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Zusammenfassung

Piezoelektrische Materialien und insbesondere die Untergruppe der Ferroelek-
trika werden in einem weiten Feld industrieller Anwendungen eingesetzt. Viele
Sensoren, Aktuatoren und elektromechanische Bauteile mit hohen Präzisionsan-
forderungen werden mit diesen Werkstoffen ausgeführt.

Bei bestimmten Kristallsymmetrien kann sich eine spontane Polarisation einstel-
len, bei der die Schwerpunkte der positiven und negativen Ladungen einer Ein-
heitszelle ohne äußere Einwirkung nicht aufeinander liegen. Durch Anlegen ei-
ner mechanischen Spannung verändert sich die Polarisation, was als piezoelektri-
scher Effekt bezeichnet wird. Lässt sich die Richtung spontaner Polarisation durch
äußere Felder remanent verändern, spricht man von Ferroelektrizität. Domänen
sind Bereiche gleicher Polarisationsrichtung und werden durch Domänenwände
getrennt, die Dicken im Nanometerbereich aufweisen. Die Domänenwandbewe-
gung vergrößert oder verkleinert Domänen und ermöglicht somit bereichsweise
Polarisationsveränderungen (Schalten). Dies ist der Grund für das makroskopisch
sichtbare Hystereseverhalten. Das Schalten, und demnach die Domänenwandbe-
wegung ist notwendig für die relativ große Kopplung zwischen elektrischem Feld
und mechanischer Dehnung, die für viele Anwendungen interessant ist.

Oft sind die Bauteile hohen elektrischen und mechanischen Belastungen über lan-
ge Zeiten oder hohe Zyklenzahlen ausgesetzt. Durch irreversible Ladungsströme
können Verschlechterungen der relevanten Werkstoffeigenschaften mit steigen-
der Zahl an elektrischen Betriebszyklen eintreten, was als elektrische Ermüdung
bezeichnet wird. Die transportierten ionischen und elektrischen Ladungstrg̈er
können untereinander und mit inneren Bestandteilen der Struktur wie Korngren-
zen und Inhomogenitäten oder mit materiellen Grenzflächen wie Domänenwän-
den in Interaktion treten. Je stärker die Domänenwandbewegung eingeschränkt
wird, desto kleiner werden die Kopplungs– und dielektrischen Eigenschaften. Das
führt letztendlich zur Herabsetzung der Materialkenngrößen.

In den hier betrachteten Materialien Bariumtitanat (BaTiO3) und Blei-Zirkonat-
Titanat (PZT) sind Sauerstoffleerstellen die häufigsten Defekte mit der größten
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vi ZUSAMMENFASSUNG

Mobilität. Zudem können vorsätzlich eingebrachte Fremdatome (Dotanten) die
Materialeigenschaften entsprechend der Einsatzgebiete verändern und mit Leer-
stellen elektrische Dipole bilden. Ansammlungen von Punktdefekten üben einen
starken Einfluss auf die Domänenwandbewegung aus. Durch die lokal veränder-
ten Felder in der Nähe der Cluster kann die Domänenwand stellenweise verlang-
samt oder sogar ganz angehalten werden. Punktdefektansammlungen können
nachweislich an Elektroden, Poren oder im Volumen ermüdeter Proben sichtbar
gemacht werden. Mikrorisse können ebenfalls in ermüdeten Proben nachgewie-
sen werden, aber es gibt Anhaltspunkte, dass Mikrorisse nur in einem späten
Stadium der Ermüdung eine Rolle spielen.

Der Fokus dieser Arbeit liegt auf der Wechselwirkung der Punktdefekte unterein-
ander. Ein mikromechanisches Kontinuumsmodell, das Punktdefekte und elek-
trische Dipole berücksichtigt soll das qualitative und quantitative Verhalten der
Defekte im statischen Fall, aber auch im Rahmen von Driftvorgängen aufzeigen.
Das Ganze wird ohne Einbeziehung der ferroelektrischen Schaltvorgänge simu-
liert. Das Modell ist demnach für jedes piezoelektrische Material anwendbar.

Die Defekte werden als lokalisierte Eigendehnungen, elektrische Ladungen und
elektrische Dipole eingeführt. Die erforderlichen Defektparameter können mit
Hilfe atomistischer Methoden (Molekular-Statik) bestimmt werden. Für diesen
Prozess sind keine standardisierten Verfahren verfügbar. Die mechanischen Pa-
rameter lassen sich durch Relaxationsvolumina bestimmen. Vergleicht man die
durch den Defekt erzeugte Volumenveränderung im Vergleich zum ungestörten
Gitter bzw. Kontinuum, findet man die gesuchten Parameter durch beispielsweise
kleinste Fehlerquadrate. Es werden Parameter für isotrope und – motiviert durch
die fehlende Punktsymmetrie am Defektort im Kristallgitter – auch anisotrope
Defektbeschreibungen ermittelt. Die elektrische Defektstärke kann beispielswei-
se durch Vergleich der elektrischen inneren Energien identifiziert werden. Die
auftretenden Singularitäten der Kontinuumslösung werden eliminiert durch das
Betrachten der Energiedifferenz eines unendlichen Kristalls und einer periodi-
schen Zelle. Der Identifikationsprozess wird für einen Defekt in BaTiO3 durchge-
führt. Zur Vereinfachung wird die kubische Phase zur Berechnung herangezogen,
was auch zu einer Entkopplung der mechanischen und elektrischen Gleichungen
führt.

Die Defektinteraktion wird mit Hilfe von Konfigurationskräften beschrieben. Durch
den mechanischen Parameter gibt es richtungsabhängige kurzreichweitige Anzieh-
ung zwischen den Defekten. Der elektrische Teil des Defektes spiegelt die (lang-
reichweitige) COULOMB-Wechselwirkung wider, nach der sich gleiche Ladungen
abstoßen. Die langreichweitige Abstoßung überwiegt in einem bestimmten Ab-
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stand die anziehende Wirkung des mechanischen Defekts, je nach Größe der Di-
elektrizitätskonstanten. Die anisotrope Defektbeschreibung erweist sich als sehr
richtungsabhängig und langreichweitig. Es wird gezeigt, dass die Möglichkeit der
Defektagglomeration durch Interaktion in jedem Fall gegeben ist. Elektrische Di-
pole sind ebenfalls potentiell in der Lage, auf größere Entfernungen hin Defekte
anzuziehen und einzufangen.

Mit einem thermodynamisch motivierten Bewegungsgesetz basierend auf Konfi-
gurationskräften werden Simulationen von Defektdrift durchgeführt. Die Bewe-
gung von Punktdefekten sowohl durch Interaktion, als auch durch äußere elek-
trische Felder wird untersucht. Es stellt sich heraus, dass isotrope und anisotrope
mechanische Defektdarstellungen auf qualitativ ähnliche Ergebnisse führen. Au-
ßerdem zeigen die Simulationen mit äußeren Feldern, dass die Wechselwirkung
der Defekte untereinander erst bei Stärken in der Nähe des Koerzitivfeldes keine
Rolle mehr spielt.
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Chapter 1

Introduction

1.1 Motivation

Many materials exhibit a more or less pronounced coupling between two or more
phenomenological effects. In the most mechanical problems the characterising
quantity of a material is the deformation state as an answer to loading mecha-
nisms like displacements and forces. A more general material could be able to
change additional material properties like the temperature, optical properties,
electric or magnetic fields under the supply of external energy. Some examples
are organic light emitting diodes (OLEDS), shape memory alloys or piezoelectrics,
just to name a few. The coupling of e.g. mechanical deformation to electromag-
netic fields is possible on the material level like in the case of the ferromagnetic
or the piezoelectric material class, which possess the ability of coupling on the
crystal level. Mixtures of coupling substances with fluids or solid matrix material
can generate material classes exhibiting new properties. One established exam-
ple is the class of ferrofluids, where magnetic nano scale particles are suspended
in a liquid, which can be strongly polarised in the presence of a magnetic field.

Piezoelectrics are spontaneously polarised, which means that the centre of charge
of the unit cells do not coincide. This leads to a directional dependence of the
lattice and induces a coupling between applied mechanical stress and polarisa-
tion, which is called the piezoelectric effect. Materials with switchable polarisation
direction are called ferroelectrics. Ferroelectric materials are widely used in actu-
ators, e.g. in ultrasonic motors for high precision devices or fuel injection systems.
They can also be found in sensor applications, like strain or pressure sensors, or
in thin film monitoring. In these applications, high precision is required and the
material is exposed to a high number of electrical and mechanical load cycles.

