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Abstract

This work describes the development of a continuum phase field model that can
describe static as well as dynamic wetting scenarios on the nano- and microscale.

The model reaches this goal by a direct integration of an equation of state as
well as a direct integration of the dissipative properties of a specific fluid, which
are both obtained from molecular simulations. The presented approach leads to
good agreement between the predictions of the phase field model and the physical
properties of the regarded fluid.

The implementation of the model employs a mixed finite element formulation, a
newly developed semi-implicit time integration scheme, as well as the concept of
hyper-dual numbers. This ensures a straightforward and robust exchangeability
of the constitutive equation for the regarded fluid.

The presented simulations show good agreement between the results of the present
phase field model and results from molecular dynamics simulations. Furthermore,
the results show that the model enables the investigation of wetting scenarios
on the microscale. The continuum phase field model of this work bridges the
gap between the molecular models on the nanoscale and the phenomenologically
motivated continuum models on the macroscale.
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Kurzfassung

Die vorliegende Arbeit beschreibt die Entwicklung eines Kontinuum-Phasenfeld-
modells, welches eine Beschreibung des statischen sowie dynamischen Benetzungs-
verhaltens von Tropfen auf der Nano- und Mikroskala erlaubt.

Das Modell erreicht dieses Ziel durch die direkte Integration einer Zustandsglei-
chung sowie die direkte Integration der dissipativen Eigenschaften eines bestimm-
ten Fluids, welche beide aus molekularen Simulationen gewonnen werden. Der
vorgestellte Ansatz führt zu einer guten Übereinstimmung zwischen den Vorhersa-
gen des Phasenfeldmodells und den physikalischen Eigenschaften des betrachteten
Fluids.

Die Implementierung des Modells bedient sich einer gemischten Finite-Elemente-
Formulierung, eines neu entwickelten semi-impliziten Zeitintegrationsschemas so-
wie des Konzeptes der hyper-dualen Zahlen. Dies ermöglicht einen raschen und
reibungslosen Austausch der konstitutiven Gleichung des betrachteten Fluids.

Die vorgestellten Simulationen zeigen eine gute Übereinstimmung der Ergebnis-
se des vorliegenden Phasenfeldmodells mit Ergebnissen aus Molekulardynamik-
Simulationen. Darüber hinaus zeigen die Ergebnisse, dass das Modell die Untersu-
chung von Benetzungsszenarien auf der Mikroskala ermöglicht. Das Kontinuum-
Phasenfeldmodell dieser Arbeit schließt die Lücke zwischen den molekularen Mo-
dellen auf der Nanoskala und den phänomenologisch motivierten Kontinuum-Mo-
dellen auf der Makroskala.
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1 Introduction

1.1 Motivation

More than 70,000 years ago, wetting scenarios were important for early humans
who wore clothes as weather protection during the ice ages [Balter 2009]. Fiber
discoveries in Georgia suggest that humans were even engaged in dying their clothes
more than 30,000 years ago [Kvavadze et al. 2009]. The ability of humans to control
the process of wetting for their own benefit has increased ever since. Modern
humans apply controlled wetting on a daily basis for washing, cleaning, or when
using a fountain pen.

To control and understand wetting processes does also play an important role in
engineering applications. Many examples are given in [Law and Zhao 2016]. The
applications include the development of self-cleaning surfaces, anti-corrosion sur-
faces, anti-icing surfaces, microfluidic devices, cooling or heating control, coating,
and printing. Nowadays, printing is not only used in the classical fashion to place
ink on paper but also to manufacture printed electronics like thin-film-transistor
arrays and solar cells.

The wetting behavior of a droplet on a solid surface respectively a machine com-
ponent is determined by the properties of the fluid (liquid and vapor phase) as
well as by the morphology of the surface itself. To gain more insights on how they
can be used to control and understand wetting, the fluid properties and surface
morphology on the microscale are in the scope of current research efforts. In the
Collaborative Research Centre 926 [CRC 926 2018], that is installed at the Techni-
sche Universität Kaiserslautern, the relation between surface creation, morphology
and properties (SCMP) is investigated on the microscale. One of these properties is
the surface wettability. Modern manufacturing techniques like micro-milling [Boh-
ley et al. 2018], micro-grinding [Arrabiyeh et al. 2017], or additive manufacturing
on the microscale [Hering et al. 2018] allow to produce surfaces with a defined
microstructure. However, to define the requirements on how the structure of a
surface should be manufactured in order to yield a defined wettability, the rela-
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tion between the microstructure and the wettability has to be understood on the
microscale first. The same is true for the other aspects of the surface morphology,
i.e. the physical and chemical properties.

To predict the wettability of a given morphology or to optimize a morphology
with respect to a certain wetting behavior in a time and resource efficient manner,
numerical models that are accurate on the microscale are of utmost importance.
In general, numerical models for the microscale can be derived from two diffe-
rent directions [CRC 926 2018]. The first approach, that is typical for the field
of engineering, uses phenomenological models that were originally developed for
the macroscale and adapts them such that they include microscale phenomena.
This approach leads to moderate computational effort, but brings the necessity
to introduce many assumptions which can weaken the accuracy. The second ap-
proach, that is typical for the field of physics, starts from a molecular description
on the nanoscale and tries to reach the microscale by increasing the size of the
computational domain. This approach leads to predictions with a high accuracy if
the appropriate potential is chosen, but also to a very high computational effort.
The motivation of the present work is to unite both approaches, to combine the
advantages and circumvent the disadvantages.

1.2 Scope and Objective of this Work

The present work reports on the development of a continuum phase field (PF)
model that can describe wetting scenarios on the nanoscale with a strong physical
foundation and in agreement with molecular dynamics (MD) simulations. As the
computational effort for the PF model is small compared to the computational
effort of classical molecular models, it allows to investigate wetting scenarios on
the microscale. It therefore bridges the gap between the molecular models on
the nanoscale and the phenomenological continuum models on the macroscale, cf.
Figure 1.1.

This is achieved by developing the PF model such that it directly inherits in-
formation from nanoscale MD simulations, i.e. an equation of state (EoS) and
dissipative properties for a specific fluid, as well as an energetic description of the
solid surface. This modeling approach is based on the balance laws and combines
aspects from engineering mechanics, fluid mechanics and thermodynamics.

The implementation of the model allows to exchange the specific fluid for which
the model is formulated in a robust and resource efficient manner. To demonstrate
the approach by means of a specific example, the Lennard-Jones truncated and
shifted (LJTS) fluid is chosen as a model fluid. The nanoscale properties of the
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Figure 1.1: Sketch: The PF model of this work bridges the gap between mole-
cular models on the nanoscale and phenomenological continuum models on the
macroscale.

PF model for the LJTS fluid are validated by means of comparison to MD results.
Once the physical validity on the nanoscale is ensured, a scale bridging can be
applied such that the PF model can be used to compute wetting scenarios with
the LJTS fluid for larger and more complex scenarios, cf. Figure 1.2.

Pioneering contributions to the foundation of PF models were made by Cahn and
Hilliard [1958], Cahn and Allen [1977], and van der Waals [1979]. See [Moelans
et al. 2008] for more information on the general history of PF models. PF Models
that deal with fluids and wetting scenarios can be found in [Ben Said et al. 2014;
Braack and Prohl 2013; van Brummelen et al. 2017; Bueno and Gomez 2016; Bueno
et al. 2018; Diehl et al. 2016; Gomez et al. 2010; Kunti et al. 2018a; Lamorgese
and Mauri 2009; Liu et al. 2013, 2015; Onuki 2007; Pecenko et al. 2010, 2011;
Schweigler et al. 2017; Shokrpour Roudbari et al. 2018; Tian et al. 2015; Wang
et al. 2015; Weyer et al. 2015; Wu et al. 2019; Xiao et al. 2018; Yang et al. 2006;
Yurkiv et al. 2018], to name a few. However, the models do either obtain their
information on the nanoscale behavior by empirical expressions or by employing
an EoS that does not have a strong nanoscale foundation. More specifics are given
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Figure 1.2: The PF model is connected to MD simulations by an equation of
state and dissipative properties. Both are obtained from MD simulations. After
a validation of the PF results on the nanoscale, a scale bridging can be applied in
order to enable the investigation of larger and more complex scenarios.

in the corresponding chapters. The present work combines a cohesive derivation
of a PF model for wetting with a direct connection to the nanoscale fluid behavior
as obtained from MD simulations.

1.3 Structure of this Work

Chapter 2 introduces the reader to the fundamentals of wetting. It gives a brief
overview covering surface tension, contact angle, as well as wetting states on rough
surfaces.

Chapter 3 presents the theoretical foundation of this work. A concise recollection
of the concepts necessary to follow the derivation of the model of this work is given.
Thereafter, the derivation of the PF model of this work is presented in detail. Up



1.3 Structure of this Work 5

to this point the elaborations are not fluid specific.

Chapter 4 defines the specific fluids that are investigated in this work and integrates
them into the general model of the previous chapter. After the introduction of a
purely phenomenologically motivated test fluid, the integration of the LJTS fluid
by means of including the corresponding EoS is presented.

Chapter 5 gives details on the implementation of the PF model in a finite ele-
ment (FE) context. Besides a mixed FE formulation and a newly developed energy
stable semi-implicit time integration scheme, the implementation applies the con-
cept of hyper-dual numbers to ensure a straightforward and robust exchangeability
of the specific fluid under consideration.

Chapter 6 shows the numerical results obtained with the PF model. After de-
monstrating that the phenomenologically motivated test fluid can reproduce ba-
sic wetting configurations, the implementation of the LJTS fluid is validated by
a comparison of PF results to MD results for various scenarios. In addition, a
post-processing method, that investigates the stability of the static equilibrium
configuration and can be beneficial to other PF models, as well as the properties
of the energy stable semi-implicit time integration scheme are shown.

Chapter 7 demonstrates how the scale bridging can be achieved. Details of the
approach are followed by a numerical example for methane.

Chapter 8 concludes the present work and gives an outlook on future tasks and
challenges that can be ventured into.

Some of the elaborations and results of this work have previously been published
in international journals [Diewald et al. 2016; Diewald et al. 2017; Diewald et al.
2018a; Diewald et al. 2018b; Diewald et al. 2019; Diewald et al. 2020a; Heier et al.
2019; Schlüter et al. 2017] or are in preparation for publication [Diewald et al.
2020b]. The papers are cited at the respective positions. Student theses that
supported the present work were done by [Becker 2015; Bilz 2018; Blauwhoff 2015;
Gellrich 2019; Kneip 2019; Teto 2018]. They are cited where appropriate.
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2 Fundamentals of Wetting

A brief introduction to the fundamentals of wetting is given in the following. For
more details, readers are referred to the book of Law and Zhao [2016] which also
lists many references for further reading.

2.1 Interfaces and Surface Tension

Every day of our lives we are confronted with interfaces. Our interaction with
the world heavily relies on the interfaces between our bodies and other objects,
matter, or people. Interfaces play a central role in engineering applications as well.
The surface of a machine component is its interface to its surrounding and does
strongly determine the machine component’s technical properties. Besides such
interfaces between different matter or materials there are also interfaces between
different states of the same matter. One example are liquid-vapor interfaces.

Liquid-vapor interfaces exhibit a tendency to contract. This (so-called) surface
tension causes droplets that are not influenced by external forces to form spherical
shapes [Davies and Rideal 1963]. The research efforts to understand this pheno-
menon in terms of attractive and repulsive forces date back to Young [1805]. It
is found by Poisson [1831] that surface tension can only be fully understood if in
reality the interface between the liquid and the vapor bulk phase is not sharp but
characterized by a steep, thus continuous, transition of the density [Rowlinson and
Widom 1982].

Along these lines an explanation of the surface tension can be given. Each fluid
particle is affected by repulsive and attractive forces caused by the interaction with
the particles in its surroundings. The repulsive forces can by good approximation
be understood as contact forces. The repulsive interaction of particles is therefore
short ranged. It is only sensitive to the particle density in the immediate vicinity
but not to a gradual change of the particle density. Thus, the repulsive interaction
is isotropic. In contrast, the attractive particle interaction is long ranged. Within
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regions that show a gradual change of the particle density, e.g. within the liquid-
vapor interface, the number of interaction partners is different in each direction.
Thus, the attractive interaction can be strongly anisotropic within the liquid-vapor
interface. The component of the pressure in a given direction is calculated by
imaginarily cutting the fluid by a plane perpendicular to this direction. The time
average of the sum of repulsive and attractive forces per area that the two halves
of the fluid exert on each other gives the pressure in that direction. Considering a
(static) equilibrium configuration of a liquid and a vapor bulk phase with a planar
interface between them, the following is found. In the bulk phases, where both
the repulsive and attractive interactions are isotropic, the pressure is isotropic
as well and has the same value in the liquid and the vapor phase. Within the
interface, the pressure component tangential to the interface decreases while the
pressure component normal to the interface stays constant. This is explained as
follows. The pressure component normal to the interface is obtained by moving
an imaginary cut plane that is parallel to the interface from the liquid to the
vapor phase. Within the interface the liquid density decreases until it reaches the
vapor density. Consequently, the repulsive forces decrease as well. Since there is
no movement of the interface, the attractive forces have to decrease identically.
The pressure component tangential to the interface is obtained by placing the
imaginary cut plane perpendicular to the interface. As they are isotropic, the
repulsive forces show the same decrease as for the pressure component normal to
the interface. However, the anisotropic, long ranged attractive forces find more
interaction partners than for the pressure component normal to the interface and
therefore decrease slower. The fast decrease of the repulsive forces in combination
with the slower decrease of the attractive forces results in a net decrease of the
pressure within and tangential to the interface. The integral over that pressure
drop in the direction normal to the interface is referred to as the surface tension.
From the above it is clear that surface tension is a force per length. [Berry 1971;
Marchand et al. 2011]

A more straightforward, though maybe a bit less satisfactory, approach to un-
derstand the origin of surface tension can be given as follows. Basic experiments
show that a fluid inside a receptacle can form separated liquid and vapor bulk
phases instead of a homogeneous density distribution for certain combinations of
the number of particles inside the receptacle, the receptacle size, and temperature.
Evidently, the liquid and vapor bulk states are energetically more favorable than
the homogeneous density distribution for such ensembles. Within the interface the
density changes from the liquid bulk density to the vapor bulk density and does
therefore pass through energetically less favorable states. The minimization of
the free energy consequently leads to a minimization of the interface area, which
can also be understood as the existence of a surface tension acting to contract
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the interface. The excess free energy, i.e. the energy that is stored in the inter-
face is given by the product of the surface tension and the interface area. Note
that the expression “interface area” is misleading given the diffuse character of
the interface. However, due to the steep transition of the density, the liquid-vapor
interface is often treated as a surface and the usage of “interfacial volume” is not
very common.

If the interface is curved, the existence of surface tension consequently causes a
difference between the hydrostatic pressure in the liquid and in the vapor phase.
For a spherical droplet this pressure difference ∆ph follows from a simple balance
of forces,

∆ph =
2γlv

r
, (2.1)

with γlv and r denoting the liquid-vapor surface tension and radius of the droplet,
cf. Figure 2.1 (a). This relation is referred to as (Young-)Laplace equation [Ka-
likmanov 2013].

2.2 Contact Angle

In the case of a droplet that is in contact with a solid surface, three interfaces can
be distinguished:

1. The liquid-vapor interface with surface tension γlv.

2. The solid-liquid interface with surface tension γsl.

3. The solid-vapor interface with surface tension γsv.

At the contact line, where the three interfaces meet, a contact angle Θ develops
between the liquid-vapor and the solid-liquid interface, cf. Figure 2.1 (b). Again,
the terminology with the usage of the word “line” is misleading. The term solid-
fluid interface is used to denote the consolidation of the solid-liquid and the solid-
vapor interface. The relation between the surface tensions and the contact angle
is given by

cos Θ =
γsv − γsl

γlv

. (2.2)

Though he did not state the explicit equation in his work, this relation goes back
to Young [1805] and is called Young’s equation. The phenomenon of line tension
at the contact line of the three interfaces is not discussed here. Interested readers
are referred to e.g. [Amirfazli et al. 1998; Amirfazli and Neumann 2004; Marmur
1997].
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Figure 2.1: (a): Spherical droplet cut in half. The green arrow depicts the resultant
pressure difference ∆ph on the cut plane. The balance of forces yields a positive
value for ∆ph according to (2.1), i.e. the hydrostatic pressure in the liquid phase is
larger than in the vapor phase. (b): Droplet on solid surface with contact angle Θ.

2.3 Wetting States on Rough Surfaces

For the wetting of rough surfaces, two main wetting states are observed. They
distinguish themselves by the type of contact between the liquid and the solid
surface. In the Wenzel state [Wenzel 1936], the liquid fully wets the rough surface,
i.e. the droplet sinks into the structure of the surface. In the Cassie-Baxter
state [Cassie and Baxter 1944], the droplet does not sink into the structure of the
surface. Instead the droplet sits on top of the structure such that vapor pockets
trapped by the liquid and the solid surface remain. Figure 2.2 shows a comparison
of the Wenzel wetting state (a) and the Cassie-Baxter wetting state (b).

In addition to defining the wetting states, Wenzel as well as Cassie and Baxter
also derived expressions for the dependency of the contact angle on the roughness
of the surfaces. These expressions employ the true area of the solid-liquid interface
(enlarged by the roughness) or the area fraction of the solid surface underneath
the droplet that is actually in contact with the liquid. However, since the contact
angle is determined by the contact line of the three interfaces and not by the
interface area, these expressions are called into question in the literature. The
cases in which the predictions for the contact angle agree with experiments are
often regarded as fortuities [Law and Zhao 2016]. A vivid summary of the debate
can be found in [Law and Zhao 2016].
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Figure 2.2: (a): Wenzel wetting state. (b): Casie-Baxter wetting state.
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3 Phase Field Modeling of Wet-
ting

This chapter introduces the underlying phase field (PF) model of this work. After
an introduction to the PF approach, the concept of stress and the balance laws
are briefly recollected. Thereafter, a detailed derivation of the PF model, which is
build up on the balance laws and utilizes the Coleman-Noll procedure, is given. The
general model which can be used for dynamic wetting scenarios is then simplified
for the case of static wetting.

3.1 The Phase Field Approach

PF models are used in numerous research fields. Among others they are used
for the investigation of solidification [Beckermann et al. 1999; Nestler et al. 2005],
solid-state phase transformation [Schmitt et al. 2017; Schmidt et al. 2017] and
crack propagation [Kuhn and Müller 2010; Schlüter et al. 2017; Xu et al. 2010]. A
broader overview can be found in [Moelans et al. 2008] and the references therein.
PF models have two main characteristics:

1. They use at least one order parameter which distinguishes between different
phases.

2. The interface between the phases is not sharp but diffuse. The value of the
order parameter changes continuously from one phase to the other.

An advantage of the diffuse interface PF approach over sharp interface approaches
is that they allow to investigate complex interface morphologies without the need
of special interface tracking methods.

The key component for a PF model is the formulation of the potential F for the
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domain B under consideration

F =

∫
B
f1(ϕ) + f2(∇ϕ) dV . (3.1)

It consists of two parts. The first part f1(ϕ) depends on the local value of the or-
der parameter ϕ(~x, t) and the second part f2(∇ϕ) on the local gradient of the
order parameter ∇ϕ(~x, t). Here ~x and t designate the position in space and
time. The exact forms of f1 and f2 used in this work are discussed in chapter 4.
Many PF models choose a double-well potential for f1(ϕ), cf. Figure 3.1 (left),
and f2(∇ϕ) = 1

2
κ|∇ϕ|2. In this, κ > 0 is a positive constant and | · | the Euclidean

norm. The static solution is given by the first order optimality condition

δϕF = 0 . (3.2)

Here, δϕF is the first variation of F with respect to ϕ. Consequently, using
only f1(ϕ) would lead to sharp interfaces between infinitely often alternating bulk
phases ϕ′ and ϕ′′. As f2(∇ϕ) strives to eliminate steep gradients of the order
parameter, the combination of f1(ϕ) and f2(∇ϕ) can be used to adjust the width
of the interface. A plot of the order parameter along an axis x perpendicular to a
typical PF interface is sketched in Figure 3.1 (right).

In order to approach the static equilibrium (3.2), an evolution equation is used.
Commonly, an Allen-Cahn evolution equation [Cahn and Allen 1977] (also known
as Ginzburg-Landau evolution equation)

∂ϕ

∂t
= −MδϕF

δϕ
(3.3)

or Cahn-Hilliard evolution equation (see e.g. [Gurtin 1996; Kim 2012])

∂ϕ

∂t
= Mdiv

[
∇
(
δϕF

δϕ

)]
(3.4)

is chosen. The parameter M > 0 is a positive constant and div the divergence.

This general set-up of a PF model can be coupled to other models depending on the
type of application. In the field of PF models for fluids the PF model is coupled to
the mass balance and momentum balance whenever not only the static equilibrium
solution but the dynamic evolution of the fluid is of interest. This leads to the
classification of PF models for fluids shown in Figure 3.2. The models computing
the static equilibrium solution are named after their evolution equation: “Allen-
Cahn” or “Cahn-Hilliard”. If these two types of models are coupled to the mass
balance and momentum balance but the evolution equation is still utilized, they
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Figure 3.1: Sketch of a double-well potential (left) and change of the order para-
meter across the diffuse interface (right). The scale and dimensions depend on the
type of application.

are referred to as “Navier-Stokes-Allen-Cahn” and “Navier-Stokes-Cahn-Hilliard”
models. If the order parameter of the PF model is directly used as density in
the mass balance and momentum balance without using an evolution equation,
the resulting PF model is named “Navier-Stokes-Korteweg” model. This naming
dates back to Korteweg, who described the capillary stress tensor on which the
coupling is based in 1901 (see e.g. [Anderson et al. 1998]). The PF model of this
work can be classified as a “Navier-Stokes-Korteweg” model. Section 3.4 presents
a rational derivation of the general “Navier-Stokes-Korteweg” model. The static
“Allen-Cahn” model is then derived by a simplification from the dynamic “Navier-
Stokes-Korteweg” model, cf. section 3.5. For more details on the other models
mentioned that are not discussed in this work, see e.g. [Gomez and van der Zee
2017].

The diffuse interface of a PF model is often seen as a regularization of a sharp
interface where the sharp interface is regarded as the proper description of the
physical world. For instance, a crack in a machine component is characterized by
a sharp interface between material and no material. A PF model for crack pro-
pagation regularizes this interface [Kuhn 2013; Schlüter 2018]. However, it has to
describe the properties of the sharp interface as accurate as possible. Therefore,
many PF models are concerned with the so-called sharp interface limit beyond
which the results do not depend on the width of the diffuse interface, see e.g. [Yue
et al. 2010; Sibley et al. 2013]. In this work the order parameter is used to dis-
tinguish between the liquid and the vapor phase of a fluid. Since this interface is
in the physical world not sharp but diffuse, this work takes the view that the PF
model used here does not regularize a sharp interface but describes the regarding
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Figure 3.2: Classification of PF models for fluids. The models of relevance for this
work are “Allen-Cahn” and “Navier-Stokes-Korteweg”. The static “Allen-Cahn”
model can be derived from the dynamic “Navier-Stokes-Korteweg” model by a
simplification, cf. section 3.5.

fluid-vapor interfaces more accurately according to their physical characteristics
than a sharp interface model would do.

3.2 The Concept of Stress

This section gives a brief introduction to the concept of stress. For further reading
the reader is referred to the textbooks of Becker and Gross [2002], Gurtin et al.
[2010], and Holzapfel [2010].

A body with forces acting on its boundary surface is considered. Cutting the body
by a plane surface, cf. Figure 3.3, it is evident that the two parts of the body
interact with each other by internal forces. Focusing on a infinitesimal surface
element dA on the cut plane, the resultant force d~f of the interaction is given by

d~f = ~t dA (3.5)

with ~t as the Cauchy stress vector. According to Cauchy’s (stress) theorem the
stress vector ~t can be computed from a (unique and symmetric) second order
tensor σ by

~t = σT~n (3.6)

where σ is called Cauchy stress tensor. From the symmetry of σ, cf. section 3.3.2
for details, it follows that

~t = σ~n . (3.7)
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Figure 3.3: Body with arbitrary forces acting on its boundary surface cut by a
plane surface. The two parts of the body interact with each other by internal
forces.

As (3.6) or (3.7) allow to compute the stress vector ~t for any cut plane and dA
(with outer normal unit vector ~n), σ describes the stress state of the body.

3.3 Balance Laws

As the derivation of the PF model of this work is based on the balance laws,
this chapter gives a recollection of the mass balance, momentum balance, energy
balance, and entropy balance. A more detailed discussion can be found in [Gurtin
et al. 2010; Holzapfel 2010] on which this section is based.

The general form of a balance law is as follows. Regarding a material volume Bt
that consists of the same particles for all times t, the change over time of a physical
quantity A(~x, t) within Bt is given by

d

dt

[∫
Bt
A(~x, t) dv

]
=

∫
Bt

[
pA(~x, t) + sA(~x, t)

]
dv −

∫
∂Bt

~fA(~x, t) · ~n da . (3.8)

In this, pA(~x, t) and sA(~x, t) are the production and supply of A within Bt. The

flux across the boundary ∂Bt of the material volume Bt is given by ~fA(~x, t), cf.
Figure 3.4. In the further course of this section, the arguments (~x, t) are omitted.

The material time derivative is denoted by d(·)
dt

= ˙(·) = ∂(·)
∂t

+∇(·) · ~v, where ~v is
the velocity vector and · the dot product. The outer normal unit vector to ∂Bt is
given by ~n.
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Figure 3.4: Material volume Bt with physical quantity A.

