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A Two-Dimensional Model of the Pressing Section of
a Paper Machine Including Dynamic Capillary Effects

O. Iliev · G. Printsypar · S. Rief

Abstract The paper production is a problem with significant importance for the so-
ciety and it is a challenging topic for scientific investigations. This study is concerned
with the simulations of the pressing section of a paper machine. A two-dimensional
model is developed to account for the water flow within the pressing zone. Richards’
type equation is used to describe the flow in the unsaturated zone. The dynamic cap-
illary pressure–saturation relation proposed by Hassanizadeh and co-workers (Has-
sanizadeh et al., 2002; Hassanizadeh, Gray, 1990, 1993a) is adopted for the paper
production process.

The mathematical model accounts for the co-existence of saturated and unsatu-
rated zones in a multilayer computational domain. The discretization is performed
by the MPFA-O method. The numerical experiments are carried out for parame-
ters which are typical for the production process. The static and dynamic capillary
pressure–saturation relations are tested to evaluate the influence of the dynamic
capillary effect.
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1 Introduction

The paper production is an industrial applications, which attracts attention of many
scientists. It is a challenging problem, investigated from different points of view by
scientists from different fields. We are concerned with the mathematical modeling
and simulation of the pressing section of a paper machine.

Headbox

Fig. 1 Schematic representation of a paper machine

1.1 Overview on the paper machine

The paper machine is a huge piece of equipment which typically consists of four
main parts (see Fig. 1): the headbox, the forming section, the pressing section and
the drying section (see Metso Corporation (2010); Paper academy (2011)). Special
woven plastic fabric meshes, so-called conveyor belts, are used to transport the paper
through all sections of the paper machine. During the production process, a wood
pulp is transformed into a final paper product by performing different dewatering
techniques. The headbox provides the suspension which consists of 99% of water and
1% of solid phase, wooden fibers. In the forming section, dewatering is performed
by the natural filtration and sometimes with the help of suction boxes. After the
forming section, the dry solid content of the paper increases to about 20%. In the next
pressing section, the dewatering is carried out by a mechanical pressing of the paper
layer against properly selected fabrics, so-called felts. The simplest construction of a
pressing nip consists of two rotating rolls with the paper–felt sandwich transported
between them at high speed up to 2000m/min as shown in Fig. 2 on the left. There
exists also another type of a pressing nip which is called shoe press (see Fig. 2 on
the right). The advantage of the shoe press is an extended pressing zone, which is
about 300mm in comparison with 40mm in the roll press. In contrast, the thickness
of the paper–felt sandwich is about 4 mm and the thickness of the paper layer can
go down to 100 micrometers. During the pressing of the paper layer against the
felts, water is squeezed out of the paper and enters the felts. So the water content
of the paper decreases to about 50% after the pressing section. The last section is
the drying section where the remaining water is removed by evaporation. Paper is
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transported over streamheated cylinders and comes out of the drying section with a
water content of 5%.

Felt

Paper

Roll

Roll

Roll

Shoe

Fig. 2 Pressing nips: roll press (on the left), shoe press (on the right)

The pressing is a more economic way to remove the water from the paper than
the drying. Therefore, the industry is actively working on improving the dewatering
in the pressing section. The laboratory experiments for the paper machine are very
expensive and difficult to carry out. The simulation approach allows to reduce time
and money needed for improving the design of the pressing section.

Felt roll

Nip

Felt

Paper

Fig. 3 Pressing section

The pressing section is composed of a sequence of rolls and typically one shoe.
Their positioning may vary depending on a paper machine. Fig. 3 shows a sketch
of the pressing section. The paper web is usually transported either on one felt in
the top or bottom position or between two felts as a sandwich. In some cases, when
the paper web is strong enough compared with the applied stress in operation, the
web is transported towards the next press nip or to the dryer section without any
felt support (Paper academy, 2011). Thus, the paper layer sometimes is in contact
with the felt and sometimes separated from it while passing the pressing section. Our
mathematical model of the pressing section considers the layers to be transported
all together. The separation is taken into account by specifying no-flow boundary
conditions on the parts of the interfaces where the layers are not in contact in reality.
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1.2 State of the art for the pressing section modeling

The pressing process in a paper machine is very complex since such features as mov-
ing and deformable porous media, computational domain composed from different
layers, multiphase flow, etc. have to be taken into account. There exist various ap-
proaches to model the pressing section of a paper machine (Bezanovic et al., 2006,
2007a,b; Hiltunen, 1995; Kataja et al., 1992). The mass and momentum conservation
equations are used together with a Lagrangian formulation along displacement char-
acteristic lines (solid flow lines) in Hiltunen (1995); Kataja et al. (1992). In Bezanovic
et al. (2006, 2007a,b) the Lagrangian formulation of mass balance is used. In the last
work by Bezanovic et al. (2007b) the compressible air is also considered. But all
these models have a common feature, which is neglecting the capillary forces. Mod-
els which take into account the capillary effect are presented in Bermond (1997); Rief
(2005, 2007); Velten, Best (2000). The model described by Bermond (1997) uses a
two-phase flow model including capillary pressure–saturation relation and introduces
thermal aspects. In Rief (2005, 2007); Velten, Best (2000), the Richards approach for
flow in unsaturated porous media is adopted. None of the above mentioned models
considers the dynamic capillary pressure effect, which is our main target. Further on,
advanced finite volume discretization, namely MPFA-O method, is employed here in
order to provide more accurate discretization. As a starting point, we have chosen
the model realized in Rief (2005, 2007).

1.3 Introduction to capillary effects

Typically, the capillary effect has a significant influence on the modeling of multi-
phase flow in porous media (see Bear (1972); Bear, Bachmat (1990); Bear, Verruĳt
(1987); Helmig (1997)). The capillary pressure is defined as the difference in the
phase pressures:

pc = pn − pw,

where pn and pw are the pressures of non-wetting and wetting phases, respectively.
To include this effect in numerical experiments, the capillary pressure can be pre-
sented as a function of the water saturation, and sometimes of other parameters of
the filtration process. The typical approach to obtain this function is to construct the
capillary pressure–saturation relation based on laboratory experiments. This process
is carried out in the following way. To construct for example a drainage curve, at
the beginning the sample of a porous medium is fully saturated with water. Then,
air starts infiltrating the sample by increasing its pressure stepwise. When equilib-
rium is reached, the capillary pressure and the water saturation are measured. This
measurement forms one point at the targeted capillary pressure–saturation curve.
The time which is needed to reach equilibrium after changing the pressure can take
from several hours to several days. Construction of the complete capillary pressure–
saturation curve for the felt, which is used in the paper production process, may
take several days.