1



2 CHAPTER 1. INTRODUCTION

This leads to a degradation of the material properties and a decreasing switch-
able polarisation during life time. This phenomenon is called electric fatigue.

1.2 Current state of research

The motion of domain walls in ferroelectrics (switching) is the source of the
electromechanical coupling, especially at moderate and high electric fields (see
Fatuzzo [1962]). Domains are separating domains of different polarisation ori-
entation. The hysteresis behaviour is caused by domain wall motion (Burfoot
[1967]), which is influenced by the presence of lattice inhomogeneities, see Lines
& Glass [1977]. Point defects have a strong influence on the switching capabili-
ties in perovskite-type structures like barium titanate (BaTiO3) and lead zirconate
titanate (PZT). Clustering of point defects has been observed by Grenier et al.
[1981] and Becerro et al. [1999]. Park & Chadi [1998] shows the influence
of oxygen vacancies on the crystal lattice and discusses a possible contribution
of those defects to the fatigue process. The same mechanisms are proposed by
Warren et al. [1995] as an explanation for their fatigue measurements.

Defect formation during the cycling process have been found recently by mea-
surements of Lupascu [2004]; Nuffer et al. [2002, 2000]. Agglomeration pat-
terns are visible at electrodes, in the vicinity of pores, but also in the bulk mate-
rial. External fields, structural inhomogeneities, as well as defect interaction are
assumed to be the cause for this phenomenon. An asymmetric material response
in terms of strain is observed in fatigued PZT. The symmetry of the hysteresis
can be recovered by applying high electric fields after bipolar fatigue, see Tai
& Kim [1996]. After unipolar cycling, a fatigued sample can not be recovered
by this procedure, while thermal annealing does so, see Verdier et al. [2002].
The explanation of fatigue by defect agglomeration and arrangement in planar
structures is predicted in phenomenological models of e.g. Brennan [1993]; Lu-
pascu & Rabe [2002]. In thin films, the relevancy of defect agglomeration in PZT
is pointed out by Dawber & Scott [2000]. Considerations of the defect chem-
istry can be found in Brennan [1995] to explain the formation of space charge
regions beneath electrodes in ferroelectric thin films. A continuum model con-
sidering space charges and dopants as additional field variables shows depletion
layers at the electrodes and defect accumulations at 90◦ domain walls in Xiao &
Bhattacharya [2008]. The existence of microcracks can be detected in fatigued
samples, but microcracking plays a role at a later stage of fatigue, see Lupascu &
Roedel [2005].
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The models and theories mentioned before are based on the assumption that
defect clusters are capable of slowing down or even pinning domain walls. As
a consequence, the switching capability decreases and therefore the coupling
coefficients are reduced. The models dealing with electric fatigue are usually
based on MAXWELL’s equations or LANDAU theory and contain electrical field in-
duced drift or diffusion. Atomistic considerations can be found in some of the
works. Most models in the literature do not include the elastic deformation of
the lattice, which provides an additional set of equations from the continuum
mechanics. The coupling behaviour of the material connect the mechanical and
the electrostatic equations. In this work, a defect description in a micromechan-
ical continuum model is presented, which requires a parameter accounting for
the mechanical distortion. An additional defect parameter incorporates the nom-
inal defect charge. Quantitative predictions by means of continuum models on
the material behaviour in ferroelectrics can be found in Schrade et al. [2007];
Su & Landis [2006]. These models account for point defects and require the
knowledge of the defect strength. Bulk and surface defects and their influence
on domain walls in gadolinium molybdate (GMO) are done by Schrade et al.
[2007].

In contrast to previous works on electric fatigue, the interaction of point defects
is the main topic of this work, which is an old but still intensively studied field of
research. The title includes piezoelectric materials, since the evolution of domain
walls and therefore polarisation reversal will not be subject of this thesis. Though,
the results should give further insight into electric fatigue in ferroelectrics. Inter-
action of point defects in piezoelectrics is treated in e.g. in Goy et al. [2006a,b,
2007], or Goy et al. [2009a]. For details about parameter identification, see Goy
et al. [2007] or Goy et al. [2009a].

The description of the defect and lattice surrounding can be carried out in dif-
ferent ways. The incorporation of the discrete lattice structure by means of lat-
tice statics requires a very careful theoretic consideration of the atomic structure
but with the advantage of accuracy and the correct representation of the atomic
structure. Works in that topic are e.g. Bitter [1931]; Hardy [1960]; Lau & Kohn
[1977]. In an adequate distance from a defect, the elastic lattice distortion can
be described by continuous fields. There are methods taking the neighbouring
lattice positions into account by a combination of equilibrium solutions from lat-
tice statics embedded into a continuum, see Bassani & Thomson [1956]; Littleton
[1938]. When the situation of the neighbouring atoms is not of interest, the in-
troduction of a singularity in the continuous elastic body is common practice.
Eshelby [1954, 1955] was first using this approach for investigations of defect
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interaction in the bulk of isotropic and cubic media. The singularities were in-
troduced as eigenstrains in these works, but they can also be substituted by force
dipoles (see Kröner [1958]), which results in an equivalent mathematical prob-
lem. In this way, cubic crystals and anisotropic defects have been treated in
Nowick & Heller [1963]. Adatoms and defects on the surface are considered
by e.g. Peyla & Misbah [2003] for isotropic materials, but an anisotropic defect
description. The extension to non-classical theories is done by e.g. Zhang et al.
[2006].

The interaction of defects with elements on the micro-structure (domain walls
or grain boundaries), or on the macro-structure (e.g. electrodes) has been in-
vestigated so far. In this work the emphasis will be set on defect interaction in
piezoelectric material. The propability of clustering and the formation of agglom-
eration patterns by the interaction of defects will be examined.
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1.3 Outline

This thesis is composed of eight chapters.

Chapter 2 gives an introduction into the field theories of electrostatics and con-
tinuum mechanics. The electrostatic field theory is derived carefully by means
of microscopic considerations, and the kinematic relations and mechanical stress
tensors are introduced. Boundary conditions are defined for a complete boundary
value problem.

Fundamental global and local balance relations are introduced in Chapter 3. Con-
stitutive relations are established by means of continuum thermodynamics, which
will be used for the formulation of material laws in the next chapter.

In Chapter 4, an introduction into ferroelectric material behaviour and fatigue
phenomena is given. The relation to point defects is explained. Material laws are
derived from the thermodynamic relations given in Chapter 3.

Chapter 5 is concerned with configurational forces and driving forces on defects.
A thermodynamically consistent migration law for point defects in the context of
configurational forces is derived.

Chapter 6 summarises the continuum model for point defects and defect dipoles.
The driving force on a defect is defined, which will be if further use for charac-
terising defect interaction. A relation to the interaction energy is presented.

In Chapter 7, two scenarios are presented:
- a domain in an infinite crystal representing dilute distributed defect conglomer-
ates, which requires fundamental solutions and their derivatives, and
- a periodic structure of cells containing defects, which are treated numerically.
Both scenarios have their physical relevance and the solution strategies are pre-
sented in Chapter 7.1 and Chapter 7.2.

Chapter 8 contains two major results concerning point defects and defect dipoles.
The identification of the defect parameters is the topic of Chapters 8.1–8.3. The
parameters for point defects can be estimated by means of a comparison to atom-
istic simulations (lattice statics). The relaxation volume yields the mechanical de-
fect strength, whereas energetic considerations help to identify the electric charge
of the defect. Afterwards, the set of parameters is used to investigate self inter-
action in Chapters 8.4–8.6. The orientation dependence of defect arrangements
is analysed quantitatively and the range of defect attraction is investigated in a
qualitative manner. Some examples of defect drift in an infinite and a periodic
domain are presented. The influence of an external electric field is examined.
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Chapter 9 includes a short conclusion and an outlook.



Chapter 2

Electroelastomechanics

2.1 Electrostatics

Magnetic and electric phenomena are described by the MAXWELL equations in
one unifying theory (Maxwell [1861, 1865]). The equations take the following
local form

rotB = µ0 j + µ0
∂

∂t
D ,

rotE = − ∂
∂t
B ,

divB = 0 ,

divE =
q

ǫ0
,

(2.1)

and

D = ǫ0E ,

B = µ0H ,
(2.2)

where (2.2) only holds for the vacuum. The electric field quantities are the elec-
tric field E, the electric displacement D and the charge density q. The magnetic
fields are the magnetic induction B, the magnetic field intensity H, and the mag-
netic current density j. The constants ǫ0 and µ0 denote the electric permittivity
and the permeability of the vacuum, respectively. The field equations (2.1) can
also be combined with the material equations (2.2), which take a trivial form
for the vacuum. The transfer to condensed matter requires some averaging pro-
cesses, which will be given in 2.1.2 for electrostatics. There are numerous works
concerning classical electrodynamics, e.g. Fließbach [1997]; Jackson [2006];

7



8 CHAPTER 2. ELECTROELASTOMECHANICS

Landau & Lifschiz [1967a,b], to name a few. In this chapter and throughout the
entire thesis SI units will be used.

