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Zusammenfassung

Die Kombination ultrakalter Gase mit den außergewöhnlichen Eigenschaften hochange-
regter Rydbergatome hat in den letzten Jahren große Aufmerksamkeit von theoretischer
und experimenteller Seite erhalten. In dieser Kombination kommt es innerhalb eines ul-
trakalten Gases zur Wechselwirkung zwischen dem Rydbergatom und den umgebenden
Grundzustandsatomen, welche bedingt ist durch die Streuung des Rydbergelektrons an
dem in die Wellenfunktion eindringenden Grundzustandsatom. Im Rahmen dieser Dok-
torarbeit wird diese außergewöhnliche Wechselwirkung im Detail für Rydberg P -Zustände
in Rubidium untersucht.

Bedingt durch ihre lange Lebensdauer sind Atome in Rydbergzuständen in ultrakalten
Gasen Stößen mit den umgebenden Grundzustandsatomen ausgesetzt. Durch die Bestim-
mung ihrer Lebensdauer als Funktion des Flusses von Grundzustandsatomen durch ihre
Oberfläche sind wir in der Lage, sowohl den totalen inelastischen Streuquerschnitt als auch
den Streuquerschnitt für assoziative Ionisation zu bestimmen. Aufgrund der Tatsache,
dass letzterer mehr als drei Größenordnungen größer ist als der geometrische Querschnitt
des erzeugten Rb+

2 -Molekülions, schließen wir auf die Existenz eines effizienten Massen-
transports, der durch die Rydberg-Grundzustandswechselwirkung entsteht. Die daraus
resultierende enorme Beschleunigung des Kollisionsprozesses weist starke Ähnlichkeiten
zur Katalyse auf. Die beobachtete Vergrößerung des Streuquerschnitts macht assoziative
Ionisation zu einem relevanten Zerfallsprozess, der in Experimenten an dichten ultrakalten
Gasen berücksichtigt werden muss.

Die untersuchte Wechselwirkung des Rydbergatoms mit den umgebenden Grundzu-
standsatomen erzeugt ein stark oszillierendes Potential, in dem gebundene Zustände exis-
tieren können. Diese sogenannten ultralong-range Rydbergmoleküle werden in dieser Arbeit
mittels einer hochaufgelösten Flugzeitspektroskopie untersucht, die es ermöglicht, die Bin-
dungsenergien und die Lebenszeiten der Molekülzustände rund um die beiden Feinstruk-
turzustände des 25P -Zustands zu untersuchen. In einem elektrischen Feld beobachten wir
eine Verbreiterung der Moleküllinien, was auf ein permanentes elektrisches Dipolmoment
der Moleküle hinweist, das durch die Zustandsmischung mit hohen Drehimpulszuständen
entsteht. Das Mischen der Hyperfeinzustände des Grundzustandsatoms durch die mole-
kulare Wechselwirkung sorgt dafür, dass wir während der Molekülanregung einen Spinflip
im Grundzustandsatom beobachten können. Zudem führt eine Beinahe-Entartung im zu-
grundeliegenden Niveauschema des 25P -Zustands dazu, dass Zustände entstehen, welche
die Feinstruktur des Rydbergatoms mit der Hyperfeinstruktur des Grundzustandsatoms
stark verschränken. Diese Effekte könnten eingesetzt werden, um den Quantenzustand von
Teilchen zu manipulieren, die sehr viel weiter voneinander entfernt sind als die typische
Kontaktwechselwirkungsdistanz.

Abgesehen von ultralong-range Rydbergmolekülen, die hauptsächlich aus nur einem
Zustand geringen Drehimpulses bestehen, ist eine weitere Klasse an Rydbergmolekülen
theoretisch vorhergesagt, welche die hohen Drehimpulszustände der entarteten wasser-
stoffähnlichen Mannigfaltigkeiten mischt. Diese sogenannten trilobite- und butterfly-Ryd-
bergmoleküle weisen einzigartige Eigenschaften auf, die bei konventionellen Molekülen
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unmöglich sind. Im Rahmen dieser Arbeit erbringen wir den ersten klaren experimentel-
len Nachweis für die Existenz von butterfly-Rydbergmolekülen. Zusätzlich zu einer detail-
lierten Spektroskopie, aus der wir die Bindungsenergie der Zustände bestimmen können,
sind wir zum ersten Mal in der Lage, die Rotationsstruktur von Rydbergmolekülen experi-
mentell zu beobachten. In einem externen elektrischen Feld nehmen die butterfly-Moleküle
sogenannte pendular states ein. Der Vergleich der Spektroskopie dieser Zustände mit dem
Modell eines dipolaren, starren Rotors erlaubt es uns, die Bindungslänge und das Di-
polmoment dieser zu bestimmen. Mit den so gewonnenen Informationen ist es möglich,
butterfly-Rydbergmoleküle mit wählbarer Bindungslänge, Vibrationszustand, Rotations-
zustand und Ausrichtung in einem elektrischen Feld anzuregen.

Durch das Aufzeigen verschiedener zuvor unbeobachteter Facetten der Rydberg-Grund-
zustandswechselwirkung trägt die vorliegende Arbeit entscheidend dazu bei, das Wissen
über diese außergewöhnliche Wechselwirkung und die aus ihr entstehenden Effekte zu ver-
größern. Die gewonnenen spektroskopischen Ergebnissen zu Rydbergmolekülen und der
geänderten Reaktionsdynamik bei der Bildung von Rb+

2 sind sicher wertvolle Grundla-
gen für quantenchemische Simulationen sowie für die Planung zukünftiger Experimente.
Darüber hinaus zeigt die vorliegende Studie, dass die Hyperfeinwechselwirkung in Ryd-
bergmolekülen und die außergewöhnlichen Eigenschaften von butterfly-Rydbergmolekülen
ein großes Potential bergen, um die kurz- und langreichweitigen Wechselwirkungen in
ultrakalten Vielteilchensystemen zu beeinflussen. In diesem Sinn liegt die untersuchte
Rydberg-Grundzustandswechselwirkung nicht nur in der Schnittmenge zwischen Quanten-
chemie, Vielteilchenquantensystemen und Rydbergphysik, sondern bereichert jedes dieser
Felder durch die faszinierende Physik, die durch ihre Kombination entsteht.



Abstract

Combining ultracold atomic gases with the peculiar properties of Rydberg excited atoms
gained a lot of theoretical and experimental attention in recent years. Embedded in the
ultracold gas, an interaction between the Rydberg atom and the surrounding ground state
atoms arises through the scattering of the Rydberg electron from an intruding perturber
atom. This peculiar interaction gives rise to a plenitude of previously unobserved effects.
Within the framework of the present thesis, this interaction is studied in detail for Rydberg
P -states in rubidium.

Due to their long lifetime, atoms in Rydberg states are subject to scattering with
the surrounding ground state atoms in the ultracold cloud. By measuring their lifetime
as a function of the ground state atom flux, we are able to obtain the total inelastic
scattering cross section as well as the partial cross section for associative ionisation. The
fact that the latter is three orders of magnitude larger than the size of the formed molecular
ion indicates the presence of an efficient mass transport mechanism that is mediated
by the Rydberg–ground state interaction. The immense acceleration of the collisional
process shows a close analogy to a catalytic process. The increase of the scattering cross
section renders associative ionisation an important process that has to be considered for
experiments in dense ultracold systems.

The interaction of the Rydberg atom with a ground state perturber gives rise to a highly
oscillatory potential that supports molecular bound states. These so-called ultralong-range
Rydberg molecules are studied with high resolution time-of-flight spectroscopy, where we
are able to determine the binding energies and lifetimes of the molecular states between the
two fine structure split 25P -states. Inside an electric field, we observe a broadening of the
molecular lines that indicates the presence of a permanent electric dipole moment, induced
by the mixing with high angular momentum states. Due to the mixing of the ground state
atom’s hyperfine states by the molecular interaction, we are able to observe a spin-flip
of the perturber upon creation of a Rydberg molecule. Furthermore, an incidental near-
degeneracy in the underlying level scheme of the 25P -state gives rise to highly entangled
states between the Rydberg fine structure state and the perturber’s hyperfine structure.
These mechanisms can be used to manipulate the quantum state of a remote particle over
distances that exceed by far the typical contact interaction range.

Apart from the ultralong-range Rydberg molecules that predominantly consist of only
one low angular momentum state, a class of Rydberg molecules is predicted to exist that
strongly mixes the high angular momentum states of the degenerate hydrogenic manifolds.
These states, the so-called trilobite- and butterfly Rydberg molecules, show very peculiar
properties that cannot be observed for conventional molecules. Here we present the first
experimental observation of butterfly Rydberg molecules. In addition to an extensive
spectroscopy that reveals the binding energy, we are also able to observe the rotational
structure of these exotic molecules. The arising pendular states inside an electric field
allow us, in comparison to the model of a dipolar rotor, to extract the precise bond
length and dipole moment of the molecule. With the information obtained in the present
study, it is possible to photoassociate butterfly molecules with a selectable bond length,
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vibrational state, rotational state, and orientation inside an electric field.
By shedding light on various previously unrevealed aspects, the experiments presented

in this thesis significantly deepen our knowledge on the Rydberg–ground state interaction
and the peculiar effects arising from it. The obtained spectroscopic information on Ryd-
berg molecules and the changed reaction dynamics for molecular ion creation will surely
provide valuable data for quantum chemical simulations and provide necessary data to
plan future experiments. Beyond that, our study reveals that the hyperfine interaction in
Rydberg molecules and the peculiar properties of butterfly states provide very promising
new ways to alter the short- and long-range interactions in ultracold many-body systems.
In this sense the investigated Rydberg–ground state interaction not only lies right at
the interface between quantum chemistry, quantum many-body systems, and Rydberg
physics, but also creates many new and fascinating possibilities by combining these fields.
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1. Introduction

All throughout human history, it was always the urge to understand the basic principles of
our world that provided the driving force for science and technology. Up to the present day,
this basic human property gives rise to constantly increasing knowledge, understanding,
and control of our environment. Once in a while, this steady process undergoes giant
leaps that might even have the potential to change our whole concept of reality. Surely,
one such leap was taken by the advance into the microcosm of atomic particles and
the arising need to break classical physical paradigms in favour of the newly developed
quantum mechanics.

A fundamental corner stone for the development of modern quantum mechanics was
set by the discovery and proper understanding of atomic spectra in the late 19th century.
A systematic study of the spectral lines in hydrogen by Johann Balmer revealed the n−2

energy scaling [1] that was later on generalised by Johannes Rydberg in the well-known
Rydberg formula [2, 3]. The significance of this empirical result became clear when Nils
Bohr extended the Rutherford model by assuming quantisation of the electron’s angular
momentum [4] and, with this model, could successfully explain the observed spectra.
Already the first experiments were able to see spectroscopical evidence for highly excited
states with n� 1 and their peculiar properties were discussed in the context of the Bohr
model [4]. Up to the present day, such states are usually called Rydberg states to honour
the pioneering work of Johannes Rydberg.

Ever since, the atomic spectra and the properties of Rydberg states have attracted
the attention of many researchers. In a pioneering work, Amaldi and Segrè studied the
interaction of Rydberg states with a buffer gas in thermal vapour cells [5]. The observed
pressure shift was successfully explained by Enrico Fermi through a contact interaction
pseudopotential [6]. As the experimental techniques were refined, the interactions of
Rydberg states with their environment could be studied in increasing detail. In the 1980s,
the high degree of control on the collision parameters in atomic beam experiments [7, 8]
allowed for the detailed study of the collisional properties of Rydberg atoms [9–13] and
their interaction with the electro-magnetic field [14,15]. The insights into the fundamental
processes of Rydberg atoms gave valuable input to various fields of physics, including
plasma physics [16, 17] and astronomy [18,19].

A new chapter in the study of Rydberg atoms began with the advent of sophisticated
cooling methods [20, 21] that in turn enabled cooling atomic gases down to quantum de-
generacy [22–25]. By almost completely eliminating the thermal motion, such systems
allow for an unprecedented degree of control on ensembles of atoms, or even single atoms,
in the quantum regime. In combination with the ability to create arbitrary potential
landscapes through off-resonant laser beams [17], ultracold gases have rapidly turned into
a very versatile quantum playground. In combination with optical lattices [26] as well as
in bulk systems, ultracold gases are a promising toy system to study effects also present
in solid state systems [27–29]. However, usual ultracold systems only show contact in-
teraction. In lattice and bulk systems, much richer many-body dynamics can be induced
by adding long-range interactions to the system. Apart from employing atomic species
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with high magnetic dipole moments [30, 31], heteronuclear molecules with high electric
dipole moments [32], or second order tunnelling [33], a very promising route to achieve
this consists in using the strong long-range interaction between Rydberg atoms. In such
systems, the Rydberg–Rydberg interaction gives rise to many-body phenomena like block-
ade [34–38] and anti-blockade [39,40] that in turn allow for the emergence of superatoms
[41–43] and strongly correlated excitation clusters [44, 45]. Up to now, the combination
of ultracold quantum gases with Rydberg excitations is still a very vivid and increasing
field of research.

The new possibility to study Rydberg atoms in the environment of an ultracold system
puts also the observable Rydberg–ground state interactions in a completely new regime.
Due to the high particle densities and the low collisional energies, hitherto unknown inter-
actions can be observed. In particular, it could be shown that the scattering between the
Rydberg electron and a ground state atom perturbing the Rydberg wave function gives
rise to a peculiar new interaction. Due to the highly oscillatory shape of the corresponding
interaction potential, wells are formed which support molecular bound states [46,47]. The
bond of these so-called Rydberg molecules cannot be attributed to any of the three well-
known types of chemical bond and therefore comprises a completely new type of bond.
Depending on the exact scattering mechanism and the involved angular momentum states,
Rydberg molecules are further subdivided into ultralong-range molecules [48], trilobite
molecules [49], and butterfly molecules [47, 50]. Due to the strong localisation of the
perturber’s valence electron, the exchange energy of these molecules is vanishingly small
and the smallest fields suffice to break parity symmetry [51]. Thus, Rydberg molecules,
despite of being homonuclear, show permanent electric dipole moments that can, due to
their immense size, reach up to the kilo-Debye range [49]. In the recent years, great the-
oretical and experimental effort has been pushed forward to study these exotic molecules
and to get a full understanding of the rich molecular spectra observed in dense cold clouds
[52–54]. The results presented within this thesis not only contribute significantly to this
ongoing process but also show possible new directions.

The aim of this thesis is to give a detailed overview of the interaction between Rydberg
and ground state atoms in ultracold gases. Consequently, chapter 2 gives a concise sum-
mary of the theoretical foundations of Rydberg atoms and the arising Rydberg–ground
state interaction in ultracold systems. In this context, we explicitly include the hyperfine
interaction of the ground state atom in the theoretical description [55] and analyse the
nature of the resulting states. We furthermore consider the nuclear degree of freedom for
the emerging molecules and discuss how the interaction of a permanent electric dipole
moment with an external electric field leads to the emergence of so-called pendular states.
Subsequently, chapter 3 describes the experimental apparatus that is used to cool 87Rb
into a Bose–Einstein condensate (BEC) and to perform controlled excitation of the atoms
into Rydberg states.

Focusing on the dynamic properties of the Rydberg–ground state interaction, we point
out the effect of the molecular potential on the scattering properties [56,57] in chapter 4.
From a giant increase in the cross section for associative ionisation, we are able to deduce
an efficient mass transport mechanism that is mediated by the Rydberg electron. This
process shows a close resemblance of a catalysis where the Rydberg electron acts as the
catalyst. Turning from the dynamic scattering picture to static bound states in the
molecular potential, chapter 5 presents an extensive spectroscopy of P -state Rydberg
molecules and discusses the possibility to induce spin-flips and highly entangled states
in the ground state atom through the back-action of the molecular bond. In chapter 6,
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we extend the discussion to the shape-resonance-induced butterfly states which show the
strongest interaction of all known Rydberg molecules. We present the first experimental
evidence for the existence of these exotic molecules and demonstrate how their peculiar
properties enable us to obtain full control on their internal and external degrees of freedom.

Finally, we discuss several implications of the obtained results and future research per-
spectives in chapter 7. In this context, we will emphasise that the strong decay arising
from the studied mass transport mechanism might impede coherent many-body experi-
ments in high-density clouds, such as Rydberg dressing [58–60], and is relevant for studies
of dissipative quantum phases of Rydberg gases beyond the frozen gas approximation [61].
Furthermore, the studied spin-flip process in ultralong-range Rydberg molecules allows to
employ the Rydberg interaction to manipulate the internal states of remote ground state
atoms which are often used as qubits in the context of quantum information process-
ing [62]. The peculiar properties of butterfly Rydberg molecules and the high degree of
control on their internal and external degrees of freedom render them interesting objects
to study ultracold chemical reactions and to induce controlled dipole–dipole interaction in
many-body systems. We thus think that apart from being interesting in their own right,
the presented results are likely to have direct impact on the fields of ultracold Rydberg
physics and quantum chemistry and we envision the studied Rydberg molecules and the
occurring spin-flip process to find application in many-body quantum systems as well as
quantum information processing.





13

Publications in the context of this work

• Rydberg molecule-induced remote spin flips
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2. Theory

This chapter introduces the basic theoretical concepts required to understand the experi-
ments on Rydberg–ground state interaction presented within this thesis (secs. 4, 5, and 6).
Since the experimental realisation of Rydberg atoms is usually based on laser excitation,
we will give a brief review on the atom–light interaction in the Jaynes–Cummings model.
Subsequently, we present the concepts of scattering theory that are needed to understand
the following treatment of Rydberg–ground state interaction. With this foundation we
start to study Rydberg atoms and their strong interactions. As it is required for the
following numerics, we will briefly present how to calculate Rydberg wave functions and
how to derive the dipole matrix elements and the Rabi frequency from this. We then
give a concise summary of the interaction of Rydberg atoms with external fields before
we turn to the interaction with other particles. As it is fundamental for the presented
experiments, the discussion is focussed on the interaction with ground state atoms. To
describe this interaction, we derive a pseudopotential from first principles and obtain
the eigenenergies of the interacting system by diagonalisation of the derived Hamiltonian.
The arising ultralong-range molecular states as well as the so-called trilobite and butterfly
states are studied in detail and the underlying angular momentum coupling is discussed.
Finally, the model of a dipolar rigid rotor is discussed because of its importance for the
presented experiments on butterfly Rydberg molecules (sec. 6).

2.1. Atom–light interaction

The interaction of atoms with the electromagnetic field lies at the heart of atomic physics.
The high level of control on the quantum level gained in recent years allows for the
observation of single photons as well as single atoms. A firm understanding of the basic
principles of atom–light interaction at the quantum level is therefore necessary. Based on
refs. [63,64], this section gives a brief introduction in the necessary concepts of atom–light
interaction for quantised fields as well as in the semiclassical limit.

2.1.1. Jaynes–Cummings model for a two-level system

Considering a system comprised of two energy levels |1〉 (at energy E1 ≡ 0) and |2〉 (at

energy E2 = ~ω0) that interacts with a single mode light field with the wavevector ~k and

the corresponding frequency ω = c|~k|, it is useful to define the spin operators

σ̂ = |1〉〈2| (2.1.1)

σ̂† = |2〉〈1|. (2.1.2)

The projection operator to either one of the two levels can be expressed in terms of those
operators in the following way:

σ̂†σ̂ = |2〉〈2| (2.1.3)

σ̂σ̂† = |1〉〈1|. (2.1.4)
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The energy of the combined atom–light system is not only given by their individual energy
contributions Eatom, Elight but also by the contribution of the interaction energy between
the atom and the light field Eint. Accordingly, the Hamiliton operator for this system
consists of three parts [64]

Ĥatom = ~ω0σ̂
†σ̂ , (2.1.5)

Ĥlight = ~ω(â†â+
1

2
) , (2.1.6)

Ĥint =

√
~ω

2ε0V
~ε · ~d12

[
â† + â

]
(σ̂† + σ̂). (2.1.7)

Here the operators â and â† denote the bosonic field operators for the creation and annihi-
lation of a photon, V is the mode volume of the quantised light field, ~ε is the polarisation
vector of the electric field, and ~d12 is the electric dipole moment. Carrying out the multipli-
cation of the operators in Ĥint yields four terms, two of which violate energy conservation.
In rotating wave approximation [63, 64], those terms are neglected and the interaction
term is given by

Ĥint =
~Ω0

2
(âσ̂† + â†σ̂) , (2.1.8)

where Ω0 =
√

2ω
~ε0V ~ε · ~d12 is the Rabi frequency, which is a measure for the coupling

strength between the atom and the light field.
Combining the three parts of the system’s Hamiltonian yields

ĤJC = ~ω0σ̂
†σ̂ + ~ω(â†â+

1

2
) +

~Ω0

2
(âσ̂† + â†σ̂), (2.1.9)

which is denoted Jaynes–Cummings Hamiltonian. This simple model for the atom light
interaction can be solved analytically and shows some important consequences which are
discussed in the following.

2.1.2. Bare states and dressed states

Neglecting the atom–light interaction, the system is described by Ĥbare = Ĥatom + Ĥlight.
Since those Hamiltonians act on separate Hilbert spaces, the eigenstates are given by the
tensor product |n + 1, 1〉 = |n + 1〉light ⊗ |1〉atom and |n, 2〉 = |n〉light ⊗ |2〉atom. These
eigenstates are called bare states. Due to the linearity of the Hamilton operator, the
eigenenergies corresponding to the bare states are given by the sum of the eigenenergies
of the comprising Hamiltonians

En+1,1 = ~ω(n+ 1 +
1

2
) , (2.1.10)

En,2 = ~ω0 + ~ω(n+
1

2
). (2.1.11)

The energy difference between the states |n+ 1, 1〉 and |n, 2〉 is then given by

∆E = En+1,1 − En,2
= ~(ω − ω0) = ~δ, (2.1.12)
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where we introduced the laser detuning δ := ω − ω0. The case δ > 0 is often called blue
detuning, the case δ < 0 red detuning. The two states are degenerate if the frequency of
the laser mode coincides with the transition frequency of the two level system and thus
δ = 0.

Taking the atom light interaction into account, only the pairs of bare states |n + 1, 1〉
and |n, 2〉 get coupled. For finding the eigenvalues of the complete Jaynes–Cummings
Hamiltonian, it is therefore sufficient to diagonalise the Hamiltonian on the subspace
created by these two bare states. The Hamiltonian then reads

ĤJC = ~
(
ω(n+ 3

2
) Ω0

2

√
n+ 1

Ω0

2

√
n+ 1 ω0 + ω(n+ 1

2
)

)
, (2.1.13)

with the eigenvalues

E+/− =
~ω0

2
+ ~ω(n+

1

2
)± 1

2
~Ω. (2.1.14)

Here Ω =
√

Ω2
0(n+ 1) + δ2 is the generalised Rabi frequency. The corresponding eigen-

states |n,+〉 and |n,−〉 are called dressed states and are given by(
|n,+〉
|n,−〉

)
=

(
cos α

2
sin α

2

− sin α
2

cos α
2

)(
|n, 2〉
|n+ 1, 1〉

)
. (2.1.15)

The mixing angle α is defined to be α = arctan Ω
√
n+1
δ

. As an example, one can consider a
two level atom inside of a light field that is detuned by 10 MHz from the atomic resonance.
If this system is driven with a Rabi frequency of 500 kHz, the resulting new eigenstates of
the coupled atom light system are comprised of 99% atomic ground state and 1% excited
state and vice versa. The splitting of the bare states into the dressed states is depicted
in fig. 2.1a. The energy reduction in the |n,−〉 state is the foundation of optical traps
(see sec. 3.2). The interaction Hamiltonian turns level crossings in the coupled system
into avoided crossings (fig. 2.1b). In the vicinity of an avoided crossing it is possible to
adiabatically transfer population from one state to another by sweeping one of the system
parameters, i.e Ω or δ, across the avoided crossing. This is the basic principle behind the
Landau–Zener sweep that will be discussed in sec. 3.4.

2.1.3. Semiclassical approximation

If the number of quanta in the light field is much bigger than unity n� 1, the absorption
of one photon by the two level system has negligible influence on the light field. In this
case, the quantum character of the electromagnetic field can be neglected and the system
can be described in a semiclassical approximation. The light field is then described by an
electromagnetic wave incident on the two level system. If, furthermore, the extent of the
two level system is much smaller than the wavelength of the light field, the effect of the
light field can be described in the dipole approximation as a locally oscillating electric field
at the position of the two level system ~E(t) = ~E0 cos(ωt). The corresponding interaction
Hamiltonian reads

ĤWW = −~d12 · ~E0 cos(ωt), (2.1.16)

where ~d12 is the dipole matrix element of the two level system. The system Hamiltonian
in the rotating wave approximation becomes

Ĥ = ~
(

0 Ω0

2
cos(ωt)

Ω0

2
cos(ωt) ω0

)
, (2.1.17)
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ħδ ħΩ
|n, - ⟩

|n, + ⟩|n, 2 ⟩
|n+1, 1 ⟩

bare states dressed states
(a) (b)

Figure 2.1: (a) The bare states (left) of the non-interacting system turn to the dressed
states (right side) due to the atom–light interaction. Here, the case δ < 0 is depicted. (b)
Where the bare states (blue) cross, an avoided crossing appears in the dressed states (red)
due to the atom–light interaction term. This enables to adiabatically transfer a system from
one state to another by sweeping a suited system parameter, i.e. the Rabi frequency Ω0 or
the detuning δ, across the crossing.

where the Rabi frequency Ω0 is given by

Ω0 =
E0e〈2|~̂ε · ~̂d12|1〉

~
≡ E0d12

~
. (2.1.18)

Here, the electric field vector ~E0 = E0~ε was decomposed into its length and direction
(polarisation). Transforming the Hamiltonian into the interaction picture [65] that rotates
with the frequency ω of the light field, the resulting Hamiltonian reads

Ĥ = ~
(

0 Ω0

2
Ω0

2
δ

)
. (2.1.19)

Calculating the eigenvalues yields the eigenenergies of the two level system in semiclassical
approximation

E+/− =
~
2

(δ ± Ω) , (2.1.20)

with Ω =
√

Ω2
0 + δ2 being the generalised Rabi frequency. Through the transformation

into the interaction picture, the zero of the energy scale is shifted with respect to the
eigenenergies from eq. (2.1.14) and is located in the middle between the two bare states,
as depicted in fig. 2.1a.

The eigenstates of the system resemble those of the full quantum mechanical calculation
from eq. (2.1.15) with the only difference that the factor

√
n+ 1 does not appear in the

mixing angle of the states.

2.2. Scattering theory

Over the past century, a huge amount of successful theoretical models was gathered under
the general framework of scattering theory. Based on refs. [9, 65, 66], this paragraph
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summarises the basic concepts and the most common methods used in scattering theory,
as they are relevant for the physics of Rydberg–ground state interaction.

In the framework of this theory, it is convenient to describe the scattering between two
particles in their centre of mass frame, giving rise to the reduced mass µ = m1m2

m1+m2
and

their relative wave-vector ~k. The problem is then fully described by the collision energy

E = ~2~k2

2µ
and the mutual interaction V (~r) between the particles. The problem can thus

be interpreted as a particle with the reduced mass µ scattering at an interaction poten-
tial V (~r) fixed at the origin. Such system is readily described by the time-independent
Schrödinger equation. In space representation this reads[

− ~2

2µ
∆ + V̂ (~r)

]
Ψ(~r) = EΨ(~r), (2.2.1)

where Ψ(~r) is the stationary scattering wave function. While this equation, of course, also
describes the scattering of a single particle, which can be described as a superposition of
many plane waves, it is more instructive to rather consider a permanent flux of particles
that only involves a single plane wave. Before the scattering event, the incoming particle
flux is in a state of directed motion towards the origin, which is described by the ingoing
plane wave eikz. After the scattering event, it can move away from the scattering centre
in the full solid angle, which is described by an outgoing spherical wave eikr/r with an
angular-modulated amplitude. Therefore, the scattering wave function has to fulfil the
boundary condition

lim
r→∞

Ψ(~r) = eikz + f(θ, φ)
eikr

r
, (2.2.2)

where f(θ, φ) is the scattering amplitude. The rather undefined terms ”before the scatter-
ing” and ”after the scattering” were replaced by limr→∞. This is only valid if the effect of
the interaction potential vanishes at infinity, meaning the potential vanishes faster than
r−2, so that limr→∞ r

2V (~r) = 0. Such a potential is called a finite-range potential.

2.2.1. Resolvent and Green’s function

In order to solve the scattering problem described in the previous section, a solution to the
Schrödinger equation (2.2.1) that fulfils the boundary condition (2.2.2) has to be found.
This can, of course, be done by numerically solving the differential equation given by the
Schrödinger equation and matching the boundaries. Since this is a non-trivial task, several
methods have been proposed in the past decades to simplify the solution. One of those
methods is the resolvent-based Lippmann–Schwinger equation that turns the Schrödinger
equation into an integral equation that inherently fulfils the boundary condition.

In order to understand this approach, we need to define the resolvent of the Hamilton
operator Ĥ to be

Ĝ(z) ≡ 1

z − Ĥ
, (2.2.3)

where z is a complex number and the notation 1/Ô means taking the inverse of the
operator Ô. Multiplying both sides of the definition with (z− Ĥ) and with |Φi〉 〈Φi| being
the projector of the eigenstates |Φi〉 of Ĥ we obtain

Ĝ(z) |Φi〉 〈Φi| =
|Φi〉 〈Φi|
z − Ei

. (2.2.4)
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Taking the sum over all projectors and identifying the unity operator
∑

i |Φi〉 〈Φi| = 1, we
obtain the spectral decomposition of the resolvent

Ĝ(z) =
∞∑
i=0

|Φi〉 〈Φi|
z − Ei

. (2.2.5)

Hence, the poles of the resolvent obviously span the spectrum of the operator Ĥ. This
operator is thus highly singular on the real axis and one has to be careful when dealing
with it. Applying this operator to a state from the Hilbert space might lead to a state
outside of the Hilbert space. Strictly speaking the resolvent is therefore no operator on
the Hilbert space. To circumvent this problem, it is customary to set z = E ± iε and to
redefine the resolvent in the limit of approaching the diverging real axis as

Ĝ(±) = lim
ε→0

1

E ± iε− Ĥ
. (2.2.6)

As shown in ref. [65, sec. 19.1.9] the resolvent of the free-particle Hamiltonian Ĥ0 =
~2k2/(2µ) is the operator matrix for the free-particle (retarded) Green’s function

〈~r|Ĝ±0 (k)|~r′〉 = G ±(~r, ~r′, k) = − m

2π~2

e±ik|~r−
~r′|

|~r − ~r′|
. (2.2.7)

Perturbation of the resolvent

Let us now consider a Hamiltonian Ĥ0 for which we know the resolvent Ĝ0 = [z − Ĥ0]−1

and a perturbed Hamiltonian Ĥ = Ĥ0 + V̂ . The resolvent of the latter Hamiltonian is
given by

Ĝ(±)(E) =
1

E ± iε− Ĥ0 − V̂
. (2.2.8)

It is possible to relate the resolvent Ĝ of the perturbed system to the resolvent of the
unperturbed system Ĝ0 by multiplying eq. (2.2.8) with 1 = Ĝ

(±)
0 [E ± iε− Ĥ0 − V̂ + V̂ ]:

Ĝ(±) = Ĝ
(±)
0

[
(E ± iε− Ĥ0 − V̂ ) + V̂

] 1

E ± iε− Ĥ0 − V̂
(2.2.9)

⇒ Ĝ(±) = Ĝ
(±)
0 + Ĝ

(±)
0 V̂ Ĝ(±). (2.2.10)

It is easy to see that this recursive equation is equivalent to

Ĝ(±) =
∞∑
n=0

(Ĝ
(±)
0 V̂ )n Ĝ

(±)
0 . (2.2.11)

This equation is called Hilbert identity or second resolvent equation and gives an exact
relation between the perturbed and the unperturbed resolvent. Of course, the pertur-
bation can be described approximately by stopping the power series at a finite n. This
corresponds to describing the problem in perturbation theory of n-th order.
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Lippmann–Schwinger equation and Born series

We can now use the knowledge of the resolvent to derive an integral equation that describes
the scattering problem. Our starting point is a free particle described by Ĥ0 |Φ〉 = E |Φ〉.
Since we only consider elastic scattering, we are interested in the eigenstates of this
particle with the very same energy E inside the potential V̂ (~r). This is well described by
the Schrödinger equation (

Ĥ0 + V̂
)
|Ψ〉 = E |Ψ〉 . (2.2.12)

Adding zero in terms of the free particle Schrödinger equation
(
E − Ĥ0

)
|Φ〉 = 0 we

obtain (
E − Ĥ0

)
|Ψ〉 =

(
E − Ĥ0

)
|Φ〉+ V̂ |Ψ〉 . (2.2.13)

By applying the resolvent of the free particle Ĝ
(±)
0 from the left, we finally arrive at

|Ψ(±)〉 = |Φ〉+ Ĝ
(±)
0 V̂ |Ψ(±)〉 , (2.2.14)

which is called the Lippmann–Schwinger equation. This is an integral equation that is
equivalent to the stationary Schrödinger equation (2.2.1). Due to the insertion of the
free particle state |Φ〉, the integration offset is fixed and the equation inherently fulfils
the boundary condition in eq. (2.2.2), which is also revealed by the structure of the
Lippmann–Schwinger equation. Turning the recursion into a sum, we obtain

|Ψ(±)〉 =
∞∑
n=0

(Ĝ
(±)
0 V̂ )n |Φ〉 , (2.2.15)

which is called the Born series. As each propagator Ĝ
(±)
0 V̂ introduces an intermediate

state that scattered once from the potential, the n-th order of this series can be interpreted
as the contribution of n-time scattering in the potential. Considering only 0-th order
means the incoming plane wave does not interact with the potential at all. Expanding
to first order means that the plane wave can only scatter from the potential once and
multiple scattering is neglected. This case is called the Born approximation.

It is interesting to note the similarity in the structure of the Lippmann–Schwinger
equation (2.2.15) and the perturbation series of the resolvent in eq. (2.2.11). It is therefore
justified to also identify the perturbation expansion of the resolvent with the Born series
and call the expansion to first order Born approximation.

2.2.2. Partial wave decomposition

If the scattering potential is not angular dependent V̂ (~r) = V̂ (r), the Schrödinger equa-
tion (2.2.1) becomes rotationally invariant. Due to this symmetry, it is useful to represent
the problem in spherical coordinates. The Schrödinger equation then reads[

− ~2

2µ

(
∂2

∂r2
+

2

r

∂

∂r

)
+

L̂2

2µr2
+ V̂ (r)

]
Ψ(r, θ, φ) = EΨ(r, θ, φ). (2.2.16)

Since only the angular momentum operator L̂ acts on the angular coordinates of the
wave function, it might be tempting at that point to separate the problem in a radial
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and an angular part, in analogy to the Hydrogen problem. However, in contrast to the
negative energy solutions of the Hydrogen problem the positive energy solutions of the
scattering problem have to obey the boundary condition from eq. (2.2.2) that breaks the
rotational symmetry. Due to the symmetry of the Hamiltonian itself, it is nevertheless
useful to expand the scattered wave function in the eigenbasis of the angular momentum
operator, which is given by the spherical harmonics. If we assume that the incident plane

wave ei
~k ·~r = eikz is directed along the z-axis, we can restrict the spherical harmonics

to m = 0, in which case they are simply given by the l-th order Legendre polynomial
Y m=0
l (θ, φ) ∝ Pl(cos θ). The expansion then has the form

Ψ(r, θ) =
∞∑
l=0

ul(r)

r
Pl(cos θ), (2.2.17)

where ul(r) is the radial wave function for the l-th partial wave. Putting this ansatz into
the Schrödinger equation we obtain

∞∑
l=0

[
E +

~2

2µ

∂2

∂r2
− ~2l(l + 1)

2µr2
− V̂ (r)

]
ul(r)Pl(cos θ) = 0, (2.2.18)

which can only be fulfilled for all angles θ if every term of the sum vanishes on its own.
Therefore, we obtain a set of differential equations for the radial wave function of the
individual partial waves[

E +
~2

2µ

∂2

∂r2
− ~2l(l + 1)

2µr2
− V̂ (r)

]
ul = 0, (2.2.19)

which has the form of a one-dimensional Schrödinger equation for a free particle with
mass µ inside the effective potential Veff(r) = V (r)+~2l(l+1)/(2µr2). The full scattering
process can therefore be decomposed into a set of one-dimensional scattering problems in
terms of partial waves.

Since we assumed that V (r) vanishes faster than r−2, the centrifugal term will dominate
at high r. In the asymptotic limit r →∞, eq. (2.2.19) the problem transforms to that of
a free particle. In this limiting (V (r) = 0), the solution is given by a superposition of the

regular modified spherical Bessel function u
(s)
l (r) = krjl(kr) and the irregular modified

spherical Bessel function u
(c)
l (r) = −kryl(kr), where jl and yl are the spherical Bessel

functions. The solution then reads

ul(r) = alu
(s)
l (r) + blu

(c)
l (r) = al

(
u

(s)
l (r) + tan(δl)u

(c)
l (r)

)
. (2.2.20)

Here we introduced tan(δl) = bl/al. In this form, the asymptotic scattering state is fully
described by the coefficients al and δl, which gets even more obvious by replacing the
spherical Bessel functions with their asymptotic expressions (see sec. A.1). Eq. (2.2.20)
then resembles the asymptotic behaviour of the Bessel functions and has the form [66, eq.
2.42]

ul(r) →
r→∞

al sin

(
kr − 1

2
lπ + δl(k)

)
. (2.2.21)

As the previously introduced coefficient δl appears here as a phase shift in the sine, it is
usually called scattering phase shift. Far from the scattering centre, the whole effect of
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the scattering process can thus be described by a changed amplitude and phase of the
outgoing wave with respect to the ingoing wave for each partial wave.

In analogy to the expansion of the wave function in eq. (2.2.17), the scattering amplitude
f(θ) can be expanded in partial waves by

f(θ) =
∞∑
l=0

flPl(cos θ), (2.2.22)

where fl is the partial wave scattering amplitude. An expression for fl in terms of the
phase shifts δl can be obtained by inserting eq. (2.2.22) and the expansion of a plane wave
in Legendre polynomials eikz ≡ eikr cos θ =

∑∞
l=0 = (2l+ 1)iljl(kr)Pl(cos θ) into eq. (2.2.2).

The partial wave decomposition of the wave function then reads

Ψ(r, θ) =
∞∑
l=0

(
(2l + 1)iljl(kr) + fl

eikr

r

)
Pl(cos θ). (2.2.23)

Far from the scattering centre, we can replace the spherical Bessel function jl(kr) with
its asymptotic expression (see sec. A.1) and we can write

rΨ(r, θ) ≈
∞∑
l=0

(
(2l + 1)(−1)l+1

2ik
e−ikr +

[
fl +

(2l + 1)

2ik

]
eikr
)
Pl(cos θ). (2.2.24)

Since the expression in parenthesis must be equal to the asymptotic expression for ul(r)
from eq. (2.2.21), we can deduce the following relations

al = il
2l + 1

k
eiδl , (2.2.25a)

fl =
2l + 1

2ik

(
e2iδl − 1

)
. (2.2.25b)

Threshold behaviour

Due to the low energies involved in cold gas collisions, we are mainly interested in low
energy collisions. It is therefore instructive to take a closer look at the scaling behaviour
of the scattering amplitude for k → 0. Even if we choose r sufficiently large to be outside
the range of the scattering potential, the product kr still tends to zero as we approach the
threshold, i.e. k → 0. In this case, we can insert the approximations from eq. (A.1.2a)
and eq. (A.1.2b) up to first order into the asymptotic radial wave function in eq. (2.2.20)
and we obtain

ul(kr) ≈
kr→0

(ik)leiδlrl+1

(2l − 1)!!

[
1 + tan(δl)

(2l + 1)!!(2l − 1)!!

(kr)2l+1

]
. (2.2.26)

Since the shape of the scattering wave function must not depend on k any more at the
threshold, the tangent has to compensate the k-dependence in the second term of the
sum. Therefore, we see that tan(δl) ∝ k2l+1. More rigorously one can show that [65,66]

tan(δl) →
k→0
− 1

(2l + 1)!!(2l − 1)!!
(kal)

2l+1, (2.2.27)
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where al is the scattering length of the l-th partial wave. Inserting this into the approxi-
mation for the radial wave function eq. (2.2.26), we see that al denotes the point at which
the radial wave function passes zero.

From the expansion of the tangent tan(δl) ≈ δl, we can see that for small k also
δl ∝ k2l+1. This particular scaling behaviour is called the Wigner threshold law and is
connected to the centrifugal barrier imposed by the l(l + 1)/(2µr2)-term in the effective
scattering potential. A striking consequence of this scaling becomes clear if we expand
the exponential function in eq. (2.2.25b) to e2iδl ≈ 1 + 2iδl and apply the scaling of δl.
We obtain

fl →
k→0

(2l + 1)k2l. (2.2.28)

This shows that higher partial waves vanish rapidly as the collision energy approaches
the threshold. A physical interpretation of this behaviour is that for high partial waves
the decreasing collision energy is not sufficient to overcome the centrifugal barrier any
more and thus the inner scattering potential is not probed. Since only the s-wave (l = 0)
and thus f0 stays finite, while all other scattering amplitudes tend to zero, only s-wave
scattering has to be considered for sufficiently small collision energies. In this case, the
whole physics of the scattering process is reduced to one scalar quantity, the s-wave
scattering length a0 ≡ a. This simplification is often the reason to do a partial wave
analysis in the first place.

2.3. Rydberg atoms

High-lying electronic states of atoms and molecules are called Rydberg states after their
namesake Johannes Rydberg, who was the first to phenomenologically describe the correct
scaling of the transition frequencies between two excited states n1, n2 in hydrogen to be
1/n2

2−1/n2
1 [1,2]. Later on, this experimental observation gained a theoretical basis in the

Bohr model, which is able to explain the discrete energy levels and their 1/n2 - scaling by
assuming a quantisation of the angular momentum L = n~ of the electron. This model
predicts the classical electron orbital radius rn and the energy levels En of a hydrogen
atom to be

rn = a0n
2 (2.3.1)

En = −Ry
n2
, (2.3.2)

where a0 = 4πε0~2

e2me
≈ 0.05 nm is the Bohr radius and Ry = e2me

16π2ε20~2 ≈ 13.6 eV is the

Rydberg constant [4]. Due to the similarity to the hydrogen atom, this simple model can
be extended to the valence electron of alkali atoms by introducing the so-called quantum
defect δnl and the effective principal quantum number n∗ = n − δnl. Within this model,
the interaction of the valence electron with the inner electrons is completely governed by
the quantum defect and eq. (2.3.2) accurately describes the levels of alkali atoms if n is
replaced by n∗. In the following, we can thus discuss the properties of Rydberg states of
alkali atoms and still refer to the hydrogen model.

