Constructive Approximation and Numerical Methods in Geodetic Research Today – An Attempt of a Categorization Based on an Uncertainty Principle

W. Freeden^∗, V. Michel

University of Kaiserslautern Department of Mathematics Laboratory of Technomathematics Geomathematics Group P.O. Box 3049 D-67653 Kaiserslautern Germany

Abstract

This review article reports current activities and recent progress on constructive approximation and numerical analysis in physical geodesy. The paper focuses on two major topics of interest, namely trial systems for purposes of global and local approximation and methods for adequate geodetic application. A fundamental tool is an uncertainty principle, which gives appropriate bounds for the quantification of space and momentum localization of trial functions. The essential outcome is a better understanding of constructive approximation in terms of radial basis functions such as splines and wavelets.

Key Words: uncertainty principle, trial systems, approximation methods, geodetic applications.

∗Correspondence to W. Freeden

1 Introduction

Physical geodesy is much concerned with the space L^2(Ω) of square–integrable functions on the unit sphere Ω. The quantity ‖F ‖_L2_{(Ω)} is called the energy of the ‘signal’ F ∈ L^2(Ω). ‘Signals’ F ∈ L^2(Ω) possess Fourier transforms F^∧(n, k) defined by F^∧(n, k) = ∫ Ω F (ξ)Y_{n,k}(ξ) dω(ξ) (1)

in terms of L^2(Ω)–orthonormal spherical harmonics {Y_{n,k}} n=0,1,..._{k=1,...,2n+1} . From Parseval’s identity we have

‖F ‖^2_L2_{(Ω)} = (F, F )_L2_{(Ω)} = ∞∑ n=0

2n+1∑

k=1 ( F^∧(n, k) )_2 . Usually one works more with the ‘amplitude spectrum’ { F^∧(n, k) }_{n=0,1,...,} k=1,...,2n+1 than with the ‘original signal’ F ∈ L^2(Ω). The ‘inverse Fourier transform’ F = ∞∑ n=0

2n+1∑

k=1 F^∧(n, k)Y_{n,k} (2) allows the geodesist to think of the function F as a sum of ‘wave functions’ Y_{n,k} of different frequencies. One can think of their measurements as operating on an ‘input signal’ F to produce an output signal G = ΛF , where Λ is an operator acting on L^2(Ω). Fortunately, it is the case that large portions of interest can be well approximated by operators that are linear, rotation– invariant pseudodifferential operators (cf. Svensson, S.L. (1983)). If Λ is such an operator on L^2(Ω), this means that ΛY_{n,k} = Λ^∧(n)Y_{n,k}, n = 0, 1, . . . ; k = 1, . . . , 2n + 1, (3) where the so–called symbol {Λ^∧(n)}_{n∈N0} is a sequence of real values (independent of k). Here N_0 denotes the set of all non-negative integers and N denotes the set of all positive integers. Thus we have the fundamental fact that the spherical harmonics are the eigenfunctions of the operator Λ. Different pseudo-differential operators Λ are characterized by their eigenvalues Λ^∧(n). The ‘amplitude spectrum’ {G^∧(n, k)} of the response of Λ is described in terms of the amplitude spectrum of functions (signals) by a simple multiplication by the ‘transfer’ Λ^∧(n).

Physical devices do not transmit spherical harmonics of arbitrarily high frequency without severe attenuation. The ‘transfer’ Λ^∧(n) usually tends to zero with increasing n. It follows from (3) that the amplitude spectra of the responses (observations) to functions (signals) of finite energy also are negligibly small beyond some finite frequency. Thus, both because of the frequency limiting nature of the used devices and because of the nature of the ‘transmitted signals’, the geoscientist is soon led to consider bandlimited functions. These are the functions F ∈ L^2(Ω) whose ‘amplitude spectra’ vanish for all n > N (N ∈ N fixed). In other words, each bandlimited function F ∈ L^2(Ω) can be written as a finite Fourier transform F = N∑ n=0

2n+1∑

k=1 F^∧(n, k)Y_{n,k}. (4)

A function F of the form (4) is said to be bandlimited with the band N. In analogous manner, F ∈ L^2(Ω) is said to be locally supported (spacelimited) with spacewidth ρ around an axis η ∈ Ω, if for some ρ ∈ (−1, 1) the function F vanishes on the set of all ξ ∈ Ω with −1 ≤ ξ · η ≤ ρ. From (4) it readily follows that bandlimited functions are infinitely often differentiable everywhere. Moreover, it is clear that F is an analytic function. From the analyticity it follows immediately that a non–trivial bandlimited function cannot vanish on any (non–degenerate) subset of Ω. The only function that is both bandlimited and spacelimited is the trivial function. Now, in addition to bandlimited but non–spacelimited functions, numerical analysis would like to deal with spacelimited functions. But as we have seen, such a function (signal) of finite (space) support cannot be bandlimited, it must contain spherical harmonics of arbitrary large frequencies. Thus there is a dilemma of seeking functions that are somehow concentrated in both space and (angular) momentum domain. There is a way of mathematically expressing the impossibility of simultaneous confinement of a function to space and (angular) momentum, namely the uncertainty principle.

2 Trial Systems and Basis Property

The representation of a function F ∈ L^2(Ω) (such as the gravitational potential on the earth’s surface) in terms of countable (Hilbert) bases {B_n}_{n=0,1,...} ⊂ L^2(Ω) is one of the most interesting and important problems in physical geodesy.

Explicitly written out in mathematical language the problem is to find, to every value ε > 0 and every element F ∈ L^2(Ω), a linear combination F^{(N)} = ∑_N n=0 a_nB_n such that ‖ F − F^{(N)} ‖ L^2(Ω) ≤

ε. Written down in functional analytic notation the basis property of {B_n}_{n=0,1,...} in L^2(Ω) equivalently means that the space L^2(Ω) is the completion of the set span_{n=0,1,...}(B_n) of all finite linear combinations of functions B_n (with respect to the ‖ · ‖_L2_{(Ω)}–topology):

L^2(Ω) = span_{n=0,1,...}(B_n)^{‖·‖L2(Ω)} . (5)

In the literature a collection of georelevant basis systems {B_n}_{n=0,1,...} satisfying (5) are known from which we list the most interesting ones (for notational purposes and more detailed information on the function systems the reader is referred to Freeden, W. et al. (1998a)).

Spherical Harmonics. A particular role in physical geodesy is played by the system {Y_{n,k}}_{n=0,1,...; k=1,...,2n+1} of spherical harmonics. Spherical harmonics are usually defined as the restrictions of homogeneous harmonic polynomials to the sphere. The polynomial structure has tremendous advantages. Spherical harmonics of different degrees are orthogonal. The space Harm_n of spherical harmonics of degree n is finite–dimensional: dim(Harm_n) = 2n + 1. The basis property of {Y_{n,k}}_{n=0,1,...; k=1,...,2n+1} is equivalently characterized by the completion of the direct sum ⨁_∞ n=0 Harm_n, i.e.:

L^2(Ω) = ∞⨁ n=0 Harm_n ‖·‖_{L2(Ω)} . (6)

As a matter of fact, spherical harmonic expansions (i.e. multipole expansions) are the classical approaches to earth’s gravitational potential modelling. Particularly important spherical harmonic models are OSU91A (cf. Rapp, R.H. et al. (1991), Rapp, R.H. (1997a,b)), GRIM4 (cf. Schwintzer, P. et al. (1997)), GRIM4-S4 (cf. Schwintzer, P. (1997)), and EGM96 (cf. Lemoine, F.G. et al. (1996)). Some working groups are continuously improving these models on global and/or regional scale (for example, Groten, E. (1996), Groten, E. et al. (1998), König, R. et al. (1996), Rapp, R.H. (1997), Wenzel, G. (1998)). Many efforts are made to overcome the difficulties arising in the numerical application of spherical harmonics, for example, Nyquist rate, aliasing, etc. (cf. e.g. Jekeli, C. (1996), Schuh, W.-D. (1996), Strakhov, V.N. et al. (1998)). For a historical perspective on global spherical harmonic analysis the reader is referred to Sneeuw, N. (1994).