2.1.1 Electrostatics in vacuum

Electric charge is a fundamental property of matter. While the atom itself is
electrically neutral, its components like the protons, and the surrounding elec-
trons are charged. Electric charge is quantised. Thus, there exists a fundamental
charge quantity e, so any charge in nature can only possess a charge state Q of
an integer multiple: Q = ± n e, n ∈ N. A proton has the charge of e and one elec-
tron has the charge −e, which has the unit of ±1C, after C. A. COULOMB. Since
charges are bound to carriers like electrons or ions in a crystal lattice they can
also be treated as localised in space, depending on the scale of a representative
volume. This section only treats phenomena in free space, where the MAXWELL

equations (2.1), (2.2) are valid. In matter, a distinction is necessary between
free charges and the surrounding bound charges, which can also interact with
external fields.

For the purpose of a continuum theory, it is necessary to substitute a discrete
charge distribution by a continuous one. Let V be the volume surrounding a
discrete charge distribution. Then every point charge Qi can be expressed by
a continuous distribution q(x), x ∈ R3, via an integral over the subvolumes Vi

containing only one discrete charge with
⋃

Vi = V. With the mean value theo-
rem of integration, the point charges can be written as Qi =

∫

Vi
q(x′) dV′, where

dV′ = dx′
1
dx′2 dx

′
3. Then, a charge density can be formulated with

q(x) =

N∑

i=1

Qiδ(x − xi) =

N∑

i=1

∫

Vi

q(x′) dV′ δ(x − xi) (2.3)

≈
N∑

i=1

∫

Vi

q(x′) δ(x − x′) dV′ =

∫

V

q(x′) δ(x − x′) dV′ , (2.4)

where a discrete charge distribution (2.3) has been represented by a continuous
function in (2.4). It is obvious, that the approximation becomes the more accu-
rate the smaller the deviations of q(x) from the mean values Qi are. Usually this
is fulfilled in the case of a negligibly small ratio for Vi/V.

Charges exert forces on each other of an attractive or a repulsive nature. The
force is a central force acting in the direction of a connecting line between the
charges based on the principle of action and reaction, that is a force Fi on one
charge Qi due to another charge Q j is related to the force on charge j with
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Fi = −F j. At the end of the 19th century, COULOMB found out a law for the
force on a charge i due to the presence of charge j to be

Fi =
QiQ j

4π ǫ0

xi − x j

r3
i j

with ri j = |xi − x j| , (2.5)

where EINSTEIN’s summation convention has been used. The constant ǫ0 > 0 is
the permittivity of free space and a universal constant. It can be determined to
ǫ0 ≈ 8.854 · 10−12C/(N m2). COULOMB’s law has been validated for distances up to
10−14m. When examining a discrete charge distribution with N charges, the force
on defect i is

Fi = Qi

N∑

j=1

Q j

4π ǫ0

xi − x j

r3
i j

= QiEi(xi) , (2.6)

where the electric field is defined as

Ei(xi) =

N∑

j=1

Q j

4π ǫ0

xi − x j

r3
i j

. (2.7)

Since (2.7) is only valid at discrete points, the transfer to the continuum is nec-
essary for the application of a field theory using (2.4), so

E(x) =
1

4πǫ0

N∑

j=1

Q j

x − x j

r3
j

=
1

4πǫ0

N∑

j=1

∫

V

Q j δ(x
′ − x j)

x − x′

r3
dV′ =

1

4πǫ0

∫

V

q(x′)
x − x′

r3
dV′ ,

(2.8)

where r j = |x − x j| and r = |x − x′|. A continuously distributed force acting on a
charge distribution can be defined by using (2.4) in (2.6)

F =

N∑

i=1

Qi E(xi) =

∫

V

N∑

i=1

Qiδ(x − xi)E(x) dV =

∫

V

q(x)E(x) dV . (2.9)

From this form, the force density

f (x) = q(x)E(x) (2.10)

can be extracted.
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The electric field (2.8) is written in terms of its sources q(x). It is well known
from potential theory, that the electric field can be represented by the gradient of
a scalar potential ϕ(x). The identity

grad
(
1

r

)

= −2 r−2 2 (x − x′)

r
= −x − x′

r3
(2.11)

leads to

E(x) =

∫

V

1

4π ǫ0
q(x′)

x − x′

r3
dV′ = −grad

∫

V

1

4π ǫ0
q(x′)

1

r
dV′ = −gradϕ(x) .

(2.12)

The divergence of E(x) is then divE = −∆ϕ. It follows from (2.12) that

divE(x) = − 1

4π ǫ0

∫

V

q(x′)∆
(
1

r

)

dV′

= − 1

ǫ0

∫

V

q(x′) δ(x − x′) dV′ =
q(x)

ǫ0
,

(2.13)

where ∆(1/r) fulfils the fundamental equation ∆(1/r) = −4πδ(x−x′) according to
(7.8), which will be shown in Chapter 7.1.1. The potential is specified except for
a constant term, which will be set to zero for convenience. Thus,

divE(x) =
q(x)

ǫ0
or ∆ϕ(x) =

q(x)

ǫ0
. (2.14)

The global form of this local equation can be obtained by integration over V and
using GAUSS’s law

∫

∂V

D · n dA = Q , (2.15)

where Q =
∫

V
q dV is the resulting charge in the volume V. The surface integral

on the left hand side with surface element dA and normal vector n denotes the
flux of the electric displacement D = ǫ0E over the boundary ∂V. The statement
(2.15) is called GAUSS’s law. Furthermore, the electric field is free of rotation due
to

rotE = −rot gradϕ = 0 . (2.16)

In potential theory the application of spherical harmonics is a very common ap-
proach for the representation of the fields in an orthogonal set of solutions based
on a system of spherical coordinates. Since the higher terms are not of interest
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in macroscopic electrostatics, the expansion can be done with respect to CARTE-
SIAN coordinates. Let x0 be a vector pointing into a bounded charge distribution
according to Figure 2.1. The vector r0 is bound to the point x0 and points into the
centre of the charges. The two vectors r and r′ connect the vectors x0 and x, as
well as r′ and x, respectively. The connectivity leads to the relation r′ = r− r0 and
r′ = |r − r0| = ((r − r0) · (r − r0))

1
2 . The extension of the distribution max(R), where

R is the vector denoting a sphere bounding the distribution, should be small in
comparison to r′. The potential ϕ(x) satisfies the equation

a)

+

-

-

+

-
+

+

-

-

+

x2x1

x3

r0

x0

r′

r

x
R

b)

+

-
-

+

-
+

+

-

-

+ ϕe,Ee

x1

x0

x3

x
R

r0

x2

Figure 2.1: a) Multipole expansion of bounded charge distribution, b) bounded
charge distribution in an external field ϕe.

ϕ =

∫

V

q

4πǫ0

1

r′
dV =

∫

V

q

4πǫ0 R

R

r′
dV . (2.17)

Due to the assumption that R/r′ ≪ 1, a TAYLOR expansion of R/r′ yields

1

r′
≈ 1

r
+

[

∂

∂r0

1

r′

]

r0=0

· r0 +
1

2

[(

∂

∂r0
⊗ ∂

∂r0

)

1

r′

]

r0=0

: (r0 ⊗ r0) (2.18)

The derivative with respect to r0 reads
[

∂

∂r0

1

r′

]

r0=0

= − ∂
∂r

1

r
= −n with n =

r

r
, (2.19)

where 1 is the second order unit tensor. The last tensor in (2.18) can be modified
to a traceless tensor, since the summation of the terms on the main diagonal
becomes 1/2∆(1/r)r2. This is zero since ∆(1/r) = 0 outside V, so that this term
can be subtracted in the following way:

1

r′
≈ 1

r
+
∂

∂r

1

r
· r0 +

1

6

(

∂

∂r
⊗ ∂

∂r

)

1

r
:
(

3 r0 ⊗ r0 − r20 1
)

. (2.20)
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Combining (2.17) with (2.20), and (2.19) results in the multipole expansion

ϕ(x) =
1

4πǫ0

(

Q

r
+

1

r2
n · P + 3(n ⊗ n) − 1

r3
: M

)

(2.21)

with the abbreviations for

the charge Q =

∫

V

q dV ,

the dipole moment P =

∫

V

q r0 dV ,

the quadrupole moment M =

∫

V

q
(

r0 ⊗ r0 −
1

3
r20 1

)

dV .

