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Abstract

In this thesis we outline the Kerner’s 3-phase traffic flow theory, which states that
the flow of vehicular traffic occur in three phases i.e. free flow, synchronized flow
and wide moving jam phases. A macroscopic 3-phase traffic model of the Aw-
Rascle type is derived from the microscopic Speed Adaptation 3-phase traffic model
developed by Kerner and Klenov [J. Phys. A: Math. Gen., 39(2006), pp. 1775–
1809 ]. We derive the same macroscopic model from the kinetic traffic flow model of
Klar and Wegener [SIAM J. Appl. Math., 60(2000), pp. 1749–1766 ] as well as that
of Illner, Klar and Materne [Comm. Math. Sci., 1(2003), pp. 1–12 ]. In the above
stated derivations, the 3-phase traffic theory is constituted in the macroscopic model
through a relaxation term. This serves as an incentive to modify the relaxation term
of the ‘switching curve’ model of Greenberg, Klar and Rascle [SIAM J. Appl. Math.,
63(2003), pp.818–833 ] to obtain another macroscopic 3-phase traffic model, which is
still of the Aw-Rascle type. By specifying the relaxation term differently we obtain
three kinds of models, namely the macroscopic Speed Adaptation, the Switching
Curve and the modified Switching Curve models. To demonstrate the capability of
the derived macroscopic traffic models to reproduce the features of 3-phase traffic
theory, we simulate a multilane road that has a bottleneck. We consider a stationary
and a moving bottleneck. The results of the simulations for the three models are
compared.
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Zusammenfassung

Die vorliegende Arbeit befasst sich mit Kerners 3-Phasen Verkehrsmodellen, in de-
nen der Verkehrsfluss in drei Phasen betrachtet wird, free flow, synchronized flow
und wide moving jams. Zu Beginn wird ein makroskopisches 3-Phasen Modell vom
Aw-Rascle Typ aus dem mikroskopischen Speed Adaptation von Kerner und Klenov
entwickelt [J. Phys. A: Math. Gen., 39(2006), pp. 1775–1809 ]. Das selbe Modell
kann von den kinetischen Verkehrsmodellen von Klar und Wegener [Comm. Math.
Sci., 1(2003), pp. 1–12 ] sowie Illner, Klar und Materne abgeleitet werden [Comm.
Math. Sci., 1(2003), pp. 1–12 ]. In diesem neuen makroskopischen Modell wird
die 3-Phasen Verkehrstheorie als Relaxationsterm berücksichtigt. Ein ähnliches
Verkehrmodell kann aus dem ’switching curve’ Modell von Greenberg, Klar und
Rascle [SIAM J. Appl. Math., 63(2003), pp.818–833 ] durch eine Anpassung des
Relaxationsterms hergeleitet werden. Des Weiteren wird ein drittes Modell, das
modified Switching Curve model, als Übergang zwischen den beiden vorherigen kon-
struiert. Das Verhalten dieser drei Modelle wird anhand von mehreren numerischen
Beispielen untersucht. Alle drei Phasen des Verkehrsflusses können bei Fahrbahn-
verengungen beobachtet werden. Hierbei werden auch bewegliche Fahrbahnveren-
gungen betrachtet.
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1 Introduction

1.1 Overview

Congestion of vehicular traffic within urban areas is a problem experienced world-
wide. It has adverse effects on people quality of life due to delays, accidents and
environmental pollution. One way of eliminating the problem is to increase the
capacity of existing roadways by addition of lanes. However, this is greatly ham-
pered by lack of space, resources or due to environmental issues and sometimes
politics. This leaves the relevant authorities with one major option, that of enhanc-
ing the utilization of existing infrastructure by employing better traffic management
and operations strategies. For effective traffic management and control, proper un-
derstanding of traffic congestion is needed. To achieve the latter, spatiotemporal
behavior of empirical traffic congested patterns should be studied closely. This is
because traffic congestion is observed to take place in space and time in form of spa-
tiotemporal congested traffic patterns that propagate within roadways. Empirical
observation indicate that traffic congestion in a road network is a consequence of
traffic breakdown in initially free flowing traffic [1]. Traffic breakdown is the abrupt
decline of velocity from high values in free flow to lower values in congested traffic,
and normally happens at highway bottlenecks such as on-and off-ramps, lane-drops,
accidents etc.

Now that the origin of traffic congestion is known, it is essential to adequately
describe the situations which are the origin of congestion on road networks. This
calls for traffic flow theories and models whose objective is to describe in a precise
mathematical way the vehicle to vehicle interactions and interactions between ve-
hicles and infrastructure. One such theory is the 3-phase traffic theory since it was
developed to explain traffic breakdown and the resulting spatiotemporal features of
congested vehicular traffic, see [1]. As a remark, it was illustrated by Kerner in [1]
that earlier traffic flow theories fail to explain the real cause of traffic congestion
i.e. traffic breakdown, and many of the resulting spatiotemporal congested traffic
patterns. This failure is attributed to the fact that these traffic flow theories and
models are based on the fundamental diagram of traffic flow which states that there
exists a correspondence between a given value of traffic density and the flow rate
for all density values in the range [0, ρmax], where ρmax is the maximal density. An
account of various mathematical models based on the fundamental diagram of traf-
fic flow can be found in [39] among others. These models can be categorized as
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2 Introduction

microscopic, macroscopic and mesoscopic traffic flow models. Microscopic models
entails the tracking of every vehicle to describe its behavior and interactions with
other vehicles in traffic stream. Macroscopic models describe traffic flow dynam-
ics in an aggregate manner using characteristics such as density, velocity and flow
rate. Mesoscopic model(kinetic models) describe traffic flow in less aggregate man-
ner than macroscopic models and in probabilistic terms. Microscopic traffic flow
models based on 3-phase traffic theory already exists, see [1, 3, 25, 26]. However,
there are hardly any macroscopic traffic flow models within the 3-phase traffic theory
framework. This brings us to the following objective of this study.

The main aim of this study is to develop a macroscopic traffic flow model that is
based on 3-phase traffic theory. To do this, we utilize a relaxation term to institute
the 3-phase traffic flow theory, emulating what was done in the microscopic 3-phase
traffic models developed in [3]. All the while we ensure that the macroscopic model
satisfies the anisotropic property of traffic flow, see [9], by using appropriate trans-
formations and approximations in the derivation of the macroscopic traffic models
from microscopic and kinetic traffic models. Another objective is to employ suitable
numerical methods to solve the macroscopic model equations so as to ensure the
model features are preserved while simulating traffic breakdown and the resulting
spatiotemporal congested traffic patterns.

Some parts of this thesis have been presented in [40] and [41].

1.2 Structure of the Study

In Chapter 2 we outline the Kerner’s 3-phase traffic flow theory [1] by stating the
three traffic phases that comprise this theory; namely free flow, synchronized flow
and wide moving jams. The factors prompting the first order transitions from one
phase to the other are also presented. Moreover, the significance of space gaps in
explaining 3-phase traffic theory is stated. The chapter is closed with an account
of microscopic mathematical models developed in [1, 3, 25, 26] for 3-phase traffic
flow and give a highlight of the attributes to failure of macroscopic traffic models in
explaining 3-phase traffic flow features. We also mention the claim made by Helbing
and co-workers [21, 28] in as far as spatiotemporal congested traffic patterns are
concerned.

The derivation of macroscopic 3-phase traffic flow models is devoted to Chapter
3. We begin by deriving the model from the microscopic Speed Adaptation 3-phase
traffic model [3], then from kinetic traffic flow models [6, 38] and lastly from the
macroscopic Switching Curve model [14] whilst constituting the 3-phase traffic the-
ory in the models through a relaxation term. The chapter is concluded by studying
the structural properties of the derived macroscopic models and with a presentation
of the solution to the Riemann problem set up using the conservative form of this
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Aw-Rascle type traffic model.

Chapter 4 presents the numerical solution to the derived macroscopic models.
In this chapter we outline the Godunov scheme and point out its inadequacy in
resolving contact discontinuity, which is a solution to the Riemann problem set up
using the above stated traffic model. What follows is an algorithm, proposed in [16],
that remedies the above stated deficiency of the Godunov scheme. This algorithm
involves the use of the Godunov scheme to approximate shocks and rarefaction waves
and applies a Glimm’s random sampling technique to resolve contact discontinuities
with infinite resolution. By simulations we demonstrate the capability of the derived
macroscopic traffic models to reproduce the features of 3-phase traffic theory such as
traffic breakdown and F → S → J phase transitions. This is done for a stationary
and a moving bottleneck.





2 The 3-Phase Traffic Flow Theory

2.1 3-Phase Traffic Theory Hypothesis

The 3-phase traffic theory (3-PTT) is an alternative traffic flow theory introduced by
Kerner [1] to explain the empirical spatiotemporal features of vehicular traffic. The
use of the term spatiotemporal is justified by the fact that, in reality, traffic occurs
in space and time. According to Kerner, a traffic phase is a state of traffic viewed in
space and time and found to posses some unique empirical spatiotemporal features.
Usually traffic is considered to be in free flow state or in congested state. However
a closer examination of the congested traffic in space and time reveals that there
exists two different phases i.e. synchronized flow and wide moving jams. Hence the
3-PTT comprises of three traffic phases, namely: free flow (F), synchronized flow
(S) and wide moving jams (J).

As the name suggests, in free flow traffic phase the vehicles move freely with
negligible vehicle to vehicle interactions and therefore they have an opportunity to
move with their desired maximum speeds, unless restricted by the traffic regulations.
This occurs when the vehicle density in the traffic stream is small. The free flow
(F) phase reigns but as the density increases, leading to an increase in the flow
rate, a limit for this phase existence is reached since the vehicle interactions, that
can no longer be neglected, result in a decrease of the average vehicle speeds. This
limit point of free flow occurence denotes the maximum values to which the density
and flow rate can increase and at which the probability of a phase transition to a
congested traffic phase is equal to one [19].

To identify the difference between synchronized flow and wide moving jams, we
begin by defining the latter. A wide moving jam (J) is a localized congested traffic
feature with a high vehicle density and low velocity that propagates upstream in
traffic, which is normally flowing downstream. It is a localized structure in the
sense that it is spatially restricted by two jam fronts i.e. the downstream and the
upstream jam fronts such that within the downstream jam front vehicles accelerate
from the low velocity inside the jam to higher velocity in traffic flow downstream
of the jam; whereas within the upstream jam front, the vehicles decelerate to the
low velocity inside the jam. The two jam fronts move upstream and thus this gives
the wide moving jam its distinctive feature of propagating through any states of
free flow and synchronized flows and even through any bottleneck such as on/off-
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6 The 3-Phase Traffic Flow Theory

ramps while maintaining the mean velocity of the downstream jam front of between
negative 14-20 km/h [20].

Synchronized flow (S) is any congested traffic that does not exhibit the above
distinctive feature of wide moving jams. In particular the downstream jam front is
often fixed at the bottleneck. In the case that synchronized flow happens to move,
the mean velocity of the downstream front changes in a wide range during the
pattern propagation. Another notable feature of synchronized flow is the formation
of diverse spatiotemporal traffic patterns uptream of the bottleneck. This leads
to the following types of synchronized flow patterns (SP) [1]: localized SP (LSP),
widening SP (WSP) and moving SP (MSP). A LSP is whereby the downstream front
of the SP is fixed at the bottleneck and the upstream front propagates upstream
(but not continuously) in the course of time only to get localized at some distance
upstream of the bottleneck. The WSP is whereby the downstream front is fixed at
the bottleneck, just like the LSP, but the upstream front continuously propagate
upstream in the course of time. The WSP can also be termed as SP of higher
vehicle speed in the case that the bottleneck influence on the highway is relatively
low. An MSP can be realized when both upstream and downstream fronts of a
SP propagate upstream on the road for as long as it does not encounter another
bottleneck upstream where it is likely to induce traffic breakdown(see [1] for more
discussion). Basically, MSP and narrow moving jam are all the same thing if a
propagating narrow moving jam is sorrounded both upstream and downstream by
free flow.

2.1.1 Phase Transitions in Traffic Flows

The motivation of distinguishing congested traffic as synchronized flow (S) and wide
moving jams (J) is to have a proper understanding of the common spatiotemporal
features of congested traffic patterns, which are the origin of the hypotheses of
3-PTT, with the objective of deducing effective and reliable traffic control and man-
agement strategies. It has been observed that traffic congestion occurs mostly in the
vicinity of highway bottlenecks such as on/off-ramps, lane-drops, workzones, road
gradients, accidents e.t.c. Therefore, if on many different days traffic flow frequently
breaks down or congestion sets in at a certain highway bottleneck, then this bottle-
neck is termed as an effectual bottleneck [1]. The common spatiotemporal features
of congested traffic are affiliated with the behaviour of the downstream front of a
congested traffic pattern at an effectual bottleneck, at which onset of congestion is
likely to happen. A term used to describe the nature of traffic congestion emergence
at bottlenecks is traffic breakdown. Thus traffic breakdown is termed as the onset
of congestion in an initially free flow traffic whereby there is an abrupt decrease
in vehicles average velocity in free flow to a considerably lower velocity in con-
gested traffic. Upon the occurence of traffic breakdown, the ensuing spatiotemporal
congested pattern often has its downstream front fixed at the effectual bottleneck
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location. Therefore, traffic breakdown is associated with the F → S phase transi-
tion. Other fundamental features of traffic breakdown are: at a bottleneck, it can
occur spontaneously or be induced by a spatiotemporal congested traffic pattern
propagating from another bottleneck situated downstream, secondly, this onset of
congestion and its dissolution is accompanied by a hysteresis effect, and thirdly,
traffic breakdown exhibits a probabilistic nature,see [1].

Having indicated how the F → S phase transition comes about, we now look at
how wide moving jams emerge in synchronized flow i.e. S → J phase transition.
The advocacy of Kerner’s 3-PTT is that wide moving jams do not emerge sponta-
neously in free flow. Therefore they can only emerge spontaneously in synchronized
flow phase, as has been observed in real measured traffic data. It has been em-
pirically found out that this S → J transition is associated with a pinch effect in
synchronized flow [23, 24]. Pinch effect is the spontaneous emergence of a growing
narrow moving jam in synchronized flow whereby the average density increases and
average velocity decreases significantly, however, the average flow rate can be great.
The emergence of growing narrow moving jams in metastable synchronized flow can
be caused by unexpected braking of a vehicle in synchronized flow, lane changing
and merging of vehicles from other roads thus causing fluctuations in the traffic
flow variables. Usually S → J transition occurs upstream of the bottleneck location
and also upstream of the road location where the growing narrow moving jam has
initially appeared. The latter is because there is a time lapse for this moving narrow
jam to grow into a wide moving jam.

Nevertheless, Helbing and co-worker [21] seriously question 3-PTT validity basing
their arguments on empirical data from the German freeway A5 close to Frankfurt,
which is the same stretch of freeway from which most of the observations were
done that led to development of 3-PTT. They take issue with the classification
of congested traffic states as moving synchronized pattern and wide moving jams,
preferring not to distinguish between them and just refer to them as moving jams.
They also argue that the general pattern (which is as a result of wide moving jam
emergence in synchronized flow) is a congested traffic pattern not arising from an
isolated bottleneck but rather arises due to a combination of one or many on-ramps
with one or many off-ramps situated upstream of the on-ramp(s).