Already the simple Bohr model shows important consequences for Rydberg states, i.e.
states with high principal quantum numbers n � 1. Since those states have sufficient
kinetic energy, they can probe remote parts of the Coulomb potential. Thus, as shown
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by eq. (2.3.1), the size of the atom grows quadratically with the principal quantum num-
ber, making Rydberg atoms very large objects compared to their ground state counter
parts. This increase in size has a direct effect on the properties of Rydberg states. As
the size of the atom increases, also its geometric cross section for scattering events with
other particles increases. Furthermore, it decreases the probability for a dipole transition
from the ground state to the Rydberg state and vice versa due to the poor spatial over-
lap of the huge Rydberg wave function with the small ground state wave function. This
leads to a decreasing coupling strength for laser excitation and to an increasing lifetime
of the Rydberg state. Despite the high charge separation, Rydberg atoms do not pos-
sess a permanent electric dipole moment due to the symmetry of their electron orbitals.
Nevertheless, the charge separation has a tremendous effect on the electric properties of
Rydberg atoms. Since the Coulomb potential becomes flatter for increasing distance to
the origin, small external fields suffice to induce a significant change to the outer parts of
the potential and thus to shift the energy of the Rydberg state that probes these outer
parts. This renders Rydberg atoms very sensitive to electric fields and gives rise to the
enormous scaling of the polarisability

α ∝ n7 (2.3.3)

with the principal quantum number n [76]. This high sensibility to electric fields leads to
a strong interaction between two approaching Rydberg atoms since the separated charges
in one Rydberg atom can easily break the symmetry and induce a dipole in the second
atom and vice versa. Hence, even though there is no direct dipole–dipole interaction
between two Rydberg atoms due to their symmetry, there is a second-order van-der-Waals
interaction, that gives rise to an energy shift

∆E = −C6

r6
(2.3.4)

with the van-der-Waals constant C6 ∝ n11 (see also sec. 2.5). It is this enormous scaling
that makes Rydberg atoms the object of many studies. Especially since the advent of
ultracold atomic and molecular gases, there has been a steadily increasing interest in
the strong long-range interactions of Rydberg atoms because they complement the pure
contact interaction usually found in such systems. Therefore, over the last decade Rydberg
atoms became a steadily growing field of research in the areas of interacting many-body
systems [42, 67, 68], ultracold chemistry [69], ultracold plasmas [70–72], and quantum
computation/simulation [73,74].

The application of Rydberg atoms in those fields also poses some challenges since the
high sensitivity also implies that Rydberg states are very fragile. As the energy gap to
adjacent states ∆E ∝ 1/n3 becomes smaller, transitions to other Rydberg states can
easily be induced by collisions or low energy photons. Therefore, a limit on the lifetime of
a certain Rydberg state at room temperature is imposed by the transition to neighbouring
states induced by black-body radiation [75,76]. As the energy gap to the continuum also
lies in the spectral range of the black-body radiation, Rydberg atoms are always subject
to black-body induced ionisation, if not in a cryogenic environment. Also the presence
of laser light, e.g. for trapping atoms as shown in sec. 3.2, usually implies additional
coupling to continuum states. These decay mechanisms need to be properly understood
in order to make use of the beneficial properties of Rydberg atoms.

To put these arguments on a more quantitative basis, we will show in the following how
electronic wave functions for alkali atoms can be obtained numerically. Since the wave
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function fully describes the atom, we can calculate any single particle property, such as
transition rates, lifetimes and polarisabilities, as well as many-body properties like the
Van-der-Waals coefficient.

2.3.1. Numerical calculation of Rydberg wave functions

In close analogy to the hydrogen atom, the Hamiltonian for an alkali atom is described
by

Ĥ0 = − ~2

2µ
∆ + Veff(r), (2.3.5)

with the reduced mass µ ≈ me and the effective potential

Veff(r) = − e

4πε0|~̂r|
+ V̂qd(|~r|), (2.3.6)

which is composed of the usual 1/r-Coulomb potential of the core’s residual charge and
the polarisation potential V̂qd(|~r|) that takes into account the interaction of the valence
electron with the core. In order to find a rough estimate for the polarisation potential
V̂qd(|~r|), one can just consider the second-order DC-Stark shift ∆EStark = −1

2
αE2 that is

induced in the core by the electric field E = e2/(4πε0r
2) of the electron, leading to

V̂qd(|~r|) ≡ ∆EStark = −C4

r4
, (2.3.7)

with C4 = αe4

32π2ε20
that relies on the polarisability α of the Rb+ ion. If we transform

eq. (2.3.5) and eq. (2.3.6) to atomic units ( 1
4πε0

= ~ = e = me ≡ 1) and divide by −1
2
, we

obtain the Schrödinger equation[
∆ +

(
2

r
+
α

r4
+ 2Enl

)]
Ψnl(r, θ, φ) = 0, (2.3.8)

with the eigenenergies Enl and the spatial wave function Ψnl(r, θ, φ) in spherical coordi-
nates. The Laplace operator can be expressed in terms of the squared angular momentum

operator ~̂L2 and a radial derivative and we obtain[
1

r

∂2

∂r2
r +

(
−
~̂L2

r2
+

2

r
+
α

r4
+ 2Enl

)]
Ψnl(r, θ, φ) = 0. (2.3.9)

From the structure of this differential equation, it is reasonable to assume that the wave
function Ψnl(r, θ, φ) = Rnl(r)Y

m
l (θ, φ) is separable in a radial and an angular part. As

known from the hydrogen problem the angular part is solved by the spherical harmon-
ics, which are the eigenfunctions of the angular momentum operator and thus fulfil[
~̂L2 − l(l + 1)

]
Y m
l (θ, φ) = 0 [77]. Inserting the above ansatz for the wave function in

eq. (2.3.9), dividing by Y m
l (θ, φ), and multiplying by r from the left, yields the one-

dimensional differential equation for the reduced radial wave function unl(r) = rRnl(r)[
∂2

∂r2
+

(
− l(l + 1)

r2
+

2

r
+
α

r4
+ 2Enl

)]
unl(r) = 0. (2.3.10)



2.3. Rydberg atoms 27

While the angular part of the problem can be covered analytically, the radial wave function
must be integrated numerically due to the deviation from the Coulomb potential imposed
by the polarisation potential. A problem arises at this point since a priori the eigenenergies
Enl are not known and thus it is not clear for which energy the differential equation has
to be integrated to obtain the radial wave function. Within the quantum defect theory,
the energies Enl = −1/(n − δnl)2 can be obtained if the quantum defects δnl are known.
Those can be calculated by the Rydberg–Ritz formula

δ(n, l, j) = δ0(l, j) +
∑
i

δ2i(l, j)

(n− δ0(l, j))2k
, (2.3.11)

where the δi(l, j) are empirical parameters, that are obtained by fitting the level energies
obtained from experimental spectra. As implied by the parameter j, the quantum defect
can also include the energy correction due to the spin–orbit coupling and thus depends
on the total angular momentum quantum number j. Values for δi(l, j) can be found in
refs. [78, 79] in the case of rubidium and in refs. [80, 81] in the case of caesium. With
the known eigenenergies Enlj, the differential equation can be integrated numerically by
the Numerov algorithm, which is concisely summarised in ref. [82]. From the integrated
radial wave function Rnlj(r) and the spherical harmonics we can obtain the full spin–orbit
coupled wave function

Ψnljmj
(r, θ, φ) = Rnlj(r)

1/2∑
ms=−1/2

〈l,ml, s,ms|j,mj〉Y mj−ms

l (θ, φ)⊗ χms , (2.3.12)

where χms is the spin wave function and 〈l,ml, s,ms|j,mj〉 is the Clebsch–Gordan coeffi-
cient as explained in sec. A.3.

Dipole coupling strength

As pointed out in sec. 2.1.3, the matrix elements of the dipole operator ~̂d are required in
order to calculate the Rabi frequency as a measure of the coupling strength between two
states. In spherical coordinates, the dipole operator d̂q = er̂Ŷ q

1 (θ, φ) can be expressed
in terms of the spherical harmonics for l = 1, where q determines the helicity of the
transition1. We are therefore interested in the matrix element

〈nljmj|d̂q|n′l′j′m′j〉 = e 〈nlj|r̂|n′l′j′〉R × 〈ljmj|Ŷ q
1 |l′j′m′j〉Y , (2.3.13)

where the index R (Y ) indicates that only the radial (angular) part of the state is con-
sidered for the matrix element. While the radial matrix element is frequently denoted
reduced dipole matrix element and is calculated as

〈nlj|r̂|n′l′j′〉 =

∫ ∞
0

r|Rnlj(r)|2r2 dr, (2.3.14)

the angular matrix element of the spherical harmonic function can be obtained analytically
by the Wigner–Eckart theorem. In the spin–orbit coupled basis, the matrix element is
thus given by [83]

〈ljmj|Ŷ q
1 |l′j′m′j〉 = (−1)mj−l′−l−

3
2
√

(2j′ + 1)(2j + 1)(2l′ + 1)(2l + 1)

×
(

j j′ 1
−mj m′j q

){
l l′ 1
j′ j 1

2

}(
l 1 l′

0 0 0

) , (2.3.15)

1A value of q = 0 represents a π-transition and q = ±1 corresponds to a σ±-transition.
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where the expression in parenthesis is the Wigner-3j symbol and the expression in braces
is the Wigner-6j symbol. The dipole matrix element is directly connected to the rate of
spontaneous decay from one state to the other with a transition wavelength λ, as described
by the Einstein A-coefficient

A =
2

3

(
2π

λ

)3
1

ε0h
| 〈nljmj|d̂q|n′l′j′m′j〉 |2. (2.3.16)

From this rate coefficient, it is straight forward to obtain the natural lifetime of a certain
state by summing over all possible final states. The lifetime τk of the state k can thus be
expressed as

τk =
1∑
iAik

, (2.3.17)

where i runs over all possible final states, i.e. Ei < Ek. A quantitative comparison
of the lifetimes we obtain with the ones from refs. [76, 82] is given in ref. [84]. In the
coherent atom–light model furthermore the Rabi frequency can be calculated from the
known dipole matrix element according to eq. (2.1.18). With I = 1

2
cε0E

2
0 , we can express

the Rabi frequency in terms of the light intensity as

Ω
(q)
0 =

√
2I

cε0~2
〈nljmj|d̂q|n′l′j′m′j〉 . (2.3.18)

2.3.2. Rydberg atoms in external fields

Rydberg atoms in external magnetic fields

The interaction of an atom in the Rydberg state with an external magnetic field is solely
determined by the spin and the angular momentum of the valence electron. Since these
properties do not change with the principal quantum number n, the magnetic properties
of Rydberg atoms do not differ significantly from that of ground state atoms. Accordingly,
the magnetic field ~B = Bêz induces a fine structure Zeeman-splitting of the otherwise
degenerate mj states, that is described by

∆E = gjmjµBB, (2.3.19)

where gj = 1 + j(j+1)+s(s+1)−l(l+1)
2j(j+1)

is the Landé factor for the spin–orbit coupled electron.

Rydberg atoms in external electric fields

The Hamiltonian describing the interaction of the dipole moment ~d with an electric field
aligned on the z-axis is

ĤE = d̂zE = qEẑ. (2.3.20)

Since in spherical coordinates z = r cos θ, the matrix element becomes

〈n, l, j,mj|z|n′, l′, j′,m′j〉 = 〈n, l, j|r|n′, l′, j′〉R 〈j,mj| cos θ|j′,m′j〉Y , (2.3.21)

where the first term is the reduced dipole matrix element and the second term imposes the
dipole selection rules. The latter term is identical to the renormalised spherical harmonic
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Figure 2.2: Stark map of a rubidium Rydberg atom as a function of an applied external
electric field. Only states with |mj | = 1/2 are plotted. Zero energy is set to the 25P1/2-state.
The colour denotes the relative admixture of the 25P1/2-state to the diagonalised eigenstates
(dark blue is no admixture, dark red is maximal admixture). S-, P -, and D-states show
the quadratic Stark effect, while the degenerate states in the hydrogenic manifolds show the
linear Stark effect.

C1,0(θ, ϕ) = cos θ and its matrix elements can thus be obtained through the Wigner–Eckart
theorem [85, eq. 12.213] that for a generic angular momentum with quantum numbers l
and ml is given by

〈l,m| cos θ|l′,m′〉 = δm,m′

[√
(l + 1)2 −m2

4(l + 1)2 − 1
δl,l′+1 +

√
l2 −m2

4l2 − 1
δl,l′−1

]
. (2.3.22)

Thus, the interaction with the electric field couples states with ∆m = 0 and ∆l = ±1.
If no other m-coupling terms are present in the Hamiltonian, the Hilbert space can be
separated into subspaces in terms of m. As a consequence, m stays a good quantum
number even in the presence of the field, while the l-states are mixed. The physical reason
is that the presence of the electric field breaks the spherical symmetry of the system and
consequently the total angular momentum is no conserved quantity any more. However,
there is still a rotational symmetry around the electric field axis (aligned to the z-axis)
that keeps the z-projection of the angular momentum a conserved quantity. From this
argument, it is clear that the matrix element in eq. (2.3.21) must hold for any angular
momentum eigenstates. In particular, this means that also in the spin–orbit coupled basis
this expression is valid and l and m are simply replaced by j and mj.

In order to see the effect of an electric field on a Rydberg atom, we consider ĤE as a
perturbation of the Rydberg Hamiltonian in eq. (2.3.5). From eq. (2.3.21), one can directly
see that in first order perturbation theory the effect of the electric field vanishes for non-
degenerate l-states since l = l′. In this case, we proceed to second order perturbation
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theory and obtain the quadratic Stark effect

(∆E)(2) = −1

2
αmE

2, (2.3.23)

where αm is the static polarisability of the particular |l,m〉-state and E is the electric
field strength. The polarisability depends on the strength of the dipole matrix element
between all states in the energetic vicinity. Since the coupling to adjacent states increases
rapidly for higher principal quantum number n, the polarisability scales as α ∝ n7. Semi-
cassically, this can also be explained by the notion that for higher n the electron gets
more and more probability to be far away from the core, where the Coulomb interaction
is weak. Therefore, only little field is sufficient to distort the trajectory of the electron
and to move the centre of mass of the electron wave function away from the nucleus.

If, on the other hand, all |l,m〉-states are degenerate, like in the hydrogen atom2, we
still retain an energy shift in first order perturbation theory. In this case, one has to
diagonalise ĤE in the degenerate subspace and obtains lmax linearly split states for each
m. The splitting of the new eigenstates is often referred to as the Stark splitting. In alkali
atoms, due to the finite quantum defect, the low angular momentum states (mainly S-,
P -, D-, and F -states) are energetically separated from the otherwise degenerate manifold
of l-states. Therefore, both, the linear and the quadratic Stark effect, can be observed in
alkali atoms. By diagonalisation of the Hamiltonian Ĥ = Ĥ0 + ĤE, the eigenenergies of
a Rydberg atom in an external electric field can be obtained. Due to the separation of
the Hilbert space, this Hamiltonian can be diagonalised independently for the different
mj states. The Stark map of the mj = 1/2 states for the case of a rubidium Rydberg
state is depicted in fig. 2.2. One can clearly see that the non-degenerate S-, P -, and
D- states exhibit the quadratic Stark effect, while the degenerate high-l states show the
first-order linear Stark splitting. Additionally fig. 2.2 demonstrates the mixing of the
l-states. It becomes obvious that, even though the adiabatic 25P1/2-state undergoes an
avoided crossing at 202 V/cm and does not follow the quadratic scaling any more, the
25P1/2 character jumps from one state to the other and continues following the quadratic
behaviour, as it is common for avoided crossings. In the course of crossing the manifold,
the 25P1/2 character distributes more and more to the hydrogenic states and ultimately,
for very high fields, the 25P1/2-state will be equally distributed over all Stark states.

2.3.3. Ionisation of Rydberg atoms

Since Rydberg states are close to the continuum, only little energy is required to ionise
them. This renders ionisation an ubiquitous process when dealing with Rydberg atoms.
In typical ultracold gas experiments, the most relevant ionisation processes for Rydberg
atoms are photoionisation by black-body radiation and lasers, non-elastic collisions with
other Rydberg atoms, and associative ionisation in the course of a collision with a ground
state atom (fig. 2.3). In the following, we will discuss these processes individually and
demonstrate under which conditions they appear.

2The l-degeneracy is a unique feature of an electron in the Coulomb potential. In general, there is no
degeneracy of angular momentum states even in rotationally symmetric potentials.
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Figure 2.3: Relevant ionisation processes for Rydberg atoms in ultracold gases. As a single
particle process, photoionisation by the trapping lasers or black-body radiation only depends
on the Rydberg density (orange circle in the Rydberg level) and is ubiquitous in Rydberg
systems. If the Rydberg excitation is embedded in a high density of ground state atoms,
associative ionisation occurs in the collision between a ground state and a Rydberg atom.
This process depends, both, on the ground state and the Rydberg density (orange circle
in the Rydberg and the 5S1/2 level). In the case of a high Rydberg density, also collisions
between two Rydberg atoms can ionise either of them. This process depends quadratically
on the Rydberg density (two orange circles in the Rydberg level). In addition to these
ionisation processes, radiative decay γ into lower-lying states is possible.

Photoionisation

Photoionisation describes the excitation of the bound electron e− in the Rydberg atom
A∗ into a continuum state by the photon γ with the energy hν

A∗ + γ → A+ + e−. (2.3.24)

The excess energy of the photon is converted to kinetic energy of the A+–e− system.
Since the mass of the ion is much bigger than that of the electron, most of the energy is
carried away by the electron. The rate γPI, at which a Rydberg atom is photoionised by
the incident photon, is given by

γPI = σPI
Nph

At
= σPI

I

hν
, (2.3.25)

where
Nph

At
is the number of incident photons per time and unit area and I is the corre-

sponding intensity. The photoionisation cross section σPI depends on the exact Rydberg
state and the energy of the photon. In general, the ionisation is most efficient if the pho-
ton excites continuum states close to the threshold. Therefore, for a fixed photon energy,
higher Rydberg states have a lower photoionisation cross section. P - and D-states also
show a much higher photoionisation cross section compared to S-states, due to the π/2
phase shift between the radial wave functions of the S- and P -states [76, 86].

The main source of photons in our setup are the trap lasers that operate at a wavelength
of 1064 nm. Due to the simple relation between the laser intensity and the photoionisation
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rate in eq. (2.3.24), we can measure the photoionisation cross section for this particular
wavelength. A summary of the results is given in sec. A.11. Since the ionisation rate
depends on the intensity of the trapping laser, it varies depending on the specific experi-
mental setting. Since the YAG laser’s photon energy of 281 THz already reaches far into
the continuum for all relevant Rydberg states, an energy difference in the initial state
does not significantly change the cross section and consequently we do not see a strong
variation in the ionisation rate with the principal quantum number. For all principal
quantum numbers studied in this thesis the photoionisation cross section for Rydberg
P -states in rubidium is on the order of 10 kb = 10−6 nm2. Compared with the geometric
cross section σgeo,60P = 3× 105 nm2 of a Rydberg atom in the 60P3/2-state, this is eleven
orders of magnitude smaller. This illustrates that the vast majority of the trapping laser
photons just passes the Rydberg atom without ionising it and the fact that we neverthe-
less see photoionisation by the trapping light is caused by the immense number of photons
incident to the Rydberg atom.

A second source of photoionisation arises because our experimental apparatus is not
cooled to cryogenic temperatures and thus the atoms are always subject to the black-
body spectrum emitted at 300 K. For this temperature, according to Wien’s displacement
law, the black-body spectrum peaks at 17.6 THz, which is close to the typical energy
gap between the studied Rydberg states and the continuum. In combination with the n-
dependence of the photoionisation cross section, this leads to a maximum in the ionisation
rate at n = 27, which is roughly 300 Hz [87].

Rydberg–Rydberg collisions

As will be shown in sec. 2.5, there is a strong interaction between Rydberg atoms. Depend-
ing on the chosen Rydberg state, these interactions can be repulsive as well as attractive.
An attractive interaction will eventually lead to a collision of the two Rydberg atoms A∗∗

during which energy can be exchanged among them. This gives rise to the process

A∗∗ + A∗∗ → A∗ + A+ + e−, (2.3.26)

where one Rydberg atom is ionised and the other one is transferred into a lower-lying
excited state A∗. This process is a special case of the so-called Penning-ionisation [76],
where both atoms are in a Rydberg state. Since this process depends quadratically on
the number of Rydberg atoms present in the system, it becomes important in the regime
of high excitation densities. This quadratic dependency on the excitation density, and
in turn on the driving strength, allows to identify this process experimentally. However,
for the experiments discussed in this thesis, the excitation densities were usually low and
Rydberg–Rydberg collisions play no major role. We refer to refs. [88, 89] for a detailed
discussion on this process.

Associative ionisation

Since the collisional energy in ultracold clouds is on the order of 10 kHz, Rydberg atoms
with a binding energy of several THz cannot be ionised by impact ionisation. A ground
state atom also does not carry any internal energy and consequently one would not expect
any ionisation channel in a Rydberg–ground state collision. However, associative ionisa-
tion constitutes a collisional process where a Rydberg atom A∗ collides with a ground
state atom A to form a molecular ion and a free electron

A∗ + A→ A+
2 + e−. (2.3.27)
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(a) (b)

Figure 2.4: Associative Ionisation. (a) In 87Rb, associative ionisation is energetically
possible for all Rydberg states with n ≥ 8. (b) Potential energy curves of the ground state
|1〉 (solid green line) and the first electronically excited state |2〉 (dashed green line) of the
ground state atom–Rydberg core system Rb+ + Rb(5S) = Rb+

2 . When the Rydberg electron
is still bound to the Rb+ ion in the Rydberg state |R〉, the same molecular potential structure
arises for the ground state atom–Rydberg core system (black). Through the dipole resonant
mechanism (inset), the binding energy of the formed molecule is transferred to the Rydberg
electron by the coupling of the two dipoles. The highest probability for this process is found
at ro where the binding energy of the molecule equals that of the Rydberg electron. This
point equals the classical outer turning point of the formed molecule.

This process is sometimes also referred to as Hornbeck–Molnar ionisation and differs
significantly from impact ionisation since the energy required to excite the electron into
the continuum state is taken from the bond energy of the formed Rb+

2 ion rather than from
the kinetic energy of the collision partners. ”Ignoring the translational kinetic energy of
the collision partners, associative ionization is in fact the only way in which a collision with
a ground state atom can ionize a Rydberg atom” [76]. Since energy must be conserved,
this process can only occur as long as the energy of the A∗ + A state is higher than
the lowest energy state of the formed A+

2 dimer. As depicted in fig. 2.4a, in rubidium
all Rydberg states above and including n = 8 can undergo associative ionisation since
the molecular potential of Rb+

2 has a well depth of 174.1 THz (0.72 eV) [11]. For low-
lying Rydberg states, associative ionisation has been studied extensively in vapour cell
experiments in the 1980s [11–13] but due to the high thermal energies in these experiments,
impact ionisation imposed restrictions on the highest achievable Rydberg state. In sec. 4,
we extend the study of associative ionisation to the ultracold regime, where we overcome
these restrictions and discover a giant increase in the associative ionisation cross section
due to a directed mass transport mechanism mediated by the Rydberg electron.

The associative ionisation process can be understood in terms of the dipole resonance
mechanism (DRM) [90, 91]. In this model, we consider the electronic potentials of the
molecule formed by the Rydberg core and the ground state atom Rb+ + Rb(5S) = Rb+

2 ,
as they are depicted in fig. 2.4b. This molecule can either be in the electronic ground
state |1〉 or in the first excited state |2〉. Also in the case of a Rydberg atom in the
Rydberg state |R〉, an approaching ground state atom and the Rydberg core will form
a Rb+

2 molecular system. Since the Rydberg electron is highly delocalised, it will only
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Figure 2.5: Lennard-Jones type potential to model the molecular potential of Rb+
2 (solid

green) with vibrational bound state energies (black lines) determined by the shooting
method (see sec. A.8). For large internuclear separations, the potential tends to the C4/r

4

polarisation potential (dashed blue). When the molecule is formed in the associative ionisa-
tion process the bond energy equals the bond energy of the former Rydberg atom. For the
bond energy of Ebond = 4.4 THz imposed by the 30P -state (horizontal orange line), highly
excited vibrational states with classical inner and outer turning points of ri = 6.9 a0 and
ro = 22.1 a0 (vertical orange lines) are most likely to be populated.

slightly change the molecular potentials compared to the ionised case. In this case the
state of the Rydberg electron and the molecular state of the atom–Rydberg core system
have to be taken into account. The state of the system is thus described by |1〉 |R〉 for
the molecular ground state and by |2〉 |R〉 for the molecular excited state.

The DRM model further relies on the fact that for small internuclear separation r the
ground state atom’s valence electron can tunnel to the Rydberg core and can thus not be
solely attributed to the ground state atom. Indeed, the electron starts to tunnel back and
forth between the two cores and, due to its charge, creates the oscillating dipole ~dVal (inset
fig. 2.4b). The oscillation frequency depends on the height of the tunnel barrier and thus
on the internuclear separation. Of course, the dipole moment created by the Rydberg
electron ~dRy interacts with the oscillating dipole of the shared valence electron. At the
internuclear distance r0 (fig. 2.4b) the oscillation frequency of the valence electron becomes
equal to the transition frequency of the Rydberg electron into the lowest continuum states
and through the dipole–dipole coupling the energy is transferred to the Rydberg electron.
In the potential picture of fig. 2.4b, this implies that, due to the dipole–dipole coupling, the
crossing between the |2〉 |R〉 potential and the |1〉 potential becomes an avoided crossing
and a particle entering on the former can adiabatically cross into a bound state of the
Rb+

2 molecule. While the transition can also occur beyond the crossing point due to the
infinite amount of continuum states for higher energies, it seems likely that in analogy to
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Table 2.1: Binding energies E − Ethr for some exemplary nP Rydberg states and the
classical inner (outer) turning point ri (ro) for the respective energy inside the modelled Rb+

2

molecular potential. From the outer turning point, the geometric cross section σgeo = πr2
o

is calculated.

n E − Ethr [meV] ri [a0] ro [a0] σgeo [10−18 m2]
30 -18.18 6.94 22.09 4.3
51 -5.82 6.94 29.38 7.6
99 -1.47 6.94 41.45 15.1

photoionisation the coupling to the continuum is the strongest close to the threshold and
thus the DRM is most effective at the crossing point.

In order to get an estimate on the size of the formed Rb+
2 dimers and thus on the

geometrical cross section of the ionisation process, we need to model the dimer’s molecular
potential. A good starting point is a Lennard-Jones potential that is modified to take
into account that the dominant binding force between the Rb+ ion and the neutral Rb
ground state atom is a 1/r4 interaction rather than the 1/r6 van-der-Waals interaction of
two neutral atoms. Nevertheless, the 1/r12 term in the Lennard-Jones potential should
still adequately model the Pauli repulsion. Thus, a reasonable model potential has the
form

V (r) =
D∗

2

((rm

r

)12

− 3
(rm

r

)4
)
, (2.3.28)

where D∗ = 174.1 THz [11] is the well depth and rm is the internuclear distance of minimal
energy. For large separations of the nuclei, the potential has to recover the C4/r

4 behaviour
that arises from the neutral ground state atom being polarised by the electric field of the
Rb+ ion. How the C4 coefficient can be obtained from the polarisability α0 is explained
in sec. 2.3.1 in a slightly different context. For the neutral atom the polarisability is
α0 = 0.0794 Hz/(V/cm)2 [92]. In the limit r → ∞, the 1/r12 term in the potential vanishes
and we can therefore identify the following relation between rm and C4:

V (r →∞) = −3D∗r4
m

2r4
= −C4

r4
⇒ rm =

4

√
2C4

3D∗
. (2.3.29)

With the values for D∗ and rm the molecular potential is fully determined and can be
plotted, as shown in fig. 2.5.

When exciting Rydberg states with n = 30, the system is 4.4 THz below the dissocia-
tion threshold, which is also the energy at which the Rb+

2 molecule is most likely created
through the DRM. The molecule is thus created in high-lying vibrational states, as indi-
cated by the bound state energies in fig. 2.5. Since a model potential is at hand, we can
deduce the classical turning points of the vibrational state to get an estimate on the size of
the formed molecule. The energy, at which the molecule is created, and the corresponding
turning points are indicated in fig. 2.5. A summary of the turning points obtained this
way and the corresponding geometrical cross sections for different initial Rydberg states
is given in tab. 2.1.

The cross sections obtained from these simple theoretical considerations are in agree-
ment with the ones observed in experiments with Na beams [93]. Here, the rate con-
stant [94]

k = 〈σ(v) · v〉vth
(2.3.30)
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Figure 2.6: Shape resonance in the p-wave scattering for the C4 potential shown in fig. 2.5.
In contrast to the s-wave potential (blue), the p-wave potential (red) has a centrifugal barrier
that allows for meta-stable bound states. If the incident wave of wave vector k is resonant to
the bound state |Ψ〉, the scattering is resonantly enhanced and the cross section increases. In
a classical picture the particle gets trapped in the potential for a short time and eventually
leaves it again.

was determined rather than the cross section. While the involved averaging over the
different thermal velocities in the atom beam in general does not allow to extract the cross
section alone, an estimate for its order of magnitude can be found by assuming the beam
to be monoenergetic with the most probable thermal velocity. For the studied Na beam at

a temperature of 600 K ≡ 50 meV ≡ 12 THz, this amounts to vprob =
√

2kBT
m

= 658.6 m/s.

The observed maximum rate constant for associative ionisation of k = 3 · 10−9 cm3/s can
thus be used to calculate a cross section of σ = k

vprob
= 4.6× 10−18 m2, which matches the

order of magnitude of the geometric cross section of the molecules, as shown in tab. 2.1.

2.4. Rydberg–ground state interaction

Rydberg atoms excited from an atomic ensemble are always subject to interaction with
surrounding ground state atoms (perturbers). In this section, we discuss the Rydberg–
ground state interaction, after separating the nuclear degrees of freedom, in terms of
scattering of the quasi free electron with the perturber. Since the Rydberg electron
carries a small momentum in the shallow outer parts of the Coulomb potential and since
the thermal velocities in ultracold gases are small, we are exclusively concerned with low
energy scattering of the electron from the perturber. It is therefore useful to restrict the
discussion only to the lowest partial wave of the interaction.

However, a peculiar situation can arise due to the centrifugal barrier present for higher
partial waves. As depicted in fig. 2.6, there can be meta-stable states at positive energy
that are bound by the centrifugal barrier. If the incident particle energy is identical to
the energy of the bound state, the corresponding matter wave couples resonantly to the
bound state and consequently acquires a strong phase shift. Such situation is usually
called a shape resonance since it is characterised by a resonance in the scattering cross
section as a function of the incident particle’s energy.

Also the scattering between a rubidium atom and an electron shows a shape resonance
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Figure 2.7: Definition of the position vectors to the Rydberg core A+, the perturber atom
B, and the Rydberg electron e− for an arbitrary position of the origin (black) and for the
origin centred on the Rydberg core (red).

in the p-wave at an incident k-vector of k = 0.058 a.u. [95]. In order not to miss important
parts of the scattering physics, we thus have to take into account the p-wave scattering in
the modelling of the Rydberg–ground state interaction [47]. Hence, we follow the deriva-
tion of Omont [96] to obtain a generalised expression for the interaction that also includes
higher partial waves. The new eigenenergies resulting from a diagonalisation of the in-
teraction operator show a rich potential landscape that not only strongly influences the
scattering properties of Rydberg–ground state collisions, but also gives rise to vibrational
bound states of the nuclei, which are called Rydberg molecules. Depending on the mixing
states and the dominant scattering channel, these molecules can be further subdivided
into ultralong-range Rydberg molecules, butterfly molecules, and trilobite molecules. Due
to the interaction with the ground state atom, these molecules show a rich angular mo-
mentum coupling that inculdes the nuclear spin of the perturber. Ultimately, we are able
to calculate vibrational bound states in the diagonalised potentials and thus to predict
their energies and wave functions.

Description of the system

Obviously, the low-energy scattering between two atoms can be considered a two-body
problem. However, if one of the atoms is in a Rydberg state the electron cloud is orders
of magnitude bigger than the size of the second ground state atom. When the ground
state atom enters the electron cloud, the two-body description breaks down and one has
to consider it as a three-body problem. We are therefore interested in an electron e at
position ~re interacting with the charge distributions of the Rydberg core A+ at position
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~RA+ and the ground state atom B3 at position ~RB (fig. 2.7). In general, the inner electrons
of the A+ ion and the atom B lead to higher order multipole moments in the electrostatic
interaction. To simplify the problem, the following discussion is restricted to the first
two orders of the multipole expansion of the charge distributions. Since neither of the
three considered particles possesses a permanent dipole moment, the Rydberg core and
the ground state atom are described as polarisable monopoles and the electron as an
unpolarisable point charge. In this approximation the system Hamiltonian reads

Ĥ =− ~2

2mA+

∆A+ − ~2

2mB

∆B −
~2

2me

∆e

+ V̂A+(~re − ~RA+) + V̂B(~re − ~RB) + V̂pol(~re, ~RA+ , ~RB), (2.4.1)

where the first three terms correspond to the kinetic energy of the three particles. Fur-
thermore, V̂A+(~re− ~RA+) describes the interaction of the electron with the ionic core. This
includes the usual Coulomb interaction and additionally the polarisation of the core by
the electron, which leads to the quantum defects. Additionally, V̂B(~re − ~RB) denotes the

interaction of the electron with the ground state perturber B. The term V̂pol(~re, ~RA+ , ~RB)
describes the direct and indirect polarisation interactions arising through the Coulomb
field of A+ and the electron and is later discussed in more detail. If we assume that
the internuclear motion is slow compared to the electronic motion, the electron cloud will
instantaneously adapt to a changed nuclear position. In this so-called Born–Oppenheimer
approximation the full wave function ΨM is separable into a nuclear part Φ(~RA+ , ~RB) that
only depends on the nuclear positions and an electronic part Ψ~RA+ , ~RB

(~re) that depends

on the electron’s position and parametrically on the nuclear positions

ΨM = Φ(~RA+ , ~RB)Ψ~RA+ , ~RB
(~re). (2.4.2)

Inserting the ansatz (2.4.2) into the time independent Schrödinger equation with the
Hamiltonian (2.4.1) leads to two coupled Schrödinger equations, one for the electron and
one for the nuclei:

[
− ~2

2me

∆e + V̂A+(~re − ~RA+) + V̂B(~re − ~RB) + V̂pol(~re, ~RA+ , ~RB)− Epot

]
Ψ~RA+ , ~RB

(~re) = 0,

(2.4.3)[
− ~2

2mA+

∆A+ − ~
2mB

∆B − (E − Epot)

]
Φ(~RA+ , ~RB) = 0.

(2.4.4)

Here, E is the total energy of the state and the separation constant Epot is the energy of the
electronic configuration. As the electronic wave function parametrically depends on the
nuclear positions, the energy Epot ≡ Epot(~RA+ , ~RB) also depends on their position. Since
the physics does not depend on the choice of the coordinate system, we can transform
the electronic Schrödinger equation in a coordinate system fixed at the position of A+

3It may be noted that already at this point we introduced an asymmetry in our system since we describe
the system as one electron with a neutral particle and an ionic core rather than two electrons with
two ionic cores.
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(fig. 2.7) and the nuclear equation to the centre of mass frame with M =
mA+mB

mA++mB
. With

~R = ~RB − ~RA+ and ~r = ~re − ~RA+ , we obtain

[
− ~2

2me

∆e + V̂A+(~r) + V̂B(~r − ~R) + V̂pol(~̂r, ~R)− Epot(R)

]
Ψ~R(~r) = 0, (2.4.5)[

− ~2

2M
∆− (E − Epot(R))

]
Φ(~R) = 0. (2.4.6)

The structure of these equations is identical to the ones obtained for conventional mole-
cules, as can be found in most textbooks on molecular physics [77]. In particular, the
equation for the nuclear degree of freedom (2.4.6) does not differ from that of conventional
molecules. This implies that the known concepts of rotation and vibration of diatomic
molecules can also be applied to Rydberg molecules. If the electronic adiabatic potential
Epot(R) supports bound states, the corresponding overall state |ΨM〉 is called a Rydberg
molecule. Significant differences compared to conventional molecules arise in the electronic
Schrödinger equation (2.4.5) due to the negligible exchange energy of the electrons in the
Rydberg system. Since the typical nuclear separation in a Rydberg molecule is on the
order of 1000 a0, the valence electron of the ground state atom B is highly unlikely to
tunnel to the Rydberg core A+. Unlike in conventional homonuclear molecules it is thus
possible to distinguish both electrons [51]. In essence, this is the major difference between
a Rydberg molecule and a conventional molecule.

From eq. (2.4.6) we can see that the nuclear motion is restricted by the potential
arising from the R-dependent eigenenergies Epot(R) of the electronic wave function. We
are therefore especially interested in potential wells that can support bound states, as
those correspond to vibrational states of Rydberg molecules. In the following, we will
thus solve the electronic problem to determine Epot(R) and then insert it into the nuclear
problem to obtain the vibrational bound states of the Rydberg molecule (sec. 2.4.8).

The electronic Hamiltonian

After separating the nuclear motion, we can now focus on the solution of the electronic
Schrödinger equation for a fixed nuclear position. From eq. (2.4.5) we can see that the
electronic Hamiltonian Ĥ is given by

Ĥ(~R) = Ĥ0 + V̂B(~̂r − ~R) + V̂pol(~̂r, ~R), (2.4.7)

where Ĥ0 = − ~2

2me
∆e + V̂A+(~r) is the Hamiltonian of the unperturbed Rydberg atom from

eq. (2.3.5). This expression is identical to the one given in ref. [97] and describes an
electron in the combined potential of the neutral atom B and the Rydberg core A+. In
addition to the direct e−-B interaction V̂B, also induced interactions appear because we
describe the system up to the second order of the multipole expansion. These interactions
are summarised in the polarisation potential Vpol, which is defined by

V̂pol(~r, ~R) = − αd

|~̂r − ~R|2R2

[
(~̂r − ~R)

|~̂r − ~R|
·
~R

R

]
− αd

2R4
. (2.4.8)

The first term describes the interaction of the electron with the perturber B due to
the polarisation through A+ as well as the interaction of A+ with the perturber due to
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polarisation through the electron. Furthermore, the interaction due to the polarisation
of the perturber B through the Coulomb field of A+ is taken into account by the second
term4. As the latter interaction only depends on the internuclear distance R and not on
the electron’s position, it adds as a scalar to the Hamiltonian and is thus a simple offset
for the eigenenergies. Since the polarisation interaction vanishes for R → ∞ but the
scattering potential VB(~̂r − ~R) only depends on the relative electron–perturber distance
and not on the internuclear distance, the polarisation interaction dominates the energy
of the system only for very small internuclear distances. As this discussion is targeted
towards the behaviour of the system far from the Rydberg core, we will neglect the
polarisation terms in the following but refer to ref. [97] for a full treatment including the
polarisation interaction. Without the polarisation terms, the Hamiltonian of the system
reads

Ĥ(~R) = Ĥ0 + V̂B(~̂r − ~R) (2.4.9)

and, according to eq. (2.2.3), the resolvent of the system is defined by

Ĝ(~R) =
1

E − Ĥ(~R)
=

1

E − Ĥ0 − V̂B(~̂r − ~R)
. (2.4.10)

2.4.1. Pseudopotential approach

Since the explicit form of the scattering potential VB(~̂r − ~R) is not trivial, our goal is to

replace the actual potential by a δ-type pseudopotential Vsc(~R) that reproduces the phase

shift of the wave function outside of the potential VB(~̂r− ~R). This approach can be made

only if ”outside of the potential” is meaningful, i.e. if the potential VB(~̂r − ~R) is of finite
range5. This assumption is well justified for a perturber atom in the atomic ground state.
Due to its almost point-like dimension compared with the size of the Rydberg atom, the
Rydberg electron only sees the vanishing monopole moment of the perturber’s nucleus
shielded by its electrons. Only upon close approach, the Rydberg electron probes the
higher order multipole moments of the perturbers charge distribution and the electron–
perturber interaction becomes important. On the one hand, this local interaction is strong
at the position of the perturber but, on the other hand, it leaves the electron unperturbed
in most of the volume it occupies. Thus, the perturbation is weak and strong at the same
time, which renders a classical perturbation approach useless. Instead, as pointed out
by Omont [96], it is useful to expand the problem in terms of the reaction matrix K.
Following Omont’s derivation, we consider the electron in a Rydberg state with energy E
that can also be seen as a quasi-free electron, whose kinetic energy is given by

T̂e = E − V̂A+ . (2.4.11)

The scattering of such a (quasi)-free electron with the potential VB is described by the
K-matrix6, which is defined by the integral equation

K̂~R = V̂B(1 + Ĝ0
0, ~R
K̂~R) =

∞∑
n=0

V̂B(Ĝ0
0, ~R
V̂B)n. (2.4.12)

4The polarisation interaction between a charged and a neutral particle leads to a 1/r4-interaction, as
shown in eq. (2.3.7).

5Any potential tending faster to zero than r−2 is considered finite range.
6In order to point out that the reference frame for the K-matrix is centred at ~R, we denote it K̂~R
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Here, Ĝ0
0, ~R

= (E − T̂e)−1 is the resolvent for the quasi-free electron, which carries only

the kinetic energy T̂e. Note that in order to describe the strong but localised interaction
with the perturber, we changed the perspective here: Rather than describing a strong
interaction localised at ~R, we changed to a description where an electron with an ~R-
dependent energy is scattered from a potential that is fixed in space. The connection
between both descriptions is drawn by the expansion of the system resolvent Ĝ from
eq. (2.4.10) in terms of the K-matrix [96] by

Ĝ(~R) = Ĝ0 + Ĝ0K̂~R

∞∑
n=0

{
(Ĝ0 − Ĝ0

0, ~R
)K̂~R

}n
Ĝ0, (2.4.13)

where Ĝ0 = (E−Ĥ0)−1 is the resolvent of the unperturbed Rydberg atom. If one considers
only a small range of energy ∆E � ERy around the Rydberg state with energy ERy and,
furthermore, assumes that in this small energy range the kinetic energy of the Rydberg
electron Te(R) is approximately the same for all states, the terms containing Ĝ0

0, ~R
can be

neglected and we obtain7

Ĝ(~R) =
∞∑
n=0

{
Ĝ0K̂~R

}n
Ĝ0 =

1

E − Ĥ0 − K̂~R

, (2.4.14)

where in the last step we identified the expansion of Ĝ0 for a perturbation given by the
K-matrix (see sec. 2.2.1). By comparing eq. (2.4.10) and eq. (2.4.14), we obtain

Ĥ(~R) = Ĥ0 + V̂sc(~R), (2.4.15)

where we used the notation V̂sc(~R) ≡ K̂~R for the K-matrix to emphasise that it takes the
role of a pseudopotential that describes the scattering between the Rydberg electron and
the perturber.

In order to calculate the eigenenergies of the system, it is useful to know the matrix
elements of the K-matrix in the eigenbasis of Ĥ0. Care must be taken at this point since
the frame of reference for the K-matrix K̂~R is centred at ~R while the spatial wave functions
Ψi(~r) are centred at the origin. This can be taken into account by translating the K-matrix

through the unitary translation operator Û(~R) [98] with Û(~R) |~r〉 = |~r + ~R〉, which leads

to V̂sc(~R) ≡ K̂~R = Û(~R)K̂Û †(~R). Applying the translation operator, inserting unity in
terms of the momentum eigenstates before and after the K-matrix, and implying atomic
units, one can see that

〈Ψj| V̂sc(~R) |Ψi〉 = 〈Ψj| Û(~R)K̂Û †(~R) |Ψi〉 (2.4.16)

=

∫
d~kd~k′ 〈Ψj|Û(~R)|~k′〉 〈~k′| K̂ |~k〉 〈~k|Û †(~R)|Ψi〉 . (2.4.17)

The appearing projections of the translated wave functions 〈Ψj|Û(~R)|~k′〉 and 〈~k|Û †(~R)|Ψi〉
on the wave vector basis are obtained by inserting unity in terms of the position projector
|~r〉 〈~r|

〈~k|Û †(~R)|Ψ〉 =

∫
d~r′ 〈~k|~r′〉 〈~r′|Û †(~R)|Ψ〉 =

∫
d~r′ 〈~k|~r′〉 〈~r′ + ~R|Ψ〉

=
1

(
√

2π)3

∫
d~r e−i

~k · ~r′Ψ(~r′ + ~R). (2.4.18)

7The constant term Ĝ0 seams to disappear because the index n of the sum is shifted by one and thus
the constant term is absorbed into the sum.
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In the second step we applied the translation operator to the left and in the last step
we inserted the projection of the position eigenstate on the momentum basis 〈~k|~r′〉 =

1
(
√

2π)3 e
−i~k · ~r′ [99] and switched to the space representation of the state |Ψ〉. Since the

appearing integral runs over the whole space, we can apply the coordinate shift ~r = ~r′+ ~R
and obtain

〈~k|Û †(~R)|Ψ〉 =
1

(
√

2π)3

∫
d~r e−i

~k · (~r−~R)Ψ(~r). (2.4.19)

Thus the K-matrix element becomes

〈Ψj| V̂sc(~R) |Ψi〉 =
1

(2π)3

∫
d~kd~k′d~rd~r′ 〈~k′| K̂ |~k〉 e−i~k · (~r−~R)+i~k′ · (~r′−~R)Ψ∗j(~r

′)Ψi(~r).