Bandlimited Radial Basis Functions. Kernel functions of the representation K_j(ξ, η) = 2^{j+1}−1 ∑ n=2^j A^{−2}_n 2n+1∑

k=1 Y_{n,k}(ξ)Y_{n,k}(η), (ξ, η) ∈ Ω^2,

where A_n ≠ 0 for all relevant n, may be used to establish the basis property in L^2(Ω) as follows: Choose a fundamental system X_{Nj} of N_j =

∑_2j+1_{−1}

n=2^j (2n + 1) points η1, . . . , ηNj on Ω. Then the

space Harm_2j_{,...,2}j+1_{−1} of all spherical harmonics of degree n with 2^j ≤ n ≤ 2^{j+1} − 1 can be written in the form Harm_2j_{,...,2}j+1_{−1} = span_{i=1,...,Nj} K_j(η_i, ·). Each bandlimited function of class Harm_2j_{,...,2}j+1_{−1} can be represented exactly in terms of the functions K_j(η_1, ·), . . . , K_j (η_{Nj} , ·). In other words, the advantage is when using bandlimited functions we do not need the function at all positions. It suffices to know a finite set for each scale j ∈ N_0 . In conclusion,

L^2(Ω) = ∞⨁ j=0 span i=1,...,N_j K_j (η_i, ·) ‖·‖_{L2(Ω)} . (7)

It should be noted that the addition theorem of the theory of spherical harmonics allows the following reformulation of the kernel K_j (·, ·) in terms of Legendre polynomials P_n:

K_j (ξ, η) = 2^{j+1}−1 ∑ n=2^j A^{−2}_n 2n + 1 4π P_n(ξ · η), (ξ, η) ∈ Ω^2. (8)

Thus the kernel (8) constitutes a radial basis function, i.e. a (one–dimensional) function depending only on the spherical distance of the unit vectors ξ and η. As example of a bandlimited kernel function we mention the Shannon kernels K_j(·, ·) with A_n = 1 for n = 2^j , . . . , 2^{j+1} − 1, j = 0, 1, ... In physical geodesy bandlimited kernel functions are usually obtained by truncation of nonbandlimited ones. The significance of bandlimited kernels will increase in future wavelet research, since finite-dimensional scale and detail spaces may be generated exactly by bandlimited radial basis kernels (cf. Freeden, W., Schreiner, M. (1998)). Moreover, fast evaluation can be organized in form of pyramid schemata (cf. Schreiner, M. (1997b), Freeden, W. et al. (1998c)).

Non–bandlimited Radial Basis Functions. Non–bandlimited kernel functions of the form K(ξ, η) = ∞∑ n=0 A^{−2}_n 2n + 1 4π P_n(ξ · η), (ξ, η) ∈ Ω^2, (9)

Figure 1: Legendre Polynomial P_3(cos(ϑ)) and Legendre coefficients

Figure 2: Shannon Wavelet K_3(cos(ϑ)) and Legendre coefficients

satisfying the ‘summability condition’ ∑_∞ n=0 A^{−2}_n ((2n + 1)/4π) < ∞ have been extensively used in physical geodesy. Examples are the Green kernel of the Beltrami operator Δ^∗ (A^{−1}_n = (n(n + 1))^{−2}, n = 1, 2, . . .), the (Abel–) Poisson kernel (A^{−1}_n = h^{n/2}, 0 < h < 1, n = 0, 1, . . .), the Stokes kernel (A^{−1}_n = h^{n/2 1}_{n−1} , 0 < h < 1, n = 0, 2, 3, . . .), etc. The basis property of non–bandlimited kernel functions with A_n ≠ 0 for all n can be guaranteed as follows: Assume that {η_0, η_1, . . .} is a countable dense set of points on the sphere Ω. Then it follows that L^2(Ω) = span_{n=0,1,...} K(η_n, ·)^{‖·‖L2(Ω)} . (10) Non–bandlimited kernel functions as presented above are radial basis functions depending only on the inner product of the unit vectors ξ and η. They are of basic significance in spline and/or wavelet theory of functions on the sphere (cf. Freeden, W. et al. (1998a)). As examples we illustrate the Abel–Poisson kernel (cf. Figure 3) and the Abel–Poisson wavelet (cf. Figure 4). Non-bandlimited kernels (such as the Abel-Poisson, Gauß-Weierstraß, Green, rational, Stokes, Tikhonov, and locally (cap) supported kernels) have been extensively applied in physical geodesy, mainly for purposes of local approximation. The palette of different approximation techniques is large (for example, Albertella, A., Sacerdote, F. (1995), Bian, S., Menz, J. (1998), Brand, R. et al. (1996), Cui, J. et al. (1992), De Santis, A., Torta, J.M. (1997), Grafarend, E., Engels, J. (1992), Martinez, Z., Grafarend, E.W. (1997), Schreiner, M. (1994, 1997a), Thalhammer, M. (1995)).

It should be noted that the statement (5) can be extended to the C(Ω)–norm for all continuous

Figure 3: Abel–Poisson kernel Q_r(cos(ϑ)) and Legendre coefficients, r = 0.3, 0.5, 0.7, 0.9

Figure 4: Abel–Poisson Wavelet Ψ_j (cos(ϑ)), j = 0, 1, 2 and Legendre coefficients

trial functions of the above type C(Ω) = span_{n=0,1,...}(B_n)^{‖·‖C(Ω)} , (11) i.e. any continuous function on Ω, therefore, admits a uniform approximation on Ω in terms of the basis system {B_n}_{n=0,1,...}. Moreover, the basis property (5) can be formulated in a variety of different topologies (e.g. Sobolev topology (cf. Freeden, W. et al. (1998a)).

For some geodetic applications, such as the determination of the earth’s density distribution, one has to deal with functions whose domain is not only a sphere B = { x ∈ R^3 | |x| = β } but a whole ball B_{int} = { x ∈ R^3 | |x| ≤ β } . Note that in this case the harmonic functions are not dense in L^2 ( B_{int} ) , i.e. the approximation of a square-integrable function by a harmonic function is no more guaranteed. Moreover, an infinite-dimensional space of so–called anharmonic functions, which are functions that are (in the sense of L^2 ( B_{int} ) ) orthogonal to all harmonic functions, has to be taken into account, too. Hence, a basis {B_n}_{n=0,1...} ⊂ L^2 ( B_{int} ) satisfying

L^2 ( B_{int} ) = span n=0,1,... (B_n)^{L2}(^{Bint}) (12)

can, for example, be obtained by taking the inner harmonics { H^{int}_{m,k} } m=0,1,... k=1,...,2m+1 and an appro-

priate anharmonic basis {A_i}_{i=0,1,...}, such that {B_n}_{n=0,1...} = { H^{int}_{m,k} }_{m=0,1,...} k=1,...,2m+1 ∪ {A_i}_{i=0,1,...}. (13)

For more details the reader is referred to Ballani, L. et al. (1993), Ballani, L., Stromeyer, D. (1990), Michel, V. (1998, 1999).