2.1.2 Space Gaps as an Impetus to Traffic Breakdown

Many traffic operations such as lane-changes, merging of vehicles at on-ramps, and
crossing at intersections depend on the availability of space gaps (i.e. the distance
between the front bumper and the rear bumper of two vehicles following one another)
in traffic flow. Sullivan and Troutbeck [22] showed that space gaps are crucial in
the analysis of non-signalised intersections and roundabouts. Moreover, the charac-
teristics of space gaps is quite relevant in the study of optimal traffic signal control.
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We remark that the distribution of space gaps has a significant effect on platoon
formation and delays. Actually, space gaps are a basic ingredient in the Acceleration
Time Delay model of three-phase traffic flow developed by Kerner and Klenov in [3].
As discussed in [1], the nature of traffic breakdown is explained by a competition of
two opposing tendencies i.e. the tendency towards synchronized flow due to vehicle
deceleration to adapt to the speed of the leading vehicle and the tendency towards
the initial free flow due to vehicle acceleration after relieving its constrainedness
through a lane-change manoeuvre to a faster lane. The tendency associated with
speed adaptation effect can be described using space gaps as follows: whenever a
vehicle approaches a slower preceding vehicle and cannot overtake, it decelerates to
adapt its speed to the speed of the preceding vehicle at any space gap within the
space gap range; see [1]:

hsafe(u) ≤ h ≤ hS(u). (2.1)

without caring what is the precise space gap to the preceding vehicle i.e. at a given
steady speed in synchronized flow a driver makes an arbitrary choice of a space gap
from a multitude of space gaps within the range given above. hS(u) is known as the
synchronization gap and is given by;

hS(u) = uτs; τs = τ0

(
1− 0.95

(
u

Vmax

)2
)
. (2.2)

whereas hsafe(u) is the safe gap and expressed in terms of the safe time gap as;

hsafe(u) = uτsafe. (2.3)

where u is the average velocity, Vmax is the maximum velocity and τ0, τsafe are con-
stants. The second tendency that causes traffic breakdown at bottlenecks i.e. the
one due to acceleration can be described using space gaps by considering vehicle mo-
tion on a multi-lane road occurring under the condition given by (2.1) and assuming
that later the vehicle can pass the slow moving preceding vehicle by performing a
lane-change manoeuvre to a faster lane and accelerating. Noting that at any given
density, the probability of changing lanes is greater in free flow than in synchronized
flow and that the steady states of synchronized flow cover a 2D-region in the flow-
density plane, we deduce that the probability of lane-changes should be modeled
in such a way that it exhibit a discontinuous character i.e. a drop in lane-change
probabilities when free flow transforms into synchronized flow.

Remark 2.1.1. A traffic state whereby (2.1) is satisfied is the so-called steady state
of synchronized flow that covers 2D-region in the flow-density plane, within the
framework of the three-phase traffic flow theory as shown in figure 2.1. The safe
gap determines the upper boundary of the 2D-region in the flow-density plane and
the synchronization gap determines the lower boundary of the 2D-region in the flow-
density plane such that for h < hsafe(u) the vehicle decelerates while for h ≥ hS(u)
the vehicle accelerates.
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(a) (b)

Figure 2.1: The fundamental hypothesis of 3-phase traffic theory. In (a), qualita-
tive representation of free flow (F), the 2D-region of synchronized flow
(S), and the line J associated with wide moving jams in the flow-density
plane. In (b), hS is the synchronization gap that determines the lower
boundary Sl and hsafe is the safe gap that determines the upper bound-
ary Su in the flow-density plane (a).

2.2 Mathematical Models for 3-Phase Traffic Flow

Microscopic 3-phase traffic flow models that can reproduce empirical features of
traffic breakdown and the resulting spatiotemporal congested features, can be cate-
gorized as stochastic, deterministic and cellular automata models.

The Kerner-Klenov (K-K) stochastic 3-phase traffic model [25, 1] uses a variety
of driver behavioral characteristics which significantly impact on the spatiotemporal
congested traffic patterns that occur at bottlenecks. In [1] it is explained that the
onset of congestion is as a result of competition between the speed adaptation effect
and the over-acceleration effect that both act in an opposing manner. In the K-K
stochastic model, the speed adaptation effect is achieved via a random speed change
that is applied depending on whether the vehicle decelerates or accelerates. The
over-acceleration effect is achieved either through a random driver acceleration, a
lane change maneuvre to a faster lane or through a combination of both the lane
change processes and a random driver acceleration.

The cellular automata (CA) models within the framework of 3-PTT are developed
based on the Nagel-Schreckenberg ideas of traffic modeling. The major difference
between the 3-phase CA traffic model [26], i.e. KKW CA model, and the earlier CA
models, which are based on the fundamental diagram approach, is that the accelera-
tion behaviour in the former model is dependent on some synchronization distance.
In particular, the rule of changing velocity in this KKW CA model is given in such



10 The 3-Phase Traffic Flow Theory

a way that there is neither a velocity-dependent distance, which individual drivers
would choose to drive at, nor is there a density-dependent (space gap-dependent)
optimal velocity that drivers would accelerate to. Prescribing the rule of velocity
change in the above stated manner, ensures that the model is able to reproduce the
2D region(in the flow-density plane) of steady states of 3-PTT. For the earlier CA
models, see [26], that are not within the framework of 3-PTT, the steady states lies
on a curve that is the fundamental diagram.

Remark 2.2.1. In the steady states of synchronized flow that cover a 2D region in
both the distance-velocity and flow-density planes, the velocity and distance/space-
gap are integers in KKW CA model [26] but not in the stochastic K-K model [25].
However, the speed adaptation and the over-acceleration effects are simulated in the
same manner (i.e. stochastically) as in the K-K model.

Another CA model, with velocity adaptation in the 3-PTT framework, is proposed
in [27]. This model is developed in such a way that the vehicle dynamical rules are
randomly changed over time between the rules of the standard Nagel-Schreckenberg
CA model, so as to reproduce wide moving jams, and the rules of the KKW CA
model, so as to take into account the speed adaptation effect of the 3-PTT, that
enables the model to show synchronized flow. See [27] for other microscopic models
in the 3-PTT framework. An underlying feature of microscopic traffic flow models is
that if the velocity difference between the following vehicle velocity and the velocity
of the leading vehicle changes, then the follower vehicle accelerates (or decelerates)
with a time delay. In stochastic and cellular automata models in the context of 3-
PTT, the time delays in acceleration( or deceleration) are taken into account mainly
through the use of random model fluctuations, which is not so realistic.

Hence Kerner and Klenov in [3] went ahead to develop a deterministic micro-
scopic model still in the context of 3-PTT, namely the Acceleration Time Delay
(ATD) model, that explicitly describes the driver time delays in acceleration (or
deceleration). The development of this ATD model is based on empirical features
of traffic phase transitions and spatiotemporal congested patterns together with
some assumptions of vehicles behaviour presented therein. In the ATD model, the
speed adaptation effect is modeled deterministically through a driver acceleration
term whereby the driver adjusts the velocity to that of the leading vehicle within
a synchronization gap. The over-acceleration effect is also deterministically mod-
eled through a driver acceleration term whereby the driver adjusts the velocity to
a predetermined space gap-dependent optimal velocity in free flow. Moreover, the
emergence of moving jams in synchronized flow is simulated through the use some
specified driver time delays, see [3] for details. Therein, another deterministic micro-
scopic 3-PTT model is developed, that is the Speed Adaptation (SA) model whose
major difference with the ATD model lies in how the steady states are represented
on the flow-density plane. Just as in the hypothesis of 3-PTT, the steady states
in the ATD model cover a 2D region in the flow-density plane, whereas in the SA
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model, that is still in the context of 3-PTT, these steady states are averaged and so
they cover a 1D region in the flow-density plane and are therefore represented by a
curve on that plane.

Remark 2.2.2. As pointed out by the authors, one aim of this SA model, which is
a simplification of the ATD model, is to simulate the traffic phase transitions and
features of congested traffic in a simpler way. Another aim is to underscore the
notion that if the hypothesis of 3-phase traffic theory rather than the fundamental
diagram hypothesis is to form the basis of a mathematical model for traffic flow, then
that model can show and predict some (if not all) key empirical features of phase
transitions in traffic flow.

Based on the very recent discussion done by Kerner in the book [1] and on this
study author’s knowledge, macroscopic traffic models developed on the basis of the
3-PTT are virtually non-existent. This is because the existing macroscopic traffic
models, see Chapter 10 of [1], fail to explain traffic breakdown i.e. F → S transition
and most of the empirical features of the resulting spatiotemporal congested pat-
terns of traffic flow. This failure is attributed to the fact that these models are in
the framework of the fundamental diagram and thus they cannot adequately show
the coexistence of free flow, synchronized flow and wide moving jams, whereby the
steady states of synchronized flow occupy a 2D region in the flow-density plane.
Another factor contributing to these models failure is the absence of the discontin-
uous character of over-acceleration i.e. the discontinuous character of lane-change
probability, as traffic transits from free flow to synchronized flow, which as noted in
[1] is one crucial feature of 3-PTT.

Nevertheless, Helbing and co-workers in [28] show the capability of models de-
veloped within the framework of fundamental diagram to reproduce many of the
empirically observed spatiotemporal congested patterns. Therein, they use the gas-
kinetic-based traffic model [4, 37], that has five parameters characterizing the driver-
vehicle units. Using two different set of parameters, they show that the model is able
to reproduce the congested traffic patterns as shown in their version of the phase
diagram. This model, see [4, 37], considers the velocity variance via a velocity vari-
ance prefactor that reflects the statistical properties of measured traffic data. Also
it is non-local, in that the drivers look-ahead behavior is incorporated. However,
looking at the model structure it has a faster-than-traffic wave propagation speed
and this is not so desirable as pointed out by Daganzo in [9].





3 Derivation of Macroscopic 3-Phase
Traffic Flow Models

3.1 Derivation from the Microscopic Speed
Adaptation 3-Phase Traffic Model

The first motivation of this section is the discussion done by Kerner in [1] that
existing macroscopic models, which are in the framework of fundamental diagram,
fails to adequately reproduce traffic breakdown and the resulting spatial-temporal
congested patterns. The second motivation is the work in [2] where the Aw-Rascle
model was derived from a microscopic follow-the-leader model and rigorously showed
to be the hydrodynamic limit of the time discretization of the microscopic model
as the number of vehicles increase, whilst scaling of space and time. We derive a
macroscopic traffic flow model coherent with the 3-Phase Traffic Theory (3-PTT) by
considering the microscopic Speed Adaptation 3-phase traffic flow model developed
in [3], which can be classified as a General Motors (GM) type car-following model.
We review the GM type car-following model as follows: Let xi(t), vi(t); i = 1, ..., N
be the location and velocity of vehicles at time t ∈ R+, and also suppose that the
distance headway between two successive vehicles is given by;

li = xi+1 − xi

then we can write the microscopic model equations as follows, compare [2]:

dxi
dt

= vi (3.1)

dvi
dt

=
C(vi+1 − vi)
li −H

+
U(ρi)− vi

T
(3.2)

where ρi is the local “density around vehicle i” which together with its inverse τi i.e.
the local “specific volume” are expressed in terms of the vehicle length H as follows;

ρi =
H

li
and τi =

1

ρi
=

li
H
. (3.3)

U(ρi) is a density-dependent optimal velocity. The constant C > 0 and the relax-
ation time T are given parameters.

13
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Remark 3.1.1. Here the density is normalized and therefore dimensionless so that

the maximal density is ρjam =
1

τjam
= 1

The second term on the right of equation (3.2), referred to as the relaxation term,
describes the tendency of drivers to accelerate to the density-dependent optimal
velocity U(ρi) while the first term on the right of equation (3.2) accounts for the
dependence of vehicle i acceleration at time t on the relative velocities of this vehicle
i and vehicle i + 1 ahead of it at a clearance li −H from vehicle i. Thus the name
car-following models. Using τi we rewrite the microscopic model (3.1)-(3.2) as;

dxi
dt

= vi

dvi
dt

=
C(vi+1 − vi)
H(τi − 1)

+
U( 1

τi
)− vi
T

(3.4)

such that

dli
dt

= vi+1 − vi ⇒ dτi
dt

=
vi+1 − vi

H
(3.5)

And defining a(ρi) i.e. the speed adaptation coefficient as

a(ρi) = C (τi − 1)−1 = C

(
1

ρi
− 1

)−1

. (3.6)

We now introduce the microscopic Speed Adaptation model for 3-phase traffic flow
as below, compare [3]:

dxi
dt

= vi

dvi
dt

=
a(ρi)

H
4vi +


1
T

(U free(τi)− vi), vi > Usyn, τi > τjam,
1
T

(U syn
av (τi)− vi), vi < Usyn, τi > τjam,

− 1
T
vi, τi < τjam.

(3.7)

Remark 3.1.2. If we choose to use the distance headway li instead of clearance
li −H in equation (3.2), then we can obtain the ‘pressure law’ p(ρ) = Vref ln( ρ

ρjam
),

that is considered in [16]. To achieve this, the speed adaptation term in (3.2) can be
written as;

βi(vi+1 − vi)
li

⇒ βi(vi+1 − vi)
Hτi

where now βi is the speed adaptation coefficient specified as below;

βi = βi(ρ) = ρiVref

with the reference velocity Vref > 0 being a constant.



3.1. From the Microscopic Speed Adaptation Model 15

A striking difference between the microscopic model of the GM type, equations
(3.1)-(3.2) and the above stated microscopic Speed Adaptation model for 3-phase
traffic flow, equation (3.7), is in how the relaxation term is prescribed.

Regarding the relaxation term, the model (3.1)-(3.2) is in the framework of the
fundamental diagram. From the 3-PTT hypothesis point of view, it means that
there is an averaging of the infinite number of steady states of synchronized flow
to one synchronized flow velocity for each density in the velocity–density plane.
The consequences are that the model will fail to show the very essential features of
synchronized flow and also the features of coexistence of free flow, synchronized flow
and wide moving jams. In the microscopic Speed Adaptation model (3.7), the 2D
region of steady states of synchronized flow is also replaced by a 1D region i.e. by a
curve S, given by U syn

av (1/ρi), in the ρu− ρ plane and in the associated τ − u plane
as shown in figure 3.1. However, its relaxation term incorporates the F → S → J
phase transitions of 3-PTT as follows:

• the traffic breakdown i.e. F → S transition is simulated by a discontinuity
between the free flow (F) and the synchronized flow (S) states such that the
point of discontinuity in the curve F, given by U free(1/ρi), in figure 3.1(a),
marks the limit point ((ρu)freemax, ρ

free
max) of free flow existence i.e. if ρ ≥ ρfreemax an

F → S transition will occur.

• the S → J transition is simulated by supposing that an instability of syn-
chronized flow states exists for densities, ρ > ρ

(SJ)
cr , the critical density for an

S → J transition to occur. For a comprehensive discussion of the microscopic
Speed Adaptation model and its variants, see [3].

  

(a) (b)

Figure 3.1: Averaging of the 2D-region steady states of synchronized flow in the
microscopic Speed Adaptation model.

A macroscopic description of traffic flow is obviously valid if we consider a large
number of vehicles on a sufficiently long stretch of road. Therefore in the limit that



16 Macroscopic 3-PTT Models Derivation

the number of vehicles goes to infinity we can obtain the Lagrangian form of the
macroscopic model equations. To this end, we introduce the Lagrangian “mass”
coordinates (X,T ) whereby T = t and

X =

∫ x

ρ(y, t)dy

that is not a mass, but rather describes the total length occupied by vehicles up to
point x since ρ, in this case, is dimensionless. Now approximating (vi+1 − vi) /H by
∂Xu yields from (3.5) and (3.7) the following Lagrangian form of the macroscopic
equations in terms of the following variables: u which is the macroscopic velocity,
the (normalized) density ρ that is now the dimensionless fraction of space occupied
by vehicles, and its inverse τ = 1

ρ
i.e. the specific volume:

∂T τ − ∂Xu = 0 (3.8)

∂Tu− a(1/τ)∂Xu = R(u, τ) (3.9)

where

R(u, τ) =


1
T

(U free(τ)− u), v > Usyn, τ > τjam,
1
T

(U syn
av (τ)− u), v < Usyn, τ > τjam,

− 1
T
u, τ < τjam.