Many scientists worked on parametrizing the measurement results (e.g. see Broocks,
Corey (1964); Leverett (1941); Van Genuchten (1980)). This approach works quite
accurately in case of slow infiltration processes. In our case, the drying process of
the paper pulp takes much less time than the construction of the static capillary
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pressure–saturation curve. There also exist different studies which try to understand
and parametrize a dynamic capillary pressure which is not based on the equilibrium
condition (see Barenblatt et al. (1987, 2002); Bourgeat, Panfilov (1998); Kalaydjian
(1992); Ross (2000); Hassanizadeh et al. (2002); Hassanizadeh, Gray (1990, 1993a)).
The detailed overview and analysis of these models was done by Manthey (2006).
We have chosen the approach proposed by Hassanizadeh, Gray (1990). Their method
was derived based on the physical aspects of the porous media flow. Adaptation of
this model to processes in the pressing section, as well as performing computational
experiments for evaluation of the influence of the dynamic capillary pressure, are the
main topics of this paper.

1.4 Discretization methods

The model of the pressing section has several specific features which have to be taken
into account when we choose a discretization method. First of all, we would like to
preserve boundaries between layers during discretization. Therefore, a grid which is
based on the solid deformations is used. It means that we deal with a quadrilateral
nonorthogonal grid. Moreover, the layered domain leads to discontinuities in perme-
ability. In spite of it, the continuity of the pressure and the fluxes at local physical
interfaces between grid cell has to be preserved. We also have to take into account
that the permeability is presented by a full tensor and not by a diagonal one.

A number of schemes were proposed recently to discretize such kind of problems
(see Aavatsmark (2002, 2007); Edwards (2002); Herbin and Hubert (2008) and ref-
erences therein). Some of them were tested by Herbin and Hubert (2008) for various
types of test problems. They concluded that there does not exist the best scheme for
any problem and that the method has to be chosen taking into account the specific
features of the considered problem. Our choice is the MPFA-O method (see Aavats-
mark (2002, 2007); Eigestad and Klausen (2005)). This method is intuitive. It is
simply adopted for the complex boundary and interface conditions which have to be
preserved, and its usage for our problems has shown reliable results.

1.5 Goals and structure of the paper

The pressing process is carried out at high speeds and the movement of water within
the pressing zone cannot be considered as a slow process. The goal of these studies
is to include the dynamic capillary effect in the simulation of the pressing section of
a paper machine. We develop a two-dimensional mathematical model which adopts
the dynamic capillary pressure–saturation relation proposed by Hassanizadeh and
co-workers. Section 2 describes the development of the mathematical model which
accounts for all specific features of this problem. The discretization is presented in
Section 3. The numerical experiments which evaluate the influence of the dynamic
capillary effect are developed in Section 4. Finally, we draw conclusions in Section 5.

2 Mathematical Model

In this study we are concerned with the two-dimensional model for the pressing sec-
tion of a paper machine. Let us assume that the paper–felt sandwich is transported
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through the press nips from the left to the right with velocity Vs,in, as indicated in
Fig. 4. The horizontal machine direction is designated as x-direction. The vertical
component is the z-direction. Since the length of the cylindrical rolls is large lateral
boundary effects are not considered. Hence, the y-direction is neglected. A compu-
tational domain Ω ⊂ R2 is introduced as indicated in Fig. 4. The boundaries of the
domain Ω are defined as ∂Ω = ΓL ∪ ΓU ∪ ΓR ∪ ΓD.

press roll

press roll

GL

G
U

G
D

G
R

z

x

Vs,in

W
2

W
1

W

G

Fig. 4 Computational domain with two flow regimes

One of the main issues in the modeling of the pressing section is to account
for fully saturated regions, which appear within the pressing zone. So, one has to
distinguish between two different flow regimes: single-phase water flow and two-
phase air-water flow. Therefore, the computational domain Ω is divided into two
nonoverlapping subdomains Ωα with α-phase flow for α = 1, 2 as shown in Fig. 4.
We denote the interface between these domains as Γ = Ω1 ∩ Ω2. It is unknown in
advance, and finding Γ is a part of the solution procedure. Ω1 could even be the
empty set.

In this section we are going to present mathematical models for both flow regimes
taking into account layered porous medium (see Bear (1972); Bear, Bachmat (1990);
Bear, Verruĳt (1987); Helmig (1997)). At first, we are going to introduce a mathemat-
ical model for the single-layer case. Then, the mathematical model will be extended
to the multilayer case. Concluding this section, we will briefly describe elasticity
model, which is used to resolve the solid deformations.

Before we start formulating model equations let us make some assumptions.

Assumption 1 (Richards’ assumption) Within the computational domain, the air
remains at atmospheric pressure.

Assumption 2 Gravity is negligible.

Assumption 3 All phases are incompressible.

Assumption 1 is made to simplify the mathematical model. But the admissibility
of this statement still has to be shown and will be investigated in our future work.
Assumption 2 is reasonable since the capillary and external forces are dominant in the
pressing process. Therefore, the gravity does not significantly influence the movement
of water inside the computational domain. Assumption 3 obviously makes sense for
the water and solid phases. In case of the air phase, it still has to be confirmed.
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2.1 Single-phase water flow

Water flow within a porous medium is modeled by the mass conservation equation
without sources and sinks:

∂(φρw)
∂t

+ div (φρwVw) = 0, x ∈ Ω1; (1)

where φ ([−]) is the porosity, ρw is the density of water measured in [kg/m3], t
is the time in [s], Vw is the velocity of water in [m/s]. Let us also remark that
in the following all vectors and tensors will be written in bold type. To define the
water velocity Vw we use the momentum equation for the water phase, which can
be presented by Darcy’s law:

φ(Vw −Vs) = − K
µw

grad pw, x ∈ Ω1; (2)

where Vs is the velocity of the solid in [m/s], µw is the viscosity of the water in
[Pa s], K is the intrinsic permeability tensor in [m2], pw is the pressure of water in
[Pa].