(2.22)

The work of a moving charge in an electric field between two points is defined by

We = −
2∫

1

F · dx = Q

2∫

1

gradϕ · dx = Qϕ(x2) −Qϕ(x1) , (2.23)

where dx = t ds is an infinitesimal line element ds multiplied with the tangential
vector t(s) on this line. According to (2.23), the work done in an electric field
is path independent. Additionally, the electric potential is determined up to an
unknown constant. From the physical point of view it is only possible (and rea-
sonable) to measure potential differences or, equivalently, the electric field. It is a
usual convention to set lim|x|→∞ϕ(x) = 0, so that the potential energy of a single
charge is the work done by bringing it from infinity to the point x, so

Πe = Qϕ(x) . (2.24)

The energy of a discrete charge distribution with N charges and a spatially local
support can be summed up to

Π
i
=

N∑

i=2

Qi

i−1∑

j=1

Q j

4πǫ0

1

r j
=

1

2

N∑

i, j=1
i, j

QiQ j

4πǫ0 r j
,

where the ith charge is brought into the field produced by the remaining i − 1

charges. The assumption is made that the single charges can be expressed using
the mean value theorem of integral calculus as Qi = q(xi)∆Vi. With ∆Vi → 0, the
potential energy becomes

Π
i
=

1

8πǫ0

∫

V

∫

V

q(x)q(x′)

r
dV′dV =

1

2

∫

V

ϕ(x) q(x) dV . (2.25)
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This can be formulated in E with (2.14) and by using GAUSS’s law as

Π
i
=

1

2

∫

V

ǫ0|E|2 dV =
1

2

∫

V

D · E dV . (2.26)

This represents the self energy of a localised charge distribution, which means
that the field q(x) has a local support within the volume V. With this assumption,
the boundary integral appearing after the partial integration of (2.25) can be
neglected. The energy density can be extracted from (2.26) and reads

U(x) =
1

2
ǫ0|E|2 =

1

2
D · E . (2.27)

The energy of a bounded charge distribution in an external field can be exam-
ined by expanding the external field into a series and identifying different energy
contributions. Let ϕe(x) be an external field applied e.g. by external sources on
the boundary, which is just slightly varying in the region of the charge field. Then
the external field can be expanded into a TAYLOR series similar to the multipole
expansion

ϕe(x) = ϕe(x0 + r0) ≈ ϕe(x0) +
∂ϕe

∂x

∣
∣
∣
∣
∣
x=x0

· r0 +
1

2

∂2ϕe

∂x∂x

∣
∣
∣
∣
∣
∣
x=x0

· (r0 ⊗ r0)

= ϕe(x0) − Ee(x0) · r0 −
1

6
gradEe(x0) : (3 r0 ⊗ r0 − r20 1) ,

(2.28)

where the substraction of the last term r20 1 can be justified using similar argu-
ments as for the multipole expansion. Then the electric field is approximated
by

Ee(x) = −gradϕ(x) ≈ Ee(x0) + gradEe(x0) r0 . (2.29)

The energy of a single point charge in an external field Πe
i
= Qi ϕe(xi) dV can be

extended to a continuous expression via

Π
e
=

∫

V

∑

i

Qi δ(x − xi)ϕ
e(x) dV =

∫

V

q(x)ϕe(x) dV . (2.30)

Thus, the energy can be expressed as

Π
e ≈ Π̂e

= ϕe(x0)Q − Ee(x0) · P −
1

6
gradEe(x0) : M (2.31)

using the expressions (2.22) for the charge, the dipole moment, and the quadrupole
moment, respectively. The assumption that the quadrupole moment is the max-
imum contribution to the energy, is certainly correct for electrodynamics on
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the macro scale. According to (2.9), the force on a charge distribution reads
F =

∫

V
q(x)E(x) dV, which leads to

Fe(x0) ≈ F̂
e
= QEe(x0) + gradEe(x0)P . (2.32)

It should be noted that the force can be written as

Fe(x0) = −grad x0Π̂
e(x0) = −grad Π̂e(x0) (2.33)

only if the shape of the charge distribution is kept fixed, which means that x0 is
the only free variable. The force is only the contribution of the external field,
the internal interaction forces vanish in the sum, because they are a central force
group.

Finally, two special cases will be disscussed briefly. A point charge q(x) = Qi δ(x−
xi) situated at point xi obviously will generate the energy and the force

Π̂
e
= Qi ϕ

e(x0) and F̂
e
(xi) = Qi E(xi) . (2.34)

However, the only non-vanishing moment of a charge dipole is the dipole mo-
ment. For the dipole q(x) = Q δ(x − x j) − Q δ(x − xi) with x j − xi = hd, where h

is the space between the charges and d indicates the direction of the orientation,
holds

Π̂
e
= Ee(x0)Q(x j−xi) = Ee(x0)Qhd and F̂

e
(xi) = gradEe(x0)Qhd . (2.35)

Here, Ee has to be evaluated at x0 = (x j + xi)/2.

MAXWELL stress tensor

It may be useful to write the electric force density in terms of a divergence of
a tensor field, analogously to the mechanical equilibrium. Recalling (2.9), the
force on a charge distribution due to an arbitrary electric field E is defined as
F =

∫

V
q(x)E(x) dV. The electric field is a total of external and internal fields,

which will be treated together in this context. By inserting (2.14), the following
representation can be found

F =:

∫

V

f (x) dV =

∫

V

ǫ0 (divE)E dV =

∫

V

(ǫ0 div (E ⊗ E) − ǫ0 gradEE) dV

= ǫ0 div

∫

V

(

E ⊗ E − 1

2
(E · E) 1

)

dV . (2.36)
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The definition of the electric potential (2.12) has been used for changing the
order of differentiation in the second term of the integral according to

ǫ0EkE j,k = Eiϕ, jk = EkEk, j =

(1

2
EkEkδi j

)

,i
.

The force density in (2.36) can be rewritten with the electric displacement (2.2)1
as

divσE = f (x) with σE = E ⊗D − 1

2
ǫ0|E|2 1 . (2.37)

2.1.2 Electrostatics in matter

The material equations in the form (2.2) are valid only in vacuum. The transfer
to matter requires a careful averaging process, since at each point of a solid body,
a charge is surrounded by other charges which interact with each other and with
external fields.

Due to the linearity of MAXWELL’s equations, the total charge density qtot and the
total electric field Etot in a solid can be divided into

qtot
= q0 + qe + qi

︸︷︷︸

q

, Etot
= E0

+ Ee
+ Ei

︸ ︷︷ ︸

E

. (2.38)

The quantities (·)0 are related to the undisturbed lattice, which is assumed to be
in perfect equilibrium. Thus, these fields satisfy MAXWELL’s equations identically
and are not of interest here. The remaining terms represent the field due to
external sources (·)e and the induced fields (·)i, which can be understood as the
answer of the material. The sum of both fields together will be referenced without
any index. The following sets of equations are to satisfy

div ǫ0E
e
= qe , rotEe

= 0 (2.39)

div ǫ0E
i
= qi , rotEi

= 0 (2.40)

div ǫ0E = q , rotE = 0 . (2.41)

In usual applications, the external field is not varying much in space. On the other
hand, the induced field fluctuates strongly on the micro scale, which requires an
averaging process. One possibility is the introduction of an averaging function
w(x) : R 7→ R localised on a representative volume V0 containing one or several
unit cells with all important structural properties. It is necessary that w vanishes
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outside V0 and
∫

V
w(x) = 1 has to hold. The average of a smooth function f

defined an V is then defined as

〈 f 〉(x, t) =
∫

V

f (x′)w(x − x′) dV′ . (2.42)

The partial derivative can be written as

∂〈 f 〉(x, t)
∂x

= −
∫

V

f (x′)
∂w(x − x′)

∂x′
dV′ =

∫

V

∂ f (x′)

∂x′
w(x − x′) dV′ . (2.43)

After a partial integration, it has been taken advantage of the fact that the func-
tion f and therefore the surface integral vanishes outside V0.