. (3.10)

and

a(1/τ) = a(ρ) = C

(
1

ρ
− 1

)−1

.

To obtain the macroscopic equations in Eulerian coordinates, we change the La-
grangian “mass” coordinates (X,T ) into Eulerian coordinates (x, t) with either

∂xX = ρ, ∂tX = −ρu, T = t

or

∂Xx = ρ−1 = τ, ∂Tx = u, ∂Xt = 0, ∂T t = 1.

Considering that x = x(X,T ) and t = T we have, from (3.8)

∂tτ

(
∂t

∂T

)
+ ∂xτ

(
∂x

∂T

)
− ∂xu

(
∂x

∂X

)
− ∂tu

(
∂t

∂X

)
= 0.

Evaluating the derivatives in the brackets using the above stated relations we get;

∂tτ + u∂xτ − τ∂xu = 0 (3.11)
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and since τ = 1
ρ
, (3.11) becomes;

− 1

ρ2
∂tρ−

1

ρ2
u∂xρ−

1

ρ
∂xu = 0

which on multiplying through by −ρ2 yields the continuity equation;

∂tρ+ u∂xρ+ ρ∂xu = 0. (3.12)

From (3.9) we write;

∂tu

(
∂t

∂T

)
+ ∂xu

(
∂x

∂T

)
− a(ρ)

[
∂tu

(
∂t

∂X

)
− ∂xu

(
∂x

∂X

)]
= R(u, τ)

and again using the above stated relations we get;

∂tu+ u∂xu− a(ρ)

(
1

ρ

)
∂xu = R(u, τ) (3.13)

Multiplying (3.13) through by ρ and introducing (3.12) into it, we get;

ρ∂tu+ ρu∂xu+ u [∂tρ+ ∂x(ρu)]− a(ρ)∂xu = ρR(u, τ)

That is;

[ρ∂tu+ u∂tρ] +
[
2ρu∂xu+ u2∂xρ

]
− a(ρ)∂xu = ρR(u, τ)

which together with (3.12) yields the following macroscopic Speed Adaptation 3-
phase traffic flow model equations of the Aw-Rascle type:

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2)− a(ρ)∂xu = ρR(u, τ) (3.14)

Remark 3.1.3. From the type of the car-following model considered in Remark 3.1.2
one can obtain, by using the above procedures, the following macroscopic Aw-Rascle
type traffic model;

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2)− ρβ(ρ)∂xu = ρR(u, τ)

whereby β(ρ) = ρVref . This is the model studied in [16] but without the relaxation
term R(.).
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3.1.1 On the Relaxation Term R(u, τ)

The fundamental hypothesis of the 3-phase traffic theory (3-PTT) is constituted
in the microscopic Speed Adaptation model through the relaxation term on the
r.h.s. of (3.7). Consequently in the above derived macroscopic Speed Adaptation
model (3.14) the 3-PTT hypothesis is taken into account through R(u, τ), that is
presented in (3.10). The 3-PTT hypothesis postulates that the hypothetical steady
states of synchronized flow cover a 2D region in the flow-density plane as shown
in figure 2.1. However, since the purpose for the development of the microscopic
Speed Adaptation model was to simulate the nature of phase transitions in 3-PTT
in a simple manner [3], the infinite number of steady states of synchronized flow are
averaged such that they now cover a 1D region in the flow-density plane as shown
in figure 3.1. In this figure, they are represented by the curve U syn

av (τ), where τ = 1
ρ

is viewed here as the space-gap; same as in [3]. The relaxation term (3.10) is such
that vehicles decelerate if τ is less than τjam. We define τjam as the maximum space
gap between vehicles within which the state of traffic can be said to be in the wide
moving jam phase. However, if τ > τjam but the vehicles velocity u is less than
the parameter Usyn, that is the averaged speed within which the steady states of
synchronized flow emerges, then the drivers will tend to synchronize their velocities
i.e. conform their velocities, to the velocity given by the function U syn

av (τ). Hence
the state of traffic is said to be in the synchronized flow phase. Moreover, if τ > τjam
but u > Usyn then the state of traffic is said to be in free flow phase whereby the
drivers accelerate from lower velocities to the optimal speed U free(τ).

The relaxation term R(u, τ) can be expressed in an equivalent form R(u, ρ) with
the introduction of the mean parameters ρsynmin and ρfreemax which are respectively: the
minimum density below which synchronized flow cannot occur and the limit density
for free flow existence. That is

R(u, ρ) =
1

T
(U e(ρ, u)− u) (3.15)

with,

U e(ρ, u) =


ue1(ρ), ρ < ρsynmin, or u > ue2(ρ), u > ue1(ρ), ρ < ρfreemax,

or u > Usyn, ρ
syn
min < ρ < ρfreemax,

ue2(ρ), u < Usyn, ρ
syn
min < ρ < ρfreemax,

or u < ue2(ρ), ρsynmin < ρ < ρfreemax, or ρ > ρfreemax

(3.16)

whereby in order to preserve the possibility of the description of very essential fea-
tures of synchronized flow found in empirical observations, see [1], we opt not to
replace the 2D region of steady states of the synchronized flow by a 1D region i.e.
by a curve in the flow-density plane. But rather to introduce two density-dependent
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optimal velocity curves ue1(ρ) and ue2(ρ);

ue1(ρ) = Votanh

[
Cu(1/ρ− ho)

coVo

]
ue2(ρ) = Vstanh

[
Cu(1/ρ− hs)

csVs

]
which are monotone decreasing and satisfy the following properties:

(i) ue2(ρ) = ue1(ρ), for ρ < ρsynmin

(ii) ue1(ρ) > Usyn > ue2(ρ), for ρsynmin ≤ ρ ≤ ρfreemax

(iii) ue1(ρ) = ue2(ρ), for ρfreemax < ρ ≤ ρjam; ue1(ρjam) = ue2(ρjam) = 0

Property (i) is due to the agreement that free flow states can be well represented
in the flow-density plane by a curve of positive slope. Thus for densities ρ < ρsynmin,
vehicles will adjust their velocities u to the optimal velocity ue1(ρ). Property (ii) is the
critical element of our hypothesis on how the relaxation term constitutes the 3-phase
traffic theory. We postulate that for traffic densities within the range [ρsynmin, ρ

free
max],

vehicles will move at different velocities i.e. u will be multivalued. To this aim, we
presume that if vehicle velocities u ≤ Usyn then the drivers will prefer to adjust their
velocities to ue2(ρ) since the possibilities of overtaking slower vehicles are very low.
But if u > Usyn the vehicles possibilities of overtaking slower vehicles are higher
and therefore there will be the tendency of the drivers to adjust their velocities u
to ue1(ρ). Property (iii) indicates the situation where the densities are high enough
i.e. ρ > ρfreemax such that free flow can no longer exist and so the congested state of
traffic dominates the flow. This is likely to happen at some location upstream of a
road bottleneck after congestion has already set in and the resulting spatialtemporal
patterns have propagated upstream. Thereby compeling vehicles velocities to tend
to ue2(ρ). We note that a continued increase of the density in this traffic state will
lead to a complete stop of traffic hence ue1(ρjam) = ue2(ρjam) = 0. The above traffic
dynamics are illustrated in figure 3.2 whereby the vehicles velocity preferences are
portrayed by the direction of the arrows and the length of these arrows denotes the
values of U e(ρ, u)− u. The parameters used are presented in table 3.1.

3.2 Derivation from Kinetic Traffic Flow Models

Kinetic traffic flow models are based on a description of the traffic dynamics by
distribution functions of velocity of vehicles in traffic flow. Letting this distribution
function be denoted by f(x, v, t), it can be interpreted as: at time instant t the
expected number of vehicles driving in a road segment [x, x + dx] with velocity in
range [v, v + dv] is equal to f(x, v, t)dxdv. We consider two kinds of kinetic models
for vehicular traffic flows, i.e. kinetic models based on integro-differential equations
and those based on the Fokker-Planck type of equations.
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(a)

(b)

Figure 3.2: U e(ρ, u)−u for the macroscopic Speed Adaptation model. Shown in (b),
is a zoom of the 2D region of (a).

3.2.1 Models based on Integro–Differential Equations

There are a number of ways of deriving macroscopic models from the underlying
integro-differential equations of kinetic models. It depends on how the pair distri-
bution is decomposed, for example by vehicular chaos assumption, and on the kind
of closure relation used to approximate the distribution function. Here we only focus
on the procedures used to develop the gas-kinetic-based macroscopic model [4, 5, 7]
and the Aw-Rascle type model [6]. In the kinetic models used to develop the above
stated macroscopic models, a significant role is played by the pair distribution func-
tion f(x, v, x+h, v̂, t) in describing the interaction rates between vehicles at location
x driving with velocity v and the leading vehicles at location x+ h driving with ve-
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locity v̂. h > 0 being the distance headway between the two considered locations
of vehicles. The explicit form of this pair distribution of interacting vehicles yields
different kinetic traffic flow models. Now, based on the conservation law, the equa-
tion governing the dynamics of distribution function f = f(x, v, t) can, in the case
of the model in [7], be given by;

∂tf + ∂x(vf) + ∂v

(
U0 − v
T

f

)
= (∂tf)int. (3.17)

upon neglecting lane-change interaction rates; while in [6] it is given by;

∂tf + ∂x(vf) = C+ (f) (3.18)

On the l.h.s. of (3.17), the third term describes the tendency of drivers to accelerate
to their desired velocities U0 with a relaxation time T . The r.h.s. term of this
equation represents the braking interactions between vehicles, assuming that the
braking vehicles decelerate to the exact velocity of the vehicle ahead. It is expressed
as follows:

(∂tf)int. = χPB [G(f)− L(f)] ,

where PB denotes the probability of braking in the situation where a faster vehicle
upon encountering a slower vehicle, which it is unable to overtake by changing lanes
to a faster lane. χ denotes the effective cross section that accounts for the increased
number of vehicle interactions in dense traffic due to vehicular space requirements.
And G(f) denotes the gain of f(x, v, t) due to braking of vehicles, while L(f) stands
for the loss of f(x, v, t) due to the braking of the vehicles. These functions are given
as; see [7]

G(f) =

∫
v̂>v

|v − v̂|f(x, v̂, x+ h, v, t)dv̂

L(f) =

∫
v>v̂

|v − v̂|f(x, v, x+ h, v̂, t)dv̂.

In (3.18), the r.h.s. term, that accounts for vehicular interactions due to both
acceleration and braking, is given below as in [6]

C+ (f) =
[
G+
B(f)− L+

B(f)
]

+
[
G+
A(f)− L+

A(f)
]

where the gain and loss terms G+
X(f), L+

X(f), X = A,B due to braking i.e. X = B,
and due to acceleration i.e. X = A are expressed as in [6] as follows;

G+
B(f) =

∫∫
v̂>v̂+

|v̂ − v̂+|PB(v̂; .)σB(v, v̂)

×f(x, v̂, x+ hB, v̂+, t)dv̂dv̂+ (3.19)
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Here σB(v, v̂) accounts for the imperfect adaptation of the faster vehicle with velocity
v̂ to the velocity v̂+ of the slower vehicle ahead during interaction. It is expressed
as a probability distribution,

σB(v, v̂) =
χ[βv̂,v̂](v)

v̂(1− β)
, 0 ≤ β < 1 (3.20)

and indicates how the new velocity v is distributed.

L+
B(f) =

∫
v̂+<v

|v − v̂+|PB(v; .)f(x, v, x+ hB, v̂+, t)dv̂+ (3.21)

G+
A(f) =

∫∫
v̂<v̂+

|v̂ − v̂+|σA(v, v̂)f(x, v̂, x+ hA, v̂+, t)dv̂dv̂+

(3.22)

where σA(v, v̂) describes the probability with which the slower following vehicles
accelerate to a velocity v from v̂ after interaction with a faster vehicle ahead, that
is moving with velocity v̂+ ≥ v. Here,

σA(v, v̂) =
χ[v̂,min(Vmax,αv̂)](v)

min(Vmax, αv̂)− v̂
, 1 < α < +∞ (3.23)

which indicates how the new velocity is distributed.

L+
A(f) =

∫
v̂+>v

|v − v̂+|f(x, v, x+ hA, v̂+, t)dv̂+ (3.24)

To evaluate the above integrals, the pair distribution needs to be specified. In [7] it
is approximated by a general bivariate Gaussian distribution function as follows;

f(x, v, x+ h, v̂, t) = ρ(x, t)ρ(x+ h, t)

√
detφ

2π
exp(−0.5φ(v, v̂)). (3.25)

φ(v, v̂) is a positive definite quadratic form that enables the developed model to
incorporate the possible correlations between velocities of interacting vehicles (see
[7] for its explicit form). detφ is its determinant and ρ(., t) is the macroscopic
traffic density. In [6] the pair distribution is approximated by a chaos assumption
i.e. in terms of the one-vehicle distribution function f(x, v, t) and a leading vehicle
distribution function q(h, v; f) as follows;

f(x, v, x+ h, v̂, t) = q(h, v; f)f(x, v, t)F (x+ h, v̂, t). (3.26)

F (x + h, v̂, t) denotes the probability distribution in v̂ of vehicles at location x + h
i.e. f(x+h, v̂, t) = ρ(x+h, t)F (x+h, v̂, t). The function q(h; v, f) is the distribution
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of leading vehicles at a distance h from the considered vehicle with velocity v and
assuming that the vehicle velocities are distributed according to f(x, v, t). It is
prescribed a priori and should have the following two properties:∫ ∞

0

q(h; v, f)dh = 1,

and

〈
∫ ∞

0

hq(h; v, f)dh〉 =
1

ρ(x, t)
, (3.27)

which implies that the average space gap of the vehicles is 1
ρ(x,t)

.

In derivation of the macroscopic equations from the kinetic equation, the intrinsic
macroscopic variables of interest are defined as moments of the distribution function
f(x, v, t) as follows;

density : ρ = ρ(x, t) =

∫ Vmax

0

f(x, v, t)dv

average velocity : u = u(x, t) = (ρ(x, t))−1

∫ Vmax

0

vf(x, v, t)dv

However, the obtained macroscopic equations are of an infinite hierarchy, in that the
macroscopic density equation(i.e. the continuity equation) depends on the average
velocity and the macroscopic equation for the average velocity in turn depends on
the velocity variance which is given by

θ = θ(x, t) = (ρ(x, t))−1

∫ Vmax

0

(v − u)2f(x, v, t)dv

Since the macroscopic equations for density and velocity dynamics are sufficient to
describe the flow of traffic, the hierarchy of equations is closed by assuming that
the variance θ is a function of the first two moments i.e. the density and average
velocity; and/or by associating the one-vehicle distribution function f(x, v, t) with
some probability distribution. In [7], the closure was done by approximating the
velocity variance, which is extensively used in the macroscopic version of the vehicle
interaction terms therein:

θ = α(ρ)u2

i.e. it is a proportion of the squared average velocity with the density-dependent
proportion given by the Fermi function. This closure relation together with the ap-
proximation of the pair distribution (3.25) yields the gas-kinetic-based traffic model.
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Following the criticism of Daganzo of second-order traffic flow models (i.e.Payne-
type models) in [9], Aw and Rascle in [8] revamped research of the second-order
traffic models by developing a traffic model that satisfies the principle that the
vehicle is an anisotropic particle that mostly responds to frontal stimuli.

Remark 3.2.1. The gas-kinetic-based traffic model is a Payne-type traffic model.
Nevertheless, Helbing and co-worker in [13] defends the model basing their argu-
ments on comparison of the Payne model with the Aw-Rascle model and with the
microscopic car-following models.