We set the partial derivative w.r.t. time in (1) to zero since we are interested
in a steady-state solution. Taking into account Assumption 3, which states that the
water phase is incompressible, and combining equations (1) and (2), we obtain:

−div
(

K
µw

grad pw
)

+ div (φVs) = 0, x ∈ Ω1. (3)

The distribution of the water pressure within Ω1 is governed by equation (3).

2.2 Two-phase air-water flow

To model the flow of air and water inside a porous medium we use Richards’ approach
(see Assumption 1). Then, the mass conservation equation for water phase yields:

∂(φSρw)
∂t

+ div (φSρwVw) = 0, x ∈ Ω2; (4)

where S ([−]) is the saturation of the water phase. The generalized Darcy’s law in
the case of the two-phase flow takes the form:

φS(Vw −Vs) = −krw
µw

K grad pw, x ∈ Ω2; (5)

where krw ([−]) is the relative permeability of the water phase.
We have to supplement equations (4) and (5) with a capillary pressure–saturation

relation. The drying in the pressing section is a fast dynamic process. Therefore, we
decided to include the dynamic capillary effect. We adopt the model derived by
Hassanizadeh and Gray to the pressing process and obtain:

pw + pstatc = τ
DsS

Dt
, x ∈ Ω2; (6)
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where pstatc is the empirical static capillary pressure–saturation relation, τ is a so-
called material coefficient in [Pa s], DsS/Dt is the material derivative w.r.t. a refer-
ence frame fixed to the solid phase:

DsS

Dt
= ∂S

∂t
+ Vs · gradS. (7)

Let us remark that the material coefficient τ may be a function of saturation and
other parameters, but in these work we consider τ to be a constant. We also notice
that the case τ = 0 leads to the model with static capillary pressure–saturation
relation.

In case of the steady-state process, equations (4)–(7) yield:

−div
(
krw
µw

K grad pw
)

+ div(φSVs) = 0, x ∈ Ω2; (8)

pw + pstatc = τVs · gradS, x ∈ Ω2. (9)

2.3 Interfacial conditions

On the interface Γ between domains with single-phase and two-phase flows we have
to satisfy some continuity conditions. At first, let us introduce an operator [f ]Γ which
indicates a jump of the function f across the interface Γ :

[f ]Γ = lim
t→Γ+0

f(t)− lim
t→Γ−0

f(t). (10)

Then, continuity of water pressure and continuity of normal fluxes are imposed:

[pw]Γ = 0, [Jw · n]Γ = 0; (11)

where n is the unit normal vector to Γ , Jw is the water flux, which is defined as:

Jw =

{
− K
µw

grad pw + φVs, for all x ∈ Ω1;
−krwµw K grad pw + φSVs, for all x ∈ Ω2.

(12)

2.4 Full model

Summarizing both flow models, we want to reformulate the problem (3),(8),(9),(11),(12)
in a more suitable way for further developments. Let us make the following assump-
tion:

Assumption 4 krw ∈ C([Sr, 1]), krw : [Sr, 1] → [k∗, 1] is an increasing function,
where k∗ > 0 ∈ R and Sr > 0 ∈ R is the residual saturation ([−]).

Taking into account Assumption 4 we rewrite equations (3),(8),(9) in the following
form:

−div
(
krw
µw

K grad pw
)

+ div(φSVs) = 0, x ∈ Ω, (13)

S = 1, x ∈ Ω1, (14)
pw + pstatc = τVs · gradS, x ∈ Ω2; (15)
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where we assume that krw = krw(S), K = K(x), φ = φ(x), Vs = Vs(x), pstatc =
pstatc (S, φ), τ = τ(x).

We notice that equation (13) coincides with (3) in Ω1 and with (8) in Ω2. We
also have to make sure that continuity conditions (11), (12) are satisfied in this
case. Continuity of the water pressure pw follows from the definition of the nonlinear
convection–diffusion equation (13). Continuity of the normal fluxes follows directly
from integration of equation (13) over a small neighborhood of the boundary Γ .

2.5 Layered computational domain

In general, the computational domain Ω consists of several layers (see Fig. 5).
Therefore, it is divided into nonoverlapping subdomains Ω1, Ω2, . . . , ΩL, where L
is the total number of layers. Interfaces between the subdomains are denoted by
Γl = Ωl ∩Ωl+1 for all l = 1, L− 1.

press roll

press roll

G
1

G
3

W1

W2

W3

W4

z

x

G
2

Fig. 5 Computational domain with layers

Then, the system of equations (13)–(15) has to be satisfied together with conti-
nuity of pressure and continuity of normal fluxes on the interfaces between layers:

[pw]Γl = 0, [Jw · n]Γl = 0, l = 1, L− 1; (16)

where we remember that each layer has its own properties, therefore, functions krw =
krw(S,x), K = K(x), φ = φ(x), pstatc = pstatc (S, φ,x), τ = τ(x) may have jumps
over the layer interfaces.

2.6 Boundary conditions

To close the system of equations (13)–(16) we impose boundary conditions. At first
let us make an assumption.

Assumption 5 Boundaries ΓL and ΓR are far away from the pressing zone.

On the left boundary ΓL the distributions of saturation and pressure are known.
This case is typical for the production process. Then, Dirichlet boundary conditions
are imposed on ΓL. Assumption 5 means that water remains at equilibrium w.r.t.
the solid skeleton on ΓL and the dynamic effect is absent there. Therefore, for the
pressure we use the dependence pstatc on initial values of saturation. Since the right
boundary ΓR is also far from the pressing zone, it is assumed that the water reaches
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the equilibrium state w.r.t. the solid skeleton on ΓR. Therefore, we apply no-flow
boundary conditions on ΓR. On the upper and lower boundaries ΓU and ΓD we
assume that there is no escape of water and also impose zero Neumann boundary
conditions. Hence, we have:

S|ΓL = C0(x), pw|ΓL = −pstatc (C0); (17)(
−krw
µw

K grad pw
)
· ns
∣∣∣∣
ΓR

= 0; (18)(
−krw
µw

K grad pw
)
· n
∣∣∣∣
ΓU ,ΓD

= 0; (19)

where ns is the unit vector collinear to Vs. We remark that the second term of water
flux related to convection in (19) is equal to zero since Vs · n = 0 for the outer unit
normal vector n to ΓU or ΓD.