Using Reynold’s transport theorem

d

dt

[∫
Bt
A dv

]
=

∫
Bt

[
Ȧ+Adiv~v

]
dv

=

∫
Bt

[
∂A
∂t

+ div (A~v)

]
dv , (3.9)

as well as the (Gauss) divergence theorem∫
∂Bt

~fA · ~n da =

∫
Bt

div ~fA dv , (3.10)

leads to the local form of the general balance law

Ȧ+Adiv~v = −div ~fA + pA + sA . (3.11)

3.3.1 Mass Balance

The physical quantity under consideration in the mass balance is the mass den-

sity ρ, therefore A ∧
= ρ. As a material volume that consists of the same num-

ber of particles for all times is considered, no production, supply, or flux ex-

ists, pA = sA
∧
= 0 and ~fA

∧
= ~0. With this the global and local mass balance

read
d

dt

[∫
Bt
ρ dv

]
= 0 (3.12)

and

ρ̇+ ρdiv~v = 0 . (3.13)
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As a consequence of the mass balance it follows that

d

dt

[∫
Bt
ρ (·) dv

]
=

∫
Bt

[
ρ̇ (·) + ρ ˙(·) + ρ (·) div~v

]
dv =

∫
Bt
ρ ˙(·) dv . (3.14)

This result will be used for expressions of the form d
dt

[
∫
Bt ρ (·) dv] in the following.

3.3.2 Linear and Angular Momentum Balance

The physical quantity under consideration in the linear momentum balance is the

volume density of linear momentum A ∧
= ρ~v. Supply and flux are given by volume

forces sA
∧
= ~b and the Cauchy stress vector −~fA ~n ∧= ~t. Furthermore, pA

∧
= 0. Note

the vector character of A, sA, and −~fA ~n. With this the global linear momentum
balance reads

d

dt

[∫
Bt
ρ~v dv

]
=

∫
Bt

~b dv +

∫
∂Bt

~t da . (3.15)

Using (3.14), Cauchy’s theorem (3.6), and the divergence theorem leads to the
local form of the linear momentum balance

ρ~̇v = divσT +~b . (3.16)

The angular momentum balance with A ∧
= ~x × ρ~v, pA

∧
= 0, sA

∧
= ~x × ~b, and

−~fA ~n ∧= ~x× ~t

d

dt

[∫
Bt
~x× ρ~v dv

]
=

∫
Bt
~x×~b dv +

∫
∂Bt

~x× ~t da (3.17)

yields (by applying (3.6), (3.14), and (3.16)) the aforementioned symmetry of the
Cauchy stress tensor

σT = σ . (3.18)

Here, the cross product is denoted by ×. With this the local form of the linear
momentum balance (3.16) simplifies to

ρ~̇v = divσ +~b . (3.19)

For ease of readability, the linear momentum balance is referred to as (just) mo-
mentum balance in the following.
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3.3.3 Energy Balance

The energy balance (or first law of thermodynamics) is obtained byA ∧
= ρ(ε+ 1

2
|~v|2),

where ε is the internal-energy per mass and 1
2
|~v|2 the kinetic energy per mass. The

energy supply and flux are given by sA
∧
= ~b · ~v + q, where q is a heat supply,

and −~fA · ~n ∧
= ~t · ~v − ~q · ~n, where ~q is a heat flux. There is no energy pro-

duction pA
∧
= 0. With this it follows that

d

dt

[∫
Bt
ρ

(
ε+

1

2
|~v|2
)

dv

]
=

∫
Bt

[
~b · ~v + q

]
dv +

∫
∂Bt

[
~t · ~v − ~q · ~n

]
da . (3.20)

The complete set of mass, momentum, and energy balance (in combination with
an appropriate constitutive equation) is often called Navier-Stokes equations [Zien-
kiewicz et al. 2009]. However, this naming is not unique as the term Navier-Stokes
equations can also refer to the momentum balance, only [Böswirth et al. 2014].

3.3.4 Entropy Balance

The physical quantity under consideration in the entropy balance is A ∧
= ρs,

where s is the entropy per mass. The entropy is a measure of disorder. A fun-
damental hypothesis states that the entropy supply ss and entropy flux ~f s are
connected to the heat supply q and heat flux ~q by the absolute temperature T
according to

sA
∧
= ss =

q

T
(3.21)

and

~fA
∧
= ~f s =

~q

T
. (3.22)

None of the balance laws above shows a production term pA. In order to ackno-
wledge the fact that the direction of certain processes (e.g. heat conduction) is
not arbitrary (heat always flows from warmer to colder regions), the second law of
thermodynamics states that the production of entropy ps is always non-negative

pA
∧
= ps ≥ 0 . (3.23)

The global entropy balance can be written as

d

dt

[∫
Bt
ρs dv

]
=

∫
Bt

[
ps +

q

T

]
dv −

∫
∂Bt

~q

T
· ~n da . (3.24)
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Applying (3.23) leads to the global entropy imbalance, which is commonly referred
to as Clausius-Duhem inequality

d

dt

[∫
Bt
ρs dv

]
≥
∫
Bt

q

T
dv −

∫
∂Bt

~q

T
· ~n da . (3.25)

Using (3.14) and the divergence theorem yields the local form of the entropy im-
balance

ρṡ ≥ −div
~q

T
+
q

T
. (3.26)

The next section reveals that the entropy imbalance does also give restrictions
on thermodynamic consistent constitutive equations and thereby on the material
response.

3.4 Model Derivation

As mentioned in section 3.1 the PF evolution equation (Allen-Cahn, or Cahn-
Hilliard) can be coupled with the mass balance and the momentum balance in
order to derive a PF model that can describe the dynamic evolution of fluids with
two (or possibly more) phases. By taking this path, the order parameter of the PF
model would have the character of a dimensionless phase variable that co-exists
with density and velocity, see e.g. [Gomez and van der Zee 2017]. In contrast, the
PF model of this work interprets the order parameter of the PF model as the mass
density. It does not introduce a dimensionless phase variable, but incorporates the
properties of the PF model by an appropriate constitutive equation. This type of
model can be classified as a Navier-Stokes-Korteweg model. The general form of
the capillary stress tensor, required in the constitutive equation of Navier-Stokes-
Korteweg models, has been known since 1901 [Anderson et al. 1998]. However,
the thermodynamic consistent derivation of the entire model within a rational
framework yields deeper insights into the model. This section, which is based
on [Diewald et al. 2020b], presents the derivation of the general Navier-Stokes-
Korteweg model in a rational framework utilizing the Coleman-Noll procedure.

3.4.1 Mass, Momentum, Energy, and Entropy Balance

The derivation considers a domain B which is fixed in space and has the boun-
dary ∂B. Part of the boundary of B may be given by a solid surface ∂Bs and
does therefore represent a solid-fluid interface as introduced in section 2.1. The
material volume Bt with the boundary ∂Bt is any subset of B and consists of the
same particles for all times t, cf. Figure 3.5.
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Figure 3.5: The domain B is fixed in space and part of its boundary may be given
by a solid surface ∂Bs. The material volume Bt is any subset of the domain B.

The PF model of this work solves the mass balance

ρ̇+ ρdiv~v = 0 (3.27)

and the momentum balance

ρ~̇v = divσ +~b0 − ρg~eg . (3.28)

However, an appropriate and thermodynamic consistent constitutive relation be-
tween ρ, ~v and σ has to be derived. Note that in the momentum balance (3.28)

the volume forces ~b are split into non-conservative volume forces ~b0 and gravita-
tional volume forces ρg~eg, where g and ~eg are the gravitational acceleration and
orientation

~b = ~b0 − ρg~eg . (3.29)

With (3.29) the energy balance for Bt reads

d

dt

[∫
Bt
ρ

(
ε+

1

2
|~v|2 + gxg

)
dv +

∫
∂Bt∩∂Bs

ρφ da

]

=

∫
Bt

[
~b0 · ~v + q

]
dv +

∫
∂Bt

[σ~n · ~v − ~q · ~n] da . (3.30)

This form of the energy balance is more intuitive than (3.20) as the potential energy
is written on the left side with xg denoting the (gravitational) height and∇xg = ~eg.
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In addition to the classical form of the energy balance (3.20), the energy balance
used here includes a surface energy per mass φ. This allows to account for the
energy contributions coming from the surface tensions of the solid-fluid interface
as introduced in section 2.1. Due to (3.18) it holds that∫

∂Bt
σ~n · ~v da =

∫
Bt

div (σ~v) dv =

∫
Bt

[divσ · ~v + σ : ∇s~v ] dv (3.31)

with ∇s(·) = 1
2
(∇(·) + (∇(·))T) and : denoting a double contraction. Using (3.31),

(3.28), (3.14), and the divergence theorem in (3.30) leads to∫
Bt
ρε̇ dv +

d

dt

[∫
∂Bt∩∂Bs

ρφ da

]
=

∫
Bt

[σ : ∇s~v − div~q + q] dv . (3.32)

Inserting the local form of the entropy imbalance (3.26) and assuming that the
temperature is constant (T = const.) within Bt yields∫

Bt
ρ (ε̇− T ṡ) dv +

d

dt

[∫
∂Bt∩∂Bs

ρφ da

]
≤
∫
Bt
σ : ∇s~v dv (3.33)

with

ψ = ε− Ts (3.34)

as the Helmholtz free energy per mass. Thus, the free energy dissipation inequality
reads ∫

Bt
ρψ̇ dv +

d

dt

[∫
∂Bt∩∂Bs

ρφ da

]
≤
∫
Bt
σ : ∇s~v dv . (3.35)

3.4.2 Coleman-Noll Procedure

The Coleman-Noll procedure [Coleman and Noll 1963; Gurtin et al. 2010] is a
method that allows to derive a thermodynamic consistent constitutive equation
from the free energy dissipation inequality (3.35). For this, assumptions on the
dependencies of ψ, φ, and σ have to be made. In the following, it is assumed that

ψ = ψ̂(ρ,∇ρ) , (3.36)

φ = φ̂(ρ) , (3.37)

σ = σ̂(∇s~v, ρ,∇ρ, µ) , (3.38)

with

µ =
∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ
(3.39)
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as the chemical potential. Above, the hat (̂·) denotes that an assumption for
the dependencies was made. The dependencies of the Helmholtz free energy per
mass ψ = ψ̂(ρ,∇ρ) are chosen in accordance with section 3.1. This means that
the PF potential density, cf. (3.1), is identified with the Helmholtz free energy

f1(ρ) + f2(∇ρ) = ρψ̂(ρ,∇ρ) . (3.40)

As a consequence, the order parameter of the PF model that is derived here is
the density ϕ = ρ and not a dimensionless phase variable. The surface energy per
mass φ = φ̂(ρ) is assumed to depend on the density only. If the model was intended
to include not only surface tensions but also line tensions (see section 2.2), the
surface energy per mass would also have to depend on the gradient of the density.
The exact forms of ψ̂(ρ,∇ρ) and φ̂(ρ) used in this work are discussed in chapter 4.
The assumptions for the dependencies of σ don’t have to be made before the last
step of the Coleman-Noll procedure, cf. (3.49). However, for reasons of uniformity
they are already stated here. While these assumptions for σ might not be obvious
at this point, they will prove to be pragmatic.

The free energy dissipation inequality (3.35) can now be rewritten as

∫
Bt
ρ

[
∂ψ̂

∂ρ
ρ̇+

∂ψ̂

∂∇ρ
· ∇ρ̇− ∂ψ̂

∂∇ρ
· (∇~v)T∇ρ

]
dv

+
d

dt

[∫
∂Bt∩∂Bs

ρφ̂ da

]
≤
∫
Bt
σ̂ : ∇s~v dv (3.41)

for which the identity

d (∇ρ)

dt
=
∂ (∇ρ)

∂t
+ [∇ (∇ρ)]~v

= ∇
(
∂ρ

∂t
+∇ρ · ~v

)
− (∇~v)T∇ρ

= ∇ρ̇− (∇~v)T∇ρ (3.42)

[Shokrpour Roudbari et al. 2018] has been used. Integrating by parts as well as
using

∂ψ̂

∂∇ρ
· (∇~v)T∇ρ =

(
∂ψ̂

∂∇ρ
⊗∇ρ

)
: (∇~v)T , (3.43)
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where ⊗ is the dyadic product, yields∫
Bt

[(
ρ
∂ψ̂

∂ρ
− div

∂(ρψ̂)

∂∇ρ

)
ρ̇− ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)
: (∇~v)T

]
dv

+

∫
∂Bt

ρ̇
∂(ρψ̂)

∂∇ρ
· ~n da+

d

dt

[∫
∂Bt∩∂Bs

ρφ̂ da

]
≤
∫
Bt
σ̂ : ∇s~v dv .

(3.44)

Inserting the mass balance (3.13), assuming that ∂ψ̂
∂∇ρ ⊗∇ρ =

(
∂ψ̂
∂∇ρ ⊗∇ρ

)T

, and

using the identity

ρ
∂ψ̂

∂ρ
− div

∂(ρψ̂)

∂∇ρ
= µ− ψ̂ , (3.45)

which uses (3.39), leads to∫
Bt

[
−ρ
(
µ− ψ̂

)
1− ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)]
: ∇s~v dv

+

∫
∂Bt

ρ̇
∂(ρψ̂)

∂∇ρ
· ~n da+

d

dt

[∫
∂Bt∩∂Bs

ρφ̂ da

]
≤
∫
Bt
σ̂ : ∇s~v dv , (3.46)

where 1 is the identity matrix.

The material time derivative of the surface energy can be written as

d

dt

[∫
∂Bt∩∂Bs

ρφ̂ da

]
=

∫
∂Bt∩∂Bs

[
d(ρφ̂)

dt
+ ρφ̂

(
divs~v

tan
∂Bs −K~v

⊥
∂Bs

)]
da (3.47)

[Fried and Gurtin 2007]. Here, divs and K are the surface divergence and total
(twice the mean) curvature. The tangential and normal velocity on ∂Bs are ~vtan

∂Bs
and ~v⊥∂Bs . Applying (3.47) and splitting the integral over ∂Bt in (3.46) into the
part ∂Bt ∩ ∂Bs and the part ∂Bt\∂Bs gives∫
Bt

[
−ρ
(
µ− ψ̂

)
1− ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)]
: ∇s~v dv

+

∫
∂Bt∩∂Bs

[
ρ̇
∂(ρψ̂)

∂∇ρ
· ~n+

d(ρφ̂)

dt
+ ρφ̂

(
divs~v

tan
∂Bs −K~v

⊥
∂Bs

)]
da

+

∫
∂Bt\∂Bs

ρ̇
∂(ρψ̂)

∂∇ρ
· ~n da ≤

∫
Bt
σ̂ : ∇s~v dv .

(3.48)
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The constitutive equation for σ̂ has to fulfill the constraint that is given by (3.48)
in order to be thermodynamically consistent. A suitable choice for σ̂ is given by

σ̂ = σv + σψ , (3.49)

with

σv = 2ηv(ρ)

[
∇s~v − 1

3
tr (∇s~v) 1

]
(3.50)

[Zienkiewicz et al. 2009] as the viscous stress tensor, viscosity ηv(ρ), trace tr, and

σψ = −ρ
(
µ− ψ̂

)
1− ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)
(3.51)

as the so-called Korteweg stress tensor. A more vivid view on the Korteweg stress
tensor is presented later on in section 4.2. The exact form of ηv(ρ) used in this
work is discussed in section 4.3. Finally, choosing the boundary conditions such
that (3.48) is not violated leads to the general Navier-Stokes-Korteweg model. It
solves

ρ̇+ ρdiv~v = 0 in B , (3.52)

ρ~̇v = div
(
σv + σψ

)
+~b0 − ρg~eg in B , (3.53)

with

σv = 2ηv(ρ)

[
∇s~v − 1

3
tr (∇s~v) 1

]
, (3.54)

σψ = −ρ
(
µ− ψ̂(ρ,∇ρ)

)
1− ρ

(
∂ψ̂(ρ,∇ρ)

∂∇ρ
⊗∇ρ

)
, and (3.55)

µ =
∂(ρψ̂(ρ,∇ρ))

∂ρ
− div

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
, (3.56)

under the boundary conditions

~v = ~0 on ∂B ∩ ∂Bs , (3.57)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
· ~n+

∂(ρφ̂(ρ))

∂ρ
= 0 on ∂B ∩ ∂Bs , and (3.58)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
· ~n = 0 on ∂B\∂Bs . (3.59)
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It is beneficial to look at the following identity

divσψ = ∇
(
ρψ̂ − µρ

)
− div

[
ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)]

=
∂(ρψ̂)

∂ρ
∇ρ+ (∇(∇ρ))T ∂ρψ̂

∂∇ρ
−

(
∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ

)
∇ρ−∇µρ

− div

[
ρ

(
∂ψ̂

∂∇ρ
⊗∇ρ

)]
= −∇µρ (3.60)

[Dunn and Serrin 1985] for which (3.39) was used. It is evident that the gradient
of the chemical potential µ acts as a driving force. If gravitation is neglected, an
equilibrium state can only be given if the chemical potential µ is constant within B.
More details are presented in section 3.5.

3.4.3 Global Energy Dissipation Relation

The Navier-Stokes-Korteweg model derived above dissipates energy. If non-conservative
volume forces are neglected (~b0 = ~0), the global energy E is

E[~v, ρ,∇ρ] =

∫
B

[
ρψ̂(ρ,∇ρ) +

1

2
ρ|~v|2 + ρgxg

]
dV +

∫
∂B∩∂Bs

ρφ̂(ρ) dA . (3.61)

The energy change in time is negative

Ė =

∫
B

[
∂(ρψ̂)

∂t
+

1

2

∂ (ρ|~v|2)

∂t
+ gxg

∂ρ

∂t

]
dV +

∫
∂B∩∂Bs

∂(ρφ̂)

∂t
dA

=

∫
B
−2ηv(ρ)

∣∣∣∣∇s~v − 1

3
tr (∇s~v) 1

∣∣∣∣2 dV (3.62)

if the velocity is set to ~v = ~0 on all of ∂B. The magnitude of dissipation is
determined by the viscosity ηv only which reflects the physical behavior. The
constitutive equation derived above does not add or dissipate any artificial energy.
More details on how (3.62) was derived are presented in appendix A.

3.5 Static Case

In many cases only the static equilibrium configuration of a wetting scenario is of
interest. Using the full Navier-Stokes-Korteweg model for these cases would lead
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to much higher computational costs than necessary. It is therefore favorable to
formulate a model that does not describe the full dynamic evolution but computes
the static equilibrium configuration in an efficient manner. This section derives
the static Allen-Cahn model directly from the dynamic Navier-Stokes-Korteweg
model, cf. Figure 3.2. Thereafter, it is shown that the static model can also be
obtained by a variational formulation from the PF potential.

3.5.1 Derivation from the General Model

Regarding the static case (~v = ~0 ) the Navier-Stokes-Korteweg model, as it is
stated in the box on page 26, reduces to

∂ρ

∂t
= 0 , (3.63)

~0 = divσψ − ρg~eg . (3.64)

Non-conservative volume forces are neglected (~b0 = ~0). Using (3.60) and ∇xg = ~eg
in (3.64) yields

~0 = −∇µρ− ρg∇xg
= −ρ∇ (µ+ gxg) . (3.65)

As the density is in general not zero (ρ 6= 0), it follows that

µ+ gxg = const. = −λ , (3.66)

or
µ+ gxg + λ = 0 , (3.67)

where λ is a constant. If the influence of gravity is neglected, the static solution
is characterized by a constant value of the chemical potential µ. Solving (3.67)
directly is numerically not feasible when there is a large distance between the
initial state and the static equilibrium. Therefore, an evolution equation is used to
gradually relax the initial state towards the static equilibrium (3.67). As discussed
in section 3.1 this can be done by using an Allen-Cahn, cf. (3.3), or Cahn-Hilliard,
cf. (3.4), evolution equation.

Cahn-Hilliard type approaches lead to a stiff numerical behavior which is due to
the fourth order spatial derivatives. Therefore, bilinear finite elements cannot be
applied [Anders and Weinberg 2011b] and techniques like mixed finite element
methods, coupled equations, interpolation functions that have a high degree of
continuity, or a discontinuous Galerkin method are required [Wells et al. 2006].
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See also [Rajagopal et al. 2010; Anders and Weinberg 2011a]. Allen-Cahn type
approaches do not have the same drawbacks and allow for a simpler and resource
efficient implementation, see e.g. [Yang et al. 2006]. While the kinetic path to-
wards the static equilibrium is in general different when using a Cahn-Hilliard or
Allen-Cahn evolution equation, they will yield the same stationary solution [Ben
Said et al. 2014]. Since this section deals with the derivation of a simple model
that computes the static equilibrium configuration only, an Allen-Cahn evolution
equation is chosen. [Diewald et al. 2018b]

Applying the evolution equation to (3.67) and using (3.39) leads to the static
Allen-Cahn model which solves

∂(ρψ̂(ρ,∇ρ))

∂ρ
− div

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
+ gxg + λ = − 1

M

∂ρ

∂t
in B , (3.68)∫

B
ρ dV = mB in B , (3.69)

under the boundary conditions

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
· ~n+

∂(ρφ̂(ρ))

∂ρ
= 0 on ∂B ∩ ∂Bs , and (3.70)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
· ~n = 0 on ∂B\∂Bs . (3.71)

Note that in order to allow the evolution towards the static equilibrium, (3.63) is
only fulfilled globally with mB as the total mass in B, cf. (3.69). The boundary con-
ditions of the static equilibrium are the same as for the dynamic case (3.57), (3.58),
and (3.59). In this static Allen-Cahn model, the time t should not be understood
as the physical time. Instead it is an artificial time that is introduced by the
evolution equation.

Once the current state is close to the static equilibrium and therefore∫
B

1

2

(
ρ̇

M

)2

dV ≤ etol , (3.72)

with etol being a (small) tolerance value, the evolution equation is no longer used
and the quasi-static limit condition

∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ
+ gxg + λ = 0 (3.73)
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is solved instead of (3.68).

3.5.2 Equivalence to the Variational Formulation

The static Allen-Cahn model as it is stated in the box on page 29 is equivalent
to the following variational derivation. The total PF potential of the domain B is
given by

F [ρ,∇ρ, λ] =

∫
B

[
ρψ̂(ρ,∇ρ) + ρgxg

]
dV + λ

(∫
B
ρ dV −mB

)
+

∫
∂B∩∂Bs

ρφ(ρ) dA . (3.74)

In this λ can now be seen as a Lagrange multiplier ensuring the conservation of
mass within B. Using the Allen-Cahn evolution equation (3.3) for the density ρ
and invoking integration by parts yields∫

B

[
∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ
+ gxg + λ+

1

M

∂ρ

∂t

]
δρ dV

+

∫
∂B

∂(ρψ̂)

∂∇ρ
· ~n δρ dA+

∫
∂B∩∂Bs

∂(ρφ̂)

∂ρ
δρ dA = 0 . (3.75)

In addition, the first variation of F with respect to λ is required to be zero(∫
B
ρ dV −mB

)
δλ = 0 . (3.76)

The surface integral over ∂B in (3.75) can be split into∫
∂B

∂(ρψ̂)

∂∇ρ
· ~n δρ dA =

∫
∂B\∂Bs

∂(ρψ̂)

∂∇ρ
· ~n δρ dA+

∫
∂B∩∂Bs

∂(ρψ̂)

∂∇ρ
· ~n δρ dA . (3.77)

By applying this split it follows from (3.75) and (3.76) that

∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ
+ gxg + λ+

1

M

∂ρ

∂t
= 0 in B , (3.78)∫

B
ρ dV −mB = 0 in B , (3.79)

with

∂(ρψ̂)

∂∇ρ
· ~n+

∂(ρφ̂)

∂ρ
= 0 on ∂B ∩ ∂Bs , and (3.80)

∂(ρψ̂)

∂∇ρ
· ~n = 0 on ∂B\∂Bs , (3.81)
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which is equivalent to the static Allen-Cahn model in the box on page 29.

The variational derivation starting from the total PF potential of the domain
under consideration as it is presented here is more common for the derivation of
PF models than the derivation by a simplification of the full dynamic model as it
is presented in the previous section. Nonetheless, the derivation by a simplification
of the full dynamic model reveals the direct relation between the dynamic and the
static model.
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4 Choices for the Helmholtz Free
Energy and Viscosity

In chapter 3 it is stated that the Helmholtz free energy per mass ψ̂(ρ,∇ρ) is a
function that depends on ρ and ∇ρ. However, no explicit choice for the Helmholtz
free energy is made. The same holds true for the surface energy per mass φ̂(ρ),
which is a function of ρ. The general model of chapter 3 has to be made specific
by defining the Helmholtz free energy and surface energy in accordance with the
fluid under consideration.

This chapter presents two different choices for the Helmholtz free energy. Firstly,
an empirical Helmholtz free energy is presented which is motivated phenomeno-
logically. Thereafter, a Helmholtz free energy that is based on a thermodynamic
equation of state (EoS) for the Lennard-Jones truncated and shifted (LJTS) fluid
is introduced. The according surface energies are formulated as well.

In addition, the viscosity ηv needs to be defined in accordance with the fluid under
consideration. This is done at the end of this chapter.

4.1 Empirical Helmholtz Free Energy

An empirical Helmholtz free energy formulation for wetting scenarios has to show
the following characteristics:

• There are (at least) two stable phases, namely the vapor and the liquid phase.

• The interface between the two phases has an energy that is defined by the
surface tension between the two phases.

• The interface between the two phases has a defined width.