The electric field

The electric field E0 of the lattice is at least of the order 1011V/m in the region
of the outer electron orbits and even higher in the core. An applied electric field
in technical applications usually has the magnitude 106V/m, so Ee ≪ E0. Due to
linearity, Ee/E0 ∼ qe/q0 will be valid. The induced charge fields will also be of the
order of the external field, so qi/q0 ∼ Ee/E0, and therefore qi ∼ qe and Ei ∼ Ee.
Obviously, it can be justified to assume that Ei ≪ E0. Since both, the external and
the induced electric field, are significantly smaller than the intrinsic field of the
lattice, and due to the linear dependence of Ei on Ee, the resulting field will be
proportional to the applied field, i.e. E ∼ Ee.

A general case for this dependence could be

E(x, t) =

∫

t

∫

V

ǫ−1(x − x′, t − t′)Ee(x′, t′) dV dt = (ǫ−1 ∗ Ee)(x, t) . (2.44)

This is a nonlocal and time-dependent form; an additional dependency on the
mechanical stress and the temperature of ǫ−1 is omitted. The averaged electric
field (2.44) provides a macroscopic relation between applied and local fields and
reads

〈E〉(x, t) = (〈ǫ−1〉 ∗ 〈Ee〉)(x, t) . (2.45)

The external field is an average by definition, so the average can be applied to
ǫ−1 only. For further simplifications, the introduction of the FOURIER transform
(see Appendix D) with the wave vector ξ and the frequency ω according to (D.1)
will represent the field in the wave and frequency space

f̂ (ξ, ω) =

∫

t

∫

V

f (x, t) eı ξ·x eı ω t dV dt . (2.46)
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It will be necessary to transform back the wave domain

f (x, ω) =
1

(2π)3

∫

V

f̂ (ξ, ω) e−ı ξ·x dV . (2.47)

The average electric field in wave and frequency space reads

〈Êe〉(ξ, ω) = 〈ǫ̂−1〉(ξ, ω) 〈Ê〉(ξ, ω) , (2.48)

where property (D.5) has been applied. From (2.48), further simplifications can
be carried out making assumptions about the wavelength and frequency of the
applied fields. Setting ξ = 0, so that ǫ̂−1(0, ω) = ǫ̂−1(ω) and transforming back
into the real spatial domain results in

E(x, ω) = ǫ(ω)Ee(x, ω) , (2.49)

which is certainly correct for the application of long wave electromagnetic radi-
ation. The averaging brackets have been omitted here for the sake of simplicity.

The material function ǫ(ω) =
(

ǫ̂−1(ω)
)−1

can be inverted. The quantity ǫ is called
relative permittivity.

In this work and in the frame of electrostatics, all applied fields will be assumed
to be quasi static in time, thus the dependence on the frequency will be dropped:

E(x) = ǫ(0)Ee(x) . (2.50)

In Eq. (2.50) no assumption about the material structure has been made. Writ-
ing ǫ in its eigenvalues and eigenvectors reduces the free material constants to
three. It is often the case that the main crystal directions coincide with Cartesian
coordinates, so the components of ǫ will form a diagonal matrix with a basis of
Cartesian unit vectors. The special case of an isotropic material simplifies (2.50)
to

ǫ(ω) = ǭ(ω) 1 , ǫ(0) = ǭ(0) 1 = ǫ0 1. (2.51)

This holds for e.g. gases and cubic media.

Polarisation

Motivated by the ideas presented in Sec. 2.1.1, the intrinsic charge distribution
can be written as an assembly of all charge contributions of the atoms of the
lattice

qi(x, t) =
∑

a

qa(x − xa, t) , (2.52)
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with the difference that qa is a field quantity depending on x; xa are the atomic
positions. It is assumed that qa(x, t) = 0 for |x−xa| ≫ a, where a is a typical atomic
distance. The demand of electrical neutrality of the representative unit leads to

∫

V

qa(x, t) dV = 0 . (2.53)

The averaging of the induced charge distribution reads

〈qi〉(x, t) =
∫

V

∑

a

qa(x
′−xa, t)w(x−x′) dV =

∫

V

∑

a

qa(x̃, t)w(x−xa−x̃) dṼ , (2.54)

with the new variable x̃ = x − xa. In a small neighbourhood of the atoms, w can
be expanded around the point x̃ = 0:

〈qi〉(x, t) ≈
∑

a

(

w(x − xa)

∫

V

qa(x̃, t) dṼ

︸          ︷︷          ︸

=0

−∂w(x − xa)

∂x
·
∫

V

x̃ qa(x̃, t) dṼ

︸            ︷︷            ︸

=:pa(t)

)

= −div

∫

V

∑

a

pa(t)w(x − x′) δ(x′ − xa) dV
′ , (2.55)

where the atomic dipole moment pa is the first non-vanishing term. The integral
in (2.55) can be considered as the average of

∑

pa(t)δ(x
′ − xa), finally depending

on x and t. With the averaged polarisation

P(x, t) = 〈
∑

a

pa(t) δ(x
′ − xa(t)〉 (x, t) , (2.56)

Equation (2.55) can be written as

divP = −qi , (2.57)

where in this case qi denotes the averaged charge density. According to (2.53),
the whole body should be electrically neutral, so

∫

V

qi dv = −
∫

V

divP dv = −
∫

∂V

P · n da = 0 . (2.58)

Another important macroscopic quantity is
∫

V

x qi dV = −
∫

V

xdivP dV =

∫

V

P dV = P̄ , (2.59)

where P̄ is the polarisation of the whole region V while the direction of P̄ is called
the polar axis.

In an ionic crystal, two types of polarisation contribute to the polarisation (2.56):
The electronic polarisation of the atoms and the ionic polarisation of the ions.
Orientation polarisation like in H2O is not possible in solid bodies, since the
dipoles would have to be able to rotate freely.
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Susceptibility

Finding a constitutive relation between the polarisation and the total electric field
will complete the averaged MAXWELL’s equations in matter. Motivated by the
polarisability of charges in an electric field, see Fließbach [1997], the assumption
of a linear response is appropriate:

P(x, ω) = ǫ0 κe(x, ω)E(x, ω) , (2.60)

where it has been made use of the periodicity of the electric field assuming a mul-
tiplicative decomposition of E(x, ω) exp(−ı ωt). The material function κe(x, ω) is
called the electric susceptibility, which can depend on the atomic density ρ̂(x) =
〈
∑

δ(x′ − xa)〉(x), as well as on the frequency ω. In e.g. cubic materials, κe is
isotropic and thus, P and E are coaxial. At low frequencies and with homoge-
neous material, (2.60) simplifies to

P(x) = ǫ0 κeE(x) , (2.61)

where κe=̂κe(ω = 0).

Field equations and boundary conditions

A comparison of (2.57) with (2.41) yields

divD = qe , (2.62)

where the electric displacement D in a dielectric solid has been defined by

D = ǫ0E + P . (2.63)

Finally, the equations concerning the electrostatic field problem can be sum-
marised as

div ǫ0E
e
= qe and divD = qe , (2.64)

which leads to

D = ǫ0E
e . (2.65)

Since Ee
= ǫE, one obtains

D = ǫ0 ǫE . (2.66)
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Eq. (2.61) together with (2.63) connects the relative permittivity with the sus-
ceptibility

D = ǫ0(1 + κe)E ⇒ ǫ = 1 + κe . (2.67)

For linear material behaviour, (2.62) can be formulated with the electric potential
only, resulting in

ǫ0ǫ∆ϕ = qe or, with isotropic material, ǫ0ǫ∆ϕ = qe (2.68)

On a boundary ∂V of a volume V, which is located in a vacuum or surrounded
by conductors, the boundary conditions

[[D]] · n = qe on ∂Bq , ϕ = ϕ̄ on ∂Bϕ . (2.69)

have to hold, where [[D]] denotes the jump Din − Dout of the electric displace-
ment and qe is the free charge density on the boundary ∂Vq. On the part of the
boundary ∂Vϕ, the electric potential ϕ̄ is prescribed. The quantities

Din/out
= lim

ε0→0
D(x ± ε0 n)

denote the limiting values of both sides of the boundary, which can be identified
in Figure 2.2. The boundary conditions are also valid on an interface between
two homogeneous bodies. Bound charges are connected to the polarisation and
so

P · n = qi on ∂B ,

where
∫

P · n da = 0, according to (2.58). Additionally, the relations

[[E × n]] = 0 and [[ϕ]] = 0 (2.70)

have to hold on ∂B and on interfaces.