According to the production process, sometimes layers of the paper and felt in
the paper–felt sandwich separate as shown in Fig. 2, 3 (see Section 1.1). To take it
into account we also provide a possibility to impose no-flow boundary conditions on
some parts of the interfaces between layers.

2.7 Elasticity model

The presented flow model has to be supplemented by an elasticity model, which
accounts for the solid deformations. In the current work we use developments from
Rief (2005). He simulated the pressing section considering the elasticity model weakly
coupled with the flow model supplemented by static capillary pressure–saturation
relation. For the completeness of the stated model let us recall the elasticity model
from Rief (2005, 2007).

The main reason of the solid deformations is the pressing forces which are ap-
plied to the paper–felt sandwich. These forces are very large, a typical value is about
100kN/m in the roll press and about 1000kN/m in the shoe press. Under these con-
ditions the solid deformations caused by forces of water acting on the solid phase can
be neglected in a first approximation. The solid phase is assumed to be incompress-
ible and the porous medium gets deformed as a rearrangement of the solid skeleton
in vertical direction. According to Velten, Best (2000); Jewett et al. (1980), the felt
and the paper are assumed to behave viscoelastically. Since the paper–felt sandwich
is transported in machine x-direction, we state the Kelvin-Voigt model for L layers:

t(x) = E1(ε1(x)) + Λ1c
d

dx
E1(ε1(x))− ktmax(x), (20)

t(x) = Ei(εi(x)) + Λic
d

dx
Ei(εi(x)), i = 2, L; (21)

where t is the stress measured in [Pa]. The dimensionless strain is defined by

εi(x) =
l0,i − li(x)

l0,i
for each layer i = 1, L, (22)

with undeformed and deformed thicknesses of the layer i at coordinate x denoted by
l0,i(x) and li(x), respectively. In general, Ei is some nonlinear function related to the
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elastic part of the stress and the strains. Λi ([s]) is the viscoelastic time constant,
which determines the speed of relaxation. The constant c is the absolute value of the
velocity Vs,in.

Equations (21) correspond to the felts. Equation (20) corresponds to the paper
layer and has an additional third term on the right hand side. This term is introduced
to model the permanent compression, which appears due to plasticity of the paper.
We assume that the value of the permanent deformation depends linearly on the
maximum stress to which the paper has been exposed multiplied by some constant
k:

tmax(x0) = max
x≤x0

t(x). (23)

To close the system of equations (20),(21) we also use the following relation:

L∑
i=1

εi(x)l0,i = l0 − f(x), (24)

where l0 =
∑L

i=1 l0,i is the total thickness of the undeformed paper–felt sandwich.
Due to the fact that the thickness of the paper–felt sandwich will never exceed l0,
the function f(x) has the form:

f(x) = min{l0, distance between press profiles at position x}. (25)

To resolve the system of equations (20),(21),(24) one more input parameter has
to be provided. The first possibility is to provide the minimum distance between
press profiles, which defines the position of the pressing nips and the geometry of
the computational domain Ω. Another possibility which is more convenient for the
industrial applications is to define the pressing force, which is equal to the integral of
the stress profile over the length of the computational domain. Having one of these
parameters, the system of equations can be solved.

After we find the distribution of the stress and the strains, it is possible to
compute the necessary input data for the flow solver. Since the thickness of the
layers is small we consider that the porosity changes only in horizontal direction.
Then, the porosity for each layer can be found as:

φi(x) =
εi(x) + φ0,i

εi(x) + 1
for all i = 1, L, (26)

where φ0,i is the porosity of the ith undeformed layer. Using the computed strains,
the flow mesh can be obtained immediately as well as the distribution of the solid
velocity Vs(x) (for more details see Rief (2005, 2007)).

Remark 1 As it was mentioned in the introduction, we also consider the second
type of the press nips, so-called shoe press. In this case the paper–felt sandwich is
not transported strictly in horizontal direction (see Fig. 2). But since the thickness
of the pressing zone is very small compared to its length the angle between the
paper–felt sandwich and machine direction is small. Therefore, the assumption on
the horizontal transportation is still a very good approximation, and we use the same
elasticity model for the shoe press.

More detailed discussions on this elasticity model, its discretization and solution
can be found in Rief (2005, 2007).
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3 Discretization

Let us now discuss the discretization on a quadrilateral unstructured grid of the flow
model stated in the previous section. At first the mesh is introduced.

Definition 1 Let Ω be an open bounded polygonal subset of R2 with boundary ∂Ω.
The discretization of Ω is defined as D = (T , E ,X ), where the following holds.

– T is the finite set of nonoverlapping quadrilateral cells K (’control volumes’)
such that Ω = ∪K∈T K. The boundary of each control volume is denoted by
∂K = K \ K.

– E is the finite set of one-dimensional edges of all control volumes. For any control
volume K ∈ T there exists a subset EK of E such that ∂K = ∪σ∈EKσ. Further-
more, E = ∪K∈T EK. For any K, L from T with K 6= L, either K ∩ L = ∅ or
K ∩ L = σ for some σ ∈ E , which then will be denoted by index K|L.

– X = (xK)K∈T is the finite set of points of Ω (’cell centers’) such that xK ∈ K for
all K ∈ T .

Remark 2 In the previous section the computational domain Ω was introduced. In
Definition 1 the polygonal set still denoted by Ω is an approximation of the original
computational domain.