The empirical Helmholtz free energy per mass ψe used in this work is chosen such
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that

ρψ̂(ρ,∇ρ) = ρψe(ρ,∇ρ) = αeρae(ρ) +
1

2

βe

(ρ′ − ρ′′)2 |∇ρ|
2 . (4.1)

In this, ρae(ρ) is a double-well function as depicted in Figure 4.1 (left). The two
minima of the double-well function lead to two stable bulk phases. In this empirical
approach the bulk density of the vapor phase ρ′′ and the bulk density of the liquid
phase ρ′ are not fixed but can be set to the desired value depending on the fluid
under consideration. Therefore, the density is normalized by

ϕ(ρ) =
ρ− ρ′′

ρ′ − ρ′′
(4.2)

so that bulk phases are characterized by ϕ(ρ′′) = ϕ′′ = 0 in the gas phase
and ϕ(ρ′) = ϕ′ = 1 in the liquid phase,

ρae(ϕ(ρ)) = ϕ2 (1− ϕ)2 . (4.3)

With this, the free energy of the bulk phases is zero and ϕ can be seen as a
dimensionless order parameter distinguishing between the two phases.

While the double-well function ensures the existence of two stable phases, the
parameters αe and βe can be used to satisfy the two other requirements regarding
the energy and width of the interface between the stable phases. The underlying
idea was shown in [Cahn and Hilliard 1958].

A planar interface that is perpendicular to an axis x and is located at x = 0 is
regarded. Gravitational effects are neglected (g = 0). The excess free energy Ωe,
which is the energy that is stored in that interface, can be computed by

Ωe = A

∫ ∞
−∞

ρψe dx . (4.4)

In this, A is the surface area of the interface (perpendicular to x). In order to
fulfill the requirement regarding the energy of the interface, Ωe has to be equal to
the surface tension between the liquid and the vapor phase γlv multiplied with A,

Ωe = Aγlv . (4.5)

The final requirement regarding the width of the interface can be expressed as

dϕ

dx

∣∣∣∣
x=0

=
1

le
, (4.6)

where le is referred to as the interface width, cf. Figure 4.1 (right).
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Figure 4.1: Left: The double-well function ρae yields two stable bulk phases at ρ′′

and ρ′. Since the values of ρ′′ and ρ′ depend on the fluid under consideration, the
density is normalized such that the bulk phases are given by ϕ′′ = 0 and ϕ′ = 1.
Right: Plot of ϕ along an axis x that is perpendicular to a vapor-liquid interface.
The interface width is le.

For the regarded planar interface, the solution state as described by (3.68) reduces
to

∂(ρψ̂(ρ,∇ρ))

∂ρ
− d

dx

(
∂(ρψ̂(ρ,∇ρ))

∂∇ρ

)
+ λ = 0 , (4.7)

with ∇ρ =
[

dρ
dx

0 0
]T

. Multiplying with dρ
dx

yields

∂(ρψ̂(ρ,∇ρ))

∂ρ

dρ

dx
− d

dx

(
∂(ρψ̂(ρ,∇ρ))

∂∇ρ

)
dρ

dx
+ λ

dρ

dx
= 0 , (4.8)

which can be rewritten as

d

dx

[
ρψ̂(ρ,∇ρ))− ∂(ρψ̂(ρ,∇ρ)

∂∇ρ
dρ

dx
+ λρ

]
= 0 . (4.9)

For this the identity

∂(ρψ̂(ρ,∇ρ))

∂∇ρ
d2ρ

dx2
− d

dx

(
∂(ρψ̂(ρ,∇ρ))

∂∇ρ
dρ

dx

)
= − d

dx

(
∂(ρψ̂(ρ,∇ρ))

∂∇ρ

)
dρ

dx
(4.10)

was used. From (4.9) it follows that

ρψ̂(ρ,∇ρ))− ∂(ρψ̂(ρ,∇ρ)

∂∇ρ
dρ

dx
+ λρ = const. = c , (4.11)



36 4 Choices for the Helmholtz Free Energy and Viscosity

with c being a constant. This is an essential result for the planar interface without
gravity. It is also used in sections 4.2 and 7.1.

Writing (4.11) for the empirical Helmholtz free energy of this section (4.1) at the
position of one of the bulk phases (e.g. the vapor bulk phase) gives

αeρ′′ae(ϕ′′) + λρ′′ = c (4.12)

since dρ
dx

= 0 in the bulk phases. For the double-well function it holds that

ρ′′ae(ϕ′′) = 0 and
d (ρae)

dϕ

∣∣∣∣
ϕ=ϕ′′

= 0 , (4.13)

cf. Figure 4.1 (right). Therefore, it follows from (3.66) and (3.39) that

λ = −µ = 0 and thus c = 0 . (4.14)

With this, (4.11) can be written for the empirical Helmholtz free energy (4.1) at
any position as

αeρae(ϕ) =
1

2
βe

(
dϕ

dx

)2

. (4.15)

Using this result in the requirement regarding the energy of the interface that is
stated in (4.5) leads to∫ ∞

−∞

[
αeρae(ϕ) +

1

2
βe

(
dϕ

dx

)2
]

dx =

∫ ∞
−∞

2αeρae(ϕ) dx = γlv . (4.16)

With

dx =

√
βe

2αeρae(ϕ)
dϕ , (4.17)

cf. (4.15), the integral over x can be rewritten as an integral over ϕ∫ ∞
−∞

2αeρae(ϕ) dx =

∫ 1

0

√
2αeβeρae(ϕ) dϕ = γlv . (4.18)

Evaluating the integral yields

√
2αeβe

6
= γlv . (4.19)
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Using (4.17) in the requirement regarding the width of the interface that is stated
in (4.6) leads to

dϕ

dx

∣∣∣∣
x=0

=

√
2αeρae(ϕ = 1

2
)

βe
=

√
αe

8βe
=

1

le
. (4.20)

Now, αe and βe can be determined by solving (4.19) and (4.20),

αe = 12
γlv

le
and βe =

3

2
γlvl

e . (4.21)

The empirical Helmholtz free energy density reads

ρψe(ϕ,∇ϕ) = 12
γlv

le
ϕ2 (1− ϕ)2 +

3

4
γlvl

e|∇ϕ|2 . (4.22)

Surface Energy

The surface energy φe is chosen such that it represents the surface tension between
the solid surface and the liquid γsl if the liquid is in contact with the solid surface
as well as the surface tension between the solid surface and the vapor γsv if the
vapor is in contact with the solid surface,

ρφ̂(ϕ) = ρφe(ϕ) = γslh(ϕ) + γsv (1− h(ϕ)) , (4.23)

cf. [Ben Said et al. 2014]. In this, h(ϕ) interpolates between the solid-liquid and
solid-vapor interface

h(ϕ) = ϕ3
(
6ϕ2 − 15ϕ+ 10

)
, (4.24)

with
h(ϕ = 0) = 0 and h(ϕ = 1) = 1 . (4.25)

This form of the interpolation function h(ϕ) is chosen since its properties, e.g.

dh(ϕ)

dϕ

∣∣∣∣
ϕ=ϕ′

=
dh(ϕ)

dϕ

∣∣∣∣
ϕ=ϕ′′

=
d2h(ϕ)

dϕ2

∣∣∣∣
ϕ=ϕ′

=
d2h(ϕ)

dϕ2

∣∣∣∣
ϕ=ϕ′′

= 0 , (4.26)

are numerically advantageous. A plot of h(ϕ) can be seen in Figure 4.2.

Special attention should be given to the fact that the presented model does not ex-
plicitly define a contact angle, cf. section 2.2, in the form of a Neumann boundary
condition. Instead, the energy contribution from the solid-liquid and solid-fluid
surface tensions are directly included in the model. This approach is much closer
to the underlying physics than directly prescribing the contact angle which is in
fact a result of the energy contributions. For more information on the connection
between the energetic approach and the geometric prescription of a contact angle
the reader is referred to [Xu and Wang 2010].
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Figure 4.2: Plot of the interpolation function h(ϕ). It is chosen because of its
numerically advantageous properties.

4.2 Equation of State Based Helmholtz Free

Energy

The interfacial properties of a liquid are determined on an atomistic scale. The
formulation of the Helmholtz free energy for a PF model has to reproduce them.
However, it is difficult to determine these properties experimentally. It is therefore
favorable to link the formulation of the Helmholtz free energy for a PF model to
atomistic molecular dynamics (MD) simulations with which the interfacial proper-
ties of a fluid can be determined. This section demonstrates how a thermodynamic
equation of state (EoS) that originates from atomistic simulations for the Lennard-
Jones truncated shifted (LJTS) fluid can be incorporated into a PF model. This
approach is also presented in [Diewald et al. 2018a], which is the basis for this
section.

The general concept of linking a PF model to the atomistic scale by feeding it
with data from atomistic simulations has been applied in various fields of rese-
arch. In [Bragard et al. 2002] a PF model for solidification inherits its interfacial
properties of the solid-liquid interface from MD simulations. Also investigating
solidification with a PF model the authors of [Danilov et al. 2009] extract the in-
put parameters for their model from MD simulations. They also sensitize the fact
that special attention has to be given to the differences between the MD and PF
simulations regarding the underlying assumptions and approximations. The PF
simulations in [Wu and Karma 2007] gain their PF parameters from MD simula-
tions. MD simulations cannot only be used to determine input parameters for PF



4.2 Equation of State Based Helmholtz Free Energy 39

simulations but can also help to find meaningful initialization states for the order
parameter of the PF, see e.g. [Nestler et al. 2009]. For this, it is necessary to map
the discrete data of the atomistic simulations to the continuous order parameter.
Such a mapping is presented in [Bishop and Craig Carter 2002]. For PF simulati-
ons of ferroelectric materials the free energy of the PF model is fitted to atomistic
simulations in [Völker et al. 2011, 2012]. In [Vaithyanathan et al. 2002, 2004] a
multiscale approach for PF simulations of precipitation in an aluminum alloy is
presented. For this approach, the energy contributions of the bulk, interface, and
strain are provided from atomistic simulations.

The above-mentioned models obtain their information on the physics from ato-
mistic simulations but they incorporate this information into the PF models by
fits. However, if an EoS that adequately represents the behavior of the considered
substance exists, it is advantageous to directly incorporate this EoS into the PF
model. Many models for fluids use the van der Waals EoS, see e.g. [Braack and
Prohl 2013; Bueno and Gomez 2016; Bueno et al. 2018; Diehl et al. 2016; Gomez
et al. 2010; Lamorgese and Mauri 2009; Liu et al. 2013, 2015; Onuki 2007; Pecenko
et al. 2010, 2011; Tian et al. 2015].

However, to properly describe the interfacial properties of a specific fluid a more
evolved EoS needs to be employed. This is, to the best of the author’s knowledge,
done for the first time in [Diewald et al. 2018a].

The specific fluid that shall be described here is the Lennard-Jones truncated and
shifted (LJTS) fluid. The LJTS model is probably the most simple model that can
describe the interfacial properties as well as the overall thermodynamic behavior of
a fluid realistically. For this reason it is often used for systematic thermodynamic
studies of fluids and their interfaces by atomistic simulations, cf. [Becker et al.
2014; Heinen et al. 2016; Horsch et al. 2008, 2009, 2010, 2012; Lotfi et al. 2014;
Stephan et al. 2018; Vrabec et al. 2006].

The LJTS model is based on the Lennard-Jones (LJ) [Jones 1924] potential

uLJ(rLJ) = 4εLJ

[(
σLJ

rLJ

)12

−
(
σLJ

rLJ

)6
]
, (4.27)

which describes the interaction of two particles that have a distance rLJ to each
other. The fluid specific constants εLJ and σLJ are the energy and size parameter
of the LJ potential. The value of uLJ at the potential well is defined by −εLJ and
the value of rLJ at which uLJ is zero is defined by σLJ. Values for εLJ and σLJ for
specific fluids can, for instance, be found in [Vrabec et al. 2006]. A plot of uLJ can
be seen in Figure 4.3.
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Figure 4.3: Plot of the LJ potential. The distance between two particles is denoted
by rLJ. The energy and size parameter are εLJ and σLJ. The LJ potential leads to
an attraction between particles if rLJ is larger than the position of the potential
well and to a repulsion if rLJ is smaller than the position of the potential well.

The LJ potential leads to an attraction between particles if rLJ is larger than
the position of the potential well and to a repulsion if rLJ is smaller than the

position of the potential well. The exponent of the attractive term −
(
σLJ/rLJ

)6

follows from electrostatics. The exponent of the repulsive term
(
σLJ/rLJ

)12
has to

be larger than 6 to ensure that the attractive term is dominant for large values
of rLJ. However, its exact choice is purely empirical and not unique. Choosing 12
is convenient as it allows to compute the repulsive term by squaring the attractive
term. [Lauth and Kowalczyk 2015]

The energy parameter εLJ and size parameter σLJ of the LJ potential and the
mass per particle MLJ can be used to nondimensionalize physical quantities, cf.
Table 4.1. The nondimensionalized quantities are marked with an asterisk (·)∗
and kB is the Boltzmann constant. The according LJ units are used for all physical
quantities whenever the EoS based Helmholtz free energy is used.

The LJTS potential uLJTS is obtained from the LJ potential by truncating it at
the cut-off radius rLJ

c and shifting it such that uLJTS(rLJ
c ) = 0,

uLJTS(rLJ) =

{
uLJ(rLJ)− uLJ(rLJ

c ) for rLJ < rLJ
c

0 for rLJ ≥ rLJ
c

. (4.28)

The truncation reduces the numerical costs for MD simulations as particles that
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Table 4.1: Nondimensionalization of physical quantities. The nondimensionalized
quantities are marked with an asterisk (·)∗.

length l∗ = l
σLJ temperature T ∗ = T

εLJ/kB

time t∗ = t

σLJ
√
MLJ/εLJ

stress σ∗ = σ
εLJ/(σLJ)3

mass m∗ = m
MLJ velocity ~v∗ = ~v√

εLJ/MLJ

mass density ρ∗ = ρ
MLJ/(σLJ)3

viscosity ηv∗ = ηv√
εLJMLJ/(σLJ)2

free energy per mass ψ∗ = ψ
εLJ/MLJ surface tension γ∗ = γ

εLJ/(σLJ)2

have a distance larger than rLJ
c do not interact with each other. Throughout this

work rLJ
c = 2.5σLJ is used.

Recently an EoS for the LJTS fluid was developed [Heier et al. 2018]. This PeTS
(perturbed truncated and shifted) EoS matches the results of MD simulations of
the LJTS fluid. The agreement between the PeTS EoS and MD simulations is not
only found for stable states but also for metastable and unstable states. This is
not the case for the only other two EoS for the LJTS fluid [Johnson et al. 1993;
Thol et al. 2015]. It is therefore attractive to use the PeTS equation of state in a
PF model for wetting scenarios of the LJTS fluid.

The EoS based Helmholtz free energy per mass ψPeTS used in this work is chosen
such that

ρψ̂(ρ,∇ρ) = ρψPeTS(ρ,∇ρ) = ρaPeTS(ρ) +
1

2
κ|∇ρ|2 . (4.29)

In this aPeTS(ρ) is the local part of the EoS based Helmholtz free energy as it
is described by the PeTS EoS. For more details on the specific form of aPeTS(ρ)
the reader is referred to [Heier et al. 2018]. The high level of complexity of the
PeTS EoS motivates the usage of hyper-dual numbers to compute the first and
second derivatives that are needed for the FE implementation. See section 5.3 for
details. In general aPeTS(ρ) does not only depend on the density ρ but also on the
temperature T and therefore aPeTS(ρ, T ). However, since the present PF model
assumes the temperature to be constant, cf. section 3.4.1, the temperature T is
omitted in the notation for ease of readability. A plot of ρaPeTS(ρ) for T = 0.7 ε

LJ

kB
is shown in Figure 4.4 (left).

Similar to the empirical Helmholtz free energy, cf. section 4.1, the local part of the
Helmholtz free energy ρaPeTS(ρ) leads to the existence of two stable phases with
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Figure 4.4: Left: Plot of ρaPeTS(ρ) for T = 0.7 ε
LJ

kB
. The densities of the bulk

phases ρ′′ and ρ′ are depicted with dashed lines. The blue line represents the
energy that results from simply mixing the energies of the homogeneous bulk
phases. Right: Homogeneous excess free energy density. This energy results from
subtracting the (blue) mixing energy from ρaPeTS(ρ). [Heier et al. 2018; Diewald
et al. 2018a]

densities ρ′′ and ρ′ which are marked by dashed lines in Figure 4.4. Since this local
part of the Helmholtz free energy is directly taken from the PeTS EoS there is no
additional parameter in front of it. Only one parameter κ in front of the gradient
part of the Helmholtz free energy remains to be defined.

The parameter κ shall be chosen such that the energy of the liquid-vapor interface
is defined by the surface tension between the two phases. Consequently, since κ is
the only parameter, this also defines the width of the liquid-vapor interface. The
interface width cannot be chosen separately and reflects the physical width of the
liquid-vapor interface for the LJTS fluid at the nanoscale. Using the PeTS EoS
together with the correct value for κ does therefore lead to PF simulations that are
consistent with MD simulations regarding the bulk phases as well as the interface
between them. This is demonstrated in section 6.2. The computational effort is
smaller for the PF simulations than for the MD simulations. Therefore, the PF
model based on the Helmholtz free energy from the PeTS EoS does already allow
to compute scenarios in larger domains than the MD simulations. However, the
nanoscale width of the liquid-vapor interface ties the PF simulations to small scales.
A true scale bridging can be achieved by introducing an additional parameter in the
Helmholtz free energy in order to broaden the liquid-vapor interface, cf. chapter 7.
As the PF model strongly reflects the underlying physics from the MD simulations
it can be used to transfer the insights from the MD simulations to much larger
scales.
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The computation of the parameter κ is presented in the following. The underlying
idea was shown in [Cahn and Hilliard 1958]. Analogous to section 4.1, a planar
interface that is perpendicular to an axis x and is located at x = 0 is regarded.
Gravitational effects are neglected (g = 0). The excess free energy ΩPeTS, which is
the energy that is stored in that interface, is given by

ΩPeTS = A

∫ ∞
−∞

[
ω(ρ) +

1

2
κ|∇ρ|2

]
dx . (4.30)

In contrast to the empirical Helmholtz free energy, the EoS based Helmholtz
free energy shows a non-zero free energy for the bulk phases ρ′aPeTS(ρ′) 6= 0
and ρ′′aPeTS(ρ′′) 6= 0, cf. Figure 4.4 (left). Therefore, the excess free energy cannot
directly be computed using ρaPeTS(ρ). Instead the energy that would result from
simply mixing the energies of the homogeneous bulk phases has to be subtracted.
This is done by using the homogeneous excess free energy density ω,

ω(ρ) = ρaPeTS(ρ)− µ′ρ+ ph , (4.31)

in (4.30). In this µ′ is the chemical potential in the homogeneous liquid phase,

µ′ =
∂(ρaPeTS)

∂ρ

∣∣∣∣
ρ=ρ′

, (4.32)

see also (3.39). Note that the chemical potential in the homogeneous vapor
phase ρ′′ could also be used since the chemical potential is constant for an equi-
librium configuration. The hydrostatic pressure is given by ph. A plot of ω(ρ) is
shown in Figure 4.4 (right). Naturally, the value of ω in the bulk phases is zero,

ω(ρ′) = ω(ρ′′) = 0 . (4.33)

Analogous to section 4.1, the excess free energy ΩPeTS has to be equal to the surface
tension between the liquid and the vapor phase γlv multiplied with A,

ΩPeTS = Aγlv . (4.34)

Reusing (4.11) and writing it for the EoS based Helmholtz free energy of this
section (4.29) at the position of one of the bulk phases (e.g. the liquid bulk phase)
gives

ρ′aPeTS(ρ′) + λρ′ = c (4.35)

since dρ
dx

= 0 in the bulk phases. From (4.31) and (4.33) it follows that

ρ′aPeTS(ρ′) = µ′ρ′ − ph . (4.36)
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In addition, (3.66) and (4.32) yield

λ = −µ′ . (4.37)

Inserting (4.36) and (4.37) in (4.35) gives

c = −ph . (4.38)

With this, (4.11) can be written for the EoS based Helmholtz free energy (4.29)
at any position as

ρaPeTS(ρ)− µ′ρ+ ph =
1

2
κ

(
dρ

dx

)2

or ω(ρ) =
1

2
κ

(
dρ

dx

)2

. (4.39)

Using this result in the requirement regarding the energy of the interface that is
stated in (4.34) leads to∫ ∞

−∞

[
ω(ρ) +

1

2
κ|∇ρ|2

]
dx =

∫ ∞
−∞

2ω(ρ) dx = γlv . (4.40)

With

dx =

√
κ

2ω(ρ)
dρ , (4.41)

cf. (4.39), the integral over x can be rewritten as an integral over ρ

∫ ∞
−∞

2ω(ρ) dx =

∫ ρ′

ρ′′

√
2κω(ρ) dρ = γlv . (4.42)

Therefore, κ can be computed with

κ =
1

2

[
γlv∫ ρ′

ρ′′

√
ω(ρ) dρ

]2

. (4.43)

Using the data for γlv presented in [Vrabec et al. 2006] the value of κ for the
PeTS EoS can be computed. It is shown in [Heier et al. 2018] that a temperature

independent value of κ = 2.7334 ε
LJ(σLJ)5

(MLJ)2
is appropriate. This value is used in this

work whenever the EoS based Helmholtz free energy is used.
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Surface Energy

The surface energy φPeTS is chosen analogous to the surface energy for the empirical
Helmholtz free energy, cf. section 4.1. It represents the surface tension between
the solid surface and the liquid γsl if the liquid is in contact with the solid surface,
as well as the surface tension between the solid surface and the vapor γsv if the
vapor is in contact with the solid surface,

ρφ̂(ρ) = ρφPeTS(ρ) = γslh(ρ) + γsv (1− h(ρ)) , (4.44)

cf. [Ben Said et al. 2014]. Again, h(ρ) interpolates between the solid-liquid and
solid-vapor interface

h(ρ) =

(
ρ− ρ′′

ρ′ − ρ′′

)3
[

6

(
ρ− ρ′′

ρ′ − ρ′′

)2

− 15

(
ρ− ρ′′

ρ′ − ρ′′

)
+ 10

]
, (4.45)

which yields

h(ρ = ρ′′) = 0 and h(ρ = ρ′) = 1 . (4.46)

Note that with (4.2) the formulations for the surface energy for the empirical
Helmholtz free energy and the EoS based Helmholtz free energy are identical. The
remarks that were made in section 4.1 do therefore hold here as well.

Alternative View on the Korteweg Stress Tensor

The elaborations above allow an alternative (or phenomenological) view on the
Korteweg stress tensor that was derived in section 3.4, cf. (3.51). This alternative
view, which is presented in the following, yields deeper insights into the underlying
physics than the purely mathematical derivation of section 3.4 does.

The density ρ is identified as the order parameter of the present PF model, cf.
section 3.4.2. Therefore, the Navier-Stokes-Korteweg model can be seen as a model
that couples a PF model that does only describe the evolution of different phases
characterized by the density distribution with a model for fluid dynamics i.e. the
mass and momentum balance.

The coupling from the fluid dynamics to the PF model for the density distribution
is inherent in the mass balance

∂ρ

∂t
+∇ρ · ~v + ρdiv~v = 0 , (4.47)

cf. (3.13). It is evident that interfaces, which are represented by a non-zero value
of ∇ρ, are convected with the flow.
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The coupling from the PF model for the density distribution to the fluid dynamics
is less obvious. It is achieved by a constitutive relation between the stress tensor
and the density distribution.

It follows from (4.39) that the hydrostatic pressure in a domain that is at equili-
brium and contains one planar interface between the liquid and the vapor phase
is constant and given by

ph = −ρaPeTS(ρ) + µ′ρ+
1

2
κ |∇ρ|2 . (4.48)

It is suggestive to use this expression to define a (non-constant) hydrostatic pres-
sure tensor ph that represents the first part of the constitutive relation between
the stress tensor and the density distribution,

ph = ph1 =

(
−ρaPeTS(ρ) + µ′ρ+

1

2
κ |∇ρ|2

)
1 . (4.49)

For an interface that is at equilibrium, ph is constant in the entire domain. If
the density distribution evolves away from the equilibrium by e.g. broadening the
interface, the hydrostatic pressure drops at the interface as the ∇ρ contribution
becomes smaller. This pressure drop causes a flow towards the interface which
narrows the interface and restores the equilibrium state.

While ph stabilizes the interface, it does not describe the influence that the surface
tension has on the fluid dynamics. This influence of the surface tension is described
by the surface tension pressure tensor pγlv , that represents the second part of
the constitutive relation between the stress tensor and the density distribution.
A single two-dimensional droplet as it is depicted in Figure 4.5 is regarded in
the following. Section 2.1 describes that the surface tension of the liquid-vapor
interface can be understood as the integral over a pressure drop that is found in
the direction of the diffuse interface between the phases. In other words, moving
along an axis ξ that is perpendicular to the liquid-vapor interface, a pressure drop
can be seen in the direction η, which is perpendicular to ξ. The integral over this
pressure drop in ξ-direction yields the surface tension γlv with a change of sign.
The change of sign is easy to comprehend. The surface tension gives a positive
energy contribution in the interface. However, the effect of the surface tension is
a contraction of the interface originating from a negative pressure change in the
interface.