(2.4.20)

Since the scattering potential is of finite range, only values of ~r and ~r′ close to ~R will
contribute to the integral. Furthermore, the wave vector of the electron is almost constant
in the vicinity of ~R and its magnitude is given by kR =

√
2(E − VA+). The K-matrix

element can therefore be considered constant and can be drawn out of the k-integrals.
Identifying the definition of the three-dimensional Dirac delta function δ(3)(~r − ~R) =

1
(2π)3

∫
d~k e−i

~k(~r−~R), we can write in zero-range approximation

〈Ψj| V̂sc(~R) |Ψi〉 =

∫
d~rd~r′ 〈~k′R| K̂ |~kR〉 δ(3)(~r − ~R)δ(3)(~r′ − ~R)Ψ∗j(~r

′)Ψi(~r) (2.4.21)

=
[
〈~k′R| K̂ |~kR〉Ψ∗j(~r′)Ψi(~r)

]
~r′=~r=~R

. (2.4.22)

~kR and ~k′R now denote two k-vectors of the same magnitude but different direction, which
implies that an elastic scattering process is described. A more explicit expression for the
remaining K-matrix element 〈 ~k′R| K̂ | ~kR〉 can be obtained when expanding the K-matrix
in terms of partial waves, as shown in the following section.

2.4.2. Partial wave expansion of the interaction operator

Due to the low thermal energies involved in cold gases and due to the fact that the kinetic
energy of the Rydberg electron is rather low far from the core, we are mainly interested in
low energy scattering of the Rydberg electron from the perturber. Therefore, it is useful
to expand the scattering process in partial waves as only the lowest partial waves will
contribute to the scattering process (see section 2.2.2). If we consider elastic scattering

(|~k′| = |~k| ≡ k) in a central potential, the expansion of the K-matrix elements in partial
waves is given by [65, eq. 19.51]

〈~k′| K̂ |~k〉 = 2π
∞∑
l=0

(2l + 1)Al(k)Pl

(
~k′ ·~k
k2

)
, (2.4.23)
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where Al(k) = − tan δl(k)
k

is the scattering length of the l-th partial wave and Pl(x) denotes
the Legendre polynomial of l-th order. If we apply this to eq. (2.4.22), we obtain

〈Ψj| V̂sc(~R) |Ψi〉 = 2π
∞∑
l=0

(2l + 1)Al(kR)Pl

(
~k′R ·~kR
k2
R

)
Ψ∗j(~R)Ψi(~R) (2.4.24)

= 2π
∞∑
l=0

(2l + 1)Al(kR)Ψ∗j(~R)Pl

(
~∇ · ~∇
k2
R

)
Ψi(~R), (2.4.25)

where in the last step we used the representation of the k-vector in position space ~k =
~∇Ψ(~r) and ~∇ denotes a gradient that acts on the bra wave function. Based on the matrix
element above, we can finally express the interaction operator for the pseudopotential as

V̂sc =
∞∑
l=0

2π(2l + 1)Al(kR)Pl

(
~∇ · ~∇
k2
R

)
δ(3)(~r − ~R). (2.4.26)

Here, kR =
√

2
R
− 1

n2
eff

is the classical momentum of the Rydberg electron impinging on

the perturber atom B8. Inserting the Legendre polynomials P0(x) = 1 and P1(x) = x, we
finally obtain the two leading terms of the potential in the partial wave expansion

V̂s = 2πA0(kR)δ(3)(~r − ~R), (2.4.27)

V̂p = 6πA1(kR)δ(3)(~r − ~R)
1

k2
R

~∇ · ~∇, (2.4.28)

where

Al(kR) = −tan(δl(kR))

kR
(2.4.29)

is the scattering length of the l-th partial wave. Eq. (2.4.27) (s-wave interaction) and
eq. (2.4.28) (p-wave interaction) are the expressions for the pseudopotential we were look-
ing for and are of fundamental importance for modelling the Rydberg–ground state in-
teraction. Note that due to the scalar product of the gradients, the p-wave interaction in
eq. (2.4.28) consists of three individual terms, corresponding to the three spatial direc-
tions of the gradient. In spherical coordinates, we can therefore identify one radial and
two angular parts (θ and φ-direction) of the p-wave interaction, leading, respectively, to
Σ and Π symmetries, as will be discussed in sec. 2.4.7.

2.4.3. Angular momentum couplings

So far, we did not take into account any internal degree of freedom of the Rydberg electron
or the perturber atom. However, due to angular momentum coupling between the spin of
the collision partners, the K-matrix, and therefore the scattering phase shifts, will differ
for singlet- and triplet-scattering, as will be discussed in sec. 2.4.4. Since the derivation of
the pseudopotentials (sec. 2.4.1 and 2.4.2) holds for either of the two scattering channels,
the resulting pseudopotential is given by the sum over singlet(S) and triplet(T) scattering.

8In the classically forbidden region ( 2
R < 1

n2
eff

), the classical electron momentum becomes imaginary. To

circumvent this problem, we take the absolute value of the momentum to determine the scattering
length.
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To this end, the interaction operator from eq. (2.4.26) can be generalised to include the
angular momentum coupling. It then reads

V̂sc = 2π
∞∑
l=0

(2l + 1)
[
ÎSASl (kR) + ÎTATl (kR)

]
Pl

(
~∇· ~∇
k2
R

)
δ(3)(~r − ~R). (2.4.30)

Here, ÎS and ÎP denote the projection operators onto the singlet and the triplet state,

respectively. The scattering length AS,Tl (kR) = − tan δS,Tl (kR)

kR
now also depends on the

spin state through the spin dependency of the scattering phase shift. If we define ~̂S1 to

measure the spin of the Rydberg electron and ~̂S2 to measure the total electronic angular
momentum of the perturber, the appearing spin projectors can be written as

ÎS = − ~̂S1 · ~̂S2 −
1

4
, (2.4.31)

ÎT = ~̂S1 · ~̂S2 +
3

4
. (2.4.32)

The scalar product of the angular momentum operators ~̂S1 · ~̂S2 can be expressed in terms
of the angular momentum ladder operators, as shown in sec. A.2. Even though eq. 2.4.30
is valid for any choice of basis, it is instructive to settle for one particular basis at this
point. In accordance with what is done in ref. [55], we employ a basis set of the form
|n1, l1, j1,mj1〉⊗|ms2,mI2〉. The first part of this basis describes the Rydberg atom (index
1) and consists of the usual n1, l1, j1, mj1 quantum numbers of the spin–orbit coupled
Rydberg state. The second part describes the perturber (index 2), whose electron is
assumed to be in an S-state and whose total angular momentum projection mj2 is thus
equal to the spin projection ms2. Furthermore, the perturber possesses a nuclear spin I,
whose projection quantum number is mI2. For the Rydberg atom, the choice of the spin–
orbit coupled basis is reasonable because the numerical calculation of the Rydberg wave
functions in sec. 2.3.1 is also carried out in this basis. For the ground state, it is useful
to keep the hyperfine states uncoupled since in the uncoupled basis the electronic spin
projection ms2 is readily available, which facilitates the calculation of the spin projectors.
For the Rydberg state on the other hand, the electron spin is not so easily available
due to the spin–orbit coupling. In order to obtain the different spin contributions of any
particular fine structure state, one can in general decouple the spin and the orbital angular
momentum of a state |n, l, j,mj〉 by

|n, l, j,mj〉 =

1/2∑
ms=−1/2

〈n, l,ml; s,ms|n, l, j,mj〉 |n, l,ml; s,ms〉 . (2.4.33)

The appearing scalar product 〈n, l,ml; s,ms|n, l,m,mj〉 is the Clebsch–Gordan coefficient,
as discussed in sec. A.3. This choice of basis also implies that the hyperfine coupling of the

perturber atom is not yet included. Therefore, the term ĤHFS = A~̂S2 · ~̂I2, which couples
the electronic and the nuclear spin in the perturber, has to be added to the system
Hamiltonian9. If we restrict the partial wave expansion of the interaction operator in
eq. (2.4.30) to the s- and p-wave, we finally obtain the angular momentum coupled system
Hamiltonian
9A denotes the hyperfine structure constant. For the 5S-state in rubidium, it is A = h× 3.4 GHz.
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Ĥ = Ĥ0

+ 2π
[
ASs (kR)ÎS + ATs (kR)ÎT

]
δ(3)(~r − ~R)

+ 6π
[
ASp (kR)ÎS + ATp (kR)ÎT

]
δ(3)(~r − ~R)

~∇ · ~∇
k2
R

+ A~̂S2 · ~̂I2, (2.4.34)

which will be the basis for all further considerations.
In order to understand the states arising from this Hamiltonian, we want to analyse

the coupling of the four involved angular momenta ~L1, ~S1, ~S2, and ~I2. Since it is easier
to understand the underlying mechanisms, we will discuss the problem in the completely
uncoupled basis and assume the internuclear axis to be oriented along the z-axis. In a
simplified picture, the system at hand is represented by a toy Hamiltonian that includes
three angular momentum couplings of the form

Ĥtoy ∝ aLS
~̂L1 · ~̂S1 + aSS(ml1) ~̂S1 · ~̂S2 + aHFS

~̂S2 · ~̂I2, (2.4.35)

where the LS term originates from the spin–orbit coupled unperturbed Hamiltonian Ĥ0

and the spin–spin term (SS) stems from the singlet and triplet projectors. From the
structure of these coupling terms, it is clear that only the spin–spin interaction couples
the Rydberg spin–orbit term with the hyperfine term of the perturber. For vanishing spin–
spin interaction, the Hilbert space is thus separable and the states are product states of the
form |n1, l1, j1,mj1〉⊗ |F2,mF2〉. This is relevant for large internuclear separations, where
the perturber is not inside the Rydberg wave function any more and there is thus no spin–
spin interaction. Whenever the magnetic substates are not of interest for our discussion,
we will therefore label our infinitely separated two-particle states in the following by the
notation, i.e. 25P1/2;F = 1, denoting the Rydberg atom in the 25P1/2-state and the
ground state in the F = 1 hyperfine state. If the omission of the magnetic substates
creates ambiguities, we will explicitly give the full quantum state of both particles.

If, on the other hand, the spin–spin interaction is present, it is not clear what are good
quantum numbers for the system. Ignoring the nuclear motion, the Hamiltonian from
eq. (2.4.35) in principle gives rise to the total hyperfine coupled angular momentum10

~̃F = ~L1 + ~S1 + ~S2 + ~I2 (2.4.36)

and its projection on the z-axis

m̃F = ml1 +ms1 +ms2 +mI2. (2.4.37)

Due to the peculiar nature of the spin–spin interaction, its prefactor aSS implicitly depends
on the orbital angular momentum projection ml1 in a way that it vanishes if ml1 6= 0 (s-
wave and radial p-wave interaction) or ml1 6= ±1 (angular p-wave interaction), as will be
discussed in sec. 2.4.5. If these conditions are not fulfilled, the spin–spin interaction does
not mediate between the Rydberg atom and the ground state atom and consequently we

10The hyperfine quantum number is named F̃ to distinguish it from the hyperfine states F of the isolated
perturber atom.
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Figure 2.8: Angular momentum coupling scheme and the arising states for dominant hyper-
fine interaction. Without the spin–spin interaction (left side) the ground state perturber’s
spin S2 and its nuclear spin I2 form three degenerate F = 1 states and five degenerate F = 2
states. Each of the depicted mF states is two times degenerate due to the uncoupled spin
S1. The spin–spin interaction couples the Rydberg spin S1 to the system (right side) and
splits each of the two hyperfine levels in a pure triplet (S=1) and a mixed singlet–triplet
(mixed S) state. The total angular momentum F̃ ranges from |F − S1| to F + S1. In this
regime, the system is well-described by the quantum numbers F , F̃ and m̃F .

again expect to obtain a product state of the form |n1, l1, j1,mj1〉⊗|F2,mF2〉, independent
of the internuclear separation. If, in contrast, the conditions are fulfilled, we are restricted
to a certain subspace of the Hilbert space with fixed ml1. When the ~L1 · ~S1 term is
represented in terms of the ladder operators, as described in sec. A.2, we obtain

~̂L1 · ~̂S1 =
1

2
(L̂1,+Ŝ1,− + L̂1,−Ŝ1,+ + 2L̂1,zŜ1,z). (2.4.38)

It becomes obvious that through the ladder operators the LS term couples states with
the same L′1 = L1 but different m′l1 = ml1 ± 1. Within the restricted subspaces of fixed
ml1, there is no ml1±1 state available, such that the terms including the ladder operators
vanish and only the L̂1,zŜ1,z term persists. In the case of ml1 = 0, the projection term
also vanishes and there is thus no spin–orbit coupling in this subspace. This implies
that the s-wave interaction and the radial part of the p-wave interaction do not show
any influence of the Rydberg atom’s spin–orbit interaction. Only the angular part of the
p-wave interaction will thus show a line splitting due to the spin–orbit coupling. To get
a qualitative understanding of the states arising in the coupled system and still keep the
discussion as simple as possible, we will restrict ourself to the case ml1 = 0. Under this
assumption, we can replace eq. (2.4.36) by

~̃F = ~S1 + ~S2 + ~I2 (2.4.39)

and its projection on the z-axis (2.4.37) by

m̃F = ms1 +ms2 +mI2. (2.4.40)
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Figure 2.9: Angular momentum coupling scheme and the arising states for dominant spin–
spin coupling. Without the hyperfine interaction (left side) the Rydberg spin S1 and the
ground state spin S2 form one singlet state (S = 0) and three degenerate triplet states
(S = 1). Due to the uncoupled nuclear spin, each of the depicted levels is four times
degenerate. The hyperfine interaction lifts the degeneracy of the triplet states (right side)
and gives rise to the molecular hyperfine states F̃ running from |I − S| to I + S. In this
regime, the system is well-described by the quantum numbers S, F̃ and m̃F .

Even for infinitesimal interaction between the Rydberg electron and the perturber, a
molecular axis is defined that breaks the isotropy of the system and, consequently, the
orbital angular momentum is not a good quantum number any more. However, in the case
discussed above we only include the spins in the total angular momentum F̃ . Therefore, F̃
and its projection on the z-axis m̃F remain good quantum numbers as long as the molecule
is oriented along the quantisation axis. Thus, a labelling of the quantum states in terms
of F̃ in combination with either F or S is very instructive and provides a unique label for
each state. Which combination of quantum numbers gives an adequate description of the
state depends on the relative strength of the two involved angular momentum couplings.
In the following, we will therefore consider two cases where either the spin–spin coupling
or the hyperfine coupling is the dominant interaction.

Dominant hyperfine interaction

In the case of a dominant hyperfine interaction (aSS � aHFS), the electronic spin of the

perturber ~S2 and its nuclear spin are coupled to the hyperfine states characterised by the
quantum numbers F and mF . In the case of 87Rb, we obtain three degenerate F = 1
states and five degenerate F = 2 states as shown on the left side of fig. 2.8. Due to the
spin–spin interaction, these states are coupled to the spin ~S1 of the Rydberg electron,
giving rise to hyperfine states with the quantum numbers

F̃ = |F − S1|, ..., F + S1. (2.4.41)

Consequently, the F = 1 state splits up into F̃ = 1/2 and F̃ = 3/2 and the F = 2 state
splits up into F̃ = 3/2 and F̃ = 5/2, as shown on the right side of fig. 2.8. While the
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energetic ordering of the F̃ states is as expected for the F = 1 state, it is inverted in
the F = 2 case, which is due to the opposite sign of the Landé factors gI of the two
F states [92]. Analysing the contribution of singlet and triplet states of the spin–spin

system ~S = ~S1 + ~S2, we see that the F̃ = 1/2 state and the F̃ = 5/2 are of pure triplet
character and both F̃ = 3/2 states are of mixed singlet–triplet character, as described
in ref. [55, 100]. For increasing strength of the spin–spin interaction also the hyperfine
subspaces get mixed and the F = 1 mixed state gets an increasing contribution of the
F = 2 state and vice versa. This small admixture of opposite ground state character
enables spin-flip processes in the perturber upon excitation of Rydberg molecules, as will
be shown in sec. 5.2.

Dominant spin–spin interaction

When the spin–spin interaction is dominant (aSS � aHFS), the Rydberg spin ~S1 and the

ground state spin ~S2 form a singlet–triplet system ~S = ~S1 + ~S2 that consists of one singlet
state (|~S| = 0) and three degenerate triplet states (|~S| = 1), as depicted on the left side
of fig. 2.9. Since the full Hamiltonian in eq. (2.4.34) contains explicit terms for the singlet
and the triplet states of the spin–spin system, their energy is individually determined by
the respective term. In analogy to the hyperfine splitting of the J-states in the hydrogen
atom, here the hyperfine interaction gives rise to the states with the quantum numbers

F̃ = |S − I|, ..., S + I. (2.4.42)

In the case of the triplet states (S = 1) and for the nuclear spin I = 3/2 in 87Rb, we obtain
the quantum numbers F̃ = 1/2, F̃ = 3/2 and F̃ = 5/2, as shown on the right side of
fig. 2.9. Thus, the hyperfine interaction thus lifts the degeneracy of the three triplet states.
The resulting states, however, cannot be attributed to a certain triplet state but consist
of different mixtures of them. It is interesting to note that the F̃ = 1/2 state contains
only F = 1 states and the F̃ = 5/2 contains only F = 2 states and, consequently, these
two states energetically differ by the hyperfine splitting 2aHFS = 6.8 GHz of the perturber.
The triplet F̃ = 3/2 state is composed of a mixture of F = 1 and F = 2 states and its
energetic position depends on the exact mixing that is determined by the relative strength
of the spin–spin and the hyperfine interaction. Since the resulting spin of the singlet state
is zero (S = 0), only the F̃ = 3/2 state appears in this case. Due to the vanishing
magnetic moment of the singlet state, there is no interaction with the nuclear spin and
the resulting state is a product state of the form |m̃F 〉 = |S = 0〉 |mI〉. The m̃F states
thus reflect the projection of the nuclear spin mI2.

Comparing the coupled energy levels (right side) in fig. 2.8 and fig. 2.9, we realise that
both show the same structure and just differ in the energy gaps between the F̃ levels.
Indeed,we find that in both pictures the F̃ = 1/2 state and the F̃ = 5/2 states are pure
triplet states and pure F = 1 and F = 2 states, respectively. It is therefore possible
to describe these states solely by their F̃ quantum number and S = 1. The F̃ = 3/2
states on the other hand have the property that they are always mixed singlet–triplet
and mixed F = 1–F = 2 states. Even though both subspaces will always be mixed
for those states, the states corresponding to the weaker interaction will experience the
stronger mixing. For a dominant hyperfine interaction, they are thus strongly mixed
singlet–triplet states with a small mixing of the hyperfine states and we can describe the
state as either ”F = 1, F̃ = 3/2” or ”F = 2, F̃ = 3/2”. For a dominant spin–spin coupling
on the other hand, they are a strong mixture of F = 1 and F = 2 and show only a small



2.4. Rydberg–ground state interaction 49

mixing of the singlet and triplet subspace and we can therefore describe them as ”singlet
F̃ = 3/2” or ”triplet F̃ = 3/2”.

2.4.4. Scattering phase shifts

As pointed out in sec. 2.2.2, for small collision energies, the whole scattering process
between the Rydberg electron and the rubidium ground state atom can be described by
a single scalar quantity in terms of the scattering phase shift. Due to the approximations
made, the expressions for the interaction potentials V̂s from eq. (2.4.27) and V̂p from

eq. (2.4.28) also depend on the energy dependent scattering length AS,Tl and, therefore,
on the scattering phase shift as indicated by eq. (2.4.29).

Since an ab-initio calculation of the scattering phase shifts is beyond the scope of this
work, calculated values for the non-relativistic scattering phase shifts generously provided
by Ilya Fabrikant were used. In order to obtain a continuous function for δ(k) also between
the provided data points, a high order polynomial was fitted to the phase shift data. Even
though this method works satisfactory within the range of the provided data, it shows
problems at the edges, as high order polynomials tend to diverge outside the fitting range.
This problem becomes especially evident for k → 0 since the fit function has to meet the
right scaling behaviour (see sec. 2.2.2) in order to obtain the right zero energy scattering
length al = − limk→0Al(k). For small k the fit function is thus replaced by the right
asymptotic function δ(k) ∝ k2l+1, which is scaled in order to match the value of the fit
function at the crossover point.

The data provided by Fabrikant, along with the fitted polynomials for singlet and triplet
scattering of the s- and p-wave channels, are shown in fig. 2.10. Two interesting features
of the scattering process can be seen in this plot. First of all the 3S phase shift crosses zero
at k = 0.058 a.u.. This effect is called Ramsauer-Townsend effect and can be understood
in terms of constructive interference of multiply scattered waves within the potential that
leads to full transmission of the incident wave [101]. In the context of the pseudopotentials
derived above, this means that for k = 0.058 a.u. the triplet potential V̂ T

s vanishes since
ATs (k = 0.058 a.u.) = 0. This Ramsauer-Townsend minimum, however, only occurs in
the triplet but not in the singlet s-wave channel. The second important feature is the
π/2-crossings of the scattering phase shifts. As can be seen in fig. 2.10, there are multiple
such π/2-crossings for the different scattering channels. This discussion should however
be limited to the one at k = 0.048 a.u. for the 3P channel since higher k-vectors are only
reached very close to the Rydberg core where the derived pseudopotentials are likely to
fail anyway. The interesting feature of this point is that here the scattering length diverges
due to the tangent in eq. (2.4.29). This rise of the scattering length is caused by a shape
resonance in rubidium [95]. This means that for an incident wave vector k = 0.048 a.u.
the triplet p-wave scattering channel can form a meta-stable Rb− bound state. Due to
this binding, the outgoing wave gets increasingly delayed as the exact shape resonance is
approached, which reflects in the diverging scattering length in the stationary Schrödinger
picture. Of course, an infinite scattering length is unphysical since it should be at least
limited by the de-Broglie wavelength of the incident particle. Usually, this is covered by
a complex scattering phase shift in the T-Matrix formalism. Since we derived the Fermi
pseudopotentials using the real K-Matrix, we also obtained real phase shifts. While this is
indeed a problem for first-order perturbation treatments of the p-wave pseudopotentials,
it does not affect the results of an exact diagonalisation of the Hamiltonian if a sufficient
number of states above and below the state of interest is included in the basis. Due to
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Figure 2.10: Non-relativistic scattering phase shift as a function of the relative wave vector
k for singlet s-wave (dark blue), triplet s-wave (light blue), singlet p-wave (green), and triplet
p-wave (orange) scattering between a rubidium atom and an electron. The dots indicate the
data provided by I. Fabrikant, the lines are polyonimal fits to the data (see text). The blue
shaded area indicates the relevant region for the pseudopotential calculations down to an
internuclear distance of R = 80 a0. The π/2-crossing (shape resonance) for the 3P phase shift
at k = 0.048 is indicated by the light orange line. The zero crossing (Ramsauer-Townsend
effect) of the 3S phase shift at k = 0.058 is indicated by the light blue line.

level repulsion, the effect of the diverging scattering length is then only visible for the
energetically highest/lowest states of the basis [102].

Since the scattering phase shifts used are non-relativistic, they do not include the spin–
orbit splitting of the scattering phase shifts that arises due to the coupling of the atom’s
spin with the electrons orbital angular momentum. Including the spin–orbit interaction
leads to a triplet splitting of the 3P state into 3P0,1,2. A discussion of this effect in the
context of Rydberg molecules is given in refs. [95, 97].

2.4.5. Adiabatic potentials

We have now all necessary ingredients to calculate the potential energy Epot(R) of the
electronic problem. Before discussing the results of the full diagonalisation of the elec-
tronic Hamiltonian (2.4.34), we will shortly treat a simplified problem in perturbation
theory to gain some qualitative insight into the nature of this interaction.

Adiabatic potentials in perturbation theory

In order to learn more about the interaction potential, it is instructive to calculate the
energy correction in first order perturbation theory. This approach should yield valid
results for the non-degenerate S-, P -, and D-states in rubidium as long as the interaction
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Figure 2.11: Adiabatic energy curves for the 25P1/2 state obtained in first order perturba-
tion theory for triplet scattering only and the perturber located on the z-axis. The s-wave
contribution (light blue) and the p-wave contribution (red) add to the combined potential
(orange dashed). Since the s-wave interaction is proportional to |Ψ(R)|2, it is strongest at
the maxima of the radial electronic density R2|Ψ(R)|2 (gray shaded). Since it is proportional
to the wave function’s gradient, the p-wave interaction is strongest at the nodes of the wave
function. The inset shows a zoomed-out view of the s- and the p-wave potential.

is smaller than the energy gap to the neighbouring states. Since we are only interested
in qualitative statements at this point, and for the sake of simplicity, we will restrict
the perturbative discussion to the case of triplet scattering, but, of course, the following
reasoning applies to singlet scattering as well. Under these assumptions, the Rydberg–
ground state interaction terms in the angular momentum coupled expression in eq. (2.4.34)
reduce to the ones in eq. (2.4.27) and (2.4.28) for the s- and p-wave, respectively. For a
state |Ψ〉 with the radial wave function Ψ(r) the first order energy correction for s- and
p-wave is given by

∆Es(R) = 〈Ψ|V̂s(R)|Ψ〉 = 2πATs (kR)|Ψ(R)|2, (2.4.43)

∆Ep(R) = 〈Ψ|V̂p(R)|Ψ〉 = 6πATp (kR)|∇Ψ(R)|2. (2.4.44)

Obviously, the s-wave interaction is given by the electron density of the Rydberg state
scaled with the scattering length, while the p-wave interaction is determined by the gra-
dient of the wave function scaled with the respective scattering length. As shown in
fig. 2.11, the s-wave interaction is extremal where the electron density is maximal. The
p-wave interaction on the other hand maximises at the nodes of the wave function since
there the radial gradient is maximised. The envelope of the oscillating potentials is de-
termined by the scattering lengths. Due to the Ramsauer-Townsend effect (sec. 2.4.4),
the s-wave potential changes its sign and vanishes at 373 a0. The appearing shape reso-
nance in the triplet channel thus causes the p-wave interaction to diverge at 460 a0 and
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to change its sign, as shown in the inset of fig. 2.11. This unphysical divergence leads to
unusable results in the vicinity of the divergence. For longer internuclear distances, where
the k-vector of the Rydberg electron is well below the critical value, it is still possible to
obtain a valid approximation, even in perturbation theory. The combined s- and p-wave
potential in fig. 2.11 carries over the oscillatory behaviour of its constituents. Since the
s-wave contribution is maximal when the p-wave contribution vanishes and vice versa,
the combined potential does not oscillate back to zero. This effect changes the scatter-
ing characteristics between a Rydberg atom and a ground state atom, as will be shown
in sec. 4. Furthermore, the oscillatory behaviour of the combined potential gives rise
to bound molecular states. Such states in the outer wells of the potential are dubbed
ultralong-range Rydberg molecules [46, 48, 103, 104]. A generic method for finding those
bound states in the calculated adiabatic potentials is presented in section 2.4.8.

Diagonalisation of the interaction operator

In order to also take into account the mixing of states when the interaction becomes larger
than the level spacing, we performed a full diagonalisation of the Hamiltonian eq. (2.4.34)
using a basis representation, as described in sec. 2.4.3 with a truncated basis set. As the
approximations made to derive the pseudopotential in sec. 2.4.1 restricts the problem to
elastic scattering and thus requires all states to have the same electron momentum, we

have to settle for one particular k(R) =
√

2
R
− 1

n2
eff

. We therefore choose a state of interest,

i.e. 25P , and approximate all other states in our truncated basis to have the same semi-
classical momentum distribution k(R). When truncating the basis, it must not be chosen
too small in order to cover all major contributions of other states. However, due to the
zero range approximation made in the derivation of the pseudopotential, it must also not
be chosen too big in order to avoid divergence of the eigenenergies, as described in sec. A.6.
Furthermore, the effect of divergences in the scattering length on the diagonalisation can
be eliminated by including the adjacent hydrogenic manifolds above and below the state
of interest. Since all included states have the same k(R), the divergence will appear at
the same point and the level repulsion in the diagonalisation will promote the divergence
to the outermost states of the truncated basis while the divergence is lifted for the central
states. It is thus possible to obtain valid eigenvalues also close11 to the divergence of the
triplet p-wave [102]. In the light of those arguments, we truncate our basis to include the
state of interest and all states up to and including the next hydrogenic manifold above
and below.

In order to reduce our basis set even further, we can make use of the symmetry of the
system. Since we do not include any external fields that break the rotational symmetry
of the system, the eigenvalues of the interaction Hamiltonian are not angular dependent,
as demonstrated in sec. A.5. To simplify the calculation, we can therefore choose the
internuclear axis to coincide with the z-axis, in which case we need to know the value and
the gradient of the Rydberg wave function Ψ(r, 0, φ) = Rn1l1(r)Y m1

l1
(0, φ) along the z-axis

in order to evaluate the pseudopotential terms of the Hamiltonian. Due to the behaviour
of the associated Legendre polynomials, the spherical harmonics inside the Rydberg wave
function

Y m
l (θ, φ) ∝ (1− cos2(θ))m1/2 (2.4.45)

11While mathematically possible, one cannot go arbitrarily close to the divergence, as the involved high
numbers will cause numerical errors.
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vanish on the z-axis (θ = 0) except for ml1 = 0. Since the s-wave interaction is propor-
tional to the value of the wave function, it consequently vanishes for higher ml1 states.
As shown by eq. (A.4.12), the gradient of the wave function in the radial direction is
still proportional to the spherical harmonics and thus the same argument applies for the
radial part of the p-wave interaction. The gradient in θ direction includes terms of the
form Y ml1+1

l1
(θ = 0, φ) and Y ml1−1

l1
(θ = 0, φ), which are only non-vanishing in the case

ml1 = ±1. It is therefore only necessary to include states with ml1 = 0,±1 in our basis
set, as the interactions vanish for higher ml1 states. In the spin–orbit coupled basis the
coupled angular momentum projection fulfils mj1 = ml1 +ms1, which implies that for the
s-wave interaction only states with |mj1| = 1/2 and for the p-wave interaction only states
with |mj1| ≤ 3/2 contribute. It should be stressed again that this simplification can only
be made if the internuclear axis is aligned with the z-axis. If this is not the case, i.e. due
to an external field breaking the symmetry, all mj1 states need to be included. If, on the
other hand, all mj1 states are included, the internuclear axis can enclose an arbitrary angle
θ with the z-axis and we will always recover the exact same eigenenergies in the field-free
case, as expected from the symmetry of the system. In contrast to the eigenvalues, the
eigenvectors do still depend on the angle θ. It is, however, not necessary to diagonalise
the problem for every angle θ since a known set of eigenvectors for a certain angle can
be transformed to a different angle by the Wigner d-matrix [105]. As a consequence of
this angular dependence, the coupling strength for the excitation by a linear polarised
laser beam also varies with θ. In an atomic cloud however, the positions of the atoms
are randomly distributed and therefore many atom pairs with different orientations to
the polarisation axis can be found at every time. Thus, in experiments involving atomic
clouds, the angular dependence of the coupling strength averages out over the many angles
realised in the ensemble.

Since our main interest is in the field-free eigenenergies, we can fix the internuclear axis
to the z-axis and restrict our basis to |mj1| ≤ 3/2. The potential energy curves (PECs)
obtained from the diagonalisation around the 25P -state in rubidium in combination with
the 1/r4 polarisation potential (sec. 2.4) is shown in fig. 2.12. In the resulting potential
landscape, we observe a qualitatively different behaviour for the low-l states and the
hydrogenic manifolds. In the following, we want to address both cases individually.

2.4.6. Ultralong-range potentials

At high internuclear separations, close to the outermost lobe of the electronic wave func-
tion, the potential curves connecting to the low-l states, in this case 25P , 24D, and 26S,
are called ultralong-range potentials and the molecular bound states in these potentials
are called ultralong-range Rydberg molecules. Due to their high energetic separation from
the hydrogenic manifold, higher l states are not significantly mixed in by the interaction.
Consequently, we expect to recover the perturbative result of sec. 2.4.5 from the diag-
onalisation. Fig. 2.14a shows a zoomed view on the two 25P1/2;F = 1 PECs that are
obtained from the diagonalisation and fig. 2.14b shows the two PECs obtained for the
25P1/2;F = 2 state. Since the spin–spin interaction strength is small compared to the
hyperfine interaction, we obtain two distinct potential curves for each hyperfine state, as
discussed in sec. 2.4.3. While the deeper of the two potentials (”triplet”, F̃ = 1/2 or
F̃ = 5/2) is of pure triplet type and is identical to the combined s- and p-wave triplet
potential calculated in perturbation theory (fig. 2.11), the shallow potential (”mixed”,
F̃ = 3/2) is of mixed singlet–triplet type [55], which is a direct consequence of the hy-
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Figure 2.12: Adiabatic potential energy curves (PECs) obtained by a full diagonalisation
of the Hamiltonian from eq. (2.4.34) around the 25P1/2;F = 1 state. The terms of the
asymptotic free Rydberg states are noted beneath each group of states. From the hydrogenic
manifolds (nHy) the trilobite states (1S and 3S) and butterfly states (1P and 3P ) detach.
The blue lines indicate where the divergence of the 3P scattering length (461 a0) appears.
The red line indicates the position of the Ramsauer-Townsend minimum in the 3S channel.
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(a) (b)

(c)
(d)

Figure 2.13: Radial electron density ρ|Ψ(z, ρ)|2 in cylindrical coordinates, illustrating the
shape of the electronic density distribution for the different classes of potentials. In each
case a surface plot and a 2D projection is shown. A sketch of the molecule above the
projection plane shows, where the Rb+ ion (red) and the ground state perturber (green)
are located. The vanishing electron density on the z-axis is caused by the volume element
in cylindrical coordinates. (a) Ultralong-range triplet potential for the 25P1/2;F = 1 state

(R = 933 a0). (b) Trilobite potential (F̃ = 1/2, R = 920 a0). (c) r-butterfly potential
(F̃ = 1/2, R = 245 a0). (d) θ-butterfly potential (F̃ = 1/2, R = 227 a0).



56 2. Theory

..
600

.
700

.
800

.
900

.
1000

.
1100

.
1200

. Internuclear distance [a0].

−400

.

−300

.

−200

.

−100

.

0

.

100

.

En
er

gy
[M

Hz
]

.

25P1/2; F = 1

.

mixed

.

triplet

(a)

..
600

.
700

.
800

.
900

.
1000

.
1100

.
1200

. Internuclear distance [a0].

−400

.

−300

.

−200

.

−100

.

0

.

100

.

En
er

gy
[M

Hz
]

.

25P1/2; F = 2

.

mixed

.

triplet

(b)

Figure 2.14: Ultralong-range potentials for the two hyperfine states (a) F = 1 and (b)
F = 2 of the 25P1/2 state for large internuclear separations. Due to the hyperfine interaction
in the perturber, two classes of potentials appear: a pure triplet potential (red) and a mixed
singlet–triplet potential (blue). The triplet potential is identical for both F states while the
mixed states differ from each other. Zero energy in (b) is 6.8 GHz higher than in (a).

perfine interaction term in the Hamiltonian from eq. (2.4.34). Without this term, the
Hilbert space separates into a singlet and a triplet subspace and we obtain a pure triplet
and a pure singlet potential, which are both identical to the respective perturbative result.
However, the hyperfine interaction in the perturber mixes the subspaces and instead of
the pure singlet and triplet potentials we obtain a mixed type potential and a pure triplet
potential. The exact mixing of the two scattering channels depends on the hyperfine state
of the perturber, which is the reason why the mixed potentials differ for the 25P1/2;F = 1
state and the 25P1/2;F = 2 state [55]. The difference in the mixed potentials can be
seen from the comparison between the hyperfine states in fig. 2.14. While already the
first observed Rydberg molecules in 2009 proved the existence of the triplet potential [48],
only recently the existence of the mixed type potential was experimentally confirmed in
rubidium [52] and caesium [53].

The subspace mixing through the hyperfine interaction has another important conse-
quence since the argument also applies the other way around: The scattering interaction
terms in the Hamiltonian mix the F = 1 and F = 2 subspaces of the Hilbert space
and thus the mixed type potential consists of both hyperfine states. The admixture of
the opposite hyperfine state is experimentally confirmed by showing spin-flips and the
emergence of entangled states, as will be shown in sec. 5.2.

The diagonalisation of the Hamiltonian not only allows us to extract the eigenenergies
of the system for an arbitrary internuclear distance R but also to obtain the eigenvector
at this position. As described in sec. A.7, we can calculate the electronic density from
the eigenvector. The obtained electronic density for the minimum of the outermost well
(R = 933 a0) in the triplet potential of fig. 2.14 is shown in fig. 2.13a. Since almost no
other states are admixed in this low-l class potential, the overall shape is mainly given by
the spin–orbit coupled P1/2 state wave function.

2.4.7. Trilobite and butterfly potentials

The situation in the hydrogenic manifolds is very different to the low-l states since a high
number of degenerate states are mixed by the pseudopotential terms in the Hamiltonian.
This results in a set of states that mix to minimise the interaction energy while the residual
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Figure 2.15: High-l class of potential curves. (a) Zoom-in on the n = 23 hydrogenic
manifold with the detaching trilobite (3S and 1S) and butterfly states (3P and 1P ). The
kinks in the potential at ≈ 1000 a0 appear at the transition into the classically forbidden
region and originate from a wrong low-k scaling of the fitted scattering phases (sec. 2.4.4).
The red line indicates the position of the Ramsauer-Townsend minimum (sec. 2.4.4). Due
to a shape resonance in the triplet p-wave, the 3P butterfly forms very deep potentials with
the minimum slightly below the 25P state. (b) Zoom-in on the minimum of the smooth
θ-butterfly and the oscillating r-butterfly potentials. For both plots, zero energy was set to
the 25P1/2;F = 1 state.

states are uncoupled, as explained in sec. A.5. Fig. 2.15a shows that four different types
of PECs (1S, 3S, 1P , 3P ) detach from the hydrogenic manifolds (nHy), corresponding
to the maximisation of the different scattering terms in the Hamiltonian. Depending on
whether the s- or the p-wave interaction is maximised, we can further subdivide this class
of states into trilobite states and butterfly states, which are discussed in the following.

Trilobite states

The two classes of states denoted with 1S and 3S are the so-called trilobite PECs. They
are characterised by maximising the s-wave interaction. Since the s-wave interaction is
proportional to the electron density at the position of the perturber, these states mix the
hydrogenic states in a way that their superposition has the maximum possible electron
density at the perturber’s position. This means that for a given internuclear separation
the state from the hydrogenic manifold with the highest electron density at this point will
give the leading contribution. Since the contributions of many states from the hydrogenic
manifold add up, we obtain a very strong overall energy shift compared to the ultralong-
range states. The s-wave interaction mixes only states with |ml1| = 0 (mj1 = 1/2), as
higher ml1 states have a vanishing wave function on the z-axis (see above). The resulting
state thus shows a Σ-symmetry (Λ = 0), known from conventional diatomic molecules.
Since ml1 = 0 states have no angular dependence, the mixing in the trilobite state is
solely determined by the radial wave functions of the involved states. Consequently, the
trilobite potential curves inherit the oscillatory behaviour of the radial wave functions
of the constituting hydrogenic states. Since the high number of radial wave function
nodes limits the maximum electron density of low-l states, it is beneficial for the system
to admix high-l states as those have few nodes and can thus provide a high, localised
electron density. Even in the case of an avoided crossing with a low-l state, the trilobite
state does not admix significant amounts of the low-l state. In rubidium, no crossings
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between the trilobite states and low-l states appear. In caesium, however, where due to
the small non-integer part of the quantum defect the S-state lies close to the hydrogenic
manifold, the small S-admixture at the crossing of the trilobite state with the S-state can
be used to couple to hybrid states that are predominantly of trilobite character and thus
prove the existence of this class of potentials [49].

Due to the added interaction of numerous degenerate hydrogenic states in the trilo-
bite PECs, the spin–spin interaction dominates the hyperfine interaction and thus the
degeneracy of the three triplet states is lifted, as discussed in sec. 2.4.3. Consequently,
we observe one 1S-trilobite PEC with the total angular momentum F̃ = 3/2 and three
3S-trilobite PECs with the total angular momenta F̃ = 1/2, F̃ = 3/2 and F̃ = 5/2 (com-
pare fig. 2.15a). Since the 1S scattering phase shifts are negative for all k, the according
scattering length is positive and thus the singlet trilobite state forms a repulsive potential
curve. The small oscillations of its potential do not form wells and thus do not support
bound states. In contrast, the three triplet trilobite potentials detach to the red side
of the hydrogenic manifold and reach down almost 30 GHz before they bend up again
to ultimately cross the manifold again at the Ramsauer-Townsend minimum of the 3S
scattering channel at 373 a0. The oscillations of the trilobite PECs around its minimum
at 930 a0 form individual wells that support vibrational bound states, which are referred
to as trilobite states or trilobite molecules. A summary of the properties of trilobite states
is given in tab. 2.2.

As explained in sec. A.7, we can use the eigenvectors from the diagonalisation to obtain
the probability density of the Rydberg electron in the trilobite potential for arbitrary
internuclear separation R. For the outermost minimum (R = 920 a0) of the F̃ = 1/2
triplet trilobite potential fig. 2.13b, shows that the resulting electron density has a strong
peak at the perturbers position and the overall shape of a trilobite, which gives the name
to this class of states.

Butterfly states

The p-wave interaction gives rise to so-called butterfly states that maximise the wave
function gradient at the position of the perturber. The nature of the gradient leads to
an important qualitative difference compared to trilobite states. Since the gradient of the
wave function is a vector, it can be maximised individually in three spatial dimensions,
enabling, in principle, three independent butterfly states. However, due to the problem’s
rotational symmetry around the z-axis, the wave function may not change in φ direction
and thus there cannot be a gradient in this direction. In the residual two directions,
namely the radial and the θ-direction, however, the gradient can be maximised. Therefore,
we obtain two qualitatively different butterfly states in the radial (”r-butterfly”) and the

Table 2.2: Properties of butterfly and trilobite states. The table summarises the dominant
scattering channels, the symmetry of the electronic wave function, whether high- or low-
l states create strong contributions, which |ml1| states are admixed, and which hyperfine
states exist in 87Rb.

State Channel Symmetry Preferred l ml1 Hyperfine states F̃
Trilobite s-wave Σ high-l 0 1/2, 3/2, 5/2

r-Butterfly p-wave Σ low-l 0 1/2, 3/2, 5/2
θ-Butterfly p-wave Π high-l ±1 3/2, 5/2, 7/2
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angular (”θ-butterfly”) direction.

If the internuclear axis is aligned with the z-axis, only states with ml1 = ±1 have a
non-vanishing gradient in θ direction. The θ-butterfly is thus restricted to this subspace
of the Hilbert space and, consequently, possesses a Π-symmetry (Λ = 1). As high-l states
with small mj1 have many nodes in θ-direction, they show strong gradients perpendicular
to the internuclear axis and are therefore dominantly mixed into the θ-butterfly. Thus,
even in the presence of an avoided crossing with a low-l state, we do not observe strong
admixture of low-l states.

The r-butterfly state on the other hand maximises the gradient in the radial direction.
For the internuclear axis aligned along the z-axis, the Rydberg wave function, and thus
its radial gradient, is only non-vanishing at the perturber for ml1 = 0. Consequently,
the r-butterfly is restricted to the ml1 = 0 subspace and thus possesses a Σ-symmetry
(Λ = 0). Since the radial wave function has the maximum number of nodes for l = 0, we
see the opposite behaviour compared to the θ-butterfly: It is beneficial for the system to
admix low-l states in the r-butterfly states and in the vicinity of an avoided crossing with
a low-l state, this will be the leading contribution to the r-butterfly state.

