P (∆2R1|1 ≤ r)

= P

(
R1|1 ≤

r

∆2

)
= FR1|1

(
r

∆2

)
.

Thus for the pdf

fR2|1(r) =
dFR1|1(

r
∆2

)

dr
=

1

∆2

fR1|1

(
r

∆2

)
(7.8)
=

1

∆2

FS1

(
r

∆2

)
fR1|0

(
r

∆2

)
∫∞

0
FS1(s)fR1|0(s)ds

.

Then fR1|0 = 1
∆1
fR0(

r
∆1

) and substitution of u = s ·∆2 gives

fR2|1(r) =
1

∆2

FS1

(
r

∆2

)
fR1|0

(
r

∆1∆2

)
∫∞

0
FS1(s)fR1|0

(
s

∆1

)
ds

=
FS1

(
r

∆2

)
fR0

(
r

∆1∆2

)
∫∞

0
FS1

(
u

∆2

)
fR0

(
u

∆1∆2

)
du

.

Thus the claim holds true for j = 2.
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Induction step j → j + 1: As above, by Bayes Formula

fRj−1|j−1
(r) =

P (Sj−1 ≤ Rj−1|Rj−1 = r)fRj−1|j−2
(r)∫∞

0
P (Sj−1 ≤ Rj−1|Rj−1 = s)fRj−1|j−2

(s)ds

=
FSj−1

(r)fRj−1|j−2
(r)∫∞

0
FSj−1

(s)fRj−1|j−2
(s)ds

.

(7.9)

Next using the transformation rule, as in the base case, again, results in

fRj|j−1
(r) =

1

∆j

fRj−1|j−1

(
r

∆j

)
(7.9)
=

1

∆j

FSj−1

(
r

∆j

)
fRj−1|j−2

(
r

∆j

)
∫∞

0
FSj−1

(s)fRj−1|j−2
(s)ds

.

Substitution in the integrand by u := s∆j yields

fRj|j−1
(r) =

1

∆j

FSj−1

(
r

∆j

)
fRj−1|j−2

(
r

∆j

)
∫∞

0
FSj−1

(
u

∆j

)
fRj−1|j−2

(
u

∆j

)
du

.

Then, by the induction hypothesis, fRj|j−1
(r) is equal to

FSj−1

(
r

∆j

)(∏j−2
i=1 FSi

(
r∏j−1

k=i+1 ∆k∆j

))
fR0

(
r∏j−1

k=1 ∆k∆j

)
∫∞

0
FSj−1

(
u

∆j

)(∏j−2
i=1 FSi

(
u∏j−1

k=i+1 ∆k∆j

))
fR0

(
u∏j−1

k=1 ∆k∆j

)
du

which yields (7.7). So (7.7) was shown for j ≥ 2.
Now it remains to derive the corresponding interval reliability by the pdf

fRj|j−1
. The reliability in time period j ≥ 2, given survival in the previous

time periods 1, 2, ..., j − 1 is given by

Lj|j−1 =

∫ ∞
0

∏j
i=1 FSi(s · θIcr(i))∫∞

0

(∏j−1
i=1 FSi(v · θIcr(i))

)
fR0(v)dv

fR0(s)ds . (7.10)

This can be shown in a straightforward way, because

Lj|j−1 =

∫ ∞
0

fRj|j−1
(r)FSj(r)dr

(7.7)
=

∫ ∞
0

(∏j−1
i=1 FSi

(
r∏j

k=i+1 ∆k

))
fR0

(
r∏j

k=1 ∆k

)
∫∞

0

(∏j−1
i=1 FSi

(
u∏j

k=i+1 ∆k

))
fR0

(
u∏j

k=1 ∆k

)
du

FSj(r)dr
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with
∏j

k=1 ∆k = θIcr(j). Substitution of s = r
θIcr(j)

and v = u
θIcr(j)

then yields

Lj|j−1 =

∫ ∞
0

(∏j−1
i=1 FSi(s · θIcr(i)

)
fR0(s)∫∞

0

(∏j−1
i=1 FSi(v · θIcr(i)

)
fR0(v)dv

FSj(s · θIcr(j))ds

which provides (7.10) by rearranging terms.

7.5 Applicability of the Model

Model Assumptions and Requirements. The presented approach is
limited to specific structural models, the main constraints are:

• In the static case, the reliability model is a capacity-demand (R-S)
model with independent R and S, in which demands are given as a
single stochastic or deterministic variable.

• If time-dependent effects are included and the demand variable is stochas-
tic, its distribution has to belong to the location-scale family (e.g.
Gaussian, Cauchy, Uniform, Gumbel).

• Time-effects on R need to be linear and scalar for the bar plot repre-
sentation. The reliability formula with consideration of survival was
derived in Section 7.4 for scalar effects only.

• If transformations between different reference periods (say, from fifty
years to one year) are desirable, S should have an extreme value dis-
tribution (Fréchet, Weibull, Gumbel).

Examples. Examples are given in Section 8.1 under inclusion of the vi-
sualization technique of Chapter 8. Among other engineering structures, it
is applied to a network problem which allows for an arbitrary dimension in
general. Although the model is restrictive, there exist many cases of com-
plex structures where its requirements are fulfilled. For example the complex
reliability assessment of the ultimate compressive strength of stiffened plate
elements in Gaspar et al. (2014) can easily be brought in line with the model
assumptions. For that example, it is sufficient to transform the sum of two
bending moments (Normal and Gumbel distributed, respectively) into a sin-
gle Gumbel distributed stress resultant. Then the model has the desired
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form. The resistance of the structural model needs to be evaluated by finite
element analysis in this example, so that its complexity and computational
demands are exceptionally high. Albeit this high complexity, after evaluation
of resistance by Algorithm 3, one can still consider effects such as a linear
decrease in resistance or a change of the stress resultant, in general or over
time, without relevant additional computational demands.

Model Extensions. Furthermore, the model requirements for S and R
can be switched in the model, allowing to analyze more types of complex
structures such as oscillating systems (e.g. two degree of freedom prima-
ry/secondary damped oscillator in Bourinet et al. (2011)), or a transmission
line studied in Kouassi et al. (2016), where complexity of the model is con-
centrated in S instead of R. This extends the applicability of the proposed
model structure. As an example, we consider the transmission line (Kouassi
et al. (2016)) in Chapter 8.

Depending on the specific setting, a model fulfilling the requirements may
also serve as an approximation to more general structural models. Then,
accuracy in the approximated model is traded in for efficiency in the approx-
imating model, the latter allowing a more extended analysis with respect to
robustness and visualization. To find a good balance here, depends on the
applications under consideration.

7.6 Conclusion

A novel parameter state model for extensive time-dependent reliability anal-
ysis was presented. Using mathematical properties of the classical capacity-
demand model and of extreme value distributions, it was shown how to com-
pute time-dependent reliability over a whole reference time interval at similar
cost as a static reliability evaluation with Subset Simulation. The proposed
procedure is independent of the structure of R, given that the model require-
ments are fulfilled. The computational benefit lies mainly in the fact that
after evaluation of R, i.e. after estimation of the cdf FR, in the parameter
state model one can analyze all proposed time-dependent aspects at negligi-
ble costs.

Considerable computational benefits are achieved, if the complexity of
the capacity is exceptionally high such as in the given network example,
presented in Chapter 8, with a high number of nodes or if demanding finite
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element analysis is necessary. After analyzing R one can again proceed as
above to obtain further properties at low costs.

The drawback of the proposed parameter state model is the restriction
to its specific model requirements. However, many relevant examples are
covered and model extensions are possible as discussed in Section 7.5.

Furthermore, an explicit formula for efficient calculation of time-dependent
reliability under its survival history was derived, allowing for better approx-
imations than by often used classical narrow bounds for reliability.

Concluding, the main benefits of the proposed approach are threefold:

• The opportunity to conduct intensive case studies for complex struc-
tures at a feasible cost, potentially at the order of an ordinary static
reliability evaluation, allows for finding new ways of altering design and
also for identifying dangers which may remain unseen otherwise.

• The model allows for efficient calculation of reliability given past sur-
vival of a structure by an explicit formula.

• In Chapter 8, we show how informative visualizations by heat maps and
bar charts yield a holistic and robust view at time-dependent reliability
models when using the parameter state model.





Chapter 8

Informative Visualization1

In reliability analysis, results of dynamic models, and in particular time-
dependent reliability analysis, are mostly displayed as reliability over time
and plots thereof. Although this representation yields important informa-
tion and there are extensions such as Bayesian networks (Straub (2009),
Straub and Der Kiureghian (2010), Luque and Straub (2016), Zwirglmaier
and Straub (2016)), or illustrations based on outcrossing (e.g. Melchers and
Beck (2018)), it seems that generally new forms of comprehensibility are of-
ten not taken into consideration much. However, it is an important task to
present results in a understandable and informative way, especially in the
case of complex structures. Thus, this chapter is dedicated to the presenta-
tion of informative visualization techniques, which yield a holistic and robust
view at reliability analysis.