With (4.34) it is evident that the pressure drop in the direction of the interface is
equivalent to the excess free energy density (with a change of sign). This allows
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Figure 4.5: Two-dimensional droplet. The integral over the pressure drop that
is found in the direction of the interface defines the surface tension between the
liquid and the vapor phase γlv.

to write the surface tension pressure tensor pγlv in the ξη-coordinate system

pγlv(ξη) =

0 0

0 −ω(ρ)− 1

2
κ|∇ρ|2

 =

0 0

0 −κ|∇ρ|2

 =

0 0

0 −κ
(
∂ρ

∂ξ

)2

 (4.50)

for which (4.39) was used. The surface tension pressure tensor pγlv(ξη) can be trans-
formed to the xy-coordinate system by a rotation of the coordinate system, see
e.g. [Becker and Gross 2002]. The rotation angle α depends on the orientation of
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the interface,

sinα =
∂ρ

∂y

1

|∇ρ|
and cosα =

∂ρ

∂x

1

|∇ρ|
. (4.51)

Applying the rotation yields the surface tension pressure tensor in the xy-coordinate
system

pγlv = κ


−
(
∂ρ

∂y

)2
∂ρ

∂x

∂ρ

∂y

∂ρ

∂x

∂ρ

∂y
−
(
∂ρ

∂x

)2

 . (4.52)

The combination of the hydrostatic pressure tensor ph and the surface tension
pressure tensor pγlv is equivalent to the Korteweg stress tensor (3.51) that was
derived in section 3.4,

σψ = −ph − pγlv

=

(
ρaPeTS(ρ)− µ′ρ− 1

2
κ |∇ρ|2

)
1 + κ


(
∂ρ

∂y

)2

−∂ρ
∂x

∂ρ

∂y

−∂ρ
∂x

∂ρ

∂y

(
∂ρ

∂x

)2



=

(
ρaPeTS(ρ)− µ′ρ+

1

2
κ |∇ρ|2

)
1− κ


(
∂ρ

∂x

)2
∂ρ

∂x

∂ρ

∂y

∂ρ

∂x

∂ρ

∂y

(
∂ρ

∂y

)2

 . (4.53)

The elaborations above demonstrate that the formulation of the Korteweg stress
tensor can not only be understood as a constitutive relation that fulfills the free
energy dissipation inequality as it is derived by the Coleman-Noll procedure.
Instead, it can also be understood as a constitutive equation that:

• Defines and stabilizes the interface between the liquid and the vapor phase
in the same way the first order optimality condition of the total PF potential
does, cf. sections 3.1 and 3.5.2.

• Includes the effects of the surface tension between the liquid and the vapor
phase.
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4.3 Viscosity

Choices for the Helmholtz free energy and surface energy are made in the sections
above. They can be used in the general Navier-Stokes-Korteweg model in the box
on page 26 in order to make the model fluid specific. The viscosity ηv remains to
be defined.

The present model considers Newtonian fluids, see e.g. [Böswirth et al. 2014]. The
viscosity ηv does therefore not depend on the velocity respectively the velocity
gradient. In this work, the viscosity is assumed to only depend on the local value of
the density ρ and the temperature T . This section presents a physically motivated
choice for this dependency.

The PeTS EoS is based on MD simulations of the LJTS fluid. By using the PeTS
EoS in the formulation of the Helmholtz free energy of the PF model, the PF
model strongly reflects the physical behavior of the LJTS fluid. It is therefore
desirable to also define the viscosity such that it is in accordance with MD data
for the LJTS fluid. For this the MD data for the viscosity from Lautenschlaeger
and Hasse [2019] is used.

To define the viscosity ηv the following correlation is used

ηv(ρ, T ) = exp

(
4∑
i=0

i∑
j=0

a[j][i−j]
ρj

T i−j

)
. (4.54)

The parameters a[·][·] are determined by the method of least squares from the data
presented in [Lautenschlaeger and Hasse 2019]. The resulting values are shown in
Table 4.2. The values are stated without dimensions for ease of readability. This
correlation is also presented in [Diewald et al. 2020a].

Table 4.2: Coefficients a[·][·] for the viscosity correlation of the LJTS fluid (4.54).
The coefficients are determined by the method of least squares from the viscosity
data presented in [Lautenschlaeger and Hasse 2019] and stated without dimensi-
ons. [Diewald et al. 2020a]

coeff. value coeff. value coeff. value coeff. value
a00 -0.09629 a02 6.51120 a03 -3.80749 a04 0.73834
a01 -5.77337 a11 6.16606 a12 -3.03103 a13 1.33136
a10 0.79147 a20 0.21344 a21 -5.65017 a22 -0.69558

a30 0.73455 a31 5.25442
a40 -0.38581
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Figure 4.6 and Figure 4.7 compare the results from the viscosity correlation and
the corresponding MD data. As can be seen in Figure 4.6 the correlation agrees
well with the MD data for a wide density and temperature range. Figure 4.7
shows the viscosity correlation for two temperatures, T = 0.7 ε

LJ

kB
and T = 0.9 ε

LJ

kB
,

together with the MD data points closest to these temperatures. The plots show
the correlation in the meta- and unstable region. In [Lautenschlaeger and Hasse
2019] no viscosity data is reported for meta- and unstable states. Since the PF
model needs a defined viscosity for these states, the correlation is used for meta-
and unstable states as well.

Figure 4.6: Viscosity of the LJTS fluid ηv as a function of density ρ and tempe-
rature T . The plot compares the viscosity data of MD simulations as reported
in [Lautenschlaeger and Hasse 2019] with the viscosity correlation stated in (4.54).
The symbols represent the MD data and the surface shows the results from the
correlation. For meta- and unstable states, Lautenschlaeger and Hasse [2019] do
not report any viscosity data. Nevertheless, the correlation is also used for these
states. [Diewald et al. 2020a]
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Figure 4.7: Viscosity of the LJTS fluid ηv along two isotherms. The plot compares
the viscosity data of MD simulations as reported in [Lautenschlaeger and Hasse
2019] with the viscosity correlation stated in (4.54). The symbols represent the
MD data and the lines show the results from the correlation. For meta- and
unstable states, Lautenschlaeger and Hasse [2019] do not report any viscosity data.
Nevertheless, the correlation is also used for these states. [Diewald et al. 2020a]
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5 FE Implementation

For complex scenarios, it is not feasible to solve the dynamic Navier-Stokes-
Korteweg model as stated in the box on page 26 or the static Allen-Cahn model
as stated in the box on page 29 manually. Therefore, it becomes necessary to
implement the models into a numerical solution scheme such that it can be solved
with the help of a computer. This requires to discretize the problem with respect
to time and space. Various options exist for both, the temporal and the spatial
discretization.

This chapter presents two options for the temporal discretization. First a standard
option using the backward Euler scheme is presented. Thereafter a newly deve-
loped [Diewald et al. 2020b] semi-implicit energy stable time integration scheme,
that ensures the dissipation of energy, is introduced.

For the spatial discretization the finite element (FE) method is chosen. In the case
of the dynamic Navier-Stokes-Korteweg model the spatial discretization utilizes
the mixed FE method and discretizes the velocity with quadratic and the density
as well as the chemical potential with linear shape functions (Q2P1). The static
Allen-Cahn model relies on linear shape functions. For further reading on the FE
method the reader is referred to the textbooks of Bathe [1996], Bonet and Wood
[2009], Brezzi and Fortin [1991], Taylor and Hughes [1981], Thomasset [1981],
Wriggers [2001], Zienkiewicz and Taylor [2006], and Zienkiewicz et al. [2009].

The implementation is based on the FE program FEAP version 8.4 [FEAP 84].
FEAP provides basic FE routines for e.g. the shape functions and handles the
assembly. The implementation of the dynamic Navier-Stokes-Korteweg and the
static Allen-Cahn model is realized with self-coded routines that are formulated on
element level. To solve the resulting system of equations on the global level, parallel
solvers on CPU- and GPU-architectures, that where implemented into FEAP at
the Institute of Applied Mechanics of the Technische Universität Kaiserslautern,
are used.

The last section of this chapter introduces the reader to the concept of hyper-
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dual numbers. Hyper-dual numbers are used in this work to compute exact and
step-size independent values of first and second derivatives of the Helmholtz free
energy. They enable the computation of these derivative values without an explicit
differentiation. This approach allows an easy and robust exchange of the Helmholtz
free energy and the underlying EoS.

5.1 Temporal Discretization

The continuous course of time is split into discrete time steps and the models are
evaluated at these time steps, only. The current time step is denoted by n and the
time step size, i.e. the time that passes between two time steps, is given by ∆t,
cf. Figure 5.1.

Figure 5.1: Temporal discretization.

In the following, the two time integration schemes that are used in this work
are presented. The backward Euler scheme is used for both the dynamic Navier-
Stokes-Korteweg and the static Allen-Cahn model (with evolution equation) and
for both choices of the Helmholtz free energy that are presented in chapter 4. The
semi-implicit energy stable scheme is only used for the dynamic Navier-Stokes-
Korteweg model that utilizes the EoS based Helmholtz free energy.

5.1.1 Backward Euler Scheme

The backward Euler scheme is a fully implicit time integration scheme. All physical
quantities are taken from the next time step An+1 and the time derivative is
approximated by

∂A
∂t
≈ A

n+1 −An

∆t
. (5.1)

In this, the superscript shows the time step to which the physical quantity belongs
to.

For the dynamic Navier-Stokes-Korteweg model, the physical quantities, or degrees
of freedom, are the velocity ~v, the density ρ, and the chemical potential µ. The
chemical potential could also be expressed in terms of the density. Choosing it
as an individual degree of freedom brings numerical advantages, cf. section 5.2.1.
For the static Allen-Cahn model, the degrees of freedom are the density ρ and
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the Lagrange multiplier λ. Note that in the context of the numerical solution
strategy the term “degree of freedom” refers to the variable that represents the
corresponding physical quantity. The term is therefore not used in the way that is
common in the field of thermodynamics where it refers to physical quantities that
can be chosen independently, e.g. density and temperature.

The backward Euler version of the dynamic Navier-Stokes-Korteweg model of this
work, cf. box on page 26, reads

1. Set initial values n = 0, ρ0, ~v 0, µ0 .

2. Solve

ρn+1 − ρn

∆t
+ div

(
ρn+1~v n+1

)
= 0 , (5.2)

ρn+1~v
n+1 − ~v n

∆t
+ ρn+1∇~v n+1~v n+1 = div

[
σ
(
ρn+1,∇ρn+1, ~v n+1, µn+1

)]
− ρn+1g~eg , (5.3)

µn+1 =
∂(ρψ̂(ρ,∇ρ))

∂ρ

∣∣∣∣∣
ρn+1

− div
∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
ρn+1

, (5.4)

in B and under the boundary conditions

~v n+1 = ~0 on ∂B ∩ ∂Bs , (5.5)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
∇ρn+1

· ~n+
∂(ρφ̂(ρ))

∂ρ

∣∣∣∣∣
ρn+1

= 0 on ∂B ∩ ∂Bs , (5.6)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
∇ρn+1

· ~n = 0 on ∂B\∂Bs . (5.7)

3. n = n+ 1 go to 2.

Non-conservative volume forces are neglected (~b0 = ~0).

The backward Euler version of the static Allen-Cahn model of this work, cf. box
on page 29, reads
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1. Set initial values n = 0, ρ0 .

2. Solve

∂(ρψ̂(ρ,∇ρ))

∂ρ

∣∣∣∣∣
ρn+1

− div
∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
∇ρn+1

+ gxg + λ = − 1

M

ρn+1 − ρn

∆t
, (5.8)∫

B
ρn+1 dV = mB , (5.9)

in B and under the boundary conditions

∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
∇ρn+1

· ~n+
∂(ρφ̂(ρ))

∂ρ

∣∣∣∣∣
ρn+1

= 0 on ∂B ∩ ∂Bs , (5.10)

∂(ρψ̂(ρ,∇ρ))

∂∇ρ

∣∣∣∣∣
∇ρn+1

· ~n = 0 on ∂B\∂Bs . (5.11)

3. n = n+ 1 go to 2.

To make these general models specific, the explicit forms of ψ̂(ρ,∇ρ) and φ̂(ρ) for
the empirical Helmholtz free energy or the EoS based Helmholtz free energy can
be used.

With the backward Euler time integration scheme the dynamic Navier-Stokes-
Korteweg model and the static Allen-Cahn model represent a non-linear system of
equations for ρn+1, ~vn+1, and µn+1 or ρn+1, respectively. These non-linear systems
of equations can be abstracted to

G(An+1) = 0 . (5.12)

With G being a non-linear function and

An+1 ∧=

{
ρn+1, ~vn+1, µn+1 for the dynamic Navier-Stokes-Korteweg model

ρn+1 for the static Allen-Cahn model
.

(5.13)
They can be solved (step 2 in the boxes above) by the Newton-Raphson method:

1. Set initial values k = 0, An+1
0 .
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2. Solve
∂G(An+1)

∂An+1

∣∣∣∣
An+1
k

∆An+1
k+1 = −G(An+1

k ) .

3. An+1
k+1 = An+1

k + ∆An+1
k+1 .

4. Check |G(An+1
k+1)|

{
> tolerance : k = k + 1 go to 2

≤ tolerance: stop
.

See e.g. [Wriggers 2001]. Above, k is the counter for the Newton-Raphson iteration
and ∆(·) denotes an increment. A sketch for the first steps of a one-dimensional
Newton-Raphson method is shown in Figure 5.2.

Figure 5.2: Sketch of first steps of a one-dimensional Newton-Raphson method.

5.1.2 Semi-Implicit Energy Stable Scheme

Besides the disadvantage of leading to a non-linear system of equations, the back-
ward Euler scheme does not guarantee the dissipation of energy, that is shown
for the continuous model in section 3.4.3, in a time discrete manner [Gomez and
van der Zee 2017]. The development of practical schemes is still an open field of
research, see e.g. [Shen et al. 2017; Strasser et al. 2019]. The newly developed semi-
implicit energy stable time integration scheme that is presented in the following
yields a linear system of equations and is guaranteed to dissipate energy. The
scheme is presented in [Diewald et al. 2020b], on which this section is based. It
is shown here for the dynamic Navier-Stokes-Korteweg model with the EoS based
Helmholtz free energy. However, the scheme can easily be adapted for the empirical
Helmholtz free energy.

The semi-implicit energy stable time integration scheme for the dynamic Navier-
Stokes-Korteweg model of this work, cf. box on page 26, with the EoS based
Helmholtz free energy, cf. section 4.2, reads
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1. Set initial values n = 0, ρ0, ρ−1, ~v 0, µ0 .

2. Solve

ρn+1 − ρn

∆t
+ div

(
ρn~v n+1

)
= 0 , (5.14)

1

2

(
ρn~v n+1 − ρn−1~v n

∆t

)
+

1

2
ρn−1

(
~v n+1 − ~v n

∆t

)
+

1

2
ρn∇~v n+1~v n

+
1

2
div
(
ρn~v n ⊗ ~v n+1

)
= div

[
2ηv(ρn)

(
∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

)]
− ρn∇µn+1 − ρng~eg , (5.15)

µn+1 = βs
(
ρn+1 − ρn

)
+
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

− div(κ∇ρn+1) , (5.16)

in B and under the boundary conditions

~v n+1 = ~0 on ∂B ∩ ∂Bs ,

(5.17)

κ∇ρn+1 · ~n

+ (γsl − γsv)

[
αs
(
ρn+1 − ρn

)
+
∂h(ρ)

∂ρ

∣∣∣∣
ρn

]
= 0 on ∂B ∩ ∂Bs ,

(5.18)

∇ρn+1 · ~n = 0 on ∂B\∂Bs . (5.19)

3. n = n+ 1 go to 2.
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Again, non-conservative volume forces are neglected (~b0 = ~0). In (5.15) the identity

ρ~̇v = ρ
∂~v

∂t
+ ρ∇~v~v =

1

2

∂(ρ~v)

∂t
+

1

2
ρ
∂~v

∂t
+

1

2
ρ∇~v~v +

1

2
div (ρ~v ⊗ ~v) , (5.20)

which holds due to (3.13), is used to rewrite the left-hand side. The identity (3.60)
is used to rewrite the right-hand side.

A convex-concave splitting is used for the local part of the Helmholtz free energy
and the surface energy, cf. (5.16) and (5.18). The constants βs and αs are the
respective stabilization parameters. For more details regarding the convex-concave
splitting, see [Eyre 1998; Shokrpour Roudbari et al. 2018].

As can be seen, this time integration scheme does not only regard the current time
step n and the next time step n + 1 but also the previous time step n − 1. This
requires the usage of history variables for the implementation into FEAP.

The semi-implicit time integration scheme as stated in the box above represents a
linear system of equations for ρn+1, ~vn+1, and µn+1. This linear system of equations
can be abstracted to

HnAn+1 = hn with An+1 ∧= ρn+1, ~vn+1, µn+1 . (5.21)

In this, Hn and hn are constants that can be computed using information from
the current time step n and the last time step n− 1, only. The solution (step 2 in
the boxes above) can directly be obtained, An+1 = (Hn)−1hn.

Proof Energy Stability

The semi-implicit time integration scheme presented above dissipates energy if
certain requirements for the constants βs and αs are fulfilled. The proof is presented
in the following.

The discrete equivalence to the continuous energy change in time as stated by (3.62)
is

En+1 − En = E[~vn+1, ρn+1,∇ρn+1]− E[~vn, ρn,∇ρn]

=

∫
B

[
ρn+1aPeTS(ρn+1)− ρnaPeTS(ρn) +

1

2
κ
(
|∇ρn+1|2 − |∇ρn|2

)
+

1

2

(
ρn|~v n+1|2 − ρn−1|~v n|2

)
+ gxg(ρ

n+1 − ρn)
]

dV

+

∫
∂Bs

(γsl − γsv)
(
h(ρn+1)− h(ρn)

)
dA . (5.22)
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For the local part of the Helmholtz free energy and the surface energy the following
Taylor expansions can be used

ρn+1aPeTS(ρn+1)− ρnaPeTS(ρn) =
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

(ρn+1 − ρn)

+
1

2

∂2
(
ρaPeTS

)
∂ρ2

∣∣∣∣∣
ρnξ

(ρn+1 − ρn)2 , (5.23)

h(ρn+1)− h(ρn) =
∂h(ρ)

∂ρ

∣∣∣∣
ρn

(ρn+1 − ρn)

+
1

2

∂2h(ρ)

∂ρ2

∣∣∣∣
ρnη

(ρn+1 − ρn)2 , (5.24)

[Shokrpour Roudbari et al. 2018] with ρnξ , ρ
n
η ∈ [ρn, ρn+1] being a density value

between ρn and ρn+1.

Furthermore, it holds that

1

2

(
|∇ρn+1|2 − |∇ρn|2

)
= ∇ρn+1 ·

(
∇ρn+1 −∇ρn

)
− 1

2

∣∣∇ρn+1 −∇ρn
∣∣2 . (5.25)

For the change of kinetic energy, the following identity can be used

1

2

(
ρn|~v n+1|2 − ρn−1|~v n|2

)
=

1

2

(
ρn~v n+1 − ρn−1~v n

)
· ~v n+1

+
1

2
ρn−1

(
~v n+1 − ~v n

)
· ~v n+1

− 1

2
ρn−1|~v n+1 − ~v n|2 . (5.26)

By setting the velocity to ~v = ~0 on all of ∂B, it follows from (5.14)-(5.19) that∫
B

[1

2

(
ρn~v n+1 − ρn−1~v n

)
· ~v n+1

+
1

2
ρn−1

(
~v n+1 − ~v n

)
· ~v n+1

+ (ρn+1 − ρn)xgg
]

dV =

∫
B

[
−∆t2ηv(ρn)

∣∣∣∣∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

∣∣∣∣2
− βs

(
ρn+1 − ρn

)2 −
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

(ρn+1 − ρn)
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− κ
∣∣∇ρn+1

∣∣2 + κ∇ρn+1 · ∇ρn
]

dV

−
∫
∂Bs

(γsl − γsv)

[
αs
(
ρn+1 − ρn

)
+
∂h(ρ)

∂ρ

∣∣∣∣
ρn

]
(ρn+1 − ρn) dA , (5.27)

see appendix B for details.

Collecting the results above and inserting them into (5.22) yields

En+1 − En =

∫
B

[
−1

2
κ
∣∣∇ρn+1 −∇ρn

∣∣2 − 1

2
ρn−1|~v n+1 − ~v n|2

−∆t2ηv(ρn)

∣∣∣∣∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

∣∣∣∣2
−

βs − 1

2

∂2
(
ρaPeTS

)
∂ρ2

∣∣∣∣∣
ρnξ

(ρn+1 − ρn
)2

]
dV

+

∫
∂Bs
−

(
αs − 1

2

∂2h(ρ)

∂ρ2

∣∣∣∣
ρnη

)
(γsl − γsv)

(
ρn+1 − ρn

)2
dA . (5.28)

The discrete energy change in time is negative if

ρn−1 ≥ 0 , (5.29)

βs ≥ 1

2

∂2
(
ρaPeTS

)
∂ρ2

∣∣∣∣∣
ρnξ

, (5.30)

αs


≥ 1

2

∂2h(ρ)

∂ρ2

∣∣∣∣
ρnη

if γsl > γsv

≤ 1

2

∂2h(ρ)

∂ρ2

∣∣∣∣
ρnη

if γsl < γsv

. (5.31)

The requirement (5.29) can always be fulfilled. The requirements (5.30) and (5.31)
cannot be fulfilled for all values of ρ ∈ R>0. However, the density ρ is expected
to lie in between or close to ρ′′ and ρ′ for all time steps of the simulation. It is
therefore possible to find suitable choices for βs and αs such that (5.30) and (5.31)
are not violated.
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Suitable Choices for the Stabilization Parameters

The following demonstrates how suitable choices for the stabilization parameters βs

and αs can be found. In this example, the temperature is assumed to be T = 0.7 ε
LJ

kB
.

However, suitable values for βs and αs can also be found for different temperatures.
Plots of the second derivatives of the local part of the Helmholtz free energy per
volume ρaPeTS and the interpolation function h(ρ) for T = 0.7 ε

LJ

kB
are shown in

Figure 5.3.

Figure 5.3: Plots of the second derivatives of the local part of the Helmholtz
free energy per volume ρaPeTS (top) and the interpolation function h(ρ) (bottom)

at T = 0.7 ε
LJ

kB
. [Diewald et al. 2020b]

The value of the second derivative of the local part of the Helmholtz free energy
per volume for the density range between the vapor bulk density ρ′′ and the liquid
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bulk density ρ′ is highest at the vapor bulk density
∂2(ρaPeTS)

∂ρ2
|ρ′′ ≈ 83 ε

LJ(σLJ)3

(MLJ)2
, cf.

Figure 5.3 (top). It is suggestive to use βs = 50 ε
LJ(σLJ)3

(MLJ)2
as this choice satisfies (5.30)

for density values between ρ′′ and ρ′ as well as for densities that are outside but
close to this range.

The value of the second derivative of the interpolation function for the density
range between the vapor bulk density ρ′′ and the liquid bulk density ρ′ is never

smaller than −10 (σLJ)6

(MLJ)2
or higher than 10 (σLJ)6

(MLJ)2
, cf. Figure 5.3 (bottom). It is

suggestive to use αs = −5 (σLJ)6

(MLJ)2
if γsl < γsv and αs = 5 (σLJ)6

(MLJ)2
if γsl > γsv. In

the case of γsl < γsv, the requirement (5.31) can never be violated. In the case
of γsl > γsv the requirement (5.31) is not violated if the density is not much higher
than ρ′.

5.2 Weak Form and Spatial Discretization

The FE method is used for the spatial discretization. Thus, this section presents
the information that is needed to use the dynamic Navier-Stokes-Korteweg and
the static Allen-Cahn model in an FE framework. However, the FE method is not
discussed here in full detail. For further reading see e.g. [Wriggers 2001; Zienkiewicz
and Taylor 2006] which give the basis for this section.

For ease of visualization the following elaborations are written down for the two-
dimensional case. An extension to the third dimension is straightforward. The
domain B is discretized into ne finite elements Be which represent an approximation
of the domain B and its boundary ∂B,

B ≈
ne⋃
e=1

Be and ∂B ≈
nb⋃
e=1

∂Be , (5.32)

with ∂Be representing the nb edges on the boundary. A sketch of the discretization
is given in Figure 5.4.

Physical quantities are stored at the nodes of the finite elements, only. To compute
the value of a physical quantity Ae(~x) within a finite element the node values AI
are interpolated with the help of shape functions NI(~x),

A(~x) ≈ Ae(~x) =
nn∑
I=1

NI(~x)AI . (5.33)

In this, nn is the number of nodes per element. Thus, spatial derivatives are
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Figure 5.4: The domain B is discretized with finite elements Be. The reference
element B� represents a finite element in natural coordinates with ξ ∈ [−1, 1]
and η ∈ [−1, 1].

approximated by

∂Ae(~x)

∂x
=

nn∑
I=1

∂NI(~x)

∂x
AI and

∂Ae(~x)

∂y
=

nn∑
I=1

∂NI(~x)

∂y
AI . (5.34)

Following the isoparametric concept, the same shape functions are used for the
approximation of the physical quantities and the representation of the element
geometry,

~x =
nn∑
I=1

NI(~ξ )~xI . (5.35)

To simplify the numerical implementation, the shape functions are defined with
respect to the natural coordinates ξ and η of a reference element B�, cf. Figure 5.4.
This reference element is obtained by a transformation of the finite element Be in
physical coordinates to its representation in natural coordinates with ξ ∈

[
−1, 1

]
and η ∈

[
−1, 1

]
. The spatial position within the reference element is deno-

ted by ~ξ. The spatial position within an element in physical coordinates can be
expressed in terms of ~ξ and therefore ~x = ~x(~ξ ).
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With the above, the spatial derivatives with respect to the physical coordinates,
cf. (5.34), can be expressed in terms of the natural coordinates. This is done by
considering the following relations,

∂Ae
∂ξ

=
∂Ae
∂x

∂x

∂ξ
+
∂Ae
∂y

∂y

∂ξ
, (5.36)

∂Ae
∂η

=
∂Ae
∂x

∂x

∂η
+
∂Ae
∂y

∂y

∂η
, (5.37)

or 
∂Ae
∂ξ

∂Ae
∂η

 =


∂x

∂ξ

∂y

∂ξ

∂x

∂η

∂y

∂η


︸ ︷︷ ︸

J


∂Ae
∂x

∂Ae
∂y

 and thus


∂Ae
∂x

∂Ae
∂y

 = J−1


∂Ae
∂ξ

∂Ae
∂η

 . (5.38)

The Jacobian matrix J can be computed by using the approximation of the element
geometry (5.35),

J =
nn∑
I=1


∂NI(~ξ )

∂ξ
xI

∂NI(~ξ )

∂ξ
yI

∂NI(~ξ )

∂η
xI

∂NI(~ξ )

∂η
yI

 . (5.39)

The equations of the dynamic Navier-Stokes-Korteweg model and the static Allen-
Cahn model shall only be fulfilled in their weak form, cf. next sections. It is
therefore necessary to evaluate integrals of the form∫

Be
G(~x) dV (5.40)

over the finite elements. Here, G is a function of ~x. The integrals shall be eva-
luated numerically by Gaussian quadrature. The quadrature points and weights
are typically given for the integration interval

[
−1, 1

]
. It is therefore beneficial

to transform the integrals over Be to integrals over B� first and to apply the qua-
drature rule second. The transformation can easily be achieved with detJ as the
determinant of the Jacobian matrix,∫

Be
G(~x) dV =

∫
B�
G(~ξ )detJ d� =

∫ 1

−1

∫ 1

−1

G(~ξ )detJ dξdη . (5.41)
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Approximating the integral by means of Gaussian quadrature yields∫ 1

−1

∫ 1

−1

G(~ξ )detJ dξdη ≈
np∑
p=1

G(~ξp) detJ(~ξp)wp (5.42)

with np, ~ξp, and wp denoting the total number, position, and weights of the qua-
drature points. For specific values see e.g. [Wriggers 2001].