Motivated by the work of Aw and Rascle [8], Klar and Wegener [6] derived
the Aw-Rascle traffic model from the kinetic model (3.18) by using the relation
f(x, v, t) = ρF (x, v, t), and an ansatz for the stationary equilibrium distribution
f e(ρ, u, v) together with the approximation of the pair distribution given by (3.26).
In their derivation of the velocity equation, an additional term that is density-
dependent only and involves the velocity variance through the “traffic pressure”
emerges. The velocity variance in this case was approximated by;

θ ≈ ρ−1

∫ Vmax

0

(v − ue(ρ))2f e(ρ, v)dv = ρ−1pe(ρ)

where pe(ρ) is the approximate “traffic pressure” and under the assumption that u is
not too far from its equilibrium value ue(ρ) i.e. ue(ρ) is substituted for u. However,
this additional term influence was numerically shown to be negligible. Thus the
resulting macroscopic model is an Aw-Rascle type traffic model.

In this study we derive a macroscopic 3-phase traffic flow model from the ki-
netic equation (3.18) by approximating the distribution function using the simplest
possible one-node quadrature ansatz [10, 11],

f(x, v, t) ≈ ρ(x, t)δ(v − u(x, t)) (3.28)

where δ(.) is the Dirac delta function in the sense of distributions. The limitation of
this simple approximation is the disregard of fluctuations in the distribution function
f(x, v, t), since (3.28) corresponds to the situation whereby all vehicles present at
location x and time instant t move at the same average velocity u, see [12]. However,
this limitation is overcome by introducing the relaxation term, which in this study is
coherent with 3-phase traffic theory. The advantage of using (3.28) is that it readily
yields an Aw-Rascle type macroscopic traffic flow model as will be shown shortly.
Moreover, this closure relation approximates the “traffic pressure” by zero i.e.

ρθ =

∫ Vmax

0

(v − u)2f(x, v, t)dv ≈
∫ Vmax

0

(v − u)2δ(v − u)dv = 0
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3.2.2 Evaluation of C+(f) using f ≈ ρδu(v)

We use the method of moments to obtain macroscopic equations from kinetic equa-
tions by multiplying the inhomogeneous equation (3.18) by vk, k = 0, 1 and then
integrating with respect to v in the range [0, Vmax] i.e.

∂t

∫ Vmax

0

vkf(x, v, t)dv + ∂x

∫ Vmax

0

vk+1f(x, v, t)dv

=

∫ Vmax

0

vkC+(f)(x, v, t)dv (3.29)

Remark 3.2.2. For the chosen closure relation (3.28), the distribution function
f(x, v, t) for one-dimensional flows is fully determined by its first two moments
(Mk, k = 0, 1) according to the relations;

Mk =

∫ Vmax

0

vkf(x, v, t)dv = ρ

∫ Vmax

0

vkδ(v − u)dv = ρuk

The zeroth moment ,k = 0, gives the density ρ while the first moment,k = 1, yields
the flow rate ρu.

Whilst dropping t, for convenience in writing of the variables, we evaluate the
r.h.s. of (3.29) using expressions (3.19)-(3.24) as follows;

Gain from Braking Interaction;

∫ Vmax

0
vkG+

B(f)dv =

∫ Vmax

0
vk
∫∫

v̂>v̂+

|v̂ − v̂+|PB(v̂; ρ, u)σB(v, v̂)

×f(x, v̂, x+ hB, v̂+)dv̂dv̂+dv

=

∫ Vmax

0
vk
∫∫

v̂>v̂+

|v̂ − v̂+|PB(v̂; ρ, u)σB(v, v̂)

×q(hB, v̂; f)f(x, v̂)F (x+ hB, v̂+)dv̂dv̂+dv

setting f(x, v) = ρF (x, v), as done in [6], implies that F (x, v) = δu(v) from relation
(3.28). Thus;

∫ Vmax

0
vkG+

B(f)dv ≈
∫ Vmax

0
vk
∫∫

v̂>v̂+

|v̂ − v̂+|PB(v̂; ρ, u)σB(v, v̂)q(hB, v̂; ρ)

×ρδu(v̂)δu+(v̂+)dv̂dv̂+dv

(3.30)
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Loss from Braking Interaction;∫ Vmax

0
vkL+

B(f)dv =

∫ Vmax

0
vk
∫
v̂+<v

|v − v̂+|PB(v; ρ, u)

× f(x, v, x+ hB, v̂+, t)dv̂+dv

=

∫ Vmax

0
vk
∫
v̂+<v

|v − v̂+|PB(v; ρ, u)q(hB, v; f)

×f(x, v)f(x+ hB, v̂+, t)dv̂+dv

≈
∫ Vmax

0
vk
∫
v̂+<v

|v − v̂+|PB(v; ρ, u)q(hB, v; ρ)

× ρδu(v)δu+(v̂+)dv̂+dv (3.31)

As a consequence of the Dirac delta function the above gain and loss terms due to
braking interactions reduces to;∫ Vmax

0
vk
[
G+
B(f)− L

+
B(f)

]
dv ≈ ρ|u− u+|PB(ρ, u)q(hB; ρ)

×
[∫ Vmax

0
vkσB(v, u)dv − uk

]
= ρ|u− u+|PB(ρ, u)q(hB; ρ)

×
[

1

u(1− β)

∫ Vmax

0
vkχ[βu,u](v)dv − uk

]
= ρ|u− u+|PB(ρ, u)q(hB; ρ)

×
[

1

u(1− β)

∫ u

βu
vkdv − uk

]
(3.32)

with u+ = u(x+hB) which allows us to consider the fact that vehicular interactions
are forwardly directed. Noting that braking occurs when u > u+ and that;

|u− u+| =

{
−(u+ − u), u > u+,

(u+ − u), u < u+.
(3.33)

we obtain the following from (3.32),∫ Vmax

0
vk
[
G+
B(f)− L

+
B(f)

]
dv ≈ −ρ(u+ − u)PB(ρ, u)q(hB; ρ)

u(1− β)

×
[
uk+1 − (βu)k+1

k + 1
− uk

]
which vanishes for k = 0 but for k = 1 we obtain,∫ Vmax

0
vk
[
G+
B(f)− L

+
B(f)

]
dv ≈ −ρ(u+ − u)PB(ρ, u)q(hB; ρ)

×
[
u(1− β)

2

]
, u > u+ (3.34)
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Gain from Acceleration Interaction;∫ Vmax

0
vkG+

A(f)dv =

∫ Vmax

0
vk
∫∫

v̂<v̂+

|v̂ − v̂+|σA(v, v̂)

× f(x, v̂, x+ hA, v̂+)dv̂dv̂+dv

=

∫ Vmax

0
vk
∫∫

v̂<v̂+

|v̂ − v̂+|σA(v, v̂)q(hA, v̂; f)

×f(x, v̂)F (x+ hA, v̂+)dv̂dv̂+dv

≈
∫ Vmax

0
vk
∫∫

v̂<v̂+

|v̂ − v̂+|σA(v, v̂)q(hA, v̂; ρ)

× ρδu(v̂)δu+(v̂+)dv̂dv̂+dv (3.35)

Loss from Acceleration Interaction;∫ Vmax

0
vkL+

A(f)dv =

∫ Vmax

0
vk
∫
v̂+>v

|v − v̂+|f(x, v, x+ hA, v̂+, t)dv̂+dv

=

∫ Vmax

0
vk
∫
v̂+>v

|v − v̂+|q(hA, v; f)f(x, v)

× f(x+ hA, v̂+, t)dv̂+dv

≈
∫ Vmax

0
vk
∫
v̂+>v

|v − v̂+|q(hA, v; ρ)ρδu(v)δu+(v̂+)dv̂+dv

(3.36)

As a consequence of the Dirac delta function the above gain and loss terms due to
acceleration interactions reduces to;∫ Vmax

0
vk
[
G+
A(f)− L

+
A(f)

]
dv ≈ ρ|u− u+|q(hA; ρ)

[∫ Vmax

0
vkσA(v, u)dv − uk

]
= ρ|u− u+|q(hA; ρ)

×
[

1

ũ− u

∫ Vmax

0
vkχ[u,ũ](v)dv − uk

]
= ρ|u− u+|q(hA; ρ)

[
1

ũ− u

∫ ũ

u
vkdv − uk

]
(3.37)

with ũ = min(Vmax, αu). Noting that acceleration occurs when u < u+ and using
(3.33) we obtain,∫ Vmax

0
vk
[
G+
A(f)− L

+
A(f)

]
dv ≈ ρ(u+ − u)q(hA; ρ)

[
ũk+1 − uk+1

(k + 1)(ũ− u)
− uk

]
which vanishes for k = 0 but for k = 1 with ũ = αu we obtain,∫ Vmax

0
vk
[
G+
A(f)− L

+
A(f)

]
dv ≈ ρ(u+ − u)q(hA; ρ)

[
αu− u

2

]
, u < u+

(3.38)
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Using Taylor approximation u(x+ h)− u(x) ≈ h∂xu on (3.34) and (3.38) we get;

∫ Vmax

0

vkC+(f)dv ≈

ρhBPB(ρ, u)q(hB; ρ)
1− β

2
u∂xu, ∂xu < 0,

ρhAq(hA; ρ)
α− 1

2
u∂xu, ∂xu > 0

. (3.39)

We can assume that the leading vehicles are distributed in such a way that;

hBq(hB; ρ) = hAq(hA; ρ) =
db(ρ)

dρ
(3.40)

where b(ρ) is some increasing function of density ρ, whose exact form will be de-
duced in a little while. Thus we obtain the following Aw-Rascle type macroscopic
equations;

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2)− a(ρ, u)∂xu = 0 (3.41)

where a(ρ, u) is deduced from (3.39) and written as;

a(ρ, u) =


ρ
db(ρ)

dρ
ϕB(ρ, u), ∂xu < 0,

ρ
db(ρ)

dρ
ϕA(u), ∂xu > 0

.

with suitable functions ϕA(u), ϕB(ρ, u). We can make further simplifications by
approximating ϕA(u), ϕB(ρ, u) by a constant C to obtain the coefficient,

a(ρ) = Cρ
db(ρ)

dρ
(3.42)

From (3.6) we find that b(ρ) takes the form;

b(ρ) = −ln [1− ρ] (3.43)

3.2.3 Models based on Fokker-Planck Equations

We consider the following Fokker-Planck type traffic flow model, i.e. the kinetic
traffic flow model developed in [38], but neglecting the diffusion term and the lane-
changing rates:

∂tf + ∂x(vf) + ∂v (B [f ] f) = 0. (3.44)
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Here B [f ] describes vehicle braking/acceleration behaviour in response to traffic
situations and can be expressed as in [38]:

B [f ] (x, v, t) =


−cBρBPB(uB, v)|v − uB|η, v > uB,

cA(ρmax − ρA)|uA − v|η, v ≤ uB, v ≤ uA,

0, otherwise

with ρX = ρ(x+ hX , t), u
X = u(x+ hX , t), for X = A,B. PB(uB, v) represents the

probability of braking. η = 1, 2 and cA, cB are dimensionless constants for η = 2.
In the case that η = 1, we suppose that cBρ

BPB = Cq(hB; ρ) and cA(ρmax − ρA) =
Cq(hA; ρ), where q(hA; ρ), q(hB; ρ) are defined as before and with C as a constant.
Hence for η = 1 we can write the braking/acceleration term as follows:

B [f ] (x, v, t) =


−CqB|v − uB|, v > uB,

CqA|uA − v|, v ≤ uB, v ≤ uA,

0, otherwise

(3.45)

Now to obtain a macroscopic model from the kinetic model (3.44) with B [f ] given
as in (3.45), we use the one-node quadrature ansatz (3.28) to approximate the distri-
bution function f = f(x, v, t) in evaluating the integrals in the following expression;
for k = 0, 1.

∂t

∫ Vmax

0

vkfdv + ∂x

∫ Vmax

0

vk+1fdv +

∫ Vmax

0

vk∂v (B [f ] f) dv = 0

(3.46)

Evaluation of the third term in the l.h.s. of (3.46) can be done by integration by
parts as follows:∫ Vmax

0

vk∂v (B [f ] f) dv =
[
vkB [f ] f

]Vmax

0
−
∫ Vmax

0

kvk−1B [f ] fdv.

(3.47)

Noting that the velocity distribution function is such that f(0) = f(Vmax) = 0, the
l.h.s. of (3.47) vanishes for k = 0. But for k = 1 we can write;∫ Vmax

0

v∂v (B [f ] f) dv = −
∫ uB

0

B [f ] fdv −
∫ Vmax

uB
B [f ] fdv. (3.48)

Considering the ansatz f ≈ δu(v), if the average velocity u ≤ uB the second term
on r.h.s. of (3.48) vanishes but the first term becomes:

−
∫ uB

0

B [f ] fdv ≈ −CρqA|uA − u| , v ≤ uB, v ≤ uA
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Else if u > uB the first term on r.h.s. of (3.48) vanishes but the second term becomes:

−
∫ Vmax

uB
B [f ] fdv ≈ CρqB|u− uB| , v > uB

Altogether, we obtain;

∫ Vmax

0

v∂v (B [f ] f) dv ≈


CρqB|u− uB|, u > uB,

−CρqA|uA − u|, u ≤ uB, u ≤ uA,

0, otherwise

(3.49)

Using the following definitions;

|u− uB| =

{
−(uB − u), u > uB,

(uB − u), u < uB.

|uA − u| =

{
(uA − u), uA > u,

−(uA − u), uA < u.

and the approximation uX−u ≈ hX∂xu for X = A,B, expressions (3.48) and (3.49)
yields; ∫ Vmax

0

v∂v (B [f ] f) dv ≈

{
−CρqBhB∂xu; ∂xu < 0

−CρqAhA∂xu; ∂xu > 0
. (3.50)

Choosing hAqA and hBqB as in (3.40) we obtain the coefficient (3.42), i.e.

a(ρ) = C
ρ

1− ρ
(3.51)

Therefore, from (3.46) we obtain the Aw-Rascle type macroscopic equations (3.41)
with the coefficient a now given as in (3.51). Introducing the relaxation term R(u, ρ)
i.e. equation (3.15) to the r.h.s. of equation (3.41) while using coefficient (3.51),
that is coefficient (3.42), we obtain the following macroscopic 3-phase traffic flow
model from the considered kinetic traffic models:

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2)− a(ρ)∂xu = ρR(u, ρ) (3.52)

Remark 3.2.3. If we set hAqA = hBqB = ρ in both (3.39) and (3.50) and also
let C = Vref , then the coefficient a(ρ) in (3.42) and (3.51) becomes a(ρ) = Vrefρ

2.
Thus the l.h.s. of (3.52) becomes the model studied in [16], which has the ‘pressure
law’ p(ρ) = Vref ln( ρ

ρjam
).
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In this section we have shown the derivation of macroscopic model equations from
the kinetic equations. And as shown in [40], one obtains macroscopic equations re-
gardless of whether one uses a kinetic model based on an integro-differential equation
or the Fokker-Planck type equation. In model (3.52) we simply use the relaxation
term (3.15) that is deduced from the microscopic Speed Adaptation model (3.7).
This kind of relaxation term, unlike the classical ones, yields a multi-valued fun-
damental diagram. It is shown in [41] that the multi-valued fundamental diagram
can be obtained from a kinetic model. This is made possible by use of the braking
probability in the relaxation term of the kinetic model. In section 3.3 we determine,
explicitly in terms of ρ and u, the macroscopic equivalence of the relaxation term in
the kinetic model [41] by applying linear interpolation in the relaxation term of the
Switching Curve traffic flow model presented in [14].