Three engineering structures are chosen for demonstration of such visu-
alizations when using the parameter state model as well as when applying
SuSI, respectively. We aim at showing how the developed approaches allow
for efficient extensive reliability studies of complex structures and how one
can create informative visualizations, perfectly suitable for the approaches
presented in this dissertation. Following Blandfort et al. (2019b) and Bland-
fort et al. (2021), we use a new visualization technique that allows for a
clear view on model uncertainties and dynamics, applicable for both SuS
and SuSI. On the one hand, SuSI is rather generally applicable and exam-
ines single dynamic variables in great detail, the parameter state model, on
the other hand, requires specific conditions but additionally addresses the

1The content of this chapter is partially an extract of Blandfort et al. (2021), containing
but also extending the visualization part of it and applying it on SuSI additionally.
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modeling of time-dependent factors and is slightly more efficient. This suits
the identification of SuS as a special case of SuSI, as shown in Example 5.1.4.
Note that not all considered structures are complex enough to require using
SuS for reliability evaluation. Nevertheless, due to the very high number of
necessary evaluations for drawing the presented heat maps, it might be use-
ful to use the given approaches. This work focuses on efficient computation
of dynamic models, but also on extension of perspectives and understand-
ing of reliability evaluation. Therefore, this chapter provides a visualization
concept, specifically designed for our models but also suitable for reliability
analysis in general, that allows to show lots of information and to include
dynamic models of many forms. Also, it naturally includes analysis of un-
certainties and offers information such as distance of the current distribution
parameters of the dynamic variable to a given reliability benchmark.

Visualization: Based on Conditional Failure Probabilities

Our novel algorithm SuSI (Chapter 5-6) and the parameter state model
(Chapter 7) both provide extended information on reliability evaluation for
dynamic models. Both are based on a conditional evaluation with respect
to a dynamic variable Xk, that can be chosen almost fully arbitrary in SuSI
and requires to be the stress resultant variable S (or capacity/resistance R
respectively) of an independent capacity-demand model for application of
the parameter state model. Now, for this dynamic variable Xk, many dis-
tributions may be considered without a relevant additional computational
demand. In general, one could make a list of results for different distribu-
tions to provide the manifold result. However, such a result is difficult to
interpret and one tempts to look at less constellations and misses analysis of
some interesting ones, if specific distributions have to be selected individu-
ally. For that reason, we use a specialized visualization that suits the novel
results, showing lots of information in an easy understandable way. Further-
more, it is desirable to offer a new perspective on the reliability problem
according to the extended information provided by the results. We start by
consideration of the parameter state model to introduce the procedure and
then demonstrate how it also suits SuSI perfectly.



8.1 Parameter State Model 257

8.1 Parameter State Model

To demonstrate the parameter state model and also the corresponding visu-
alization of its results, we consider three engineering structures. The first is a
simple 3-span reinforced concrete slab which allows for an easy understand-
ing of the procedure. Then, a network is analyzed, showing the potential for
analysis of structures that potentially take any size or complexity. Lastly, a
transmission line is considered, demonstrating that it is admissible to switch
the roles of capacity and demand as stated in Section 7.5.

8.1.1 3-Span Reinforced Concrete Slab (cont.)2

Static Model

For demonstration of the visualization technique and the parameter state
model, we continue analyzing the reliability of the static 3-span reinforced
concrete slab introduced in Section 6.2.2. This simple example provides
an easy understanding of the procedure. An illustration was given in Fig-
ure 6.14a where Table 6.14c contains the corresponding stochastic properties.
With Subset Simulation, the cdf FR of

R = UM(fyAs)

(
(h− d1)− fyAs

1.615bfc

)
is computed by one simulation run (as described in Algorithm 3). One may
compute failure probabilities for arbitrary distributions of the resulting mo-
ment force Ms then. Accordingly, the state space W of |Ms| is given by
the parameters µ, α of the Gumbel distributed random variable |Ms| with
static state (µs, αs) = (0.02069, 0.00169), which is equivalent to (ms, vs) =
(0.02166, 0.1) by (G3), for 50 years of reference time. Using (7.1), we span
a 30× 30 grid for the states, covering (mS, vS) ∈ [0.001, 0.06]× [0.001, 0.30]
with a total of 900 different parameter constellations and assign a specific
color to each of the resulting estimated failure probabilities.

The result is shown in Figure 8.1a. Note that the repetitive evalua-
tions of the one-dimensional integration according to (7.1) have a negligible
computational demand compared to typical structural reliability evaluations
of complex structures. Thus, the effort is similar as for a single reliability
evaluation, providing the potential for drastically reducing computational

2Based on Blandfort et al. (2021).
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(a) As = 0.000524m
2

m (b) As = 0.000335m
2

m

(c) Time-Dependent Model

I t

(d) Time-Dependent Model: Bar Chart

Figure 8.1: Blandfort et al. (2021). Analysis of the 3-span slab example
(compare Figure 6.14) in the parameter state model, using heat maps and a
bar chart. A comparison between Figure 8.1a and Figure 8.1b demonstrates
the effect of a changed steel cross sectional on the appearance of the heat
map. Analysis of the time-dependent model is realized in Figure 8.1c and
Figure 8.1d, where the former allows conclusions with respect to reliability
and the bar chart decomposes the effects which lead to a change of the time-
dependent parameter state in it, allowing to identify causes and relations of
change in reliability over time.
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demands in such extensive analyses. The solid curve in Figure 8.1a marks
the target reliability for fifty years according to Eurocode DIN EN 1990:
2010-12 (2010), while the dotted curves are additional supportive lines for
better readability. The curves are derived by a two-dimensional spline in-
terpolation. Even without including time effects, one already benefits by a
clear view on the behavior of reliability with respect to uncertainties or dy-
namics in the loading variable, yielding a very detailed sensitivity analysis
that goes beyond classical local predictions. Additionally, a heat map for the
case As = 0.000335m

2

m
is given in Figure 8.1b, to demonstrate the impact of

a fundamental change of resistance R by a single altered stochastic variable.

Time-Dependent Model

The evolution of the state w(t) with respect to time is considered. Now it
is assumed that resistance and loading distributions evolve over time. At
first, the original problem with fifty years reference period is discretized. By
(G1), a consistent transformation of the 50 year maximum distribution of
the loadings with parameters (µ50, α50) = (0.02069, 0.00169) or correspond-
ingly (m50, v50) = (0.02166, 0.1) to a yearly maximum loading distribution,

if no time effects are present, is derived by µ1 = α50 log
(

1
50

exp
(
µ50
α50

))
. The

scale parameter α1 = α50 remains the same. This results in state vector
(µ1, α1) = (0.014075, 0.001688) or equivalently (m1, v1) = (0.01505, 0.14388).
Here, consistency in transformation means that the fifty year maximum load-
ing distribution is the resulting distribution of applying the one year loading
fifty times independently, under assumption of constant resistance.

In the following, functions for representation of time effects are intro-
duced. Although relying on realistic characteristics, the following time effect
modeling is assumed for illustration purposes and does not claim to be appro-
priate in general. More versions of processes representing non-stationarity
and degradation of structures were analyzed in Li et al. (2015b). Our model
allows to use any of them. Time effects are introduced, in continuous time
for t > 0 in years or in the period sense for the corresponding time interval
Ij ∈ I of one year length, containing t and following the principle of safety,
as:

Non-stationary Loadings: θs(t) = 1.005t → θIs(Ij) = 1.005j

Post-Curing: θc(t) = 1.1− 0.1√
1+t2
→ θIc (Ij) = 1.1− 0.1√

1+(j−1)2
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Deterioration: θr(t) = 1−0.00012t2 → θIr(Ij) = 1−0.00012j2

As the initial distribution R0 is assumed to be the same as that of R
above, the heat map remains the same as in Figure 8.1a. It is shown in
Figure 8.1c, where this time the states of the system w(Ij) corresponding to
a time period Ij, j = 1, 10, 20, 30, 40, 50 are marked and the initial state is
given by

w(I1) =

(
µ(1)

θIs(I1)

θIc (I1)θIr(I1)
, α(1)

θIs(I1)

θIc (I1)θIr(I1)

)
=

(
µ(1)

θs(1)

θc(0)θr(1)
, α(1)

θs(1)

θc(0)θr(1)

)
=

(
0.01408 · 1.005

1.0 · 0.9999
, 0.00169 · 1.005

1.0 · 0.9999

)
= (0.01415, 0.00170)

represented as (m(I1), v(I1)) = (0.015127, 0.14388). To judge the develop-
ment of the failure probability, also the 50-year benchmark was scaled down
to one year. The new benchmark is 1.3 × 10−6, where good reason for this
choice can be verified by 1−(1−1.3×10−6)50 = 6.5×10−5. Important to know
is that although there might be instabilities in the supporting lines by inter-
polation, the real values and also the colors of the heat map are not derived
by interpolation, but by direct computation of the integral in (7.1) (or (7.6))
instead. Due to the factor model, all time effects, except for discretization,
result in a constant coefficient of variation and therefore only in horizontal
shifts with respect to time, on this map. The heat map allows to directly see
which parameters lead to violation of benchmarks such as 1.3× 10−6. At the
same time, robustness of the result can be assessed by distance of the state
to the benchmark. To also derive the cause and controlling opportunities of
time effects, the bar chart in Figure 8.1d decomposes the theoretical mean
value of the loading variable into its single components.