Seen from a superficial point of approximation theory our foregoing treatment of basis systems would suggest that, if we are looking for an approximation of a function on Ω from discrete data, all possible choices of basis systems would be applicable for geodetic purposes. Actually it is necessary, in the case where several choices are possible, to choose the trial systems in close adaption to the specific properties of the data. The essential reason is the uncertainty principle, which offers a clarification of the mathematical characteristics of the aforementioned basis systems {B_n}_{n=0,1,...}.

3 Uncertainty Principle

Localization in Space. Suppose that F is of class L^2(Ω). Assume, without loss of generality, that

‖F ‖_L2_{(Ω)} = ∫ Ω (F (η))^2 dω(η) 1/2 = 1. (14)

We associate to F the normal (radial) field O_η F = ηF (η), η ∈ Ω, i.e. O : F → O_ηF, η ∈ Ω, maps L^2(Ω) into the associated set of normal fields on Ω. The ‘centre of gravity of the spherical window’ is defined by the expectation value in the space domain

g^O_F = ∫ Ω (O_η F (η)) F (η) dω(η) = ∫ Ω η(F (η))^2 dω(η) ∈ R^3 , (15)

thereby interpreting (F (η))^2 dω(η) as surface mass distribution over the sphere Ω embedded in Euclidean space R^3 . It is clear that g^O_F lies in the space Ω^{int} of Ω: | |gO_F | | ≤ 1. The variance in the space domain is understood in canonical sense as the variance of the operator O

σ^O_F = ∫ Ω | |(O_η − g^O_F ) F (η) | |^2 dω(η)

= ∫ Ω | |η − g^O_F | |^2 (F (η))^2 dω(η) ∈ R. (16)

Observing the identity | |η − gO_F | |^2 = 1 + (gO_F )2 − 2η · gO_F , η ∈ Ω, it follows immediately that σ^O_F = 1 − (g^O_F )^2. Obviously, 0 ≤ σ^O_F ≤ 1.

Figure 5 gives a geometric interpretation of g^O_F and σ^O_F . We associate to g^O_F , g^O_F ≠ 0, and its normalization η^O_F = g^0_F / | |g^O_F | | the spherical cap C = {η ∈ Ω | |1 − η · η^O_F ≤ 1 − | |g^O_F | |}. Then the boundary ∂C is a circle with radius (σ^O_F )^{1/2}.

Localization in Momentum. Next the expectation value in the ‘momentum domain’ (more accurately, the space of Fourier transforms which is understood analogously to the momentum space in physics) is introduced to be the expectation value of the negative Beltrami operator −Δ^∗ on Ω. Then, for F ∈ H_{2l}(Ω), l ∈ N, i.e. for all F ∈ L^2(Ω) such that there exists a function G ∈ L^2(Ω)

Figure 5: Localization in a spherical cap

with G^∧(n, k) = (−n(n + 1))^lF^∧(n, k) for all n, k we have

g^{−Δ∗}_F = ∫ Ω ( −Δ^∗_ηF (η) ) F (η)dω(η) ∈ R. Correspondingly, the variance in the ‘momentum domain’ is given by

σ^{−Δ∗}_F = ∫ Ω (( −Δ^∗_η − g^{−Δ∗}_F ) F (η) )_2 dω(η) ∈ R.

The square roots, √ σ^O and √ σ^{−Δ∗} , are called the uncertainties in O and −Δ^∗, respectively.

operator expectation value space O g^O_F = ∫ Ω (O_ηF (η)) F (η)dω(η) momentum −Δ^∗ g^{−Δ∗}_F = ∫ Ω ( −Δ^∗_ηF (η) ) F (η)dω(η)

operator variance space O σ^O_F = ∫ Ω (( O_η − g^O_F ) F (η) )_2 dω(η) momentum −Δ^∗ σ^{−Δ∗}_F = ∫ Ω | |(−Δ_{∗η} − g_{−Δ}^∗_F ) F (η) | |^2 dω(η)

‘Space/momentum’ Localization.

The uncertainty relation measures the trade-off between ‘space localization’ and ‘momentum localization’ (‘spread in momentum’). It states that sharp localization in space and ‘momentum’ are mutually exclusive.

For the uncertainties we get from (Freeden, W., Windheuser, U. (1997)) the following theorem.

Theorem 3.1 Let F be of class H_4(Ω) such that ‖F ‖_L2_{(Ω)} = 1. Then

σ^O_F σ^{−Δ∗}_F ≥ |g^O_F | g^{(−Δ∗)2} F − ( g^{−Δ∗}_F )_2 g^{−Δ∗}_F , (17)

provided that g^{−Δ∗}_F ≠ 0. If the right hand side of (17) is non–vanishing, then

Δ^O_F Δ^{−Δ∗}_F ≥ 1, (18)

where

Δ^{−Δ∗}_F = σ^{−Δ∗}_F g^{(−Δ∗)2} F − ( g^{−Δ∗} F )_2 g^{−Δ∗} F

1/2 = ( g^{−Δ∗}_F )_{1/2}

and Δ^O_F = ( σ^O_F| |gO_F | ) 1_2 .

Finally we discuss some examples which are of particular interest for us:

Localization of Spherical Harmonics. We know that ∫ Ω (Y_{n,k}(ξ))^2 dω(ξ) = 1. Now it is easy to

see that g^O_{Yn,k} = 0, σ^O_{Yn,k} = 1. Moreover, we find g^{−Δ∗}_{Yn,k} = n(n + 1), σ^{−Δ∗}_{Yn,k} = 0. In other words, spherical harmonics show an ideal momentum localization, but no space localization.

Therefore, the use of spherical harmonic expansions of higher and higher degrees for the determination of the gravitational field becomes more and more difficult. In particular, local changes of a function under consideration affect the whole amplitude spectrum, which is an unfortunate feature for constructive approximation.

Localization of the Abel–Poisson Kernel. Consider the function Q_r : [−1, +1] → R, r < 1, given by Q_r(t) = 1 4π 1 − r^2 (1 + r^2 − 2rt)^{3/2} = ∞∑ n=0 2n + 1 4π r^nP_n(t). An easy calculation gives us

‖Q_r‖_L2_{[−1,+1]} = (Q_r2 (1))^{1/2} = ( 1 + r^2 4π )_{1/2} 1 1 − r^2 .

Furthermore, for Q̃_r(t) = ‖Q_r‖^{−1}_{L2[−1,+1]} Q_r(t), t ∈ [−1, +1], we obtain after an elementary calculation g^O_{Q̃r} = 2r 1 + r^2 , σ^O_{Q̃r} = ( 1 − r^2 1 + r^2

)_2 , g^{−Δ∗}_{Q̃r} = 6r^2 (1 − r^2)^2 , σ^{−Δ∗}_{Q̃r} = 12r^2(r^4 + 5r^2 + 1) (1 − r^2)^4 and Δ^O_{Q̃r} =

1 − r^2 2r , Δ^{−Δ∗}_{Q̃r} = √ 6r 1 − r^2 . Thus we finally obtain

Δ^O_{Q̃r} Δ^{−Δ∗}_{Q̃r} = √ 6 2 = √ 3 2 > 1. Note that in this case the value Δ^O_{Q̃r} Δ^{−Δ∗}_{Q̃r} is independent of r. Letting r formally tend to 1 we

space domain momentum domain

Figure 6: Abel–Poisson kernel Uncertainty Principle: Δ^O_{Q̃h} (left), Δ^{−Δ∗}_{Q̃h} (right) and the constant value Δ^O_{Q̃h} · Δ^{−Δ∗}_{Q̃h}

are able to interpret the localization properties of the Dirac kernel on Ω: δ(t) = ∞∑ n=0 2n + 1 4π P_n(t), t = ξ · η, ξ, η ∈ Ω. As a matter of fact, letting r tend to 1 shows us that the variances in the space domain take the constant value 0. On the other hand, the variances in the momentum domain converge to ∞.