3.3 Derivation from the Switching Curve Traffic Flow
Model

In the Switching Curve traffic flow model presented in [14], two equilibrium velocity
curves U1(ρ), U2(ρ) are proposed. This follows from the fact that, for traffic flow
on multilane freeways, one often observes distinct stable equilibrium relationships
between traffic velocity and density. The two curves are monotone decreasing and
are such that U2(ρ) < U1(ρ), 0 ≤ ρ < ρmax with U1(ρmax) = U2(ρmax) = 0 as shown
in figure 3.3(a). These characterize two modes in which the state of traffic occur

  

(a)

  

(b)

Figure 3.3: Shown in (a), are the two equilibrium velocity curves U1(ρ) and U2(ρ),
while (b) shows the switching curve S(u).

i.e. the upper curve U1(ρ) characterize the fast mode, where the traffic is less dense
and thus enabling easy lane change and overtaking maneuvres; and the lower curve
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U2(ρ) characterize the slower mode, where traffic is more dense and thus yielding
a significant decline in lane change and overtaking maneuvres. The characteristic
feature of this model is the existence of a switch curve, ρ = S(u) for u ≥ 0, that is
a monotone non-decreasing function satisfying the following: see figure 3.3(b).

S(u) = ρ2, 0 ≤ u ≤ U2(ρ2), and S(u) = ρ1, u ≥ U1(ρ1) (3.53)

whereby 0 < ρ2 ≤ ρ1 < ρmax with U2(ρ2) ≤ U1(ρ1). The governing equations of the
Switching Curve model can be given as; see [14].

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2) + ρU ′1(ρ)∂xu = ρR(u, ρ) (3.54)

with

R(u, ρ) =

{
1
T

(U1(ρ)− u), ρ < S(u),
1
T

(U2(ρ)− u), ρ ≥ S(u),
. (3.55)

and U ′1(ρ) = ∂ρ (U1(ρ)) ≤ 0. Here we simply let U ′1(ρ) = −a(ρ)
ρ

. The switching

mechanism postulated in (3.55) is as follows: if the current traffic state, (ρ, u), lies
below ρ = S(u), drivers preferences will tend towards the fast equilibrium curve
u = U1(ρ), whereas if the traffic state lies above ρ = S(u) , the drivers preferences
now will tend towards the slow equilibrium curve u = U2(ρ).

Now setting ρ1 = ρfreemax and ρ2 = ρsynmin we can write the equivalent of R(ρ, u) in
(3.55) as;

R(u, ρ) =
1

T
(U e(ρ, u)− u) (3.56)

with,

U e(ρ, u) =

{
ue1(ρ), ρ < ρsynmin, or u > R(ρ), ρsynmin < ρ < ρfreemax,

ue2(ρ), u < R(ρ), ρsynmin < ρ < ρfreemax, or ρ > ρfreemax

(3.57)

where now the switching curve is R(ρ); viewing the traffic dynamics from the per-
spective of density. The optimal velocity curves ue1(ρ) and ue2(ρ) are the same
monotone decreasing functions of density as defined in section 3.1, but satisfying
a different property (ii), which is now given by;

ue1(ρ) > R(ρ) > ue2(ρ), ρsynmin < ρ < ρfreemax

whereby

ue2(ρsynmin) = R(ρsynmin), ue1(ρfreemax) = R(ρfreemax)
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(a)

(b)

Figure 3.4: U e(ρ, u)− u for the Switching Curve model. Shown in (b), is a zoom of
the 2D region of (a).

as shown in figure 3.4. The explanations given in section 3.1 for the properties (i)
and (iii) also holds for this kind of relaxation term; only that in the explanation
given under property (ii), we replace the constant line Usyn with the curve R(ρ),
that is an increasing function of density for ρ ∈ [ρsynmin, ρ

free
max]. In figure 3.4 just as

in figure 3.2 the vehicles velocity preferences are depicted together with the values
of U e(ρ, u) − u. Notice that inside the density range [ρsynmin, ρ

free
max] and also within

the confines of the optimal curves ue1(ρ) and ue2(ρ), the arrows close to the curve
R(ρ) (in figure 3.4) and line Usyn (in figure 3.2) have more length than those further
away as we tend to the optimal curves. This is not the case in the following modified
Switching Curve model, see figure 3.6. The parameters used to generate these figures
are given in table 3.1.
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Note that the model equations (3.52) yields a 3-phase traffic flow model because
the 3-phase traffic theory(3-PTT) hypothesis has been constituted in the model
through the relaxation term (3.15). However, in the Switching Curve model (3.54),
the manner in which the relaxation term is specified, see (3.56), does not actually
yield a 3-phase traffic flow model. Indeed, simulations of (3.52) with the relaxation
term (3.56) (presented in Chapter 4) reveals that moving jams emerge spontaneously
at the onset of congestion at a road bottleneck, which is contrary to 3-PTT which
advocates that traffic congestion is a sequence of first order F → S → J transitions.
Nevertheless, we can modify the relaxation term (3.56) to obtain a 3-phase traffic
flow model by linear interpolation as follows: From the plot of U e(ρ, u)−u in figure
3.4 at ρ = ρ̄ = 0.4 we deduce the diagram shown in figure 3.5. There we do the

Figure 3.5: Modification of Switching Curve model by linear interpolation.

linear interpolation by introducing parameters k1,k2 as below;

k1 = ue1(ρ̄) + α(R(ρ̄)− ue1(ρ̄))

k2 = ue2(ρ̄) + α(R(ρ̄)− ue2(ρ̄)) ; 0 < α < 1

Since the slope of the lines upon which segments l1u
e
1 and ue2l2 lie is −1, we have

−1 =
0− l1
ue1 − k1

; k1 < ue1, l1 > 0

−1 =
l2 − 0

k2 − ue2
; k2 > ue2, l2 < 0

which yields l1 = ue1 − k1 and l2 = ue2 − k2. Next we determine the slope of line
segment l1l2 that cuts through R at fixed density ρ̄ as;

s =
l1 − l2
k1 − k2

=
(ue1 − k1)− (ue2 − k2)

k1 − k2

This will certainly be the slope of any line segment l1l2 cutting through R(ρ̄) for
a fixed density ρ̄ chosen from the range

[
ρsynmin, ρ

free
max

]
. Since we know that all these
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lines should cut through R(ρ̄) at which U e(ρ̄, u)−u = 0 we make use of the straight-
line equation in its “slope-intercept” form to obtain the intercept c of lines l1l2 that
passes through point (R(ρ̄), 0) as follows;

0 = sR(ρ̄) + c ⇒ c = −sR(ρ̄)

Therefore the linear interpolation between surfaces ue1(ρ) − u and ue2(ρ) − u for
ρ ∈

[
ρsynmin, ρ

free
max

]
is described by the equation;

u∗(ρ) = s(u−R(ρ)) ; ρ ∈
[
ρsynmin, ρ

free
max

]
(3.58)

The above procedure yields the following relaxation term that is capable of repro-
ducing the traffic breakdown phenomenon of 3-PTT.

R(u, ρ) =
1

T
(U e(ρ, u)− u) (3.59)

with,

U e(ρ, u) =


ue1(ρ), ρ < ρsynmin, or u > ue2(ρ), u > ue1(ρ), ρ < ρfreemax,

u∗(ρ) + u, ue2(ρ) < u < ue1(ρ), ρsynmin < ρ < ρfreemax,

ue2(ρ), u < ue2(ρ), ρsynmin < ρ < ρfreemax, or ρ > ρfreemax

Hence from the Switching Curve traffic model (3.54) with (3.56) we obtain a macro-
scopic 3-phase traffic flow model i.e. the modified Switching Curve model given by
(3.52) but with the relaxation term defined as in (3.59). In this relaxation term,
we still consider the same optimal velocity curves but which are hereby required to
satisfy only the previously defined properties (i) and (iii). Now due to the linear
interpolation done to modify the Switching Curve model in order to obtain a 3-phase
traffic flow model, property (ii) is altered to;

ue1(ρ) > (u∗(ρ) + u) > ue2(ρ), ρsynmin < ρ < ρfreemax

with

ue2(ρsynmin) = R(ρsynmin), ue1(ρfreemax) = R(ρfreemax)

and whereby u∗(ρ) + u is another solution in addition to the equilibrium solutions
ue1(ρ) and ue2(ρ), of the equation;

u = U e(ρ, u) (3.60)

for a given ρ within the range [ρsynmin, ρ
free
max]. That is the equation has 3 different so-

lutions which are consistent with the 3-PTT hypothesis, which says that the steady
states of synchronized flow should cover a 2D region in the flow-density plane and
consequently in the velocity-density plane. This 2D region is the place where the
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multivalued solutions to (3.60) are located. From another perspective, while consid-
ering (3.60), we write that the value of U e(ρ, u)−u should vanish at the solutions of
(3.60), i.e. the arrows diminish at the solutions, as shown in figure 3.6. Notice the
third solution u∗(ρ) + u is located along the curve R(ρ) for some ρ ∈ [ρsynmin, ρ

free
max].

Now if (3.60) had a unique solution in the density range [ρsynmin, ρ
free
max] just like it

normally does for any ρ < ρsynmin (see figure 3.6) then we would obtain a well defined
relation for equilibrium velocity and density, then the usual fundamental diagram
would result. That is to mean, the 2D region of synchronized flow would vanish and
in place we would have a 1D region i.e. a curve on the velocity-density plane and
also on the flow-density plane.

Table 3.1: Relaxation term parameters (dimensionless).

Cu 0.45 Vo 0.85
ρfreemax 0.5 ho 0.05
ρsynmin 0.3 co 2.9
ρjam 0.95 Vs 0.5
Usyn 0.28 hs 1.1
α 0.7 cs 2.9

3.4 Features of the Derived Macroscopic 3-Phase
Traffic Flow Model

The macroscopic traffic flow models derived in the previous sections i.e. the macro-
scopic Speed Adaptation model (3.14), (3.15) in section 3.1, the Switching Curve

model equations (3.54), (3.56) with U ′1(ρ) = −a(ρ)
ρ

in section 3.3 and the modified

Switching Curve model (3.52), (3.59), only differ in how the relaxation term is pre-
scribed. Otherwise, the l.h.s. of the system of partial differential equations is the
same and it is sufficient in showing the main features as far as the models solutions
are concerned. Therefore, in this section we discuss the features of the Aw-Rascle
type system;

∂tρ+ ∂x(ρu) = 0 (3.61)

∂t(ρu) + ∂x(ρu
2)− a(ρ)∂xu = 0 (3.62)

Depending on how we recast equation (3.62), we can rewrite the above system in
two forms. That is;

Non conservative form: This is in terms of the primitive variables ρ and u.

∂tρ+ ∂x(ρu) = 0 (3.63)

∂tu+ (u− a(ρ)

ρ
)∂xu = 0 (3.64)
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(a)

(b)

Figure 3.6: U e(ρ, u)− u for the modified Switching Curve model. Shown in (b), is a
zoom of the 2D region of (a).

whereby equation (3.64) describes the change of velocity u in space and time. It is
obtained by use of the mass conservation equation (3.63) in the flow rate equation
(3.64) as;

ρ∂tu+ u ∂tρ+ u∂xρ+ ρ∂xu︸ ︷︷ ︸
=0

+(ρu− a(ρ))∂xu = 0 (3.65)

and upon dividing through by ρ. For clarity, we use the following expression;

a(ρ)

ρ
= ρ

C

ρ(1− ρ)
= ρp′(ρ) (3.66)

where the prime denotes differentiation with respect to ρ.
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Conservative form: Multiplying equation (3.61) by p′(ρ) we have;

p′(ρ)(∂tρ+ u∂xρ+ ρ∂xu) = 0 ⇒ ρp′(ρ)∂xu = −p′(ρ)(∂tρ+ u∂xρ)

which enables (3.64) to be rewritten as;

∂tu+ u∂xu+ p′(ρ)(∂tρ+ u∂xρ) = 0

or,

∂t(u+ p(ρ)) + u∂x(u+ p(ρ)) = 0 (3.67)

Now multiplying equation (3.61) by the term, u+ p(ρ), and equation (3.67) by ρ we
add the resulting equations to get;

(u+ p(ρ))∂tρ+ (u+ p(ρ))∂x(ρu) + ρ∂t(u+ p(ρ)) + ρu∂x(u+ p(ρ)) = 0

which can be rearranged and then combined with (3.61) to yield the following con-
servative form of the considered system;

∂tρ+ ∂x(ρu) = 0 (3.68)

∂t[ρ(u+ p(ρ))] + ∂x[ρu(u+ p(ρ))] = 0 (3.69)

where the conservative variables are ρ and

y := ρu+ ρp(ρ)) (3.70)

However, unlike in gas dynamics where the second equation of a system in conserved
form would have a natural interpretation as the conservation of momentum, (3.69)
is not derived from any conservation principle because conservation of momentum
does not have a direct physical interpretation in traffic flow. Hence there is no direct
physical interpretation of the conservative variable y. It is somewhat heuristic. Note
that the system (3.61)-(3.62) and (3.63)-(3.64) are identical for smooth solutions.
Therefore, we use the system (3.63)-(3.64) to show the hyperbolic features of the
derived macroscopic traffic model by expressing it in a vector form using a vector
V = (ρ, u)T of primitive variables:

∂tV + A(V )∂xV = 0 (3.71)

where,

A(V ) =

u ρ

0 u− ρp′(ρ)

 (3.72)

Now, the properties of the system are largely dictated by the eigenvalues of the
Jacobian matrix A(V ), that are determined by the characteristic polynomial,

det(A− λI) = 0
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These eigenvalues are the characteristic speeds that govern the propagation of infor-
mation in the traffic stream. Therefore system (3.63)-(3.64) and consequently the
macroscopic traffic flow models are strictly hyperbolic, because calculation of the
eigenvalues of A(V ) yields the following;

λ1(V ) = u− ρp′(ρ) < u, λ2(V ) = u ; ρ 6= 0

with the largest eigenvalue equal to the traffic flow velocity u. This means that no
traffic information travels faster than the traffic and so the anisotropic character of
vehicular traffic flow is preserved. In the ensuing we will refer to waves associated
with λ1 as 1-waves and to those associated with λ2 as 2-waves. In order to determine
these waves we determine the right eigenvectors R(i) = (r

(i)
1 , r

(i)
2 ) of the matrix A(V )

corresponding to the eigenvalues λi from,

AR(i) = λiR
(i) ; i = 1, 2 (3.73)

On solving (3.73) for each eigenvalue we readily obtain,

R1(V ) =

 1

−p′(ρ)

 , R2(V ) =

1

0


Letting ∇ be the gradient with respect to V = (ρ, u)T we determine the kind of
waves associated to each eigenvalue λi, i = 1, 2, by checking whether the dot product
∇λi(V ) ·R(i)(V ) vanishes or not. Precisely, for λ1(V ) = u− ρp′(ρ) we have;

∂ρλ1

∂uλ1

 ·
 1

−p′(ρ)

 = −∂ρ(ρp′(ρ))− p′(ρ) 6= 0

implying that 1st characterisitc field is genuinely nonlinear. For λ2(V ) = u we have;∂ρλ2

∂uλ2

 ·
1

0

 = 0

that is the 2nd characterisitc field is linearly degenerate. As a result of the above, the
1-waves will be either a rarefaction or shock wave and the 2-waves will be contact
discontinuities. Note that a shock is a jump discontinuity associated with the 1st

characteristic and a contact discontinuity is also a jump discontinuity associated with
the 2nd characteristic . The 1-and 2-waves aid in solving the Riemann problem. The
jump discontinuities have to be regarded in the conservative form (3.68)-(3.69). We
now discuss the construction of solutions to the Riemann problem.