Fortunately, this is straightforward in the factor model. From a practical
point of view, this representation yields good support for dominant effect
derivation. Combining heat map and bar chart results in a powerful toolbox
for extensive time-dependent reliability analysis. For instance, considering
the state (0.01787, 0.14388) corresponding to I30 and pf = 7.85 × 10−7, one
sees that small increases in m will result in a benchmark violation and the
effect of changing the coefficient of variation. Together with the bar chart,
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the reasons for benchmark violation at I40 with 1.34×10−5 are found quickly.
It is exactly the time where the deterioration effect becomes dominant. This
suggests inspections or necessary actions to reduce the expected deteriora-
tion. To show how such analysis could be extended, also the state which suits
reliability after a column failure, thus in a 2-span slab (compare Figure 6.14b)
with a doubled length at one span, was added.

Next, the survival effect is considered (using (7.6)), which changed the
failure probabilities as follows:

I10 : pf = 1.06 · 10−8 becomes pf = 1.059 · 10−8

I30 : pf = 7.90 · 10−7 becomes pf = 7.89 · 10−7

I50 : pf = 3.29 · 10−4 becomes pf = 3.27 · 10−4

In all cases, as expected, one has a reduction in failure probability where
the effect was found to be negligible because of the very small failure prob-
abilities. Nevertheless, it was thereby verified that the survival effect does
not need to be considered. More information and thus a stronger survival
effect follows when the dominant uncertainty comes from the loading vari-
able or when the failure probability is higher in general. For demonstration,
the loading distribution was fixed in the last regarded year and the resistance
was varied over time. It was chosen as decreasing, constant or increasing over
time, always ending up in the same parameter state (mS, vS) = (0.035, 0.1)
at I50 for best comparison. The rate of relative change was chosen as 0.267%
per year. The results are shown in Table 8.1 where it remains to perform an
extensive case study which is beyond the scope of this work. In Table 8.1,
it is shown how survival effects can be highly relevant. For example a de-
crease in failure probability of about 60% percent in period I50 in case of
constant resistance was achieved. Furthermore, the high relevance of time
effect history was discovered, especially when the loading effect decreases, or
respectively the resistance effect increases, over time.

8.1.2 Analysis of Complex Networks3

This example is dedicated to the analysis of complex networks. It is shown
that an adaption to analysis of highly complex networks is possible, prof-
iting from the new representation and the computational efficiency of the

3Based on Blandfort et al. (2021).
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Table 8.1: Blandfort et al. (2021). Comparison of the survival effect un-
der different time effects on loading variable (St)t≥0 in the 3-slab example.
For demonstration of the survival effect, the failure probability over time
with respect to three different scenarios is shown; increasing, constant and
decreasing demands (St)t≥0. The relative rate of change per period was as-
sumed as θs(Ij) = (1.0 + 0.267%)j where initial distributions where set to
fulfill (mS, vS) = (0.035, 0.1) at I50 in every case. This way, period I50 al-
lows to compare the different historical progress in the three cases, where
constant Rt demonstrates the plain survival effect. Note that instead of de-
creasing (increasing) demands (St)t≥0 one can equivalently consider the effect
of increasing (decreasing) capacities (Rt)t≥0.

Case Probability of failure p∗f
[
×10−3

]
Time period I1 I10 I20 I30 I40 I50

Increasing St 1.12 1.53(1.70) 2.15(2.67) 2.97(4.13) 4.04(6.33) 5.40(9.56)

Constant St 9.56 6.81 5.51 4.74 4.21 3.81

Decreasing St 59.31 20.97(43.56) 9.93(30.44) 5.52(20.95) 3.22(14.21) 1.91(9.51)

∗ pf given with and without survival effect. The unconditional pf was added in braces.

approach, also for a completely different type of structure. In Zuev et al.
(2015) it was shown how to use Subset Simulation for analyzing the proba-
bility of satisfying maximum flow demands µ∗ in two network topology types
with stochastic link capacities. This approach was followed here, showing
how network reliability can be considered in the model too, identifying max-
imum flow demands as S and network maximum flow capacity as R. For
details, the reader is referred to Zuev et al. (2015). A small-network ring
model ⊗(n, k) with n = 25 and k = 2 is considered for demonstration.
However, note that the procedure remains the same for arbitrary numbers of
knots and edges so that this is an example for analysis of a structure that can
take any dimension and become extremely computational demanding with
respect to the evaluation of its capacity. A realization of a similar network is
shown in Figure 8.2, where for illustration purposes, n = 10 and k = 3 were
chosen. Link capacities were assumed independent and standard uniformly
distributed. Dependencies could also be modeled by transformation of the
variable space (cf. Rosenblatt Hohenbichler and Rackwitz (1981) or Nataf
transformation (Der Kiureghian and Liu (1986)) ).

The corresponding limit state function requires to choose a source-sink
pair of nodes (a,b), given by any two distinguished nodes of the network. The
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Figure 8.2: Blandfort et al. (2021). An exemplary small world ring network
with n = 10 nodes and k = 3 additional edges per node. Only additional
edges starting at 1, 5 and 8 were drawn for illustration. Note that in the
regular ring model edges are undirected links in contrast to the directed
additional ones. It is assumed that additional edges are outgoing ones always.

object of interest is, whether the maximum flow demands from the source a
to the sink b can be satisfied by the capacity of the network, represented by
the limit state function

g(X, (a, b), µ∗) = maxflow(X,(a,b)) < µ∗, (8.1)

where in the capacity-demand model R , maxflow(X,(a,b)) and S , µ∗.
The maximum flow capacity was computed by the Ford-Fulkerson algorithm
Ford and Fulkerson (2009). All methods utilized in the 3-span slab example
can be applied as well. Figure 8.3 shows the heat map for one randomly
produced network. Averaging over several network realizations and source-
sink pairs can in general allow for more profound claims. Again after one
run of Subset Simulation (Algorithm 3), the failure probability with respect
to any deterministic maximum flow demand or a distribution thereof can
be evaluated by a one-dimensional integration. For illustration, time ef-
fects were added to the network model, where the progress over time for
I = {I1, I10, I20..., I100} is also shown in Figure 8.3. This only serves for il-
lustration of the parameter state model and is not based on any real world
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Figure 8.3: Blandfort et al. (2021). Visualization of time-dependent reliabil-
ity of a small world ring network realization (cf. Figure 8.2) in the parameter
state model. The loading variable is represented by a Gaussian distribu-
tion after the 40-th period I40. For better comparison, no new heat map
was drawn. Instead only the supporting lines as well as the corresponding
parameter states belonging to a Gaussian distributed loading variable are
shown.
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evidence. Starting with (m, v) = (0.02, 0.4), the average maximum flow de-
mand m is then increased by 2% per period. Additionally, an absolute value
of 0.01 was added to m after period I30 while the coefficient of variation v
was kept constant. At the end of period I40, the maximum flow demand
distribution was changed to a Gaussian one, resulting in a new heat map
afterwards. This new heat map was not drawn but instead indicated by
additional supportive lines in Figure 8.3 so that it displays the robustness
of reliability with regard to the selection of a distribution type of the maxi-
mum flow demand particularly well. Furthermore, the coefficient of variation
was increased to 0.5 at period I60 and decreased back to its initial value at
I90. The corresponding failure probabilities can also be calculated without
significant efforts in all cases. Note that the Gaussian distribution is also
in the location-scale family, fulfilling (G2). As discretization is not relevant
here, this suffices the demands, not needing property (G1). There are many
opportunities to manipulate the model without significant additional compu-
tational demands, possibly allowing to answer several interesting questions
in various fields such as transportation networks, web infrastructure or any
other field where analysis of complex networks with high computational de-
mand is necessary.

8.1.3 Lossy Transmission Line

As an example where FORM and SORM have been shown to fail, we consider
a reliability problem given in Bourinet (2018) for application of the parameter
state model. A lossy transmission line is analyzed, evaluating the probability
of exceeding a given current magnitude level. This example also demonstrates
the opportunity to switch the roles of R and S in the parameter state model
(compare Section 7.5) Here, the limit state function is given by

g(X) = Icr − I(X)

where Icr = 1.5×10−4A is set fixed deterministic and I(X) is explicitly given
but includes d = 11 stochastic variables and implies a highly non-linear ge-
ometry of the limit state function (compare Bourinet (2018)). Note that the
capacity is given by a deterministic value and complexity of the model comes
from the structure of S. To make this example suitable to our model, we
derive the cdf of −I(X) by Subset Simulation. We proceeded by Algorithm 3
with p0 = 0.1, N = 2500 and evaluation up to exceeding probabilities as low
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as pmin = 1× 10−7, resulting in a total of 17500 limit state evaluations under
neglecting re-use of seeds in Subset Simulation. The coefficient of variation
was found as low as 0.184 (Bourinet (2018)). A single reliability evaluation of
FORM and SORM requires around 10, 000 limit state evaluation and both
approaches were even shown to be highly biased (Bourinet (2018)), hence
stochastic methods are required. Repetitive calculations for different con-
stellations by FORM and SORM would thus already result in more limit
state evaluations than evaluation by Subset Simulation with N = 2500 and
up to probabilities as low as 1 × 10−7 for consideration of n = 2 constel-
lations. Subset Simulation allows to evaluate reliability for many different
distributions of Icr. However, for a deterministic Icr as given in the model, we
do not need an integration and only need to consider the conditional failure
probability at the given value, that is directly available by the cdf. To get
some information on uncertainty additionally, thereby receiving a heat map,
we artificially assumed a Gaussian distribution of Icr. The heat map is shown
in Figure 8.4. Considering a deterministic Icr then just refers to the abscissa
in the illustration, where the coefficient of variation approaches zero. Also
note that deterministic values suffice our demands for linear transformation
so that we can also analyze effects of a linear transformations on I(X) di-
rectly. If we now assume demands I(X) increase by 2% per time unit, setting
up a time-dependent model for illustration of the parameter state model in
this case, results in estimated failure probabilities