With the elaborations above it is evident that the FE method introduces several
approximations:

1. The domain B is approximated by finite elements.

2. Physical quantities within these finite elements are approximated by means
of interpolation.

3. Integrals over the finite elements are approximated by numerical quadrature.

In the following sections the FE method is applied to the dynamic Navier-Stokes-
Korteweg model and the static Allen-Cahn model. Firstly, the weak forms of the
underlying equations are derived. Subsequently, the discretization discussed above
is applied.

5.2.1 Dynamic Navier-Stokes-Korteweg Model

The weak form of the dynamic Navier-Stokes-Korteweg model is obtained by mul-
tiplying the mass balance, the momentum balance, and the equation for the che-
mical potential with the test functions δρ, δ~v, δµ, respectively, and integrating
each equation over the domain B,∫

B

[
∂ρ

∂t
+ div (ρ~v)

]
δρ dV = 0 , (5.43)

∫
B

[
ρ
∂~v

∂t
+ ρ∇~v ~v − divσ + ρg~eg

]
· δ~v dV = 0 , (5.44)

∫
B

[
µ− ∂(ρψ̂)

∂ρ
+ div

∂(ρψ̂)

∂∇ρ

]
δµ dV = 0 . (5.45)

The equations above represent the form of the dynamic Navier-Stokes-Korteweg
model as it is used for the backward Euler time integration scheme. The procedure
can analogously be applied for the form of the model as it is used for the semi-
implicit energy time integration scheme. The superscript n+ 1 is omitted.
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The expression for the chemical potential could also be used in the momentum
balance, where µ is needed in the constitutive equation. However, this would
lead to a weak form that includes second order spatial derivatives making the FE
implementation less straightforward and adding restrictions on the possible choices
for the shape functions.

Invoking integration by parts, inserting the boundary conditions and applying
Cauchy’s theorem yields∫

B

[
∂ρ

∂t
+ div (ρ~v)

]
δρ dV = 0 , (5.46)

∫
B

[(
ρ
∂~v

∂t
+ ρ∇~v ~v + ρg~eg

)
· δ~v + σ : ∇δ~v

]
dV

−
∫
∂B\∂Bs

~t · δ~v dA = 0 , (5.47)

∫
B

[(
µ− ∂(ρψ̂)

∂ρ

)
δµ− ∂(ρψ̂)

∂∇ρ
· ∇δµ

]
dV

−
∫
∂B∩∂Bs

∂(ρφ̂)

∂ρ
δµ dA = 0 . (5.48)

Note that the test functions are zero at the part of the boundary that is given by
a Dirichlet boundary condition for the respective degree of freedom.

For the physical quantities and the test functions the aforementioned discretizati-
ons on element level are used,

ρe =
nn∑
I=1

Nρ
I ρI , ~ve =

nn∑
I=1

N~v
I ~vI , µe =

nn∑
I=1

Nµ
I µI ,

∇ρe =
nn∑
I=1

Bρ
IρI , ∇~ve =

nn∑
I=1

B~v
I~vI , ∇µe =

nn∑
I=1

Bµ
IµI ,

δρe =
nn∑
I=1

Nρ
I δρI , δ~ve =

nn∑
I=1

N~v
I δ~vI , δµe =

nn∑
I=1

Nµ
I δµI ,

∇δρe =
nn∑
I=1

Bρ
IδρI , ∇δ~ve =

nn∑
I=1

B~v
Iδ~vI , ∇δµe =

nn∑
I=1

Bµ
I δµI , (5.49)
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with

Bρ =

∂Nρ
I

∂x

∂Nρ
I

∂y

 , B~v =


∂N~vI
∂x

0

0
∂N~vI
∂y

∂N~vI
∂y

∂N~vI
∂x

 , and Bµ =

∂Nµ
I

∂x

∂Nµ
I

∂y

 . (5.50)

The form of B~v leads to a representation of ∇~ve, ∇δ~ve, and σ in Voigt notation,

∇~ve =

 (∇~ve)xx
(∇~ve)yy

(∇~ve)xy + (∇~ve)yx

 , ∇δ~ve =

 (∇δ~ve)xx
(∇δ~ve)yy

(∇δ~ve)xy + (∇δ~ve)yx

 , (5.51)

and

σ =
[
σxx σyy σxy

]T
. (5.52)

Due to the symmetry of σ, the loss of the information on the asymmetry of ∇δ~ve
has no effect, cf. (5.47). The discretized versions of (5.46), (5.47) and (5.48) can
now be stated. They read

ne⋃
e=1

nn∑
I=1

δρIR
ρ
I = 0 , (5.53)

ne⋃
e=1

nn∑
I=1

δ~vT
I
~R~vI = 0 , (5.54)

ne⋃
e=1

nn∑
I=1

δµIR
µ
I = 0 , (5.55)

with

Rρ
I =

∫
Be
Nρ
I

[
∂ρ

∂t
+ div (ρ~v)

]
dV , (5.56)

~R~vI =

∫
Be

[
N~v
I

(
ρ
∂~v

∂t
+ ρ∇~v ~v + ρg~eg

)
+ (B~v

I)
Tσ

]
dV −

∫
∂Be\∂Bs

N~v
I
~t dA , (5.57)

Rµ
I =

∫
Be

[
Nµ
I

(
µ− ∂(ρψ̂)

∂ρ

)
− (Bµ

I )T∂(ρψ̂)

∂∇ρ

]
dV −

∫
∂Be∩∂Bs

Nµ
I

∂(ρφ̂)

∂ρ
dA .

(5.58)
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Assembling the nodal residuals Rρ
I ,
~R~vI , and Rµ

I yields the global residual vector

~R =
ne⋃
e=1

~RI with ~RI =
[
Rρ
I (~R~vI)

T Rµ
I

]T
(5.59)

as the nodal residual vector. This expression should be read as: “For each global
node, build the sum of the contributions from all nodal residual vectors, i.e. the no-
dal contributions from all elements that are connected to this node. Subsequently
arrange the resulting vectors below each other.”

In order to find the nodal values of ρ, ~v, and µ that solve (5.53), (5.54), and (5.55)
for the next time step n+ 1, the residuals are linearized and the Newton-Raphson
method, cf. section 5.1, is applied. This yields the following system of equations
on element level,

nn∑
J=1



SρρIJ

~Sρ~vIJ 0

~S~vρIJ S~v~vIJ
~S~vµIJ

SµρIJ ~0 SµµIJ




∆ρJ

∆~vJ

∆µJ


 =


−Rρ

I

−~R~vI
−Rµ

I

 . (5.60)

The submatrices SabIJ with a, b ∈
{
ρ,~v, µ

}
are given by the derivative of the nodal

residual for the degree of freedom a and node I with respect to the value of the
degree of freedom b at node J ,

SabIJ =
∂Ra

I

∂bJ

=
∂Ra

I

∂b

∂b

∂bJ
+
∂Ra

I

∂∇b
∂∇b
∂bJ

+
∂Ra

I

∂
(
∂b
∂t

) ∂ (∂b∂t)
∂
(
∂b
∂t

)
J

∂
(
∂b
∂t

)
J

∂bJ

=
∂Ra

I

∂b
N b
J +

∂Ra
I

∂∇b
Bb
J +

∂Ra
I

∂
(
∂b
∂t

)N b
J c

tint . (5.61)

In this, ctint is a scalar quantity that depends on the choice of the time integration
scheme as well as the time step size ∆t. For the backward Euler time integration
scheme, it is given by

ctint =
∂
(
∂b
∂t

)
J

∂bJ
=

1

∆t
, (5.62)

cf. (5.1).

The submatrices SabIJ can be split into stiffness submatrices Kab
IJ and damping

submatrices Dab
IJ ,

SabIJ = Kab
IJ +Dab

IJ c
tint , (5.63)
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with

Kab
IJ =

∂Ra
I

∂b
N b
J +

∂Ra
I

∂∇b
Bb
J and Dab

IJ =
∂Ra

I

∂
(
∂b
∂t

)N b
J . (5.64)

Note that for ~Sρ~vIJ and S~v~vIJ the terms “stiffness” and “damping” matrix deviate
from the way they are commonly used in continuum mechanics. Since the velocity
itself (and not the displacement) is chosen as a degree of freedom, the stiffness and
damping matrix represent derivatives with respect to velocity and acceleration
(and not displacement and velocity), respectively.

Evaluating (5.60) for each nodal residual vector and assembling the corresponding
systems of equations yields the global system of equations

S∆~u =
(
K +D ctint

)
∆~u = −~R . (5.65)

In this, S is the asymmetric system matrix. The matrices K and D represent
the global stiffness and damping matrices. The global degree of freedom vector is
denoted by ~u. Solving the global system of equations corresponds to step 2. of the
Newton-Raphson method on page 57.

Up to now, no choices for the explicit form of the shape functions Nρ
I , N~v

I , and Nµ
I

that are used to interpolate between the node values ρI , ~vI , and µI have been made.
In the present work, a Q2P1 formulation is utilized, i.e. quadratic shape functions
are used for the velocity and linear shape functions are used for the density and
the chemical potential. In the two-dimensional case, this leads to 9 nodes for the
velocity and 4 nodes for the density and the chemical potential on each element.
In the three-dimensional case there are 27 nodes for the velocity and 8 nodes for
the density and the chemical potential on each element. Figure 5.5 shows a sketch
of the discretization for the two-dimensional case. Additional line elements in the
two-dimensional case or surface elements in the three-dimensional case are used
for the contributions on ∂Be ∩ ∂Bs, cf. (5.58) and Figure 5.5.

For flow problems with only one phase a Q2P1 formulation with quadratic shape
functions for the velocity and linear shape functions for the pressure satisfies the
inf-sup condition, also known as Babǔska-Brezzi condition, [Brezzi and Fortin
1991]. It is not clear if the Q2P1 formulation for flow problems with more than
one phase as it is used in this work (quadratic velocity, linear density and che-
mical potential) does also satisfy the inf-sup condition. However, the numerical
examples in section 6.3 demonstrate that it proves to be applicable.

5.2.2 Static Allen-Cahn Model

The weak form of the static Allen-Cahn model is obtained by multiplying (3.68)
and (3.69) with the test functions δρ, δλ, respectively, and integrating the former
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Figure 5.5: Sketch of the discretization for the dynamic Navier-Stokes-Korteweg
model for two-dimensional scenarios (Q2P1). The contributions on ∂Be ∩ ∂Bs are
addressed by additional line elements.

over the domain B∫
B

[
∂(ρψ̂)

∂ρ
− div

∂(ρψ̂)

∂∇ρ
+ gxg + λ+

1

M

∂ρ

∂t

]
δρ dV = 0 (5.66)

(∫
B
ρ dV −mB

)
δλ = 0 . (5.67)

Invoking integration by parts and inserting the boundary conditions yields∫
B

[(
∂(ρψ̂)

∂ρ
+ gxg + λ+

1

M

∂ρ

∂t

)
δρ+

∂(ρψ̂)

∂∇ρ
· ∇δρ

]
dV

+

∫
∂B∩∂Bs

∂(ρφ̂)

∂ρ
δρ dA = 0 (5.68)

(∫
B
ρ dV −mB

)
δλ = 0 . (5.69)
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The degree of freedom λ is a global degree of freedom, i.e. only one value for the
entire domain B exists. The discretized versions of (5.68) and (5.69) read

ne⋃
e=1

nn∑
I=1

δρIR
ρ
I = 0 , (5.70)

δλRλ = 0 (5.71)

with

Rρ
I =

∫
Be

[
Nρ
I

(
∂(ρψ̂)

∂ρ
+ gxg + λ+

1

M

∂ρ

∂t

)
+ (Bρ

I)
T∂(ρψ̂)

∂∇ρ

]
dV

+

∫
∂Be∩∂Bs

Nρ
I

∂(ρφ̂)

∂ρ
dA , (5.72)

Rλ =

(
ne⋃
e=1

∫
Be
ρ dV −mB

)
δλ (5.73)

as the nodal residual for ρ and the residual for λ.

Analogously to section 5.2.1, the linearization of the residuals leads to the global
system of equations [

Sρρ ~Sρλ

~Sλρ 0

]
︸ ︷︷ ︸

S

[
∆~ρ

∆λ

]
=

[
−~Rρ

−Rλ

]
. (5.74)

In this, S is the symmetric system matrix, ~ρ is the global degree of freedom vector
for ρ, and

~Rρ =
ne⋃
e=1

Rρ
I (5.75)

denotes the global residual vector for ρ. The submatrices of the system matrix can
be written on element level as

SρρIJ = Kρρ
IJ +Dρρ

IJ c
tint , (5.76)

SλρJ =
(
SρλI

)T

= Kλρ
J (5.77)
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with the stiffness and damping submatrices

Kρρ
IJ =

∫
Be

[
Nρ
I

∂2(ρψ̂)

∂ρ2
Nρ
J + (Bρ

I)
T∂

2(ρψ̂)

∂∇ρ2
Bρ
J

]
dV

+

∫
∂Be∩∂Bs

Nρ
I

∂2(ρφ̂)

∂ρ2
Nρ
J dA , (5.78)

Dρρ
IJ =

∫
Be
Nρ
I

1

M
Nρ
J dV , (5.79)

Kλρ
J =

∫
Be
Nρ
J dV . (5.80)

Linear shape functions are chosen for the density. Analogously to the dynamic
Navier-Stokes-Korteweg model, additional line elements in the two-dimensional
case or surface elements in the three-dimensional case are used for the contributions
on ∂Be ∩ ∂Bs.

The conservation of mass leads to one global equation, only, cf. (5.74). As can be
seen in (5.73) and (5.80), this global equation is build up by contributions that
have to be computed on element level. For the implementation, it is therefore
necessary to be able to address the global equation on element level.

As a side note it shall be mentioned that in the expression for Rλ of the model
with the empirical Helmholtz free energy the density ρ = ρ(ϕ) is not just computed
using (4.2), but the interpolation ρ(ϕ) = (ρ′ − ρ′′)h(ϕ) + ρ′′ is used, instead.

5.3 Hyper-Dual Numbers

The evaluation of the residual vector and the system matrix requires the calcula-
tion of first and second derivatives of the Helmholtz free energy density ρψ̂, see
e.g. (5.72) and (5.78). In the case of the EoS based Helmholtz free energy, the
function ρψ̂ is a very evolved formula and has a high level of complexity. Its expli-
cit differentiation is therefore time consuming and prone to errors. The concept of
hyper-dual numbers, as presented in [Fike and Alonso 2011; Fike 2013], is used to
automatically compute the exact values of the first and second derivatives without
an explicit differentiation. The application of the concept of hyper-dual numbers
to the EoS based Helmholtz free energy is shown in [Diewald et al. 2018a], which
is the basis for this section.
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Hyper-dual numbers enable the calculation of exact and step-size independent first
and second derivatives. They represent an extension of the concept of complex
step first derivative approximations. A hyper-dual number xhd consists of one real
value x0 and three imaginary values, x1, x2, x12,

xhd = x0 + ε1x1 + ε2x2 + ε1ε2x12 . (5.81)

The imaginary units ε1 and ε2 have the properties

ε21 = ε22 = (ε1ε2)2 = 0 , (5.82)

and
ε1 6= ε2 6= ε1ε2 6= 0 . (5.83)

The advantage of these properties becomes evident when developing the Taylor
series of a function G(xhd) at the position of the real value x̄0. Evaluating the
Taylor series at the position x̄hd = x̄0 + ε1h1 + ε2h2 + ε1ε20, in which h1 and h2 are
arbitrary constants, yields

G(x̄hd) = G(x̄0 + ε1h1 + ε2h2) = G(x̄0)

+
dG

dxhd

∣∣∣∣
xhd=x̄0

(ε1h1 + ε2h2)

+
d2G

dx2
hd

∣∣∣∣
xhd=x̄0

ε1ε2h1h2 . (5.84)

All terms of higher order vanish in the Taylor series due to (5.82). Therefore, (5.84)
is the complete Taylor series. The exact values of the derivatives can be obtained
from the imaginary parts of G(x̄hd) as

∂G

∂x0

∣∣∣∣
x0=x̄0

=
dG

dxhd

∣∣∣∣
xhd=x̄0

=
Imε1G(x̄hd)

h1

=
Imε2G(x̄hd)

h2

and (5.85)

∂2G

∂x2
0

∣∣∣∣
x0=x̄0

=
d2G

dx2
hd

∣∣∣∣
xhd=x̄0

=
Imε1ε2G(x̄hd)

h1h2

. (5.86)

For the implementation of the models using the EoS based Helmholtz free energy
a subprogram is used in order to compute the values of

∂(ρψ̂(ρ,∇ρ))

∂ρ

∣∣∣∣∣
ρ=ρ(~ξp)

=
∂(ρaPeTS(ρ))

∂ρ

∣∣∣∣
ρ=ρ(~ξp)

(5.87)
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and
∂2(ρψ̂(ρ,∇ρ))

∂ρ2

∣∣∣∣∣
ρ=ρ(~ξp)

=
∂2(ρaPeTS(ρ))

∂ρ2

∣∣∣∣
ρ=ρ(~ξp)

(5.88)

at each quadrature point ~ξp. The subprogram, which is written in Fortran, uses
operator overloading, implemented by Becker [2015], to extend the mathemati-
cal operations to the new variable class of hyper-dual numbers. The subprogram
contains the explicit expression for ρaPeTS(ρ) but not for its derivatives. As it is
demonstrated above, the values of the derivatives (5.87) and (5.88) can be obtai-

ned by simply calling the subprogram with ρ̄hd = ρ(~ξp) + ε1h1 + ε2h2 + ε1ε20, cf.
Figure 5.6. This implementation allows the exchange of the EoS, and thereby of
the fluid under consideration, in a fast and straightforward manner. The expres-
sion for ρaPeTS(ρ) needs to be changed in the subprogram, only, without having to
derive the analytic expressions for its derivatives.

Figure 5.6: A subprogram computes (5.87) and (5.88). Input: ρ̄hd = ρ(~ξp)+ ε1h1 +
ε2h2 + ε1ε20. Output: derivatives with respect to ρ at quadrature point.



76 5 FE Implementation



6 Numerical Results

The PF model and its implementation that are discussed in the previous chapters
shall be put to the test. Thus, this chapter presents examples of different wetting
and also other scenarios.

The first two sections are concerned with static scenarios. Firstly, wetting scenarios
on different surfaces are investigated using the empirical Helmholtz free energy.
Secondly, a comprehensive investigation of the physical properties of the static PF
model with the EoS based Helmholtz free energy is conducted. The third section
presents dynamic wetting scenarios with the EoS based Helmholtz free energy.

To demonstrate the significance of the results from the PF simulations, some of
them are compared to MD simulations of the same scenario. This is done for static
as well as dynamic scenarios that use the EoS based Helmholtz free energy. The
comparison validates the PF model on the nanoscale and demonstrates its strong
physical foundation. The MD simulations themselves are not part of this work.
The details of the MD setups are not stated here. Instead, the reader is referred
to the corresponding publications.

6.1 Static Scenarios using the empirical Helm-

holtz Free Energy

The empirical Helmholtz free energy is used for the scenarios that are presented in
this section. Therefore, the results have a phenomenological character. Neverthe-
less, they demonstrate some of the key capabilities of the underlying model. These
include the prediction of equilibrium states for static wetting. Such equilibrium
states are computed for plane as well as structured and more complex surfaces.
Subsequently a post-processing of eigenvalues and eigenvectors of the system ma-
trix is presented in order to investigate the stability of equilibrium states. Since
the results of this section are valid on all length scales, the input parameters for
the numerical computations are stated in a dimensionless manner.
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6.1.1 Wetting of Plane Surfaces

The static equilibrium configuration of a droplet on a plane surface is computed.
The computational domain is a cube with edge length 10 and 67 elements across
each edge. Into this domain a single droplet with interface width le = 1.5 is placed.

Two different sets of surface tensions and droplet sizes are considered. The first set
is given by γlv = 1.000, γsl = 0.500, γsv = 1.000 which yields a theoretical contact
angle of Θ = 60◦, cf. (2.2). The second set is given by γlv = 1.000, γsl = 1.000,
γsv = 0.134 which yields a theoretical contact angle of Θ = 150◦. The initialization
is chosen to roughly match the theoretical contact angles with a droplet initiali-
zation radius of rini = 3.0 for the first set of surface tensions and rini = 3.5 for the
second set of surface tensions. Gravitational effects are neglected.

Iso-surfaces of the computed equilibrium configurations for the first and second
setup are shown in Figure 6.1 (left) and (right), respectively. As can be seen, the
contact angles of the computed equilibrium configurations represent the theoretical
contact angles. The agreement between computed and theoretical contact angles
has been studied in more detail in [Blauwhoff 2015; Teto 2018]. However, for
the sake of conciseness this is not shown here. This basic example demonstrates
that the model is capable of computing equilibrium configurations of droplets for
different wettability conditions. It also shows that the inclusion of the energy
contributions of the surface tensions γsl and γsv by additional surface elements, cf.
section 5.2, is suitable.

Figure 6.1: Droplet on plane surface. The plots show iso-surfaces of the computed
equilibrium configurations for the first set of surface tensions that leads to a the-
oretical contact angle of Θ = 60◦ (left) and for the second set of surface tensions
that leads to a theoretical contact angle of Θ = 150◦ (right). The contact angles of
the computed equilibrium configurations represent the theoretical contact angles.
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6.1.2 Wetting of Structured Surfaces

The FE implementation allows the modeling of structured and therefore more
complex surfaces. Two examples are given in this section. The first example
shows a two-dimensional representation of a droplet on a spike structure. The
second example shows the relaxation and equilibrium configuration of a droplet
on a circular pedestal. The examples are originally published in [Diewald et al.
2016, 2017].

For the droplet on spikes, the surface tensions from the second set of section 6.1.1
are used, γlv = 1.000, γsv − γsl = −0.866. Again, this gives a theoretical contact
angle of Θ = 150◦. As only the difference between γsv and γsl influences the contact
angle but not their absolute values, only this difference is stated in the following.
Mobility parameter, time step size, and the tolerance value for abandoning the
evolution equation are M = 0.5, ∆t = 0.005, and etol/(ρ

′ − ρ′′)2 = 10−3. Gravi-
tational effects are neglected and the backward Euler time integration scheme is
used. The interface width is set to le = 0.5. The spikes are 5 le high and have a
distance of 2.5 le between each other. The discretization uses 6.2 element edges
per le. The droplet is initialized such that it sits inside of the spike structure.

Figure 6.2 (left) shows the distribution of ϕ for different times t. As it was already
mentioned in section 3.5, the time t should not be understood as the physical time
but as the time of the numerical relaxation when the static Allen-Cahn model is
used. The top most plot shows the initialization state and the bottom most plot
the static equilibrium. During the relaxation, the droplet is traveling upwards
which reduces its contact area with the solid surface. In the static equilibrium,
the droplet is not in contact with the solid surface. This dewetting behavior mimics
the self-cleaning properties of artificial as well as natural surfaces like the one of
the lotus flower.

For the droplet on a circular pedestal, the surface tensions are γlv = 0.403,
γsv − γsl = 0.285. The resulting theoretical contact angle is Θ = 45◦. Mobility
parameter, time step size, and the tolerance value for abandoning the evolution
equation are M = 500, ∆t = 0.005, and etol/(ρ

′−ρ′′)2 = 10−3. Gravitational effects
are neglected and the backward Euler time integration scheme is used. The inter-
face width is set to le = 3. The diameter of the pedestal is approximately 13.3 le

and the height of the pedestal is approximately 4.2 le. The discretization uses ap-
proximately 5 element edges per le. The droplet is initialized such that it sits on
the side of the pedestal.

Figure 6.2 (right) shows iso-surfaces of ϕ for different times t. Again, the top
most plot shows the initialization state and the bottom most plot the static equi-
librium. During the relaxation, the droplet moves towards the top of the pedestal.
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Figure 6.2: Contour plots of ϕ for droplet on spikes (left column) and iso-surfaces
for droplet on circular pedestal (right column) at different relaxation times t.
The top row shows the initialization states and the bottom row the static equili-
brium. [Diewald et al. 2016, 2017]
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In the static equilibrium, the droplet is sitting symmetrically at the middle of the
pedestal. This configuration is known as the epitaxial Cassie state. The evolu-
tion shows that the droplet position on top of the pedestal is energetically more
favorable than the droplet position on the side of the pedestal.