Hence, the Dirac kernel shows ideal space localization, but no momentum localization. Thus, all intermediate cases of ‘space–momentum localization’ occur when discussing the Abel–Poisson kernel. It should be pointed out that the Abel–Poisson kernel does not satisfy a minimum uncertainty state.

The minimum uncertainty state is provided by the bell–shaped (Gaussian) probability density function.

Localization of the Gaussian Function. Consider the function G_λ(t) = e^{−(λ/2)(1−t)} , t ∈ [−1, +1], λ > 0, An elementary calculation shows us that G̃_λ(t) = γ(λ)e^{−(λ/2)(1−t)} , γ(λ) = ( 1/ √ 4π ) ( 1 2λ ( 1 − e^{−2λ} ))−1/2 , satisfies ‖ ‖G̃λ ‖ ‖_{L2[−1,+1]} = 1. Furthermore, it is not difficult to deduce (cf. Freeden, W. et al.

(1997c)) that Δ^O_K Δ^{−Δ∗}_K → 1 as λ → ∞. This shows us that the best value of the uncertainty principle (Theorem 3.1) is 1.

Figure 7: Gaussian Function Uncertainty Principle: Δ^O_{G̃λ} (left), Δ^{−Δ∗}_{G̃λ} (right) and Δ^O_{G̃λ} · Δ^{−Δ∗}_{G̃λ}

Summarizing our results we are led to the following conclusions: The uncertainty principle represents a trade-off between two ‘spreads’, one for the position and the other for the momentum. The main statement is that sharp localization in space and in momentum are mutually exclusive. The reason for the validity of the uncertainty relation (Theorem 3.1) is that the operators O and −Δ^∗ do not commute. Thus O and −Δ^∗ cannot be sharply defined simultaneously. Extremal members in the space/momentum relation are the polynomials (i.e. spherical harmonics) and the Dirac function(al)s. An asymptotically optimal kernel is the Gaussian function.

For the considerations of three-dimensional functions G ∈ L^2 ( R^3 ) we assume that a separation ansatz F (rη) = G(r)H(η), r ∈ R^+_0 , η ∈ Ω, is possible. Furthermore, we deal with functions in H_{1;0}(R), i.e. square-integrable functions G that are differentiable almost everywhere, such that G^′ is square-integrable and G(0) = 0. In this context we introduce the operator Q with Q_rG(r) = rG(r) for the space localization and the operator P with P_rG(r) = G^′(r) for the momentum localization. Note that P is anti-symmetric: P^∗ = −P .

For the investigation of the localization property of the spherical part we can use the results derived above. Concerning the radial part G the expectation values

g^Q_G = ∞∫ 0 r(G(r))^2 dr, (19)

g^P_G = ∞∫ 0 G(r) d dr G(r) dr (20)

and the variances

σ^Q_G = ∞∫ 0 (( r − g^Q_G ) G(r) )_2 dr (21)

σ^P_G = ∞∫ 0 (( d dr − g^P_G ) G(r) )_2

dr (22)

occur. Also in this situation an uncertainty principle can be derived, which is similar to Heisenberg’s uncertainty principle in quantum mechanics.

Theorem 3.2 Let G ∈ L^2 ( R^+_0 ) be differentiable, where

(G, G)_{L2}(_R+_0 ) = ∞∫ 0 (G(r))^2 dr = 1.

Then σ^Q_G σ^P_G ≥ 1 4 , (23)

i.e.

Δ^Q_GΔ^P_G ≥ 1 2 , (24)

where Δ^Q_G = ( σ^Q_G ) 1_2

and Δ^P_G = ( σ^P_G ) 1_2 . (25)

Proof: Using the L^2 ( R^+_0 ) -scalar product (., .)_{L2}(_R+_0 ) we obtain:

((P Q − QP )G, G)_{L2}(_R+_0 )

= (( P − g^P_G ) ( Q − g^Q_G ) G − ( Q − g^Q_G ) ( P − g^P_G ) G, G ) L^2(R^+_0 ) = (( P − g^P_G ) ( Q − g^Q_G ) G, G ) L^2(R^+_0 ) − (( Q − g^Q_G ) ( P − g^P_G ) G, G ) L^2(R^+_0 ) = (( Q − g^Q_G ) G, ( P^∗ − g^P_G ) G ) L^2(R^+_0 ) − (( P − g^P_G ) G, ( Q − g^Q_G ) G ) L^2(R^+_0 ) = (( Q − g^Q_G ) G, ( P^∗ − g^{P ∗}_G + g^{P ∗}_G − g^P_G ) G ) L^2(R^+_0 ) − (( P − g^P_G ) G, ( Q − g^Q_G ) G ) L^2(R^+_0 ) = ( g^{P ∗}_G − g^P_G ) (( Q − g^Q_G ) G, G ) L^2(R^+_0 ) + (( Q − g^Q_G ) G, ( P^∗ − g^{P ∗}_G ) G ) L^2(R^+_0 ) − (( P − g^P_G ) G, ( Q − g^Q_G ) G ) L^2(R^+_0 ) = (( Q − g^Q_G ) G, ( P^∗ − g^{P ∗}_G ) G ) L^2(R^+_0 ) − (( P − g^P_G ) G, ( Q − g^Q_G ) G ) L^2(R^+_0 )

= −2 (( P − g^P_G ) G, ( Q − g^Q_G ) G ) L^2(R^+_0 ) . The Cauchy-Schwarz inequality implies

((P Q − QP )G, G)^2_{L2}(_R+_0 ) ≤ 4σ^P_Gσ^Q_G .

An easy calculation yields

((P Q − QP )G, G)_{L2}(_R+_0 ) = ∞∫ 0 ( d dr (rG(r)) − r d dr G(r) ) G(r) dr

= ∞∫ 0 ( G(r) + r d dr G(r) − r d dr G(r) ) G(r) dr = 1.

Hence, the uncertainty principle is valid.

The estimate (Theorem 3.1) allows us to give a quantitative classification in form of a canonically defined hierarchy of the space/momentum localization properties of kernel functions of the form K(x, y) = ∞∑ n=0 a_nB_n(x)B_n(y), (26)

where x and y are in the relevant domain. In view of the amount of space/momentum localization it is also important to distinguish bandlimited kernels (i.e. a_n = 0 for all n ≥ N) and non– bandlimited ones. Non–bandlimited kernels show a much stronger space localization than their comparable bandlimited counterparts. Actually, if a_n ≈ a_{n+1} ≈ 1 for many successive integers n, then the support of (26) in space domain is small.

The figure below gives a rough qualitative illustration of the consequences of the uncertainty principle in constructive approximation:

ideal momentum localization, no momentum localization, no space localization ideal space localization

. . bandlimited . . non-band-limited . . . . . . spherical kernels Dirac harmonics function(al)s

To be more specific, on the left end of this scheme we have the spherical harmonics with their ideal momentum localization. However, they have no space localization, as they are restrictions of polynomials. The present standard way in physical geodesy of increasing the accuracy is to increase the maximum degree of the spherical harmonics expansions under consideration. On the right end of the scheme there is the Dirac functional which maps a function to its value at a certain point. Hence those functionals have ideal space localization but no momentum localization. Consequently, they are used in a finite pointset approximation (see, for example, Cui, J. (1995) and the references therein).