Definition 1 introduces some general notations for the mesh which is used for
discretization. The mesh which is constructed for our computational domain has
constant step size hx in x-direction (see Fig. 6). In z-direction at the left and right
boundaries where no deformations occur the mesh has also constant step size hz.
If the cell contains an interface between two layers the step size hz is divided into
two parts to resolve the interface. In general, the mesh has varying step size in z-
direction which is proportional to the solid deformations. Cell center xK is defined
as the intersection point of intervals connecting midpoints of the opposed edges of
the control volume K.

x

z

hx

hz

xK

s

K

Fig. 6 Discretization of the computational domain

The system of equations (13)–(15) together with interfacial conditions (16) and
boundary conditions (17)–(19) is discretized with the help of the finite volume
method (see e.g. Eymard et al. (2006)). To simplify the notations we omit the index
’w’ in the variables pw, krw and µw.
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Now let us introduce some notations. If σ = σK|L is the common edge of cells K
and L then we denote:

Sσ = 1
2

(SK + SL); (27)

Sσ,+ =

{
SK, if Vs · nσ ≥ 0;
SL, if Vs · nσ < 0;

(28)

where SK is the approximated value of S at xK, nσ is the normal unit vector to σ
outward to K.

Integrating (13) over the control volume K, we obtain:

−
∑
σ∈EK

kr(Sσ)
µ

FK,σ +
∑
σ∈EK

mσφσSσ,+Vs · nσ = 0, K ∈ T ; (29)

where mσ is the one-dimensional measure of the boundary σ, φσ is the porosity at
σ. The general form of FK,σ is:

FK,σ =
∑
L∈NK,σ

tLK,σpL; (30)

with transmissibility coefficients tLK,σ and the subset NK,σ of all control volumes such
that:

NK,σ = {L ∈ T : σ ∈ EK, σ ∩ L 6= ∅}. (31)

For the quadrilateral grid the set NK,σ consists of six control volumes as shown in
Fig. 7.

K
s

NK,s

Fig. 7 The set NK,σ for the quadrilateral grid

The discrete flux FK,σ is an approximation of the integral
∫
σ

(nσ ·K grad p) ds.
The main idea of the MPFA method is to obtain the transmissibility coefficients by
carrying out some preprocessing calculations, which depend only on the input data.
The approximation is carried out by the multipoint flux approximation O-method
(see Aavatsmark (2002, 2007); Eigestad and Klausen (2005)). Coefficients tLK,σ are
so-called transmissibility coefficients, which satisfy:∑

L∈NK,σ

tLK,σ = 0.
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Finite volume schemes for equations (14) and (15) yield:

SK = 1, K ∈ T1, (32)

mK
(
pK + pstatc (SK)

)
= τ

∑
σ∈EK

mσ(Sσ,+ − SK)Vs · nσ, K ∈ T2, (33)

where mK is the two-dimensional measure of the control volume K. T1 and T2 are the
sets of the control volumes which approximate the domains Ω1 and Ω2, respectively.
These sets satisfy T1 ∩ T2 = ∅ and T1 ∪ T2 = T .

Let us now take into account the boundary conditions (17)–(19). Let the set E
be divided into five subsets:

Eint = {σ ∈ E : σ ∩ ∂Ω = ∅}, (34)
Eext,α = {σ ∈ E : σ ∩ Γα 6= ∅}, α = {L,U,R,D}. (35)

In equations (31) and (33) the following relations are used:
– if σ ∈ EK ∩ Eext,L than

Sσ,+ =

{
SK, if Vs · nσ ≥ 0;
C0,σ, if Vs · nσ < 0;

, Sσ = 1
2

(SK + C0,σ), (36)

where C0,σ is the value of C0 at σ;
– if σ ∈ EK ∩ Eext,R than

Sσ,+ = SK, Sσ = SK. (37)
We also remark that if σ ∈ EK ∩ (Eext,U ∪ Eext,D) than nσ ·Vs = 0 and FK,σ = 0.
So we do not need to define Sσ and Sσ,+ there. The boundary conditions (17)–(19)
also have to be taken into account while computing transmissibility coefficients tLK,σ
(for more details see Aavatsmark (2002, 2007)).

To solve the nonlinear system of equations (29), (32) and (33) the Newton’s
method is used (for more details see Deuflhard (2004); Kelley (1995)). Remembering
that the static capillary pressure–saturation relation depends also on the porosity,
initial guesses for pressure and saturation are chosen as:

p0
K = −pstatc (C0(xK,ΓL), φ(xK,ΓL)), S0

K = (pstatc )−1(p0
K, φ(xK)), (38)

where upper indices correspond to Newton’s iterations. xK,ΓL is the point which
corresponds to xK on the left boundary ΓL taking into account deformations. In
other words, the initial guess of the pressure remains constant along streamlines of
the solid deformations.

The initial guess of the saturation satisfies S0
K ∈ (Sr, 1) for all K ∈ T . Thus,

the initial guess T 0
1 is an empty set and the initial guess T 0

2 is equal to T . After
each Newton’s iteration k, when correction values for pressure ∆pk+1

K and saturation
∆Sk+1
K are computed, we define pk+1

K as:

pk+1
K = pkK +∆pk+1

K for all K ∈ T (39)

and the simple restriction operator is applied to define Sk+1
K :

Sk+1
K =


Sr, if SkK +∆Sk+1

K ≤ Sr;
SkK +∆Sk+1

K , if SkK +∆Sk+1
K ∈ (Sr, 1);

1, if SkK +∆Sk+1
K ≥ 1;

(40)
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for all K ∈ T . Then, the sets T k+1
1 and T k+1

2 are defined as:

T k+1
1 = {K ∈ T : Sk+1

K = Sr or Sk+1
K = 1}, (41)

T k+1
2 = {K ∈ T : Sk+1

K ∈ (Sr, 1)}. (42)

Remark 3 The proposed numerical procedure (39)–(42) may cause an appearance of
some unphysical domains with the water saturation being equal to Sr. This domain
is required for the completeness of the numerical approach. From a physical point of
view, in the domain where this regime appears the following equations have to be
satisfied:

pK = −pstatc (Sr), SK = Sr. (43)

In practice, we do not observe numerical experiments where single-phase air flow
appears.