Just like in the case of the trilobite state, the difference in the singlet and triplet
scattering length gives rise to two independent singlet (1P ) and triplet (3P ) butterfly
states. In fig. 2.12 and fig. 2.15a we thus see one oscillatory 1P r-butterfly PEC with the
total angular momentum F̃ = 3/2 and one non-oscillatory 1P θ-butterfly PEC with the
total angular momentum F̃ = 5/2. Due to the added value of the maximised gradients,
also the butterfly PECs are dominated by the spin–spin interaction and we see the lifting
of the triplet states’ degeneracy, as described in sec. 2.4.3. In fig. 2.12 we thus see three
oscillatory 3P r-butterfly PECs with the total angular momenta F̃ = 1/2, F̃ = 3/2,
F̃ = 5/2 and three non-oscillatory 3P θ-butterfly PECs with the total angular momentum
F̃ = 3/2, F̃ = 5/2, F̃ = 7/2. Due to the increased scattering length in the vicinity of the
3P shape resonance, these PECs form very deep potentials that cross all low-l states up
to and including the 25P state. The butterfly PECs around their minimum in the vicinity
of the 25P state are shown in fig. 2.15b. Since the r-butterfly preferably admixes low-l
states, it is not surprising that the r-butterfly states, due to the nearby crossing with the
P -state, consist of 15% 25P states in the vicinity of the potential minimum, as will be
shown in sec. 6.1. The θ-butterfly states on the other hand show no significant admixture
of the 25P state despite of the crossing. It is therefore possible to use a single photon
transition to couple to bound states in the highly oscillatory r-butterfly potential, while
the coupling to the θ-butterfly potential is very weak.

As already explained for the other classes of states, we can also visualise the electron
density for the r-butterfly state (fig. 2.13c) and the θ-butterfly (fig. 2.13d). Because the
shape of the r-butterfly electron density resembles the shape of a butterfly, the whole class
of p-wave dominated states is dubbed butterfly states. A summary of the properties of
the two classes of butterfly states in comparison to the trilobite state is given in tab. 2.2.

2.4.8. Molecular bound states

After we solved the electronic part of the full molecular problem described in sec. 2.4 and
we know the adiabatic PECs Epot(R), we can now proceed to solving the Hamiltonian of
the nuclear motion in eq. (2.4.6). Since the structure of the Hamiltonian is the same as
for conventional molecules, the following discussion is valid for every diatomic molecule
and can thus be found in standard text books on molecular physics [77, 106]. It should
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further be noticed that the structure of the Schrödinger equation arising from eq. (2.4.6)
is identical to the hydrogen problem but includes a very different radial potential Epot(R).
Accordingly, we can apply the same formalism to solve the problem at hand. Since the
potential term in eq. (2.4.6) does not depend on the angles θ and φ, it is useful to express

the Laplace operator in terms of the squared angular momentum operator ~̂L2 and the
radial momentum p̂R [65, eq. 9.13]. The resulting Schrödinger equation reads[

p̂2
R

2M
+

~̂L2

2MR2
− (E − Epot(R))

]
Φ(~R) = 0. (2.4.46)

Due to the structure of the differential equation, it is reasonable to assume that the
solution has the structure

Φ(R, θ, φ) = Φvib(R)Y m
l (θ, φ). (2.4.47)

With this ansatz we obtain the two coupled differential equations[
~̂L2 − ~2l(l + 1)

]
Y m
l (θ, φ) = 0, (2.4.48)[

p̂2
R

2M
+

~2l(l + 1)

2MR2
− (E − Epot(R))

]
Φvib(R) = 0. (2.4.49)

While the former differential equation describes the angular motion of the internuclear
axis, i.e. the rotation of the molecular system, and is solved by the spherical harmonics,
the latter one describes the distance between the nuclei and thus the vibration of the
molecule. In the following, we will briefly discuss the arising rotational and vibrational
states and highlight some of their properties.

Rotational states

As already mentioned above, the differential equation for the angular degree of freedom
given in eq. (2.4.48) is solved by the spherical harmonics Y m

l (θ, φ). This solution gives
rise to discrete states of rotation that are characterised by the quantum numbers l and m.

In the context of molecular rotation, the angular momentum operator is often denoted ~̂N
and the according quantum numbers are N and MN , such that |l,m〉 ≡ |N,MN〉. Sticking
to this notation the energy term connected to the rotation of the molecule in eq. (2.4.46)
reads

Erot =

〈
~̂N2

2MR2

〉
= BN(N + 1), (2.4.50)

where B = ~2/(2I) is the rotational constant and I = MR2 the moment of inertia of the
molecule. When evaluating the expectation value, we assumed the molecule to be a rigid
rotor, meaning that R is constant. Care has to be taken as this assumption is not always
justified for highly excited vibrational states of Rydberg molecules that are delocalised
over hundreds of Bohr radii. In this case, a proper calculation of the expectation value
〈1/R2〉 has to performed. For low-lying vibrational states that are well-localised, the rigid
rotor model is, however, a good approximation. Even for molecules in the vibrational
ground state, there is a small spread in the internuclear distance due to the vibration.
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(a) (b)

Figure 2.16: Geometry and level structure of a rigid rotor. (a) The rotational angular
momentum ~N is perpendicular to the internuclear axis of length Re. The projection of the
angular momentum on the z-axis Nz can only have the discrete values ~MN . (b) The energy
levels of the first four N -states. The N(N + 1) scaling gives rise to increasing energy gaps
between adjacent N -states. Each N -state consists of 2N + 1 degenerate MN states.

To emphasise that the rotation of vibrating molecules with the equilibrium distance Re

is described, the (equilibrium) rotational constant is often denoted Be.

As depicted in fig. 2.16a, the angular momentum ~N is perpendicular to the plane in
which the internuclear axis rotates. The length of the angular momentum vector is given
by | ~N | = ~

√
N(N + 1) and its z-projection is Nz = ~MN . For given quantum numbers

N and MN , the tip of ~N is thus fixed to a circle around the z-axis. The probability to find
the internuclear axis oriented at an angle θ, φ with respect to the z-axis is given by the
modulus square of the spherical harmonics |Y MN

N (θ, φ)|2. An illustration of the spherical
harmonics is given in fig. A.1. It should be noted here that without any external force all
rotational states are symmetric with respect to reflection at the x-y-plane. This changes if
the molecule possesses a permanent dipole moment that interacts with an external electric
field along the z-axis, as will be discussed in sec. 2.6. In the field-free case the MN states
for a certain N are degenerate, as shown in fig. 2.16b.

Since the rotational constant and thus the energy splitting of the rotational states
depend on 1/R2

e , they are typically small for the high internuclear separations found in
Rydberg molecules. For an internuclear separation of 933 a0, where we find the outermost
well of the ultralong-range PECs, the model predicts a rotational constant of 48 kHz.
This splitting is comparable to the natural decay rate of the Rydberg states considered
here12 and thus it is hard to observe it experimentally if only the lowest N states are
populated. In the other limit, the rotational constant is 3.1 MHz for the well of the triplet
r-butterfly potential at 116 a0. This splitting is not only well above the limit given by the
natural decay but also within reach of the spectroscopic resolution of many experiments.
In both cases, however, the rotational constant is negligible compared to the depth of the
potential, which simplifies the calculation of the vibrational bound states, as shown in

12From the low-l states that support ultralong-range potentials, the P -state is the one with the smallest
decay rate. In the case of the 25P , it is 53 kHz.
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(a) (b)

Figure 2.17: Wave functions of the vibrational bound states obtained by the shooting
method. Every wave function is shifted on the y-axis according to its binding energy. The
vibrational wave functions are normalised to their respective maximum value rather than
the enclosed area to visualise the structure of the excited states. (a) All appearing bound
states in the 25P1/2;F = 1 triplet potential (F̃ = 1/2) around the outermost potential
minimum. The colour is a guide to the eye. (b) A subset of the vibrational bound states in
the F̃ = 1/2 r-butterfly potential. Only the states corresponding to the harmonic oscillator
states in the individual wells are shown. The illustrated potential supports many more
bound states, most of them highly oscillatory states bound by the envelope of the potential.

the following.

Numerical calculation of vibrational bound states

While the angular differential equation can be solved analytically, it is much harder to
solve the radial equation to obtain the vibrational bound states. Due to their high bond
length, the rotational energy of Rydberg molecules BN(N + 1) is small compared to the
depth of the PECs Epot(R) and we can neglect the former. From eq. (2.4.49), we thus
obtain [

p̂2
R

2M
− (E − Epot(R))

]
Φvib(R) = 0. (2.4.51)

This Schrödinger equation describes a particle of the effective mass M moving in the one-
dimensional potential Epot(R). Due to the non-trivial behaviour of the electronic PECs
(see fig. 2.12), it is in general not possible to find an analytic solution for the vibrational
states and we have to resort to a numerical solution of the problem.

Here, we employ the shooting method described in sec. A.8 to determine the vibrational
bound states in the PECs we obtained from the diagonalisation. Fig. 2.17a shows the
bound states in the 25P1/2;F = 1 triplet potential (F̃ = 1/2) around the outermost
potential minimum, as it is shown in fig. 2.14. The leftmost plotted point is the analysis
point R1 of the shooting method (see sec. A.8). Even though this is not in the classically
forbidden region, we still obtain reasonable results if the wave function passed a sufficiently
high energy barrier that confines the bound state to the left. Looking at the bound states,
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we see that the double-well with minima at 808 a0 and 933 a0 formed by the potential
give rise to non-trivial bound states. The bound state with an energy of −160.2 MHz
can be considered as the ground state in the double-well. Since the well at 933 a0 is
slightly deeper, the wave function is more localised in this well and shows a shoulder at
the position of the other well. For smaller binding energies, we find more vibrational
wave functions that start to probe the potential at smaller internuclear separations as the
potential barrier becomes smaller towards smaller internuclear separations. For example,
the bound states with an energy of −117 MHz and −107 MHz already show a high wave
function amplitude in the wells at 691 a0 and 597 a0. At even higher energies, the states
are not confined by any potential barrier on the inside, which makes it counter-intuitive
to see any bound states. These states are bound by the quantum reflection imposed by
the sharp drop of the potential underneath them [107] that is caused by the increasing
depth of the potential wells and ultimately by the crossing of the r-butterfly curves. Thus,
the highly excited vibrational states are strongly oscillating and delocalised over a very
long distance.

The very opposite situation is found in the increasingly deep wells that are formed by the
potential for smaller internuclear separations. Already the well at 691 a0 is sufficiently deep
that tunneling to the neighbouring wells is negligible for energies close to the minimum
of the well. Such almost isolated wells can be approximated by the harmonic oscillator
potential given in eq. (A.8.3). Indeed, the bound states found by the shooting method
reveal the same structure of bound states as they are obtained in the harmonic oscillator
model and the bound state at an energy of −282 MHz can be identified with the harmonic
ground state in the well. In the neighbouring well at 597 a0, we find a bound state at an
energy of −255 MHz that can be identified with the first excited state in this well.

The presence of the harmonic oscillator states gets even more obvious if we look at the
highly oscillatory PEC of the F̃ = 1/2 r-butterfly curve in fig. 2.17b. For this potential, the
shooting method finds a plenitude bound states, most of which are bound by the envelope
of the oscillating potential, giving rise to strongly oscillating wave functions. However, we
also see the harmonic oscillator states in the individual wells. The corresponding subset
of wave functions for the first three vibrational states in each well is plotted on top of
the potential in fig. 2.17b. The parameters for a best fit of a harmonic potential to the
individual wells of the potential for all r-butterfly PECs can be found in sec. A.9.

2.4.9. Determination of the dipole moment

In conventional diatomic homonuclear molecules, the two constituents approach each
other so close that the extent of even the lowest lying electronic orbitals overlap. In
such configuration, it is impossible to attribute a certain electron to a certain nucleus.
Instead of the two possible localised states, the eigenstates of the system become the
symmetric (gerade) and anti-symmetric (ungerade) superposition of these states, giving
rise to the well-known binding and anti-binding orbitals. Since the state localised at the
first nucleus overlaps the state localised at the second nucleus as much as the other way
around, there can be no asymmetry in the resulting orbital. Consequently, such molecules
cannot possess a permanent electric dipole moment. For Rydberg molecules, however, the
situation is different. Due to the high bond length, there is no overlap of the perturber’s
ground state with the Rydberg core. It is therefore possible to excite the system in an
asymmetric state, where one electron is in the ground state and the second electron is in
the Rydberg state. Therefore, Rydberg molecules, despite of being homonuclear, possess
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a permanent electric dipole moment [51]. In particular, the dipole moment of the butterfly
molecule arises because the maximisation of the wave function gradient at the position
of the perturber requires an asymmetric distribution of the electron density along the
z-axis (see fig. 2.13). In order to calculate this permanent dipole moment of the butterfly
molecule, we need to know the dipole moment of the butterfly state for each internuclear
separation in the region of the vibrational wave function. Let the butterfly state be

|ΨR〉 =
N∑
i=0

cR,i |i〉 , (2.4.52)

where |i〉 are the eigenstates of the unperturbed Rydberg atom. In order to get the z-
component of the dipole moment of this state, we have to calculate the expectation value
of the dipole operator d̂z = qẑ and we obtain

dz(R) = q 〈ΨR|ẑ|ΨR〉 =
N∑
i,j

c∗R,icR,j 〈i|ẑ|j〉 . (2.4.53)

This means that the dipole moment of the butterfly state can be calculated from a sum
of the dipole matrix elements 〈i|qẑ|j〉 of the unperturbed Rydberg states. As described in
sec. 2.3.1, the numerical calculation of these dipole matrix elements is readily available.
The coefficients c∗R,i and cR,j are obtained from the eigenvectors of the diagonalisation de-
scribed in sec. 2.4.5. As one can see from eq. (2.4.53), we only obtain a permanent electric
dipole moment if states with a dipole-allowed transition are mixed. Since ultralong-range
Rydberg molecules are predominantly in only one low-l state, they show negligible dipole
moments. The high-l states on the other hand strongly mix the degenerate states from the
hydrogenic manifold and thus many dipole-allowed combinations of states in eq. (2.4.53)
lead to a high permanent electric dipole moment. For instance, the butterfly molecules
studied in sec. 6.3 show dipole moments in excess of 500 D and in caesium molecular states
with a high admixture of the trilobite state were reported to have a dipole moment in the
kilo-Debye range [49]. The dipole moment of the butterfly states is almost identical for
the three different F̃ quantum numbers and will be discussed in sec. 6.3.1.

In order to obtain the dipole moment of a certain molecular bound state, we also have
to take into account the vibrational wave function of the molecule Φ(R). The averaged
dipole moment is then given by

d̄z =

∫
|Φ(R)|2dz(R) dR. (2.4.54)

2.5. Rydberg–Rydberg interaction

After a detailed introduction to the interaction between a Rydberg atom and a ground
state atom, we will now turn to the interaction between a pair of atoms which are both
in Rydberg states. This interaction is of particular interest in the case of high excitation
densities in atomic samples, where on average more than one atom is excited into Rydberg
states. The discussion given here will be restricted to the fundamental principles and the
consequences of the Rydberg–Rydberg interaction as far as they are of relevance for this
work. A more detailed discussion of these interactions can be found in refs. [73, 76,108].
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Figure 2.18: Rydberg–Rydberg interaction and the blockade mechanism arising from it.
(a) The Rydberg atoms A and B are separated by the vector ~R that encloses the angle
Θ0 with the quantisation axis. By the multipole expansion, the charge distribution of the
atoms can be expandend in the monopole moment (black), the dipole moment (red), the
quadrupole moment (green), and so on. The reference frame of the multipole of atom A (B)
is tilted with respect to the quantisation axis by ΘA (ΘB). (b) Two-atom energy scheme for
two atoms that are either in the ground state |g〉 or in the Rydberg states |r〉. The strong
Rydberg–Rydberg interaction gives rise to a distance dependent energy level for the doubly
excited state |rr〉. At the blockade radius rB, the interaction shift becomes bigger than the
linewidth of the excitation laser (purple shaded area). It is thus not possible to excite two
Rydberg atoms at smaller separations than rB.

To obtain the electro-magnetic interaction between the two Rydberg atoms A and B
in its most general form, their charge distribution can be expanded in the respective
multipole moments. In spherical coordinates and atomic units, the Coulomb interaction
between the multipoles that are separated by the vector ~R = (R,Θ0, Φ0) reads [109]

V̂AB =
∞∑
l=0

∞∑
l′=0

(−1)l
′
r̂lAr̂

l′
B

Rl+l′+1

l∑
m=−l

l′∑
m′=−l′

Bmm′
ll′ C−m−m

′
l+l′ (Θ0, 0)Ĉm

l (ΘA, ΦA)Ĉm′
l′ (ΘB, ΦB),

(2.5.1)

where l and l′ denote the order of the dipole expansion of the respective atom, the angles
Θ0, ΘA, ΘB, ΦA, and ΦB are defined as shown in fig. 2.18a,

Bmm′
ll′ = (−1)m+m′

√
(l + l′ +m+m′)!(l + l′ −m−m′)!
(l +m)!(l −m)!(l′ +m′)!(l′ −m′)! , (2.5.2)

and

Cq
k(Θ,Φ) =

√
4π

2k + 1
Y q
k (Θ,Φ) (2.5.3)

are the renormalised spherical harmonics. As the interaction scales with Rl+l′+1, the
higher orders of the multipole expansion quickly vanish if the atoms are separated further
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from each other. Since neutral atoms possess no monopole moment, the leading order
for R → ∞ is the dipole–dipole interaction (l = l′ = 1). For large separations, the
interaction operator in eq. (2.5.1) can thus be approximated by the dipole–dipole potential
V̂dd. By carrying out the sums in eq. (2.5.1) and realising that the dipole operator for
atom i ∈ {A,B} in spherical coordinates is given by p̂qi = r̂iĈ

q
1 one can show that the

dipole–dipole interaction operator is given by [108]

V̂dd =
1

R3

[
− p̂+

Ap̂
−
B − p̂−Ap̂+

B + p̂0
Ap̂

0
B(1− 3 cos2Θ0)

− 3

2
sin2Θ0(p̂+

Ap̂
+
B − p̂+

Ap̂
−
B − p̂−Ap̂+

B + p̂−Ap̂
−
B)

− 3√
2

sinΘ0 cosΘ0(−p̂+
Ap̂

0
B + p̂−Ap̂

0
B − p̂0

Ap̂
+
B + p̂0

Ap̂
−
B)

]
,

(2.5.4)

where q = ±1 in the index of the dipole operators was abbreviated by ±. As pointed out
in sec. 2.3, alkali atoms do not possess a permanent dipole moment due to the symmetry
of the atomic orbitals. Therefore, the expectation value of Vdd will vanish and we obtain
no interaction in first order perturbation theory.

In second order, however, we can take into account the interaction of the mutually
induced dipole moments. If we consider a pair state of the form |pair〉 = |n, l, j,mj〉A ⊗
|n′, l′, j′,m′j〉B, the energy correction reads

∆Epair =
∑
|pair′〉

| 〈pair′|V̂dd|pair〉 |2
Epair′ − Epair

, (2.5.5)

where the sum runs over all possible pair states. Since there is an infinite number of pair
states, the basis has to be truncated to be able to calculate the energy correction. Since
the denominator of eq. (2.5.5) weights the individual terms with their energy difference
to the considered pair state, it is reasonable to restrict the basis to those states that are
close in energy. In most cases, there are only few neighbouring pair states that contribute
the most to the overall energy shift. If we insert the expression for the dipole–dipole
interaction from eq. (2.5.4) into eq. (2.5.5), we see that the R-dependence can be drawn
out of the sum and the energy correction can be written as

∆Epair =
C6(Θ0)

R6
, (2.5.6)

which is the well-known form of the van-der-Waals interaction. It should be stressed here
that the angular dependence of the C6 coefficient is only meaningful if the interaction
that creates the quantisation axis is stronger than the van-der-Waals interaction. If, on
the other hand, the van-der-Waals interaction is much stronger, the angle Θ0 becomes
meaningless and the dipoles will orient in the configuration of minimal energy, which is
the anti-parallel alignment. Since the reference frame of our perturbation calculation still
relies on the (weak) quantisation axis and the quantum numbers arising from it, we will
only obtain the right result in the case where the dipoles orient along the quantisation
axis. From fig. 2.18a, we can see that this situation is realised for Θ0 = π/2. In case of a
weak quantisation axis, we therefore obtain

C6 = −
∑
|pair′〉

| 〈pair′|p̂+
Ap̂
−
B + p̂−Ap̂

+
B + 2p̂0

Ap̂
0
B|pair〉 |2

Epair′ − Epair

. (2.5.7)



2.5. Rydberg–Rydberg interaction 67

To evaluate the importance of this interaction for Rydberg atoms, it is instructive to look
at the scaling behaviour of the C6 coefficient with the principal quantum number n of the
Rydberg state. If we consider two neighbouring pair states that give rise to the leading
contribution of the sum in eq. (2.5.7) and realise that the dipole moment scales as p ∝ n2

and the energy difference of adjacent Rydberg states scales as ∆E ∝ n−3, we see that C6

scales as

C6 ∝
|n2n2|2
n−3

= n11. (2.5.8)

While for ground state atoms the van-der-Waals interaction is only relevant for very short
atomic separations, i.e. in the molecular potential of Rb2, the enormous scaling of the C6

coefficient renders it an important process for Rydberg atoms over distances of several
micrometre. For example, a pair of rubidium atoms in the 51P -state that is separated
by 1µm experiences an energy shift on the order of 50 GHz. This giant interaction over
a length scale that is much bigger than the typical interatomic distance in dense cold
gases gives rise to the unique many-body effect of interaction blockade, as explained in
the following.

2.5.1. Rydberg blockade

The strong interaction between two Rydberg atoms has a tremendous effect on the ex-
citation dynamics of the two-body system. If the excitation laser is set to resonantly
drive the |g〉 ↔ |r〉 transition, it can excite one of the two atoms into the Rydberg state.
Whether the second atom can also be excited now depends on the distance between the
two atoms since the Rydberg–Rydberg interaction shifts the doubly excited state |rr〉 out
of resonance with the excitation laser. As shown in fig. 2.18b, one can define the so-called
blockade radius at which the energy shift due to the interaction becomes bigger than the
maximum of the linewidth of the excitation laser γL and the linewidth γ of the |rr〉 level.
If the two Rydberg atoms are far enough apart such that we can neglect higher multipole
moments, they undergo pure van-der-Waals interaction and the blockade radius is given
by

rB = 6

√
C6

~max(γ, γL)
. (2.5.9)

Inserting eq. (2.5.8) into eq. (2.5.9), we see that the blockade radius scales almost quadrat-
ically with the principal quantum number n. For experimentally achievable parameters,
the blockade radius becomes significantly larger than the typical particle separations in
cold clouds. It is therefore reasonable to extent the results from the simple two-atom
model to a many-body picture. In this case, a single Rydberg atom is able to suppress
the excitation of a second atom within a sphere of radius rB, the so-called blockade sphere.
In ultracold rubidium clouds, it has already been shown experimentally that the blockade
radius is roughly 5µm for the 43S state [110] and 2.5µm for the 51P -state [42], which
gives rise to several hundred atoms per blockade sphere. Since all atoms within the block-
ade sphere can at maximum share one excitation, they act like a simple two-level system,
that is often referred to as a superatom [41–43,111,112].
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Figure 2.19: Eigenenergies of the |MN | = 0 pendular states for a molecule with a dipole
moment of d = 482 D and a bond length of Re = 205 a0. (a) Eigenenergies obtained from the
diagonalisation of the Hamiltonian from eq. (2.6.1) for varied electric fields up to 0.88 V/cm.
For vanishing field, the resulting states show the expected N(N + 1) scaling. For high fields
(dE � Be), the rotation is more and more restricted by the interaction with the field and
the pendular states emerge. The quantum number ν of the pendular state is noted for every
energy curve. The colour is a guide to the eye, all states with ν > 13 have the same colour.
(b) For the highest electric field of 0.88 V/cm the eigenenergies are shown in the effective
cos (θ) potential (black). The energy axis and the colour code are identical to (a).

2.6. Pendular states of dipolar molecules

Motivated by the large permanent electric dipole moment that trilobite and butterfly
Rydberg molecules exhibit (see also secs. 2.4.9 and 6.4), we will now analyse the behaviour
of a diatomic dipolar molecule inside an electric field. In a classical picture, the dipole
moment of the molecule would simply align along the direction of the electric field to
minimise its energy. However, we also have to take into account the rotation of the
molecule (sec. 2.4.8) that counteracts the orientation. In the rigid rotor model13, we can

describe the rotation of the molecule with the reduced mass M in an electric field ~E = Eẑ
in analogy to eq. (2.4.50) by

Ĥrot = Be
~̂N2 − dE cos θ, (2.6.1)

with the rotational constant Be = ~2

2MR2
e

and the dipole moment d of the molecule. To
diagonalise the Hamiltonian, it is convenient to use the eigenbasis of the squared angular

momentum operator ~̂N2 that is described by the rotational quantum number N and its
projection MN . In this basis, the matrix elements of the cos θ-term are expressed by
eq. (2.3.21). Already from the form of the cos θ-operator, we see that the electric field
interaction couples states of the same MN but different N quantum number. This is
the mathematical expression of the fact that the electric field breaks the isotropy of the
problem and thus the angular momentum is not conserved. Consequently, N is not a good
quantum number any more. Yet, the rotational invariance around the z-axis is not violated
and the projection of the angular momentum is a conserved quantity. Accordingly, MN

remains a good quantum number even in the presence of the electric field.
Since the cos θ-operator couples only states of the same MN , the Hilbert space can be

separated in independent subspaces according to this quantum number. The diagonalisa-

13The assumption that the bond length is fixed is well justified for the tightly localised butterfly molecules.
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tion of the Hamiltonian in eq.(2.6.1) can then be performed for the individual subspaces.
Since, furthermore, the sign of the MN quantum number has no physical relevance with
respect to the electric field interaction, the two ±MN states are degenerate and we can
identify those two degenerate states by |MN |. For the |MN | = 0 subspace, the result of
the diagonalisation for varied field strength E is shown in fig. 2.19a. Since for vanishing
field the molecule can rotate freely, we recover the case discussed in sec. 2.4.8 where the
eigenenergies scale as N(N + 1) and the eigenfunctions are the spherical harmonics (see
fig. A.1). As the external field increases, the dipole tends to align along the electric field
direction but the rotation counteracts the alignment. A figurative image of the situation
can be obtained if the cos θ-term in eq. (2.6.1) is understood as an angular potential14.
If the interaction with the field is much stronger than the rotational energy dE � Be,
the motion in θ-direction is restricted by the cos(θ) potential shown in fig. 2.19b [113]. If
the potential is sufficiently deep, the cosine can be approximated by a harmonic potential
and the eigenfunctions are given by the harmonic oscillator solution. Due to this analogy
and due to the confinement in θ-direction that causes the classical dipole to oscillate like
a pendulum, the solutions in the high field limit are often called pendular states [113,114]
and labeled by the quantum number ν. For dE/Be → ∞, the energies of the pendular
states scale as

Eν → −
dE

Be

+
1√

2dE/Be

(ν + 1) . (2.6.2)

The expected linear scaling of the eigenenergies with respect to ν can be observed for the
highest fields in the diagonalisation results in fig. 2.19a. While this holds for the lowest
pendular states, it breaks down at around ν = 10, where the rotational energy starts to
dominate the electric field interaction and for even higher ν we will recover the N(N + 1)
scaling.

In order to illustrate the angular orientation probability of the dipolar molecule, we
analysed the eigenvectors from the diagonalisation for the highest field in fig. 2.19a and
overlapped the spherical harmonics that form our basis accordingly. For the lowest four
ν states in the lowest four |MN | subspaces, the result is shown in fig. 2.20a. In general,
all depicted pendular states have a vanishing probability to orient in −z direction due to
the strong interaction with the field. Furthermore, we can see that the quantum number
ν corresponds to the number of nodes in θ-direction, independent of |MN |. Consequently,
the states with ν = 0 possess the highest alignment in the field, which is also reflected by
the fact that the ν = 0 state is the lowest in energy. The alignment strength of a pendular
state |Φν〉 can be quantified by the expectation value 〈Φν | cos θ|Φν〉 of the cos θ-operator.
Since the pendular states are a superposition of the angular momentum states |N,MN〉,
we can express the expectation value as

〈Φν | cos θ|Φν〉 =
∑
N,N ′

c∗ν,N ′cν,N 〈N ′,MN | cos θ|N,MN〉 (2.6.3)

and the occurring expectation value of the angular momentum eigenstates with respect
to the cos θ = C0

1(θ, φ) operator can be solved by applying the Wigner–Eckart theorem.
For the case demonstrated in fig. 2.20a, the alignment of the |MN | = 0, ν = 0 state
in a field of 0.88 V/cm is 〈cos θ〉 = 0.96, which is already close to unity, meaning perfect

14Note that in terms of angular motion the squared angular momentum operator ~̂N2 is equivalent to the
squared momentum operator ~̂p2 that appears in the kinetic energy of a linear motion.
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Figure 2.20: Alignment of the pendular states. (a) Plot of the eigenfunctions in a field
of 0.88 V/cm for the first four |MN | subspaces. For each ν and |MN |, the distance from the
respective origin gives the absolute value of the wave function |Φ(θ, φ)|. The colour is a
guide to the eye. (b) Alignment 〈cos(θ)〉 of the different |MN | = 0 pendular states with the
quantum number ν for a dipole moment of d = 482 D and a bond length of Re = 205 a0 in a
field of 0.88 V/cm. While for low ν the rotor is highly aligned with the field, it is perpendicular
to the field between ν = 9 and ν = 10. For ν = 13, it becomes maximally anti-aligned to
the field. For even higher quantum numbers, the rotation is not bound any more in the
cos-potential (fig. 2.19b) and the alignment vanishes. The colour denotes the same ν states
as in fig. 2.19.

alignment. For increasing ν, however, the orientation vanishes and the dipole can even
become anti-aligned to the field [113], as depicted in fig. 2.20b. Here, we see that the
|MN | = 0, ν = 13 state has an alignment of 〈cos θ〉 = −0.40. In the cos-potential, shown
in fig. 2.19b, this is the highest energy state that is still bound in the potential. All higher
quantum numbers correspond to unbound states for which the interaction with the field
can be seen as a perturbation of the free rotation. Hence, we approximately recover the
spherical harmonics as eigenfunctions and the alignment vanishes as the quantum number
ν increases.

2.6.1. Coupling strength and polarisation dependence

Upon photoassociation of a molecule, the angular momentum of the incident photon is
transferred to the molecular system. If the photoassociation is performed from a BEC
that possesses no angular momentum in the centre of mass motion, the initial rotational
state is described by |N = 0,MN = 0〉. Since the photons of the excitation laser carry one
quantum of angular momentum, it is only possible to couple to the |N = 1,MN = 0,±1〉
state. Which of the three possible MN states is coupled depends on the polarisation of
the excitation laser. Motivated by the excitation beam setup described in sec. 3.5.1, we
consider the case of a laser propagating in the horizontal plane while the electric field is
applied in the vertical direction. For a linearly polarised laser, it is thus possible to realise
pure π-coupling if the polarisation is aligned parallel to the electric field. On the other
hand, a superposition of σ±-coupling is realised if the polarisation is aligned perpendicular
to the electric field axis. By rotating the polarisation of the excitation laser, it is thus
possible to select whether to couple to the |N = 1,MN = 0〉 or to the |N = 1, |MN | = 1〉
state.
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σ-coupling
(a)

π-coupling
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Figure 2.21: Theoretical spectrum of pendular states in various electric field strengths
(Stark map). The colour denotes the coupling strength. The calculation was performed
for a dipole moment of d = 482 D and a bond length of Re = 205 a0. (a) Coupling to the
|N = 1, |MN | = 1〉 state as it is relevant for a σ±-transition driven by linear laser polarisation
perpendicular to the field axis. (b) Coupling to the |N = 1,MN = 0〉 state as it is relevant
for a π-transition driven by linear laser polarisation parallel to the field axis.

Due to the interaction with the electric field, the |N = 1,MN = 0,±1〉-character spreads
over the emerging pendular states. In order to calculate the coupling strength to a certain
pendular state |Φν〉, we therefore have to analyse the eigenvectors from the diagonalisation
described in sec. 2.6 to find the overlap with the |N = 1,MN = 0,±1〉 state. If for every
pendular state ν we use the coupling strength as the amplitude of a Lorentzian profile
that is displaced on the detuning axis by the corresponding eigenenergy Eν (fig. 2.19a), we
can model the spectrum for a certain electric field strength. Repeating this procedure for
various electrical field strengths and combining the spectra to a Stark map, we obtain the
results shown in fig. 2.21. Since these Stark maps are calculated for the same parameters,
they can be directly compared to fig. 2.19a, which does not include the coupling strength.
It is striking that for increasing field strength the |N = 1,MN = 0,±1〉 state spreads over
more and more pendular states and we recover an envelope that is symmetric around the
energy of the field-free |N = 1,MN = 0,±1〉 state.

The comparison between the σ±-coupling in fig. 2.21a and the π-coupling in fig. 2.21b
reveals a very intriguing difference. While in the σ±-case the coupling is maximal in the
centre of the fan, it shows a nodal line at the same place for π-coupling. This behaviour can
be understood qualitatively by the orientation of the dipole in the electric field relative to
the laser polarisation. As discussed in sec. 2.6, the orientation 〈cos θ〉 is maximal for ν = 0
and we can imagine the dipole to be aligned parallel to the field. Since the coupling to the
dipole is the strongest when the polarisation of the light is parallel to the orientation of the
dipole, we see a strong coupling for the π-case, where the light polarisation is also aligned
to the field axis. In the σ±-case, however, the light polarisation is perpendicular to the
field axis and thus to the alignment of the dipole. Consequently, we see a weak coupling
to the ν = 0 state in this case15. The situation changes when we consider pendular states
of higher ν, where the orientation 〈cos θ〉 reduces and at some point vanishes. In this
situation, the dipole moment has no z-component anymore and can thus be imagined to
lie in the plane perpendicular to the field. In this case, we obviously cannot couple any
more with the π-transition since the dipole is now perpendicular to the laser polarisation.

15The coupling does not vanish completely as the orientation of the dipole is not perfect and has a
residual component in the horizontal plane.
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We therefore see the nodal line in the coupling strength in fig. 2.21b. If the dipole
is perpendicular to the field, the system does neither loose nor win energy compared
to the field-free case. Therefore, the nodal line appears at the energy of the field free
|N = 1,MN = 0〉 state. The σ±-transition on the other hand has the strongest coupling
at this point since the dipole is now parallel to the laser polarisation. Going to even higher
values of ν, the dipole starts to anti-align with the field and consequently recovers a better
coupling by the π-light while the coupling in the σ±-case starts to drop again. Ultimately,
ν becomes so high that the rotational energy dominates over the field interaction and the
wave function becomes symmetric again. Due to this symmetry, the dipole moment
averages out and the coupling vanishes irrespective of the laser polarisation.



3. Experimental setup

The apparatus used for the presented study on Rydberg–ground state interactions in
ultracold gases is a highly efficient state-of-the-art quantum gas experiment. Based on
the experiences of an earlier design [115], the second-generation apparatus puts the fo-
cus on combining electron microscopy of ultracold gases with the peculiar properties of
Rydberg states. The ability of the electron beam to image and tailor the ground state
density distribution [116, 117] combined with a single photon transition into Rydberg
states [118] and a 3D optical lattice [119] allows to study many facets of the rich phenom-
ena arising through the strong Rydberg interactions. In the past, this unique combination
could be used to successfully study electron-impact induced l-changing collisions [120] and
collective many-body behaviour in a superatom [42] and to establish a new method to
observe the superfluid to Mott insulator transition by monitoring the creation of Rydberg
molecules [121].

This chapter will give a brief description of the parts of the apparatus that are relevant
for the presented experiments. We will review the laser system for optical cooling in a 2D
and a 3D magneto-optical trap (MOT) and the near-infrared laser system for evaporative
cooling, which are used to prepare ultracold samples of 87Rb. Furthermore we will present
the UV laser system used to realise a single photon transition into Rydberg P -states and
the ion detection system that allows to observe the Rydberg population by means of
spontaneously created ions. A more detailed description of the experimental apparatus,
including the electron beam and the optical lattice setup, can be found in refs. [112,119,
120].

3.1. Magneto-optical trap

For the presented experiments, we need to cool an atomic cloud to temperatures in the
nanokelvin range. Starting from room temperature, the majority of kinetic energy is re-
moved from the atoms by laser cooling [122]. In this scheme, the Doppler effect shifts
a closed atomic transition into resonance with the counter-propagating laser beam only.
Consequently, the atom is slowed down by the momentum kick imposed by absorption
of the counter-propagating photons. Since the result is a velocity dependent force, such
configuration is called optical molasses in analogy to the situation in viscous media. Ex-
tending this scheme by means of a magnetic gradient field that shifts the Zeeman-levels of
the atoms depending on their position, an additional spatial confinement can be added.
Such combined system is called magneto-optical trap (MOT) and was first demonstrated
in 1987 [21].

Since the momentum kick from a single photon is very small, hundred thousands of
scattering events are required to stop a particle with a thermal velocity set by room
temperature. It is therefore necessary to find a closed transition in the atom such that
after the scattering the atom ends up in the same initial state as before the scattering.
In this case, the atom can repeatedly undergo the scattering and can thus be cooled
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(a) (b)

Figure 3.1: The experimental apparatus. (a) The body of the 2D MOT (olive, upper left) is
surrounded by the mounting for the rectangular coils (grey) and the optomechanics (black)
to insert and reflect the cooling light into the chamber. The resulting atomic beam enters
the main chamber through the differential pumping tube. The main chamber (grey, centre)
hosts eight copper electrodes whose tips form two opposing circles. On the top flange of the
chamber, the electron column [112, 116] is connected, on the bottom flange an ion optics
enters the chamber. (b) A magnified, schematic view of the main chamber. The beam axes
for the dipole trap (red) and the UV laser (purple) are indicated. The figures were taken
from ref. [111].

efficiently. In 87Rb, the hyperfine transition

|5S1/2, F = 2〉 ↔ |5P3/2, F
′ = 3〉 (3.1.1)

at a wavelength of λ = 780 nm is commonly used as a cooling transition. This tran-
sition alone does not completely fulfil our requirements for a closed transition because
off-resonant scattering to the |5P3/2, F

′ = 2〉 and subsequent decay to the |5S1/2, F = 1〉
can occur. While the probability for this transition is small for a single scattering event,
the immense number of events will eventually pump all atoms into the |5S1/2, F = 1〉
state and the cooling stops. In order to close the cooling cycle again, a further laser on
the |5S1/2, F = 1〉 ↔ |5P3/2, F

′ = 2〉 transition is added to depopulate the |5S1/2, F = 1〉
state.

The limit of laser cooling is usually given by the Doppler-temperature that origi-
nates from the equilibrium between the laser cooling effect and the heating of the atoms
due to photon scattering [122]. However, because of the typical beam configuration of
counter-propagating counter-rotating σ-polarised laser beams, sub-Doppler cooling is usu-
ally achieved in MOT-setups by inherent polarisation gradient cooling [123].

To create the necessary laser light for cooling and repumping, we employ external cavity
diode lasers (ECDL) in Littrow configuration [124, 125] that feature a typical linewidth
below 1 MHz. A frequency reference is created by FM-locking [126] the so-called master
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laser to the (1, 3)-crossover peak in a Doppler-free absorption spectroscopy [127], which
is 212 MHz red shifted with respect to the resonance. The laser for the cooling transition
(”cooler”) is stabilised by a beating-lock [128] to the master laser. This allows to detune
the cooler up to several hundred MHz relative to the master laser’s frequency and thus
overcome the frequency gap to the resonance. While running the MOT, the cooling laser is
blue-detuned by 196 MHz from the master frequency, giving rise to 16 MHz red-detuning
from the cooling transition’s resonance. The laser for the repumping transition is FM-
locked to the (1, 2)-crossover of the repumping transition, which is 76.5 MHz red-detuned
with respect to the repumper line. The frequency of the laser is shifted back to resonance
by a single pass through an acusto-optical modulator (AOM) [129]. A more detailed
discussion of the stabilisation and the distribution of the lasers is given in refs. [42, 125].

The presented apparatus employs a two-step laser cooling scheme that consists of a 2D
MOT [130,131] and a 3D MOT in separated vacuum chambers that are connected by a
differential pumping tube (fig. 3.1a). In the following, the two subsystems are discussed
separately.

2D MOT

The 2D MOT vacuum system is evacuated to a residual gas pressure of p2D,0 ≈ 10−10 mbar.
A piece of bulk rubidium is degassing inside the chamber such that the chamber is flooded
with rubidium vapour. The resulting pressure in the chamber that is solely pumped by
the pump in the main chamber through the differential pumping tube is p2D = 10−6 mbar.
Two orthogonal coil pairs in anti-Helmholtz configuration create a magnetic gradient field
in two spatial dimensions, resulting in a line of vanishing magnetic field in the centre of the
chamber. The cooling light for the 2D MOT is generated by amplification of the master
laser through a tapered amplifier (TA) [132] and subsequent frequency shift by an AOM.
The light is split into two separate beams, each aligned to propagate on one of the coil-pair
axes and each being reflected back after passing the chamber. Such configuration gives rise
to a cigar-shaped cooling volume that captures atoms from the rubidium-rich background
gas and cools it radially. Since the third spatial dimension maintains its thermal velocity
distribution and there is also no confinement in this direction, such setup creates a directed
beam of atoms that spreads in both directions of the third dimension. An additional laser
resonant to the cooling transition, the so-called push-beam, is aligned along the third axis.
The radiation pressure of this laser forces the backwards moving atoms in the opposite
direction and thus creates an atom beam that only expands in a single direction. The
alignment of this configuration is such that the resulting atom beam is directed towards
the differential pumping tube and can thus propagate into the main chamber where the
3D MOT is loaded from the atom beam.

3D MOT

Through the differential pumping tube, a pressure difference of four orders of magnitude
between the 2D MOT chamber and the main chamber is achieved. Consequently, the
background pressure in the main chamber is typically p3D = 10−10 mbar. A magnetic
quadrupole field for the 3D MOT is created by driving an electric current through the
eight in-vacuum electrodes to create a circular current in the ring-shaped tips (fig. 3.1b).
In anti-Helmholtz configuration and for a current of 100 A, we achieve a magnetic field
gradient of 16.8(12) G/cm along the coil axis and 8.2(7) G/cm perpendicular to it [119].
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The cooling laser is split into six individual two-inch σ-polarised beams with a power of
roughly 15 mW each to realise two counter-propagating beams for each of the three spatial
dimensions. The normal of the two coils formed by the electrodes defines the so-called
strong axis to which one of the cooling axes is aligned. Due to the presence of the electron
column, the vertical axis is blocked and the residual two MOT axes are aligned under 45◦

with respect to the vertical. The overlap of the three perpendicular cooling axes at the
position of the magnetic field’s zero crossing gives rise to the 3D MOT.

In a typical experimental cycle, the 2D MOT and the 3D MOT are operated simulta-
neously for 2.5 s during which the 3D MOT loading is saturated. Since the size of the
MOT is on the order of centimetres and the radial size of the dipole trap is on the order
of micrometres, we compress the atomic cloud in a subsequent dark MOT phase [133] to
maximise the loading into the dipole trap. The dark MOT phase additionally transfers
all atoms into the 5S1/2;F = 1 state, which is the absolute ground state of the system.