40 Macroscopic 3-PTT Models Derivation

3.4.1 The Riemann Problem and its Solution

Using the conservative form (3.68)-(3.69) of the Aw-Rascle type traffic model we set
up the Riemann problem with piecewise constant initial data as follows;

∂tU + ∂xF (U) = 0

U(x, 0) =

{
UL if x < 0

UR if x > 0

(3.74)

where U = (ρ, y)T , F (U) = (ρu, yu)T and UL(UR) is the piecewise constant traffic
state on the left(right) of the jump located at x = 0. Since λ1(ρ, u) < λ2(ρ, u), for
all U , then 1-waves must precede 2-waves, see [15]. Thus the general solution of the
Riemann problem includes: a 1-wave connecting the left state UL to an intermediate
state UM (to be defined) and a 2-wave connecting this intermediate state UM to the
right state UR. Now because the 1-waves can either be shocks or rarefaction waves,
there will be the following types of solutions,

• 1-shock connecting UL to UM followed by a 2-contact discontinuity connecting
UM to UR. Note here that the shock speed S1 can be less than zero or greater
than zero as in figures 3.7(a),(b) respectively.

• 1-rarefaction wave connecting UL to UM followed by a 2-contact discontinuity
connecting UM to UR. The right edge of the fan is denoted by SH (i.e. the
rarefaction head) and the left edge of the fan is denoted by ST (i.e. the
rarefaction tail). See figure 3.8. Note that in the case of a 1-shock, ST = SH =
S1

Of course UM = UR(UM = UL), if ULand UR are connected by only a 1-wave(2-
wave). To determine the intermediate state UM we need to compute the Riemann

(a) (b)

Figure 3.7: Possible shock solutions to the Riemann problem.

invariants in the sense of Lax and use the i-Lax curves (associated to the i-waves,
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Figure 3.8: Possible rarefaction fan solution to the Riemann problem.

i = 1, 2) to represent the solution on our preferred (ρ, ρu) phase plane. In this
case a phase transition will refer to the event of traffic changing from one state to
another. Basically, the 1-Lax curve (2-Lax curve) is the set of points (loci) in the
(ρ, ρu) phase plane, which can be connected to a given state by a 1-wave (2-wave).
We state that the shock and rarefaction curves coincide for the Aw-Rascle system
[8, 16]. Therefore to determine the 1-Lax curves, we arbitrary choose the situation
where a given left state UL can be connected to an arbitrary state U∗ on the right by
a 1-shock of speed S1. This can only be admissible if the following entropy condition
is satisfied

λ1(ρ∗, u∗) < S1 < λ1(ρL, uL).

Since any discontinuity propagating with speed S1 satisfy the Rankine-Hugoniot
condition [17, 30], we write;

ρ∗u∗ − ρLuL = S1(ρ∗ − ρL) (3.75)

y∗u∗ − yLuL = S1(y∗ − yL) (3.76)

Eliminating S1 from (3.75) and (3.76) yields;

(y∗u∗ − yLuL)(ρ∗ − ρL) = (ρ∗u∗ − ρLuL)(y∗ − yL)

which simplifies to,

y∗
ρ∗

=
yL
ρL

(3.77)

And since state U∗ is arbitrary, the 1-Lax curve passing through UL are obtained
from (3.77) in terms of the primitive variables as;

L1(ρ; ρL, uL) = uL + p(ρL)− p(ρ) (3.78)
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Note that in (3.77), the 1-wave is a shock if ρL < ρ∗ and a rarefaction if ρL > ρ∗.
The 2-Lax curves are obtained by considering one of the Rankine Hugoniot condition
(3.75), (3.76) and by stating that an arbitrary left state U∗ can be connected to a
given right state UR by a contact discontinuity of speed S2 if the following parallel
characteristics condition [30] is satisfied;

λ2(ρ∗, u∗) = λ2(ρR, uR) = S2

Hence using (3.75) we write;

ρ∗u∗ − ρRuR = uR(ρ∗ − ρR) (3.79)

whereby we deduce that u∗ = uR. Since U∗ is arbitrary, then 2-Lax curves passing
through UR are given as;

L2(ρ; ρR, uR) = uR. (3.80)

That is they are straight lines exiting the origin in the (ρ, ρu) plane. Having obtained
the 1-Lax curves and the 2-Lax curves, we now simply state the Riemann invariants
w1 and w2 associated with the respective characteristic λ1 and λ2

w1 = u+ p(ρ) , w2 = u. (3.81)

For numerical purpose (in the ensuing chapter) we present the solution, say UG, to
the Riemann problem (3.74) set at x = 0 as follows:

UG =


UM if S1 < 0

UL if S1 > 0

Ũ if ST < 0 < SH

(3.82)

where the intermediate state UM = (ρM , yM)T is computed from the Lax curves as
below:

uM + p(ρM) = uL + p(ρL) (3.83)

Since uM = uR and y = ρu+ ρp(ρ) we obtain from (3.83) the following expressions;

ρM = p−1(uL + p(ρL)− uR)

yM = ρM
yL
ρL

(3.84)

Hence obtaining the explicit form of the intermediate state UM in terms of UL,UR.
To obtain the solution Ũ = (ρ̃, ỹ)T i.e. Ũ = Ũ(UL, UM) inside the rarefaction fan,
we consider the speed of the characteristic rays inside the fan, see figure 3.8 and also
use Lax curves to have;

ũ+ p(ρ̃) = uL + p(ρL)

ũ− ρ̃p(ρ̃) = 0 ∵
x

t
= 0. (3.85)
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which upon solving simultaneously for ρ̃ and ũ yields the desired form of the Riemann
solution Ũ . To compute the speeds S1,ST and SH we note that UL and UM can always
be connected by a 1-rarefaction wave provided they lie on the same integral curve
(on which rarefaction curves lie) and that the condition λ1(ρL, uL) < λ1(ρM , uM)
needs to be satisfied, see [17]. Otherwise, if λ1(ρL, uL) > λ1(ρM , uM) then the two
states should be connected by a 1-shock and so from the Rankine Hugoniot condition
we have;

S1 =
ρLuL − ρMuM
ρL − ρM

Moreover, since the right(left) edge of the 1-rarefaction wave is said to carry the
value UM(UL) [30], we write;

ST = uL − ρLp′(ρL)

SH = uM − ρMp′(ρM) (3.86)

Finally, we illustrate on the (ρ, ρu) phase plane how the derived Aw-Rascle type
traffic model (3.68)-(3.69) handles transitions from a left state UL to the right UR
with the aid of the above determined i-Lax curves(for i=1,2). We sample two cases:

Case 1: ρL = ρR, uL > uR. This is shown in figure 3.9(a) whereby to reach UR
from UL, the model predicts that traffic should first decelerate through 1-shock to
state UM along the outer 1-Lax curve, then transit from UM to UR along the lower
2-Lax curve(ray), while maintaining its average velocity.

Case 2: ρL > ρR, uL < uR. This is shown in figure 3.9(b). Herewith, to reach
UR from UL, the model predicts that traffic first accelerates through 1-rarefaction
fan to a new state UM̂ situated along the inner 1-Lax curve and also on the upper
2-Lax curve(ray). Then transits from UM̂ to UR along the upper 2-Lax curve(ray).A
detailed explanation and more representations on phase planes of solutions to the
Aw-Rascle system with Riemann initial data can be found in [8]. See also [18] for
more on phase transitions.

To conclude we include the relaxation term in the conservative form (3.68)-(3.69)
of the macroscopic traffic models introduced in sections 3.1,3.2 and 3.3 as follows:
we define the source term S(U) as the vector;

S(U) =

 0

ρR(u, ρ)

 (3.87)

i.e. as a function of conservative variables ρ and y which are components of the
vector U = (ρ, y)T . The source term comprises of the relaxation term R(u, ρ),
that is expressed here in terms of the primitive variables ρ and u. Note that the
velocity u = y/ρ − p(ρ). The relaxation term can also be expressed in terms of
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(a) (b)

Figure 3.9: Illustration of traffic phase transitions with the aid of Lax curves. Shown
in (a) is a 1-shock followed by a 2-contact, and in (b) is a 1-rarefaction
followed by a 2-contact.

the conservative variables. However, its use in this form in (3.87) is equivalent to
using R(u, ρ). Hence we opt to use the latter. Now writing the conservative system
(3.68)-(3.69) in vector form as it was done while introducing the Riemann problem
in (3.74), and using (3.87) we obtain the following system

∂tU + ∂xF (U) = S(U). (3.88)

This is the conservative form of the traffic flow models (3.14),(3.52) with their respec-
tive relaxation term (3.15), (3.56) and (3.59) for the macroscopic Speed Adaptation,
the Switching Curve and the modified Switching Curve models.
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In this chapter we numerically investigate the ability of the macroscopic traffic mod-
els derived in the previous chapter to reproduce the features of 3-phase traffic the-
ory. To this end, we simulate a multilane road that has a bottleneck. We regard
a lane-drop as the stationary bottleneck and a slow moving vehicle(s) as a moving
bottleneck. The simulation involves obtaining a numerical solution to the conser-
vative system (3.88). We use a hybrid numerical scheme proposed in [16], that is
based on the Godunov scheme to approximate shock and rarefaction waves, but uses
a Glimm’s random strategy to sample the contact discontinuity.

4.1 Outline of the Godunov Scheme

To numerically solve the homogeneous system:

∂tU + ∂xF (U) = 0 (4.1)

of (3.88), the spatial domain is discretized into M cells, Cj = [xj− 1
2
, xj+ 1

2
] for

j = 1 · · ·M of the same size ∆x. The cell interfaces and cell center are respec-
tively defined as xj− 1

2
= (j − 1)∆x, xj+ 1

2
= j∆x and xj = (j − 1

2
)∆x. Moreover,

discretization of the temporal domain is done in time intervals ∆t, whose choice
depends on the Courant-Friedrichs-Lewy(CFL) condition. Suppose that at time

t = tn, the general initial data for (4.1) is given as Ũ(x, tn). Then the first step of
the Godunov scheme is the evolution of the solution to a time tn+1 = tn + ∆t. That
is achieved through considering the cell averages,

Un
j =

1

∆x

∫ x
j+1

2

x
j− 1

2

Ũ(x, tn)dx (4.2)

which now produces a piecewise constant approximation of the solution U(x, tn) as;

U(x, tn) = Un
j for all x ∈ Cj, j = 1 · · ·M, n ∈ N (4.3)

The second step is that of obtaining the solution for the local Riemann problems,
say RP (Un

j , U
n
j+1), at the cell interface xj+ 1

2
with data Un

j and Un
j+1, respectively, on

45
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the left side and right side of position xj+ 1
2
. The solutions to this Riemann problem

are self-similar solutions,

Uj+ 1
2
(x̃/t̃), x̃ = x− xj+ 1

2
, t̃ = t− tn, x ∈ [xj, xj+1], t ∈ [tn, tn+1]

i.e. they are functions of the Riemann problem local coordinates x̃/t̃ and are con-
stituted by the 1-and 2-waves. Now for a sufficiently small time step ∆t, such that
there are no wave interactions (see condition (4.6)), we obtain the global solution

Ũ(x, t) in the entire spatial domain, for t ∈ [0,∆t], by gluing together the solutions
of the local Riemann problems set at each interface of the cells as below,

Ũ(x, t) = Uj+ 1
2
(x̃/t̃), for all (x, t) ∈ [xj, xj+1]× [0,∆t] (4.4)

Having obtained the solution Ũ(x, t), the final step of the Godunov scheme entails
the evolution of the solution to a time tn+1 = tn + ∆t by defining a new set

{
Un
j+1

}
of average values as follows

Un+1
j =

1

∆x

∫ x
j+1

2

x
j− 1

2

Ũ(x, tn+1)dx (4.5)

within Cj = [xj− 1
2
, xj+ 1

2
]. To guarantee that the interaction of the i-waves, i = 1, 2

is entirely contained within cell Cj we impose the following CFL condition;

∆t ≤ Ccfl∆x

max {|λi(U)|, i = 1, 2}
. (4.6)

Ccfl is called the Courant number and is usually set to 1. The CFL condition
together with the integral form of the conservation law allows us to alternatively
express Un+1

j in the following form, see [17, 30]:

Un+1
j = Un

j +
∆t

∆x

[
F n
j− 1

2
− F n

j+ 1
2

]
(4.7)

with the intercell numerical flux given by;

F n
j+ 1

2
= F (Uj+ 1

2
(0−;Un

j , U
n
j+1))

4.1.1 Godunov Scheme and Contact Wave Resolution

Here we present the failure of Godunov scheme to properly resolve contact waves
that arise in the traffic model (3.88) as discussed in [16]. This failure is attributed to
the fact that Godunov scheme does not obey the maximum principle property(see
the maximum principle theorem in [16]) on the velocity u. To show this we consider
the Riemann problem (3.74) with the left and right states, UL and UR respectively,
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set up in a way that the solution to the Riemann problem is an isolated contact
wave moving at a speed S2 > 0. That is,

U(x, t) =

{
UL if x < S2t

UR if x > S2t
(4.8)

with ρL > 0, ρR > 0, ρL 6= ρR, but whereby uL = uR = S2. From the first step
of the Godunov scheme (4.2) with n = 0, the CFL condition(4.6) and given that
S2 > 0, the update formula (4.5) in the first time step yields, U1

j = U0
j , if j 6= 1 and

for j = 1, which is the index of the cell affected by the 2-wave from xj− 1
2
, we will

have;

ρ1
1 =

1

∆x

∫ ∆x

0

ρ(x,∆t)dx

y1
1 =

1

∆x

∫ ∆x

0

y(x,∆t)dx (4.9)

which leads to,

y1
1 =

1

∆x

∫ ∆x

0

(ρu+ ρp(ρ))(x,∆t)dx

=
S2

∆x

∫ ∆x

0

ρ(x,∆t)dx+
1

∆x

∫ ∆x

0

ρp(ρ)(x,∆t)dx (4.10)

due to the fact that velocity u is constant at uL = uR = S2 across the contact wave.
From (4.9) and (4.10) we get;

y1
1 = S2ρ

1
1 +

1

∆x

∫ ∆x

0

ρp(ρ)(x,∆t)dx = S2ρ
1
1 + (ρp(ρ))1

1 (4.11)

Now calculating the velocity u1
1 from ρ1

1 and y1
1 and considering the result (4.11) we

get;

u1
1 =

y1
1

ρ1
1

− p(ρ1
1) = S2 +

(ρp(ρ))1
1 − ρ1

1p(ρ
1
1)

ρ1
1

As a result of the convexity of the function ρ → ρp(ρ), and by Jensen’s inequality
it follows that (ρp(ρ))1

1 ≥ ρ1
1p(ρ

1
1). Hence;

u1
1 ≥ S2(= uL = uR)

that is after the first time step, the velocity will not be equal everywhere in the
spatial domain. Hence the Godunov scheme fails to resolve contact waves correctly.
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4.2 A Hybrid Scheme for Contact Wave

We now present the algorithm proposed in [16], that resolves the above stated de-
ficiency of the Godunov scheme. The idea of the algorithm is to keep on using the
Godunov scheme to resolve shock and rarefaction waves (which it does very well),
but use a Glimm’s random sampling technique [29, 30] to properly capture the con-
tact waves. Therefore the algorithm is presented in two steps. We start with how the
sampling is done in order to take into account only the contact waves. We consider
an interval [xj−1, xj+1], j = 1 · · ·M upon which the Riemann problem on the inter-
faces xj− 1

2
and xj+ 1

2
is set. Note that under the CFL condition (4.6) the Riemann

problem set at other interfaces outside the interval [xj−1, xj+1] do not influence the
solution Un+1

j . So Un+1
j only depends on the three states, Un

j−1, Un
j ,and Un

j+1. To
proceed, we state that the Riemann problem at the interfaces xj− 1

2
and xj+ 1

2
give

rise in general to a 1-wave and a 2-wave (in this case a 2-contact that propagates at
speed S2 = u > 0 ) as shown in figure 4.1 below;

Figure 4.1: The considered interval [xj−1, xj+1]