Radial basis functions exist as bandlimited and non-bandlimited functions. Every bandlimited radial basis function refers to a finite number of frequencies. This reduction of the momentum localization allows a finite variance of the space in the uncertainty principle, i.e. this method has both a momentum localization and a space localization. If we move from bandlimited to non-bandlimited radial basis functions the momentum localization decreases and the space localization increases in accordance to the uncertainty principle. In consequence, if the accuracy has to be increased in radial basis approximation, a denser point grid is required in the region under investigation.

Note that the classical radial basis functions have been constructed for Euclidean spaces like the plane. Recently radial basis functions have been studied for the sphere (cf. Freeden, W. et al. (1998a) and the references therein). Canonical generalizations to georelevant manifolds (like ellipsoid (cf. e.g. Thong, N.C., Grafarend, E.W. (1989)), spheroid, and actual earth’s surface) are under current development. For more details about constructive approximation on closed (regular) surfaces the reader is referred to Freeden, W. (1987), Freeden, W., Schneider, F. (1998a,b). The varieties of the intensity of the localization on the sphere can be illustrated by considering the kernel function K(ξ, η) = ∞∑ n=0 A^{−2}_n 2n + 1 4π P_n(ξ · η), (ξ, η) ∈ Ω^2. (27)

By choosing A_n = δ_{nm} we obtain a spherical harmonic in Harm_m(Ω), i.e. we arrive at the left end of our scheme. On the other hand, if we define A_n = 1 for all n ∈ N, we obtain the kernel which is the Dirac functional in the Hilbert space L^2(Ω). Bandlimited kernels have the property A_n = 0 for all n ≥ N, N fixed. For radial basis functions we usually define A_n in a way such that lim_{n→∞}A^{−2}_n = 0. The slower this convergence is, the lower is the momentum localization and the higher is the space localization.

Seen from numerical point of view, the scheme motivates that spherical harmonic based methods of constructive approximation are efficiently suitable for recovering globally and homogeneously the long wavelengths of the earth’s gravitational potential. Spherical harmonics diagonalize invariant pseudodifferential operators. Geodetic observables are connected by use of rotation– invariant pseudodifferential operators within a simply structured Meissl scheme (cf. Rummel, R., Van Gelderen, M. (1995)). But spherical harmonics as non–space localizing polynomial structures certainly need an adaptive uniformly dense coverage of data all over the sphere. Local changes are not treatable locally; they affect all constituting elements of a function (e.g. the whole table of orthogonal coefficients). The crucial point besides numerical calamities is that equidistributed material of sufficiently small data width is simply not available on global basis and will not be for the forseeable future. In the opinion of the authors the future use of spherical harmonics is therefore limited in physical geodesy.

What we really need for the future satellite scenario are more and more space localizing basis systems in order to model medium–to–short–wavelengths features of the earth’s gravitational potential. In this respect it should be mentioned that satellite–to–satellite tracking (SST) is understandable as a transition from spherical harmonic (multipole) modelling being responsible for the ‘low frequency contribution’ to spline and/or wavelet modelling being appropriate for ‘higher frequency parts’. Therefore, seen in the interdependence of increasing space localization and decreasing frequence localization (cf. Freeden, W. (1998), Freeden, W. et al. (1999)), satellite–to–satellite tracking may be mathematically considered the interface of global expansion by ideally frequency localizing, but non–space localizing polynomials (spherical harmonics) and multiscale expansion (multiresolution analysis) by frequency as well as space localizing radial basis functions (e.g. splines and/or wavelets).

But in view of the amount of space/frequency localization it is also worth distinguishing bandlimited kernel functions from non–bandlimited ones. As a matter of fact, non–bandlimited radial basis functions show a much stronger space localization than their bandlimited counterparts. Thus we are led to the conclusion that for the ‘medium–wavelength contributions’ bandlimited kernel functions or moderately space localizing non–bandlimited kernel functions should be used for approximation. The canonical interface from ‘medium–to–short–wavelengths features’ is satellite gravity gradiometry (SGG) that should be handled by a multiscale analysis of more and more space localizing non–bandlimited radial basis function. In the opinion of the authors we are thus led to the following scheme.

Current Status Future Concepts Potential differences, satellite – to satellite geoid heights, satellite gravity satellite altimetry tracking gradiometry etc.

Fourier (orthogonal) spline/wavelet wavelet expansion by expansion expansion spherical by by harmonics bandlimited non–bandlimited kernels kernels

4 Approximation Methods

It is only relatively recently that radial basis function techniques such as splines and wavelets play a fundamental role in modern numerical analysis on the sphere. Starting point of spherical splines are the early eighties (Freeden, W. (1981, 1987, 1990), Wahba, G. (1981, 1987)). Spline functions are canonical generalizations of ‘spherical polynomials’, i.e. spherical harmonics, having desirable characteristics as interpolating, smoothing, and best approximating functions (cf. Freeden, W. (1981, 1990), Freeden, W. et al. (1996a,b, 1998a), Wahba, G. (1990)). By spline interpolation we mean a variational problem of minimizing an ‘energy’-norm of a suitable Sobolev space. According to the choice of the norm, bandlimited as well as non-bandlimited splines can be distinguished. Spherical splines have been successfully applied to linear inverse problems of satellite geodesy (cf. Schneider, F. (1996)). Spherical tensor spline approximation in satellite gravity gradiometry (SGG) is due to Schreiner, M. (1994). It is also remarkable that the spherical interpolating processes by splines open new perspectives for solving boundary value problems of elliptic equations even for georelevant non-spherical boundaries (cf. Freeden, W. (1987)). Moreover, a variant formulated for the interior of the (spherical) earth enables modelling of the anharmonic part of the earth’s density. Figure 8 shows the result of an anharmonic spline interpolation of PREM, which is a radially symmetric model for the earth’s density distribution. More precisely, the harmonic part of PREM is constant, and the approximation to PREM has been obtained by adding an anharmonic spline, which was calculated according to given interpolation points, to the constant harmonic density (see the PhD thesis due to Michel, V. (1999)). The horizontal axes have the range -earthradius to +earthradius (the enumeration is based on the used point grid), and the vertical axes refer to the density. The construction of spherical wavelets has seen an enormous increase of activities over the last five years. Methods to introduce wavelets by convolution kernels or related constructions are due to Freeden, W., Windheuser, U. (1995, 1996, 1997), Göttelmann, J. (1998), and Holschneider, M. (1996).

Spherical wavelets are building blocks that enable fast decorrelation of data on the sphere. Thus three features are incorporated in this way of thinking about georelevant wavelets, namely basis property, decorrelation, and fast computation. First of all, wavelets are building blocks for general data sets derived from functions. By virtue of the basis property each element of a general class of functions (e.g. the earth’s gravitational potential seen as as member of a set of potentials within a Sobolev space framework) can be expressed in stable way as a linear combination of dilated and shifted copies of a ‘mother function’. The role of the wavelet transform as a mapping from the class of functions into an associated two-parameter family of space and scale dependent functions is properly characterized by least squares properties. Secondly, wavelets have the power to decorrelate. In other words, the representation of data in terms of wavelets is somehow ‘more compact’ than the original representation. We search for an accurate approximation by only using a small fraction of the original information of a function. Typically the decorrelation is achieved by building wavelets which have a compact support (localization in space), which are smooth (decay towards high frequencies), and which have vanishing moments (decay towards low frequencies). Different types of wavelets can be found from certain constructions of space/momentum localization. In this respect the uncertainty principle tells us that sharp localization in ‘space and momentum’ is mutually exclusive. Nevertheless, it turns out that decay towards long and short wavelengths (i.e. in information theoretic jargon, bandpass filtering) can be assured without any difficulty. Moreover, vanishing moments of wavelets (see Freeden, W., Windheuser, U. (1997), Freeden, W., Schreiner, M. (1998)) enable us to combine (polynomial)

Figure 8: anharmonic spline interpolation of radially symmetric inner structures of the earth: PREM (top left), reconstruction (top right) and comparison of the profiles

outer harmonic expansions (responsible for the long-wavelength part of a function) with wavelet multiscale expansions (responsible for the medium–to–short–wavelengths contributions).