3.2. Dipole trap

If an atom is subject to a monochromatic light field with the spatial dependent intensity
I(r) that is detuned by δ from the atomic resonance frequency ω0, the eigenstates of the
coupled atom–light system in rotating wave approximation are given by the dressed states
of energy

E± =
~
2

[δ ± Ω(r)] , (3.2.1)

with the generalised Rabi frequency Ω =
√

Ω2
0(r) + δ2 (see sec. 2.1.3). The spatial depen-

dence in the Rabi frequency originates from the spatial dependence of the laser intensity.
In the case of a large laser detuning δ � Ω0, we can expand the square root in the
generalised Rabi frequency according to

√
1 + x ≈ 1 + 1

2
x and obtain

E± ≈
~
2

[
δ ± |δ|

(
1 +

Ω2
0(r)

2δ2

)]
. (3.2.2)

If we only consider the |−〉 state that adiabatically connects to the ground state and is
thus at zero energy for no atom–light interaction, we obtain the energy shift

∆E− ≈ −
~
4

Ω2
0(r)

δ
. (3.2.3)

With the relation between the electric field strength E and the light intensity I(r) =
1
2
cε0E

2(r) as well as the relation between the decay rate Γ of the upper level and the

dipole matrix element d2 = 3Γε0hc3

2ω3
0

[134], the definition of the Rabi frequency from

eq. (2.1.18) leads to

Ω2
0(r) =

6πc2Γ

ω3
0~

I(r). (3.2.4)

Inserting this result into eq. (3.2.3) yields

Udip(r) ≡ ∆E−(r) ≈ −3πc2

2ω3
0

Γ

δ
I(r). (3.2.5)
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A red-detuned laser beam thus creates an attractive potential for atoms that are prepared
in the adiabatic ground state of the two-level system1. As this potential arises from
the interaction of the light field with the induced atomic dipole, a setup that uses this
attractive potential to trap atoms is called optical dipole trap. Even though derived only
for a simple two-level system, this effect also holds in the case of a multi-level atom but in
principle all possible transitions have to be taken into account. Due to the inverse scaling
with δ however, only the levels closest to the transition wavelength contribute significantly
to the resulting potential. In the case of rubidium and a YAG laser at a wavelength of
λ = 1064 nm, the D1 line with a detuning of δ1,F and the D2 line with a detuning of δ2,F

have to be considered and the resulting potential is given by [26]

Udip(r) = −πc
2

2ω3
0

(
2 + PgFmF

δ2,F

+
1− PgFmF

δ1,F

)
I(r), (3.2.6)

where gF is the well-known Landé factor, mF is the magnetic quantum number and P
specifies the polarisation of the light (P = 0,±1 accounts for linear and circularly polarised
σ± light).

A limit on the maximal trapping time is imposed by the off-resonant scattering of the
trapping light and the resulting heating of the trapped atoms. For this situation, the
scattering rate into the excited state is well described by the optical Bloch equation [64,
135] that for δ � ∆ and δ � Γ can be simplified to

Γsc(r) =
Γ

4

Ω2
0(r)

δ2
. (3.2.7)

With eq. (3.2.4) this becomes

Γsc(r) =
3πc2

2ω3
0~

(
Γ

δ

)2

I(r). (3.2.8)

Hence, in order to reduce heating of the trapped atomic ensemble it is beneficial to
minimise the scattering rate as much as possible. As the scattering rate scales with δ−2

while the potential depth scales with δ−1, it is useful to choose far detuned lasers with
high intensities to obtain deep potentials at low scattering rates. In our experiment, we
therefore use a YAG laser2 at a wavelength of λYAG = 1064 nm, which is detuned by
269 nm from the D1 line.

From eq. (3.2.6) we see that the shape of the optical dipole potential is directly given
by the spatial beam profile of the confining laser beam. While this in principle allows for
arbitrary potential shapes, e.g. by shaping the spatial mode of a laser beam by spatial
light modulators [136,137], the most common case is a Gaussian potential shape. Around
the minimum, such potential can be approximated by the second order Taylor term,
resulting in the harmonic potential

Udip(r)|r≈0 ≈
1

2
mω2r2, (3.2.9)

1If we had considered the |+〉-state, we would have seen that this increases its energy for a red-detuned
laser and thus the excited state sees a repulsive potential. For a blue-detuned laser the situation is
inverted.

2We use a ”Mephisto” solid-state YAG laser system from Innolight to seed a NUA-1064-PD-0050 fibre
amplifier from Nufern that achieves a total output power of 50 W.
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where m is the mass of the atom and ω =
√
∂2
rUdip(r)|r=0 /m is the so-called trapping fre-

quency that quantifies the spatial confinement. In a classical picture of moving point-like
particles, the trapping frequency gives the average oscillation frequency of such particles
in the formed trap and thus also determines the timescale on which an atomic ensemble
can thermalise.

In order to cool trapped atoms by forced evaporation (see the following section) on a
reasonable timescale, high trapping frequencies are required for the system to thermalise
fast enough. While this requirement can be met in the radial direction by tightly focusing
the trapping laser beam, the axial confinement is solely determined by the Rayleigh
length [138] and thus depends on the laser’s wavelength. For the used YAG lasers,
the Rayleigh length is so large that in a single beam trap evaporation becomes inefficient
before the desired temperatures are reached. It is thus necessary to add a perpendicular
laser beam that, by its radial confinement, increases the confinement in the axial direction
of the initial beam. As the additional beam only becomes important in the final state of
the evaporation, its maximum intensity can be much lower than that of the HP beam.
Our setup thus consists of a primary, high-power trapping beam (”HP”) that achieves a
maximum intensity of IHP = 9.4× 109 W/m2 by focusing PHP = 12 W to a Gaussian beam
waist of wHP = 28.5µm as well as a crossed, low-power trapping beam (”LP2”) that has
a maximum intensity of ILP2 = 1.4 × 108 W/m2 by focusing PLP2 = 1.5 W to a Gaussian
beam waist of wHP = 82µm. Both beams propagate in the horizontal plane and intersect
at the position of the 3D MOT. Since the differing beam waists of the two trapping
beams necessarily lead to different trapping frequencies in the three spatial dimensions,
we optionally add another low-power trapping beam (”LP1”) that is identical to the LP2
beam but copropagates with the HP beam (fig. 3.2a). This enables us to replace the
HP beam by the LP1 beam in the final stage of the evaporation and thus to realise an
isotropic trap3.

Evaporative cooling

Since the temperatures achieved in the MOT are not sufficiently small for many experi-
ments, additional cooling can be provided by forced evaporation. This relies on the fact
that in a thermalised sample those atoms with the highest kinetic energy can leave the
trap if the trap depth is reduced. As those atoms carry more than the average kinetic
energy of the gas and this portion of energy is removed from the ensemble when they
leave the trap, the system looses energy and thermalises at a lower temperature. In other
words, by reducing the trap depth the high energy wings of the thermal Boltzmann dis-
tribution are cut off. When the system equilibrates, the energy is redistributed to form a
new Boltzmann distribution of lower total energy, meaning at a lower temperature. After
the system is thermalised, it is possible to start the process again. However, it is crucial
that the reduction of the trap depth is slower than the current trapping frequencies such
that the system can always thermalise. An exponential decrease of the trap depth is
therefore well-suited to drive forced evaporation.

To load the pre-cooled atoms from the 3D MOT, we keep the HP beam and the LP2
beam constantly on during the loading of the MOT. In the dark MOT phase, the cloud

3Due to the overlap of the two low-power beams, the atoms see twice the confinement in the vertical
direction. This confinement is however reduced by the gravitational force. There is thus a specific
power of the low-power beams where gravitation compensates the double confinement and we obtain
equal trapping frequencies in all three dimensions.
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(a) (b)

Figure 3.2: Experimental configuration of the YAG dipole trap. (a) Geometry of the three
trapping beams. The tightly focused high-power beam HP intersects with the less-focused
low-power beam LP2 under 90◦. In order to have equal trapping frequencies in all directions,
the high-power beam can be replaced by a second low-power beam LP1 that is collinear with
the high-power beam but has the same beam properties as the LP2 beam. (b) While the
MOT (purple) is loaded for 2.5 s, the high-power YAG beam HP (red) and the crossed low-
power beam LP2 (blue) are at maximum power. After the dark MOT phase, in which we
transfer the atoms to the dipole trap, we hold the sample for 50 ms to let it evaporate freely.
Subsequently, we drive forced evaporation by exponentially ramping down the high power
beam. After 1.9 s we also ramp down the LP2 beam exponentially. The evaporation takes
in 4 s. After the evaporation, the ultracold sample is ready for the specific experiment.

(a) (b) (c)

Figure 3.3: Experimental fingerprint of evaporative cooling. As a reference, each plot
shows the exponential evaporation ramps in the high power beam HP (deep blue) and the
low power beam LP2 (light blue). (a) In the course of the evaporation the atom number
(red) drops almost linearly from 6 × 106 to 1 × 105. (b) The temperature in the sample
(red) drops proportionally to the trap depth from 150µK to below 100 nK. (c) For the first
three seconds, the phase space density (red) increases exponentially to the critical point
for ζ(3/2) ≈ 2.61 where the sample condenses into a Bose–Einstein condensate. From that
point on, the determination of the cloud’s temperature is not reliable any more, which leads
to the stronger increase in the final phase of the evaporation.
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is compressed and thus also the number of atoms transferred into the dipole trap is
increased. After the MOT is switched off, we hold the sample for 50 ms during which it
evaporates freely until the equilibrium energy distribution fits the depth of the trapping
potential. Subsequently, we start to drive forced evaporation by ramping down the power
of the trapping lasers. Starting from a maximum laser power of 12 W and a resulting
trap depth of 1.2 mK, the HP beam is ramped down exponentially with a time constant
of τHP = 0.4 s to a final power of 90 mW within 4 s. The low-power beam LP2 is kept
constant at 1.3 W until t = 1.9 s where its potential becomes relevant compared to the
decreasing potential of the HP beam. It is subsequently ramped down exponentially with
a time constant of τLP2 = 1.2 s to a final laser power of 305 mW. The whole loading and
evaporation sequence is depicted in fig. 3.2b. During the evaporation process, the number
of atoms in the trap is reduced almost linearly (fig. 3.3a) while the temperature follows
the functional behaviour of the trap depth (fig. 3.3b) as long as the ramps are slow enough
for the system to thermalise. Ultimately, the forced evaporation reduces the number of
atoms by one order of magnitude while the temperature is decreased by almost three
orders of magnitude. By varying the final power of the evaporation ramps, we can set the
temperature of the prepared sample. During the evaporation, the phase space density of
the sample increases almost exponentially (fig. 3.3c). Once the phase space density passes
the critical point of ζ(3/2) ≈ 2.61 [139], a Bose–Einstein condensate (BEC) is formed
[22–24]. For the evaporation ramps explained above, we typically achieve an atom number
of N = 2.5× 105 in the BEC inside the asymmetric trap formed by the high-power beam
HP and the low-power beam LP2. The transfer into the low-power beam LP1 leads to an
additional loss of atoms, resulting in a maximum atom number of N = 1.5 × 105 atoms
in the symmetric low-power trapping configuration. If we hold the BEC in the trap,
we see a background-gas-collision-induced exponential decrease of the atom number with
a characteristic decay time of 12.5 s. An overview of the two commonly used trapping
configurations along with typical parameters is shown in tab. 3.1.

Due to a magnetic field gradient along the vertical direction, the effect of gravity is
reduced for atoms in the mF = +1 state and increased for atoms in the mF = −1 state.
The mF = −1 component of the cloud thus evaporates faster and for decreasing trapping
laser power gets pulled out of the trap before the other two components. It is thus possible,
by simply setting the final power of the evaporation ramps low enough, to end up in a spin
polarised sample in the 5S1/2;F = 1,mF = +1 state. If for some specific experiments a
spinor condensate with all three spin components is needed, external compensation coils
can be used to compensate the magnetic field gradient.

Table 3.1: Typical parameters for the low-power and the high-power trapping configuration.
The power in the high-power beam PHP and the two low-power beams PLP1, PLP2 is given
along with the calculated trapping frequencies in the three spatial dimensions ωx, ωy, ωz and
the height of the potential barrier, i.e. the trap depth, Umax

dip .

name PHP [mW] PLP1 [mW] PLP2 [mW] ωx, ωy, ωz [2π × Hz] Umax
dip [nK]

high-power 95 - 380 179, 82, 180 1015
low-power - 305 305 65, 65, 65 159
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(a) (b)

Figure 3.4: Characterisation of the microwave setup. (a) Spectrum obtained by monitoring
the population in the F = 2 hyperfine state after a 100 ms microwave pulse in a sample
initially prepared in the F = 1,mF = +1 state. The frequency is relative to 6.834682 GHz.
For each appearing peak, the corresponding mF transition is noted. All three possible
transitions from the F = 1,mF = +1 state (red) are observed. Due to a residual population
of F = 1,mF = 0 in the initial sample, also the transitions from this state into the F =
2,mF = 0 and F = 2,mF = 1 states can be seen (purple). (b) For a varied length of the
microwave pulse, we can observe the Rabi flopping on the F = 1,mF = 0↔ F = 2,mF = 0
transition. The measured population in the F = 2 state (blue points) is fitted with a sin2

function to extract the oscillation frequency (red line).

3.3. Absorption imaging

Since it is crucial to control the preparation of the atomic sample, an imaging method
that gives access to the atomic ground state density distribution, the total atom number,
and the temperature of the sample is needed. A non-standard imaging technique is
implemented in our setup by the image formation with an electron beam [117, 140] that
gives access to the in-trap density distribution of the prepared sample. We further employ
the widely used method of absorption imaging [139] to gain access to the total atom
number and the temperature of the cloud. Here, the atoms are released from the dipole
trap and, after an expansion time of typically 15 ms, illuminated by a homogeneous laser
beam. The image of the laser beam behind the sample is magnified by a factor of 2.18
through a lens system and steered to a CCD camera4. Due to spontaneous scattering in
the full solid angle, photons are removed from the laser mode and the resulting image
shows the shadow of the cloud. By quantitatively analysing the amount of missing light
intensity in the shadow, the number of atoms can be deduced. For a thermal ensemble,
also the temperature of the cloud can be extracted from the width of the shadow since the
cloud broadens according to the Boltzmann distribution during the free expansion time.

Usually, the cooling transition (sec. 3.1) is used as the resonant transition for absorption
imaging. This however implies that only atoms in the F = 2 state will scatter photons
and thus atoms in the F = 1 state remain invisible. If the atoms in the F = 1 state
should be imaged as well, we apply a short pulse of the repumping laser to transfer them
into the F = 2 state. By either shining in the repumper prior to imaging or not, we can
decide whether we observe only the F = 2 population or all atoms.

4Theta Systems, SiS1-s285M
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3.4. Microwave state transfer

While it is beneficial for many experiments that the sample is spin-polarised in the absolute
ground state, it sometimes becomes necessary to prepare it in different hyperfine states.
In this context, the fully stretched states F = 2;mF = ±2 are of special importance since
they consist of only one defined mj state. This simplifies the coupling to Rydberg states,
where usually the hyperfine structure is not resolved. To achieve a state transfer, we use
a direct microwave transition between the F = 1 and F = 2 states at a frequency of
ν = 6.834 GHz. While this transition is not allowed for an electric dipole, it is possible
to drive it through the magnetic dipole moment of the atom [141, 142]. The required
microwave frequency is generated by a function generator5 and is amplified up to 2 W by
a C-band GaAs FET power amplifier6. Isolated by a microwave circulator the power is
fed to a far-field microwave antenna7 and radiated into the main experimental chamber.
The exact transition frequency between the different Zeeman-sublevels depends on the
strength of the magnetic field in the chamber. Therefore, the spectrum shown in fig. 3.4a
reveals the energetic splitting of the individual Zeeman levels in the stray magnetic field of
0.7 G [111]. In the presence of the field, it is thus possible to address transitions between
specific Zeeman states by setting the frequency of the microwave accordingly.

Since the microwave’s wavelength of 4.4 cm is only a factor of ten smaller than the
diameter of the vacuum chamber, the latter acts as an efficient resonator and the coupling
of the microwave radiation is strongly influenced by the geometry of the chamber. While
this makes it hard to estimate the coupling theoretically, it is easy to measure it by
observing the Rabi flopping [64] between the coupled hyperfine states. We therefore set
the frequency of the microwave to 6.834707 GHz to drive the transition F = 1,mF = 0↔
F = 2,mF = 0. Observing the population in the F = 2 state as a function of the pulse
duration8 in a sample of 6 × 104 atoms initially prepared in the F = 1 state, we see the
Rabi flopping shown in fig. 3.4b. From a fit of a sin2 function to the data, we can extract
the Rabi frequency and thus quantify the coupling strength. It should be noted here that
due to fluctuations of the magnetic field in the experimental chamber, the Rabi flopping
can be seen so nicely only between the two mF = 0 states as they are not affected by the
field.

To reliably transfer the atoms into the F = 2 state, we rely on an adiabatic passage
through a Landau–Zener sweep [143]. We therefore sweep the frequency of the microwave
±300 kHz around the line centre of the desired transition within 30 ms. Due to the broad
frequency scan range, small variations in the exact line position arising from magnetic
field fluctuations do not affect the population transfer. This scheme is thus rather robust
against external changes while providing a transfer efficiency of close to 100%.

3.5. Rydberg excitation laser

To excite high-lying Rydberg states from the rubidium ground state, an energy of 4.3 eV ≡
h × 1010 THz is required. In the past, continuous wave (cw) laser systems with such
photon energies were not available. The transition was thus often realised by a resonance-

5Rohde+Schwarz, SMB100A
6Kuhne electronic, KU PA 600770-2A
7Quasar Microwave, QRA14MZH014-A
8Strictly, the Rabi flopping depends on ΩT and thus the area under the pulse is relevant. In our case

however, Ω is constant and we just vary the pulse time.
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enhanced two-photon transition via the 5P intermediate state [84,144] and more recently
via the 6P intermediate state [145,146]. Such excitation schemes however impose restric-
tions either on the timescale of the experiment through strong scattering on the interme-
diate level or on the maximal achievable effective coupling to the Rydberg state [59].

To overcome these limitations, our setup features a frequency-doubled cw UV laser
system at a wavelength of λUV = 297 nm that enables direct transitions into Rydberg P -
states. The laser system, which is depicted in fig. 3.5 and described in detail in refs. [42,
118,119], is based on a ring-cavity dye laser9 that is pumped by a frequency doubled solid-
state laser10 with an output power of 15 W at a wavelength of 532 nm. Due to the broad
operation range of the dye laser system, the wavelength can be largely tuned around the
desired central wavelength of λFund = 594 nm. While the dye laser system provides a short
time stabilisation down to 50 kHz linewidth by locking to a temperature stabilised low-
expansion reference cavity, the frequency of the laser is not sufficiently stable on longer
timescales. We therefore actively stabilise the optical length of the cavity by transmitting
a second, otherwise stabilised laser (”reference laser”) through the cavity and keeping its
transmission constant. In that way, we transform the passive cavity to a so-called transfer-
cavity that transfers the absolute frequency stability of one laser onto another [147]. The
reference laser operates at a wavelength of λref = 780 nm and is stabilised on the beat note
with a third laser that itself is locked to a rubidium spectroscopy. This scheme combines
the absolute frequency stability of the atomic spectroscopy with the possibility to detune
the reference laser by the beating-lock. By detuning the reference laser, we in turn also
change the optical length of the transfer cavity and thus detune the frequency of the dye
laser that is locked to it. The frequency of the dye laser is constantly monitored by a
Fizeau-interferometer based wavemeter11 that allows to read out the frequency with a
precision of 1 MHz but is limited in its absolute precision by frequency drifts on the order
of 10 MHz.

From the 2.2 W optical output power of the dye laser, roughly 1.6 W can be passed
through an optical fibre and is inserted into a home-built resonator-enhanced frequency
doubling. This in-vacuum bow-tie resonator based setup uses a caesium lithium borate
(CLBO) crystal as non-linear medium for second harmonics generation. While the han-
dling of these crystals is challenging due to their high hygroscopy, they feature a high
nonlinearity at a much smaller walk-off angle compared to other materials available for
the required wavelength. The crystal is type-I critically phase matched, which allows to
tune the phase matching for a changed wavelength of the fundamental solely by changing
the temperature of the crystal. This allows for a high flexibility in the addressed principal
quantum number of the Rydberg state without the need of mechanical realignment of the
resonator or the crystal. With this setup it is possible to reach a conversion efficiency
of more than 50% and thus to obtain up to 700 mW of optical power at the harmonic
wavelength λSHG = 297 nm [118]. After leaving the frequency doubling, the UV beam
passes through an AOM12 that is used to adjust the intensity of the beam in the exper-
iments. The spatial mode of the first-order defracted beam is subsequently shaped by a
lens system and passes a half-wave plate to set the orientation of the linear polarisation.
Finally, the beam can enter one of two possible beam paths leading to the experimental
chamber. Through the first path the beam enters the chamber under an angle of 48.4◦

9Sirah GmbH, Matisse DS; The used dye is rhodamine 6G.
10Newport Spectra-Physics GmbH, Millenia Prime DPSS
11High-Finesse GmbH, WS7
12AA Opto Electronic, MQ200-A1,5-266.300
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Figure 3.5: UV laser setup. The master laser system at 780 nm is FM-locked to a Doppler-
free absorption spectroscopy in a rubidium vapour cell. A fraction of the reference laser’s
power is overlapped with the master on a high-bandwidth photodiode (PD) that is able to
see the beat note of the two beams. The reference laser is locked to a constant beating
frequency. A part of the reference laser is coupled to an optical fibre. The dye laser system
is pumped by a 15 W laser at 532 nm. A fraction of the 2.2 W output power of the dye
laser is overlapped with the reference laser and both are transmitted to the transfer cavity.
The majority of the dye laser’s output power is coupled to a fibre and transferred to the
frequency doubling setup. The beam passes an EOM that is used to modulate sidebands
to generate a Pound-Drever-Hall [148] signal for locking the doubling resonator. After a
lens system for matching the spatial mode of the beam to the cavity, the light enters the in-
vacuum doubling resonator with the CLBO crystal inside. Hereafter, the frequency-doubled
beam passes an AOM, a beam-shaping lens system and a half-wave plate. Ultimately, the
beam can alternatively be sent to the experiment on two different beam paths (see text).

with respect to the vertical and is focused to a Gaussian waist of w0 = 100µm on the
position of the atoms. The viewports on this axis are specifically coated for the UV wave-
length and thus transmit more than 99% of the power. Via the second path, the beam
enters the chamber in the horizontal plane and is thus perpendicular to the quantisation
axis set by the electric and magnetic fields along the vertical direction. A lens in this
beam path focuses the beam to a Gaussian waist of roughly w0 = 40µm on the atoms.
While this beam path provides controlled σ- and π-coupling through its geometry (see
the following section), it has the disadvantage that the viewports on this axis transmit
only 81% of the power due to their coating being optimised for NIR lasers. Depending
on the experimental requirements, we thus choose either the one or the other beam path.

Due to the technically challenging wavelength, the linewidth of the UV laser system is
hard to determine independently. Since homodyne beating methods are not possible due
to the lack of optical fibres in the UV range and a heterodyne beating would require a
second identical laser system, we could so far only estimate the linewidth. One possibility
to find an upper bound is provided by the spectroscopy of Rydberg states performed on
dilute ultracold gases. From the minimal observed width of atomic resonances in such
samples, we can conclude that the linewidth of the UV laser is below 700 kHz. However,
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(a) (b)

Figure 3.6: Coupling to the Zeeman sublevels of the 25P3/2 Rydberg state. (a) As wit-
nessed by the ion signal, we can excite all four possible Zeeman sublevels if the linear laser
polarisation is perpendicular to the quantisation axis and the sample is prepared in the
F = 1,mF = 1 ground state. The Zeeman-splitting of 64 MHz arises from the presence of
a magnetic field of 35 G. The mj quantum number of the excited final state is noted above
each peak. The inset shows the σ±-coupling from the two mj components of the prepared
initial hyperfine state (see text). (b) On resonance with the transition into the mj = 3/2
state, we see that the signal (purple points) varies sinusoidally with the rotation of the
half-wave plate. By fitting a sin2 function (purple line), we can extract the exact angular
position for maximal π-coupling (blue) and maximal σ±-coupling (red).

since the linewidth of the fundamental laser is on the order of 50 kHz, it is likely that the
linewidth of the UV laser is far below this upper bound.

3.5.1. Polarisation and coupling

For many experiments, it is important to selectively address a single Zeeman level of
the excited Rydberg state. By applying a magnetic field to the sample, it is possible to
split the Zeeman states and resolve them spectroscopically. Fig. 3.6a shows a spectrum
that was obtained by observing the spontaneous ions created from the excitation into
the 25P3/2 Rydberg state. Due to the field, we can clearly see four distinct resonances
belonging to the four possible mj states. It is possible to see all four states in a single
spectrum because the sample was prepared in the F = 1,mF = 1 ground state which is a
superposition of mj = 1/2 and mj = −1/2 states. Further, the linear polarisation of the
laser was set perpendicular to the quantisation axis, leading to an equal superposition of
σ+- and σ−-coupling. The two possible transitions from the two different mj ground state
components give in total the four coupled lines (inset of fig. 3.6a).

To obtain control on the helicity of the transition, it is crucial to have a defined quan-
tisation axis. Depending on which interaction is stronger, the quantisation axis is set
by the magnetic or the electric field. Since their small electric polarisability leads to a
weak interaction with the electric field, the quantisation axis for ground state atoms is
usually set by the magnetic field. For Rydberg atoms however, the interaction even with
small residual electric fields can dominate the magnetic interaction and in such case the
quantisation axis is set by the electric field13. To reduce the complexity in our setup, the

13Moreover, in this case the Stark states become the eigenstates of the system rather than the Zeeman
states.
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electric and the magnetic fields are both aligned along the vertical axis. It is thus possible
with the horizontal UV beam to drive pure π-transitions by orienting the linear laser
polarisation vertically and thus parallel to the quantisation axis. On the other hand, we
can create an equal superposition of σ±, as described above, if the polarisation is aligned
perpendicular to the quantisation axis.

This was confirmed experimentally by monitoring the Rydberg population in terms of
created ions on the transition into the 25P3/2 state while the angle of the half-wave plate,
and thus the polarisation angle, was changed (fig. 3.6b). As from the mj = ±1/2 initial
states the mj = 3/2 Rydberg state can only be reached by a σ+-transition, the signal
is expected to vanish for pure π-coupling. Indeed, we find a sinusoidal behaviour of the
measured ion signal on this peak that can be fitted by a sin2 function to extract the
precise points for pure π- and pure σ±-coupling.

With the additional possibility to transfer the sample into the fully stretched F =
2,mF = 2 ground state (sec. 3.4) that consists only of the mj = 1/2 component, we are
able to drive a controlled transition to a single Zeeman sublevel of the Rydberg state.

3.6. Ion detection system

Our primary measurement signal is given by the ions that the Rydberg atoms evolve
into. To accelerate these ions, we set each of the eight main electrodes (fig. 3.1a) on a
controlled voltage level. By applying a positive voltage to the upper four electrodes and a
negative voltage to the lower four electrodes, we create a downwards-pointing electric field
vector at the position of the atoms. By measuring the quadratic Stark shift (sec. 2.3.2)
for a Rydberg state of known polarisability, we can calibrate the relation between the
applied voltage and the strength of the created field [112, 119]. This downward-pointing
field is needed for the ions to move towards the ion optics that ultimately guide them
to a discrete dynode ion detector14. To find the setting where the vertical component of
the electric field vanishes, we slowly reduce the acceleration voltage until the ion signal
drops. With this method, we are able to reduce the residual field in the vertical direction
to less than 20 mV/cm. To ensure a reliable acceleration of the ions, we add 80 mV/cm to
that configuration so that in total a field of less then 100 mV/cm is applied to the atoms.
While this method allows to precisely control the offset field in the vertical direction, the
other two directions are harder to compensate exactly as a sensitive measurement signal
is missing. We estimate the maximum offset field in this direction to be roughly 70 mV/cm.

By the initial acceleration, the ions move towards the ion optics (lower part in fig. 3.1a).
The ion optics consists of two cylindrical einzel lenses [149], one below the atoms and one
in front of the ion detector. Since the ion detector cannot be placed on the vertical axis
without interfering with the electron beam, the ion beam is bended by 45◦ between the
two lenses through four additional rod electrodes and the detector can is placed off-axis.
The ion detector is capable of detecting single ions with a specified detection efficiency of
81%. We measured the overall detection efficiency of our setup to be 43%, which implies
that the ion optics on average guides every second ion to the detector. The voltage pulse
emitted by the detector upon detection of an ion has a typical length of 50 ns, which
imposes a fundamental upper limit of 20 MHz to the detection rate of our system. The
detector signal is discriminated to generate logical signals that are subsequently registered
by an edge detection circuit that saves the current value of a counter for each detected

14ETP Electron multipliers, ETP 14553
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logical edge. Our primary measurement data is thus a list of timestamps at which ions
were detected. This allows not only to determine the total number of detected ions but
also enables time-of-flight detection (see sec. 4.1) and the analysis of temporal correlations
in the signal [42].





4. Rydberg–ground state collisions: An
electron mediated mass transport

Ultracold Rydberg systems are often studied in the so-called frozen gas regime, where
the surrounding ground state atoms are assumed to be at rest within the relevant time
scale of the experiment. In dense samples however, due to the long lifetime of Rydberg
states, they can actually move by more than the average inter-particle distance before
the excitations decay. Consequently, collisions between Rydberg atoms and surrounding
ground state atoms can occur, as it is witnessed by the presence of associative ionisation
for resonantly excited Rydberg atoms in dense ultracold samples [53, 150,151].

In this chapter, we will present an experimental study on the scattering between an atom
that was resonantly excited into a Rydberg state and surrounding ground state atoms. We
will discuss the employed time-of-flight measurement technique that relies on the present
ionisation processes and allows to selectively study associative ionisation. A simple model
based on rate equations will be presented that allows us to extract the partial cross section
for associative ionisation and the total inelastic scattering cross section from our measured
data. A comparison of the obtained cross section reveals that associative ionisation in
ultracold clouds is three orders of magnitude larger than for previous experiments in
atomic beam experiments [11–13]. Furthermore, we see that the total inelastic scattering
cross section agrees well with the geometric size of the excited Rydberg state and thus
every Rydberg–ground state collision leads to a decay. In combination, both results
indicate the presence of a directed mass transport that we attribute to an overall attractive
potential created by the Rydberg electron. We will also point out that through the
observed transport mechanism the Rydberg electron can be seen as a catalyst [152] that
accelerates the formation of molecular ions.

4.1. Time-of-flight measurements

In order to detect the excitation of Rydberg atoms, we rely on the ions created from the
excited atoms through the different ionisation channels presented in sec. 2.3.3. In our case,
two channels are of particular importance. Photoionisation is ubiquitous in our system
because the black-body radiation emitted from the environment has sufficient energy to
promote the Rydberg electron into continuum states. Additionally, the photons of the
trapping lasers can ionise the Rydberg atoms if they are kept in the trap. While the black-
body induced ionisation cannot be tuned and happens at a fixed rate of less than 300 Hz,
the ionisation due to the trapping lasers depends on the incident laser intensity and thus
varies between 500 Hz and 50 kHz. In both cases, the ionisation is a single particle effect
and thus acts on all atoms in the same way. If photoionisation is slow compared to the
other decay channels, it does not significantly influence the dynamics but still produces
a signal that is proportional to the Rydberg population. As the process is continuous
in time, the created ions are a well-suited signal to observe the dynamics of the created
Rydberg excitations.
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Figure 4.1: Ion signal obtained in a time-of-flight experiment for resonant excitation of the
30P3/2, mj = 3/2 state from a thermal cloud with a peak density of n0 = 3 × 1013 cm−3.
The peak generated by the Rb+ ions (blue) is well separated from the peak generated by
the Rb+

2 ions (red) through their different flight time. After subtracting the fitted decay of
the Rb+ signal (dashed blue line), we obtain the pure signal from the Rb+

2 ions shown in
(b). (c) The sequence of a short excitation pulse with subsequent ion detection is repeated
multiple times as long as the atom loss does not exceed 20% of the sample size.

In addition to photoionisation, we also observe associative ionisation, where a Rydberg
atom collides with a ground state atom to form a Rb+

2 molecular ion, as explained in
sec. 2.3.3. Since this process depends on the presence of a ground state atom, the rate
for associative ionisation γAI(r) linearly depends on the ground state density. Hence, this
process becomes dominant in high-density samples, i.e. dense thermal clouds and BECs.

To detect the created ions, we apply a small electric field on the order of 80 mV/cm to
accelerate the ions towards the ion optics where they are guided to the ion detector. In
order to calculate the time the ions need to arrive at the detector, we employ a simplified
model involving a constant electric field. In such a model, the motion of the ions is
determined by the electrostatic force Fe = qE and counteracted by inertia Fi = ma.
Since the acceleration is constant, we see that s = 1

2
at2 and by setting Fe = Fi, we can

express the time t that an ion of mass m and charge q needs to travel the distance s in a
field E as

t =

√
2sm

Eq
. (4.1.1)

Evidently, this leads to a factor of
√

2 longer time of flight (TOF) for the double mass
Rb+

2 ions created by associative ionisation compared to the flight time of the single mass
Rb+ ions created by photoionisation. Even though it was derived under the assumption
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of a constant electric field, this result still holds for the complex potential landscape
the ions pass in the ion optics. Hence, we see this differing TOF in the signal that is
typically observed in the ion detector after a short excitation pulse of 1µs and subsequent
continuous ion detection (fig. 4.1a). After the excitation pulse is applied at t = 0, we
observe no signal in the detector for the first 65µs, which corresponds to the TOF of the
Rb+ ions1. After the steep rise of the signal, we see an exponential decay that reflects the
temporal decay of the Rydberg population. After 92µs the signal rises again, which is
the time when the Rb+

2 ions created at t = 0 arrive at the detector. Due to their different
TOF, it is thus possible to distinguish between the two generated types of ions in the
signal. Since the lifetime of the Rydberg atoms is often longer than the difference in the
TOF of both ion types, the signals overlap. In order to correct for this overlap, we fit the
decay of the Rb+ peak and subtract the fit function from the signal. In this way we not
only extract the amplitude and the decay constant of the Rb+ peak through the fit but
also obtain the pure signal generated by the Rb+

2 ions (fig. 4.1b). For the resulting pure
Rb+

2 signal we could also perform an exponential fit of the decay to extract the amplitude
and the decay constant. However, this decay is often non-exponential and therefore we
rather fit the initial part of the decay with a linear function to obtain the amplitude and
the initial decay rate.

Since the short excitation pulse often hardly affects the sample, it is reasonable to repeat
the TOF experiment several times on the same sample to reduce the statistical error. In
order to allow for all excitations, even for the highest studied Rydberg states where the
lifetime can exceed 100µs, to decay, we wait for 1 ms after each excitation pulse for the
system to equilibrate again (fig. 4.1c). The number of subsequent repetitions of the TOF
experiment is varied such that the loss of atoms by excitation and subsequent ionisation
does not exceed 20% of the sample size. Depending on the excitation laser intensity and
the addressed Rydberg state, we typically perform between 50 and 1000 repetitions on
a single sample. The results of multiple samples prepared with identical parameters are
averaged to obtain a TOF signal as shown in fig. 4.1a.

The possibility to distinguish the two different types of ions in the measurement and the
fact that there is only one possible source of Rb+

2 ions allows us to selectively study the
associative ionisation process in dense ultracold samples. With the help of the simple rate-
equation based model presented in the following, we see how it is possible to extract the
cross section for associative ionisation σAI and the total inelastic scattering cross section
σinel between Rydberg atoms and ground state atoms from the obtained TOF signals.

4.2. Microscopical model

In the following, we will employ rate equations to model the decay of Rydberg excitations
in a cold dense thermal cloud. Motivated by the TOF measurement technique, we assume
a short excitation pulse that creates a distribution of excitations n0

Ry(~r) in the sample.
Once the excitations are present in the system, they can undergo natural decay with rate
γn, photoionisation with rate γPI, collisions with ground state atoms with rate γcoll(~r) =
n(~r)σinelv̄coll (with the collision velocity v̄coll and the ground state density distribution

1The origin of the small constant signal starting at 45µs is unknown. It is highly unlikely that we see
multiply ionised atoms since the binding of the second electron would require six UV photons to break
it. Since furthermore the arrival time does not change with the applied electric field, we assume the
signal to have technical reasons.
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n(~r)), or Rydberg–Rydberg2 collisions with rate β. The time evolution of the Rydberg
population can then be described by the differential equation

ṅRy(~r, t) = − [γn + γPI + γcoll(~r)]nRy(~r, t)− βnRy(~r, t)2. (4.2.1)

With the definition γ(~r) = (γn + γPI + γcoll(~r)) the solution of the differential equation
reads

nRy(~r, t) = − γ(~r)eγ(~r)t0

βeγ(~r)t0 − eγ(~r)t
. (4.2.2)

As the integration constant t0 has no intuitive physical meaning, we transform the bound-
ary condition to fulfil nRy(~r, 0) = n0

Ry(~r). The solution then becomes

nRy(~r, t) =
γ(~r)(

γ(~r)

n0
Ry(~r)

+ β
)
eγ(~r)t − β

=
γ(~r)

γ(~r)

n0
Ry(~r)

+ β (1− e−γ(~r)t)
e−γ(~r)t . (4.2.3)

In the experiment, we observe Rb+ ions and molecular Rb+
2 ions, which can, due to the

differing mass, be distinguished by the TOF to the ion detector. The Rb+ ions can
originate from photoionisation at rate γPI and from ionising Rydberg–Rydberg collisions
at rate βnRy(~r, t). Due to the higher energy of the doubly excited system, Rydberg–
Rydberg collisions are unlikely to create molecular Rb+

2 ions. Hence, it is valid to assume
that Rb+

2 ions are solely created through collisions with ground state atoms at a rate
γAI(~r) = n(~r)σAIv̄coll. By carrying out the spatial integration over the whole sample, we
can thus obtain the rate at which the two types of ions are created in the experiment

RRb+(t) = γPI

∫
nRy(~r, t) d~r + β

∫
n2

Ry(~r, t) d~r, (4.2.4)

RRb+
2

(t) =

∫
γAI(~r)nRy(~r, t) d~r. (4.2.5)

If we now assume the ground state and the Rydberg density to only depend on the distance
from the origin r = |~r| and insert expression (4.2.3) for the Rydberg density, we obtain

RRb+(t) = 4π

γPI

∫
γ(r)e−γ(r)t

γ(r)

n0
Ry(r)

+ β (1− e−γ(r)t)
r2dr + β

∫  γ(r)e−γ(r)t

γ(r)

n0
Ry(r)

+ β (1− e−γ(r)t)

2

r2dr


(4.2.6)

RRb+
2

(t) = 4π

∫
γAI(r)γ(r)e−γ(r)t

γ(r)

n0
Ry(r)

+ β (1− e−γ(r)t)
r2dr. (4.2.7)

In principle, these equations describe the decay of the TOF spectra that we observe and
a fit with these functions should allow to directly extract the appearing ionisation rates.
However, due to the necessary time-dependent spatial integration, it is computationally
challenging to perform the fit. We will therefore simplify the problem by restricting it to
the beginning of the decay, i.e. t = 0. In the following, we therefore show how to extract
relevant quantities like σAI and σinel from the relative peak heights at t = 0 and the initial
decay rate.

2Even if one of the Rydberg atoms decays into an ion, we still recover the quadratic dependence on the
Rydberg density. Thus, the Rydberg–Rydberg process implicitly includes also ion–Rydberg collisions.
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4.2.1. Peak ratio

For the analysis, it is useful to consider the ratio of the peak heights for the Rb+ and the
Rb+

2 peak rather than their absolute values as the number of excitations in the system and
the ion detector efficiency cancels out in this quantity3. From eq. (4.2.4) and eq. (4.2.5),
we see that this ratio can be expressed as

RRb+
2

RRb+

∣∣∣∣
t=0

=

∫
n0

Ry(r)γAI(r)r
2 dr

γPI

∫
n0

Ry(r)r2 dr + β
∫
n0

Ry(r)2r2 dr
. (4.2.8)

To carry out the appearing integrals, we have to assume some explicit distribution of
the Rydberg excitations n0

Ry(r). As we are working in the limit of weak driving, i.e.
small Rabi frequency Ω, we can neglect Rydberg blockade effects and the excitation
distribution follows the distribution of ground state atoms. It is thus reasonable to assume
the Rydberg density to be proportional to the ground state density n0

Ry(r) = an0e
−r2/2σ2

,

where n0 = N(2π)−3/2σ−3 is determined by the number of ground state atoms N and the
Gaussian width σ. Note that the proportionality constant a ≡ a(Ω) carries an implicit
dependency on the driving strength Ω. It is easy to see that the first integral in the
denominator of eq. (4.2.8) is the norm of the density distribution, i.e. the number of
Rydberg atoms in the system NRy ≡ aN . The second integral in the denominator can,
under the above assumptions, also be solved analytically as NRyβan02−3/2. Similarly, the
integral in the nominator can be solved and yields NRyσAIv̄th2−3/2. Inserting the solutions
of the integrals and cancelling NRy2−3/2, we obtain

RRb+
2

RRb+

∣∣∣∣
t=0

=
σAI√

8γPI + βan0

Φ, (4.2.9)

where Φ = n0v̄coll is the atom flux through the surface of the Rydberg atom. If Rydberg–
Rydberg collisions are weak and the photoionisation rate γPI is known, it is thus possible
to extract the cross section for associative ionisation σAI as the slope of a linear fit to the
peak ratio for varying atom fluxes. If, on the other hand, Rydberg–Rydberg collisions
dominate (βan0(r) � γPI), the peak ratio becomes σAIvth

βa
, which is independent of the

ground state density. If both processes are of similar magnitude, the observed curve shape
will be bended. It is thus easy to judge on the importance of Rydberg–Rydberg collisions
just by looking at the scaling behaviour of the peak ratio.

It should be noted that the dependency on β results only from the fact that we also
observe ions from Rydberg–Rydberg collisions. If Rydberg–Rydberg collisions did not
create ions, the peak ratio would be independent of β. This is due to the fact that the
considered peak ratio is a static quantity at t = 0 and thus concurrency in the decay
channels does not play a role. In this case (or when β ≈ 0), the peak ratio also becomes
independent of the actual number of excitations in the system. Note also that the factor
of
√

8 appears just due to the integration over the different densities in the cloud. For a
fully blockaded system with a constant Rydberg density, however, this numerical factor
strongly depends on the boundaries of the integration.

3The detector efficiency cancels only if it is equal for Rb+ and Rb+
2 ions. Due to the discrete dynode

design and the dynode material used in the ion detector, we assume the detection efficiency to be
rather insensitive to the ion mass. Consequently, we expect to have approximately the same detection
efficiency for both detected ion types.
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4.2.2. Initial decay rate of the molecular ion signal

In contrast to the peak ratio, the initial decay rate of the Rb+
2 signal is a dynamic quantity

that involves all decay processes. Approximating the decay to be exponential, the initial
decay rate γ0

coll is given by

γ0
coll = −

ṘRb+
2

(r)

RRb+
2

(r)

∣∣∣∣∣
t=0

=
4π
∫∞

0
γAI(r)

[
γ(r)n0

Ry(r) + βn0
Ry(r)2

]
r2 dr

4π
∫∞

0
γAI(r)n0

Ry(r)r2 dr
. (4.2.10)

The involved time derivative is given by γAI(r)ṅ
0
Ry(r) which can be taken directly from

the differential equation (4.2.1). Splitting this expression into two integrals yields

γ0
coll =

∫∞
0
γAI(r)γ(r)n0

Ry(r)r2 dr∫∞
0
γAI(r)n0

Ry(r)r2 dr
+ β

∫∞
0
γAI(r)n

0
Ry(r)2r2 dr∫∞

0
γAI(r)n0

Ry(r)r2 dr
. (4.2.11)

Inserting the definition of γ(r), the first integral can be transformed to

(γn + γPI)

∫∞
0
γAI(r)n

0
Ry(r)r2 dr∫∞

0
γAI(r)n0

Ry(r)r2 dr
+

∫∞
0
γAI(r)γcoll(r)n

0
Ry(r)r2 dr∫∞

0
γAI(r)n0

Ry(r)r2 dr
(4.2.12)

=(γn + γPI) +

∫∞
0
γAI(r)γcoll(r)n

0
Ry(r)r2 dr∫∞

0
γAI(r)n0

Ry(r)r2 dr
. (4.2.13)

The remaining integrals can be solved analytically if we assume that the Rydberg den-
sity n0

Ry(r) = an0(r) is proportional to the ground state density. Then, this expression
becomes

(γn + γPI) +

√
8

27
σinelΦ. (4.2.14)

The second appearing integral in eq. (4.2.13) can be solved analogously and the initial
decay rate from eq. (4.2.10) becomes

γ0
coll =

√
8

27

(
σinel +

aβ

v̄coll

)
Φ + (γn + γPI). (4.2.15)

Under the assumption that the Rydberg–Rydberg collisions are small, it is thus possible
to extract the inelastic scattering cross section σinel as the slope of the initial decay rate
as a function of the atomic flux. Unfortunately, the Rydberg–Rydberg processes do not
change the shape of the curve but only the slope and can thus lead to a wrong value for
the inelastic cross section. However, the implicit dependence of the constant a ≡ a(Ω)
on the driving strength allows to check its influence on the slope by varying Ω. If the
variation of the driving strength does not change the observed slope, one can conclude
that Rydberg–Rydberg losses are negligible.