Forces, potential and power

The force on a single charge is given by (2.6), where the total averaged electric
field E has to be substituted. Following Eringen & Maugin [1990], the force
density on a charge distribution due to an external electric field Ee reads

f e(x) = qe(x)Ee(x) + gradEe(x)P(x) , (2.71)
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Figure 2.2: Boundary conditions for the electric boundary value problem.

where P is defined by (2.56). The force density in terms of the external and the
induced fields is given by

f (x) = qe(x)E(x) + gradE(x)P(x) . (2.72)

According to Landau & Lifschiz [1967b], the variation of the electrostatic energy
due to a variation δQi is

δΠ =
∑

i

ϕ(xi) δQi =

∫

V

ϕ(x) δq(x) dV =

∫

V

E · δD dV . (2.73)

With a linear constitutive assumption as in the present case, this can be simplified
to

Π =
1

2

∫

V

E ·D dV . (2.74)

The rate of energy or the power of inner charges can be computed with definition
(2.73) as

Π̇ =

∑

i

ϕ(xi) Q̇i =

∑

i

ϕ(xi) (q(x̄i)∆Vi)˙ ≈
∫

V

ϕ q̇ dV , (2.75)

where Q̇i =

∫

∆Vi
q(x) dV = q(x̄)∆Vi using the mean value theorem. The position x̄

is located in the subvolume ∆Vi, which is not changing with time. In deformable
dielectrics subject to large deformations, the subvolumes are time-dependent and
so

Π̇ =

∫

V(t)

ϕ (q dv)˙ , (2.76)
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where dv depends on the time. Analogously, the work rate of boundary charges
q da can be incorporated using

W =

∫

∂V(t)

ϕ (q da)˙ =

∫

∂V(t)

ϕ ([[D]] · n da)˙ , (2.77)

where da is also time-dependent. This will be of further interest in Chapter 3.

MAXWELL stress tensor

Similar to Sec. 2.1.1, it may be useful to define an electric force density by means
of the MAXWELL stress tensor. The total force on a charge distribution due to an
arbitrary electric field is the integral value of (2.72)

F =:

∫

V

f (x) dV =

∫

V

(

divDE + gradEP
)

dV

=

∫

V

(

div (E ⊗D) − gradE (D − P
︸︷︷︸

ǫ0E

)
)

dV

=

∫

V

(

div
(

E ⊗D − 1

2
ǫ0|E|21

)

dV . (2.78)

Here, the rearrangements of (2.78) follow similar steps like in Sec. 2.1.1. It is
remarkable that the averaged MAXWELL stress tensor in matter has the same form
and obeys the same equations as in the vacuum:

f (x) = divσE with σE = E ⊗D − 1

2
ǫ0|E|21 . (2.79)

Here, E denotes the averaged total electric field and D = ǫ0ǫE is the electric
displacement defined before. In general, the stress tensor is not symmetric. The
electric traction vector tE on a boundary with normal n is given by

tE = −σEn , (2.80)

where σE is neglected on the outer part of the boundary.
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2.2 Continuum mechanics

Let χ be a mapping of a body B consisting of the material points κ into an EU-
CLIDean space

χ : B→ E0

κ 7→ x = χt(κ) = χ(κ, t) ,

where E0 denotes the tangent space of the point 0 and the motion of the body
is parametrised by the time t, see Figure 2.3 for illustration. It is assumed that
χ−1 exists and that χ and χ−1 is piecewise twice continuously differentiable 1. By
definition, the configuration

B0 with X := χ0(κ) = χ(κ, t0), κ = χ
−1
0 (X)

is called the reference configuration B0, which coincides with the initial configu-
ration of the body at time t = t0. On the other hand,

Bt with X := χt(κ) = χ(κ, t), κ = χ−1t (X)

will be referred to as the current configuration. In the following, mechanical
quantities related to B0 are denoted in capitals or with a superscript ∗, while
quantities in Bt are represented by miniscules. Electrical quantities in the ref-
erence configuration will be marked with the superscript ∗, while the notation
introduced in Chapter 2.1 will be used in the current configuration. For simplic-
ity, the term “body” will sometimes be used as a synonym for “configuration” in
the following text. The motion is represented in the LAGRANGEean description as
a function of the reference configuration and time:

x = ϕ(X, t) .

The deformation gradient F, which is a second order tensor, denotes the linear
mapping of line elements in the reference configuration into the current configu-
ration

F :=
∂x

∂X
=
∂ϕ(X, t)

∂X
, (2.81)

which transforms line elements dX from B0 to dx in Bt as

dx = F dX . (2.82)
1The differentiability requirement holds in regular regions of the body. On material interfaces,

different requirements hold for the normal components and jumps are admissible in tangential
direction.
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Figure 2.3: Motion of a body B from the reference configuration to the current
configuration.

Surface elements dA with normal vector N are transformed to surface elements
da with normal vector n by

da n = (det F) F−T dAN , (2.83)

where F−T := (FT)−1. Volume elements are transformed by

dv = det F dV . (2.84)

The polar decomposition of F

F = RUs
= VsR (2.85)

is unique and decomposes F into a proper orthogonal second-order tensor R and
a positive definite symmetric second-order tensor Us or V s, which are called right
or left stretch tensors, respectively. The stretch tensors represent the deforma-
tional part of the motion, so they can be used to characterise the strain of the
body. Two examples of symmetric strain tensors are the GREEN strain tensor

G =
1

2
(FTF − 1) =

1

2
(C − 1) (2.86)

and the ALMANSI strain tensor

a =
1

2
( 1 − F−TF−1) =

1

2
( 1 − b−1) , (2.87)

which are formulated in the reference configuration and the current configura-
tion, respectively. The tensors

C = FTF = UsUs and b = FFT
= VsVs (2.88)
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are called left CAUCHY-GREEN tensor and right CAUCHY-GREEN tensor, respec-
tively. The displacement

u = x − X (2.89)

connects both configurations. The velocity gradient is defined as

L := gradv(x, t) = ḞF−1 , with trL = div v , (2.90)

where v(x, t) is the velocity of a material point in the current configuration. The
velocity gradient transforms time derivatives of surface elements as

(n da)· = (trL 1 − LT) n da (2.91)

and time derivatives of volume elements as

(dv)· = trL dv . (2.92)

In continuum mechanics without the presence of MAXWELL stresses, the projec-
tion of the CAUCHY stress tensor σ on the normal vector n of the surface ∂Bt

provides the mechanical stress vector on ∂Bt:

t = t̂(n, x) = σ n on ∂Bt . (2.93)

This holds not only for the boundary of the actual configuration, but for the
surfaces of any subset of the body. The stress vector in the current configuration
can also be described with the first PIOLA–KIRCHHOFF stress tensor K as

t∗ = KN on ∂Bt with K = (det F)σ F−T , (2.94)

where N is a normal vector on the surface ∂B0.

In the presence of MAXWELL sresses, it is convenient to summarise mechanical
and electric stresses to

σ̃ = σ + σE (2.95)

with the MAXWELL stress tensor in the actual configuration, or

K̃ = (det F)σF−T + (det F)σEF−T = K + KE (2.96)

in the reference configuration. A mechanical stress vector produces MAXWELL

stresses

σ̃n = t on ∂Bt and K̃n = t∗ on ∂B0 , (2.97)
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which has the consequence that the total stress vector t + tE (or t∗ + tE ∗) is com-
pensated only by the mechanical stress tensors

σn = t + tE on ∂Bt and Kn = t∗ + tE ∗ on ∂B0 . (2.98)

In (2.97) and (2.98), the MAXWELL stresses are neglected on the outer part of
the boundary.

In the case of a deformed body, the electrical fields in the reference configuration
are

D∗(X) = (det F) F−1 D(x) , (2.99)

q∗(X) = (det F) q(x) , and (2.100)

E∗(X) = Gradϕ(X) = FT gradϕ(x) , (2.101)

which fulfil

DivD∗ = q∗ and RotE∗ = 0 in B0 (2.102)

and

[[D ·N]] = q∗ on ∂B0 . (2.103)

The boundary conditions are given by

[[D ·N]] = q̄∗ on ∂B0 q and ϕ = ϕ̄ on ∂B0ϕ . (2.104)

The field quantities in the current configuration can be used as described in Chap-
ter 2.1.

In the case of small strains and rotations, a linearised kinematics can be used,
where both configurations coincide and will be denoted by B. With reference to
Appendix A, the infinitesimal strain tensor

ε =
1

2
(gradu + (grad u)T) (2.105)

is used. All stress tensors are identical, so the linearised stress tensor will be
described with the symbol for the CAUCHY stress tensor σ, while the MAXWELL

stress tensor is taken from (2.79). A complete boundary value problem requires
the boundary conditions

t = σ̃ n on ∂Bσ and u = ū on ∂Bu , (2.106)

where ∂Bσ and ∂Bu are parts of the surface with stress and displacement bound-
ary conditions, respectively and σ̃ = σ + σE.