The examples above demonstrate that the presented phase field approach is ca-
pable of computing static equilibrium configurations for wetting scenarios that
include structured and more complex surface geometries. Especially for such sur-
face geometries, the question arises whether the static solution that was found
represents a true energy minimum or just a local minimum or possibly a saddle
point. It is not possible to compute the static solution for these scenarios analy-
tically. Instead, a post-processing of eigenvalues and eigenvectors of the system
matrix can be used to determine the character of the found solution. This is
demonstrated in the next section.

6.1.3 Stability of the Solution

As it is shown in section 3.5.2, the static equilibrium solution of the static Allen-
Cahn model is equivalent to the first order optimality condition of an energy
functional. Naturally, this includes the possibility of obtaining a saddle point
or a maximum rather than a minimum of the energy functional. In order to
investigate if such an unstable solution was found, the eigenvalues and eigenvectors
of the system matrix can be evaluated in a post-processing step. The approach is
originally published in [Diewald et al. 2018b] on which this section is based.

Solving the quasi-static limit condition (3.73), which is equivalent to solving (3.2),
can lead to the computation of saddle points and maxima rather than minima of
the energy. The usage of an evolution equation, cf. (3.68) and (3.3), can relax the
order parameter towards a solution that represents a saddle point.

The evolution equation does not lead away from a saddle point or maximum if
(by chance) an initialization is chosen that represents a saddle point or maximum.
The evolution equation does lead away from a saddle point or maximum towards
a local minimum if an initialization is chosen that is just close to a saddle point
or maximum. However, since δϕF is very small in the vicinity of a saddle point or
maximum, the evolution towards the local minimum would be very slow. A velocity
norm, cf. (3.72), is used to facilitate the cumbersome determination of when the
evolution is close to a solution. The slow evolution towards the local minimum
in the vicinity of a saddle point or maximum would promote the conclusion that
the evolution is close to a solution and can be stopped. Solving the quasi-static
limit condition in a subsequent step would eventually lead to the convergence of
the order parameter to a configuration representing a saddle point or maximum.
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But even if the quasi-static limit condition is not solved in a subsequent step,
the solution state would potentially still be close to a saddle point or maximum.
The post-processing of eigenvalues and eigenvectors of the system matrix as it is
presented in the following can reveal the fact that the found configuration (which
would be viewed as a solution) is in fact not a solution. This post-processing can
not only be helpful if an initialization was chosen that is close to a saddle point or
maximum (which is in general not known beforehand). In the field of PF models
for coupled problems the suggested post-processing can gain additional relevance.
The energy landscape of PF models for fracture can change due to outer loads. The
present post-processing can be used to determine if this change turned a former
local minimum into a saddle point or maximum. The approach does not depend
on the choice of evolution equation. It can easily be adapted to models utilizing a
different evolution equation.

The approach presented here should not be confused with classical stability ana-
lysis of droplets as it has been undertaken for a variety of different substrates, see
e.g. [Blecua et al. 2009; Brinkmann et al. 2005; Brinkmann and Lipowsky 2002;
Checco et al. 2012; Dorfler et al. 2013; Honisch et al. 2015; Kargupta et al. 2000;
Mechkov et al. 2007; Rosso and Virga 2004; Thiele et al. 2003]. In contrast to
these works, the approach presented here is concerned with the investigation of
the character of a static solution state of a PF model for droplets.

The eigenproblem that is considered in the following reads

(Ssol − Λ1)~s = ~0 . (6.1)

In this, Ssol is the system matrix for the solution state of the quasi-static limit
condition, cf. (5.74) with ctint = 0. Eigenvalue and eigenvector are denoted by Λ
and ~s. Solving (6.1) yields eigenpairs Λi, ~si with i ∈ [1, nρdof + 1], where nρdof is
the total number of degrees of freedom for ρ, i.e. the length of ~ρ. The additional
eigenpair originates from the Lagrange multiplier constraint. The eigenvectors ~si
represent a perturbation from the solution state. If the corresponding change
of the residual vector has the same sign as the perturbation, i.e. the solution
lies within a convex (stable) region of the energy landscape, the eigenvalue Λi is
positive. Analogously, a solution state that lies within a concave (unstable) region
of the energy landscape yields a negative eigenvalue. A subspace iteration is used
to extract the lowest eigenpairs.

In the following, the post-processing of eigenvalues and eigenvectors of the system
matrix is demonstrated by means of three two-dimensional examples. The exam-
ples show a droplet without surface contact, a droplet that is in contact with a
plane surface, and a droplet that is sitting on a pedestal. While the first two exam-
ples show how the obtained eigenpairs should be read, the third example presents
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a case in which the unstable character of a solution configuration is revealed. All
examples use an equidistant mesh and the interface width le = 1. Coarse, medium,
and fine meshes are used. They have element sizes with 3.2, 6.4, and 12.8 element
edges per le, respectively. Gravitational effects are neglected and the backward
Euler time integration scheme is used where applicable.

Droplet without surface contact

For the first example, the static equilibrium configuration is directly computed
from the initialization state without the use of the evolution equation.

Figure 6.3 (bottom) shows the eigenvalues with smallest absolute values for the
coarse as well as the medium mesh. The eigenvalues come in pairs of similar size.
The most substantial difference between the eigenvalues of the computation with
the coarse and the medium mesh is found in the first pair. For the first pair, the
computation with the medium mesh yields eigenvalues that are closer to zero by
five orders of magnitude. The difference between the eigenvalues of the coarse and
the fine mesh is much smaller for the other eigenvalue pairs.

Figure 6.3 (top) shows contour plots of ~ρ + ~si for the coarse mesh. The plots do
not show the entire domain. The white lines in the plots represent the ϕ = 0.5 iso-
line of the static equilibrium configuration. The plots for i = 1, 2 reveal that the
first two eigenvalues belong to a purely translational disturbance of the droplet.
As this disturbance does not lead to an immediate energy change, the first two
eigenvalues are zero. A first-degree droplet deformation can be seen in the plots
for i = 3, 4. The second-degree droplet deformation is obtained for i = 5, 6. A rise
of the degree of deformation (which is equivalent to an increase of the frequencies
in the shape change along the perimeter of the droplet) is accompanied by a rise
of the eigenvalues. The deformations belonging to the same degree of deformation
differ by a rotation of the deformation, only. The corresponding eigenvalues are of
almost equal size.

All deformations show positive eigenvalues. This indicates that if a droplet is
deformed as shown in the contour plots, it will restore its circular shape in order
to minimize its energy.

The coarse mesh is chosen for the contour plots since it yields larger deformations (a
scaling of the eigenvectors does not scale the deformation). Nonetheless, the results
obtained with the medium mesh emphasize the fact that there is no energy change
for a purely translational movement of the droplet.
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Figure 6.3: Droplet without surface contact. Top: Contour plots of ~ρ + ~si for
coarse mesh. Bottom: Eigenvalues with smallest absolute values for coarse and
medium mesh. [Diewald et al. 2018b]
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Figure 6.4: Droplet with surface contact. Top: Contour plots of ~ρ + ~si for coarse
mesh. Bottom: Eigenvalues with smallest absolute values for coarse and medium
mesh. [Diewald et al. 2018b]
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Droplet with surface contact

For the second example, the theoretical contact angle is set to Θ = 90◦ (γlv = 1.000,
γsv − γsl = 0.000). Again, the static equilibrium configuration is directly computed
from the initialization state without the use of the evolution equation.

Figure 6.4 (bottom) shows the eigenvalues with smallest absolute values for the
coarse as well as the medium mesh. Now, the eigenvalues do not come in pairs
of similar size. The most substantial difference between the eigenvalues of the
computation with the coarse and the medium mesh is only found in the first
eigenvalue. The differences between the eigenvalues of the coarse and the fine
mesh have the same order of magnitude as in the first example.

Figure 6.4 (top) shows contour plots of ~ρ + ~si for the coarse mesh. The plots
do not show the entire domain. As before, the white lines in the plots represent
the ϕ = 0.5 iso-line of the static equilibrium configuration. The first eigenvalue
belongs to a purely translational disturbance of the droplet in horizontal direction.
The surface confines a translational disturbance of the droplet in vertical direction.
Therefore, no such disturbance is found within the first eight eigenvalues. First-
and second-degree droplet deformation can be seen for i = 2 and i = 3. Due
to the confinement that is given by the surface, no rotated deformation of the
same degree is found. The first- and second-degree of droplet deformation yield
eigenvalues that are of similar size as in the first example. This holds true for
the coarse and the fine mesh. The first example already revealed that a rise of
the degree of droplet deformation is accompanied by a rise of the corresponding
eigenvalue. This is confirmed by the plots for i = 4, 5, 6. The droplet deformations
are similar to the shapes of vibrating droplets, see e.g. [Dong et al. 2006].

Droplet on pedestal

In the third example, a droplet that is sitting on a pedestal is investigated. Two
different initialization states are used. The first initialization places the droplet
centered on the edge of the pedestal such that the droplet has the same contact
area with the top and the side of the pedestal. The second initialization is simi-
lar to the first initialization but shifts the droplet a little off-center such that the
droplet has a slightly larger contact area with the top of the pedestal than the side
of the pedestal. For both initializations eleven different theoretical contact angles
between Θ = 50◦ and Θ = 100◦ (γlv = 1.000, γsv − γsl ∈ [−0.174, 0.643]) are consi-
dered. Mobility parameter, time step size, and the tolerance value for abandoning
the evolution equation are M = 100, ∆t = 0.005, and etol/(ρ

′ − ρ′′)2 = 10−3. All
computations use the fine mesh.

Figure 6.5 (a) and (b) show contour plots of the static equilibrium configurations



6.1 Static Scenarios using the empirical Helmholtz Free Energy 87

1 2 3 4 5 6 7 8

0.00

0.05

0.10

0.15

0.20

-2
.5
e
-0
3

3
.4
e
-0
3

1
.3
e
-0
2

2
.6
e
-0
2

4
.2
e
-0
2

6
.0
e
-0
2

8
.1
e
-0
2

1
.0
e
-0
1

1 2 3 4 5 6 7 8

0.00

0.05

0.10

0.15

0.20

2
.6
e
-0
4

8
.9
e
-0
3

2
.3
e
-0
2

4
.2
e
-0
2

6
.5
e
-0
2

9
.3
e
-0
2

1
.0
e
-0
1

1
.1
e
-0
1

Figure 6.5: (a), (b): Contour plots of the static equilibrium configurations for first
and second initialization and Θ = 90◦, respectively. (c): Contour plot of ~ρ + ~s1

for droplet on edge of pedestal and Θ = 90◦. (d): Energy for droplet on edge and
top of pedestal and different contact angles. (e), (f): Eigenvalues with smallest
absolute values for droplet on edge and top of pedestal and Θ = 90◦. [Diewald
et al. 2018b]



88 6 Numerical Results

for the first and second initialization and a theoretical contact angle Θ = 90◦,
respectively. It is evident that the two different initialization states lead to two
different static equilibrium configurations. The droplet stays on the edge of the
pedestal for the initialization that placed the droplet directly centered on the edge.
Although the second initialization placed the droplet just a little off-center the
edge of the pedestal, the droplet travels on top of the pedestal and does not have
a contact area with the side of the pedestal in the static equilibrium configuration.
By solely looking at the contour plots, it is not evident if both static equilibrium
configurations represent a local energy minimum, i.e. if they are stable.

Figure 6.5 (d) compares the energy, i.e. the total PF potential F of the compu-
tational domain, cf. (3.74), for the droplet on the edge and the droplet on top of
the pedestal for all considered contact angles. The total PF potential has higher
values for the droplet that is sitting on the edge of the pedestal regardless of the
contact angle. The configuration with the droplet on the edge of the pedestal
cannot represent a global energy minimum. Still, no insights regarding the (local)
stability of the configurations are gained. They might represent a local minimum,
a saddle point, or a maximum of the energy landscape.

Figure 6.5 (e) and (f) show the eigenvalues with smallest absolute values for the
droplet on the edge and the droplet on top of the pedestal. The first eigenvalue
for the droplet on the edge of the pedestal is negative. Figure 6.5 (c) shows a
contour plot of ~ρ + ~s1. The white line represents the ϕ = 0.5 iso-line of the
static equilibrium configuration. The negative eigenvalue belongs to a droplet
disturbance away from the center of the edge of the pedestal. With this, it is
evident that the configuration with the droplet on the edge of the pedestal is not
stable. The smallest disturbance would cause it to travel away from the center of
the edge of the pedestal. The configuration is not strictly unphysical. However, it
can only be reached in an undisturbed environment which does in general represent
a too ideal assumption. Without the present post-processing of eigenvalues and
eigenvectors, this fact would not have been revealed and the static equilibrium
configurations of the PF might have been misinterpreted as a true solution. The
first eigenvalue for the droplet on top of the pedestal is positive but close to
zero. Although the fine mesh was used, it is further away from zero (five orders
of magnitude) than the first eigenvalues of the droplet without surface contact
for the medium mesh. This suggests, that the droplet is still influenced by the
confinement of the two edges to its right and left. The configuration with the
droplet on top of the pedestal represents a (meta-)stable configuration.

The examples above demonstrate that for PF computations regarding droplets
the post-processing of eigenvalues and eigenvectors of the system matrix can lead
to a better understanding of the energy changes for basic droplet disturbances.
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More than this, it can be a useful tool in order to determine the stability of a
solution. The visualization of the eigenvectors can be especially useful. While
the eigenvalues are sufficient to determine the character of a configuration, the
eigenvectors tell in which direction the droplet would need to evolve in order to
move away from that saddle point or maximum. The present approach lends itself
for an application not only in the present PF model for droplets but also for other
PF models that obtain their static equilibrium configurations by the first order
optimality condition of an energy functional.

6.2 Static Scenarios using the EoS based Helm-

holtz Free Energy

The EoS based Helmholtz free energy is used for the scenarios that are presented in
this section. The results do not only have a phenomenological character. Instead,
they represent the physical behavior of the LJTS fluid. For validation purposes
some of the results are compared to MD simulations. The scenarios, which include
phase separation, planar interfaces and liquid droplets within a vapor phase, are
originally published in [Diewald et al. 2018a].

For all PF simulations, the computational domain is a cube with edge length 20σLJ

and 80 elements across each edge. Gravitational effects are neglected and the
backward Euler time integration scheme is used where applicable.

6.2.1 Phase Separation

The first scenario shall test the robustness of the model regarding phase separation.
The computational domain is initialized with a random density distribution. This
initialization is obtained by setting the density value for each of the 813 nodes to
a random density value between ρ′ and ρ′′. The generation of the random density
values utilizes the MATLAB “rand” function ( ~ρ 0 = ρ′′ + (ρ′ − ρ′′) rand(813, 1) ).
The resulting steep density gradients represent a challenging initialization for the
PF model.

Temperature and total mass are T = 0.7 ε
LJ

kB
and mB = 3200MLJ. Mobility parame-

ter, time step size, and the tolerance value for abandoning the evolution equation

are M = 10 MLJ

(σLJ)4

√
MLJ

εLJ , ∆t = 0.005σLJ
√
MLJ/εLJ, and etol = 10−3 (εLJ)2(σLJ)3

(MLJ)2
.

Figure 6.6 shows iso-surfaces of ρ for different times t. The total computational
runtime, i.e. the time at which the evolution equation is abandoned, is denoted
by tr. The first plot shows the initialization state and the last plot shows the static
equilibrium configuration.
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Figure 6.6: Phase separation. Iso-surfaces of ρ for different times t. The first plot
shows the initialization state with a random density distribution. The last plot
shows the static equilibrium configuration. [Diewald et al. 2018a]

During the evolution of the PF the phases start to separate from each other. At
first numerous interfaces are created, cf. t = 1.0 % tr and t = 1.5 % tr. Subse-
quently, the smaller interfaces vanish, cf. t = 4.9 % tr and t = 14.8 % tr. The
static equilibrium configuration shows a single planar interface between the liquid
and the vapor phase. The results demonstrate that the PF model can handle the
challenging random density initialization.

6.2.2 Planar Interface

The phase separation example shows that a planar interface configuration evolves
from a random density distribution. This section gives a deeper investigation of
the planar interface configuration.

The static equilibrium configurations for three temperatures T ∈ { 0.7, 0.8, 0.9 } εLJ

kB

are computed. The total mass is mB = 3200MLJ for all temperatures. The simu-
lations are initialized with the same density profile. The initialization profile is
shown by the dashed line in Figure 6.7 (a).

The density profiles of the equilibrium configurations are evaluated by plotting
the density over a straight line that runs through the center of the computati-
onal area and is perpendicular to the interface, cf. Figure 6.7 (a). The width
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Figure 6.7: Planar interface. (a): Density profiles over a straight line that runs
through the center of the computational area and is perpendicular to the interface
for PF and MD simulations at three temperatures. The dashed line shows the
initialization state of the PF simulations. (b): Comparison between the interface
widths definitions l10−90 and lt. (c): Comparison between the values for the surface
tension γlv as obtained from the PF simulations and reported in [Vrabec et al. 2006]
at three temperatures. [Diewald et al. 2018a]
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of the interfaces is evaluated by means of two interface width definitions. The
“10-90 thickness” l10−90 is defined as

l10−90 = | ~x(ρ = ρ2) − ~x(ρ = ρ1) | (6.2)

with

ρ1 = ρ′′ + 0.9(ρ′ − ρ′′) and ρ2 = ρ′′ + 0.1(ρ′ − ρ′′) . (6.3)

The tangent interface width lt is defined as the distance between the positions at
which the tangent to the point where the density is in the arithmetic mean of the
bulk phases reaches the values of the bulk phases. A comparison between l10−90

and lt is shown in Figure 6.7 (b). For more details on the different interface widths
see [Lekner and Henderson 1978].

The PF results are compared to MD results of the same scenario. For details on
the MD simulations see [Diewald et al. 2018a].

Figure 6.7 (a) shows a comparison between the density profiles from the PF and
the MD simulations. It is evident that the bulk density values of the PF and MD
simulations show very good agreement. The values for l10−90 and lt are reported in
Table 6.1. The MD interface widths are wider than the PF interface widths. This
is explainable by the fact that in the MD simulations a surface of equal density
is not represented by a plane. Instead, it is a corrugated surface that changes its
shape in time. The MD density profile is obtained by a time average, i.e. averaged
in the directions tangential to the interface, of the density. The larger difference
between the MD and PF interface widths for higher temperatures supports this
explanation. The l10−90 interface widths are wider than the lt interface widths.
The only exception to this is the MD simulation at T = 0.9 ε

LJ

kB
.

The excess free energy ΩPeTS, cf. (4.30), is computed in a post processing step.
Dividing this energy by the surface area of the interface A yields the surface
tension γlv from the PF simulations. Figure 6.7 (c) compares the resulting γlv

Table 6.1: Planar interface. Interface widths l10−90 and lt, cf. Figure 6.7 (b), from
PF and MD simulations for different temperatures. [Diewald et al. 2018a]

T 0.7 ε
LJ

kB
0.8 ε

LJ

kB
0.9 ε

LJ

kB

l10−90
PF 2.070σLJ 2.492σLJ 3.229σLJ

l10−90
MD 2.353σLJ 3.124σLJ 4.232σLJ

ltPF 2.042σLJ 2.471σLJ 3.122σLJ

ltMD 2.205σLJ 2.660σLJ 4.274σLJ
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values to the values reported in [Vrabec et al. 2006] which are obtained from MD
simulations. Excellent agreement is found between the PF and the MD results.
This confirms that the value for κ that is chosen in section 4.2 is valid for all three
temperatures.

The computational effort is much lower for the PF simulations than for the MD
simulations. The level of parallel computing is different between the PF and MD
simulations and the PF implementation is not optimized for speed. The PF and
MD simulations are also not carried out on the same machine. Solely to give an
idea on how the computational effort differs between the PF and the MD simu-
lations, the sums of the times spend on the individual CPUs are compared. This
comparison shows a 50 times larger computational effort for the MD simulations
(≈ 1500h) compared to the PF simulations (≈ 30h) at each temperature.

6.2.3 Liquid Droplet in Vapor Phase

The planar interface scenario shows that the PF simulations for the LJTS fluid
show good agreement with MD simulations for the same fluid. This verifies that
the PF results represent the physical behavior of the LJTS fluid in the static
equilibria of planar interfaces. This section investigates if this is also the case for
interfaces that are not planar.

Static equilibrium configurations for different values of the total mass mB at
T = 0.7 ε

LJ

kB
are computed. All simulations are initialized with a droplet that is

surrounded by a vapor phase according to

ρ0(r) =
ρ′′ − ρ′

ltPF

(
r − rini +

ltPF

2

)
+ ρ′ . (6.4)

In this, r is the distance to the center of the droplet and rini is the initialization
radius. The initialization interface width and bulk density values are set to the
values for ltPF, ρ′, and ρ′′ obtained in section 6.2.2. With this, the total mass in
the domain is defined by the initialization radius.

Firstly, the PF results for mB = 800MLJ are compared to MD results. Secondly,
the PF results for several different mB values are compared to analytic solutions.

Figure 6.8 (left) shows a contour plot of the static equilibrium configuration of the

PF simulation formB = 800MLJ. The density inside the droplet is ρl = 0.8060 MLJ

(σLJ)3
.

The density of the vapor phase is ρv = 0.0113 MLJ

(σLJ)3
. These values are compared to

the density results from MD simulations of the same scenario in Figure 6.8 (right).
For details on the MD simulations see [Diewald et al. 2018a]. The densities in-
side the droplet and in the vapor phase as obtained from the MD simulations
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Figure 6.8: Liquid droplet in vapor phase with mB = 800MLJ at T = 0.7 ε
LJ

kB
.

Contour plot of the static equilibrium configuration (left) and comparison of the
liquid and vapor densities obtained from the PF simulation to the values obtained
from MD simulations (right). [Diewald et al. 2018a]

are ρl = 0.806(15) MLJ

(σLJ)3
and ρv = 0.0112(26) MLJ

(σLJ)3
. The number in parentheses in-

dicates the statistical uncertainty in the last decimal digit. The PF simulations
agree well with the MD simulations. The PF results lie within the error bars of
the MD simulations. Figure 6.8 (right) does also show the bulk density from the
planar interface scenario. These densities are depicted by dashed lines. Both,
the density inside the droplet and the density in the vapor phase are higher for
the droplet than they are for the planar interface. Due to the curvature of the
interface, the surface tension γlv causes a rise of the pressure, and thereby of the
density, inside the droplet. Following (3.73) the density of the vapor phase rises
as well.

The remaining PF simulations of a liquid droplet in a vapor phase are initialized
with

rini ∈ { 2, 3, 3.25, 3.5, 3.75, 4, 4.25, 4.5, 5 }σLJ . (6.5)

Figure 6.9 shows the initialization state (left) and the static equilibrium state (right)
for rini = 3 σLJ (top) and rini = 5 σLJ (bottom). As can be seen, small rini values
can lead to a static equilibrium configuration with an (oversaturated) homogene-
ous vapor phase, i.e. the droplet disappears. If rini is chosen large enough the static
equilibrium configuration shows a droplet inside a vapor phase. The smallest ini-
tialization radius that leads to the development of a stable droplet is investigated
in the following.

An analytic prediction for the smallest initialization radius that leads to the deve-
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Figure 6.9: Liquid droplet in vapor phase. Initialization state (left) and the static
equilibrium state (right) for rini = 3σLJ (top) and rini = 5σLJ (bottom). The
droplet disappears for small rini values and a homogeneous density distribution is
obtained. [Diewald et al. 2018a]

lopment of a stable droplet is made. For this, the values of the total PF potential F
for two analytic equilibrium configurations are approximated. The analytic equi-
librium configurations under consideration are a droplet in a vapor phase and a
homogeneous density distribution. The total PF potential of the droplet in a va-
por phase configuration is denoted by Fd. It is obtained by approximating the
interface between the liquid and the vapor phase by a linear transition from ρ′

to ρ′′, cf. Figure 6.10 (left). This configuration is equivalent to the initialization
state, cf. (6.4). The value of Fd is computed by following the approach of Hof-
mann [2018] and assuming that the surface tension and width of the interface
are constant. This is in accordance with classical nucleation theory based on the
capillarity approximation [Farkas 1927; Volmer and Weber 1926]. The total PF
potential of the homogeneous density distribution configuration is denoted by Fh.
For further details on the computation of Fd and Fh see appendix C.

Figure 6.10 (right) shows a plot of Fd and Fh over rini. For small values of rini the
total PF potential of the droplet in a vapor phase configuration Fd is larger than the
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Figure 6.10: Liquid droplet in vapor phase. Left: Approximation of the interface
between the liquid and the vapor phase by a linear transition from ρ′ to ρ′′. Right:
Analytic total PF potential for droplet in vapor phase (Fd) and homogeneous
density distribution (Fh). The symbols show the total PF potential as obtained
from the PF simulations. [Diewald et al. 2018a]

total PF potential of the homogeneous density distribution configuration Fh. This
indicates that the droplet is not stable and the homogeneous density configuration
is favored. Analogously, the droplet configuration is favored for larger values of rini

where Fd is smaller than Fh. The rini value at which the curves of Fd and Fh cross
each other represents the analytic prediction of the smallest initialization radius
that leads to the development of a stable droplet. It is rini = 3.99σLJ. The
symbols in Figure 6.10 (right) show the total PF potential as obtained from the
static equilibrium configurations of the PF simulations. They follow the low energy
path of Fd and Fh. The simulation that is started with rini = 3.75σLJ is the first
simulation that leads to a static equilibrium configuration with a droplet in a vapor
phase. The analytic results and the simulation results show good agreement. An
explanation for the small difference can be found in the linear approximation of
the interface in the analytic expressions.