Thirdly, the main question of recovering a function on the sphere, e.g. the earth’s gravitational potential is how to decompose the function into wavelet coefficients, and how to reconstruct efficiently the potential from the coefficients. There is a ‘tree algorithm’ or ‘pyramid algorithm’ that makes these steps simple and fast. In this respect it is desirable to switch between the original representation of the data and its wavelet representation in a time proportional to the size of the data. In fact, the fast decorrelation power of wavelets is the key to applications such as data compression, fast data transmission, noise cancellation, signal recovering, etc.

Multiresolution analysis of the gravity field based on classical Euclidean (wavelet) theory or related multilevel techniques has been presented by Arabelos, D., Tscherning, C.C. (1995), Belikov, M., Groten, E. (1995), Li, L.T. et al. (1998), Schwarz, K.P., Zuofa Li (1997), and Zuofa Li (1996). Multilevel methods for regional adaptive gravity field modelling have been proposed by Kusche, J. et al. (1998), Kusche, J. (1998), and Rudolph, S. (1998). First test computations for gravity field recovery using spherical wavelets are due to Bäcker, M. (1995) and Windheuser, U. (1996). Wavelet investigations dealing with inverse problems of satellite geodesy are due to Schneider, F. (1997). An integrated concept of physical geodesy by means of bandlimited harmonic wavelets has been proposed by Freeden, W., Schneider, F. (1998). Application in scalar problems of airborne gravimetry are due to Bayer, M. (1996), Freeden, W., Schneider, F. (1998), and Schneider, F. (1997). Vectorial and tensorial wavelets on the sphere for use in satellite–to–satellite tracking and satellite gradiometry can be found in Bayer, M. et al. (1998), Freeden, W. et al. (1997a, 1998a, 1999), and Freeden, W., Schneider, F. (1998). Three-dimensional wavelets for the inner space and the outer space of the sphere are constructed in Michel, V. (1998, 1999) as a method for the gravimetry problem to determine the earth’s density from potential values. Figures 9 and 10 show a multiscale reconstruction of the harmonic part of the earth’s density anomaly plotted on the earth’s surface from EGM96 data.

5 Fast Evaluation

Our results have shown that future activities in gravitational field determination should concentrate on combined models, where expansions in terms of spherical harmonics have to be combined with more and more space localizing trial functions, for example, radial basis functions such as splines and wavelets. Even for local approximation the philosophy of the authors developed from the uncertainty principle is the following three step procedure: First an outer harmonic approach should be used to model the global trends, i.e. the low-wavelengths part. In a second step bandlimited wavelets showing moderate space localizing phenomena may be taken for the medium frequency band of the earth’s gravitational potential. Finally, the third step consists of non-bandlimited wavelet approximation to analyze the fine structure, i.e. shortwavelengths phenomena for local areas within a global concept. An example of this approach is given in Freeden, W. et al. (1998).

For the use of combined approximation methods fast algorithms are required. Basic steps to future work are fast Fourier procedures, fast wavelet schemata, and fast summation techniques (such as panel clustering). Helpful are the following research notes: Arabelos, D., Tscherning, C.C. (1998), Bláha, T. et al. (1996), Dahmen, W. (1997), Freeden, W. et al. (1998b,c), Glockner, O. (1997), Jiang, Z. et al. (1997), Lanser, M. (1997), Lehmann, R. (1997), Lin, Q.W. et al. (1997), Risbo, T. (1996), Sideris, M.G. (1995), Sneeuw, N. (1996), and Schreiner, M. (1997), Sweldens, W. (1997), etc.

A challenge for future work is the problem of combining efficiently and economically data of different types and data coming from different heights (cf. Arabelos, D., Tscherning, C.C. (1998), Freeden, W. et al. (1999)). In particular, the vectorial and tensorial nature of satellite data (for example, satellite–to–satellite tracking, satellite gradiometry) requires adequate approximation procedures. Future numerical methods should be able to handle such problems automatically.

6 Final Remark

An attempt to categorize recent developments in the field of trial functions and approximation methods based on an uncertainty principle has, of course, an element of arbitrariness, and we apologize to any author who might consider his/her paper(s) misplaced or forgotten. Nevertheless, we believe that any such errors are compensated for by the constructive structure thus given to the paper.

Figure 9: bandlimited reconstruction of density anomalies on the earth’s surface at scales 4 (top left) to 10 (bottom)

Figure 10: non-bandlimited reconstruction of density anomalies on the earth’s surface at scales 4 (top left) to 10 (bottom)

References

[1] Albertella, A., Sacerdote, F. (1995) Spectral–analysis of Block Averaged Data in Geopotential Global Model Determination. J. of Geodesy, 70, 166-175.

[2] Arabelos, D., Tscherning, C.C. (1995) Regional Recovery of the Gravity Field from SGG and Gravity Vector Data Using Collocation. J. Geophys. Res., 100, B 11, 22009-22015.

[3] Arabelos, D., Tscherning, C.C. (1998) Calibration of Satellite Gradiometer Data Aided by Ground Gravity Data. J. of Geodesy, 72, 617-625.

[4] Bäcker, M. (1995) Sphärische Wavelets und ihre numerische Realisierung. Diploma Thesis, University of Kaiserslautern, Geomathematics Group.

[5] Ballani, L., Engels, J., Grafarend, E.W. (1993) Global Base Functions for the Mass Density in the Interior of a Massive Body (Earth), Manuscr. Geod., 18, 99-114

[6] Ballani, L., Stromeyer, D. (1990) On the Structure of Uniqueness in Linear Inverse Source Problems; in: Theory and Practice of Geophysical Data Inversion, Proceedings of the 8th International Mathematical Geophysics Seminar on Model Optimization in Exploration Geophysics 1990; edited by Andreas Vogel, Abu K. M. Sarwar, Rudolf Gorenflo and Ognyan I. Kounchev; Vieweg Verlag.

[7] Bayer, M. (1996) Spherical Wavelets and Their Application to Linear Inverse Satellite Problems. Diploma Thesis, University of Kaiserslautern, Geomathematics Group.

[8] Bayer, M., Beth, S., Freeden, W. (1998) Geophysical Field Modelling by Multiresolution Analysis. Acta Geod. Geoph. Hung., 33, 289-319.

[9] Belikov, M., Groten, E. (1995) An Attempt to Construct the Precise Geoid in Germany.

Allgemeine Vermessungs–Nachrichten, AVN, 305-309.

[10] Bian, S., Menz, J. (1998) Using Piecewise Linear Interpolations in Spherical Harmonic Analysis. J. of Geodesy, 72, 473-481.

[11] Blaha, T., Hirch, M., Keller, W., Scheinert, M. (1996). Application of a spherical FFT– approach in Airborne Gravimetry. J. of Geodesy, 70, 663-672.

[12] Brand, R., Freeden, W., Fröhlich, J. (1996) An Adaptive Hierarchical Approximation Method on the Sphere Using Axisymmetric Locally Supported Basis Functions. Computing, 57, 187-212.