I1 : pf = 2.12 · 10−4

I5 : pf = 6.07 · 10−4

I10 : pf = 1.47 · 10−3

I20 : pf = 6.58 · 10−3

over time. It is important to also directly evaluate some failure probabili-
ties to validate the accuracy of the supporting lines for better readability of
the heat map which have been constructed by smoothing splines, since too
smooth results might be look appealing but disrespect accurate reliability
evaluation at some points. Particularly note the heat map representation for
a switched role for R and S .
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Figure 8.4: Analysis of a lossy transmission line. The role of capacity and
demand is switched in this example. We thereby condition on the capacity
variable S = Icr. To extend the information beyond deterministic values
and to consider also stochastic capacities, we artificially assumed a Gaussian
distribution for the capacity Icr. Having a deterministic value Icr = 1.5×10−4

for the current magnitude level not to be exceeded, which represents the
capacity in our model, the corresponding state is on the abscissa. Additional,
we added a hypothetic time-dependent scenario, assuming I(X) increases by
2% per time unit.
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8.2 Subset Simulation Interpolation

For analysis of SuSI, we can use the exact same visualization technique as
for the parameter state model, as both methods are based on computation
of failure probabilities with respect to the distribution of a single stochastic
variable, available by interpolation of SuS and SuSI results, respectively.
We consider three examples, a continuation of the extensive analysis of our
illustrational slab example (Section 6.2.2 and Section 8.1.1), the network
example as studied in Section 8.1.2 and a two degree of freedom damped
oscillator as given in Section 6.1.1.

8.2.1 Time-Dependent Model

In this section, we continue with the analysis of a 3-span slab as given in
Section 6.2.2 and Section 8.1.1. The example well shows how, in contrast
to the parameter state model, one can change the distribution of any vari-
able of the stochastic reliability model, which fulfills the milder assumptions
of monotonicity and independence, in an arbitrary way instead of being re-
stricted to capacity or demand variable. This allows to consider much more
sophisticated time-dependent reliability models. Note that another example
on application of SuSI for time-dependent models was already given in Sec-
tion 6.2, utilizing the opportunity to consider artificial variables for modeling
the model dynamics and thereby allowing to analyze time-dependent effects
on several model variables.

Here, we pick the cross sectional area of the steel (As) as dynamic vari-
able and investigate the effect of changes in its distribution on reliability. A
practical example, where such considerations might be particularly useful,
are structures which are exposed to marine environments and suffer from
corrosion. Then As(t) is a stochastic variable that evolves with respect to
time, results in a different probability distribution for differing time instants,
is exposed to high uncertainties, and most likely yields the dominant im-
pact on time-dependent reliability of the structure. To study the effects on
reliability by corrosion, we assume a scenario where As(t) is lognormal dis-
tributed with mean value m(It) = 5.24 · 10−4 − t · 5 · 10−6 and coefficient of
variation v(It) = 0.01 · (1.075)t in year It, t ∈ N. As in the parameter state
model, we also refer to the corresponding state at time It by w(It). The
resulting visualization is given in Figure 8.5. If we use the failure probability
benchmark 1.3 · 10−6, it is clearly visible which distributions become critical
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 w(  )=(m(  ),v(  ))It It It

Figure 8.5: Reliability with respect to variation of the cross sectional area of
the steel As. Assuming As as the dominant time effect, reliability over time
is shown for years I1, I10, I20, I30, I40 and I50. As(It) was assumed lognormal
distributed at all times.
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ones and also that such a distribution is assumed for year I20 in our scenario.
Because corrosion depends on many factors, uncertainty takes an important
role in such an analysis. Beyond the problematic of predicting its distribu-
tion, one is also often interested in creating good plans for inspection of such
structures. Consequently, such analysis might help to trace when uncertain-
ties become unbearable, supporting the engineer in making appropriate and
cost-optimized inspection plans.

8.2.2 Network Example

Also analyzing the network as given in Section 8.1.2, we now show how
SuSI can consider alternative model dynamics for complex networks. As
the studied network topology can take an arbitrary size and large networks
are an important field of application for reliability analysis, this example
gives a particularly good inspiration for extraordinary opportunities. Here,
we again consider a small-network ring model ⊗(n, k) with number of knots
n and number of additional edges per node k, resulting in a total of k∗ =
n · (k + 1) edges. Again a source-sink pair is considered and the maximum
flow is examined, resulting in limit state function (8.1). The idea is to let
the dynamic variable Xk relate to specific network properties, modifying the
topology or distribution of capacities of the edges. Of course, we could set
the distribution of a single edge as the dynamic variable. However, this
would give minor information only in such a network topology with many
nodes and edges. Nevertheless, if considering more sophisticated versions of
networks where distributions of the edges vary and outstandingly important
edges exist, e.g. a highway representing an edge in a traffic network, this
could be of high interest. Also, we can multiply an artificial variable to the
capacities of the single realizations of an arbitrary set of the edges of the
network, decreasing or increasing the maximum flow. Anyhow, we consider
a very special case that can be considered in such a network topology and
is not as obvious as the discussed opportunities. Here, the dynamic variable
Xk is considered as the number of edges that is removed from the network,
or equivalently the number of edges which take zero capacity. In reality, this
would typically refer to failure of these single node connections.

The procedure is the following. First, we order all k∗ edges of the network
at random. According to this ordering, we then remove all edges e1, e2,...ey1
for some y1 ∈ {1, ..., k∗−1}, beginning with a high number of edges removed,
e.g. y1 ≈ 0.9k∗, for estimation of a failure probability. Having only a few
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edges left, the capacity of the network maxflow(X,(a,b)) becomes low. This
defines the first limit state function, considering the maximum flow from
source to sink in the corresponding network with k∗ − xk edges. Now SuSI
is applied, either starting with one crude Monte Carlo simulation or using
Subset Simulation to achieve a high enough failure probability.

Then, the number of edges is successively increased, only removing edges
e1, e2,...eyi , i = 1, 2, ... up to edges y1 > y2 > ... until SuSI terminates, reach-
ing a failure probability below the maximum error or xk = 0 which defines
the original network topology without removing any edges. By interpolation
according to SuSI, we then receive the conditional failure probability of the
network with respect to the number of removed edges. Keep in mind that
this result is based on a fixed source-sink pair as well as an ordering of the
edges to keep monotonicity with respect to the limit state. If however, we
want to consider more scenarios or average over a specific distribution of edge
orderings (e.g. uniform), then we can just repetitively apply the procedure
and average over all results.

We considered two cases for demonstration, ⊗(20, 15) with µ∗ = 1 as well
as ⊗(25, 20) with µ∗ = 5. The resulting visualizations are shown in Figure 8.6
and Figure 8.7, respectively. In this example, we have shown how networks
can be analyzed in detail and at a low cost and how to present the result by
our visualization technique.

8.2.3 Two Degree of Freedom Damped Oscillator

In this section, we want to continue with the example studied in Section 6.1,
considering a two degree of freedom primary/secondary damped oscillator
(see Der Kiureghian and De Stefano (1991); Bourinet et al. (2011)) with
limit state function (6.1) and stochastic properties as in Table 6.4. Here, we
want to point out how the results given in Section 6.1 enable us to create
extensive reliability analysis at a low cost. The resulting visualizations are
given in Figure 8.8. All cases (Xk = ζp, ζs, Fs, S0) provide an approximately
correct estimation of the failure probability in the static setting, being close
to the solid curve, which marks the states corresponding to estimated fail-
ure probabilities equal to the true failure probability. Having a clear picture
on robustness of the failure probability with respect to the distributions of
many random variables allows to judge importance of individual stochastic
variables in the model and possibly to interpret and understand reliability
of the problem more globally. Note, it is important to consider only dy-
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Figure 8.6: The impact of failed edges on the network reliability with re-
spect to network topology ⊗(20, 15) and maximum flow demand µ∗ = 1.
The corresponding heat map with respect to lognormally distributed Xk =
’Number of edges removed’ was drawn.
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Figure 8.7: The impact of failed edges on the network reliability with respect
to network topology ⊗(25, 20) and maximum flow demand µ∗ = 5.

(a) Heat map with respect to lognormally distributed Xk =
Number of edges removed.