4.2.3. Average collision velocity

So far, we did not specify the average collision velocity v̄coll between the Rydberg atom and
the surrounding ground state atoms in the thermal ensemble. This problem is complicated
by the fact that the Rydberg atom (r) as well as the ground state atoms (g) are moving.
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For both particles with mass m, the average thermal velocity in equilibrium with a thermal
gas of temperature T is given by [153]

v̄
(i)
th =

√
8kBT

πm
, (4.2.16)

where i ∈ {r, g} denotes the considered particle. Even though the time-averaged velocity
of the undirected thermal motion is zero, the particle i is moving with a randomly changing
velocity ~v

(i)
th at every instance of time. In addition to this undirected thermal motion we

also have to consider the directed motion of the Rydberg atom due to the recoil velocity

~vrec =
h

mλ
ẑ (4.2.17)

transferred during the excitation from a laser beam that is aligned in the z-direction. It
is then easy to see that the momentary collision velocity ~vcoll is given by

~vcoll = ~v
(g)
th − (~v

(r)
th + ~vrec). (4.2.18)

In order to derive the average collision velocity v̄coll =
√
〈~v2

coll〉, we need to calculate

~v2
coll =

(
v

(g)
th,x − v

(r)
th,x

)2

+
(
v

(g)
th,y − v

(r)
th,y

)2

+
(
v

(g)
th,z − v

(r)
th,z − vrec

)2

(4.2.19a)
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and average it to obtain 〈~v2
coll〉. Since the average is an additive quantity, the average

of the sum equals the sum of the averages. Additionally, the random thermal motion
of the Rydberg atom and the ground state atoms is completely uncorrelated and we see
that 〈v(g)

th,jv
(r)
th,j〉 = 〈v(g)

th,j〉〈v
(r)
th,j〉 for j ∈ {x, y, z}. Furthermore, vrec is a constant and thus

〈v(i)
th,jvrec〉 = vrec〈v(i)

th,j〉. As known from the Boltzmann distribution, the individual vector

components of the thermal velocity average to zero 〈v(i)
th,j〉 = 0. Therefore, all mixed terms

in eq. (4.2.19b) vanish. For the squared terms, we can apply the equipartition theorem

〈v(i)2
th,j 〉 = 1

3
v̄2

th [154]. We then obtain

〈~v2
coll〉 = 6

1

3
v̄2

th + v2
rec (4.2.20)

and the average collision velocity becomes

v̄coll =

√
2 +

v2
rec

v̄2
th

v̄th. (4.2.21)

We see that the average collision velocity is not identical but still proportional to the
average thermal velocity. Even without the additional recoil that the Rydberg atom
acquires, we see a factor of

√
2 that takes into account that both collision partners are

moving with the thermal velocity distribution. If the recoil velocity is included, this
changes the prefactor depending on the thermal velocity and thus on the temperature
of the cloud. As the temperature range for the discussed experiments is rather small,
we can extract an average numerical prefactor that is approximately valid in the studied
temperature range. The average collision velocity in our experiment is then given by

v̄coll ≈ 1.56
√

2v̄th. (4.2.22)
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4.3. Cross section measurement

In order to determine σAI and σinel from the experiment, we realised atomic samples at
various atomic fluxes by changing the particle density. To achieve this, we prepared a
thermal cloud of N = 4 × 105 atoms in a trap with trapping frequencies of ωx,y,z =
2π× (77, 77, 94) Hz. For these parameters, we obtain a thermal cloud with a peak density
of n0 = 3.1×1014 cm−3 and a temperature of 200 nK. In order to systematically change the
atomic flux, we used a so-called release and recapture method, where the atom number
is reduced by shortly ramping the trap depth below the point where the atoms can leave
the trap in gravity direction. The trap depth is ramped down linearly in 2.5 ms and
subsequently linearly back to the original configuration in the same time. By varying
the lowest point of the ramp the number of atoms that remain in the trap is gradually
reduced. Due to the centre of mass motion of the atomic cloud during the release and the
inverse motion in the recapture phase, the energy of the system is increased. After the
recapture, we thus usually wait 600 ms for the system to thermalise at a slightly higher
temperature. With this method, it is possible to change the atom number at constant
trap parameters by almost two orders of magnitude while the temperature of the sample
increases at most by a factor of two.

In the final trap configuration, both low-power trapping beams had an intensity of
I = 3.6(2) kW/cm2 that was also present during the excitation of the Rydberg atoms. From
the measured photoionisation cross sections (sec. A.11), we can therefore conclude that
γPI = σPI

I
hν

did not exceed 1.1 kHz for the principal quantum numbers addressed in our
measurements. In particular the photoionisation is always much slower than the natural
decay of the studied states, which makes it a weak probe for the dynamics that hardly
changes the system.

The excitation into Rydberg states was achieved using the UV laser that was focused
to a Gaussian beam waist of around w0 = 100µm and aligned under an angle of roughly
48 ◦ with respect to the quantisation axis. For such configuration and a sample prepared
in the F = 1,mF = 1 hyperfine state, it is possible to couple all mj states in the Rydberg
level, irrespective of the laser polarisation. The coupling strength of the individual mj

states however does depend on the polarisation [112]. To still couple only to a single
mj state, we use the compensation coil above the atoms to create a magnetic field of
approximately 35 G at the position of the atoms that is aligned along the direction of
gravity. This gives rise to a Zeeman-splitting of 64 MHz between the mj sublevels, which
can then be addressed individually by choosing the appropriate laser detuning. For the
measurements presented here, we always addressed the mj = +3/2 state of the respective
nP3/2-state.

4.3.1. Partial cross section for associative ionisation

The measurements with varied atomic flux were performed for the principal quantum
numbers n = 25, 30, 35, 41, 51, 60 and for different laser powers. For three exemplary
measurements, all performed with an excitation laser power of roughly P = 50µW,
the scaling of the peak ratio with the atomic flux is shown in fig. 4.2a. As predicted
by the theoretical model, we observe a linear dependence. The fact that we see no
deviation from the linear scaling also indicates that Rydberg–Rydberg processes are still
negligible for the chosen parameters. Even measurements with an increased excitation
laser power of P = 1 mW did not show any hint of Rydberg–Rydberg processes. Only for
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Figure 4.2: As expected from the simple model presented in sec. 4.2, the peak ratio (a)
and the initial decay rate (b) scale linearly with the atomic flux Φ. Measurements for
n = 41, 51, 60 are shown, all taken with a laser power of 50µW. A linear fit (solid lines) of
the peak ratio reveals the cross section for associative ionisation σAI, while the linear fit of
the initial decay rate gives the total inelastic scattering cross section σinel.

P = 10 mW, the peak ratio became approximately constant, as expected for dominant
Rydberg–Rydberg collisions.

In the regime of small Rydberg–Rydberg collisions, according to eq. (4.2.9), it is possi-
ble to extract the cross section for associative ionisation σAI from the slope of a linear fit
to the data if the photoionisation rate γPI is known. With the measured photoionisation
cross sections (see sec. A.11), we can therefore extract the cross section for associative
ionisation. For each principal quantum number, multiple measurements with laser powers
between 50µW and 1 mW were performed and the fit values were averaged. The obtained
values are summarised in tab. 4.1 and depicted in fig. 4.3a. We see that the cross section
is rather constant in the range between n = 25 and n = 40 and only rises significantly
for n = 51 and n = 60. In contrast to measurements that were performed in the 1980s
in hot atomic beam experiments and which obtained a cross section compatible with the
size of the formed molecule [11–13], we see that in ultracold systems the measured cross
section exceeds the geometrical cross section of the formed Rb+

2 molecule by three orders
of magnitude. This is particularly interesting as in the simple DRM model (sec. 2.3.3) the
two nuclei need to approach each other up to the size of the formed molecule (less than
2 nm in our case) to undergo associative ionisation. Even though the ionisation process
itself can only happen at such short distances, the measured values for σAI suggest that
every perturber that enters the characteristic scattering radius l =

√
σAI/π of 35 nm to

80 nm will end up in an Rb+
2 ion. Consequently, there must be a directed mass transport

mechanism that efficiently moves the ground state atom towards the Rydberg core once it
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Figure 4.3: Extracted cross sections. (a) Comparison of the extracted partial cross section
for associative ionisation σAI (red diamonds) and the total inelastic scattering cross section
σinel (blue dots) with the geometrical cross section σgeo of the Rydberg atom (solid green
line) and an upper limit on the cross section of the formed Rb+

2 molecule (dashed orange
line) as a function of the effective principal quantum number neff . The error bars denote the
standard deviation from the fit. (b) A detailed comparison of the characteristic scattering
radius l =

√
σinel/π (blue dots) with the size of the Rydberg atom. Langevin capture

through polarisation of the ground state atom by the screened Rydberg core (purple line)
is not sufficient to explain the observed scattering radii.

trespasses the measured characteristic scattering radius up to the point where it can un-
dergo associative ionisation. A detailed discussion of this mechanism and an explanation
in terms of the Rydberg–ground state potentials is given in sec. 4.4.

4.3.2. Total inelastic scattering cross section

From the same measurements that allowed us to extract the cross section for associative
ionisation, we can also extract the total inelastic scattering cross section by investigating
the initial decay of the Rb+

2 signal. As predicted by eq. (4.2.15), we see a linear scaling of
the initial decay rate with the atomic flux as shown in fig. 4.2b. We have already seen in
sec. 4.3.1 that Rydberg–Rydberg collisions are negligible for the analysed measurements.
For the initial decay rates, this is once more confirmed by the fact that for varied excitation
laser power up to 1 mW we always recover the same slope in a linear fit of the data. This
indicates once more that in our parameter regime Rydberg–Rydberg collisions are not yet
important. Hence, we can directly deduce the total inelastic scattering cross section σinel

from the slope of the linear fit. The results are summarised in tab. 4.1 and depicted in
fig. 4.3.

It is interesting to compare the characteristic scattering radius l =
√
σinel/π to the size
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Table 4.1: Measured cross sections for photoionisation by the YAG trapping light σYAG
PI

(sec. A.11), for inelastic scattering between a Rydberg atom and a ground state atom σinel,
and for associative ionisation σAI. For comparison the theoretical geometrical cross section

σ
Rb+

2
geo of the formed Rb+

2 molecules (sec. 2.3.3) is presented. σinel cannot be determined
reliably for n < 35.

state σYAG
PI [nm2] σinel [nm2] σAI [nm2] σ

Rb+
2

geo [nm2]
25P3/2 2.9(10)× 10−6 - 4(1)× 103 3.5
30P3/2 1.6(5)× 10−6 - 4(1)× 103 4.3
35P3/2 2.2(6)× 10−6 4.8(3)× 104 2(1)× 103 5.1
41P3/2 1.4(4)× 10−6 7.3(4)× 104 4(1)× 103 6.0
51P3/2 0.6(2)× 10−6 1.9(3)× 105 6(1)× 103 7.6
60P3/2 0.8(3)× 10−6 3.7(4)× 105 21(7)× 103 9.2

of the respective Rydberg atom. As a measure for the size, we consider the position of the
outermost lobe of the radial wave function. Such comparison is shown in fig. 4.3b. It is
striking that the measured scattering radii agree very well with the geometric size of the
Rydberg atom. Only for the lowest Rydberg states, we see a deviation and a large error
caused by the difficult determination of the initial decay rate due to the weak Rb+

2 signal
in this regime. For the states with n < 35, a reliable determination of the decay rate
was not possible any more. The fact that the inelastic scattering cross section is identical
to the geometrical cross section means that every collision between a Rydberg atom and
a ground state atom leads to a decay of the Rydberg atom, which implies that there is
essentially no elastic scattering in the studied parameter regime. We therefore conclude
the presence of a dissipative interaction that becomes active as soon as the perturber atom
enters the Rydberg wave function. The microscopic origin of this interaction is discussed
in detail in the next section.

4.4. Directed mass transport

The observed giant increase in the cross section for associative ionisation can be attributed
to a directed mass transport enabled by the potentials arising from the interaction between
the Rydberg electron and the perturber. For the case of the pure triplet potential of the
51P3/2;F = 2 state, the relevant PEC (sec. 2.4.6) in combination with the C4 polarisation
potential (sec. 2.4) is shown in fig. 4.4a. In this potential, the interplay between the s-
and p-wave terms creates an overall attractive shape, as discussed in sec. 2.4.5. Due to
the shape of this potential, the incoming perturber already gains a lot of kinetic energy at
the outermost parts of the wave function. Thus, in comparison to the pure C4 interaction,
the perturber needs much less time to arrive at small internuclear radii, where associative
ionisation can occur through the DRM. Integrating the equation of motion of a classical
particle in the potential shows that the transport can take place at a time scale of a few
microseconds, which is much faster than the lifetime of the Rydberg atom. While a full
quantum mechanical treatment of the problem is beyond the scope of this thesis, the
experimental evidence for the mass transport is obvious through the giant increase of the
measured cross section.

This mass transport mechanism is a unique effect that can only be observed in ultracold
systems. In particular, previous atomic beam experiments [11–13] were not able to observe
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(a) (b)

Figure 4.4: Electron-mediated mass transport. (a) The potential acting on the perturber
atom through the C4 polarisation interaction alone (red line) and in combination with the
scattering from the Rydberg electron in the 51P3/2 state (blue line). (b) The quasi-catalytic
process enabled by the Rydberg electron (solid lines) vastly increases the probability of
inelastic collisions with Rb ground state atoms, ultimately leading to metastable excited
Rb∗2 molecules that subsequently ionise into Rb+

2 through the DRM (sec. 2.3.3). In an
ultracold plasma, the recombination of Rb+ and e− into Rydberg states (dashed line) could
complete the catalytic cycle.

this effect since the beams had a temperature of roughly 500 K, corresponding to thermal
energies on the order of 10 THz. This not only limits the highest addressable Rydberg
state due to collisional ionisation but also makes the Rydberg–ground state interaction
negligible compared to the thermal motion. Since only the C4 interaction eventually
becomes strong enough to dominate over the thermal energy, it is not surprising that
those measurements found a cross section for associative ionisation that is in agreement
with the geometrical size of the Rb+

2 molecule.

A possible alternative microscopic explanation consists in the Langevin capture of the
ground state atom in the C4 potential created by the polarisation of the perturber through
the Coulomb field of the Rydberg core. Extending the C4 potential presented in sec. 2.3.3
to also include the partial screening by the charge of the Rydberg electron gives rise to
the effective residual charge qeff = q

∫ R
0

Ψ(r) dr and consequently to an effective Ceff
4 (R).

For the Langevin capture, we are interested in the distance RL at which the resulting
Ceff

4 (R)/R4 potential equals the thermal energy as for deeper potentials the particle in
the potential does not have sufficient energy to escape again. The comparison in fig. 4.3b
reveals that for high principal quantum numbers the measured scattering radii exceed the
Langevin radius RL by far. The fact that the inelastic scattering cross section is given by
the size of the Rydberg electron’s wave function rather than the characteristic Langevin
radius indicates that the interaction due to the electron’s potential is dominant far from
the core. In combination with the insights on l-changing collisions from ref. [57], it is
therefore very likely that also the observed mass transport is not explained in terms of
a simple Langevin capture and subsequent motion in the C4 potential but the additional
interaction between the Rydberg electron and the perturber plays a crucial role.

Despite the vast increase in the associative ionisation cross section by the mass transport
mechanism, it still does not cover all inelastic collisions. By comparing σAI to σinel, we see
that only roughly every 20th inelastic collision leads to the creation of a Rb+

2 molecule.
This means that the majority of collisions does not lead to the formation of a molecular
ion and is thus not tracked in our system. Possible other decay mechanisms are listed in
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the following:

• The presence of the perturber changes the wave function of the Rydberg atom.
Especially for small internuclear distances we see a significant admixture of sur-
rounding states with different l quantum numbers. This repeals the dipole selection
rules and thus opens further decay channels for the Rydberg atom. Ultimately, this
process could lead to an accelerated spontaneous decay.

• After the collision partners already approached each other significantly, the Rydberg
atom decays naturally into the ground state. For very small internuclear distances,
the two ground state atoms also show a van-der-Waals interaction that gives rise
to a molecular potential. Thus, it might be possible that the system decays into a
neutral Rb2 molecule.

• Inelastic collisions in which the partners separate again, leaving the Rydberg atom
in a lower state [57]. The excess energy is converted to kinetic energy, which leads to
a loss of the particles from the trap. The microscopic reason for such process might
be the avoided crossing between the singlet trilobite PEC and the triplet butterfly
PEC that is shown in fig. 2.12. Due to the high kinetic energy that the perturber
acquired up to that point, diabatic crossings to the triplet trilobite PECs might also
be considered as an escape channel. As both trilobite states adiabatically connect
to the lower hydrogenic manifold, this process leads to a significant population of
high-l states.

4.5. The electron as a catalyst

Like it was already observed for a single ion in an ultracold cloud [155], also here, a single
charged particle—the Rydberg electron—vastly changes the reaction rate. The role of the
Rydberg electron in the observed process shows a close analogy to a catalyst in a generic
catalytic reaction. This can be seen by looking at the reaction dynamics that is readily
described by the Arrhenius equation

k = nσcollv̄the
−EA/(kT ). (4.5.1)

In conventional reactions, the role of the catalyst is to provide a transition state that is
lower in energy and thus to reduce the activation barrier EA. Due to the exponential
dependence, this usually leads to a vast increase in the reaction rate. In our case, there
is no activation barrier and the role of the Rydberg electron is rather to increase the
collision frequency nσcollv̄th by altering the cross section. Moreover, the final molecular
ion formation process via the DRM relies on the presence of the electron. In this way, the
production rate of Rb+

2 molecules is increased by the presence of the Rydberg electron by
several orders of magnitude, just like a catalyst would do. A second condition for catalysis
is that the catalyst is not consumed by the reaction. This is obviously fulfilled in our case
as well. This partial catalytic process can be part of a full catalytic cycle (fig. 4.4b),
where free Rb+ ions and free electrons recombine into high-lying Rydberg states [156]
and therefore have a highly increased probability to react with surrounding ground state
atoms, eventually releasing the electron again. In ultracold plasmas [70, 157, 158] for
example, such catalytic cycles can take place and increase the production rate of molecular
ions significantly.
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4.6. Summary

By studying the decay dynamics of resonantly excited Rydberg atoms in dense thermal
clouds, we were able to extract the scattering cross section for associative ionisation as well
as the total inelastic scattering cross section for collisions with ground state atoms. The
giant magnitude of the measured cross section for associative ionisation combined with
the fact that the inelastic scattering cross section is as big as the geometric cross section
strongly indicates the presence of a directed mass transport mechanism that accelerates
the perturber atom towards the Rydberg core. As a simple Langevin capture model is
not sufficient to explain the observed behaviour, we conclude that the potential created
by the Rydberg electron is most likely the reason for the mass transport. In this picture,
the electron takes the role of a catalyst that increases the production rate of Rb+

2 ions by
several orders of magnitude.

The existence of the Rydberg-mediated mass transport has a direct influence on ultra-
cold Rydberg experiments. Without this process the expected cross section is on the order
of 1 nm2 and for a typical cold sample with a peak density of n0 = 5 × 1014 cm−3 and a
temperature of T = 200 nK this amounts to an expected rate for associative ionisation of
γAI = n0σAIvth(T ) ≈ 10 Hz. This is negligible compared to the natural decay rates of the
studied states that range from 7 kHz to 50 kHz. Consequently, without the presented mass
transport mechanism associative ionisation should be hardly visible in ultracold systems.
However, the observed giant increase in the cross section renders associative ionisation an
important process that even dominates the spontaneous decay for high Rydberg states. It
is therefore necessary to consider associative ionisation as a decay channel in high-density
ultracold Rydberg gases. Especially for coherent excitation schemes like Rydberg dressing
or in the context of quantum information processing, it might thus be useful to stay in the
regime of low ground state densities and small principal quantum numbers to minimise
the rate of associative ionisation.

On the other hand, the increased cross section renders associative ionisation a useful
probe that allows to continuously study the Rydberg excitations present in the sample.
Especially in cases where the photoionisation cross section is small, e.g. for Rydberg
S-states, or where photoionisation does not appear due to the absence of light fields,
associative ionisation provides a well-suited probe for high-density samples. Due to its
linear dependency on the ground state density, associative ionisation might also be used
to probe the density distribution of a trapped atomic cloud by steering a tightly focused
beam across the cloud and recording the created Rb+

2 ions.

In addition to the decay by associative ionisation, also the excitation of Rydberg atoms
in an ultracold cloud depends on the ground state density. The overall process, includ-
ing excitation and decay into a molecular ion, therefore depends quadratically on the
ground state density and is thus nonlinear. Hence, this process might also allow to study
bistability and Zeno dynamics in nonlinear dissipative systems [159].

Furthermore, it should be noted that the interaction induced by the Rydberg electron
and the resulting increase of the scattering cross section is quite universal and should
also be present in other atomic species that show a negative scattering length for elec-
tron scattering. While the details of the underlying level scheme depend on the species
of the Rydberg atom, the envelope of the arising Rydberg–ground state potential is just
determined by the scattering properties between the electron and the perturber. There-
fore, the overall shape of the potential depends on the perturber species. In the future
it might be interesting to investigate the Rydberg–ground state scattering properties of
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different atomic species and in the combination of different species. Such systems and
the comparison between them should be especially suited to study the role of the p-wave
shape resonance in the observed mass transport mechanism.





5. Ultralong-range Rydberg molecules

After discussing the changes that the Rydberg–ground state interaction introduces in the
scattering process of the collision partners, we will now turn to a static picture and dis-
cuss photoassociation of molecular bound states in the potential formed by the Rydberg
electron. In this chapter, we will restrict the discussion to the outer regions of the po-
tential that give rise to ultralong-range Rydberg molecules, as presented in sec. 2.4.6.
In the following, we present the first extensive photoassociation spectroscopy for P -state
Rydberg molecules in rubidium, spanning more than the full fine structure splitting of
the 25P -state. Due to the employed time-of-flight measurement, we are able to extract
the lifetime of the studied molecules and, by applying an external electric field, we can
determine the permanent electric dipole moment for some of the deepest bound states.
Since the scattering of the Rydberg electron from the ground state perturber gives rise
to states of mixed hyperfine character, we are able to observe spin-flip processes in the
perturber atom upon photoassociation of the Rydberg molecule. Due to an incidental
near-degeneracy of the Rydberg state’s fine structure and the hyperfine structure of the
perturber, we furthermore observe molecular states that strongly entangle the fine struc-
ture state of the Rydberg atom with the hyperfine state of the perturber.

5.1. Spectroscopy of P-state Rydberg molecules

To gain spectroscopic evidence for the ultralong-range Rydberg molecules predicted by
the calculated PECs, we extended the TOF measurement scheme presented in sec. 4.1
by varying the detuning of the excitation laser. In contrast to a continuous excitation
scheme, this allows us to still obtain the full information on the lifetime of the excited
state while performing the spectroscopy. To increase the statistics, the TOF experiment
is repeated multiple times for each laser detuning and the results are averaged. Since the
excitation of a molecule requires two atoms to be much closer together than the average
interatomic distance in the prepared samples, the small probability to find a suited atom
pair suppresses the transition rate into molecular states. Due to this suppression, the
sample is even less affected by the excitation pulse on a molecular line compared to the
atomic transition. It is therefore possible to perform 1000 pulses of 1µs length on the
same sample, where each pulse is followed by 200µs of free evolution during which we
record the ion signal. In the presented experiments, the excitation laser had a power of
roughly 40 mW and was focused to a beam waist of 40µm. It entered the chamber in the
horizontal plane with a linear polarisation oriented perpendicular to the quantisation axis.
The spectrum obtained in a spin-polarised BEC of 105 atoms in the F = 2, mF = +2
ground state at final trapping frequencies of ωx,y,z = 2π × (64, 64, 60) Hz is shown in
fig. 5.1. To our knowledge, this is the first extensive spectroscopy on P -state Rydberg
molecules, spanning a range of more than 10 GHz with a frequency resolution of 1 MHz.

The most prominent features in the spectrum are surely the strong lines at 0 GHz and
−7.7 GHz, corresponding to the atomic transition into the 25P3/2;F = 2 and 25P1/2;F = 2
state, respectively. As expected, we observe a plenitude of discrete molecular lines on the
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Figure 5.1: Measured spectrum around the 25P -state from a BEC of 105 atoms in the
F = 2, mF = +2 ground state. The strong lines at 0 GHz and −7.7 GHz correspond to
the atomic transition to the 25P3/2- and 25P1/2-state, respectively. The figure shows a
combined spectrum from several measurements, each spanning roughly 1.5 GHz. The flight
time is 82µs for the Rb+

2 ions and 58µs for the Rb+ ions. The spectrum was recorded with
a resolution of 1 MHz.

red side (lower energy) of both atomic transitions that are visible as vertical lines of
increased line intensity in fig. 5.1. A peculiar situation arises on the blue side (higher
energy) of the 25P1/2;F = 2 atomic transition as the molecular lines appearing here are
bound states in the 25P3/2;F = 1 potential. A detailed discussion on these hyperfine
mixing molecular states is given in sec. 5.2.

A second, very interesting feature of the measured TOF spectrum is the omnipresent
signal of Rb+

2 ions giving rise to the almost continuous line at 82µs. It is astonishing that
even aside of the observed discrete molecular lines there always seems to be a small but
finite probability to excite a molecular state that exclusively decays into molecular ions.
This may possibly be caused by molecular states that have a non-vanishing probability
density at small internuclear distances and can thus efficiently decay into molecular ions.
As such an efficient decay implies a short lifetime of the molecular state the line broadens
and individual short-lived states can overlap in the spectrum to an almost continuous
signal. Possible candidates for such molecular states at small internuclear separations
might be delocalised states in the complex potential landscape that arises beyond the
crossing of the butterfly states with the P -state (fig. 2.12). A more detailed analysis of
the bound states in this potential region and their overlap with the molecular ion state is
beyond the scope of this work but might be interesting to study in the future.

5.1.1. Lifetimes

As a benefit of the TOF measurement technique, we obtain the full information on the
lifetime of the observed molecular states in the spectroscopy. To quantify the lifetime,
we can slice the spectrum from fig. 5.1 along the time axis and obtain the TOF decay
signals for each of the observed molecular lines. Those can, in analogy to the evaluation
presented in sec. 4.1, be fitted with exponential functions to extract the characteristic
decay time τRb+ of the Rb+ peak and, after subtracting the Rb+-decay, to extract the
decay time τRb+

2
of the Rb+

2 -signal.
In the following, we will give a very brief discussion of the measured lifetimes and refer

to ref. [160] for a much more detailed study on the lifetimes of the individual molecular
states, including a systematic study of the dependence on the atomic density.
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Table 5.1: Lifetimes extracted by exponential fits to the decay signal of the Rb+ peak
(τRb+) and the Rb+

2 peak (τRb+
2

) on a subset of the observed molecular lines at a detuning

νM from the 25P1/2;F = 2 state and the 25P3/2;F = 2 state. For the molecular lines with

a fast decaying Rb+
2 peak the signal of the Rb+ peak is usually too small for a reliable fit

and the values are omitted.

25P1/2 25P3/2

νM [MHz] τRb+ [µs] τRb+
2

[µs] νM [MHz] τRb+ [µs] τRb+
2

[µs]

−91 21.5(17) 3.0(1) −110 18.3(11) 3.41(4)
−103 - 1.86(2) −141 20.3(12) 4.05(2)
−125 17.6(8) 8.1(1) −175 22.1(19) 3.92(3)
−245 21.7(8) 8.6(1) −289 18.7(11) 8.7(1)
−454 19.1(21) 3.15(4) −449 19.0(8) 6.4(1)
−691 - 1.74(5) −807 20.6(8) 7.1(1)
−765 - 0.84(3) −936 16.5(9) 7.0(3)
−778 18.0(15) 6.7(1)
−793 20.2(15) 6.3(1)
−1019 20.9(14) 8.4(1)
−1035 22.5(12) 8.7(1)
−1042 21.2(11) 7.7(1)
−1592 - 0.90(2)

A summary of the determined decay times τRb+ and τRb+
2

is given in tab. 5.1. While

the decay times of the Rb+ peaks are all compatible with the lifetime τ25P = 18.6µs of
the atomic Rydberg excitation and show only small variations, the Rb+

2 peaks generally
decay faster and vary from roughly 1µs1 to almost 9µs. For those states that show a fast
decay of the Rb+

2 signal, the decay into molecular ions is very efficient and accordingly
only few Rydberg molecules decay into Rb+ ions during their lifetime. Consequently, we
observe only a very small Rb+ signal that cannot be fitted reliably with an exponential
function.

The lifetimes presented here were measured in the high density environment of a BEC
with a peak particle density of n0 = 1.3× 1014 cm−3. For such high densities, the collision
of the photoassociated Rydberg molecules with the remaining ground state atoms becomes
a limiting factor for the lifetime which is revealed by a systematic study of the lifetimes
in thermal clouds of varying particle densities [160]. Interestingly, only the lifetime of the
Rb+

2 peak shows a dependency on the ground state density while the lifetime of the Rb+

peak stays constant. This suggests that a collision of a Rydberg molecule with a ground
state atom leads exclusively to a molecular ion or a loss of the particles. We thus observe
different lifetimes for those Rydberg molecules that collided with a ground state atom
and those that did not.

5.1.2. Dipole moments

Ultralong-range Rydberg molecules consist predominantly of one particular low-l state
and thus the electron density is mostly given by the shape of the unperturbed Rydberg
state |ΨR〉 ≈ |n1, l1, j1,mj1〉 ⊗ |ms1,mI2〉. Since a single, unperturbed atomic state is
symmetric with respect to a reflection in the x-y-plane, the dipole matrix element 〈Ψ|dẑ|Ψ〉
1Due to the excitation pulse length of 1µs, we cannot detect lifetimes smaller than this.
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(a) (b)

Figure 5.2: Measurement of the dipole moment for bound states in the ultralong-range
PECs. (a) Measured spectra (dots) for various applied electric field strengths with eq. (5.1.4)
fitted to the data (lines). (b) Scaling of the measured field broadening (dots) as a function
of the applied electric field. The values for the broadening are fitted with eq. (5.1.5) that
allows to correct for a finite offset field E0.

vanishes. In first order perturbation theory, i.e. neglecting the contribution of other states,
ultralong-range Rydberg molecules do therefore not possess a permanent electric dipole
moment. Going beyond perturbation theory, however, we see that in the increasingly
deep wells of the ultralong-range PECs shown in fig. 2.14 we get an increasing admixture
of other states, which in turn gives rise to a permanent electric dipole moment for the
bound states in those wells. Especially in the vicinity of the avoided crossing with the
butterfly PECs, we see a strong mixing with states from the hydrogenic manifolds and
consequently expect high permanent electric dipole moments.

In order to experimentally study the dipole moment of the observed ultralong-range
Rydberg molecules, we applied an electric field to the sample during photoassociation of
the molecule. Field strengths up to 0.44 V/cm were applied through the main electrodes
resulting in a field vector pointing in gravity direction. In this configuration, the generated
ions are accelerated towards the ion optics and further guided to the ion detector. It is
therefore possible to apply a finite electric field and still observe the generated ions in the
detector. In the presence of the field, the same spectroscopy method that is described in
sec. 5.1 was used. As an example, the obtained spectra for various field strengths at the
molecular line at −2802 MHz are shown in fig. 5.2a. While for vanishing field strength,
we obtain a pure Lorentzian line shape

L(ν) = A
γ/2

(ν − ν0)2 + γ2/4
, (5.1.1)

with the amplitude A, the centre frequency ν0, and the linewidth γ, the lines broaden as
the field is increased.

From the simple theory of dipolar molecules in electric fields (sec. 2.6), we would expect
to see discrete pendular states in the spectrum rather than the observed broadening.
However, the rotational constant of ultralong-range molecules is rather small due to the
high bond length, and the involved dipole moments are small as well. Therefore, the
arising pendular states (see sec. 2.6) are closely spaced for the small fields used in this
experiment. Due to the finite width of the molecular lines on the order of a few MHz, it
is not possible to spectroscopically resolve them. Instead, they overlap to a continuous
Stark fan [51] and the line shape is given by a convolution of the individual Lorentzian



5.1. Spectroscopy of P-state Rydberg molecules 109

Table 5.2: Measured dipole moments d and linewidths w of the molecular lines at frequency
νM below the 25P1/2 and the 25P3/2 state. The molecular line at −240 MHz with respect
to the 25P1/2 state was measured twice to check the reproducibility of the measurement.

25P1/2 25P3/2

νM [MHz] w [MHz] d [D] νM [MHz] w [MHz] d [D]
−240 4.7(3) 2.6(3) −801 3.1(3) 11.8(7)
−240 3.0(1) 3.4(2) −807 4.5(3) 13.1(5)
−694 2.4(3) 44.5(20) −1931 3.5(1) 24.1(3)
−771 6.0(4) 59.9(16) −2409 7.8(3) 53.0(11)
−803 12.5(12) 24.1(33) −2802 3.0(1) 32.2(4)
−1019 3.2(2) 18.6(7) −2869 2.7(1) 36.1(7)
−1035 3.2(2) 24.6(6) −2904 2.7(1) 39.3(11)
−1592 24.1(22) 219.6(66) −3002 5.3(7) 10.9(7)
−1902 25.8(29) 145.3(105) −4530 6.0(3) 33.6(5)

lines with a step function of width 2dE [49]

S(ν) =
1

2dE

∫ ∞
−∞

(1−Θ(τ − dE))Θ(τ + dE)L(ν) dτ (5.1.2)

=
Aγ

4dE

∫ dE

−dE

1

(ν − ν0 − τ)2 + γ2/4
dτ. (5.1.3)

This integral can be solved analytically and yields

S(ν) =
A

2dE

[
arctan

(
ν − ν0 + dE

γ/2

)
− arctan

(
ν − ν0 − dE

γ/2

)]
. (5.1.4)

For each spectrum recorded in the presence of the field, this function could be fitted to
the measured spectrum to obtain the dipole moment d and the Lorentzian linewidth γ
of the molecular state under investigation, as shown in fig. 5.2a. While it was possible
to insert the field strength E of the particular measurement into the model and extract
the dipole moment as a fitting parameter, an additional advantage arises in taking the
product w = dE as a fitting parameter if measurements for different field strengths were
performed. By definition, we expect a linear scaling for such set of measurements when
plotting w as a function of the applied field E (fig. 5.2b). In this case, the slope is solely
determined by the dipole moment. The advantage of extracting w from the individual
measurements rather than d for a fixed E arises from its deviation from the linear scaling
for small fields that allows to detect the presence of an offset field E0 in the directions
perpendicular to E. By applying the fit function

w(E) = d
√
E2

0 + E2, (5.1.5)

we can extract the dipole moment d even in the presence of a finite offset field. This
kind of field-dependent measurement was performed for a set of molecular lines below
the 25P1/2 and the 25P3/2 state. The results obtained on the permanent electric dipole
moment d and the Lorentzian linewidth are summarised in tab. 5.2.

In general, the measured dipole moments show the trend that states that are further
separated from the atomic resonance feature higher dipole moments. Furthermore, we
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(a) (b)

Figure 5.3: Comparison of the measured dipole moments (orange lines) to theoretically
calculated dipole moments for the pure triplet (blue) and mixed (red) potential curves. The
comparison is shown separately for the observed lines (a) below the 25P1/2;F = 2 state and
(b) below the 25P3/2;F = 2 state.

note that the measured values for the dipole moments show certain cluster points. In the
case of the bound states below the 25P1/2 state (tab. 5.2), we find cluster points at around
3 D, 22 D, 52 D and 182 D. Since theory (sec. 2.4.9) predicts that the dipole moment of
the molecular bound states mostly depends on the well in which the states are located,
these cluster points give an indication to which well the individual lines correspond. This
is demonstrated in fig. 5.3 where the measured dipole moments can be related to the
theoretically expected dipole moments of each well. For example, in the case of the peak
at −1592 MHz relative to the 25P1/2 atomic resonance, we observe an enormous dipole
moment of roughly 220 D. In the theoretical model, such high dipole moments can only
be realised by the well at 450 a0 in the pure triplet potential (fig. 5.3a). Hence, it is likely
that the studied line corresponds to an excited state in this well. Such states have only a
small tunnel barrier to the inside and thus often show short lifetimes. Also in this case,
we see from tab. 5.1 that the line at −1592 MHz indeed has a very short lifetime and
accordingly is also quite broad even in the absence of an electric field.

To check the reproducibility of the measurement, we performed two independent mea-
surements at the molecular line −240 MHz from the 25P1/2 state. Even though the re-
vealed values for the dipole moment do not coincide within the error margin, the values
are nevertheless quite close. The extracted linewidth γ however differs by almost a factor
of two. This large discrepancy is mainly due to two reasons. For small applied fields, the
effect of residual fields E0 is large and is not compensated for in the fitting of γ, leading
to an error in the determined value. For stronger fields, especially in combination with
high dipole moments, a high uncertainty is introduced by the fact that only the steepness
of the fit function’s edges determines the value of γ (see highest field in fig. 5.2a). Hence,
for most high-field measurements only very few data points determine the value of γ,
giving rise to strong statistical fluctuations. The extracted γ-values can therefore only
give information on the order of magnitude of the linewidth.

5.2. Spin-flips in Rydberg molecules

In this section, we take a closer look at the effect of the molecular bond on the internal
states of the bound ground state atom. For the first time, we show experimentally that
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Figure 5.4: Two-particle level scheme and possible transitions. For a sample prepared
in a certain F ground state, only transitions to Rydberg states with the same F quantum
number are possible (blue arrows for F = 1 and red arrows for F = 2). Due to the admixture
of opposite hyperfine character in the mixed type PECs, the bound states therein can
be coupled from both hyperfine states. While these spin-changing transitions are usually
very weak (faint purple arrows), the near-degeneracy of the 25P1/2;F = 2 state and the
25P3/2;F = 1 state leads to a much stronger coupling (strong purple arrows).

the Rydberg–ground state interaction can flip the internal state of the perturber atom
(spin-flip) and can give rise to entangled states between the Rydberg fine structure state
and the hyperfine state of the perturber atom.

If, at first, we consider an arbitrary pair of non-interacting atoms in a sample prepared
in the hyperfine state F ∈ {1, 2}, we can write the quantum state in an abbreviated way2

as |F 〉 |F 〉. Using the single-photon transition realised by the UV laser, we can excite one
of the atoms into a Rydberg state. If, as an example, we choose the 25P1/2-state, it is
easy to see that the coupling strength is given by the dipole matrix element

d = 〈25P1/2| 〈F ′|d̂|F 〉 |F 〉 (5.2.1)

= 〈25P1/2|d̂|5S1/2〉 ⊗ 〈F ′|F 〉 . (5.2.2)

Since 〈F ′|F 〉 = δF ′,F , the coupling to the opposite hyperfine state vanishes and the second
ground state atom remains in the hyperfine state F when the first one is excited into the
Rydberg state. This is not surprising as long as there is no interaction between the atoms
that couples the hyperfine subspaces. As depicted in fig. 5.4, we can thus either probe
the two F = 1 states 25P1/2;F = 1 and 25P3/2;F = 1 (blue arrows) or the two F = 2
states 25P1/2;F = 2 and 25P3/2;F = 2 (red arrows), depending on which hyperfine state
the sample was prepared in. In particular, this means that it is not possible to observe
all four 25P -states in a single spectrum.

Due to the Rydberg–ground state interaction, this argument does no longer hold for the
ultralong-range Rydberg molecules that appear on the red side of each of the four 25P -
states. As discussed in sec. 2.4.3, the Rydberg ground state interaction in conjunction
with the hyperfine interaction leads to two qualitatively different ultralong-range PECs.
While one is of pure triplet type and contains only one hyperfine state, the second type
mixes the singlet and triplet subspace and also the hyperfine states. The electronic part
of the molecular state in the mixed potential is thus of the form

|Ψmix〉 = |25P 〉 (a |F = 1〉+ b |F = 2〉) , (5.2.3)

2When the state is just labelled by the hyperfine quantum number, we imply that the atom is in the
ground state, i.e. in the 5S1/2 state, and the mF state is not of importance.
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with a2 + b2 = 1. A more detailed analysis of the emerging states is given in sec. 5.2.1
and sec. 5.2.2. The coupling to such a state from the initial state |F 〉 |F 〉 is given by

d = 〈Ψmix|d̂|F 〉 |F 〉 (5.2.4)

= 〈25P1/2|d̂|5S1/2〉 ⊗ (a 〈F ′ = 1|F 〉+ b 〈F ′ = 2|F 〉) . (5.2.5)

Since the mixed states have contributions of both hyperfine states, they can be coupled
irrespective of the hyperfine state the sample was prepared in. It should therefore be
possible to observe molecular states from the F = 1 potentials in the F = 2 spectrum
and vice versa.

In addition to the extensive spectroscopy on a sample in the F = 2 state (fig. 5.1), we
performed spectroscopy of the relevant frequency regions in an F = 1 sample. Further-
more, we calculated the relevant PECs for the four 25P states and quantified the amount
of opposite hyperfine state admixture in each of the potential wells. A comparison of the
two measured spectra with the calculated PECs on a common energy axis is shown in
fig. 5.5. We see that, as expected from the above discussion, the bare atomic transitions
are only visible for those states that match the hyperfine state of the prepared sample.
Additionally, we see molecular lines from the mixed type PECs appearing in both spectra.
This is demonstrated in detail in the following for the two distinct special cases of the
spin-flip regime and the entanglement regime that differ by the degree of hyperfine mixing
and the nature of the resulting molecular state.

5.2.1. Spin-flip regime

Due to the coupling of the hyperfine subspaces by the Rydberg–ground state interaction,
we observe the very general effect that all mixed-type potentials obtain contributions of
the opposite hyperfine state. Since in the two-atom basis all angular momentum states
of the Rydberg atom split up according to the hyperfine states of the perturber, this
mixing is a very generic effect that should not only affect all states in rubidium but
should also hold for other alkali atoms that possess a non-vanishing nuclear spin. We
observe such a situation for the 25P1/2;F = 1 state that is separated by 6.8 GHz from
the 25P1/2;F = 2 state. Since the hyperfine splitting is large compared to the Rydberg–
ground state interaction in the outermost wells of the ultralong-range PECs, we expect
only a small mixing of the hyperfine states. Therefore, in our case, the resulting electronic
part of the molecular state is of the form

|Ψ〉 = |25P1/2〉 (α |F = 1〉+ ε |F = 2〉) + ..., (5.2.6)

with α ≈ 1 and ε� 1. In such a state the small admixture |ε|2 of |F = 2〉 character allows
for a weak coupling from a sample prepared in the F = 2 ground state. Still, the state has
mostly F = 1 character and thus the created molecule will feature a ground state atom
that is predominantly in the F = 1 state. The hyperfine state of the perturber is thus
flipped upon excitation of the Rydberg molecule, which is why we denote this parameter
range the spin-flip regime.