As in [16], the solution Ũ(x, tn+ 1
2 ) at tn+ 1

2 and on interval [xj−1, xj+1] is defined
as a piecewise constant function on each subinterval [xj−1, xj− 1

2
), [xj− 1

2
, xj+ 1

2
), and

[xj+ 1
2
, xj+1]. This function randomly picks up a value between Un

j−1, UM(Un
j−1, U

n
j ),

Un
j , UM(Un

j , U
n
j+1) and Un

j+1 as per their rate of occurrence in their respective subin-
tervals. That is;

Ũ(x, tn+ 1
2 ) =


Un
j−1 if x ∈ [xj−1, xj− 1

2
)

U
n+ 1

2
j if x ∈ [xj− 1

2
, xj+ 1

2
)

U
n+ 1

2
j+1,L if x ∈ [xj+ 1

2
, xj+1]

(4.12)
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with

U
n+ 1

2
j =

{
UM(Un

j−1, U
n
j ) if an+1 ∈ (0, ∆t

∆x
Sn2,j)

Un
j if an+1 ∈ [ ∆t

∆x
Sn2,j, 1)

(4.13)

and

U
n+ 1

2
j+1,L =

{
UM(Un

j , U
n
j+1) if an+1 ∈ (0, 2∆t

∆x
Sn2,j)

Un
j+1 if an+1 ∈ [2∆t

∆x
Sn2,j, 1)

(4.14)

The random sampling technique in (4.13) and (4.14) is achieved via the van der
Corput random sequence (an) within the interval (0,1) and defined as below [29, 30];

an = ΣL
k=0ik2

−(k+1) , n = ΣL
k=0ik2

k

with ik = 0, 1 being the binary expansion of the integers n = 1, 2, · · · .
The second step of the algorithm involves taking into account the shock and

rarefaction waves in the solution to the Riemann problems. This is the step that
involves the Godunov scheme. We begin this step by considering the Riemann
problem set at xj+ 1

2
. The part of its solution that has influence on cell Cj =

[xj− 1
2
, xj+ 1

2
] is located on the left of the contact wave emanating from interface xj+ 1

2
,

and obtained by averaging Ũ(.;U
n+ 1

2
j , U

n+ 1
2

j+1,L) on (xj, xj+ 1
2
), which is equivalent to

the average;

Un+1
j+ 1

2
,L

=
2

∆x

∫ x
j+1

2

xj

Ũ

(
x− xj+ 1

2

∆t
;U

n+ 1
2

j , Un
j+1

)
dx (4.15)

This is because U
n+ 1

2
j+1,L and Un

j+1 are either equal or separated by a 2-contact. Now
consider the Riemann problem set at xj− 1

2
. The part of its solution that has influence

on cell Cj is obtained by averaging Ũ(.;Un
j−1, U

n+ 1
2

j ) on [xj− 1
2
, xj).This solution is

located on both sides (i.e. on the left and right) of the 2-contact, if this type of
2-wave is present at the interface xj− 1

2
. Hence we can write these three possibilities,

see [16]:

• For the right side of the 2-contact in Ũ(.;Un
j−1, U

n+ 1
2

j ) where the random sam-
pling makes the choice,

U
n+ 1

2
j = Un

j with UM(Un
j−1, U

n
j ) 6= Un

j (4.16)

we replace Un
j−1 by U

n+ 1
2

j in the Ũ to have;

Un+1
j− 1

2
,R

=
2

∆x

∫ xj

x
j− 1

2

Ũ

(
x− xj− 1

2

∆t
;U

n+ 1
2

j , U
n+ 1
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• For the left side of the 2-contact in Ũ(.;Un
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we obtain the solution as the average;
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• When within the time step ∆t no 2-contact is present at interface xj− 1
2
, then
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Now combining the above averages of the Riemann solution on the half-cells [xj− 1
2
, xj)

and (xj, xj+ 1
2
] we write the numerical solution at the next time step tn+1 as below
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The left and right numerical flux function are respectively given by;
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with UG computed as in section 3.4. Details on the properties of this numerical
scheme can be found in [16].

To complete the numerical solution to the conservative system (3.88) we use the
source term splitting approach [30] or the fractional step approach [17]. To this
aim, letting [x0, xM ] to be the spatial domain, we state that given the initial value
problem: {

∂tU + ∂xF (U) = S(U), x0 ≤ x ≤ xM

U(x, tn) = Un
(4.23)

The idea is to evolve Un from time t = tn to the new value Un+1 at time t = tn+1

in a time step ∆t = tn+1 − tn, that satifsy the CFL condition (4.6), by first solving
the homogeneous system;{

∂tU + ∂xF (U) = 0,

U(x, tn) = Un
=⇒ U

n+1
(4.24)

using the hybrid numerical scheme (4.22) in a time step of size ∆t to obtain the

solution U
n+1

. Note that the initial condition for the homogeneous system (4.24) is
the same initial condition for the non-homogeneous system (4.23). The second step

of this approach is done by using U
n+1

as the initial condition to solve the following
ordinary differential equation that accounts for the presence of the source term;

dU

dt
= S(U),

U
n+1

,

=⇒ Un+1 (4.25)

and done in the same time step of size ∆t (satisfying the condition (4.6)) to now
obtain the approximate solution Un+1 of the non-homogeneous initial value problem
(4.23) that is the discrete version of conservative system (3.88). The numerical
method employed to solve (4.25) is the explicit Euler method;

Un+1 = Un + ∆tS(tn, Un), ∆t = tn+1 − tn

where now Un ≈ U(tn). Hence the complete numerical scheme of the conservative
system (3.88).

4.3 Numerical Tests of the Hybrid Scheme

In order to visualize the features of the numerical scheme presented in the previous
section, we simulate the Aw-Rascle type macroscopic traffic model given by equa-
tions (3.68),(3.69) i.e. the derived model equations without the source term (i.e. the
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relaxation term). Following the particular choice of the speed adaptation coefficient
in equation (3.6), we take p(ρ) = Cln( ρ

1−ρ) in equation (3.69). We investigate two
traffic flow scenarios that are envisaged in two Riemann problems. This in turn
lead to two solutions of interest, namely: a 1-shock wave followed by a 2-contact
wave and a 1-rarefaction wave followed by a 2-contact wave. In this case we choose
C = 0.7 and the mesh size ∆x as given in table 4.1, and consider the following
Riemann problem, given in terms of the primitive variables:

V (x, 0) =

{
VL if x < x0

VR if x > x0

(4.26)

where the left VL = (ρL, uL)T and the right VR = (ρR, uR)T traffic states are chosen
as:

• Case 1:

ρL = 0.4, uL = 1

ρR = 0.4, uR = 0.2

with x0 = 0. In this case the exact solution is given by a 1-shock wave followed
by a 2-contact wave. Equations (3.84) can be used to obtain the exact solution.
The results are shown in figure (4.2).

• Case 2:

ρL = 0.6, uL = 0.05

ρR = 0.5, uR = 0.9

with x0 = 0. Here too, equations (3.84),(3.85) can be use to obtain the exact
solution as a 1-rarefaction wave followed by a 2-contact wave. The results are
shown in figure (4.3).

Note that in both cases the computation is done using the conservative variables
ρ and y = ρu + ρp(ρ). This is essential especially for determination of the correct
intermediate state in Case 1.

Remark 4.3.1. As proved in [16] for the consistency theorem, Theorem 3.1 part
(iii), if only shock and rarefaction waves arise in the considered flow; then the hybrid
scheme (4.22) coincides with the Godunov scheme. Therefore, for simulations done
in the following section, we essentially use the Godunov scheme since the emergent
congested traffic patterns are basically composed of shock and rarefaction waves.

4.4 Simulation of 3-Phase Traffic Flow Features

We now introduce the source term (i.e.the relaxation term) to the conservative sys-
tem (3.68)-(3.69) in order to proceed with our simulation of 3-phase traffic flow
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(a) (b)

Figure 4.2: The hybrid scheme solution to the Riemann problem; ρL = 0.4, uL =
1, ρR = 0.4, uR = 0.2 and x0 = 0

(a) (b)

Figure 4.3: The hybrid scheme solution to the Riemann problem; ρL = 0.6, uL =
0.05, ρR = 0.5, uR = 0.9 and x0 = 0

features. To this end, we consider the non-homogeneous system 3.88 and the nu-
merical scheme presented in section 4.2.

4.4.1 Traffic Breakdown at Road Bottlenecks

The kind of bottleneck that we consider in these simulations is a lane-drop, from
3 lanes to 2 lanes in a highway as shown in figure 4.4. It is well-known that any
carriageway capacity is commensurate with the number of lanes it possess. Therefore
the section of the highway with 3 lanes accommodates more vehicles than the part
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Figure 4.4: A lane-drop bottleneck.

with 2 lanes. As a consequence, the lane-aggregate maximal density of the section
of the highway with 3 lanes is greater than that of the section of highway with 2
lanes. This is to mean that at an increased flow rate, the maximum capacity in
the 2-lane section of the highway will be reached faster as the traffic from the third
lane merge onto the other two lanes. This will in turn affect (negatively) the free
flow of traffic and so congestion will set in at the location of lanes reduction. We
will come back to onset of congestion shortly. We now look at how the effects of
lane-drop are taken into account in the relaxation term, which is utilized in Chapter
2 to constitute the hypothesis of 3-phase traffic theory in the macroscopic traffic
models derived therein. Let the highway under consideration be along the x-axis
and beginning at x = −50 and ending at x = 10 with the lane-drop merging zone
situated around x = 0. Let the direction of flow of traffic be in the direction of
increasing x along the axis. Now suppose ϕ(x) is a function representing the change
in traffic density, due to the presence of the lane-drop, and satisfy the following;

(a) 1 ≤ |ϕ(x)| ≤ η for any x ∈ [−50, 10].

(b) ϕ(x) = 1 in (−50,−δ) for δ > 0.

(c) ϕ(x) = η in (δ, 10).

(d) ϕ(x) increases on (−δ, δ).
as depicted in figure 4.5. Next we scale the density with this function ϕ = ϕ(x) in
the relaxation terms (3.15), (3.56) and (3.59) i.e.

R(u, ρ, ϕ) =
1

T
(U e(ϕρ, u)− u) (4.27)

with U e(.) given by the respective expressions characterizing the three macroscopic
traffic models to be compared, i.e. the Switching Curve (SC), macroscopic Speed
Adaptation (SA), and the modified Switching Curve (mod.SC) models. In the en-
suing simulations we use the parameters given in tables 3.1 and 4.1.
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Figure 4.5: Function ϕ(x) with η = 3/2 and δ = 1.

Table 4.1: Model parameters used in simulations.

∆x 60/400 Ccfl 0.9
δ 1 η 3/2
C 0.3 T 5

Remark 4.4.1. In [31], it has been shown that indeed the empirical flow-density di-
agram strongly depends both on the highway location where the diagram is measured
and on the type of spatiotemporal congested traffic pattern present at the measure-
ment location.

We now resume the onset of congestion issue and demonstrate the ability of
the macroscopic 3-phase traffic flow models to reproduce the empirically observed
first-order F → S phase transition at road bottlenecks. The above stated road-
inhomogeneity causes a permanent disturbance of traffic flow, localized in the neigh-
borhood of the lane-drop. This is because there is merging of traffic from the ending
lane 3 onto the two continuing lanes 1 and 2, figure 4.4, which happens within the
lane-drop zone. Therefore, this disturbance of flow is permanent and localized i.e.
it is a deterministic disturbance. A deterministic disturbance in free flow at the
lane-drop bottleneck happens if: firstly, there is a high enough flow rate in free flow
on the highway upstream of the lane-drop bottleneck, and secondly, vehicles merg-
ing from lane 3 onto the other two lanes (i.e. lanes 1 and 2) compel the vehicles
on these two lanes to decelerate in the vicinity of the lane-drop zone. As a conse-
quence of this deceleration, there will be a dynamic decrease in (lane-aggregated)
velocity and in turn an increase in the (lane-aggregated) density localized in the
vicinity of the bottleneck as shown in figures 4.6(a)-(f). As more vehicles perform
the mandatory lane changes from lane 3 to merge onto lanes 1 and 2, and also due
to the high enough flow rate; the amplitude of the deterministic disturbance will
grow. However, this growth has a limit which is the nucleus required for the oc-
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Simulation of velocity, u and density, ρ dynamic changes within the
deterministic disturbance at the lane-drop bottleneck. The curves c1−c4
are related to different time moments.

currence of traffic breakdown i.e. F → S transition. If this limit is exceeded then
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F → S transition occurs at the bottleneck, compare curves c2 and c3 in figures
4.6(a)-(f). The deterministic disturbance in initial free flow becomes a nucleus for
traffic breakdown if within this disturbance the velocity decreases to or below the
critical velocity required for F → S transition, respectively, the density increases to
or above the critical density [1]. Now with increased flow rate at the bottleneck due
to merging of vehicles, a wave of dense traffic appears and propagates upstream, see
curve c4 in figures 4.6(a)-(f). The curve c4 in figures 4.6(a),(b),(e) and (f) shows a
narrow moving jam already propagating upstream. Note that the formation of the
wave of dense traffic begins with the upstream propagation of the upstream front
of the deterministic disturbance at a velocity that increases with increase of vehicle
merges. After the downstream front of the wave appears within the disturbance and
propagates upstream, then the upstream front of this wave will now tend to conform
its propagation velocity to the velocity at which the downstream front propagates.
Generally, as shown in figures 4.6(a)-(f), the Switching Curve (SC), modified Switch-
ing Curve (mod.SC) and macroscopic Speed Adaptation (SA) models predicts that,
after the occurrence of a F → S transition at the lane-drop bottleneck, moving jams
emerges and propagates upstream.

In the flow-density plane, see figure 4.7, the flow rate within the deterministic
disturbance increases with an increase of the density that is in turn a result of
a decrease in the velocity within this disturbance. However, due to the merging
of vehicles at the lane-drop, this increase in the disturbance reaches a limit upon
which the velocity within the disturbance decreases and density increases abruptly
leading to a F → S transition. Thus synchronized flow emerges. In particular, there
appears a moving synchronized flow pattern (MSP) i.e. an upstream propagating
narrow moving jam that is surrounded both upstream and downstream by free flow.
As a result of the upstream propagation of the downstream front of synchronized
flow, that was initially fixed at the bottleneck, there will be an increase in velocity
within the deterministic disturbance. This velocity increase has some limit upon
which the velocity of vehicles in synchronized flow increases and density decreases
drastically. Thus leading to a return to free flow at the lane-drop bottleneck. Hence,
a S → F phase transition occurs, completing a loop i.e. a hysteresis loop where the
upper part of the loop is the deceleration branch associated with F → S transition
while the lower part of the loop is the acceleration branch associated with a S → F
transition. However, this free flow traffic state exists for only a short period of time
and then another F → S transition occurs spontaneously at the bottleneck leading
to a new moving synchronized flow pattern (MSP). See curve c4 in figures 4.6(a)-(f).
Eventually we will observe a sequence of MSPs.

4.4.2 Spatiotemporal Congested Traffic Patterns

In the previous section 4.4.1, the nature of traffic breakdown phenomenon at a
highway bottleneck (in particular a lane-drop) has been discussed. We have showed
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(a) (b)

(c) (d)

Figure 4.7: (a)-(c) Traffic hysteresis effects at the lane-drop merging zone, depicted
in the flow-density plane. (d) The time dependence of the velocity u
within the deterministic disturbance at the lane-drop bottleneck.

the capability of the three models to reproduce the empirically observed spontaneous
appearance of a deterministic disturbance at the bottleneck and whose amplitude
grow to exceed some critical value leading to a spontaneous F → S phase transition.