(b) Conditional failure probability with respect to the numbers of non-
available edges.
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Figure 8.8: Extensive Study: Considering sensitivity of the failure proba-
bility with respect to several random variables of the stochastic model of a
two degree of freedom damped oscillator. The solid curve marks the states
with estimated failure probabilities equal to the true failure probability. Op-
timally, all considered dynamic variables should lead to a state that hits this
curve perfectly.

(a) Xk = ζp (b) Xk = ζs

(c) Xk = Fs (d) Xk = S0
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namic variables which fulfill the necessary assumptions (monotonicity and
independence) for application of SuSI. Otherwise, results might be severely
biased, in particular if monotonicity is not given. On the other hand, we
might also get such extremely biased results by calculation with SuS, where
using SuSI on several variables allows to possibly identify such shortcomings
by discrepancies in results of individual calculations.

8.3 Conclusion

In this thesis, computational efforts were reduced and comprehension was
increased, by mapping all dynamics of the stochastic model to a single vari-
able, in both approaches, parameter state model and SuSI. In this chapter,
we showed how this allows for a dynamic reliability analysis by analyzing
changes in the distribution of this single variable, creating the opportunity
for the presented visualization technique. The parameter state model and
SuSI, in combination with the new visualization techniques offer many op-
portunities to extensively analyze several complex civil engineering structures
in an efficient way. For demonstration, we analyzed some civil engineering
structures and presented their corresponding heat maps, in this chapter. The
heat maps allowed for a novel and holistic perspective on model uncertainties
and reliability at the same time.





Chapter 9

Conclusions and Outlook for
Future Research

In this thesis, we have presented a novel algorithm ’Subset Simulation Inter-
polation’ (SuSI) for efficient reliability estimation under model-dynamics,
extensively studied algorithmic properties of ordinary Subset Simulation,
demonstrated how to greatly benefit from utilization of mathematical prop-
erties in specific time-dependent models and applied new visualization tech-
niques that perfectly match the presented approaches.

A main idea throughout this thesis was the linking of modeling and effi-
cient reliability evaluation, resulting in SuSI and the parameter state model.
As stated in the introduction, we were required to demand restrictions on
the considered dynamic model, but thereby gained the ability to introduce
algorithms that solve the defined model with high efficiency. Moreover, many
models which seemed to be of a different kind, could be converted to such
dynamic models without losing much accuracy. If the computational demand
of the original model is infeasible, this even is an inevitable approach. In this
regard, we directly faced the challenge of finding a good balance between
computational effort and accuracy. Although a loss in accuracy can often be
avoided by sophisticated modeling, we generally trade accuracy for efficiency.

Furthermore and particularly important in analysis of complex structures,
we dedicated ourselves to the understanding of results provided by reliability
analysis with Subset Simulation. For this purpose, we extended the statistical
analysis of ordinary Subset Simulation, leading to new findings and an im-
provement in understanding of the algorithm, and demonstrated how results
by SuSI and the parameter state model can be visualized in an informative
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way.
As a detailed list of all contributions was given in Section 2.3, we par-

ticularly highlight the (practical) consequences of this thesis for reliability
analysis and give an outlook for future research in the following.

Chapter 4: Ordinary Subset Simulation. First, there are conse-
quences for application of ordinary Subset Simulation. It was shown that the
efficiency of Subset Simulation depends mainly on the Markov chain length
instead of p0. Choosing chain lengths such as Nl between 10 and 20 yields a
similar equivalent efficiency, independent of p0 for p0 ≥ 0.1 and is thus rec-
ommended to set as a fixed value instead of an adaptive one. Furthermore,
implementation of the algorithm has been modified to suit theory better.
Seeds of the subsets that hit the threshold, and those correlated strongly to
these, have not been considered for the next subset. As a consequence, the
negative bias in current implementations of Subset Simulation was removed.
At first, this resulted in a higher positive Subset Simulation bias, but allowed
for a bias correction by the explicitly derived result in statistical analysis, as
simulation results were now more in line with theoretical results. In total,
the positive bias in Subset Simulation was thereby reduced, also resulting in
a slightly lower variance under constant coefficient of variation. A stochastic
interpretation for extended understanding of Subset Simulation was given,
allowing for an explicit bias correction formula as well as for reconsidering
distributions of intermediate probabilities at the subset level and proving
independence of these (for successive subsets) under weak assumptions. Evi-
dence by simulations was found under appropriate implementations of Subset
Simulation.

For future study, it would be interesting to search for examples that
lead to a negative bias of Subset Simulation when following the threshold
selection present in current implementations. Based on the given stochastic
interpretation and the demonstrated sample dependencies with respect to
p0, another formula for the coefficient of variation could be derived, where
a first step towards estimating within subset sample dependencies, given p0,
was made. The opportunity to also use higher p0 values for simulation at
the same efficiency could allow for novel modifications of the algorithm that
have not yet been explored due to the restriction to small p0. For example,
SuSI benefits a lot from this finding.
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Chapter 5 and Chapter 6: Subset Simulation Interpolation. Sec-
ond, the novel algorithm Subset Simulation Interpolation (SuSI) allows for
many new opportunities for efficient reliability evaluation and also for valida-
tion of results by ordinary Subset Simulation. Consequently, new extensive
case studies with respect to dynamic models can be carried out in cases that
might have come at a too high computational demand formerly. In particu-
lar, we achieve better tractability of accuracy for considered model constel-
lations, because the approximation error by interpolation can be bounded
and does, in contrast to e.g. Taylor expansion for unknown functions, only
include systematical errors that allow for secure boundaries on the reliabil-
ity estimation. This becomes even more relevant for substantially differing
model constellations with respect to the dynamic variable. Also, instead of
considering fixed constellations, information according to the result by SuSI
allows for analysis of any distribution of the dynamic variable. We do not
need to choose settings in advance, since results for different distributions
can build up on the same SuSI simulation.

Beyond the application on dynamic models, such as time-dependent re-
liability analysis, that can naturally be set up with SuSI, we also explored
the possibility for validation of results by ordinary SuS. To our best believe,
it does not require any relevant model assumptions, as an artificial variable
is introduced that should generally fulfill the demands on the given dynamic
model. This is an observation with extremely high potential, since both al-
gorithms perform best at the same reliability problems, which in turn allows
cheap backup tests or a more robust algorithm on its own, alternating to
SuS. The interesting point is the source of systematically wrong results in
SuS, which appear for some geometries of the limit state functions. This
makes SuSI a good candidate for solving such issues, because it can alter the
geometry of the limit state, as desired, and allows to set up many ways for
evaluation of the failure probability. A promising way to alter limit state
functions for robust reliability analysis was presented.

The novel algorithm SuSI offers a new approach on reliability analysis. In
this thesis, we have already been able to elaborate a good theoretical basis
and many possible applications. However, there are so many possibilities for
further development that the future study and extension of the algorithm
could become an important research topic. For this purpose, an implemen-
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tation of the algorithm is also publicly available at GitHub1. We are looking
forward for collaborations and future extensions.

In particular, further development of methods such as a robust reliabil-
ity analysis, where the limit state function is artificially altered so that the
algorithm provides correct results, could be interesting. Having the oppor-
tunity to control the geometry of the limit state function while keeping the
same failure probability, allows to create many backup tests for SuS results
as well as stand-alone approaches which can possibly be backed up by a the-
oretical study better. We could, for example, examine if we can define the
successive limit states in SuSI such that the structure of these guarantees to
find the most important regions of the sample space with high probability,
independent of the original limit state function. The robustness of such a
target-oriented modification of the geometry of the limit state function by
SuSI should then be validated mathematically. Also applications in network
reliability and resilience are a promising field of study. Additionally, utiliz-
ing other post-processing approaches for ordinary Subset Simulation for SuSI
could provide even more information on model-dynamics. Furthermore, ex-
amining the usage of regression instead of interpolation to get a continuous
failure probability function with respect to the dynamic variable would yield
a practically unbiased result, avoiding a potential drawback of the algorithm
and removing the last bit of uncertainty by numerical methods, beyond the
one on top of stochastic variation in ordinary SuS.

According to the manifold fields of application of ordinary SuS, many
opportunities for dynamic model representations as the ones presented, where
SuSI yields an efficient evaluation, can most likely be explored. The decision
about selecting the dynamic variable either as an artificially introduced one,
or dependent on relevance of variables of the given model, is of course up to
the specific experts with experience in the corresponding field of application.

Chapter 7: Efficient Time-Dependent Reliability Evaluation by
a Parameter State Model. Third, we considered a specific case of a time-
dependent model. The capacity-demand setting allows to efficiently compute
reliability with respect to several different distributions of the loading vari-
able. If this variable belongs to the location-scale family, it is even possible to
apply such transformations to evaluate time-dependent effects on the capac-

1https://github.com/FBlandfort/Subset-Simulation-Interpolation.

https://github.com/FBlandfort/Subset-Simulation-Interpolation
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ity, without needing additional reliability evaluations, directly receiving the
failure probability by a computational negligible one-dimensional integration.
On top of this finding, a formula for reliability evaluation under considera-
tion of past survival was derived. In general, this efficient framework allows
to conduct extensive case studies at a feasible cost and shows how it can be
beneficial to favor specific types of models over others, if accuracy is kept
high enough under an appropriate model conversion.