[13] Cui, J. (1995) Finite Pointset Methods on the Sphere and Their Application in Physical Geodesy. Doctoral Thesis, University of Kaiserslautern, Geomathematics Group.

[14] Cui, J., Freeden, W. (1997) Equidistribution on the Sphere. SIAM J. Sci. Stat. Comput., 18, 595-609.

[15] Cui, J., Freeden, W., Witte, B. (1992) Gleichmäßige Approximation mittels sphärischer Finite–Elemente und ihre Anwendung auf die Geodäsie. Zeitschrift für Vermessungswesen, ZfV, 117, 266-278.

[16] Dahmen, W. (1997) Wavelet and Multiscale Methods for Operator Equations. Acta Numerica, 55-228, Cambridge University Press.

[17] De Santis, A., Torta, J.M. (1997). Spherical Cap Harmonic Analysis: A Comment on Its Proper Use For Local Gravity Field Representation. J. of Geodesy, 71, 526-532.

[18] Freeden, W. (1981) On Spherical Spline Interpolation and Approximation. Math. Meth.

in the Appl. Sci., 3, 551-575.

[19] Freeden, W. (1987) A Spline Interpolation Method for Solving Boundary Value Problems of Potential Theory from Discretely Given Data. Numer. Meth. of Partial Diff. Equations, 3, 375-398.

[20] Freeden, W. (1990) Spherical Spline Approximation and Its Application in Physical Geodesy. In Geophysical Data Inversion Methods and Applications (A. Vogel et al. eds.) Vieweg, 70-104.

[21] Freeden, W. (1998) The Uncertainty Principle and Its Role in Physical Geodesy. In:

Progress in Geodetic Science, Shaker, 225-236.

[22] Freeden, W., Gervens, T., Schreiner, M. (1998a) Constructive Approximation on the Sphere (With Applications to Geomathematics). Oxford Science Publications, Clarendon.

[23] Freeden, W., Glockner, O., Schreiner, M. (1998b) Spherical Panel Clustering and Its Numerical Aspects. J. of Geodesy, 72, 586-599.

[24] Freeden, W., Glockner,O., Schreiner, M. (1998c) Fast Multiscale Evaluation of Geopotentials by Harmonic Wavelets. In: Progress in Geodetic Science, Shaker, 237-258.

[25] Freeden, W., Groten, E., Schreiner, M., Söhne, W., Tücks, M. (1996a) Deformation Analysis Using Navier Spline Interpolation (with an Application to the Lake Blåsjø Area), Allg. Vermessungs–Nachrichten, AVN, 96, 3, 120-146.

[26] Freeden, W., Glockner, O., Thalhammer, M. (1999) Multiscale Gravitational Field Recovery from GPS–Satellite–to–Satellite Tracking. Studia Geoph. Geod. (accepted for publication).

[27] Freeden, W., Schneider, F. (1998a) Wavelet Approximation on Closed Surfaces and Their Application to Boundary–value Problems of Potential Theory. Math. Meth. in the Appl. Sci., 21, 129-165.

[28] Freeden, W., Schneider, F. (1998b) An Integrated Wavelet Concept of Physical Geodesy.

J. of Geodesy, 72, 259-281.

[29] Freeden, W., Schneider, F. (1998c) Regularization Wavelets and Multiresolution. Inverse Problems, 14, 225-243.

[30] Freeden, W., Schneider, F., Schreiner, M. (1997a) Gradiometry – An Inverse Problem in Modern Satellite Geodesy. In H.W. Engl et al. (eds): GAMM–SIAM Symposium on Inverse Problems: Geophysical Applications, 179-239.

[31] Freeden, W., Schreiner, M. (1998) Orthogonal and Non-orthogonal Multiresolution Analysis, Scale Discrete and Exact Fully Discrete Wavelet Transform on the Sphere. Constr. Approx., 14, 493-515.

[32] Freeden, W., Schreiner, M., Franke, R. (1996b) A Survey on Spherical Spline Approximation. Surv. Math. Ind., 7, 29-85.

[33] Freeden, W., Windheuser, U. (1995) Earth’s Gravitational Potential and Its MRA Approximation by Harmonic Singular Integrals. Z. Angew. Math. Mech., 75, S II, 633-634.

[34] Freeden, W., Windheuser, U. (1996) Spherical Wavelet Transform and Its Discretization.

Adv. Comput. Math., 5, 51-94.

[35] Freeden, W., Windheuser, U. (1997) Combined Spherical Harmonic and Wavelet Expansion — A Future Concept in Earth’s Gravitational Determination. Appl. Comput. Harm. Anal., 4, 1-37.

[36] Glockner, O. (1997) Spherical Panel Clustering and Its Numerical Aspects in Spline and Wavelet Computation. Diploma Thesis, University of Kaiserslautern, Geomathematics Group.

[37] Göttelmann, J. (1996) Locally Supported Wavelets on the Sphere. Preprint, No. 14, Dept. of Math., University of Mainz.

[38] Grafarend, E., Engels, J. (1992) A Global Representation of Ellipsoidal Heights, Geoidal Modulations or Topographic Heights. Manuscr. Geod., 17, 52-64.

[39] Groten, E. (1996) High Precision Geoid Evaluation For Germany–Geoid And Quasigeoid.

Acta Geod. et Geoph. Hung., 31, 293-303.

[40] Groten, E., Seitz, K., Wang, Y., Lu, Y. (1998) Hochauflösende Geoiddarstellung für Deutschland auf der Basis von EGM96. In: Progress in Geodetic Science at GW98 (W. Freeden ed.), Shaker, 161-169.

[41] Holschneider, M. (1996) Continuous Wavelet Transform on the Sphere. J. Math. Phys., 37 (8), 4156-4165.

[42] Ilk, K.H. (1993) Regularization for High Resolution Gravity Field Recovery by Future Satellite Techniques. Inverse Problems: Principles and Applications in Geophysics, Technology and Medicine, Anger, G. et al. (eds.), Math. Research, Vol 74, Akademie Verlag, 189-214.

[43] Jekeli, C. (1996) Spherical Harmonic Analysis, Aliasing, and Filtering. J. of Geodesy, 70, 214-223.

[44] Jiang, Z., Duquenne, H. (1997) On Fast Integration in Geoid Determination. J. of Geodesy, 71, 59-69.

[45] König, R., Schwintzer, P., Bode, A., Reigber, Ch. (1996) GFT-1 A Small Laser Satellite Mission for Gravity Field Model Improvement. Geophys. Res. Letters, 23, 3143-3146.

[46] Kusche, J. (1998): Regional adaptive Schwerefeldmodellierung für SST–Analysen. In:

Progress in Geodetic Science at GW98, (W. Freeden ed.), Shaker, 266-273.

[47] Kusche, J., Ilk, K.H., Rudolf, S., Thalhammer, M. (1998) Application of Spherical Wavelets for Regional Gravity Field Recovery – A Comparative Study. Proceedings of the IAG 97, Rio de Janeiro

[48] Lanser, M. (1997) Band–limited Wavelet Approximation on the Sphere — Theoretical and Numerical Aspects. Diploma Thesis, University of Kaiserslautern, Geomathematics Group.

[49] Lehmann, R. (1997) Fast Space–domain Evaluation of Geodetic Surface Integrals. J. of Geodesy, 71, 533-540.