4 Numerical Experiments

This section presents numerical experiments for the pressing section of a paper ma-
chine. At first, single-layer test cases are considered to evaluate the behavior of the
solution in presence of the dynamic capillary effect and to compare the results with
the laboratory experiments presented in Beck (1983). Then, we study how the dy-
namic capillarity acts in the multilayer case. Since in this work we suggested to use
the MPFA-O FV scheme for discretizing the governing equations at the end of this
section we compare numerical results with the results earlier obtained in Rief (2005)
using the FE scheme with the static capillary pressure.

All tests are performed with realistic sets of parameters. More detailed description
of the parameter evaluation can be found in Rief (2007).

4.1 Numerical experiments for the evaluation of the dynamic capillary effect:
single-layer case

Simulation results for three different test cases with single layer configuration are
presented. Sets of parameters correspond to two types of felts and a paper. For the
dynamic capillary pressure model we consider the material coefficient τ equal to 0,
10 and 100 Pa s. The case τ = 0 corresponds to the static capillary pressure. Our
studies of a one-dimensional model in Iliev et al. (2012) indicated that values of τ of
order 10 and 100 Pa s are realistic for the process studied in this paper. Further on,
we consider cases with different velocities Vs,in and with different initial saturation
C0.

The input data is presented in Tables 1,2. Here we give the input data only for
the flow model. For the typical parameters of the elasticity model we refer to Rief
(2007). As it was mentioned in Section 2.7, the elasticity model is used to obtain the
geometry of the computational domain Ω, the distributions of the porosity φ(x), and
the solid velocity Vs(x). As an example, the typical distributions of these parameters
are shown for the first test case "Felt 1" with |Vs,in| = 100m/min in Fig. 8, where
in Fig. 8A the porosity φ is presented. In Figs. 8B and C x and z-components of the
solid velocity Vs are shown, respectively.
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Table 1 Experimental data for all test cases (Rief, 2007)

Variable Dimension Value

kr [−] S3.5

K [m2] K0
φ3

(1−φ)2

µ [Pa s] 0.0008
pstatc [Pa] a(φ− 1)

(
1

S−Sr
− 1

1−Sr

)1/2

a [Pa] P0
1−φ0

(
1

C0−Sr
− 1

1−Sr

)−1/2

Sr [−] 0.1
P0 [Pa] −5000

Table 2 Experimental data for different fabrics

Variable Dimension Felt 1 Felt 2 Paper

K0,xx [m2] 2.95e− 11 1.57e− 11 5.00e− 12
K0,xy [m2] −6.66e− 14 −1.43e− 13 0
K0,yy [m2] 1.82e− 11 2.96e− 11 1.00e− 13
φ|ΓL [−] 0.45 0.34 0.88
d|ΓL [mm] 0.40 0.60 0.28
C0 [−] 0.25, 0.35 0.3, 0.5 0.4, 0.6
ΓL [m] −0.05
ΓR [m] 0.05
|Vs,in| [m/min] 100, 300

The obtained distributions of the water saturation and the water pressure in the
single-layer case show a homogeneous behavior in the vertical direction. Therefore,
all numerical results in this subsection are shown as one-dimensional graphs, repre-
senting vertical averages of two-dimensional values. Simulation results for "Felt 1",
"Felt 2" and "Paper" are shown in Figs. 9, 10, in Figs. 11, 12 and Figs. 13, 14, re-
spectively. Figs. 9, 11, 13 correspond to |Vs,in| = 100 m/min, while Figs. 10, 12,
14 correspond to |Vs,in| = 300 m/min. Figs. 9A–14A illustrate the computed sat-
uration, while in Figs. 9B–14B the computed fluid pressure is shown. Further on,
Figs. 9C–14C represent different magnification of part of the data, aiming at better
visualization. These figures represent only part of the results, namely those which can
not be well seen in Figs. 9B–14B. For every test case we vary the initial saturation to
see the influence of the dynamic capillary pressure model in case of the unsaturated
and saturated water flow. For "Felt 1" we consider two values of C0, which are 0.25
and 0.35, for "Felt 2" the initial saturation is equal to 0.3 and 0.5, and for "Paper" C0
is equal to 0.4 and 0.6. In Figs. 9-14 the data which corresponds to the same initial
saturation is shown with the same type of markers. The data corresponding to the
same value of τ we present with the same color.

In general, we see that the two-dimensional model in the single-layer case shows
the same kind of behavior of the pressure and the saturation in presence of the dy-
namic capillary effect as the one-dimensional model considered in Iliev et al. (2012).
With the increase of the material coefficient τ we observe a decrease of the maxi-
mum value of the saturation or a reduction of the fully saturated zone. Regarding
the distribution of the pressure, with the increase of τ the maximum value of the
pressure decreases a little bit in case when saturated flow is present and it sifts to
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the left in case of the unsaturated flow. For both flow regimes we observe a decrease
of the pressure below the initial value behind the center of the pressing zone. These
effects are seen better for the fabrics "Felt 1" and "Felt 2". For the "Paper" fabric we
obtain similar but less evident behavior. This kind of the water pressure behavior
was also observed in the laboratory experiment by Beck (1983).

In Fig. 15A the dependence of the fluid pressure peak on the initial saturation
is shown for all test cases with different material coefficients τ and fixed |Vs,in| =
100 m/min. This numerical experiment shows that for small initial saturation the
dynamic capillary pressure model significantly influences the fluid pressure peak. But
when the initial saturation becomes larger, the pressure peak increases and does not
differ much for the static and dynamic capillary pressure models. We also observe
that the values of C0 after which pressure peak increases depends on the test case.