The liquid droplet in vapor phase scenario is investigated further by comparing
the pressure difference between the inside and the outside of the droplet to the
Young-Laplace equation as it is introduced in section 2.1. For this the equimolar
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radius is computed for each static equilibrium configuration that shows a droplet
in a vapor phase, i.e. for all simulations with rini ≥ 3.75σLJ.

The equimolar radius re is defined as

re =

(
3
∫∞

0
(ρ(r)− ρv)r2 dr

ρl − ρv

)1

3
, (6.6)

cf. [Hrubý et al. 2007]. Since ρ(r) = ρv in the vapor phase, it is sufficient to
evaluate the integral from 0 to 10σLJ, only. The pressure difference

∆ph = ph
l − ph

v (6.7)

is calculated by obtaining the pressure values ph
l and ph

v that correspond to ρl

and ρv from the PeTS EoS for the LJTS fluid, respectively. For comparison, the
Young-Laplace equation is evaluated, cf. (2.1). For this, the value of the surface
tension γlv as computed in section 6.2.2 is used.

Figure 6.11 (left) shows the results for the equimolar radius over the total mass
for each static equilibrium configuration that consists of a droplet in a vapor
phase. The smallest stable droplet has an equimolar radius of re = 3.17σLJ.
Figure 6.11 (right) shows a plot of ∆ph and the pressure difference resulting from
the Young-Laplace equation over re. For large re values, ∆ph and the pressure
difference resulting from the Young-Laplace equation show good agreement. For
smaller re values, a difference between the two is observed. These re values cor-
respond to very small droplets with a droplet radius of similar size as the diffuse
width of the interface between the liquid and the vapor phase. The disagreement
between ∆ph and the pressure difference resulting from the Young-Laplace equa-
tion does therefore not surprise as the assumptions on which the Young-Laplace
equation is based do not hold for such small droplets. The authors of [Falls et al.
1981] and [Langenbach et al. 2018] report a breakdown of the Young-Laplace equa-
tion for droplet radii smaller than approximately 5 σLJ. This agrees well with the
results of the PF simulations presented here.

The static Allen-Cahn model with the EoS based Helmholtz free energy proves
to yield physically correct results for the LJTS fluid. For planar and non-planar
interfaces, the PF simulations show good agreement with MD or analytic results.
Not only the bulk properties but also those in the transition zone between the liquid
and the vapor phase obtained from the PF simulations are physically meaningful.
Furthermore, the PF model is robust with regard to unfavorable initialization
states.
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Figure 6.11: Liquid droplet in vapor phase. Left: Equimolar radius in the static
equilibrium configuration over the total mass. Right: Pressure difference resulting
from the PF simulations and pressure difference resulting from the Young-Laplace
equation over the equimolar radius. [Diewald et al. 2018a]

6.3 Dynamic Scenarios using the EoS based Helm-

holtz Free Energy

For many engineering applications, the prediction of static equilibrium configura-
tions is not sufficient. To determine the wetting properties of a machine compo-
nent, the time dependent, i.e. dynamic, behavior of a droplet on a solid surface
is of interest. The following scenarios demonstrate the ability of the dynamic
Navier-Stokes-Korteweg model with the EoS based Helmholtz free energy to make
predictions for dynamic wetting.

The scenarios show the wetting of structured surfaces as well as the movement
of droplets on surfaces with a wettability gradient. Additionally, the properties
of the newly developed semi-implicit energy stable time integration scheme, cf.
section 5.1.2, are investigated by means of two basic scenarios. If not mentioned
otherwise, a no-slip boundary condition (~v = ~0) is prescribed on ∂Bs.

6.3.1 Wetting of Structured Surfaces

The impact of a droplet on a structured component surface is investigated. The
results are originally published in [Diewald et al. 2019].

A droplet with radius rini = 5σLJ is initialized with its center 12.5σLJ above the
bottom of the structured surface. The structure of the surface at the bottom
of the computational domain can be seen in Figure 6.12. An equidistant mesh
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with an element edge length of approximately ltPF/13 is used for the spatial dis-
cretization and the backward Euler time integration scheme with time step size
∆t = 0.05σLJ

√
MLJ/εLJ is used for the temporal discretization. The initial velo-

city in all of B and the temperature are ~v 0 = ~0 and T = 0.7 ε
LJ

kB
. The gravitational

acceleration is set to g = 0.01 εLJ

MLJσLJ . Instead of using the viscosity correlation of

section 4.3 a constant viscosity ηv = 0.01
√
εLJMLJ

(σLJ)2
is used.

Two different sets of surface tensions for the structured surface are considered. The
first set γsv−γsl = 0.000 yields a theoretical contact angle of Θ = 90◦. The second
set γsv − γsl = −0.503 εLJ

(σLJ)2
yields a theoretical contact angle of Θ = 150◦ (for the

value of γlv at this temperature see section 6.2.2).

Figure 6.12 shows snapshots of the temporal evolution for Θ = 90◦ (left) and
Θ = 150◦ (right). Until shortly before the impact, the temporal evolution of the
droplet is identical for both contact angles, cf. first row of figures. Once the droplet
is in contact with the structured component surface, the temporal evolution shows
a contact angle dependent behavior. For Θ = 90◦ the droplet fills the grooves
of the structure and sinks in. The last plot shows a droplet that is sitting inside
the structured surface (Wenzel state). For Θ = 150◦ the droplet does not fill the
grooves of the structure. It does not sink in and bounces off the structure. The last
plot shows a droplet that is sitting on top of the structured surface (Cassie-Baxter
state).

Comparing the temporal evolution of the droplet to the relaxation of the static
scenarios that use the evolution equation, see e.g. Figure 6.2, the effects of in-
ertial, that are inherent in the dynamic Navier-Stokes-Korteweg model, become
apparent. The droplet impact scenario demonstrates that the dynamic Navier-
Stokes-Korteweg model with the EoS based Helmholtz free energy can help the
development of microstructures that are capable of retaining liquids or show self-
cleaning properties.

6.3.2 Droplets on Surfaces with Wettability Gradient

In order to make significant predictions of the dynamic wetting behavior of a
droplet, the dynamics of the Navier-Stokes-Korteweg model with the EoS based
Helmholtz free energy and the viscosity correlation of section 4.3 need to be vali-
dated. This is done in the present section by investigating the dynamic behavior
of droplets on surfaces with a wettability gradient. The PF results are compared
to those from MD simulations.

A droplet that is sitting on a surface with spatially changing surface tensions γsl, γsv

shows different contact angles depending on the local value of γsl, and γsv. A spatial
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Figure 6.12: Wetting of structured surface. The snapshots of the temporal evo-
lution show the impact of a droplet on a structured surface with Θ = 90◦ (left)
and Θ = 150◦ (right). [Diewald et al. 2019]
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gradient of the wettability, i.e. a gradient of the surface tensions, does therefore
lead to a motion of the droplet on the surface. The effect is used by organisms that
live in low-rainfall areas. The desert beetle uses surfaces with wettability gradients
to collect water from the humid atmosphere [Chakraborty et al. 2015; Parker and
Lawrence 2001]. The phenomenon can also be witnessed during the soldering of
copper tubes where the motion of the tin droplets can to some extent be explai-
ned by the wettability gradient following from the temperature gradient [Brzoska
et al. 1993]. There are also technical applications that make use of the phenome-
non. To pump liquids through micro- or nanoscale pipes requires large pressure
gradients [Halverson et al. 2008]. Instead of using classical pumps, surfaces with
wettability gradients might be used in this area [Chakraborty et al. 2015]. The
prescription of a controlled droplet motion by wettability gradients can also faci-
litate the development of lab-on-a-chip devices [Huang et al. 2014; Darhuber and
Troian 2005].

Because of their evolving importance, surfaces that are characterized by a wettabi-
lity gradient have been studied experimentally [Bliznyuk et al. 2011; Brzoska et al.
1993; Ichimura 2000; de Jong et al. 2019; Liu et al. 2017], theoretically [Brochard
1989; Pismen and Thiele 2006], by molecular and particle simulations [Chakra-
borty et al. 2015; Halverson et al. 2008; Li et al. 2013], as well as by continuum
simulations [Chowdhury et al. 2019; Huang et al. 2014; de Jong et al. 2019; Kunti
et al. 2018b; Li et al. 2017; Moosavi and Mohammadi 2011; Pan et al. 2015; Thiele
et al. 2004]. The validation of PF simulations for surfaces with wettability gra-
dients on the nanoscale by a comparison to MD simulations is, to the best of the
author’s knowledge, done in [Diewald et al. 2020a] for the first time. The present
section is based on this work.

Figure 6.13 shows a sketch of the scenario studied in the following. A droplet is
placed on a solid surface with a wettability gradient. The wettability gradient is
characterized by a change of γsl − γsv along the x-axis and causes a difference in
the contact angles on the left and right side of the droplet. This difference leads
to a net force and thus a motion of the droplet.

Two scenarios for the wettability gradient are simulated. In the first scena-
rio, γsl − γsv has a linear slope in x-direction and is symmetric with respect to
the center of the solid surface. The maximum and minimum values of γsl − γsv

are chosen such that they correspond to theoretical contact angles of Θ = 150◦

and Θ = 30◦, respectively. In the second scenario, an almost identical slope
of γsl − γsv is used. The maximum and minimum values of γsl−γsv are the same as
for the first scenario. However, in contrast to the first scenario the value of γsl − γsv

jumps to the maximum value in the center of the solid surface. This discontinuous
change of the wettability acts as a barrier. The simulation results reveal whether



102 6 Numerical Results

Figure 6.13: Sketch of droplet on surface with wettability gradient. A gradient
of γsl−γsv leads to different contact angles on the left and right side of the droplet
and thus to a droplet motion. Two different slopes for γsl−γsv are considered. [Die-
wald et al. 2020a]

the droplet is stopped by this barrier or whether it is able to overcome it.

The computational domain for both scenarios is a rectangle of size 180 σLJ × 30σLJ

that is discretized by 768×128 elements. The initial velocity in all of B and the tem-
perature are ~v 0 = ~0 and T = 0.7 ε

LJ

kB
. The backward Euler time integration scheme

with time step size ∆t = 5σLJ
√
MLJ/εLJ is used and gravitational effects are

neglected. The initialization sets a hemispherical droplet with radius rini = 20σLJ

on the bottom of the computational domain such that the distance between the
center of the droplet and the left end of the computational domain in x-direction
is 42 σLJ,

ρ0(r) =
ρ′ − ρ′′

2

[
tanh

(
−2 (r − rini)

ltPF

)
+ 1

]
+ ρ′′ . (6.8)

Again, r denotes the distance to the center of the droplet. The minimum and
maximum values for γsl − γsv that correspond to Θ = 150◦ and Θ = 30◦ are
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γsl − γsv = 0.5032σLJ and γsl − γsv = −0.5032σLJ at T = 0.7 ε
LJ

kB
. The width of

the barrier in the second scenario is 0.469σLJ. The position of the centroid in x-
direction is computed for each time step

xc =

∫
B xρ dV∫
B ρ dV

. (6.9)

Therefrom, the droplet velocity in x-direction vx is evaluated. For details on the
MD simulations see [Diewald et al. 2020a].

Figure 6.14 shows snapshots of the PF and MD simulations at different times t
for the first scenario. Each MD particle is depicted by one bubble and a mirrored
representation of the MD domain is shown. The first plot shows the initialization
state and the last plot the static equilibrium configuration. In the initialization
state the droplet has the same contact angle on its left and right side and is
symmetric with respect to its center. Since a dynamic equilibration was used for
the initialization of the MD simulation, the MD results do not show a perfectly
symmetric droplet at t = 0. During the simulations, t > 0, the droplet shows
different contact angles at its left and right side and exhibits a motion in positive x-
direction. A good qualitative agreement is found between the PF and the MD
snapshots regarding the transient development of the droplet’s shape and position.
The slight differences can be explained by the stochastic character of the MD
simulations.

Figure 6.15 shows a quantitative comparison of the PF and MD results for the first
scenario (left column) and the second scenario (right column). The first row shows
the temporal evolution of the position of the centroid in x-direction. The second
row shows the temporal evolution of the velocity in x-direction. The plots show raw
as well as smoothed MD data. The MD data that is shown for t < 0 correspond
to the equilibration of the MD droplet that is performed without applying the
gradient of the surface tension. For t > 0, the gradient of the surface tension is
applied and a droplet motion is observed.

In the first scenario, the influence of inertia becomes evident in the first time steps
when the droplet accelerates to its maximum velocity, cf. t ∈ [0, 200]σLJ

√
MLJ/εLJ.

In these time steps vx shows a linear and xc a quadratic behavior with respect to
time. This indicates that the droplet motion is dominated by a constant driving
force in positive x-direction. For this two-dimensional scenario the driving force
is given by the difference between the values for γsl − γsv at the left and right side
of the droplet. In these early time steps, the droplet is not far from its initial
position. The difference between the values for γsl − γsv at the left and right side
of the droplet is therefore roughly constant. This explains the temporal evolution
of vx and xc. Once the maximum velocity is reached, the droplet motion shows
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Figure 6.14: Droplet on surface with wettability gradient. Snapshots of the PF
and (mirrored) MD simulation for the first scenario. The first plot shows the
initialization state and the last plot the static equilibrium configuration. [Diewald
et al. 2020a]
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Figure 6.15: Droplet on surface with wettability gradient. MD and PF results for
the temporal evolution of the centroid and the velocity in x-direction. [Diewald
et al. 2020a]

a roughly constant velocity, cf. t ∈ [200, 1400]σLJ
√
MLJ/εLJ. This implies that

an equilibrium between the driving force originating from the wettability gradient
and forces originating from the viscous stresses is established. The next change
in the motion of the droplet is observed after the right side of the droplet passes
over the middle of the solid surface, cf. t ∈ [1400, 8000]σLJ

√
MLJ/εLJ. The sign of

the wettability gradient changes in the middle of the solid surface. The difference
between the values for γsl − γsv at the left and right side of the droplet decreases.
The resulting reduction of the driving force leads to a deceleration of the droplet.
Once the center of the droplet is in the middle of the solid surface, the values
for γsl − γsv are the same for the left and right side of the droplet. Thus, the
driving force fades and a static equilibrium is reached.

In the second scenario, the overall droplet behavior is similar to the first scenario.
However, one main difference is observed. Once the right side of the droplet reaches
the barrier that is imposed by the discontinuous change of the wettability, it is
decelerated significantly, cf. t ≈ 1600σLJ

√
MLJ/εLJ and dashed oval in Figure 6.15.



106 6 Numerical Results

The right side of the droplet is able to overcome the barrier. After this, the barrier
has no influence on the motion of the droplet. It reassumes speed and shows a
similar behavior to the first scenario. The immediacy of regaining speed reveals
that the motion of the droplet is mainly influenced by the interplay of the surface
tensions and the viscous stresses. The effects of inertia play a minor role which is
typical for the nanoscale.

Comparing the PF to the MD results, three main deviations are found:

1. The MD simulations show a faster droplet acceleration.

2. The last time steps of the MD simulation do not show a fully stationary
droplet.

3. The deceleration of the droplet at the barrier of the second scenario is smaller
in the MD simulations.

The first deviation can be explained by the non-homogeneous distribution of the
vapor density in the MD simulations that is caused by an adsorption of particles
at the solid surface. Such adsorption effects are not included in the PF model.
The second and third deviation can be explained by the stochastic character of the
MD simulations. Small imbalances of the contact angles on the left and right side
of the droplet as well as the aforementioned density inhomogeneities disturb the
equilibrium and lead to a scattering of the droplet around the equilibrium state.
This stochastic behavior does also facilitate the overcoming of the barrier.

Apart from the mentioned deviations, the PF and MD results show very good
qualitative and quantitative agreement for both scenarios. While the fluctuations
of the MD simulations are clearly visible in the raw MD data, the smoothed
representation of the MD data is well in line with the PF results. To learn more
about the influence of temperature on the results see [Diewald et al. 2020a].

The results of this section validate the dynamics of the Navier-Stokes-Korteweg
model with the EoS based Helmholtz free energy on the nanoscale. The viscosity
correlation that is derived in section 4.3 is applicable for the LJTS fluid.

6.3.3 Semi-Implicit Time Integration Scheme

This section investigates the properties of the newly developed semi-implicit energy
stable time integration scheme, cf. section 5.1.2. For this, two basic scenarios are
regarded. The first scenario initializes the computational domain with an oval
droplet. The second scenario shows a falling droplet. The results are also shown
in [Diewald et al. 2020b].
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For both scenarios the computational domain is a square with edge lengths 20σLJ

that is discretized by 128 elements across each edge. The initial velocity in all
of B and the temperature are ~v 0 = ~0 and T = 0.7 ε

LJ

kB
. The simulations are

performed using the backward Euler (BE) as well as the semi-implicit (SI) time
integration scheme and different time step sizes. In each time step, the energy of
the computational domain is computed according to

En =

∫
B

[
ρnaPeTS(ρn) +

1

2
κ|∇ρn|2 +

1

2
ρn|~v n|2 + gxgρ

n
]

dV

+

∫
∂Bs

(γsl − γsv)h(ρn) dA . (6.10)

To improve stability, the interpolation function h(ρ) is set to h(ρ) = 0 for ρ < ρ′′

and h(ρ) = 1 for ρ > ρ′.

Oval Droplet Initialization

The density distribution for the oval droplet initialization is shown in the first
contour plot of Figure 6.16 (a). From this initialization state the simulations are
performed using the BE and the SI time integration scheme with the time step
sizes

∆t ∈
{

100, 10−1, 10−2
}
σLJ
√
MLJ/εLJ . (6.11)

The stabilization parameter for the SI time integration scheme is set in accordance

with the value found in section 5.1.2, i.e. βs = 50 ε
LJ(σLJ)3

(MLJ)2
. In addition, the SI

simulations with ∆t = 10−1 σLJ
√
MLJ/εLJ are also performed for

βs ∈ {12.5, 25, 100} ε
LJ(σLJ)3

(MLJ)2
. (6.12)

Gravitational effects are neglected.

Figure 6.16 (a) shows the temporal evolution of the droplet for the SI time inte-

gration scheme with ∆t = 10−2 σLJ
√
MLJ/εLJ and βs = 50 ε

LJ(σLJ)3

(MLJ)2
. During the

simulations the oval initialization evolves to a round droplet, which reduces the
energy of the computational domain.

Figure 6.16 (b) shows the energy of the computational domain, cf. (6.10), at
different times t for the BE and SI simulations with different time step sizes

and βs = 50 ε
LJ(σLJ)3

(MLJ)2
. The solid lines show the BE results and the dashed lines

the SI results. The colors indicate the time step size. The BE results show a very
small time step dependency of the energy decrease, i.e. the curves are lying almost
on top of each other. The SI results show that the decrease of energy is slowed down
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Figure 6.16: Oval droplet initialization. (a): Contour plots of ρ at different times t
for the SI scheme with ∆t = 10−2 σLJ

√
MLJ/εLJ. (b): Energy evolution of the BE

and SI scheme with different time step sizes. The solid lines show the BE results
and the dashed lines the SI results. The colors indicate the time step size. The
curves for the BE results are lying almost on top of each other. (c): Energy evolu-
tion of the SI scheme with different values for the stabilization parameter. [Diewald
et al. 2020b]

for rising time step sizes. The larger the time step the longer it takes for the drop-
let to evolve to a round topology. For small time steps the temporal evolution of
the SI simulations is identical to the BE simulations, cf. ∆t = 10−2 σLJ

√
MLJ/εLJ.

Figure 6.16 (c) shows the energy of the computational domain at different ti-
mes t for the SI simulations with different values for the stabilization parameter
and ∆t = 10−1 σLJ

√
MLJ/εLJ. Additionally, the BE results for the same time step

size are plotted for reference. The slowing of the droplet evolution is not only found
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for an increase of the time step size but also for an increase of the stabilization
parameter.

The slowing of the temporal evolution for large values of the time step size or the
stabilization parameter was first revealed by Xu et al. [2017] for a similar scheme.
It is therefore the expected behavior.

Falling Droplet

For the falling droplet scenario, the gravitational acceleration is set to g = 0.1 εLJ

MLJσLJ .
On the surface at the bottom of the computational domain, the surface tensions
are set to γsv−γsl = 0.412 εLJ

(σLJ)2
which yields a theoretical contact angle of Θ = 45◦.

The initialization state is shown in the first contour plot of Figure 6.17 (a). From
this initialization state the simulations are performed using the BE and the SI
time integration scheme with the time step sizes

∆t ∈
{

101, 100, 10−1, 10−2
}
σLJ
√
MLJ/εLJ . (6.13)

The stabilization parameters for the SI time integration scheme are set in accor-

dance with the values found in section 5.1.2, i.e. βs = 50 ε
LJ(σLJ)3

(MLJ)2
and αs = −5 (σLJ)6

(MLJ)2
.

Figure 6.17 (a) shows the early temporal evolution of the droplet for the SI time
integration scheme with ∆t = 10−2 σLJ

√
MLJ/εLJ. During the simulations the

droplet falls onto the surface. After the impact, the contact angle evolves and the
droplet starts to spread.

Figure 6.17 (b) shows the early temporal evolution of the droplet for the SI time
integration scheme with ∆t = 101 σLJ

√
MLJ/εLJ. Comparing the contour plots

of the SI simulations for ∆t = 10−2 σLJ
√
MLJ/εLJ and ∆t = 101 σLJ

√
MLJ/εLJ

reveals that large time step sizes can lead to the evolution of alternative equilibria.

Figure 6.17 (c) shows the energy of the computational domain at different times t
for the BE and SI simulations with different time step sizes. The solid lines show
the BE results and the dashed lines the SI results. The colors indicate the time
step size. For the BE simulations with the two largest time step sizes, the Newton-
Raphson method does not converge. The crosses mark their termination point.
The BE results for the remaining time step sizes do not show a time step size
dependency, i.e. the curves are lying almost on top of each other. For the SI
simulations, the residuum converges for all time step sizes. The SI time integration
scheme can handle time step sizes for which the BE scheme fails. Again, a slowing
of the droplet evolution is observed for large time step sizes. Figure 6.17 (d)
shows the energy evolution of the SI simulations with the two largest time steps
up to t = 1000σLJ

√
MLJ/εLJ. Despite the slowing, the simulations with the
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Figure 6.17: Falling droplet. (a, b): Contour plots of ρ at different times t for
the SI scheme with ∆t = 10−2 σLJ

√
MLJ/εLJ (a) and ∆t = 101 σLJ

√
MLJ/εLJ (b).

(c, d): Energy evolution of the BE and SI scheme with different time step sizes
up to t = 100σLJ

√
MLJ/εLJ (c) and for the SI simulations with the two largest

time step sizes up to t = 1000 σLJ
√
MLJ/εLJ (d). The solid lines show the BE

results and the dashed lines the SI results. The colors indicate the time step
size. The crosses mark the termination point of the simulations for which the
Newton-Raphson method does not converge. [Diewald et al. 2020b]



6.3 Dynamic Scenarios using the EoS based Helmholtz Free Energy 111

large time step sizes do eventually converge towards the minimum of the other
simulations.

The oval droplet initialization scenario and the falling droplet scenario reveal the
properties of the newly developed semi-implicit energy stable time integration
scheme. The SI scheme shows some artificial properties as the slowing and the
evolution of alternative equilibria for large time step sizes and large values of the
stabilization parameter. However, the SI scheme does also possess some advan-
tageous and interesting properties that the BE scheme does not have. It shows
convergence of the residuum for very large time step sizes for which the BE scheme
fails. Thus, the SI scheme is more robust. Even if large time step sizes are avoided
in order to suppress the artificial properties and the same time step size is chosen
for the BE and SI scheme, the SI scheme still has the advantage of leading to a
linear system of equations. This brings large benefits with respect to the compu-
tational effort. As predicted by the proof in section 5.1.2 the SI scheme dissipates
energy independent of the time step size.
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7 Scale Bridging

The PF results obtained with the EoS based Helmholtz free energy agree well with
MD results. Thus, the PF model properly describes the underlying physics on the
nanoscale. The computational effort for the PF simulations is smaller than for
the MD simulations. The gain in computational efficiency by itself does already
qualify the PF model to compute larger scenarios. However, since the FE mesh
used for the PF simulations needs to resolve the nanoscale width of the liquid-
vapor interface, the PF simulations are still tied to small scales. To achieve a true
scale bridging from the nano- to the microscale, the liquid-vapor interface needs
to be artificially widened. The resulting EoS based and scaled PF model serves as
an important link between the nanoscale approach of molecular simulations with
a strong physical validity and the purely phenomenological approach of classical
PF models.

Special care has to be taken not to violate the physical foundation of the EoS
based PF model when introducing the widening. The approach is presented in the
following. Subsequently, a numerical example for methane is given.

7.1 Adaption of the Equation of State Based Helm-

holtz Free Energy

The EoS based Helmholtz free energy shall be adapted such that the liquid-vapor
interface can be widened without altering other properties of the interface or the
bulk phases. This is achieved by introducing two parameters to the formulation
of the EoS based Helmholtz free energy density. The fist parameter αscal scales
the homogeneous excess free energy density ω, cf. (4.31), only. The Helmholtz free
energy densities for ρ′ and ρ′′ remain unaltered. The second parameter βscal scales
the density gradient dependent part of the Helmholtz free energy density. The
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scaled EoS based Helmholtz free energy density reads

ρψ̂(ρ,∇ρ) = ρψscal(ρ,∇ρ)

= αscal
(
ρaPeTS(ρ)− µ′ρ+ ph

)︸ ︷︷ ︸
ω(ρ)

+µ′ρ− ph +
1

2
βscal|∇ρ|2 . (7.1)

Analogous to the procedure for the empirical Helmholtz free energy density, cf.
section 4.1, the two parameters αscal and βscal are used to define the width and the
energy of the liquid-vapor interface. Figure 7.1 shows plots of the local part of the
Helmholtz free energy density and the homogeneous excess free energy density for
different values of αscal. The thicker black lines show the original curves without
scaling, i.e. αscal = 1. They are identical to the plots shown in Figure 4.4.