In future work, an interesting extension of the model would be the study
of systems of such structures, where the single structures are interacting with
each other. For example considering several networks, each corresponding to
a capacity-demand model, setting up mechanisms which are triggered when
specific thresholds are exceeded in individual networks. The mechanism could
then produce an increased demand on other networks, such as a breakdown
of traffic could produce an increased demand on web services, or just on other
traffic networks that managed to keep their flow capacity.

Chapter 8: Informative Visualization. Fourth, we showed how to
apply the introduced approaches for efficient reliability evaluation and how
to present results in a valuable way. The illustration by a heat map provides
an extensively informative view on robustness and uncertainty or also on
the dynamics with respect to one variable of the model and is therefore
perfectly suitable for the developed approaches. Additionally, if the clear
cut structure of the presented parameter state model can be utilized, time-
dependent effects can be visualized in detail by a bar chart representation.
Both, heat maps and bar charts aim at and achieving a holistic perspective
on reliability analysis, making the effect of uncertainties or model dynamics
with respect to a stochastic variable of the model directly visible.

Visualization techniques and new perspectives on reliability issues are im-
portant in analysis of complex structures. In perception and presentation of
results, complexity of any level has to be broken down to a small amount of
information that can be well understood. Also uncertainties or unclear parts
of the model should be directly visible in the presentation. An extension,
penalizing small distances to a reliability benchmark instead of just consid-
ering being below or above a benchmark, could be an interesting topic for
future considerations. Risk measures with meaningful utility functions, de-
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pending on the specific application, could then allow for more sophisticated
assessment of reliability analysis.
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Appendices





Appendix A

Necessity of the Independence
Assumption

We provide a simple example of why we need the Independence Assump-
tion (Assumption 2.2.1). Afterwards, we shortly discuss that also the Nataf
transformation may not be helpful in such a model.

Example A.0.1 (Necessity of the Independence Assumption). In this exam-
ple, we will consider discrete random variables for simplification, whereas a
similar example can easily be constructed with continuous random variables.
The model consists of a two dimensional random variable X = (X1,X2) with
X1 ∈ {−0.5, 0.5} and X2 ∈ {0, 1} where we allow dependencies between X1

and X2, given by their conditional probabilities

P (X1 = 0.5|X2 = 0) = P (X1 = −0.5|X2 = 1) = c

and
P (X1 = −0.5|X2 = 0) = P (X1 = 0.5|X2 = 1) = 1− c

for some c ∈ [0.1]. It is straightforward to check that this corresponds to
the correlation Corr(X1,X2) = 1 − 2c between X1 and X2. The limit state
function of the model is given by

g : R2 → R, g(x1,x2) = x1 + x2

and the threshold is set to b∗ = 0. In this setting, we assume X2 as the
dynamic variable Xk = X2. We have to show that by calculating P (g(X) <
0|X2 = y) for all y ∈ D2 with respect to a specific distribution of X2 does not
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generally allow to draw conclusions on the failure probability with respect to
a different distribution of X2 without additional evaluations of the limit state
function g, when correlations are present. To do so, we introduce another
constellation, where we assume a different distribution for X2, referring to
the corresponding random variable as X̄2. As a consequence, it should then
be necessary to add more expensive reliability evaluations for estimation of
the failure probability in the new setting. As distributions for the relevant
model constellations, we consider

P (X1 = −0.5) = P (X1 = 0.5) = 0.5

and either
P (X2 = 0) = P (X2 = 1) = 0.5

or
P (X̄2 = −1) = P (X̄2 = 0) = 0.5 .

For the newly introduced model, we again define conditional probabilities

P (X1 = 0.5|X̄2 = −1) = P (X1 = −0.5|X̄2 = 0) = c

and
P (X1 = 0.5|X̄2 = 0) = P (X1 = −0.5|X̄2 = −1) = 1− c .

This setting again corresponds to the same correlation Corr(X1, X̄2) = 1 −
2c between X1 and the dynamic variable. When computing the conditional
failure probabilities according to Equation 2.2 at zero, we then have

P (X1 + X2 < 0|X2 = 0) = P (X1 = −0.5|X2 = 0) = c

and
P (X1 + X̄2 < 0|X̄2 = 0) = P (X1 = −0.5|X̄2 = 0) = 1− c

which only coincide if c = 0.5. Since this corresponds to zero correlation, the
model only allows to draw conclusions for uncorrelated random variables at
this point.

For completeness, we also shortly discuss the effect of the Nataf trans-
formation in such a model in a degenerate setting, representing the discrete
random variables in the original problem formulation as transformation of
independent standard normally distributed random variables and modifying
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the limit state equation accordingly. Following Example A.0.1, we get (com-

pare Xiao (2014)) x1 = F−1
1 (φ(u1)) and x2 = F−1

2

(
φ
(
ρZu1 +

√
1− ρ2

Zu2

))
or equivalently a reformulated limit state equation in standard normal space
(U-space), here given by

gU(u1,u2) = F−1
1 (φ(u1)) + F−1

2

(
φ

(
ρZu1 +

√
1− ρ2

Zu2

))
. (A.1)

The random variables U1, U2 in U-space are independent and standard nor-
mally distributed. Here φ represents the cumulative distribution function
(cdf) of the standard normal distribution and F−1

1 and F−1
2 the inverse cdfs of

X1 and X2, respectively. We do not further specify the correlation ρZ ∈ [0, 1]
between Z1 and Z2, the random variables in Z-space (standard normally but
potentially correlated random variables), since we only need to consider the
difference between the cases ρz < 0, ρz = 0 and ρz > 0. The limit state
function in the second constellation is derived accordingly and given by re-
placing the inverse cdf of X2 by the corresponding inverse cdf F̄−1

2 of X̄2 in
gU(u1,u2). For z1 = u1 and z2 = ρZu1 +

√
1− ρ2

Zu2, the inverse cdfs are
given by

• F−1
1 (φ (z1)) = −0.5 for φ (z1) ∈ [0, 0.5] and F−1

1 (φ (z1)) = 0.5 for
φ (z1) ∈ (0.5, 1],

• F−1
2 (φ (z2)) = 0 for φ (z2) ∈ [0, 0.5] and F−1

2 (φ (z2)) = 1 for
φ (z2) ∈ (0.5, 1],

• F̄−1
2 (φ (z2)) = −1 for φ (z2) ∈ [0, 0.5] and F̄−1

2 (φ (z2)) = 0 for
φ (z2) ∈ (0.5, 1].

So, again we fix the dynamic variable and try to use results of one model
for the other model. However, the limit states differ substantially under
dependencies, as the inverse cdfs differ. To state out this point more clearly,
consider that F−1

2 (φ (z2)) = 0 for φ (z2) ∈ [0, 0.5] and F̄−1
2 (φ (z2)) = 0 for

φ (z2) ∈ (0.5, 1] which means the second summand of the limit states takes the

same value in both models only if we have φ
(
ρZu1 +

√
1− ρ2

Zu2

)
∈ [0, 0.5]

in the first model and φ
(
ρZu1 +

√
1− ρ2

Zu2

)
∈ (0.5, 1] in the second one.

It is easy to check that, in the first model this corresponds to the three cases

• u1 ≤ −
√

1−ρ2Z
ρZ

u2 with
−
√

1−ρ2Z
ρZ

< 0, if ρz < 0
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• u2 ≤ 0, if ρz = 0

• u1 ≤ −
√

1−ρ2Z
ρZ

u2 with
−
√

1−ρ2Z
ρZ

> 0, if ρz > 0

where in the second model we have to alter the inequality by replacing ’≤’
with ’>’.Thus, when values of the second summand of the limit state equa-
tions coincide for some u2, the realizations of u1 must differ, possibly leading
to a different outcome of the limit state function value. If no correlations are
present (case ρz = 0), then u1 does not contribute to the outcome of the sec-
ond summand so that we may have same u1 for the same values of the second
summand in both models. In general, it is thus not clear how evaluating one
of the limit state equations could provide certain information on the outcome
of the other one. Additional, correlations might exist between many random
variables and when assuming a high complexity of the limit state function,
substantial changes might occur in the limit state function when switching
probability distributions of the dynamic variable. Thus, re-evaluation would
become necessary also when using a Nataf transformation. In case of the
Nataf transformation, dependencies are assigned to the limit state function,
but are still present.

In summary, we can end up with different conditional probabilities in
Equation 2.2, for different dependency structures. When considering (2.2)
for several fk, it is therefore useful to impose Assumption 2.2.1 so that one
can separate the problem.
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Properties of the Beta Function
and Distribution

Definition B.0.1. The Beta function is given by

B(α, β) =
Γ(α)Γ(β)

Γ(α + β)

for complex numbers α, β with positive real parts and Γ(·) the Gamma func-
tion.

Lemma B.0.2. For real numbers α > 0, β > 0, we have

B(α + 1, β) = B(α, β) · α

α + β

and

B(α, β + 1) = B(α, β) · α

α + β
.