Chapter 3

Balance laws

Balance laws of continuum physics are axioms for the balance of a quantity in the
interior of a material body in the current configuration Bt. It is balanced with a
flux over the surface ∂Bt and production in the interior of the body.

A general mathematical form for a balance law is

d

dt

∫

Bt

φ dv =

∫

∂Bt

τ n da +

∫

Bt

g dv , (3.1)

where φ is the quantity that is to be balanced and τ n denotes the normal com-
ponent of the flux over the boundary, while g represents a production term in its
interior. In general, all terms are tensorial quantities. The global form can be
transferred into a local form assuming the continuity of matter and smooth phys-
ical field quantities. For a more detailed discussion see e.g. Eringen & Maugin
[1990]. Writing all fields as integrals over Bt, using GAUSS’s law and REYNOLD’s
transport theorem,

d

dt

∫

Bt

φ dv =

∫

Bt

∂

∂t
φ dv +

∫

∂Bt

φ v · n da =
∫

Bt

(

φ̇ + φdiv v
)

dv (3.2)

results in the local form

φ̇ + φ div v − div τ − g = 0 . (3.3)

Conservation of mass and charge

In a closed system, which can contain the body, but also part of its surrounding,
the mass of the system should be conserved. The field φ can be identified with

27
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φ = ρ, while τ n = 0 and g = 0. This results in the

global form local form

d

dt

∫

Bt

ρ dv = 0 , ρ̇ + ρ div v = 0 .
(3.4)

The same condition holds for the electric charge (where φ = q, τ n = 0 and g = 0)
in the

global form local form

d

dt

∫

Bt

q dv = 0 , q̇ + q div v = 0 .
(3.5)

Conservation of linear momentum and angular momentum

The conservation of momentum is also known as NEWTON’s second law, where
the mass specific momentum φ = ρv has to be balanced with the flux τn = t

and the body forces g = f . Then, the traction vector on the boundary consists of
mechanical forces only.

d

dt

∫

Bt

ρv dv =

∫

∂Bt

t da +

∫

Bt

f dv global form , (3.6)

ρv̇ − div (σ + σE) − f = ρv̇ − divσ − f − fE = 0 local form . (3.7)

The equation of motion can be formulated in the reference configuration equiva-
lently using (2.94), (2.84), and (2.83)

ρ0 v̇ − Div (K + KE) − f ∗ = ρ0v̇ − DivK − f ∗ − fE ∗ = 0 local form . (3.8)

The angular momentum is achieved by taking the outer vector product of the
quantities introduced above with the position vector x. Thus, φ = x×ρv, τn = x×t
and g = x × f ,

d

dt

∫

Bt

x × ρv dv =
∫

∂Bt

x × t da +

∫

Bt

x × f dv global form , (3.9)

σ̃ = σ̃T local form . (3.10)

The local form shows the symmetry of the total stress tensor σ̃ = σ + σE.
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The first law of thermodynamics

The first law states that mechanical (or electrical) potential and kinetic energy
of a system can be converted into heat, as well that heat can be converted into
mechanical (or electrical) work. In this case the terms φ dv = (ρ ê + 1/2 ρv · v) dv
are to be balanced with the flux τ n da = (t · v − k · n)da + (ϕ q da)˙ and the supply
g dv = ( f · v + ρ r) dv + ϕ (q dv)˙. The formulas for the electrical workings in the
bulk and on the boundary is given by (2.76) and (2.77). An expansion can be
carried out by using

n (da)˙ = (div v1 − LT)n da and (dv)˙ = (div v) dv ,

where L is the velocity gradient (2.90). Furthermore, the electric displacement
in the space surrounding the body (D+) is assumed to be neglectable compared
to the electric displacement in the body (D−), see Chapter 2.1.2. A further speci-
fication of all terms can be found in Table 3.1.

ê ê specific inner energy density,

1
2
v · v 1

2
v · v specific kinetic energy density,

t∗ · v t · v mechanical surface power density,

f ∗ · v f · v mechanical power density,

r r specific inner heat production,

−k∗ ·N −k · n heat flux density,

ϕ q̇∗ −ϕ (Ḋ + div vD − LD) · n electrical surface power density,

ϕ q̇∗ ϕ (q̇ + div v q) electrical power density.

Table 3.1: Quantities used in the first law of thermodynamics used for the formu-
lation in the reference and the actual configuration.

Finally, the global form can be written as

d

dt

∫

Bt

(ρ ê +
1

2
ρv · v) dv

=

∫

∂Bt

(t · v − k · n) da +
∫

∂Bt

ϕ (q da)˙ +

∫

Bt

( f · v + ρ r) dv +
∫

Bt

ϕ (q dv)˙

(3.11)

in the actual configuration. For the further calculations, it is convenient to trans-
form the equations into the reference configuration. Using (2.99)–(2.101) and
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(2.94) the balance (3.11) reads

d

dt

∫

B0

(ρ0 ê +
1

2
ρ0 v · v) dV

=

∫

∂B0

(t∗ · v− k∗ ·N) dA+

∫

∂B0

ϕ q̇∗ dA+

∫

B0

( f ∗ · v+ ρ0 r) dV +
∫

B0

ϕ q̇∗ dV .

(3.12)

The electrical boundary terms can be transformed using (2.101)–(2.104) and
GAUSS’s law to

∫

∂B0

ϕ q̇∗ dA = −
∫

B0

Div (ϕ Ḋ
∗
) dV =

∫

B0

(E∗ · Ḋ∗ − ϕ q̇∗) dV .

The mechanical boundary term can be written according to (2.97) as
∫

∂B0

(K̃N) · v dA =
∫

B0

(Div K̃ · v + K̃ : Ḟ) dV . (3.13)

Finally, after using the local balance of linear momentum (3.7), the first law
(3.12) can be written in the local form

ρ0 ˙̂e − K̃ : Ḟ − E∗ · Ḋ∗ + Div k∗ − ρ0 r = 0 . (3.14)

In the actual configuration, the local form becomes

ρ ˙̂e − (σ̃ − E ⊗D + (E ·D) 1) : L − E · Ḋ + div k − ρ r = 0 . (3.15)

The second law of thermodynamics

The second law states that heat generally cannot spontaneously flow from re-
gions of lower temperature to regions of higher temperature. Simultaneously,
the process will increase the entropy of the system, which can be written as the
CLAUSIUS-DUHEM inequality

∫

B0

ργ dv ≥ 0 or equivalently,

∫

B0

ρ0 γ dV ≥ 0 (3.16)

with the specific entropy production γ of the material. Here, the entropy φ = ρ s
has to be balanced. CLAUSIUS related the supply of entropy to the temperature
as τ n = −k·n

θ
and g = ρ r

θ
+ ργ. Thus, the global form for the balance reads

d

dt

∫

Bt

ρ s dv =

∫

∂Bt

−k · n
θ

da +

∫

Bt

(

ρ
r

θ
+ ργ

)

dv (3.17)
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in the actual configuration and

d

dt

∫

B0

ρ0 s dV =

∫

∂B0

−k∗ ·N
θ

dA +

∫

B0

(

ρ0
r

θ
+ ρ0 γ

)

dV (3.18)

in the reference configuration. Combining (3.17)–(3.18) and (3.16) leads to the
local forms

θρ ṡ − 1

θ
k · gradθ + div k − ρ r ≥ 0 , (3.19)

θρ0 ṡ −
1

θ
k∗ · Gradθ + Div k∗ − ρ0 r ≥ 0 (3.20)

after application of the localisation law.

Electric Gibbs’ function

In order to formulate thermodynamically consistent constitutive laws, the local
form (3.20) has to be expressed with (3.14) as

−ρ0 ˙̂e + K̃ : Ḟ + E∗ · Ḋ∗ + θρ0 ṡ −
k∗

θ
· Gradθ ≥ 0 . (3.21)

There are many possibilities of choosing an appropriate energy function, depend-
ing on the free variables. Since the energy function should depend on the defor-
mation F, the electric field E∗ and the temperature θ, it is convenient to use the
electric GIBBS’ function ψ(F,E∗, θ,X, ξ), see Mason [1950]. The additional de-
pendency on the position X represents e.g. a gradient in material properties or
other material inhomogeneities. The vector ξ(t) denotes the position of a cen-
tre (e.g. of mass) of a bounded defect distribution. The defects are assumed to
be small in comparison to a representative volume of the crystal, such that the
treatment as a point in the continuum will be justified in the following. A further
concretisation will be given in chapter 6.1.