It is important to verify that the scaling does not change crucial properties of the
local part of the Helmholtz free energy density. The bulk densities ρ′ and ρ′′ of a
static equilibrium configuration with a planar interface remain unaltered since

∂(ρψscal(ρ,∇ρ))

∂ρ

∣∣∣∣
ρ∈{ρ′, ρ′′}

= αscal

(
∂(ρaPeTS(ρ))

∂ρ

∣∣∣∣
ρ∈{ρ′, ρ′′}

− µ′
)

︸ ︷︷ ︸
=0

+µ′

= µ′ , (7.2)

which is the identical result as for the original EoS based Helmholtz free energy
density. Furthermore, since

∂2(ρψscal(ρ,∇ρ))

∂ρ2
= αscal∂

2(ρaPeTS(ρ))

∂ρ2
, (7.3)

the densities, for which the second derivative of the Helmholtz free energy den-
sity with respect to density is zero, are also not affected by the scaling and the
boundaries of the unstable region are equally unaltered.

The computation of the parameters αscal and βscal, such that the interface can be
widened without altering the surface tension, is presented in the following. The
underlying idea was shown in [Cahn and Hilliard 1958]. Analogous to section 4.1,
a planar interface, that is perpendicular to an axis x and is located at x = 0, is
regarded. Gravitational effects are neglected (g = 0).

The excess free energy Ωscal, which is the energy that is stored in that interface, is
given by

Ωscal = A

∫ ∞
−∞

[
αscalω(ρ) +

1

2
βscal|∇ρ|2

]
dx . (7.4)
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Figure 7.1: Left: Plot of the local part of the EoS based and scaled Helmholtz
free energy density for different values of αscal and T = 0.7 ε

LJ

kB
. Right: Plot of

the scaled homogeneous excess free energy density. The scaling does not alter the
Helmholtz free energy densities for ρ′ and ρ′′.

The requirement regarding the energy or surface tension of the interface states
that Ωscal has to be equal to the surface tension between the liquid and the vapor
phase γlv multiplied with the surface area of the interface A,

Ωscal = Aγlv . (7.5)

The width of the interface shall be defined by lscal,

dρ

dx

∣∣∣∣
x=0

=
ρ′ − ρ′′

lscal
. (7.6)

Reusing (4.11) and writing (4.35–4.38) for the scaled EoS based Helmholtz free
energy (7.1) gives

αscal
(
ρaPeTS(ρ)− µ′ρ+ ph

)
=

1

2
βscal|∇ρ|2 or αscalω(ρ) =

1

2
βscal|∇ρ|2 . (7.7)

With this the energy requirement can be written as∫ ∞
−∞

[
αscalω(ρ) +

1

2
βscal|∇ρ|2

]
dx =

∫ ∞
−∞

2αscalω(ρ) dx = γlv . (7.8)

Using

dx =

√
βscal

2αscalω(ρ)
dρ , (7.9)
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cf. (7.7), the integral over x can be rewritten as an integral over ρ∫ ∞
−∞

2αscalω(ρ) dx =

∫ ρ′

ρ′′

√
2αscalβscalω(ρ) dρ = γlv . (7.10)

Employing (7.9) in the requirement for the width of the interface as stated in (7.6)
yields

dρ

dx

∣∣∣∣
x=0

=

√
2αscalω(ρ = ρ′+ρ′′

2
)

βscal
=
ρ′ − ρ′′

lscal
. (7.11)

Now, αscal and βscal can be determined by solving (7.10) and (7.11),

αscal = cscal
1

γlv

lscal
with cscal

1 =
ρ′ − ρ′′

2
√
ω(ρ = ρ′+ρ′′

2
)
∫ ρ′
ρ′′

√
ω(ρ) dρ

,

βscal = cscal
2 γlvl

scal with cscal
2 =

√
ω(ρ = ρ′+ρ′′

2
)

(ρ′ − ρ′′)
∫ ρ′
ρ′′

√
ω(ρ) dρ

. (7.12)

The constants cscal
1 and cscal

2 depend on the temperature, only. They are computed
previous to the actual simulations by means of numerical integration. The EoS
based and scaled Helmholtz free energy density reads

ρψscal(ρ,∇ρ) = cscal
1

γlv

lscal

(
ρaPeTS(ρ)− µ′ρ+ ph

)
+ µ′ρ− ph +

1

2
cscal

2 γlvl
scal|∇ρ|2 .

(7.13)

It shall be mentioned that the sharp PF method [Finel et al. 2018] presents a way
of resolving the PF interface with one grid point. However, the required adaptation
of the Helmholtz free energy density would weaken the physical validity. The sharp
PF method is therefore not used in the present work.

7.2 Droplet on Tilted Surface with Wettability

Gradient

To give an example by means of a specific substance, the scale dependent dynamic
behavior of a methane droplet on a tilted surface with a wettability gradient is
investigated. For methane, the energy and size parameter of the LJ potential are
given by εLJ = 2.417 · 10−21 J and σLJ = 3.724 · 10−10 m [Vrabec et al. 2006]. The
mass per particle is MLJ = 2.664 · 10−26 kg [Kurzweil and Scheipers 2012].
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Analogous to section 6.3.2 the wettability gradient is characterized by a change
of γsl − γsv along the x-axis and causes a difference in the contact angles on the
left and right side of the droplet. The maximum and minimum values of γsl − γsv

are chosen such that they correspond to theoretical contact angles of Θ = 150◦

and Θ = 30◦, respectively. A sketch of the scenario is shown in Figure 7.2. In
contrast to the scenarios studied in section 6.3.2 the surface is tiled by 45◦ and
gravity (g = 9.81 m

s2
) is applied.

To investigate how the droplet behavior depends on the length scale, all spatial
dimensions are scaled by the scaling parameters pscal for which different values are
chosen

pscal ∈
{

100, 101, 102, 103
}
. (7.14)

The computational domain is a rectangle of size 180σLJ pscal ≈ 6.703 · 10−8 m pscal

in x-direction and 30 σLJ pscal ≈ 1.117 · 10−8 m pscal in y-direction. This rectangle
is discretized by 384× 64 elements. The initial velocity in all of B and the tem-
perature are ~v 0 = ~0 and T = 0.7 ε

LJ

kB
≈ 122.542 K. For the specific surface tension

values that correspond to the contact angles of Θ = 150◦ and Θ = 30◦ at this
temperature, see section 6.3.2. The backward Euler time integration scheme with
varying time step sizes for the different values of pscal is used. The initialization
sets a hemispherical droplet with radius rini = 20σLJ pscal ≈ 7.448 · 10−9 m pscal on
the bottom of the computational domain, such that the distance between the
center of the droplet and left end of the computational domain in x-direction
is 90 σLJ pscal ≈ 3.352 · 10−8 m pscal, i.e. in the middle of the domain,

ρ0(r) =
ρ′ − ρ′′

2

[
tanh

(
−2 (r − rini)

lscal

)
+ 1

]
+ ρ′′ , (7.15)

where r denotes the distance to the center of the droplet. The interface width is
set to lscal = 2ltPF p

scal ≈ 1.521 · 10−9 m pscal and the surface tension γlv is set in
accordance with the value found in section 6.2.2. The position of the centroid in
x-direction xc is computed in each time step according to (6.9). Therefrom, the
droplet velocity in x-direction vx is evaluated. As a consequence of the initiali-
zation, the position of the centroid in x-direction for t = 0 is x0

c = 90σLJ pscal ≈
3.352 · 10−8 m pscal.

Figure 7.3 shows the droplet velocity vx over the relative droplet position xc
x0c

for

the different values of pscal. The nanoscale droplet with pscal = 100 reaches the
highest absolute velocity value of all simulations. This velocity of vx ≈ −3.72 m

s
≈

−0.0124
√
εLJ/MLJ is reached very early during the evolution when the droplet is

still close to its initialization position. The rapid acceleration with a subsequent
slow deceleration is well in line with the result for the nanoscale droplet on a surface
with wettability gradient from section 6.3.2, cf. Figure 6.15. The highest absolute
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Figure 7.2: Sketch of methane droplet on tilted surface with wettability gradient.

Figure 7.3: Methane droplet on tilted surface with wettability gradient. Velocity
over relative position for different values of pscal.
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velocity value of the present example is smaller than the one in section 6.3.2 where
it was vx ≈ 0.0203

√
εLJ/MLJ. This is easily explained by the fact that the velocity

gradient is only half as steep in the present example.

The results for the other values of pscal show that a rise of the scaling parame-
ter pscal is accompanied by a decrease of the highest absolute velocity value. The
simulation with pscal = 101 does still show the same characteristics as the simu-
lation with pscal = 100. That is, a rapid acceleration with a subsequent slow
deceleration. For pscal = 102 and pscal = 103, the influence of inertia is growing and
the droplets show a significantly slower acceleration. The droplet for pscal = 102

reaches its velocity with the highest absolute value just before arriving at the end
of the computational domain. The droplet for pscal = 103 is still accelerating when
it reaches the end of the computational domain.

For pscal = 103 the initialization radius of the droplet is rini ≈ 7.448 · 10−6 m .
Evidently, this simulation represents a scenario on the microscale. This example
demonstrates how the PF model of this work can be used to bridge the gap be-
tween molecular models on the nanoscale and phenomenological models on the
macroscale. The PF model inherits the information on the behavior of the fluid
from nanoscale MD simulations and carries this strong physical foundation to the
microscale.
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8 Conclusion and Outlook

The derivation, implementation, and validation of a PF model, that is capable of
simulating dynamic and static wetting scenarios in a precise and reliable manner,
is presented in this work. The rational derivation utilizes the balance laws and the
Coleman-Noll procedure yielding a model that is not fluid specific and serves as
a common ground. From this dynamic Navier-Stokes-Korteweg model the static
Allen-Cahn model is derived. This approach gives a coherent representation of the
different models of this work as they originate from the same derivation.

The general model is made fluid specific by introducing different formulations of
the Helmholtz free energy and a viscosity correlation. The formulations of the
Helmholtz free energy include an empirically motivated Helmholtz free energy and
an EoS based Helmholtz free energy. The empirical Helmholtz free energy allows
to freely adjust parameters like the surface tension or the width of the interface
between the liquid and the vapor phase leading to a very flexible model. The EoS
based Helmholtz free energy utilized the PeTS EoS for the LJTS fluid. It does not
include parameters that can be freely adjusted. Fluid properties like the surface
tension or the width of the liquid-vapor interface are inherent in the formulation
and represent the physical behavior of the LJTS fluid. The LJTS fluid together
with the PeTS EoS is chosen to give an example on how the general PF model
can be adapted to simulate a specific physical fluid. The approach can easily be
repeated for other fluids.

The FE implementation of the models facilitates the exchange of the EoS, and the-
reby the specific fluid, under consideration. A straightforward exchangeability is
achieved by employing the concept of hyper-dual numbers which allow for an exact
and step size independent numerical differentiation of the Helmholtz free energy.
Further characteristics of the implementation include a mixed Q2P1 formulation
and a newly developed semi-implicit energy stable time integration scheme.

The numerical examples demonstrate that the model with the empirical Helmholtz
free energy can reproduce basic wetting configurations. A variety of PF results
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obtained with the EoS based Helmholtz free energy are compared to MD simu-
lations of the same scenarios. Both, the static as well as the dynamic properties
of the PF results are found to be in good agreement with the MD results. This
validates the PF model on the nanoscale. The presented post-processing of eigen-
values and eigenvectors for static wetting configurations can be used to determine
the stability of the found solution. This approach can also be helpful for other
PF models that use the first order optimality condition of an energy functional for
the determination of static equilibria. The semi-implicit time integration scheme
shows convergence of the residuum for very large time step sizes, is energy sta-
ble, and yields a linear system of equations which is favorable with regard to the
numerical effort. It also possesses some artificial properties, e.g. a slowing of the
temporal evolution.

With its strong nanoscale foundation, the PF model of this work can bridge the
gap between the precise but numerically costly molecular models on the nanos-
cale and the solely phenomenological continuum models on the macroscale. The
scale bridging is enabled by the lower computational effort of the PF simulations
compared to MD simulations and also by an artificial widening of the liquid-vapor
interface.

Worthwhile extensions of the presented model could include a more elaborate
modeling of the solid surface. This could include a description of the surface by
means of a solid mechanics continuum model which would need to be coupled
with the fluid model of this work. This coupling would include the challenge
of combining the Eulerian type description of the fluid with a Langrangian type
description of the solid surface. The modeling of the solid surface could also be
enhanced by including the influence of the solid surface on fluid particles that are
not in contact, but are located in the vicinity of the solid surface. By extending
the range of the solid fluid interaction, effects like adsorption could be included
into the model. A MD study of adsorption of the LJTS fluid that could be used
to gain reference data is presented in [Heier et al. 2019]. To investigate the effects
of possible line tensions on the wetting behavior, these could be included into the
formulation of the model. Such an extension seems straightforward as it could be
achieved by including a density gradient dependent term in the formulation of the
surface energy density.

The work of Jamet et al. [2002] reports on the existence and elimination of parasitic
currents for the dynamic Navier-Stokes-Korteweg model. Such artificial effects
have also been found for the model of this work, see [Bilz 2018], and could be
investigated in more detail.

From a numerical perspective, the utilization of isogeometric analysis (IGA) [Hug-
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hes et al. 2005] would be an appealing modification of the implementation as it
would eliminate the need for a mixed formulation. IGA has successfully been ap-
plied for dynamic Navier-Stokes-Korteweg models by Gomez et al. [2010] and Liu
et al. [2013, 2015]. Regarding the semi-implicit time integration scheme, the de-
velopment of adaptive time stepping strategies could likely yield further impro-
vement.

In addition to the aforementioned extensions, the model of this work can also be
used in its current form for future investigations of a variety of wetting scenarios
with a variety of different fluids, provided that an appropriate EoS exists.
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A Details of the Continuous Glo-
bal Energy Dissipation Relation

This section is based on [Diewald et al. 2020b]. First, (3.52) is multiplied with
(µ+xgg), (3.53) with ·~v, and (3.56) with

(
−∂ρ

∂t

)
. Thereafter, each equation is inte-

grated over B. Then, by invoking integration by parts and inserting the boundary
conditions (3.58) and (3.59) the following three equations are derived:

•
∫
B(3.52)(µ+ xgg) dV∫

B

(
∂ρ

∂t
+ div(ρ~v)

)
(µ+ xgg) dV = 0 (A.1)

•
∫
B(3.53) · ~v dV∫
B

1

2

∂(ρ~v)

∂t
· ~v +

1

2
ρ
∂~v

∂t
· ~v dV

=

∫
B

[
−2ηv(ρ)

(
∇s~v − 1

3
tr (∇s~v) 1

)
: ∇~v −∇µρ · ~v − ρg~eg · ~v

]
dV

[Gurtin et al. 2010]
=

∫
B

[
−2ηv(ρ)

∣∣∣∣∇s~v − 1

3
tr (∇s~v) 1

∣∣∣∣2 −∇µρ · ~v − ρg~eg · ~v
]

dV

(A.2)

•
∫
B(3.56)

(
−∂ρ

∂t

)
dV

∫
B
−µ∂ρ

∂t
dV =

∫
B

[
−∂(ρψ̂)

∂ρ

∂ρ

∂t
− ∂(ρψ̂)

∂∇ρ
· ∇∂ρ

∂t

]
dV −

∫
∂B∩∂Bs

∂(ρφ̂)

∂ρ

∂ρ

∂t
dA

(A.3)
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In (A.2) the identity (3.60) and

ρ~̇v = ρ
∂~v

∂t
+ ρ∇~v~v =

1

2

∂(ρ~v)

∂t
+

1

2
ρ
∂~v

∂t
+

1

2
ρ∇~v~v +

1

2
div (ρ~v ⊗ ~v) , (A.4)

which uses (3.13) are applied. Adding (A.1) and (A.2) gives∫
B

1

2

∂(ρ~v)

∂t
· ~v +

1

2
ρ
∂~v

∂t
· ~v +

∂ρ

∂t
xgg dV

=

∫
B

[
−2ηv(ρ)

∣∣∣∣∇s~v − 1

3
tr (∇s~v) 1

∣∣∣∣2 − ∂ρ

∂t
µ

]
dV . (A.5)

Using (A.3) and (A.5) in the first line of (3.62) yields

Ė =

∫
B

[
∂(ρψ̂)

∂t
− 2ηv(ρ)

∣∣∣∣∇s~v − 1

3
tr (∇s~v) 1

∣∣∣∣2 − ∂(ρψ̂)

∂ρ

∂ρ

∂t
− ∂(ρψ̂)

∂∇ρ
· ∇∂ρ

∂t

]
dV

+

∫
∂B∩∂Bs

[
∂(ρφ̂)

∂t
− ∂(ρφ̂)

∂ρ

∂ρ

∂t

]
dA . (A.6)

This leads to the energy dissipation statement of section 3.4.3

Ė =

∫
B
−2ηv(ρ)

∣∣∣∣∇s~v − 1

3
tr (∇s~v) 1

∣∣∣∣2 dV . (A.7)



B Details of the Discrete Global
Energy Dissipation Relation

This section is based on [Diewald et al. 2020b]. First, (5.14) is multiplied with
∆t(µn+1 + xgg), (5.15) with ·∆t~v n+1, and (5.16) with (−(ρn+1 − ρn)). Thereaf-
ter, each equation is integrated over B. Then, by invoking integration by parts
and inserting the boundary conditions (5.17), (5.18), and (5.19) the following 3
equations are derived:

•
∫
B(5.14)∆t(µn+1 + xgg) dV

∫
B

[
ρn+1 − ρn + ∆tdiv

(
ρn~v n+1

)] [
µn+1 + xgg

]
dV = 0 (B.1)

•
∫
B(5.15) ·∆t~v n+1 dV

∫
B

[1

2

(
ρn~v n+1 − ρn−1~v n

)
· ~v n+1 +

1

2
ρn−1

(
~v n+1 − ~v n

)
· ~v n+1

]
dV

=

∫
B

[
−∆t2ηv(ρn)

(
∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

)
: ∇s~v n+1

−∆tρn∇µn+1 · ~v n+1 −∆tρng~eg · ~v n+1

]
dV

[Gurtin et al. 2010]
=

∫
B

[
−∆t2ηv(ρn)

∣∣∣∣∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

∣∣∣∣2
−∆tρn∇µn+1 · ~v n+1 −∆tρng~eg · ~v n+1

]
dV (B.2)
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•
∫
B(5.16) (−(ρn+1 − ρn)) dV

∫
B
−µn+1(ρn+1 − ρn) dV

=

∫
B

[
−βs

(
ρn+1 − ρn

)2 −
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

(ρn+1 − ρn)

− κ∇ρn+1 · ∇(ρn+1 − ρn)

]
dV

+

∫
∂B
κ∇ρn+1(ρn+1 − ρn) · ~n dA

=

∫
B

[
−βs

(
ρn+1 − ρn

)2 −
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

(ρn+1 − ρn)

− κ
∣∣∇ρn+1

∣∣2 + κ∇ρn+1 · ∇ρn
]

dV

−
∫
∂Bs

(γsl − γsv)

[
αs
(
ρn+1 − ρn

)
+
∂h(ρ)

∂ρ

∣∣∣∣
ρn

]
(ρn+1 − ρn) dA (B.3)

Adding (B.1) and (B.2) gives,

∫
B

[1

2

(
ρn~v n+1 − ρn−1~v n

)
· ~v n+1 +

1

2
ρn−1

(
~v n+1 − ~v n

)
· ~v n+1 + (ρn+1 − ρn)xgg

]
dV

=

∫
B

[
−∆t2ηv(ρn)

∣∣∣∣∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

∣∣∣∣2
−∆tρn∇µn+1 · ~v n+1 −∆tρng~eg · ~v n+1

− (ρn+1 − ρn)µn+1 −∆tdiv
(
ρn~v n+1

) (
µn+1 + xgg

)]
dV (B.4)
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and with (B.3)∫
B

[1

2

(
ρn~v n+1 − ρn−1~v n

)
· ~v n+1 +

1

2
ρn−1

(
~v n+1 − ~v n

)
· ~v n+1 + (ρn+1 − ρn)xgg

]
dV

=

∫
B

[
−∆t2ηv(ρn)

∣∣∣∣∇s~v n+1 − 1

3
tr
(
∇s~v n+1

)
1

∣∣∣∣2
− βs

(
ρn+1 − ρn

)2 −
∂
(
ρaPeTS

)
∂ρ

∣∣∣∣∣
ρn

(ρn+1 − ρn)

− κ
∣∣∇ρn+1

∣∣2 + κ∇ρn+1 · ∇ρn
]

dV

−
∫
∂Bs

(γsl − γsv)

[
αs
(
ρn+1 − ρn

)
+
∂h(ρ)

∂ρ

∣∣∣∣
ρn

]
(ρn+1 − ρn) dA . (B.5)
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C Details of the Analytic Total Phase
Field Potential

This section is based on [Diewald et al. 2018a]. The total PF potential of the
droplet in a vapor phase configuration Fd consists of three parts. The potential
of the liquid inside the droplet Fdl, the potential of the vapor phase Fdg, and the
potential of the interface between liquid and gas Fdi,

Fd = Fdl + Fdv + Fdi . (C.1)

The potential of the liquid domain Bl inside the droplet is

Fdl =

∫
Bl
ρ′ aPeTS(ρ′) dV = ρ′ a(ρ′)V ′ with V ′ =

4

3
π

(
rini −

ltPF

2

)3

. (C.2)

The potential of the vapor domain Bv is

Fdv =

∫
Bv
ρ′′ aPeTS(ρ′′) dV = ρ′′ a(ρ′′)V ′′ with V ′′ = VB −

4

3
π

(
rini +

ltPF

2

)3

.

(C.3)
In this, VB is the volume of the entire computational domain. The potential of the
interface between the liquid and the vapor phase (domain Bi) is

Fdi =

∫
Bi

[
ρaPeTS(ρ) +

1

2
κ|∇ρ|2

]
dV

=

∫
Bi

[
ω(ρ) +

1

2
κ|∇ρ|2 + µ′ρ− ph

]
dV

= γlv 4πr2
ini +

∫
Bi

[
µ′ρ− ph

]
dV . (C.4)
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With the approximation of the interface by a linear transition from ρ′ to ρ′′,
cf. (6.4), and using a spherical coordinate system, Fdi is given by

Fdi = γlv 4πr2
ini

+ 4π

∫ rini+0.5ltPF

rini−0.5ltPF

[
r2µ′

(
ρ′′ − ρ′

ltPF

(
r − rini +

ltPF

2

)
+ ρ′

)
− r2ph

]
dr . (C.5)

The total PF potential of the homogeneous density distribution configuration Fh

is
Fh = ρh a

PeTS(ρh)VB , (C.6)

with

ρh =

[
ρ′V ′ + ρ′′V ′′ +

∫
Bi
ρ dV

]
1

VB

=

[
ρ′V ′ + ρ′′V ′′ + 4π

∫ rini+0.5ltPF

rini−0.5ltPF

r2

(
ρ′′ − ρ′

ltPF

(
r − rini +

ltPF

2

)
+ ρ′

)
dr

]
1

VB
.

(C.7)
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Energy-stable linear schemes for polymer–solvent phase field models. Computers
& Mathematics with Applications, 77(1):125–143.

Taylor, C. and Hughes, T. G. (1981). Finite element programming of the Navier-
Stokes equations. Pineridge Press, Swansea, UK.

Teto, J. O. D. (2018). FE-Implementierung eines Phasenfeld-Elements zur Model-
lierung der Wechselwirkung zwischen Fluiden und Festkörpern. Bachelor thesis,
Technische Universität Kaiserslautern.

Thiele, U., Brusch, L., Bestehorn, M., and Bar, M. (2003). Modelling thin-film
dewetting on structured substrates and templates: bifurcation analysis and nu-
merical simulations. European Physical Journal E, 11(3):255–271.

Thiele, U., John, K., and Bär, M. (2004). Dynamical model for chemically driven
running droplets. Physical Review Letters, 93(2):027802.

Thol, M., Rutkai, G., Span, R., Vrabec, J., and Lustig, R. (2015). Equation of
State for the Lennard-Jones Truncated and Shifted Model Fluid. International
Journal of Thermophysics, 36(1):25–43.

Thomasset, F. (1981). Implementation of finite element method for Navier-Stokes
equations. Springer series in computational physics. Springer, New York.

Tian, L., Xu, Y., Kuerten, J., and van der Vegt, J. (2015). A local discontinuous
Galerkin method for the (non)-isothermal Navier–Stokes–Korteweg equations.
Journal of Computational Physics, 295:685–714.



BIBLIOGRAPHY 145

Vaithyanathan, V., Wolverton, C., and Chen, L. Q. (2002). Multiscale modeling
of precipitate microstructure evolution. Physical Review Letters, 88(12):125503.

Vaithyanathan, V., Wolverton, C., and Chen, L. Q. (2004). Multiscale modeling of
theta’ precipitation in Al-Cu binary alloys. Acta Materialia, 52(10):2973–2987.

van Brummelen, E. H., Roudbari, M. S., Şimşek, G., and van der Zee, K. G.
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