Proof. The Gamma function satisfies the recurrence relation Γ(α + 1) =
αΓ(α) (see e.g. Olver et al. (2010)). Thus, we have

B(α + 1, β) =
Γ(α + 1)Γ(β)

Γ(α + β + 1)
=

αΓ(α)Γ(β)

(α + β)Γ(α + β)
= B(α, β) · α

α + β
,

which yields the first conclusion. The second equation is shown alike.
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Lemma B.0.3. [Expected Value of an Inverted Beta variable] For a Beta
distributed random variable p ∼ Beta(α, β), we have

E

[
1

p

]
=
α + β − 1

α− 1

a.s. (p 6= 0).

Proof. First, by definition of the expectation, we have

E

[
1

p

]
a.s.
=

∫
0<p≤1

1

p
P (p)dp .

Plugging in the pdf (Definition 4.2.10), with B the Beta function, gives

E

[
1

p

]
a.s.
=

∫
0<p≤1

1

p

pα−1(1− p)β−1

B(α, β)
dp .

=

∫
0<p≤1

pα−2(1− p)β−1

B(α, β)
dp

=
B(α− 1, β)

B(α, β)

∫
0<p≤1

pα−2(1− p)β−1

B(α− 1, β)
dp .

Thus, as a pdf is integrated, we have

E

[
1

p

]
a.s.
=

B(α− 1, β)

B(α, β)
.

Using B(α, β) = B(α− 1, β) α−1
α−1+β

(see Lemma B.0.2) yields the result.



Appendix C

Additional Proofs for Chapter 5

Proof. (Lemma 5.3.30): To determine the difference between real derivative
and tangent approximation, we use the following Taylor approximations:

qw+1 = qw + hq(1)
w +

h2

2
q(2)
w +

h3

3!
q(3)
w +

h4

4!
q(4)
w +

h5

5!
q(5)(τ1) (C.1)

for some τ1 ∈ [yw, yw+1] and

qw−1 = qw − hq(1)
w +

h2

2
q(2)
w −

h3

3!
q(3)
w +

h4

4!
q(4)
w −

h5

5!
q(5)(τ2) (C.2)

for some τ2 ∈ [yw−1, yw]. Then subtracting (C.2) from (C.1) yields

qw+1 − qw−1 = 2hq(1)
w +

2h3

3!
q(3)
w +

h5

5!

(
q(5)(τ1) + q(5)(τ2)

)
.

Reordering yields

qw+1 − qw−1

2h
= q(1)

w +
h2

6
q(3)
w +

h4

240

(
q(5)(τ1) + q(5)(τ2)

)
(C.3)

where the left hand side is just mw of (3FD). If instead using Taylor formula
up to terms of third order, we can similarly derive

qw+1 − qw−1

2h
= q(1)

w +
h2

6

(
q(3)(τ ∗1 ) + q(3)(τ ∗2 )

)
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for some τ ∗1 ∈ [yw, yw+1] and τ ∗2 ∈ [yw−1, yw]. We thus also have by continuity

qw+1 − qw−1

2h
= q(1)

w +
h2

3
q(3)(τw,3FD)

for an τw,3FD ∈ [yw−1, yw+1]. This proofs the first part (3FD). For (5FD) we
additionally need

qw+2 = qw + 2hq(1)
w +

4h2

2
q(2)
w +

8h3

3!
q(3)
w +

16h4

4!
q(4)
w +

32h5

5!
q(5)(τ3) (C.4)

and

qw−2 = qw − 2hq(1)
w +

4h2

2
q(2)
w −

8h3

3!
q(3)
w +

16h4

4!
q(4)
w −

32h5

5!
q(5)(τ4) (C.5)

for some τ3 ∈ [yw, yw+2], τ4 ∈ [yw−2, yw], where we used (yw−yw−2)i = (2h)i =
2ihi. Now we follow the same procedure as above again and subtract (C.5)
from (C.4) so that

qw+2 − qw−2 = 4hq(1)
w +

16h3

3!
q(3)
w +

32h5

5!

(
q(5)(τ3) + q(5)(τ4)

)
.

Reformulation yields

qw+2 − qw−2

4h
= q(1)

w +
2h2

3
q(3)
w +

h4

15

(
q(5)(τ3) + q(5)(τ4)

)
. (C.6)

Now 4 · (C.3)− 1 · (C.6) eliminates the terms of order h2

qw−2 − 8qw−1 + 8qw+1 − qw+2

4h
=3q(1)

w +
h4

60

( (
q(5)(τ1) + q(5)(τ2)

)
− 4

(
q(5)(τ3) + q(5)(τ4)

) )
.

Division by 3 on both sides then yields the claim for the (5FD) approximation

qw−2 − 8qw−1 + 8qw+1 − qw+2

12h
=q(1)

w +
h4

180

( (
q(5)(τ1) + q(5)(τ2)

)
− 4

(
q(5)(τ3) + q(5)(τ4)

) )
.

This yields the first part for 5FD. By continuity, we then find a τ1,2 ∈
[yw−1, yw+1] and τ3,4 ∈ [yw−2, yw+2] so that(

q(5)(τ1) + q(5)(τ2)
)
− 4

(
q(5)(τ3) + q(5)(τ4)

)
= q(5)(τ1,2)− 4q(5)(τ3,4) .
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Now, accounting for the four different cases of the signs of these higher order
derivatives, we can bound the absolute value of the term under inclusion of
all the cases by

|q(5)(τ1,2)− 4q(5)(τ3,4)| ∈ [0, |q(5)(τ1,2)|+ 4|q(5)(τ3,4)|]
⊆ [0, 5 max(|q(5)(τ1,2)|, |q(5)(τ3,4)|)] .

Defining τw,5FD := argmax(|q(5)(τ1,2)|, |q(5)(τ3,4)|) then yields the second part
for 5FD

qw−2 − 8qw−1 + 8qw+1 − qw+2

12h
∈
[
q(1)
w −

∣∣h4

36
q(5)(τw,5FD)

∣∣, q(1)
w +

∣∣h4

36
q(5)(τw,5FD)

∣∣]
for a τw,5FD ∈ [yw−2, yw+2].

Proof. (Lemma 5.3.31):

mw =
2dw−1dw
dw−1 + dw

Again by Taylor approximation, we have

qw+1 = qw + hq(1)
w +

h2

2
q(2)
w +

h3

3!
q(3)(τ3)

for some τ3 ∈ [yw, yw+1] and

qw−1 = qw − hq(1)
w +

h2

2
q(2)
w −

h3

3!
q(3)(τ4)

for some τ4 ∈ [yw−1, yw]. Plugging into the two point finite differences
dw−1, dw results in

dw−1 = q(1)
w −

h

2
q(2)
w +

h2

6
q(3)(τ4)

dw = q(1)
w +

h

2
q(2)
w +

h2

6
q(3)(τ3) .
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We thus have

2dw−1dw
dw−1 + dw

=

(
2(q(1)

w )2 +
h2

3
q(1)
w

(
q(3)(τ3) + q(3)(τ4)

)
− h2

2
(q(2)
w )2

+
h3

6
q(2)
w

(
q(3)(τ4)− q(3)(τ3)

)
+
h4

18
q(3)(τ3)q(3)(τ4)

)
· 1

2q
(1)
w + h2

6
(q(3)(τ3) + q(3)(τ4))

.

Rewriting yields(
q(1)
w

(
12q(1)

w + h2
(
q(3)(τ3) + q(3)(τ4)

))
+ h2q(1)

w

(
q(3)(τ3) + q(3)(τ4)

)
− 3h2(q(2)

w )2 + h3q(2)
w

(
q(3)(τ4)− q(3)(τ3)

)
+
h4

3
q(3)(τ3)q(3)(τ4)

)
· 1

12q
(1)
w + h2 (q(3)(τ3) + q(3)(τ4))

.

Next, we may simplify to receive

q(1)
w +

(
h2q(1)

w

(
q(3)(τ3) + q(3)(τ4)

)
− 3h2(q(2)

w )2

+ h3q(2)
w

(
q(3)(τ4)− q(3)(τ3)

)
+
h4

3
q(3)(τ3)q(3)(τ4)

)
· 1

12q
(1)
w + h2 (q(3)(τ3) + q(3)(τ4))

which we may rewrite again to get the result.

Proof. (Proposition 5.3.34): By definition of HM (5.16)

mw =
2dw−1dw
dw−1 + dw
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and the two point finite differences, the estimation error is given by

m̂w −mw =
2(q̂wq̂w+1 − q̂w−1q̂w+1 − (q̂w)2 + q̂w−1q̂w)

h(q̂w+1 − q̂w−1)

− 2(qwqw+1 − qw−1qw+1 − (qw)2 + qw−1qw)

h(qw+1 − qw−1)
.