For better understanding of the behavior of the fluid pressure let us introduce
the following quantity Qin:

Qin = C0
φ(xL)d(xL)
φ(x∗)d(x∗)

,

where d is the one-dimensional function of the x-coordinate which expresses the
thickness of the layer, xL is the x-coordinate of the left boundary ΓL, x∗ is the x-
coordinate where the layer reaches the minimum thickness or the maximum value of
the porosity during pressing. In other words, the quantity Qin expresses the ratio of
incoming water volume to void volume at the center of the nip. In Fig. 15B we show
the dependence of the fluid pressure peak on Qin. When Qin become greater than
one, a fully saturated zone appears and the fluid pressure rises dramatically. In Beck
(1983) a similar dependence is presented. They observe the same behavior of the fluid
pressure for Qin < 1.3. But when Qin exceeds 1.3, the pressure reaches a metastable
state and does not increase much with increase of the initial saturation due to the
water escape through the entrance of the nip. In our model water rearranges within
the computational domain but it is not allowed to escape from the computational
domain. So we do not observe this stabilization of the fluid pressure peak due to
the model limitations. Enrichment of the model with the boundary conditions which
allow escape of the water through the upper and lower boundaries is planned as the
next step of our future studies.

4.2 Numerical investigation of the dynamic capillary effect: multilayer case

Now we consider the multilayer cases which may be investigated numerically only
with the help of the two-dimensional model. The input data from Table 1 is used in
all numerical experiments.

The first test case is developed for the roll press with eleven layers (see Table 3),
where Layer 6 presents the paper. The paper–felt sandwich is transported with the
speed |Vs,in| = 100 m/min. The boundaries of the computational domain are con-
sidered to be ΓL = {x = −0.1 m}, ΓR = {x = 0.1 m}. Remembering that τ equal
to zero corresponds to the static capillary pressure model we show the numerical
results for the first test case in Figs. 16–19. Figs. 16A, B, C show the distribution of
the water saturation for τ equal to 0, 10, and 100Pas, respectively. In Figs. 17A, B,
C the location of the fully saturated zone and in Figs. 18A, B, C the distribution of
the fluid pressure are shown for τ equal to 0, 10, and 100 Pa s, respectively. Fig. 19
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Fig. 8 Input data for the flow solver for the first test case "Felt 1" with |Vs,in| = 100m/min:
A - the porosity φ, B - x-component of the solid velocity Vs, C - z-component of the solid
velocity Vs
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Fig. 9 Saturation (A) and pressure (B, C) for "Felt 1" with |Vs,in| = 100m/min
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Fig. 10 Saturation (A) and pressure (B, C) for "Felt 1" with |Vs,in| = 300m/min
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Fig. 11 Saturation (A) and pressure (B, C) for "Felt 2" with |Vs,in| = 100m/min
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Fig. 12 Saturation (A) and pressure (B, C) for "Felt 2" with |Vs,in| = 300m/min
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Fig. 13 Saturation (A) and pressure (B, C) for "Paper" with |Vs,in| = 100m/min
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Fig. 14 Saturation (A) and pressure (B, C) for "Paper" with |Vs,in| = 300m/min
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Fig. 15 Fluid pressure peak as a function of initial saturation (A) and Qin (B) for |Vs,in| =
100m/min

presents the dry solid content of the paper layer for the different values of τ . As
we can see from the obtained numerical results, the behavior of the solution to the
multilayer test problem is quite similar to the single-layer tests. The fully saturated
zone decreases and the fluid pressure takes the characteristic shape with increase of
the material coefficient τ . We also notice that the dry solid content of the paper is
not influenced much by the dynamic capillary effect. It changes the shape with the
increase of τ but the final value remains the same.

The second numerical test is developed for the roll press with parameters pre-
sented in Table 4 and |Vs,in| = 500 m/min. The boundaries of the computational
domain are ΓL = {x = −0.15 m}, ΓR = {x = 0.15 m}. The numerical results are
presented in Figs. 20–23. The saturation for τ equal to 0, 10, and 100 Pa s is shown
in Figs. 20A, B, and C, respectively. The location of the fully saturated zone and
the distribution of pressure are presented in Figs. 21A, B, C and 22A, B, C for the
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Table 3 Experimental data for test case 1

K0,xx, [m2] K0,xy , [m2] K0,yy , [m2] φ|ΓL , [−] d|ΓL , [mm] C0, [−]

Layer 1 1.00e− 09 0 1.00e− 09 0.20 2.50 0.26
Layer 2 1.89e− 11 −1.89e− 13 5.91e− 11 0.40 0.28 0.38
Layer 3 1.57e− 11 −1.43e− 13 2.96e− 11 0.34 0.60 0.44
Layer 4 6.72e− 12 −6.51e− 14 2.42e− 11 0.31 0.52 0.45
Layer 5 8.34e− 11 −1.05e− 13 2.46e− 11 0.52 0.60 0.42
Layer 6 5.00e− 12 0 1.00e− 13 0.88 0.28 0.90
Layer 7 2.95e− 11 −6.66e− 14 1.82e− 11 0.45 0.40 0.44
Layer 8 2.93e− 12 −5.22e− 14 1.59e− 11 0.25 0.42 0.45
Layer 9 8.36e− 12 −8.88e− 14 1.36e− 11 0.29 0.65 0.44
Layer 10 1.11e− 11 −1.13e− 13 3.02e− 11 0.31 0.28 0.48
Layer 11 8.17e− 11 −1.05e− 13 6.48e− 11 0.53 0.23 0.49

Table 4 Experimental data for test case 2

K0,xx, [m2] K0,xy , [m2] K0,yy , [m2] φ|ΓL , [−] d|ΓL , [mm] C0, [−]

Layer 1 5.00e− 12 0 1.00e− 13 0.88 0.24 0.91
Layer 2 1.51e− 10 1.64e− 12 1.15e− 10 0.53 0.51 0.51
Layer 3 1.45e− 10 2.34e− 12 1.60e− 10 0.53 0.81 0.51
Layer 4 3.46e− 10 −5.60e− 13 2.05e− 10 0.57 2.65 0.51
Layer 5 9.75e− 10 −2.88e− 12 4.93e− 10 0.80 0.65 0.51
Layer 6 1.00e− 08 0 1.00e− 08 0.35 5.00 0.17

different values of the material coefficient, respectively. Here we observe a significant
decrease of the fully saturated zone with increase of the dynamic component. The
fluid pressure shows the same behavior as before. After the peak of the pressure,
we observe with increase of τ an appearance of the region with the pressure below
the initial value. As opposed to the previous example, the dry solid content of the
paper is influenced by the dynamic capillarity. Its value increases a little bit after
the pressing with increasing τ .