In this section we look into the above featured models’ ability to replicate the
observed features of spatiotemporal congested patterns that occur in a highway
once traffic breakdown has occurred at the highway bottleneck(s). In [32], its is
shown that synchronized flow pattern (SP) and general pattern (GP) of congested
traffic occurs in the vicinity of an isolated bottleneck(i.e. an effective bottleneck
located far enough from other effective bottlenecks on the considered highway).
A general pattern (GP) is a spatiotemporal congested traffic pattern consisting of
synchronized flow that borders the isolated bottleneck location but this synchronized
flow is in turn bordered upstream by a sequence of wide moving jams. After traffic
breakdown is realized at an isolated bottleneck, various patterns of synchronized
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flow may result. These patterns are differentiated by the behavior of their upstream
and downstream fronts that separate the synchronized flow within, from the free flow
outside of the congested traffic. As pointed out earlier, in section 2.1 a SP can either
be a localized SP (LSP), moving SP (MSP) or a widening SP (WSP). We take the
lane-drop set-up depicted in figure 4.4, to be our isolated bottleneck and investigate
the kind of synchronized flow patterns, discussed in [1], that the Switching Curve,
modified Switching Curve and the macroscopic Speed Adaptation models are able
to reproduce at the bottleneck location. As shown in figure 4.8, the macroscopic

(a) (b)

Figure 4.8: Spatiotemporal congested traffic patterns simulation with macroscopic
Speed Adaptation (SA) model.

Speed Adaptation model produces MSPs. Also, in figure 4.9 the modified Switching

(a) (b)

Figure 4.9: Spatiotemporal congested traffic patterns simulation with modified
Switching Curve (mod.SC) model.
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Curve model is shown to produce MSPs, which do not extend upstream of the
bottleneck like in the SA model. These MSPs or rather narrow jams grow (i.e.
velocity decrease and density increase within them) as they move upstream of the
lane-drop bottleneck. As discussed in [32, 24], a phenomenon of growing narrow

Figure 4.10: Narrow moving jams propagation at location x = −2 for the macro-
scopic Speed Adaptation model.

jams is that if two or more growing narrow moving jams are relatively close to a one
another and one of these narrow jams grow into a wide moving jam, then the further
growth of the narrow jams that are nearby is suppressed and/or they merge with
the wide jam that has been formed. Hence a S → J phase transition is realized.
Moreover, if growing narrow moving jams are far enough from the wide moving
jam, then the process of either suppressing and/or merging of these narrow jams
result into another wide jam formation. This is vividly shown in figures 4.8 and 4.11
whereby the growing narrow moving jams at x = −2 in figure 4.10, merge later on,
see for example at x = −10, to transform into wide moving jams at x = −14. In
the course of formation of these narrow moving jams, the downstream front start to
propagate upstream from the lane-drop bottleneck. As a result, the velocity(density)
within the deterministic disturbance increases(decreases) past the limit necessary for
sustainment of synchronized flow leading to a return to free flow at the bottleneck.
However this free flow state is short-lived and so another traffic breakdown occurs
at the bottleneck and in turn another upward moving narrow jam emerges. This
process is repeated resulting to a sequence of narrow moving jams of low velocity
within them, figures 4.8 and 4.9. Looking at the simulation results of the Switching
Curve model, figure 4.12 reveals that this model is not quite a 3-phase traffic flow
model. In particular, the onset of congestion at the lane-drop, for this model leads to
formation of moving jams that are rather wide and are such that the velocity within
them decline rapidly, hence readily forming wide moving jams. Figure 4.13 shows the
flow-density relations at various location of the considered highway, i.e. upstream
of the lane-drop,x = −20, within the lane-drop,x = 0, and downstream of the lane-
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Figure 4.11: Narrow moving jams propagation at x = −10 and coalescence at loca-
tion x = −14 for the macroscopic Speed Adaptation model.

(a) (b)

Figure 4.12: Spatiotemporal congested traffic patterns simulation with Switching
Curve(SC) model.

drop,x = 5. Due to the high flow rate on the 3-lane highway section upstream of
the lane-drop and the lane-drop itself, the highway section downstream of the lane-



62 The Numerics

drop i.e. the 2-lane section operates at maximum capacity. This is depicted by the
simulation data points for highway location x = 5 on the flow-density plane scaled-
down by a factor 2

3
. Within the lane-drop location i.e. x = 0 synchronized flow, that

is MSP, is reported for the modified Switching Curve (mod.SC) and the macroscopic
Speed Adaptation (SA) models. For the Switching Curve (SC) model at the same
location,x = 0, shown in figure 4.14(a) the traffic hysteresis loop is pronounced,
unlike in the mod.SC and SA models. Thus we can state that the SC model rather
predicts a F → J transition rather than a F → S transition captured by the other
two models, which produces moving synchronized flow pattern. Upstream of the
lane-drop i.e. x = −20, wide moving jams propagate through free flow. These wide
moving jams possess the characteristic feature of maintaining the velocity of the
downstream front that is approximately -20 km/h, see figures 4.13 and 4.14.

(a) (b)

(c) (d)

Figure 4.13: ρu − ρ relation for the modified Switching Curve (mod.SC) and the
macroscopic Speed Adaptation (SA) models upstream, x = −20,
within, x = 0, and downstream, x = 5, of the lane-drop bottleneck,
figure 4.4.
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(a) (b)

Figure 4.14: ρu−ρ relation for the Switching Curve (SC) model upstream, x = −20,
within, x = 0, and downstream, x = 5, of the lane-drop bottleneck,
figure 4.4.

Remark 4.4.2. Here we briefly report on the simulation results obtained by using
the ‘pressure law’ p2(ρ) = Vref ln( ρ

ρjam
) in the conservative system (3.68)-(3.69), with

the relaxation term included, by comparing them with those reproduced by the same
system but now with ‘pressure law’ p1(ρ) = Cln( ρ

1−ρ). We take the constant Vref =
0.45 and C is as given in table 4.1. In as far as the reproduction of spatiotemporal
congested traffic patterns is concerned, the two ‘pressure laws’ yields qualitatively
the same patterns as shown in figure 4.15. However, the jams propagate upstream
at different speeds as shown in table 4.2, where we have used a maximal free flow
velocity of 120 km/h. Also, as shown in figure 4.16, the density inside the jams is
higher for the ‘pressure law’ p2 than that of p1; since p2(ρ) ≤ p1(ρ).

Table 4.2: Wide moving jams propagation velocities in km/h.

SC mod.SC SA
p1 -23.9012 -22.2776 -28.7576
p2 -23.4494 -22.0800 -25.4118

4.4.3 Simulation of Moving Bottlenecks

In vehicular traffic theory, a moving bottleneck on a multilane highway is usually a
result of the slow motion of some vehicles such as trucks or buses. Numerous stud-
ies of moving bottlenecks with models within the fundamental diagram approach
have been done. To mention a few, we state that the problem of moving bottleneck
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(a)

(b)

(c)

Figure 4.15: A comparison of simulation results of the Switching Curve (SC), mod-
ified Switching Curve (mod.SC) and macroscopic Speed Adaptation
(SA) models, respectively, for the given ‘pressure laws’ p1 and p2. In
(a)-(c), the results for t = 400 are displayed.

was introduced by Gazis and Herman [33] whereby they principally assumed that
the discharge flow rate i.e. the flow rate just downstream of the moving bottleneck
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Figure 4.16: A comparison of density profiles of the macroscopic Speed Adaptation
(SA) model for the given ‘pressure laws’ p1 and p2. We show the dif-
ference in density within the jams at distance x = −20, in figure 4.15.

is fixed. However, for all feasible bottleneck velocities this assumption is unrealis-
tic. Newell [34] removed the above stated assumption of the discharge flow rate by
suggesting that on say a 2-lane road the moving bottleneck is a long convoy such
that the traffic stream in the lane adjacent to this long convoy can be represented
on the flow-density plane by a scaled-down curve of the fundamental diagram of
the 2-lane traffic flow. Thus enabling the discharge flow rate to vary, as shown in
figure 3 of [34]. However, this model’s prediction is that the discharge flow rate
decreases with an increase in the moving bottleneck velocity. This is in contrast
to empirical observations especially if the moving bottleneck is not necessarily a
long convoy of vehicles as shown by Muñoz and Daganzo in [36], through exper-
iments using the kinematic wave theory, that the discharge flow rate increases as
the bottleneck velocity increases. Moreover, Kerner and Klenov [35] have recently
studied the features of traffic breakdown of a moving bottleneck and the resulting
spatial temporal congested patterns using the stochastic 3-phase traffic flow model
[25]. It was observed that traffic breakdown is associated with the F → S phase
transition and most of resulting congested patterns are qualitatively different from
those arising from traffic congestion at motionless bottlenecks such as on/off-ramps
and lane-drops. Now utilizing the relaxation term we demonstrate the ability of
the Switching Curve, modified Switching Curve and the macroscopic Speed Adap-
tation models to reproduce the spontaneous emergence of congested traffic patterns
at moving bottlenecks. Similar to the scaling of density that was done for the lane-
drop bottleneck, we hereby achieve the effects of a moving bottleneck by scaling ρ in
the relaxation terms (3.15), (3.56) and (3.59) by a function β = β(x(t)) as follows;

R(u, ρ, β) =
1

T
(U e(βρ, u)− u) (4.28)
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where β represents the change in traffic density due to the presence of a slow-moving
vehicle platoon and satisfy the following, for the initial time t = 0:

(a) 1 ≤ |β(x)| ≤ η for any x ∈ [−30, 30].

(b) β(x) = 1 in (−30,−x1) ∪ (x3, 30).

(c) β(x) = η in (0, x2).

(d) β(x) increases on (−x1, 0) and decreases on (x2, x3) with x2 − x2 = |x1|.
as depicted in figure 4.17. Since this bottleneck is moving, we let the moving bot-

Figure 4.17: Function β(x(t)) at the initial time t = 0, with η = 3/2

tleneck section,BM move on the outer lane of the considered 3-lane highway(figure
4.4,but without the lane-drop) at a constant velocity vB, that can be any value less
than the minimum possible velocity for free flow existence. This moving bottleneck
section comprises of the length of the moving bottleneck, flanked on the rear and
front sides by lane-changing sections for the faster vehicles. Now let xB(t) be the
location of the moving bottleneck at time t ∈ R+. Then xB(t) is required to solve
the ordinary differential equation;

dxB(t)

dt
= vB,

xB(0) = x0,
(4.29)

which describes the motion of the bottleneck along the highway. x0 stands for the
initial position of the bottleneck. Note that due to (4.29) also x1(t), x2(t), x3(t)
will move at the same constant velocity vB and the shape of β(x(t)) remains the
same. Equation (4.29) is coupled with the traffic flow model equations to simulate
the effects of the moving bottleneck on traffic flow on a multilane road. We choose
the flow rate, ρu, great enough i.e. ρ = 0.35 and the velocity is given by u = ue1(ρ)
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and vary the moving bottleneck velocity vB as 0.1, 0.17. Moreover, we choose the
initial positions of the bottleneck section as x1 = −1, x2 = 3, x3 = 4. It is clear that
faster vehicles will have all the intentions to pass the slow-moving vehicle/platoon
by changing lanes to the adjacent lanes. This vehicle lane changing maneuvres
that occurs within the rear lane-changing section of the moving bottleneck causes
a deterministic velocity disturbance that moves at the velocity vB and is localized
at the moving bottleneck. If the moving bottleneck velocity is relatively low i.e
vB = 0.1 and the flow rate on the multilane road is great enough, traffic breakdown
spontaneously appear within the deterministic disturbance at the moving bottleneck
and as a result narrow moving jams will appear in the case of the macroscopic 3-
phase traffic flow models: macroscopic Speed Adaptation (SA) model and modified
Switching Curve (mod.SC) model, figure 4.18. The Switching Curve (SC) model,
in the same figure 4.18, also predicts the spontaneous emergence of moving jams
within the moving deterministic disturbance at the moving bottleneck. But these
jams have a greater width as compared to those of the SA and mod.SC models. In
the three cases, we observe that the emergence of the wide moving jams suppresses
the growth of the smaller jams leading to their dissolution.

At higher bottleneck velocity vB = 0.17, see figure 4.19, we observe a different
behavior of traffic flow predicted by the three models. Basically, there is the forma-
tion of wide moving jams separated by widening synchronized flow (WSP) in the
vicinity of the moving bottleneck. The WSP is usually a congested traffic pattern
of high velocity and less density compared to other congested traffic patterns, that
are feasible once traffic breakdown has occurred at a bottleneck. The number of
wide moving jams formed in the mod.SC model is significantly less compared to
the other two models. While traffic congests upstream of the moving bottleneck,
free flow is realized downstream of this bottleneck as clearly depicted in the figures
4.18 and 4.19. Although it is not shown here, for a bottleneck moving at velocity
vB = 0.2, only WSP formed upstream of the moving bottleneck. If vB takes much
higher values, then there will be hardly any congested pattern formation upstream of
the moving bottleneck and consequently the flow rate downstream of the bottleneck
will remain high and within the range of the initial value, that was chosen great
enough. Hence we can conclude that an increase of the moving bottleneck velocity,
vB is accompanied by an increase in the flow rate just downstream of this moving
bottleneck i.e. an increase of the discharge flow rate, as was empirically observed
by Muñoz and Daganzo in [36].
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(a) (b)

(c) (d)

(e) (f)

Figure 4.18: Spatiotemporal congested traffic patterns caused by a bottleneck mov-
ing at vB = 0.1
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(a) (b)

(c) (d)

(e) (f)

Figure 4.19: Spatiotemporal congested traffic patterns caused by a bottleneck mov-
ing at vB = 0.17





Conclusion

In this study macroscopic traffic flow models within the framework of Kerner’s 3-
phase traffic flow theory have been presented. The 3-phase traffic theory is con-
stituted in the macroscopic equations through the relaxation term. The idea is to
preserve the 2D region of steady states of synchronized flow by introducing two
density-dependent optimal velocity curves which satisfy certain properties for the
given density ranges. It is the difference in these properties that brings about three
kinds of relaxation terms that in turn result in three kinds of macroscopic traffic
models. The macroscopic model equations, which are of the Aw-Rascle type, are
derived from microscopic and kinetic traffic models. We use transformation of co-
ordinates from Lagrangian to Eulerian in order to obtain the macroscopic model
equations from the microscopic equations. As for the derivation from kinetic mod-
els, we use a one-node quadrature ansatz [10, 11] to obtain Aw-Rascle type model
equations from kinetic models based on integro-differential equations and on the
Fokker-Planck type of equations. The hyperbolic nature of the derived macroscopic
models is studied. By construction of the solutions to the Riemann problem, set
up using the conservative form of the model, the model features have been explored
further. The numerical method for solving the macroscopic model in conservative
form is discussed and tests are carried out to show the effectiveness of the numerical
method used. Using this numerical method we go ahead to simulate traffic flow on
a roadway with a lane-drop bottleneck and a moving bottleneck. Through these
simulations, we assess the ability of the derived macroscopic traffic flow models i.e.
the Switching Curve, modified Switching Curve and macroscopic Speed Adaptation
models to reproduce the complex spatiotemporal features of traffic flow. Namely
the first order F → S transition and the coexistence of free flow (F), synchronized
flow (S) and wide moving jams (J) as observed in real traffic flow. We state here
that empirical investigation, see for instance [32] indicate that unless synchronized
flow is hindered, moving jams do not emerge in free flow but rather emerge in the
synchronized flow phase of traffic. That is their emergence is due to a sequence of
two first order phase transitions: F → S and S → J . This is because the onset
of congestion in an initial free flowing traffic is associated with F → S transition
and later on at some location upstream of the bottleneck, S → J transition occurs
depending on the bottleneck strength and the traffic demand. Generally, of the
three models investigated, the macroscopic Speed Adaptation and modified Switch-
ing Curve model gives better prediction of 3-phase traffic theory principle than the
Switching Curve model.
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