To proceed further, it is unfortunately not possible to approximate the de-
nominator h(q̂w+1−q̂w−1) = h(qw+1−qw−1)+h(Ew+1−Ew−1) by h(dw+1−dw−1),

because the error of this simplification would be O(1/
√
N) and can therefore

not be neglected. An explicit result by straightforward calculation is given
as

2

h(qw−1 − qw+1)2 + h(qw−1 − qw+1)(Ew−1 − Ew+1)
·(

Ew−1(−q2
w − q2

w+1 + 2qwqw+1)

+Ew(−q2
w−1 + q2

w+1 + 2qw−1qw − 2qwqw+1)

+Ew+1(q2
w−1 + q2

w − 2qw−1qw)
)

Now the nominator is O(1/
√
N) as a linear combination of O(1/

√
N) Gaus-

sians. The denominator h(qw−1 − qw+1)2 + h(qw−1 − qw+1)(Ew−1 − Ew+1) on
the other hand is given by the sum of the constant h(qw−1− qw+1)2 and some

O(1/
√
N) term. Thus, for high N , we may neglect the stochastic term in

the denominator so that it suffices to consider
2

h(qw−1 − qw+1)2
·(

Ew−1(−q2
w − q2

w+1 + 2qwqw+1)

+Ew(−q2
w−1 + q2

w+1 + 2qw−1qw − 2qwqw+1)

+Ew+1(q2
w−1 + q2

w − 2qw−1qw)
)

for derivation of asymptotic results.
Now, by homogeneous subsets assumption (Assumption 5.3.5) we can

further simplify, using qw−1 = qwp0 = qw+1p
2
0 to get

2

h(1− 2p2
0 + p4

0)
·
(
Ew−1(−p2

0 + 2p3
0 − p4

0) + Ew(−1 + 2p0 − 2p3
0 + p4

0)

+ Ew+1(1− 2p0 + p2
0)
)

.



310 Additional Proofs for Chapter 5

This again can be simplified to

2
(
−p2

0Ew−1 + Ew(p2
0 − 1) + Ew+1

)
h(p0 + 1)2

=
2
(
−p2

0Ew−1 + Ew(p2
0 − 1) + Ew+1

)
h(1 + 2p0 + p2

0)
.

Relation of the Variances in 3FD and HM, Remark 5.3.35 First,
we only look at the numerator of m̂HM

w,err

2
(
−p2

0Ew−1 + Ew(p2
0 − 1) + Ew+1

)
h(1 + 2p0 + p2

0)

which then results, under replacement of the estimation errors by (5.20), in

2

(
−

w−1∑
i=1

σip
w
0 Zi −

w∑
i=1
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Similarly, for the numerator of m̂3FD
w,err, we get
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We can then compare the variances of the numerators of m̂HM
w,err and m̂3FD
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where we used the fact that a sum of independent Gaussians yields a Gaus-
sian distributed random variable again with variance given by the sum of
the variances of the individual Gaussian variables. The mean value of all
Z1, ..., Zw+1 is zero so that the resulting Gaussians also have mean value
zero. Note that the p2

0 term in the numerator indicates small values of the
fraction for small p0. Also adding the denominators to the analysis yields

Var(m̂HM
w,err)

Var(m̂3FD
w,err)

=
4p2

0 (wp4
0 − 2wp2

0 + w + 2p2
0)

−1 + w + 2p2
0 − 2wp2

0 + p4
0 + wp4

0

· 4

(p0 + 1)4
(C.7)

The resulting term in (C.7) is not straightforward to interpret, but analysis
only needs to cover specific cases so that it is sufficient to numerically derive
a conclusion here.

Additional Information to the Proof of Proposition 5.3.37 In the
following, we add more details to the derivation of (5.23) and (5.22) given
in Proposition 5.3.37. First, we have to proceed as given in the following
example, using Proposition 5.3.6.

E
[
e2
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= E
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2
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4
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1

4
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[
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]
+ E

[
E2
w
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= Var(Ek+2)− 2Cov(Ek+2, Ek) + Var(Ek)
= Var(Ek+2)− 2Var(Ek+2)p2

0 + Var(Ek)
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So, we use linearity of the expected value and then evaluate all individual
terms as in the given example. We then have
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Next, we also know Var(Ew) = wσ2p
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Reordering yields

h
Var(Ew)

210
·
(

1

2

w + 2

w
p4

0 −
47

4

w + 1

w
p3

0 + 85
w + 1

w
p2

0 −
15

2
p2

0 +
3

4

w − 1

w
p0

+76p0 −
47

4

w − 1

w
p−1

0 +
1

2

w − 1

w
p−2

0 −
15

2

w − 1

w
+ 85

)
.





Scientific and Professional Career

Scientific Career

Since 08/2017 Ph.D. student of Prof. Dr. Jörn Sass, in the research
training group RTG 1932 ’Stochastic Models for Inno-
vations in the Engineering Sciences’, Technische Uni-
versität Kaiserslautern, Germany

10/2014-06/2017 Master studies in Business Mathematics with special-
ization Financial Mathematics (degree: M. Sc.), Tech-
nische Universität Kaiserslautern, Germany

04/2011-10/2014 Bachelor studies in Mathematics with minor Economics
(degree: B. Sc.), Technische Universität Kaiserslautern,
Germany

Professional Career

Since 10/2020 Founder and IT-Consultant, inTvestment UG, Ger-
many

04/2017-07/2017 Trainee in Business-/Data-Analytics, 1&1 Telecommu-
nication SE, Germany

05/2016-09/2016 Trainee in Risk Management & Control, Assenagon
Asset Management S.A., Luxemburg



Wissenschaftlicher und Beruflicher Werdegang

Wissenschaftlicher Werdegang

Seit 08/2017 Doktorand von Prof. Dr. Jörn Sass, im Graduiertenkol-
leg GRK 1932 ’Stochastic Models for Innovations in
the Engineering Sciences’, Technische Universität Kaiser-
slautern, Deutschland

10/2014-06/2017 Masterstudium in Wirtschaftsmathematik mit Vertiefung
Finanzmathematik (Abschluss: M. Sc.), Technische
Universität Kaiserslautern, Deutschland

04/2011-10/2014 Bachelorstudium in Mathematik mit Nebenfach Wirt-
schaftswissenschaften (Abschluss: B. Sc.), Technische
Universität Kaiserslautern, Deutschland

Beruflicher Werdegang

Seit 10/2020 Gründer und IT-Consultant, inTvestment UG, Deutsch-
land

04/2017-07/2017 Werkstudent in Business-/Data-Analytics, 1&1 Telecom-
munication SE, Deutschland

05/2016-09/2016 Praktikant in Risk Management & Control, Assenagon
Asset Management S.A., Luxemburg


	Introduction
	Scope and Methodology
	Reliability Estimation
	General Reliability Model
	Complexity and Efficiency

	Focus: Dynamic Models
	Contributions
	Scope in View of Applicability

	Subset Simulation
	State of the Art
	The Original Algorithm
	Enhancements: A Short Overview
	Brief Summary of Assumptions and Selected Fundamental Analytical Results

	Challenges

	Subset Simulation: Enhancements and Extended Stochastic Analysis
	Optimal Choice of Intermediate Subset Probabilities for Moderate and High Sample Numbers
	Dependency of Samples Within Subsets
	Optimal Choice: Result
	Simulation Study
	Discussion

	Novel Stochastic Interpretation and Explicit Analysis
	Stochastic Interpretation by Order Statistics
	Statistical Analysis and Unbiased Estimation
	Simulation Study
	Discussion

	Conclusion: Practical Enhancements

	Subset Simulation Interpolation: Introduction and Statistical AnalysisThe algorithm was first presented at ESREL2019 (bl2019subset). Since then it has been further developed, applications were extended and a theoretical foundation was given. The result is presented in this dissertation.
	Introduction of the Algorithm
	A Method Designed for Dynamic Models
	Idea

	Implementation
	Statistical Analysis
	Preliminaries
	Staircase Approach
	Piecewise Cubic Hermite Interpolation

	Main Results: Interpretation and Consequences

	Subset Simulation Interpolation: Simulation Study and ApplicationsThe algorithm was first presented at ESREL2019 (bl2019subset). Since then it has been further developed, applications were extended and a theoretical foundation was given. The result is presented in this dissertation.
	Simulation Study
	Results
	Conclusions

	Application: Model Dynamics
	Extensive Sensitivity AnalysisThis example was first presented and is extracted from bl2019subset.
	Time-Dependent Reliability Analysis
	Robust SuS Evaluations by SuSI
	Further Considerations and Applications

	Conclusion

	Efficient Time-Dependent Reliability Evaluation by a Parameter State ModelThe contents of this chapter are a slightly altered version of blandfort2021efficient. Many parts coincide, but we do not introduce the presented visualization technique here and add references to SuSI.
	Capacity-Demand Factor Model
	Structural Reliability
	Properties of S and R

	Introduction of the Parameter State Representation
	Time-Dependent Reliability Analysis
	Time Effects
	Integration of the Time Effects in the Parameter State Model

	Reliability Under the Survival Effect: Derivation of the Explicit Formula 
	Applicability of the Model
	Conclusion

	Informative VisualizationThe content of this chapter is partially an extract of blandfort2021efficient, containing but also extending the visualization part of it and applying it on SuSI additionally.
	Parameter State Model
	3-Span Reinforced Concrete Slab (cont.)Based on blandfort2021efficient.
	Analysis of Complex NetworksBased on blandfort2021efficient.
	Lossy Transmission Line

	Subset Simulation Interpolation
	Time-Dependent Model
	Network Example
	Two Degree of Freedom Damped Oscillator

	Conclusion

	Conclusions and Outlook for Future Research
	Appendices
	Necessity of the Independence Assumption
	Properties of the Beta Function and Distribution
	Additional Proofs for Chapter 5