For the third numerical test we consider the shoe press with |Vs,in| = 1000m/min
and ΓL = {x = −0.30m}, ΓR = {x = 0.40m}. We use the input data for the layers as
in test case 1 from Table 3 except the initial saturation which is presented in Table 5.
Numerical results are presented in Figs. 24–27. The difference in the water saturation
for the considered values of τ can not be seen. Thus, we show only one distribution of
the water saturation in Fig. 24, where Figs. 24(A) and (B) show the water saturation
in the undeformed and standard computational domains, respectively. Figs. 25A, 26A
correspond to the static capillary pressure model. In Figs. 25B, 26B and Figs. 25C,
26C the material coefficient τ is equal to 10 and 100Pa s, respectively. The location
of the fully saturated zone are shown in Fig. 25. Fig. 26 represents the distribution
of the fluid pressure. The dry solid content of the paper layer is shown in Fig. 27
for different τ . All numerical results are presented for the undeformed geometry
except the saturation for τ = 100 Pa s. The fluid pressure shows the same behavior
as in the previous test cases. But in saturation we observe an increase of the fully
saturated zone with increasing τ . It may be caused by the different geometries of
the computational domain. The curve of the dry solid content changes its shape but
the final value remains the same for the cases with the dynamic and static capillary
pressure.
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Table 5 Experimental data for test case 3

C0, [−]

Layer 1 0.12
Layer 2 0.38
Layer 3 0.44
Layer 4 0.45
Layer 5 0.42
Layer 6 0.99
Layer 7 0.44
Layer 8 0.45
Layer 9 0.44
Layer 10 0.48
Layer 11 0.49

4.3 Numerical investigation of the discretization technique

For the model with the static capillary pressure we have the possibility to compare
the numerical solution with results obtained in Rief (2005), where the model was
discretized with the finite element method. This opportunity is used to investigate
the quality of the discretization technique used in this study. Typically, the difference
in solutions can be well seen in the distribution of the water velocity. For the first and
third test cases we show distributions of the water velocities in Figs. 28, 29. In these
figures we do not show the whole range of the water velocity in order to see better
regions with nonphysical values. We cut the water velocities by some value which is
shown in each figure on the color bar (see Figs.28, 29). Figs. 28A and 29A represent
the distribution of the water velocity obtained with the help of our model. The results
obtained with the help of the model proposed by Rief are shown in Figs. 28B and 29B.
In Figs. 28C, 29C we show magnified regions which are indicated in Figs. 28B, 29B
with the help of black boxes. The last figures show that the solution obtained with
the help of discretization used by Rief gives nonsmooth and sometimes oscillatory
solution at the same time as our solution is smooth. Such nonphysical oscillations
of the finite element solution are typical for convection-diffusion equations, if no
stabilization technique (e.g. streamwise diffusion) is used.

In most of the test cases it was observed that the numerical algorithm proposed
in this study converges faster than the algorithm from Rief (2005). The MPFA-O
method is also very well applicable to the specific boundary conditions which we
have to preserve between layers.

5 Conclusions

In this work a two-dimensional model was developed for the pressing section of a
paper machine. This model adopts the dynamic capillary effects described earlier
by Hassanizadeh and Gray. At first, the mathematical model was discussed together
with its discretization technique. Then, some numerical results were obtained. Single-
layer test cases were carried out to compare the two-dimensional solutions with the
laboratory experiments and to obtain the main behavior of the water saturation and
the water pressure in presence of the dynamic capillary effects. The behavior of the
pressure for the model with the dynamic capillary pressure is similar to the behavior
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of the pressure obtained in the laboratory experiments by Beck (1983). We also
observed the same kind of dependence of the pressure peak on the initial saturation
as Beck.

Multilayer simulations showed that the behavior of the fluid pressure is the same
as in the single-layer case. Regarding the distribution of the saturation, we notice
that the behavior of the fully saturated regions for the static and dynamic capillary
pressure models may differ for different geometries of the computational domain. So
we observed a decrease of the fully saturated area with increasing τ for the roll nips
and otherwise for the shoe press. For the dry solid content of the paper layer it was
not possible to evaluate a general behavior for all test cases. We observed dependence
of the dry solid content on particular test cases. In general, the numerical experiments
showed that the material coefficient τ of order 10 and 100 Pas significantly influences
the distributions of the fluid pressure and the saturation. On the other hand the
distribution of the dry solid content of the paper layer does not change much when
τ changes in this range.
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Fig. 16 Saturation for the test case 1 with τ equal to 0 (A), 10 (B) and 100 Pa s (C)
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Fig. 17 Fully saturated zone for the test case 1 with τ equal to 0 (A), 10 (B) and 100 Pa s
(C)
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Fig. 18 Pressure for the test case 1 with τ equal to 0 (A), 10 (B) and 100 Pa s (C)
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Fig. 19 Dry solid content of the paper for the test case 1 for different values of τ
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Fig. 20 Saturation for the test case 2 with τ equal to 0 (A), 10 (B) and 100 Pa s (C)
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Fig. 21 Fully saturated zone for the test case 2 with τ equal to 0 (A), 10 (B) and 100 Pa s
(C)
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Fig. 22 Pressure for the test case 2 with τ equal to 0 (A), 10 (B) and 100 Pa s (C)
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Fig. 23 Dry solid content of the paper for the test case 2 for different values of τ
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Fig. 24 Saturation for the test case 3 for different values of τ for the undeformed (A) and
standard (B) computational domains
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Fig. 25 Fully saturated zone for the test case 3 with τ equal to 0 (A), 10 (B) and 100 Pa s
(C)
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Fig. 26 Pressure for the test case 3 with τ equal to 0 (A), 10 (B) and 100 Pa s (C)
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Fig. 27 Dry solid content for the test case 3 for different values of τ
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Fig. 28 Water velocity for the test case 1 with the static capillary pressure model obtained
by the MPFA-O method (A) and by the FE method (B,C)
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Fig. 29 Water velocity for the test case 3 with the static capillary pressure model obtained
by the MPFA-O method (A) and by the FE method (B,C)
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