[50] Lemoine, F.G., Smith, D.E., Kunz, L., Smith, R., Pavlis, E.C., Pavlis, N.K., Klosko, S.M., Chinn, D.S., Torrence, M.H., Williamson, R.G., Cox, C.M., Rachlin, K.E., Wang, Y.M., Kenyon, S.C., Salman, R., Trimmer, R., Rapp, R.H., Nerem, R.S. (1996) The Development of the NASA GSFC and NIMA Joint Geopotential Model. Proceedings paper for the International Symposium on Gravity, Geoid, and Marine Geodesy, (GRAGEO- MAR 1996), The University of Tokyo, Tokyo, Japan, September 30 - October 5, Springer.

[51] Lin, Q.W., Cai Li Y., Sideris, M.G. (1997) Evaluation of Deflections of the Vertical on the Sphere and the Plane: a comparison of FFT techniques. J. of Geodesy, 71, 461-468.

[52] Liu, L.T., Hsu H.T., Gao, B.X. (1998) A New Family of Orthonormal Wavelet Basis. J.

of Geodesy, 72, 294-383.

[53] Martinec, Z., Grafarend, E.W. (1997) Construction of Green’s function to the External Dirichlet boundary–value Problem For the Laplace Equation of an Ellipsoid. J. of Geodesy, 71, 562-570.

[54] Michel, V. (1998) A Wavelet Based Method for the Gravimetry Problem. In: Progress in Geodetic Science at GW 98, (W. Freeden ed.), Shaker, 283-298.

[55] Michel, V. (1999) A Multiscale Method for the Gravimetry Problem: Theoretical and Numerical Aspacts of Harmonic and Anharmonic Modelling. Doctoral Thesis, University of Kaiserslautern, Geomathematics Group.

[56] Rapp, R.H. (1997a) Use of Potential Coefficient Models for Geoid Modulation Determinations Using a Spherical Harmonic Representation of the Height Anomaly/Geoid Modulation Difference. J. of Geodesy, 71, 282-289.

[57] Rapp, R.H. (1997b) Global Models for the 1 cm Geoid–Present Status and Near Term Prospects. Lecture Notes in Earth Sciences, 65, Springer, 273-311.

[58] Rapp, R.H., Wang, M., Pavlis, N. (1991) The Ohio State 1991 Geopotential and Sea Surface Topography Harmonic Coefficient Model. Dept. Geod. Science, 410, The Ohio State University, Columbus.

[59] Risbo, T. (1996) Fourier Transform Summation of Legendre Series and D–functions. J.

of Geodesy, 383-396.

[60] Rudolph, S. (1998) Simulation zur sequentiellen SST–Analyse im Rahmen von CHAMP und GRACE. In: Progress in Geodetic Science at GW98 (W. Freeden ed.), Shaker, 307-315.

[61] Rummel, R. (1997) Spherical Spectral Properties of the Earth’s Gravitational Potential and its First and Second Derivatives. In: Lecture Notes in Earth Science, Springer, 65, 359–404.

[62] Rummel, R., van Gelderen, M. (1995) Meissl Scheme–Spectral Characteristics of Physical Geodesy. Manuscr. Geod., 20, 379-385.

[63] Schneider, F. (1996) The Solution of Linear Inverse Problems in Satellite Geodesy by Means of Spherical Spline Approximation. J. of Geodesy, 71, 2-15.

[64] Schneider, F. (1997) Inverse Problems in Satellite Geodesy and Their Approximate Solution by Splines and Wavelets. Doctoral Thesis, University of Kaiserslautern, Geomathematics Group, Shaker.

[65] Schreiner, M. (1994) Tensor Spherical Harmonics and Their Application in Satellite Gradiometry. Doctoral Thesis, University of Kaiserslautern, Geomathematics Group.

[66] Schreiner, M. (1997a) Locally Supported Kernels for Spherical Spline Interpolation. J.

Approx. Theory, 89, 172-194.

[67] Schreiner, M. (1997b) A Pyramid Scheme for Spherical Wavelets. Berichte der Arbeitsgruppe Technomathematik, No. 170, Universität Kaiserslautern.

[68] Schuh, W.-D. (1996) Tailored Numerical Solution Strategies for the Global Determination of the Earth’s Gravity Field. Mitteilungen der geodätischen Institute der Technischen Universität Graz, Folge 81.

[69] Schwarz, K.-P., Zuofa L. (1997) An Introduction to Airborne Gravimetry and Its Boundary Value Problems. Lectures Notes in Earth Sciences, Springer, 65, 312-358.

[70] Schwintzer, P. (1997) Earth Gravity Field Recovery from Satellite Orbit Perturbations.

Geowissenschaften, 15, 85-90.

[71] Schwintzer P., Reigber, Ch. Bode, A., Kang, Z. Zhu, S.Y., Massmann, F.-H., Raimondo, J.C. Biancale, R., Balmino, G., Lemoine, J.M., Moynot, B., Marty, J.C., Barlier, F., Bondon, Y. (1997) Long–wavelength Global Gravity Field Models. GRIM4-S4, GRIM4- C4. J. of Geodesy, 71, 189-208.

[72] Sideris, M.G. (1995) Fourier Geoid Determination With Irregular Data. J. of Geodesy, 70, 2-12.

[73] Sneeuw, N. (1994) Global Spherical Harmonic Analysis by Least Squares and Numerical Quadrature Methods in Historical Perspective. Geophys. J. Int., 118, 707-716.

[74] Sneeuw, N., Bun, R. (1996) Global Spherical Harmonic Computation by Two– dimensional Fourier Methods. J. of Geodesy, 70, 224-232.

[75] Sona, G. (1995) Numerical Problems in the Computation of Ellipsoidal Harmonics. J. of Geodesy, 70, 117-126.

[76] Strakhov, V.N., Schäfer, U., Strakhov, A.V. (1998) Neue lineare Approximationen linearer Elemente des Gravitationsfeldes der Erde – Probleme und Perspektiven. In: Progress in Geodetic Science at GW98 (W. Freeden ed.), Shaker, 315-323.

[77] Sweldens, W. (1997) The Lifting Scheme: A Construction of Second Generation Wavelets. SIAM J. Math. Anal., 29, 511-546.

[78] Svensson, S.L. (1983) Pseudodifferential Operators–a New Approach to the Boundary Value Problems of Physical Geodesy. Manuscr. Geod., 8, 1-40.

[79] Thalhammer, M. (1995) Regionale Gravitationsfeldbestimmung mit zukünftigen Satellitenmissionen (SST und Gradiometrie). Deutsche Geodätische Kommission bei der Bayerischen Akademie der Wissenschaften, Reihe C, Dissertation. Heft Nr. 437.

[80] Thong, N.C., Grafarend, E.W. (1989) A Spheroidal Harmonic Model of the Terrestrial Gravitational Field. Man. Geod., 14, 285-304.

[81] Wahba, G. (1981) Spline Interpolation and Smoothing on the Sphere. SIAM J. Sci. Stat.

Comput., 2, 5-16 (Also errata: SIAM J. Sci. Stat. Comput., 3, 385-386).

[82] Wahba, G. (1990) Spline Models for Observational Data. CBMS-NSF Regional Conference Series in Applied Mathematics, 59, SIAM, Philadelphia.

[83] Wenzel, G. (1998) Ultra hochauflösende Kugelfunktionsmodelle GPM98A und GPM98B des Erdschwerefeldes. In: Progress in Geodetic Science at GW98 (W. Freeden ed.), Shaker, 323-331.

[84] Windheuser, U. (1995) Sphärische Wavelets: Theorie und Anwendung in der Physikalischen Geodäsie, Doctoral Thesis, University of Kaiserslautern, Geomathematics Group.

[85] Zuofa, Li (1996) . Multiresolution Approximation of the Gravity Field. J. of Geodesy, 70, 731-739.