In the experimental F = 2 spectrum (fig. 5.5b), we see the spin-flip regime realised by
the weak molecular line at an energy of −14.8 GHz (fig. 5.5e). Since this line is already
7 GHz detuned from the 25P1/2;F = 2 state and the calculated PECs do not predict
any bound states so far from the resonance, this line cannot be attributed to the F = 2
PECs. Instead, the observed line is only 200 MHz below the 25P1/2;F = 1 state and
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Figure 5.5: Photoassociation spectra around the 25P -state for the two different initial
hyperfine states. (a) Comparison of the calculated PECs of the four 25P -states. The blue
lines denote the pure triplet PECs that only consist of a single hyperfine state. The orange
curves are of mixed singlet–triplet type and consist of both hyperfine states. The admixture
of the opposite hyperfine state (red numbers) is given for each well of the mixed potentials.
(b) and (c) show the measured spectra in a BEC prepared in the F = 2 state and the F = 1
state, respectively. The dark blue regions were not measured. The measured spectra share
the energy axis of the calculated PECs. The white lines show the flight-time-integrated
spectrum. Some states in the F = 1 mixed PECs appear also in the measured F = 2
spectrum due to a mixing of the spin states (sec. 2.4.3). The white shaded areas indicate
where the effect of the spin mixing can be seen. The insets (d) and (e) show zoom-ins on
the highlighted parts of the F = 2 spectrum and, respectively, illustrate the presence of
resonances in the entanglement and the spin-flip regime (see text).

indeed the lowest bound state in the mixed potential well at 691 a0 coincides with the
measured energy up to 32 MHz. We thus conclude that here we observe a molecule that
consists of roughly ε2 = 0.04% of F = 2 character (compare fig. 5.5a). Due to this small
admixture of the F = 2 state, the coupling is very weak and the experimental detection
is only possible with a very sensitive signal as it is provided by the observed ions. Since
the admixture of the F = 2 state is so small, the perturber atom in the created molecules
will be in the F = 1 state with a probability of 99.96%. Starting from an F = 2 sample,
we thus couple to a molecule that is predominantly in the F = 1 state. The presence of
the weak line in the experimental F = 2 spectrum therefore proves that it is possible to
change the hyperfine state of the perturber atom upon photoassociation of the Rydberg
molecule. This process can also be seen as a light-assisted spin-changing collision between
the perturber atom and the Rydberg electron that requires the photon as a third particle
to guarantee energy conservation. In this picture, the energy difference of 6.8 GHz that is
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bridged by the spin flip is provided or absorbed by the light field.
The fact that we observe only this one line even though the mixed potential of the

25P1/2;F = 1 state features many bound states can be explained by the admixture of
the F = 2 and the distance distribution in the sample. While the former decreases for
wells with higher internuclear separation, the latter decreases for smaller internuclear
separation. The strongest coupling to the spin-flip molecule occurs therefore in a range
where both contributions are still sufficiently large. We thus assume that only for the
ground state in the well at 691 a0 the signal is strong enough to not vanish in the noise
floor of our measurement.

It should be noted that it is not possible to explain the observed line by a residual
population of the F = 1 ground state in the prepared sample. As indicated in fig. 5.4, the
transition from the |F = 2〉 |F = 2〉 ground state to the |25P1/2〉 |F = 1〉 state is the lowest
energy transition possible in the system. Consequently, a transition from |F = 2〉 |F = 1〉
to |25P1/2〉 |F = 1〉 can be ruled out as it would require a 6.8 GHz higher photon energy.

5.2.2. Entanglement regime

In addition to the very general spin-flip regime, we see a second regime arising in the
special case of the 25P -state in rubidium. Here, the fine structure splitting ∆FS = 7.7 GHz
of the Rydberg state is close to the hyperfine splitting ∆HFS = 6.8 GHz of the perturber
atom and thus we see a separation of only 929 MHz between the 25P1/2;F = 2 state
and the 25P3/2;F = 1 state (fig. 5.5a). Since the strength of the Rydberg–ground state
interaction easily reaches the magnitude of this energy gap, we observe strong mixing
between those states even for wells at high internuclear distances, as shown by the values
for the opposite hyperfine state admixture in fig. 5.5a. Consequently, we are dealing with
states of the form

|Ψ〉 = a |25P1/2〉 |F = 2〉+ b |25P3/2〉 |F = 1〉 , (5.2.7)

with a ≈ b. Such a state highly entangles the fine structure of the Rydberg state with the
hyperfine structure of the perturber atom, which is why we denote this the entanglement
regime.

Experimental evidence for the strong mixing of states is given by the many molecular
lines that appear in the energy region between −7.7 GHz and −6.8 GHz in the F = 2
spectrum (fig. 5.5d). In comparison to the calculated PECs (fig. 5.5a), these lines can
only be attributed to the mixed type potential of the 25P3/2;F = 1 state. In contrast to
the single line in the spin-flip regime, here we are able to see many distinct lines due to
the higher coupling enabled by the strong mixing in the entanglement regime.

As the mixed state consists of both hyperfine states, the bound states therein should
appear in the F = 1 spectrum as well as in the F = 2 spectrum. A comparison of
the time-integrated signals in the relevant energy range for the F = 1 sample and the
F = 2 sample is shown in fig. 5.6. Except for the line at −189 MHz, every line in the
F = 2 spectrum coincides with one line in the F = 1 spectrum within less than 3%.
Furthermore, the positions of the observed lines in the F = 2 spectrum agree within 10%
of the binding energy with the calculated energies of the deepest bound states in each well
of the 25P3/2;F = 1 mixed potential (orange bars in fig. 5.6). The three highest energy
states in the F = 2 spectrum are not matched by any calculated ground state and most
likely correspond to higher vibrational states.

Apart from the matched lines, the F = 1 spectrum shows additional lines that do
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Figure 5.6: Comparison of the molecular spectra in the region between the 25P3/2;F = 1
state (0 MHz) and the 25P1/2;F = 2 state (−929 MHz) in a sample with all atoms in the
F = 1 state (blue) and all atoms in the F = 2 state (red). Since in the F = 2 spectrum we
only observe the mixed type PEC (see text) that also appears in the F = 1 spectrum, every
line in the F = 2 spectrum has a corresponding line in the F = 1 spectrum (purple lines).
The additional lines in the F = 1 spectrum originate from the pure triplet potential. The
calculated energies of the lowest bound states in each well of the mixed type PEC (orange
bars) agree with the observed resonances within 10%. The number beneath each orange bar
gives the position of the corresponding potential well in units of a0. Compared to the F = 1
spectrum the F = 2 spectrum is magnified by a factor of 16. Due to an uncertainty in the
frequency calibration, the F = 2 measurement was stretched by 2% in accordance with the
frequency mismatch observed in comparable measurements.

not appear in the F = 2 spectrum. Those lines correspond to bound states in the pure
triplet PEC that only consists of the F = 1 state and can thus not appear in the F = 2
spectrum. The comparison between both spectra therefore not only indicates that the
observed states are indeed of mixed hyperfine character but also allows to identify which
states in the F = 1 spectrum belong to the mixed type potential and which, by exclusion,
belong to the pure triplet potential.

The observed molecules are very peculiar in the sense that the Rydberg electron is
stronger coupled to the nuclear spin of the perturber atom through the Rydberg–ground
state interaction than it is coupled to nuclear spin of the Rydberg core. Hence, this is a
state that couples the electron to the nuclear spin of a remote particle. Furthermore, the
entanglement in this state is very interesting in conjunction with the long-range interaction
of the involved Rydberg state. It might be possible to use the different Rydberg–Rydberg
interaction of the two involved fine structure states to entangle the spin-states of the
perturber in two separated Rydberg molecules. This could in principle allow for an
effective long-range spin-interaction between the two ground state atoms.
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The 25P -state was chosen to prove the existence of hyperfine-mixed states in the en-
tanglement regime because the residual spacing of 929 MHz between the involved states is
still small enough to ensure a high mixing but also high enough to allow for a large spec-
tral range in which the emerging lines can be observed without overlapping other lines.
After knowing that the mechanism works, it might be beneficial to rather choose the
26P state, where the mismatch in fine structure splitting and hyperfine splitting is only
24 MHz. Since even the outermost well of the ultralong-range PECs exceeds this energy
by far, all resulting states in the mixed potentials will be highly entangled, irrespective of
the internuclear separation.

5.3. Summary

For the first time, we have carried out an extensive, high-resolution spectroscopy of P -
state Rydberg molecules in a BEC of rubidium. The TOF measurement technique allowed
us to observe molecular lines in the vicinity of the fine-structure-split 25P -states and to
extract their lifetimes. By studying the line broadening in an electric field, we could
furthermore extract the permanent electric dipole moment that those states exhibit. In
agreement with theoretical expectations, we saw that the dipole moment shows the trend
to increase with the binding energy. A quantitative comparison of the measured dipole
moments with the prediction from the ultralong-range PECs gave a rough indication on
which potential well the studied state is bound in.

Extending our systematic study to the hyperfine state of the perturber atom, we were
able to spectroscopically prove spin-flip processes in ultralong-range Rydberg molecules.
Due to a near-degeneracy of the Rydberg atom’s fine structure splitting and the per-
turber’s hyperfine structure, we also observed strong transitions into states that entangle
these fine structure and hyperfine structure states. By comparing the obtained spectra
from different initial hyperfine states, we were able to attribute the molecular lines either
to the mixed type potential or to the pure triplet potential. With these experiments, we
open a completely new field of research by studying the effect of the molecular bond on
the internal structure of the perturber.

By comparing the measured dipole moments to the theoretical expectations and at-
tributing the individual lines to either the mixed or the triplet potential, we obtain addi-
tional information that allows us to characterise the studied molecules. Such information
is important to reduce the complexity of the spectrum and to fully understand how the
spectrum corresponds to the theoretical model. It is therefore likely that our results will
provide a valuable input to more sophisticated models of the molecular interaction.

Apart from being of fundamental importance for the investigation of the molecular
bond, the observed phenomena also bear great potential for application in many-body
quantum systems. The long distance over which the molecular bond is active in Ryd-
berg molecules makes them a promising candidate to implement optical Feshbach reso-
nances [161]. Here, the coupling of a free two-particle scattering state to the molecular
bound state allows to change the effective s-wave scattering length between the atoms
and thus to modify the interaction among them. In such scheme, the observed spin-flip
process might take a key role as it strongly reduces the off-resonant scattering to a bare
atomic state which usually impedes such experiments. Moreover, long-range entangle-
ment between the hyperfine states of multiple perturbers might be possible by combining
the described spin-flip process with the Rydberg blockade arising from the interaction
between a pair of Rydberg atoms (sec. A.12).



6. Butterfly Rydberg molecules

As a member of the high-l Rydberg molecules, the butterfly state is of particular interest.
While theoretically predicted in 2002 [47], experimental evidence for the existence of
this exotic type of molecule was so far missing. In the following, we present the first
experimental proof for the existence of butterfly Rydberg molecules obtained by extensive
photoassociation spectroscopy. By observing discrete pendular states inside an external
electric field, we cannot only demonstrate experimentally that those states possess a giant
permanent electric dipole moment in excess of 500 D but are also able to determine the
bond length of the observed molecular states. This additional information allows us to
attribute the measured molecular state to a certain well in the model potential, which
in turn enables a much more detailed comparison to theory. Since the positions of the
wells in the radial butterfly potential are determined by the nodes of the P -state wave
function that is mixed in, the obtained bond lengths are also a direct measure for the
nodes’ positions. The comparison of the bond length and the dipole moment furthermore
reveals a very peculiar situation where the centre of mass of the electron is located beyond
the perturber atom, giving rise to a very unconventional molecule. At the end, the
information obtained about the molecule enables us to photoassociate butterfly Rydberg
molecules with controlled bond length, vibrational state, angular momentum state, and
orientation in a small electric field. This tunability renders butterfly Rydberg molecules
a very versatile tool and an interesting object of study.

6.1. Coupling to butterfly Rydberg molecules

The butterfly state arises due to the presence of a low-energy shape resonance in the
triplet p-wave scattering between the Rydberg electron and the perturber. The resulting
increase in the scattering length leads to very high interaction energies in the range of
hundreds of Gigahertz in the case of the n = 23 hydrogenic manifold. Since the interaction
energy is higher than the splitting between the hydrogenic manifold and the low-l states,
we observe avoided crossings of the butterfly PECs with lower-lying S-, P -, and D-states
(see fig. 2.12). Here, the crossing with the 25P -state is of special interest as it lies close
to the minimum of the butterfly PECs. The relevant butterfly PECs in the vicinity of the
crossing are shown in fig. 6.1. To be able to couple to the bound states in this potential
with a single photon transition, a substantial admixture of the P -state to the butterfly
PECs is needed. As discussed in sec. 2.4.7, only the r-butterfly PECs preferably admix
low-l states. Hence, we expect a substantial coupling only to the r-butterfly PECs but
not to the θ-butterfly. In the following, we will therefore focus on the r-butterfly PECs.

In order to quantify the admixture and to estimate the coupling strength, the eigen-
vectors corresponding to the three r-butterfly PECs were analysed with respect to the
contribution of the four possible 25P -states. For the F̃ = 1/2 and the F̃ = 3/2 state, the
results are shown in fig. 6.2a and fig. 6.2b, respectively. In both cases, we can observe
the crossover from the ultralong-range potentials to the butterfly potentials by investi-
gating the behaviour of the P -state contribution in the individual wells. For internuclear
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Figure 6.1: Potential energy curves for the 3P -butterfly states. The θ-butterfly state (grey)
and the r-butterfly state (coloured) are split by the spin–spin interaction into three lines
each. While the θ-butterfly curves are smooth, the r-butterfly potential strongly oscillates
since the high radial gradients of the P -state wave function get admixed (see text). For the
r-butterfly potential curves the quantum numbers for the total angular momentum F̃ are
given for each curve. Zero energy is set to the 25P1/2;F = 1 state.

separations higher than 370 a0, we are still in the ultralong-range case where we observe
100% P -state character that only drops at the position of the potential wells due to the
admixture of other states (see potential wells at 389 a0 and 449 a0). This situation is
inverted for smaller internuclear separations where we see a P -state contribution close to
zero that periodically rises at the position of the potential wells. This qualitative change
in behaviour results from the adiabatic crossing into the butterfly state.

As mentioned above, the P -state gets periodically mixed into the radial butterfly state
since the system can minimise its energy through the strong radial gradients of the P -
state wave function. In fact, the deep oscillations of the radial butterfly PECs (fig. 6.1)
are caused by the energy decrease that results from admixing the P -state wave function.
It is thus no surprise that the position of the potential wells coincides with the position
of the wave function nodes of the P -state. As will be shown in sec. 6.5, this relation can
be used to indirectly measure the nodal positions of the P -state wave function.

To estimate the possible coupling to the bound states in the butterfly PECs, we have
to properly define our initial state. Since the experiments presented in the following are
performed in a BEC in the F = 1, mF = +1 ground state, we are particularly interested
in states that have a finite contribution of F = 1. As discussed in sec. 2.4.3, the F̃ = 5/2
state consists only of F = 2 and the F̃ = 1/2 is a pure F = 1 state. This is also
revealed by the fact that in fig. 6.2a we see no admixture of the two F = 2 states to the
F̃ = 1/2 state. Only the F̃ = 3/2 state admixes both hyperfine components, as depicted
in fig. 6.2b. From an F = 1 initial state, it should thus be possible to couple to bound
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(a) (b)

Figure 6.2: Admixture of the 25P -states to the radial butterfly PECs. (a) Admixture to
the F̃ = 1/2 r-butterfly PEC. (b) Admixture to the F̃ = 3/2 r-butterfly PEC. The figure
legend in a) also holds for b). The vertical grey lines indicate the positions of the potential
wells extracted from fig. 6.1.

states in the F̃ = 1/2 and F̃ = 3/2 PECs.

Since the molecule has a certain probability to be found at a certain internuclear dis-
tance, which is determined by the absolute square of the vibrational wave function Φ(R),
we need to average the P -state admixture accordingly. Hence, the coupling strength to
a particular bound state is given by the convolution between the P -state admixture to
the electronic wave function and the absolute square of the molecule’s vibrational wave
function. Since the vibrational states in the deep r-butterfly wells are well-confined, the
convolution reduces to considering approximately the maximum admixture in each well.
As can be seen from fig. 6.2a, even for the deepest wells around 250 a0, the summed con-
tribution of all P -states still amounts to 15%. Also for the F̃ = 3/2 PECs, the sum of
all P -state contributions amounts to 15%. However, only those states with F = 1 char-
acter can be coupled and thus we get a summed contribution of only roughly 10%. Just
considering the electronic part of the final state, we would therefore expect a coupling
that is only one order of magnitude smaller than the coupling to the atomic Rydberg
state. Additionally, however, the coupling is reduced by the distance distribution in the
prepared sample. This can be understood in the picture of a classical gas. Since the
potential wells of the butterfly PECs are in the range of 5 nm to 20 nm but the typical
inter-particle distance in a BEC with a peak density of n0 = 1014 cm−3 is around 200 nm,
the probability to find two atoms in an appropriate distance is small. This tremendously
reduces the number of available atom pairs that can be excited into the molecular state.
Consequently, the overall number of excited molecules is strongly reduced, which can be
taken into account by a reduced effective coupling to the molecular state. To minimise
this reduction, it is therefore crucial to excite the butterfly molecules from high-density
samples. Furthermore, the coupling to vibrational states of odd parity is suppressed since
the initial state is approximately flat on the length scale of the vibrational wave function
and due to the anti-symmetry of odd parity states the overlap integral will be small.

6.2. Spectroscopy of butterfly Rydberg molecules

Since it is in principle possible to couple to the wells of the radial butterfly PECs due to the
strong P -state contribution, we performed a detailed spectroscopy using the single-photon



120 6. Butterfly Rydberg molecules

Figure 6.3: Measured photoassociation spectrum of butterfly Rydberg molecules from a
BEC of 2.2 × 105 atoms in the F = 1, mF = +1 ground state. Zero energy is set to the
25P1/2;F = 1 state. The inset shows a zoom-in on the region where we expect to see mostly
vibrational ground states of the individual wells (blue shaded region). The information noted
beneath the peaks in the inset are obtained from the electric field-dependent measurements
discussed in sec. 6.3. The colour of the spectrum is a guide to the eye.

transition. Because the expected coupling is suppressed by the distance distribution of the
sample, high number densities are crucial to increase the signal for such a spectroscopy.
We therefore optimised the experimental sequence to prepare a maximum atom number
in the BEC. Since the transfer of the BEC into the round trapping configuration (sec. 3.2)
and the microwave transfer into the F = 2 hyperfine state (sec. 3.4) always imply atom
loss, we omitted these steps in the preparation. After evaporative cooling to a sufficiently
deep final trap, we create a quantum-degenerate sample that is spin-polarised in the
F = 1,mF = +1 state, as described in sec. 3.2. Typically, such a sample consists of
2.2× 105 atoms at harmonic trapping frequencies of ωx,y,z = 2π× (168, 82, 161) Hz, which
results in a peak particle number density of n0 = 4.3× 1014 cm−3.

To further maximise the signal, we applied a long excitation pulse with a duration of
500 ms. Since the number of created ions through photoionisation and associative ionisa-
tion is proportional to the number of excited Rydberg molecules, we obtain a meaningful
measurement signal by counting the ions during excitation. For a linear laser polarisa-
tion in the horizontal plane, a beam waist of 40µm on the sample, and a laser power of
roughly 20 mW, we obtained the spectrum shown in fig. 6.3. Due to the high spectral
range of 60 GHz with an average resolution of 2 MHz, the total measurement time for the
presented spectrum amounts to roughly one month. The spectrum thus consists of multi-
ple individual measurements that were combined according to the frequency information
from a wavemeter which in principle allows for a relative resolution of 1 MHz, as described
in sec. 3.5. Since we are especially interested in the deepest bound states, as explained
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below, we sampled this region with a resolution of 1 MHz while for the states between
0 GHz and −20 GHz we measured only every 4 MHz to reduce the measurement time. Due
to the average width of the observed resonances, it is unlikely to miss a molecular line
even with the coarse detuning steps. Nevertheless, care has to be taken with respect to
the observed line strength because it is possible that the measured data points were not
recorded at the line centre of the appearing lines. Additionally, due to the long excitation
time and the loss channels for the created molecules, the sample decays significantly when
we hit one of the resonances. The analysis of the presented spectroscopy should therefore
be restricted to the energy of the observed states and should not include the line strength.

Evaluating at the spectrum, we see a plenitude of resonances appearing in our measure-
ment range. It is striking that, even though we measured down to −60 GHz, the observed
molecular lines suddenly stop around −51 GHz. This is in very good agreement with the
calculated PECs (fig. 6.1) that predict the deepest bound states to be in that region. A
direct comparison between the PECs and the measured spectrum will be given in sec. 6.5.
A second global feature of the measured spectrum is that around −37 GHz the density of
states changes. This effect can also be understood on the basis of the calculated PECs as
it happens at the energy where the second excited states for the lowest wells appear and
start to overlap in the spectrum with the ground states of higher-lying wells1. To keep
the discussion simple, it is useful to restrict the further analysis to the region of the lowest
bound states in the butterfly potential wells, i.e. the energy region between −51 GHz and
−37 GHz. For eight molecular lines in this region, we show in the following how their
behaviour in the presence of an external electric field can be used to extract their bond
length and their dipole moment.

6.3. Butterfly molecules in electric fields

In order to reveal the existence of a permanent electric dipole moment in the observed
butterfly states, we performed a detailed spectroscopy of eight resonances in the selected
energy region in the presence of an external electric field. The spectroscopy employed the
same scheme as described in sec. 6.2 but additionally an electric field of up to 0.88 V/cm

was applied across the sample through the main electrodes. The field was always applied
such that the field vector was pointing in the direction of gravity. In this configuration,
the created ions get still accelerated towards the ion optics located below the sample and
can be detected by the ion detector. Therefore, we can, even in the presence of a finite
field, observe the ions that are created by photoassociation of the molecule and subsequent
ionisation.

The excitation laser was aligned to propagate in the horizontal plane and thus inter-
sected the electric field axis at an angle of 90◦. The light was linearly polarised and the
polarisation vector could be rotated by a half-wave plate to align it to the field axis or
perpendicular to it. The arising differences in the spectra, depending on the polarisation
of the excitation light, are discussed in sec. 6.3.2.

As an example for the obtained field-dependent ion spectra, the measurement with the
spectroscopic line at −47.9 GHz is shown in fig. 6.4. In contrast to the usual rotational
spectroscopy of conventional molecules, the obtained photoassociation spectra have one
defined initial state from which the molecular states are probed. Therefore, we do not

1We cannot observe the first excited state since its parity leads to a vanishing overlap with the initial
BEC wave function
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Figure 6.4: Electric field-dependent spectra for the butterfly state at an energy of
−47.9 GHz. The measured spectra (black lines) are normalised with respect to their max-
imum and shifted on the y-axis according to the applied electric field. The measurements
were taken in a BEC of 2.2×105 atoms in the F = 1, mF = +1 ground state with the excita-
tion laser polarisation parallel to the electric field. The coloured lines are the eigenenergies
of the dipolar rigid rotor model (sec. 2.6) with the dipole moment and bond length adapted
to fit the experimental spectra. The strong lines correspond to the |MN | = 1 subspace, the
faint lines to the |MN | = 0 subspace. The insets show magnified views of the lowest (left)
and the highest field measurement (right).

observe a complicated transition spectrum consisting of the usual P- and R-branch but
see a direct spectrum of the molecular level structure, which enables a direct comparison
to theory. In very good agreement with the model of the dipolar rigid rotor (sec. 2.6), we
find that the molecular lines split into a number of pendular states that increases with
the field strength. As shown in the left inset of fig. 6.4, we can observe a splitting of
the molecular line even without an applied electric field. This is unexpected since under
these circumstances we can only couple to the N = 1 state (see sec. 2.6.1 and sec. 6.3.2)
and thus expect to see only a single line in the field-free case. However, the fact that
we see several lines and that the splitting does not exactly match the theory indicates
the presence of residual electric fields that could not be compensated. It is therefore no
surprise that the theory does not perfectly cover the observed peak positions for small
fields but becomes increasingly accurate for higher ones.

Since in this measurement the laser polarisation was set perpendicular to the electric
field axis, we see a dominant σ±-coupling and thus mainly observe the pendular states
from the |MN | = 1 subspace. However, we also find a weak signal of the |MN | = 0 subspace
in the spectrum, as can be seen at the right inset of fig. 6.4. This might be attributed to
imperfections in the alignment of the polarisation or to the coupling between the external
angular momentum ~N of the molecule with the electronic angular momentum ~J that is
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Table 6.1: Summary of the extracted values for the bond length Re and the dipole moment
d of most of the observed butterfly states in the energy range from −35 GHz to −50 GHz.
The estimated error is 5 a0 for the bond length and 20 D for the dipole moment. For each
line, additionally, the type of spectrum (see text), the coupling due to the laser polarisation,
the theoretically calculated dipole moment dtheo of the lowest bound state in the determined
well, and the alignment 〈ẑ〉max for the the ν = 0 state at the maximal field of E = 0.88 V/cm

is given. The line at −45.1 GHz was measured twice to check the reproducibility.

Experiment Theory
Energy [GHz] type coupling Re [a0] d [D] dtheo [D] 〈ẑ〉max

−38.9 1 σ 291 525 695 0.97
−42.1 2 σ 247 535 653 0.97
−43.2 2 σ 247 477 653 0.97
−45.1 1 σ 245 482 653 0.97
−45.1 1 σ 245 490 653 0.97
−47.9 1 σ 205 482 597 0.96
−47.9 1 π 200 480 597 0.96
−48.8 1 σ 176 417 541 0.95
−48.9 1 σ 141 410 484 0.93
−50.3 1 σ 116 380 442 0.92

not considered in the simple theory of the rigid rotor.
Apart from the type of the field-dependent spectra shown in fig. 6.4 (type 1) that we

observe for most of the lines, we also observe a second type of spectra for a minority of
the lines (type 2). A comparison of both types of spectra is shown in fig. A.3. The second
type differs from the first by splitting in twice as many lines in the presence of the electric
field. Since the lines alternate in peak strength, they can be assigned to two groups.
Despite of having a different total coupling strength, both groups show the same coupling
envelope (see sec. 6.3.2). The additional peak group therefore looks like the original one
but is scaled in height and shifted in energy. The absolute amount of the energy shift
depends on the strength of the applied electric field. It is therefore reasonable to assume
that this splitting in two groups originates from the splitting of the F̃ = 3/2 PECs in
the two components |m̃F | = 1/2 and |m̃F | = 3/2. In this case, it should be possible to
attribute the observed states to the two possible PECs F̃ = 1/2 and F̃ = 3/2 according
to the observed type of spectrum. However, the calculation of the PECs does not predict
a splitting of the F̃ = 3/2 line if the electric field term d̂zEz is added to the Hamiltonian
(2.4.34). There might still be a field dependence in the scattering between the Rydberg
electron and the perturber atom that leads to a splitting of the F̃ = 3/2 state but is not
included in the theoretical model. A more detailed model might therefore explain the
observed second type of spectra and, by confirming the splitting, even allow to attribute
the different measured lines to one of the two possible PECs. Since a more detailed model
is beyond the scope of this thesis, we restrict the discussion to reporting the observed
type of spectrum for each measured line in tab. 6.1.

6.3.1. Determination of dipole moment and bond length

Since the lowest harmonic oscillator states are tightly confined in the radial direction, we
can approximate the butterfly molecule as a rigid rotor with an average bond length Re

and a dipole moment ~d. It is therefore justified to apply the theory of the dipolar rigid
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Figure 6.5: Laser polarisation dependence of the coupling to the pendular states for the
molecular state at −47.9 GHz in a field of 0.88 V/cm in comparison to the theory discussed in
sec. 2.6.1. The upper panel shows the spectrum obtained for the laser polarisation parallel
to the electric field axis, giving rise to π-coupling. The lower panel shows the inverted
spectrum for the laser polarisation perpendicular to the electric field axis, giving rise to σ±-
coupling. The blue shaded areas mark the lines corresponding to the |MN | = 0 subspace,
the red shaded areas the ones corresponding to the |MN | = 1 subspace. The dashed lines
represent the calculated admixture of the N = 1 state to the respective pendular state for
coupling to |MN | = 0 (blue) and |MN | = 1 (red).

rotor (sec. 2.6) also quantitatively. We thus diagonalised the Hamiltonian from eq. (2.6.1)
and adapted the dipole moment d and average bond length Re such that the eigenenergies
fit the measured spectra. At this point, it is helpful that in the model the energy of the
ν = 0 state is very sensitive to the chosen dipole moment but less sensitive to the bond
length. We therefore pursued the strategy to adapt the dipole moment to fit the ν = 0
state and then adapt the bond length to obtain the right energy spacing for the higher ν
states. To diminish the effect of uncompensated residual fields, we focused the analysis
on the measurements at higher field strength, where the relative error due to the residual
fields becomes small. With this procedure it is possible to determine the bond length with
an estimated precision of 5 a0 and the dipole moment to a precision on the order of 20 D.
In the case of the measurement at −47.9 GHz presented in fig. 6.4, we achieve a best fit
for Re = 205 a0 and d = 482 D.

Repeating the field-dependent measurement and the above fitting procedure for all
resonances in the energy region of interest, we obtain, for the lines that allow a reasonable
evaluation, the values for the bond length and the dipole moments as they are denoted in
the inset of fig. 6.3 and summarised in tab. 6.1. The obtained bond length in combination
with the binding energy extracted from the spectroscopy allows for a precise comparison to
the calculated PECs, as discussed in sec. 6.5. Furthermore, the extracted dipole moments
are discussed in sec. 6.4
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6.3.2. Polarisation dependence

As discussed in sec. 2.6.1, the coupling strength to the pendular states depends on the
polarisation of the excitation laser. To verify the theoretical considerations experimen-
tally, the molecular line at −47.9 GHz was measured in a field of 0.88 V/cm for the laser
polarisation being parallel to the electric field axis (upper panel of fig. 6.5) and perpen-
dicular to it (lower panel of fig. 6.5). As the former configuration realises π-coupling, we
find that in this case the lines of the |MN | = 0 subspace dominate the spectrum. In the
latter case, we drive σ± transitions and thus address mostly the |MN | = 1 subspace. In
both cases, we see a small residual coupling to the opposite subspace, which might be due
to imperfections in the polarisation alignment or due to angular momentum couplings
between the nuclear and the electronic motion.

With the employed dipole transition, we can only couple to the N = 1 contribution
in the pendular states and thus we expect the coupling to be proportional to the N = 1
admixture to the final state. For the two coupling cases the expected behaviour is depicted
in fig. 2.21. Here, we compare the line strength of the measured spectrum with the
peak heights (N = 1 admixture) for the correspond slice at 0.88 V/cm through the theory
spectrum. This comparison is shown in fig. 6.5 and reveals that, for both polarisation
settings, the experiment nicely follows the qualitative behaviour of the theoretical model.
In conjunction with the argument about the orientation of the dipole given in sec. 2.6.1,
these measurements show that it is possible to orient the dipole of the molecule in the
laboratory frame.

6.4. Dipole moments

Conventional homonuclear molecules cannot possess a permanent electric dipole moment
due to the exchange symmetry of the involved electrons. Caused by the extreme bond
lengths in Rydberg molecules, the probability for the perturber’s valence electron to tunnel
to the Rydberg core is negligible and the exchange energy vanishes. It is therefore possible
that Rydberg molecules are excited asymmetrically and, despite of being homonuclear,
possess a permanent electric dipole moment [51]. This is experimentally confirmed by the
emergence of pendular states in the presence of an external electric field. The dipole mo-
ments extracted from the field-dependent measurements range from 380 D for the smallest
molecule to 535 D for one of the largest molecules. These values are enormous compared
to conventional diatomic molecules that are typically in the range of 0 D-10 D but they
are compatible to the values that were reported for molecules with a high admixture of
the trilobite state [49].

In order to compare the measured dipole moments to theory, it is necessary to determine
the dipole moment for each point in the relevant PECs according to eq. (2.4.53). The
result of this calculation for the F̃ = 1/2 PEC is shown in fig. 6.6a. Interestingly, in the
butterfly case, the well positions do not coincide with the extremal points of the dipole
moments. Due to the high slope of the dipole moment as a function of the internuclear
distance at the position of the well, it is not straight-forward to extract the dipole moment
of a particular bound state. It is instead necessary to convolve the dipole moment with
the vibrational wave function of that particular state according to eq. (2.4.54). For this
purpose, we assigned each measured line to one of the potential wells in the relevant PECs
according to the measured bond length (see sec. 6.5) and calculated the dipole moment
for the harmonic ground state in that well. The results are given for the respective lines
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(a) (b)

Figure 6.6: Dipole moments of butterfly molecules. (a) Calculated dipole moments of the
F̃ = 1/2 butterfly state as function of the internuclear distance (blue). In the region below
370 a0, the system is in the butterfly state and shows higher dipole moments than a single
electron separated from the positive charge by the respective distance (red). The minimum
positions of the potential wells (purple lines) do not coincide with the extremal points of
the calculated dipole moment. For internuclear distances higher than 370 a0 the studied
potential curve traverses into the P -state and with the butterfly character also the dipole
moment is reduced. In this regime, the maximum dipole moment is observed close to the
minimum position of the potential well. (b) Sketch of the unconventional situation that is
realised in butterfly molecules where the electron is located beyond the perturber atom.

in tab. 6.1. It is striking that even though the measured values are in the right order of
magnitude and also show the same scaling behaviour with respect to the bond length, they
are systematically lower than the calculated values. This discrepancy could in principle
arise from a miscalibration of the electric field. However, since the mismatch is on the
order of 25% and a miscalibration of the electric field on that scale should be noticeable,
it is more likely that the theoretical prediction is inaccurate. This assumption also agrees
with the fact that a perfect matching of the observed molecular lines with the bound
states in the calculated PECs is not possible (see sec. 6.5).

The giant dipole moment of Rydberg molecules arises partly because of the high bond
length that in turn allows for a high charge separation. In the case of butterfly molecules,
however, a further, very peculiar effect appears that can be seen in the calculation as well
as in the experiment. From fig. 6.6a, we can see that the dipole moment of the butterfly
state as a function of the internuclear separation is almost always higher than the dipole
moment of two opposite charges separated by the same distance. This effect is also seen
for the experimentally determined values of the bond lengths and the dipole moments.
As an example, we consider the state at −50.3 GHz from tab. 6.1, which was measured
to have a bond length of Re = 116 a0 and a dipole moment of d = 380 D = 150 ea0. For a
molecule with a single charge to have this dipole moment, the positive and the negative
charge have to be separated by 150 a0. Since the measured bond length of this state
amounts to only 116 a0, we have to conclude that the centre of mass of the electron is
located beyond the perturber atom. This leads to the very counter-intuitive picture of
the Rydberg molecule that is sketched in fig. 6.6b. This is only possible because the size
of the Rydberg wave function is much bigger than the extent of the nuclear part of the
molecule and thus the electron can locate on the other side of the perturber. This is also
visible from the electron density of the butterfly state depicted in fig. 2.13c where the
maximum density peaks are already beyond the perturber.
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Figure 6.7: Comparison of the calculated PECs and the measured binding energies and
the bond length for eight butterfly states in the energy range from −51 GHz to −37 GHz.
The dots in the main panel combine the energy information from the spectroscopy and
bond length information from the electric-field-dependent measurements. The size of the
dots relates to the estimated error in the bond length. For the yellow dots type 1 spectra
were observed, for the light red dots type 2 spectra were observed. The blue-shaded region
marks the energy region of interest. The right panel shows the measured spectrum from
fig. 6.3 on the same energy axis as the potential curves. The top panel demonstrates that the
measured well positions (yellow dots) coincide with the nodes of the numerically integrated
25P1/2 wave function (light red).

In order to significantly orient a dipolar molecule in an external electric field, the
interaction of the dipole with the field has to dominate the energy scale set by the rotation

ω ≡ dE

B
� 1. (6.4.1)

Butterfly Rydberg molecules show a very strong interaction even with small electric fields
due to their high dipole moment d that is two orders of magnitude bigger than that of
conventional molecules. Furthermore, the separation between the nuclei in a butterfly
Rydberg molecule is also two orders of magnitude higher than for conventional molecules
and consequently the rotational constant B for these molecules is reduced by the same
amount. Therefore, even small fields, on the order of 1 V/cm, are sufficient to highly orient
the studied butterfly molecules. For conventional molecules to reach the same degree
of orientation, a field strength on the order of 10 kV/cm is needed, which is technically
challenging.
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6.5. Comparison to theory

We can now gather the information about the energy of the butterfly states that we obtain
from the spectroscopy and combine it with the information about the bond length and
dipole moment obtained from the field-dependent measurements. While the combination
of the bond length with the dipole moment was already discussed in sec. 6.4, we will now
turn to combining the information on the bond length with the binding energy. In contrast
to previous studies [48,49,51,162,163], this allows us a more detailed comparison to theory
because instead of attributing a molecular state to a line at constant energy in the PEC,
we are able to narrow them down to a point. The comparison of these experimental points
with the relevant PECs in fig. 6.7 reveals how valuable the additional information of the
bond length is as it inevitably attributes each line to one of the potential wells. In general
we see that for the wells at higher internuclear separations the calculated PECs are too
low in energy while for smaller distances the observed lines agree well with the calculated
bound states. The discrepancy at higher separations might be attributed to errors in the
calculated scattering phase shifts that are fundamental to the calculated PECs. A small
deviation in the exact energy at which the 3P shape resonance appears might have strong
influences on the exact energies of the PECs in the vicinity of the divergence.

It is interesting to note that in the well at 245 a0 we find three lines while the calculated
PECs support only one ground state for the F̃ = 1/2 and the F̃ = 3/2 potential. Since the
energy spacing of the bound states in the calculated PECs is higher than the separation of
the measured states, it is impossible to attribute them to higher excited states in this well.
The presence of a third state in this well is therefore an indication for a splitting of the
PECs that is not covered by the theoretical model. This might be due to spin–orbit effects
in the scattering process between the Rydberg electron and the perturber, which gives
rise to slightly different scattering lengths for the three individual triplet channels (see
sec. 2.4.4). Insofar, the experimental data provides a very valuable benchmark for future
theoretical models that also include the spin–orbit coupling in the scattering process.

While the energy of the states does not fit the calculated bound states in every case,
the bond lengths coincide with the positions of the potential wells up to 3 a0. This
astonishing agreement is enabled by the high precision at which the bond length can be
obtained from the pendular states. Since the positions of the wells are determined by the
nodal positions of the close-by P -state’s wave function (see sec. 6.1), the measurement
can also be interpreted as a high precision measurement of the wave function nodes of the
25P -state. That the measured positions indeed coincide with the wave function nodes of
the 25P1/2-state is shown in the top panel of fig. 6.7. The fine structure splitting does not
significantly change the position of the nodes and within the error of the measured well
positions also coincides with the nodes of the 25P3/2-states. In this way, the perturber
atom inside the butterfly molecule acts as a probe for the nodal positions.

6.6. Summary

We have shown the first clear experimental evidence for the existence of butterfly Rydberg
molecules by performing an extensive photoassociation spectroscopy in the vicinity of the
25P -state. Comparing the observed spectrum to the calculated butterfly PECs, we find
that the sudden stop of the appearing resonances is nicely explained by the calculated
potential depth. Studying the observed butterfly states in electric fields, we see the
emergence of pendular states that, in comparison to the model of a dipolar rigid rotor,
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allows us to extract the dipole moment and the bond length of the butterfly molecules
with high precision. This in turn allows us to go beyond the usual level of comparison
to theory that is solely based on the binding energy. Instead, we are able to determine
the energy and the bond length and thus to narrow the studied state down to a point in
the calculated PECs. We find that the extracted bond lengths nicely agree with the well
positions in the calculated PECs. By realising that the position of the wells is mainly
determined by the nodes of the close-by 25P -state radial wave function, we reveal the
bond length of these molecules is also an indirect measure for those nodes. Through the
additional information on the bond length and the dipole moment, we can furthermore
identify a peculiar situation in which the average electron position is located beyond
the perturber atom. This nicely demonstrates that the new type of chemical bond that
Rydberg molecules rely on gives rise to peculiar molecular properties that are not possible
in conventional molecules. Ultimately, the obtained knowledge on butterfly Rydberg
molecules allows to gain a high degree of control on their internal and external degrees of
freedom. Upon photoassociation inside an electric field, it is possible to choose the bond
length, the vibrational state, the angular momentum and the alignment in the field by
simply addressing the corresponding molecular line.

This high degree of control and their unique combination of an immense binding energy
and giant dipole moment make butterfly Rydberg molecules a promising candidate to
study strong dipolar interactions in a single species experiment. A detailed discussion on
the prospects of studying dipolar physics with butterfly Rydberg molecules is given in the
following chapter.
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Within the framework of this thesis, we presented a detailed study of the peculiar in-
teraction that arises between Rydberg and ground state atoms in ultracold gases. We
demonstrated that this interaction strongly affects the physics in such combined systems
by altering the scattering properties and causing a previously unknown type of chemical
bond in Rydberg molecules. Since a detailed discussion of the obtained results has already
been given in the corresponding chapters, we will restrict this chapter to a concise review
of the three presented experiments and possible applications and future extensions.

Rydberg-electron mediated mass transport

The interaction of the Rydberg electron with the perturber significantly alters the scatter-
ing process between Rydberg and ground state atoms. We successfully studied this effect
for resonantly excited Rydberg atoms embedded in the ground state atoms of a dense
ultracold gas. By performing a time-of-flight spectroscopy, we could distinguish atomic
Rb+ ions created through photoionisation and molecular Rb+

2 ions created by associative
ionisation. Extracting the typical decay times of these two ion signals as a function of the
atomic flux allowed us to indirectly measure the partial cross section for associative ioni-
sation σAI as well as the total inelastic scattering cross section σinel for principal quantum
numbers ranging from n = 30 to n = 60. We found that σinel equals the geometric cross
section of the Rydberg atom and thus conclude that in the studied range of principal
quantum numbers almost every scattering process between a Rydberg atom and a ground
state atom is inelastic. Consequently, elastic collisions seem to be rather unlikely. This
is not really surprising because the intruding ground state atom probes the molecular
potential and thus causes an admixing of many surrounding Rydberg states. Especially
for internuclear separations below the crossing between the butterfly state and the studied
P -state many high-l states are admixed to the eigenstates. This strong mixing provides
an inelastic scattering channel in terms of l-changing collisions [57], where the Rydberg
atom leaves the collision in a lower energy state of different l and the excess energy is
converted into kinetic energy of the collision partners.

We were further able to show that the partial cross section for associative ionisation in
ultracold clouds is increased by three orders of magnitude compared to previous experi-
ments preformed in atomic beams. While those early experiments obtained cross sections
on the order of the formed molecules’ geometric size, our results exceed this size by far.
Since the formation of the Rb+

2 ion through the DRM can only take place at the length
scale of the formed molecule’s size, we deduce the existence of an efficient mass transport
mechanism that accelerates the ground state atom towards the Rydberg core. Microscop-
ically, this transport is driven by the overall attractive shape of the molecular interaction
potential. This transport mechanism can only be seen in ultracold systems as it becomes
relevant only if the molecular interaction energy is larger than the kinetic energy of the
collision partners. On the other hand, it is solely this mass transport mechanism that
renders associative ionisation a relevant process in ultracold Rydberg systems. The mass
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transport and the accompanied acceleration of the molecular ion’s production show close
analogies to a catalytic process where the Rydberg electron acts as the catalyst. While
we could not observe a full catalytic cycle, we anticipate that in ultracold plasmas the
recombination of ions and free electrons into Rydberg states might complete the cycle
and thus enable an efficient reaction from Rb+ to Rb+

2 .

Spin-flips and entanglement in Rydberg molecules

Due to the highly oscillatory shape of the pseudopotential that is created by the Ryd-
berg electron–perturber scattering, the resulting interaction not only alters the scattering
properties but also gives rise to molecular bound states. This previously unknown type
of bound state comes along with very peculiar properties of the formed molecules, includ-
ing giant bond lengths, permanent electric dipole moments, and a complex vibrational
state structure. To study this fascinating facet of the Rydberg–ground state interaction,
we performed the first extensive high-resolution spectroscopy on P -state ultralong-range
Rydberg molecules in ultracold clouds of 87Rb, spanning more than the fine structure
splitting of the 25P -state. Due to the employed TOF measurement scheme, the informa-
tion on the lifetime of the observed molecular resonances is contained in the spectrum
and could be evaluated for selected resonances [160]. Furthermore, the broadening of the
observed resonances in an applied external electric field revealed that, due to the mix-
ing with high-l states, bound states in the inner wells possess permanent electric dipole
moments up to 220 D.

While most previous studies on ultralong-range Rydberg molecules focused on the per-
turbation of the Rydberg state by the presence of the perturber, we instead focused on the
perturber and showed that also the hyperfine state of the perturber atom is affected by
the molecular interaction. By analysing the mixing of the hyperfine states by the system
Hamiltonian from eq. (2.4.34) we anticipated the possibility that this interaction can be
used to trigger a spin-flip of the perturber atom upon photoassociation of the molecule.
By the comparison of spectra for samples prepared in the F = 1 and F = 2 hyperfine
states, we found strong experimental evidence for such spin-flip processes. We further saw
that a peculiar situation arises for the studied 25P -state since the fine structure splitting
of the Rydberg state is close to the hyperfine splitting of the perturber atom, thus leading
to a close energetic vicinity of the 25P1/2;F = 2 and the 25P3/2;F = 1 state. Since the
energy gap between those states can be overcome by the molecular interaction, we ob-
served a strong mixing of those two states, giving rise to a strong entanglement between
the fine structure state of the Rydberg atom and the hyperfine structure of the perturber.

Butterfly Rydberg molecules

A very special molecular state arises in rubidium due to the presence of a shape resonance
in the p-wave electron–perturber scattering. Caused by the strong scattering interaction,
these butterfly states show enormous binding energies compared to ultralong-range or
trilobite Rydberg molecules. While butterfly states were already predicted in 2002 [47],
clear experimental evidence for their existence was so far missing. In this thesis, we
presented the first experimental proof for the existence of butterfly Rydberg molecules
by performing photoassociation spectroscopy in a BEC. We found excellent agreement
between the depth of the calculated r-butterfly PECs and the lowest energy lines in
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the measured spectrum. Also, the changing density of states in the measured spectrum
could be well explained by the bound states in the modelled potential. These strong
indications were complemented by a detailed study of the behaviour of the observed
lines inside a small external electric field. The appearing line splitting could be nicely
explained by the simple model of a dipolar molecule in an electric field. The applicability
of this theory not only proved that the observed states possess a permanent electric
dipole moment of up to 500 D but also allowed us to extract the exact size of the dipole
moment and the bond length of the molecule with an unprecedented precision. By means
of the field-dependent measurements, we were, for the first time, able to resolve and
study the rotational structure of a Rydberg molecule. Due to the high dipole moment
of the investigated butterfly Rydberg molecules, the rotational states turn into highly
oriented pendular states, even for small electric fields below 1 V/cm. The information
on the bond length of the molecule extracted from the splitting of the pendular states
allowed for a detailed comparison to theory and permitted a definite assignment of the
measured spectroscopic lines to one of the wells in the calculated PECs. As it is clear
from the theory that the deep potential wells in the radial butterfly PECs are caused
by the admixing of the strong gradients created by the P -state wave function nodes, the
high-precision measurement of the molecule’s bond length is an indirect measurement for
the position of the P -state’s radial wave function nodes. The fact that the measured bond
lengths coincide with the nodes of the numerically integrated radial wave functions can
thus also be seen as an indirect experimental confirmation of the Schrödinger equation.

The performed study of butterfly molecules revealed several peculiar properties that
cannot be observed with conventional molecules. While in conventional molecules there
exists one defined vibrational ground state that shows an almost Gaussian wave function,
the highly oscillatory shape of the r-butterfly potentials gives rise to many individual
wells, each hosting the lowest few harmonic oscillator states. It is therefore possible
to photoassociate butterfly molecules in the vibrational ground state with a selectable
discrete bond length between 100 a0 and 400 a0. Once all states are identified in the
spectrum, it is possible, in the presence of a small electric field, to create a molecule with
a controlled bond length, vibrational state, angular momentum state, and orientation in
the lab frame. To our knowledge, there is no other molecular system that allows such
high degree of control over the molecular parameters. In particular, it is even possible to
excite butterfly molecules that show a very peculiar combination of bond length and dipole
moment. While in conventional molecules the maximum dipole moment is achieved in an
ionic bond, where the electron localises completely at the binding partner, we observed a
situation in butterfly molecules where this limit is exceeded and the average position of
the Rydberg electron is located beyond the perturber atom.

Outlook and future developments

Since the interaction of the Rydberg electron with the perturber is only relevant for suf-
ficiently low thermal energies, the studied Rydberg–ground state interaction is a unique
effect that arises only at ultracold temperatures. Hence, this interaction is located at the
interface between ultracold many-body systems and quantum chemistry with Rydberg
atoms. It is therefore not surprising that the obtained knowledge on this peculiar interac-
tion will in turn also have influence on both of these research fields. In the following, we
will show how the Rydberg–ground state interaction, and in particular the studied effects
arising from it, might affect these fields.
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In the context of quantum chemistry in Rydberg systems, the reaction dynamics and the
molecular bond are surely interesting in their own right. To develop more sophisticated
future models and to plan more detailed studies on the nature of the molecular bond,
our systematic spectroscopy that also considered the hyperfine degree of freedom might
provide valuable input. While we have already achieved a very good overall agreement
for the butterfly states, there is still space for improvement in the matching between the
calculated energies of the bound states and the measured spectrum. A refined theoretical
model including the spin–orbit coupling in the scattering processes will affect the energetic
positions of the butterfly wells and might thus be a promising candidate to improve the
theoretical model. Since also the scattering phase shifts have not been measured so far,
our data might even provide a possibility to determine these quantities by adapting the
calculated PECs to the measured spectra.

Moreover, the systematic study of the hyperfine state’s influence on the molecular reso-
nances of ultralong-range Rydberg molecules provides valuable spectroscopic information
and allows to attribute each line either to the mixed type potential or the corresponding
triplet potential. This additional information allows for an even better interpretation of
the spectrum and can serve as a benchmark for refined theoretical models. In the future,
it might also be interesting to extend the study on hyperfine mixing to trilobite and but-
terfly states since the molecular interaction in those states vastly exceeds the hyperfine
interaction. Consequently, the F̃ = 3/2 state contains both hyperfine states and the
bound states therein appear in both, the F = 1 and the F = 2 spectrum. By comparing
the spectra, it should thus be possible to identify coincident lines belonging to the F̃ = 3/2
PEC. Since the F̃ = 1/2 and the F̃ = 5/2 are pure F = 1 and F = 2 states, respectively,
the remaining lines in each spectrum can also be attributed to the corresponding PEC.
This additional information will further ease the interpretation of the spectrum and will
provide even more valuable input for benchmarking theoretical models.

A particularly good example of how the Rydberg–ground state interaction simultane-
ously touches the field of quantum chemistry and ultracold systems is the observed mass
transport mechanism. While the increased reaction kinetics itself surely falls in the realm
of quantum chemistry, it has also direct consequences for many-body dynamics in ultra-
cold quantum gases since the mass transport renders associative ionisation an important
dissipative process in high-density clouds. For the studied 60P -state with a natural decay
rate of 7 kHz, the measured cross section indicates that in a cloud with a temperature of
100 nK and atomic densities above 6× 1013 cm−3 associative ionisation even becomes the
dominant decay mechanism. For future experiments on Rydberg dressing and studies of
dissipative quantum phases of Rydberg gases beyond the frozen gas approximation, it is
therefore crucial to take these processes into account.

Furthermore, the peculiar properties of Rydberg molecules might find application in
ultracold gases to alter the many-body dynamics. As an example, one could use the
giant interaction length of hundred manometers to micrometres (for very high principal
quantum numbers) to employ Rydberg molecules to implement tunable short-range in-
teractions by an optical Feshbach resonance [161]. Here, the laser-induced coupling of
a free two-particle scattering state to the molecular bound state allows to change the
effective s-wave scattering length between the atoms and thus to modify the interaction
among them. This scheme, however, suffers from intrinsic losses and decoherence due
the coupling laser. Molecular states with a long lifetime and minimal off-resonant scat-
tering from the bare atomic resonance are therefore beneficial. Due to the absence of
a bare atomic resonance in the vicinity of the spin-flip molecular line, photoassociation
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of spin-flip molecules might be well suited to implement an optical Feshbach resonance.
Due to the suppression of the spin-flip excitation by the small admixture of the opposite
hyperfine state, such scheme would however require high laser intensities to achieve a de-
cent coupling strength. Moreover, the lifetime of the molecular state γ/2π = 10 - 30 kHz
is compatible to that of molecular states in ytterbium and strontium that were already
successfully employed in optical Feshbach resonances [161].

While the spin-flip process opens up promising new perspectives to tailor the short-
range physics in cold gases, also long-range interactions could be induced through the
enormous dipole moment of butterfly Rydberg molecules. Compared to ultralong-range
molecules or trilobite molecules, the interaction enhancement caused by the shape reso-
nance increases the binding energy of butterfly Rydberg molecules by several orders of
magnitude. The calculated depth of the butterfly PECs of several hundred GHz is even
stronger than the typical Rydberg–Rydberg interaction strength in cold gases. While
other Rydberg molecules might be broken apart by the Rydberg–Rydberg interaction,
the stronger binding in butterfly molecules might enable the observation of direct dipole–
dipole interaction. Photoassociating butterfly molecules with a dipole moment of 500 D
from an n = 2 Mott insulator would allow for a nearest neighbour dipole–dipole interaction
of 250 MHz in an optical lattice with a lattice constant of 532 nm. In lower dimensional
systems, the possibility to orient the nuclear dipole in external electric fields in terms of
pendular states opens the possibility to tune the dipole–dipole interaction. In such case,
the perturber atom can be seen as a handle to break the symmetry of the Rydberg atom
and to orient it in the lab frame. However, the unbeneficial distance distribution in cold
samples strongly reduces the coupling to the butterfly state. To still obtain a significant
amount of molecules in the system, either high laser intensities or pre-associated, weakly
bound Feshbach molecules [164, 165] as initial state can be employed. For sufficient cou-
pling strength, it might also be possible to use an off-resonant excitation to butterfly
molecules to create a dressed state that combines the long-range interaction of the dipo-
lar molecules with the long lifetimes of the ground state. Therefore, butterfly Rydberg
molecules are well-suited to explore dipolar many-body systems with tunable interactions
in single-species ultracold gases.

In summary, we have demonstrated that the interaction of the Rydberg electron with
a perturber atom has many important consequences for the physics of ultracold Rydberg
gases but also bears potential applications in quantum chemistry and quantum many-
body systems. It will thus be interesting to see in which future direction this very vital
and steadily growing research field develops.





A. Appendix

A.1. Spherical Bessel functions

Asymptotic behaviour for kr →∞
When the argument of the spherical Bessel functions tend to infinity (kr � l(l+1)), they
can be replaced by the asymptotic expressions [?, eq. B.51]
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Asymptotic behaviour for kr → 0

If the argument of the Bessel functions is small, one can use the expansion [?, eq. B.52]
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A.2. Angular momentum coupling with ladder operators

In angular momentum coupling, the scalar product ~̂J1 · ~̂J2 of two angular momentum
operators often appears. In order to find a matrix representation for this operator, it is
useful to express it using angular momentum ladder operators. Their use becomes obvious
by splitting the scalar product into its components

~̂J1 · ~̂J2 = Ĵ1,xĴ2,x + Ĵ1,yĴ2,y + Ĵ1,zĴ2,z. (A.2.1)

While most of the time the basis of the system is chosen such, that Ĵz are diagonal, the
off-diagonal terms for the other angular momentum projections can be found using the
angular momentum projection operators

Ĵi,x =
1

2

(
Ĵi,+ + Ĵi,−

)
, (A.2.2)

Ĵi,y =
1

2i

(
Ĵi,+ − Ĵi,−

)
. (A.2.3)

Applying this individually to the two angular momenta ~̂J1 and ~̂J2, we obtain

~̂J1 · ~̂J2 =
1

2
(Ĵ1,+Ĵ2,− + Ĵ1,−Ĵ2,+ + 2Ĵ1,zĴ2,z). (A.2.4)
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While the z-terms create diagonal elements, the ladder operators create off-diagonal ele-
ments according to

〈j′,m′j|Ĵi,+|j,mj〉 = ~
√

(j −mj)(j +mj + 1)δm′
j+1,mj

δj′,j, (A.2.5)

〈j′,m′j|Ĵi,−|j,mj〉 = ~
√

(j +mj)(j −mj + 1)δm′
j−1,mj

δj′,j. (A.2.6)

A.3. Clebsch–Gordan coefficients

If two angular momenta ~L and ~S couple to the total angular momentum

~J = ~L+ ~S (A.3.1)

and the system Hamiltonian contains a coupling term of the form

Ĥcouple = α~̂L · ~̂S, (A.3.2)

one can find a basis of coupled angular momenta states that diagonalises the system
Hamiltonian. The transformation between the uncoupled basis |L,ml, S,ms〉 and the
coupled basis can be obtained by inserting unity in terms of the subspace of one of the
uncoupled angular momenta. If we choose to insert unity in terms of the Hilbert space of
S, we get the coupled state

|J,mj〉 =
∑
ms

|L,ml, S,ms〉 〈L,ml, S,ms|J,mj〉 . (A.3.3)

The appearing scalar product is called Clebsch–Gordan coefficient and can be calculated
as [65, eq. C.12]

〈L,ml, S,ms|J,mj〉 = (−1)L−S+mj
√

2J + 1

(
L S J
ml ms mj

)
, (A.3.4)

where the expression in parentheses is the Wigner-3j symbol [?].

A.4. Gradients of single particle wave functions

For the p-wave interaction of a Rydberg electron with a ground state perturber, we need
to evaluate the gradient of the Rydberg wave function at the perturber’s position. Here,
we show how the gradient is calculated and especially how an analytic expression for the
angular directions can be obtained.

We assume to have a wave function Ψ(r, θ, φ) that is separable and can thus be written
as

Ψnlm(r, θ, φ) = R(r)nlY
m
l (θ, φ). (A.4.1)

In spherical coordinates the gradient of such a wave function is given as
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Figure A.1: 3D representation of the spherical harmonics Y m
l (θ, φ) up to l = 2 in spherical

coordinates. For each object, the distance from the origin gives the absolute value |Y m
l (θ, φ)|

and the colour denotes the complex phase.

Since the radial wave function Rnl(r) is calculated numerically, we have to determine the
derivative for ∂rRnl(r) also numerically. The angular derivatives on the other hand can be
obtained analytically from the analytic expression for the spherical harmonics as shown
in the following.

Derivatives of the spherical Harmonics

The angular modulation of the Rydberg wave functions is fully determined by the spherical
harmonics (see fig. A.1). The derivatives of the spherical harmonics can be calculated
analytically. Starting from the analytical expression

Y m
l (θ, φ) =

1√
2π

√
2l + 1

2

(l −m)!

(l +m)!
Pm
l (cos(θ))eimφ (A.4.3)

for the spherical harmonics, we calculate the derivative separately for the polar (θ)- and
the azimuthal (φ)-direction.

Polar direction

The partial derivative in θ-direction is given by
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where the derivative of the associated Legendre polynomial is given by
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Thus, we obtain
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Despite the sin(θ)−1 term, the expression does not diverge since the denominator ap-
proaches zero as fast as Pm

l . However, it is problematic to calculate the expression for
θ = 0 numerically since one has to calculate Pm

l (0) and 1/ sin(0) separately, where the
latter one makes the result useless. Therefore, it is useful to apply the recurrence formula
of the associated Legendre polynomials [166]
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Setting x = cos(θ) and applying it to the ”diverging term” of the derivative, one obtains
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which is regular for all values of θ. However, care must be taken that the Legendre
polynomials vanish if m + 1 ≥ l or m − 1 ≤ −l. Expressing the associated Legendre
polynomials in terms of Y m+1

l (θ, φ) and Y m−1
l (θ, φ), we can furthermore identify
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Azimuthal direction

The partial derivative in φ-direction is given by
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While this expression itself is regular for all θ and φ, a numerical problem arises from
the volume element in eq. A.4.2 when the φ-component of the gradient is calculated for
θ = 0. To treat the appearing sin(θ)−1, the same properties of the associated Legendre

polynomials can be used as for the θ direction. Expanding the expression with 1 = cos(θ)
cos(θ)

and applying the recurrence formula [166], one obtains
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Unfortunately, this expression is hard to evaluate at θ = π/2 but it can be evaluated at
θ = 0. Hence, by combining both expressions, the φ gradient can be calculated for all θ.
In summary, the gradient of the wave function thus reads
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A.5. Decoupling of states and angular dependence in the
diagonalisation

Decoupling of degenerate interacting states in a delta potential

In the diagonalisation of the Rydberg–ground state interaction, we often see that from
a set of degenerate states some detach and others stay uncoupled. This is a direct con-
sequence of the structure of the Hamiltonian that is obtained if the states interact with
each other and do not differ in additional degrees of freedom, e.g. the spin. To illustrate
this, it is useful to make a simple example that can be calculated analytically. To this
end, we want to diagonalise the Rydberg–ground state interaction operator restricted to
s-wave scattering using a basis that only consists of a nP1/2 Rydberg state with its two
degenerate Zeeman states mj = ±1/2. Calculating the Clebsch–Gordan coefficients for
the spin–orbit coupling, the spatial wave functions of these Zeeman states may be defined
as

X+(r, θ, φ) = Rnl(r)

[√
2

3
Y 1

1 (θ, φ)χ− −
√

1

3
Y 0

1 (θ, φ)χ+

]
(A.5.1)

X−(r, θ, φ) = Rnl(r)

[
−
√

2

3
Y −1

1 (θ, φ)χ+ +

√
1

3
Y 0

1 (θ, φ)χ−

]
, (A.5.2)

with the radial wave function Rnl(r), the spherical harmonics Y m
l (θ, φ), and the spin wave

function χ±. Since the interaction potential from eq. (2.4.27) is a delta-type potential,

we have to evaluate the spatial wave function at ~R = (R,Θ,Φ). For the sake of brevity,
we omit the explicit notation of the (R,Θ,Φ)-dependence but keep in mind that X± is
always evaluated at that point. With this definition the interaction Hamiltonian reads:

Ĥint = 2πA0(kR)

(
|X+|2 X∗+X−
X∗−X+ |X−|2

)
. (A.5.3)

With the definition a ≡ 2πA0(kR), we get the characteristic polynomial

(a|X+|2 − λ)(a|X−|2 − λ)− a2X∗−X+X
∗
+X− = 0, (A.5.4)

which reduces to

λ2 + a(|X+|2 + |X−|2)λ = 0. (A.5.5)
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From this we obtain the eigenvalues

λ1 = 0; λ2 = a(|X+|2 + |X−|2). (A.5.6)

We thus see that the first eigenstate decouples completely and is equivalent to zero for
all angles and distances. It is important to note here that this result also holds for more
basis states. In the case of three basis states, one can formally do the same diagonalisation
and obtains λ1 = λ2 = 0 and λ3 = |X1|2 + |X2|2 + |X3|2. In general, this structure of
eigenvalues is always obtained when for every 2×2 submatrix the product of the diagonal
terms equals the product of the off-diagonal terms. In our case, this unique structure of
the interaction Hamiltonian is caused by the δ-operator and thus the decoupling follows
from the zero-range nature of the potential. If we had correctly considered the singlet and
triplet projectors as introduced in sec. 2.4.3, we would have obtained one coupled singlet
and one coupled triplet state, all other states would remain uncoupled. Since our basis
has only two states, we would end up with no decoupled state. This can also be observed
in fig. 2.12 where there is no uncoupled state remaining for the 25P1/2-state. In the case
of the 25P3/2-state however, there is a set of uncoupled states remaining. The decoupling
of states becomes even more obvious in the high-l manifolds where a few trilobite and
butterfly PECs detach but the majority of states remains uncoupled.

Angular dependence

At first glance, one could expect the Rydberg–ground state interaction to be angular
dependent due to the angular dependence of the wave functions X±. However, the depen-
dence vanishes when diagonalising the Hamiltonian and taking into account all mj states
for a given J . To observe this in the remaining eigenvalue λ2, we have to calculate the
absolute square of the two states

|X+|2 = R∗nl

√
1

3

(√
2Y 1∗

1 χ∗− − Y 0∗
1 χ∗+

)
Rnl

√
1

3

(√
2Y 1

1 χ− − Y 0
1 χ+

)
(A.5.7)

=
|Rnl|2

3

[
2|Y 1

1 |2 + |Y 0
1 |2
]

(A.5.8)

|X−|2 = R∗nl

√
1

3

(
−
√

2Y −1∗
1 χ∗+ + Y 0∗

1 χ∗−

)
Rnl

√
1

3

(
−
√

2Y −1
1 χ+ + Y 0

1 χ−

)
(A.5.9)

=
|Rnl|2

3

[
2|Y −1

1 |2 + |Y 0
1 |2
]
. (A.5.10)

Inserting this into the eigenvalue λ2 of eq. (A.5.6), we obtain:

λ2 =
a|Rnl|2

3

[
2|Y 1

1 |2 + 2|Y 0
1 |2 + 2|Y −1

1 |2
]
. (A.5.11)

Here, we can apply Unsöld’s theorem [?]

l∑
m=−l

|Y m
l |2 =

2l + 1

4π
(A.5.12)

and finally obtain

λ2 =
2a|Rnl|2

3

2l + 1

4π
= A0(kR)|Rnl|2, (A.5.13)
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where in the last step we set l = 1 for the P -state and used the definition of a. This
eigenvalue carries also no angular dependence any more but in contrast to λ1 the radial
dependence still persists. Note that even though one obtains the same eigenvalues for all
angles, the eigenvectors are still angular dependent. In principle this is the same result
that should be obtained from degenerate perturbation theory.

Even though we considered the case of only two Zeeman substates, this result similarly
applies to all levels with degenerate Zeeman substates. The physical interpretation for
this is that, as long as the interaction between the wave function and the perturber is
stronger than the interaction that is setting the quantisation axis prior to the excitation,
the system has no distinct axis and will orient itself to minimise energy. If, on the other
hand, the quantisation axis is strong so the Zeeman states are split further in energy than
the interaction energy, the angular dependence reappears. In this regime, the alignment
of Rydberg states can be studied [104,167].

A.6. Regularised pseudopotentials

A word of caution is needed for the simple pseudopotentials given by eq. (2.4.27) and
(2.4.28). As pointed out in ref. [168], the eigenenergies of the Hamiltonian in eq. (2.4.15)
obtained in a full diagonalisation (sec. 2.4.5) do not converge when the number of basis
states is increased. Moreover, the results obtained by a diagonalisation do not coincide
with the eigenenergies from a quantum defect theory approach using Green’s function
and Dirichlet boundary conditions [47, 102]. This is due to the fact that in contrast to
the Green’s function approach, the delta-type pseudopotentials do not exactly fulfil the
scattering boundary condition from eq. (2.2.21) outside but in the vicinity of the scattering
potential. In the s-wave case this boundary condition for the wave function reads

Ψ(~r) =
sin(|~r − ~R| − δ(k))

k|~r − ~R|
. (A.6.1)

The pseudopotential approach can also fulfil this boundary condition when a regularised
delta function potential [168,169] of the form

V̂ reg
s = 2πA0(k)δ(3)(~r − ~R)

∂

∂ρ
ρ (A.6.2a)

= 2πA0(k)δ(3)(~r − ~R)

[
1 + ρ

∂

∂ρ

]
(A.6.2b)

= V̂s + V̂sρ
∂

∂ρ
(A.6.2c)

is employed. Here, the relative distance ρ = |~r− ~R| between the electron and the perturber
is introduced. Eq. (A.6.2b) was obtained by applying the regularisation operator ∂

∂ρ
ρ

to a test function. Obviously, the regularised potential recovers the expression for the
unregularised potential V̂0 but adds a second term that includes the ρ-derivative of the
ket-wave function. This additional term, however, is only non-vanishing, if the ρ-derivative
of the ket-wave function is infinite at ~R since lim~r→~R ρ = 0. Hence, if we choose a basis

set that only includes eigenfunctions regular in ~R, the unregularised pseudopotential will
not cover the full problem. In that sense the regularisation of the delta function potential
fixes the handling of irregular wave functions at the perturber’s position, which are needed
to exactly fulfil the boundary condition given by eq. (A.6.1).
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Similarly, the divergence can be handled for the p-wave interaction by using the regu-
larised potential [170]

V̂ reg
p = 6πA1(k)δ(3)(~r − ~R)

1

k2
~∇ · ~∇1

2

∂2

∂ρ2
ρ2 (A.6.3a)

= V̂p + 2V̂pρ
∂

∂ρ
+

1

2
V̂pρ

2 ∂
2

∂ρ2
. (A.6.3b)

Also in this case, the ρ-derviative can be expanded and one finds that a ρ-independent
term appears, that is identical to the unregularised p-wave potential. Thus, the same
result is obtained for the regularised and the unregularised potential when performing
first-order perturbation theory. Even beyond first order perturbation, the unregularised
potential can be a good approximation for the regularised potential if the set of basis
states is not chosen too big. This is particularly advantageous since, as shown above, the
regularised potential cannot be employed in a standard diagonalisation scheme that relies
on eigenfunctions that are regular in ~R [168]. By this means, a valid approximation to the
system’s eigenenergies can be obtained even without including irregular wave functions.

A.7. Calculation of the electronic density

It is often useful to calculate the electronic density in position space of a superposition
state |Ψ〉 =

∑
i ci |i〉 that is obtained from the diagonalisation of a certain Hamiltonian.

If the representation of the basis vectors |i〉 in position space Ψi(R, θ, φ) is known, the
electronic density D at position ~x = (R, θ, φ) is simply given by

D(~x) = | 〈~x|Ψ〉 |2 = |
∑
i

ciΨi(R, θ, φ)|2. (A.7.1)

However, care has to be taken if the basis consists of product states, e.g a spatial and
a spin state, as interferences will only occur for states that are non-orthogonal in the
additional Hilbert space.

As a simple example, let us consider an electron that is described in the basis |Ψi〉⊗|χj〉
with the spatial states |Ψi〉 and the spin states |χj〉. The Hamiltonian we are interested in
can now mix states depending on the spatial part and the spin part. Thus, the resulting
state from the diagonalisation has the form |Ψ〉 =

∑
i,j ci,j |i〉 ⊗ |χj〉. Since states with

different spins cannot interfere in space, we have to generalise eq. (A.7.1) to

D(~x) =
∑
j′

| 〈χj′| ⊗ 〈~x|Ψ〉 |2, (A.7.2)

where we trace over the spin states. With the definition of the state |Ψ〉, we obtain

D(~x) =
∑
j′

|
∑
j

〈χj′|χj〉 ⊗
∑
i

ci,jΨ(R, θ, φ)|2. (A.7.3)

Since the spin states are orthogonal, we have 〈χj′|χj〉 = δj,j′ and thus the expression
simplifies to

D(~x) =
∑
j

|
∑
i

ci,jΨi(R, θ, φ)|2. (A.7.4)
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A.8. Numerical calculation of bound states by the
shooting method

As discussed in sec. 2.4.8, the non-trivial shape of the electronic PECs makes it difficult
to determine the vibrational bound states therein. Here, we present a numerical method
to find bound state energies and wave functions in an arbitrary 1D potential that is able
to confine a bound state. This method relies on the fact that in the classically forbidden
region of a potential (E < V (R)) the k-vector becomes imaginary and thus two solutions
of the Schrödinger equation (2.4.51) with energy E = ~2k2/(2M) of the type

Φreg
E (R) ∝ e−ikR = e−|k|R (A.8.1)

Φirreg
E (R) ∝ eikR = e|k|R (A.8.2)

exist. In general, any superposition of those functions is a valid solution to the differential
equation. However, physically meaningful wave functions need to be square-integrable in
order to be normalisable. Since the irregular solution Φirreg

E (R) tends to infinity as R→∞,
it cannot be normalised and thus a physical wave function can only contain the regular
solution. Bound states are thus characterised by the exponential decay of their wave
function in the classically forbidden regions. We can employ this fact to numerically find
the bound states for almost arbitrary real, one-dimensional potentials Epot(R) that vanish
for R→∞.

For an arbitrary energy Eg we can use Numerov’s algorithm (compare sec. 2.3.1) to
numerically integrate the spatial wave function ΦEg(R) on the interval [R1, R2]. We
choose R2 to always be in the classically forbidden region of the potential and start the
integration at that point, as a valid solution decays exponentially here and thus we can
guess the initial value of the integration to be zero. If the arbitrarily chosen energy
Eg does not match the energy of one of the bound states, the obtained wave function
will have no physical meaning. However, we can make use of the fact that only for the
right energy E the integration result will have a vanishing contribution of the irregular
solution. Studying the value of the integrated wave function at an arbitrary, fixed value
of R that is sufficiently deep in or behind a potential barrier, we realise that it usually
varies slowly with the guessed energy Eg. However, when passing a bound state the
wave function undergoes a phase jump of ∆ϕ = π and the integrated wave function
consequently changes its sign [55]. This is demonstrated in fig. A.2a, where eq. (2.4.51)
is integrated in a simple box-type potential for 11 different energies around the bound
states’ energy. Starting at 400 a0, all curves follow the same trajectory until they enter
the classically forbidden region at 175 a0 and start to differ significantly. As discussed
above, only the curve with the right energy will decay exponentially, all other curves start
to diverge at some point. Due to the phase jump, the sign of the divergence depends
on whether the energy was chosen too small or too big. We can use this fact to find
the bound state energies in the potential by integrating equation (2.4.51) for an equally

spaced set of energies {E(n)
g } from R2 to R1 and look for changes in the sign of ΦEg(R1) for

adjacent energies E
(n)
g and E

(n+1)
g . For every sign-changing energy interval [E

(n)
g , E

(n+1)
g ],

we repeat the above procedure until a certain energy precision is reached and we end up
with a set of bound state energies and corresponding wave functions. Due to the analogy
of approaching a target by changing the angle of a cannon until it hits, this procedure
is called shooting method. The reliability of the results however depends on whether the
analysis point R1 is chosen sufficiently deep inside (or behind) the potential barrier that
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Figure A.2: Numerical calculation of bound states in one-dimensional potentials. The
wave functions are shifted on the y-axis according to their energy. (a) Numerical solution of
the Schrödinger equation in a box-potential for different energies (∆E = ±0.5 MHz) around
the energy of the bound state. Only if the energy matches that of a valid bound state (red
line), the solution approaches zero in the classically forbidden region. Depending on the
sign of the energy mismatch the numerical solution diverges to +∞ or −∞, what allows to
find the bound state energy by bisection. (b) Comparison of the numerically determined
wave functions (solid lines) to the analytic solution (dashed lines) for the harmonic oscillator
potential. All wave functions are normalised to their maximum absolute value in the plotted
range. The colour is a guide to the eye. The low-lying states match perfectly and thus the
numerical and the analytic solution lie on top of each other.

confines the bound state.

In order to test the method, we apply it to the quantum harmonic oscillator that is
characterised by the potential

EHO
pot (x) =

1

2
mω2x2 (A.8.3)

for a particle of mass m and a harmonic oscillation frequency ω. The solution of the
Schrödinger equation for this potential can be obtained analytically and is given by [77]

ΦHO(x) =
1√
2nn!

(mω
π~

)1/4

e−
mωx2

2~ Hn

(√
mω

~
x

)
, (A.8.4)

with the well-known eigenenergies

EHO
n = ~ω

(
n+

1

2

)
. (A.8.5)

The comparison of the wave functions and the eigenenergies is shown in fig. A.2b. The
phase change of the wave function is always determined at the leftmost point that is
plotted. We see an overall excellent agreement between the numerical result and the
analytic solution, especially for the deeply bound states. The deviations for the higher
energy states are caused by the fact that the analysis point R1 for finding the bound
state energy is not sufficiently deep inside the classically forbidden region and thus the
determined energy is inaccurate.
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Table A.1: Fit values of the harmonic frequency ω and the energy offset E0 for the harmonic
fit to the potential wells in the three r-butterfly PECs with the quantum numbers F̃ = 1/2,
F̃ = 3/2, and F̃ = 5/2.

F̃ = 1/2 F̃ = 3/2 F̃ = 5/2
x0 [a0] ω/2π [GHz] E0 [GHz] ω/2π [GHz] E0 [GHz] ω/2π [GHz] E0 [GHz]
91.9 8.248 −57.5 8.232 −55 8.233 −50.7
116.5 6.565 −51.6 6.562 −49 6.565 −44.7
143.8 5.449 −51.3 5.449 −48.8 5.449 −44.5
174.2 4.641 −52.5 4.642 −49.9 4.641 −45.7
208.2 4.119 −53.1 4.119 −50.5 4.119 −46.3
246.1 3.705 −51.8 3.705 −49.2 3.705 −44.9
288.4 3.356 −47.5 3.356 −44.9 3.356 −40.6
335.7 3.297 −38.4 3.295 −35.9 3.297 −31.6
388.8 2.952 −22.1 2.931 −19.7 2.952 −15.3
449.4 1.925 −7 1.79 −5.3 1.925 -0.2

A.9. Harmonic approximation to the r-butterfly potential

In order to be able to calculate approximate bound states in the deep wells of the r-
butterfly PECs, each of the wells was fitted individually with the harmonic potential
from eq. (A.8.3) with an additional energy offset E0 and a free position of the minimum
x0. With the resulting fit parameters, the energy of the lowest two bound states (ν = 0, 1)
can be determined up to a precision of three significant digits. Due the anharmonicity of
the real potential, the approximation becomes worse for higher states. For the next two
higher bound states (ν = 2, 3), the approximation is thus only precise up to two significant
digits. With the fit parameters summarised in tab. A.1 the bound state energies can by
calculated by

E = ~ω(ν +
1

2
) + E0. (A.9.1)

A.10. Butterfly spectra in electric fields

As discussed in sec. 6.3, we observe two qualitatively different types of spectra if we study
butterfly states in an external electric field. While we observe type 1 spectra for the
majority of the studied butterfly states, we found two states that showed type 2 spectra
(compare tab. 6.1). A comparison of both types is shown in fig. A.3 for the molecular
states at −45.1 GHz and −43.2 GHz. These states are localised in the same well and show
very similar dipole moments (compare tab. 6.1) but still differ in the type of the observed
spectrum. In general, the second type differs from the first by splitting in twice as many
lines. The leftmost peaks in the type 2 spectrum in fig. A.3b seem to alternate in line
strength. It might thus be reasonable to identify two almost identical spectra that lie
on top of each other and are shifted relative to each other. Such behaviour might be
explained by a splitting of the F̃ = 3/2 state in the electric field, as discussed in sec. 6.3.
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(a)

(b)

Figure A.3: The two types of field-dependent spectra. (a) The type 1 spectrum was
observed for the majority of the studied butterfly states. Here, the measurement for the
state at −45.1 GHz is shown. (b) The butterfly state at −43.2 GHz shows a type 2 spectrum
that splits in twice as many lines compared to the type 1 spectra. For an explanation of the
figure, please refer to fig. 6.4.
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A.11. Photoionisation cross sections

Since the trapped Rydberg atoms are subject to the focussed YAG trapping lasers at a
wavelength of λYAG = 1064 nm, it is useful to know the photoionisation cross section σYAG

PI

for the studied Rydberg state. In general, the photoionisation-induced decay rate Rion is
given by

Rion = σPI
photons

Area× time
= σPI

I

hν
, (A.11.1)

where σPI is the photoionisation cross section for the specific incident photons and the
Rydberg state under study, I is the intensity of the YAG laser, and ν the frequency of
the photon. The cross section is thus given by

σPI =
Rion

I
hν. (A.11.2)

The quantity Rion

I
denotes the change of the Rydberg state’s decay rate with the YAG

intensity. We can thus determine the cross section by monitoring the total decay rate of
the excited Rydberg state as a function of the incident YAG laser intensity. Since all other
YAG-power-independent decay channels just add as an offset, we can even determine the
cross section from the slope if photoionisation is not the dominant decay channel. We
thus prepare a BEC in the high power YAG trapping configuration and recompress it by
ramping the high power beam to 320 mW to obtain a radially small, axially elongated
cloud. This way, we prepare a sample that is radially much smaller than the Gaussian
beam waist of the high-power beam and thus minimise the error by intensity variation of
the trapping beam along the cloud. We then switch off both trapping lasers completely
and after a free expansion of 50µs we apply a Rydberg excitation pulse for 1µs. After
another 1µs waiting time, we abruptly switch on the high power YAG laser at a specific
power. The laser is kept on for 200µs during which the Rydberg atoms decay under the
effect of the incident YAG photons. With the Rydberg excitation pulse, we also start
the continuous ion detection that lasts until the end of the experiment. The obtained ion
signals for various YAG laser powers are shown in fig. A.4a. In order to obtain the decay
rate for the individual measurements, we fit an exponential decay to the obtained signals.
Plotting the fitted decay rate against the YAG laser power (fig. A.4b), we see a linear
dependency as expected from eq. (A.11.1).

In order to obtain the photoionisation cross section from the slope of such fit Rion

P
, the

power P of the laser must be translated to the intensity I and, thus, the slope Rion

I
. For

this purpose, Rion

P
must be divided by the intensity of the laser at 1 W (if Rion/P is given

in Hz/W). In our case, we obtain an intensity of 7.84× 108 W/m2 at a power of 1 W for a
waist w = 28.5µm of the high-power YAG beam.

The measured cross section of 5.8(17) kb for the 51P3/2 state is in good agreement with
ref. [86, p. 18], which gives a value on the order of σlit ≈ 10 kb. It should be further noted
that in fig. A.4b the intersection with the y-axis at 11.1(8) kHz agrees with the natural
decay rate γ51P

nat = 10.3 kHz of the 51P3/2 state. This kind of measurement was performed
for different Rydberg states. A summary of the measured photoionisation cross section
values is given in tab. A.2.

Extracting the number of Rydberg excitations

Under the assumption, that photoionisation by the trapping lasers is the only decay path
leading to the creation of an ion, we can use the known photoionisation cross section to
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Figure A.4: Measurement of the photoionisation cross section σYAG
PI for the YAG laser

light on the 51P3/2 Rydberg state. (a) TOF signals obtained for different powers of the
YAG laser with an exponential fit to the decay (solid lines). (b) Decay rate extracted from
the exponential fits as a function of the YAG laser power. The slope of the linear fit is used
to obtain σYAG

PI according to eq. (A.11.1). (c) Maximum value of the exponential fit as a
function of the YAG laser power.

extract the number of excited Rydberg atoms from the measured ion rate. At any time,
the ion rate that we observe is given by

Rion = NRyηR
(1)
ionise = NRyησ

I

hν
, (A.11.3)

where NRy is the number of excited Rydberg atoms, η is the detection efficiency for an

ion, and R
(1)
ionise is the single particle ionisation rate. If we now also use the information

about the peak count rate from the TOF measurement (fig. A.4c), we can obtain the
rate Rion. To reduce the error in the determination of the Rydberg atom number, we
can calculate it without any assumptions on the actual intensity of the YAG laser. By

Table A.2: Measured cross sections for photoionisation in the YAG trap for various Rydberg
states. Here Rion

P gives the fitted slope, σYAG
PI denotes the photoionisation cross section under

YAG light, and γ0 is the decay rate without the influence of the trapping laser.

state Rion

P
[kHz/W] σYAG

PI [kb] γ0 [kHz]
30P3/2 6.8(3) 16.2(48) 27.2(15)
35P3/2 9.2(3) 21.9(62) 27.2(14)
41P3/2 5.8(2) 13.8(39) 16.1(15)
51P3/2 2.4(1) 5.8(17) 11.1(8)
60P3/2 3.2(3) 7.7(27) 11.0(15)
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dividing eq. (A.11.3) by the power P of the YAG laser, we get

Rion

P
= NRyη

R
(1)
ionise

P
, (A.11.4)

so we obtain

NRy =
Rion

P

η
R

(1)
ionise

P

. (A.11.5)

We identify Rion

P
to be the slope of the peak count rate (fig. A.4c) and

R
(1)
ionise

P
to be the

slope of the decay rate fit (fig. A.4b). Knowing the detection efficiency η to be 43%, we
can calculate the number of Rydberg excitations in the measurement shown above to be

NRy =
1

0.43

90.6 kHz/W

2.4 kHz/W
= 87.8. (A.11.6)

A.12. Long-range entanglement of ground state atoms

A very interesting application of the presented spin-flip states arises in conjunction with
the Rydberg blockade (sec. 2.5.1) that enables long-distance entanglement between the
hyperfine-states of remote atoms. This can be illustrated if we consider a system of two
potential wells A and B that are separated by less than the Rydberg blockade radius and
are each filled with two atoms that can be photoassociated to a Rydberg molecule. While
the following derivation also holds in the case of identical atoms, we will assume here that
the two atoms in each well are distinguishable, i.e. different species or different isotopes of
the same species. In this case, we can choose which of the two atoms we promote into the
Rydberg state , denoted helper atom, and which atom will take the role of the perturber.
If excited to a spin-flip molecule, the resulting state in well A/B is given by

|M〉A/B = |r, 1〉+ ε |r, 2〉 , (A.12.1)

where we use the notation |R,F 〉 for the two-particle state where R gives the quantum
state of the helper atom that can be in the ground state g or in the Rydberg state r and
F denotes the hyperfine state of the perturber atom. Even though in the molecule the
Rydberg state is slightly changed by the interaction with the ground state atom, it still
interacts with other Rydberg atoms in its surrounding. For a strong Rydberg–Rydberg
interaction, we recover the blockade mechanism described in sec. 2.5.1. Since the two
considered potential wells are closer together than the blockade radius, the atoms therein
cannot simultaneously be excited to the Rydberg molecular state. Instead, we obtain an
entangled state of the form

|Ψ〉 =
1√
2

(|M〉A |g, 2〉B + |g, 2〉A |M〉B) , (A.12.2)

where we assume that the pertuber atoms were prepared in the F = 2 state. Inserting
eq. (A.12.1), we obtain

|Ψ〉 =
1√
2

(|r, 1〉A |g, 2〉B + |g, 2〉A |r, 1〉B) (A.12.3)

+
ε√
2

(|r, 2〉A |g, 2〉B + |g, 2〉A |r, 2〉B) . (A.12.4)
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Since ε� 1, we can neglect the latter term. If, furthermore, we trace out the state of the
Rydberg atom, we obtain

|Ψ〉 ≈ 1√
2

(|1〉A |2〉B + |2〉A |1〉B) , (A.12.5)

which is a maximally entangled state of the two involved perturber atoms. We thus
employed the hyperfine-mixing in the spin-flip molecules to transfer the entanglement
that arises due to the Rydberg blockade to the spin states of the perturber atom. What
is derived here in the two-particle picture should also hold in the many-particle regime.
For N ground state atoms within the blockade radius, it should thus be possible to create
a state where one spin excitation is shared among all N atoms to give the state

|Ψ〉N =
1√
N

(|2〉A |1〉B |1〉C ...+ |1〉A |2〉B |1〉C ...+ |1〉A |1〉B |2〉C ...+ ...) . (A.12.6)
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teilen war von Anfang an eine Freude und eine Bereicherung für meinen Arbeitstag.

• Philipp Langer, Philipp Geppert und Tanita Eichert dafür, dass ihr Euch auf An-
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Jahre sind wir zu einer einzigartigen Truppe herangewachsen.

• meine Eltern und meine Schwester, die jederzeit zu 100% hinter mir stehen und
mich in Wort und Tat immer unterstützen. Ohne Euch wäre ich niemals so weit
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