A LEGENDRE transform of the specific energy yields

ψ = ρ0(ê−θ s)−E∗ ·D∗ { ψ̇ = ρ0( ˙̂e− θ̇ s−θ ṡ)− Ė
∗ ·D∗−E∗ ·Ḋ∗ . (3.22)

where ψ is related to a unit volume. Furthermore, the derivative with respect to
time yields

ψ̇ =
∂ψ

∂F
: Ḟ +

∂ψ

∂E∗
· Ė∗ +

∂ψ

∂θ
θ̇ +

∂ψ

∂ξ
· ξ̇ . (3.23)
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Equation (3.21) can be specified further using (3.22) and (3.23) as
(

K̃ −
∂ψ

∂F

)

: Ḟ−
(

D∗ +
∂ψ

∂E∗

)

· Ė∗−
(

ρ0 s +
∂ψ

∂θ

)

θ̇− k
∗

θ
·Gradθ−

∂ψ

∂ξ
· ξ̇ ≥ 0 , (3.24)

Introducing the symmetric right CAUCHY-GREEN tensor (2.88) leads to

ψ(F,E∗, θ,X, ξ) = ψ̄(C,E∗, θ,X, ξ) and
∂ψ

∂F
=
∂ψ̄

∂C
FT .

Following Coleman & Noll [1963], the arbitrary velocities in (3.24) lead to the
thermodynamic restrictions given below

K̃ =
∂ψ

∂F
=
∂ψ̄

∂C
FT , (3.25)

D∗ =
∂ψ̄

∂E∗
, (3.26)

s = − 1

ρ0

∂ψ̄

∂θ
. (3.27)

The remaining inequality states that the dissipation D should always be nonneg-
ative:

D = −k∗ · Gradθ + Ξ · ξ̇ ≥ 0 , (3.28)

with

Ξ := −
∂ψ̄

∂ξ
. (3.29)

Remark. It is sometimes convenient to express the global form of the first law of
thermodynamics (3.12) with the GIBBS’ function as

d

dt

∫

B0

(ψ +
1

2
ρ0 v · v) dV

=

∫

∂B0

(t∗ · v− k∗ ·N) dA−
∫

∂B0

ϕ̇ q∗ dA+

∫

B0

( f ∗ · v+ ρ0 r) dV −
∫

B0

ϕ̇ q∗ dV .

(3.30)

Material objectivity

Constitutive relations have to fulfil the principle of material objectivity, which
means that the energy function should remain invariant due to an Euclidean
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transform of space-time Toupin [1957] or change of frame Noll [1958]. Let the
tuple (x, t) be an event at time t at point x and (x∗, t∗) be a second event with the
properties

x̃ = Q(t) x + c(t) , t̃ = t − a , (3.31)

where Q(t) = {Q : QQT
= 1, detQ = 1} is an orthogonal second order tensor, c(t)

is a point and a ∈ R. With the abbreviation f̃ := f (x̃, t̃) the fields transform as

C̃ = C , Ẽ∗ = E∗ , θ̃ = θ , G̃rad θ̃ = Gradθ , ψ̃ = ψ . (3.32)

All mechanical and electrical fields are rotation-invariant and thus objective ten-
sor fields.
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Chapter 4

Ferroelectrics

4.1 Characteristics of ferroelectric materials

Structural symmetry of a crystal can be described with the symmetry of the lattice
structure. This is done by investigating a unit cell of the lattice. One can identify
32 point groups consisting of eight symmetry elements. The crystals of all sym-
metry groups are capable to show an electrostrictive effect, which is the response
of the crystal in terms of strain to an applied electric field. Since this is a quadratic
effect, the strain is unaffected by a change of sign in the electric field. There are
12 centrosymmetric crystal classes which do not allow for another coupling of
mechanical and electrical quantities.

In contrast, there are 20 centrosymmetric crystal classes which do not have a
centre of symmetry. The lack of symmetry generates a directional dependence of
the lattice and induces a coupling between applied mechanical stress and polar-
isation, which is called the piezoelectric effect. Analogously, the application of an
electric field creates a mechanical strain, which is called the converse piezoelectric

effect. The class of piezoelectric crystals contain ten polar materials, where every
single crystal exhibits a polar axis (see Eq. (2.59)) without external influence, so
one says they are spontaneously polarised. Since this phenomenon only occurs in
a certain range of temperature, this crystal class is called pyroelectric. The tem-
perature dependence of the spontaneous polarisation can be seen in Figure 4.1
a). Pyroelectric crystals have a distinguished polarisation direction, which is not
reversible in many cases. Nevertheless, among the class of pyroelectrics there
are materials featuring polarisation switching, which are called ferroelectrics.
The application of a sufficiently large electric field can cause the polarisation to
change its direction into energetically more favourable directions.

35
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Figure 4.1: a) Spontaneous polarisation over temperature in BaTiO3 after Merz
[1949], b) phase diagram of PZT.

The switching mechanism is illustrated by a ferroelectric of perovskite type. A
perovskite unit cell is composed of cations in the corners and in the centre of
the tetragonal cell and oxygen ions on the faces (Figure 4.2 e)). The ferroelec-
tric phase is characterised by the spontaneous polarisation Ps, which causes a

ε > εs
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c)a

c
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P
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ε < εs
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Ti4+

O2−

Ba2+

Figure 4.2: Perovskite structure (BaTiO3) in a) paraelectric phase, b) sponta-
neously polarised (ε = εs), c) applied electric field, polarisation P > Ps, normal
strain ε > εs, d) applied electric field (E < Ec), P < Ps, ε < εs, e) applied electric
field (E > Ec), polarisation switches, ε > εs, f) applied electric field (E⊥P), shear
strain γ > 0.
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cubic tetragonal

β

β βα

Figure 4.3: Unit cells of perovskite type with actual (continuous) and other pos-
sible (dashed) polarisation directions.

spontaneous strain εs of the unit cell. The polarisation can be oriented in six
energetically favourable directions, see Figure 4.3. As an example, Figure 4.2 a)
shows a unit cell with downward polarisation. The axis parallel to the polarisa-
tion direction is called c-axis, while the other two will be identified as the a-axes.
The lengths of the lattice axes are strongly temperature dependent, so the a axis
of the cubic phase and of the tetragonal phase do not coincide in general. Fig-
ure 4.2 b)–d), f) show some typical coupling modes between electric field and
mechanical strain, as well as the effect on the polarisation. An electric field ap-
plied in the direction of the polarisation leads to an increase of polarisation and
mechanical strain b). A field in the opposite direction causes a reduced polari-
sation and strain c). Exceeding a threshold value for the electric field switches
the polarisation by 180◦ d). Beside this 180◦ switching, a polarisation switching
by 90◦ is possible in tetragonal structures. The polarisation switches to a di-
rection perpendicular to the previous one, which can be energetically favourable
depending on the crystal structure. In BaTiO3, 180◦ domain switching is the main
switching mechanism.

In a polycrystal there are many more possible polarisation orientations caused by
the manufacturing process and the resulting difference in grain orientation. As a
consequence, there are homogeneous regions with similar polarisation directions,
which are called domains. The interface between two domains is termed domain
wall. In the vicinity of a domain wall, grain boundaries can be distorted, but
a movement of the boundaries due to this material interface is impossible. The
most common types of domain walls are 90◦ and 180◦ walls. In the case of
perovskite, the angle between two neighbouring polarisation directions separated
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a)

E

Pr
Ps

Psat
P

initial slope

b)

E
initial slope

εr

ε

Figure 4.4: a) Polarisation over electric field in a polycrystal, schematically, b)
strain over electric field in a polycrystal, schematically.

by a 90◦ domain wall can not be perfectly 90◦ because of a geometric mismatch
of the tetragonal structure. This causes additional mechanical stresses at the
domain boundary.

In Figure 4.4 a), a macroscopic hysteresis of is shown. Ferroelectrics are grown
crystals exhibiting a polydomain structure, which is represented by the point
(0, 0). After an initial ramp, the polarisation is – in sections – a smooth function
of E. The reason lies in the switching of the different unit cells and grains. This
does not occur at once, but by switching of one domain after another. During the
switching process the position of the domain walls change until the polarisation
directions are in an equilibrium with the external loads. A second mechanism
of polarisation reversal is domain nucleation, where new domains are created,
if the applied electric field is strong enough. However, the main mechanism for
polarisation reversal in perovskite structures is the polarisation reorientation, see
Jaffe et al. [1971].

With no electric field present, the remanent polarisation Pr remains, which dif-
fers from the spontaneous polarisation, since not every grain is aligned such that
the polarisations of the different grains coincide. The small polarisation sketches
show qualitatively the mean polarisation orientation in the crystal. The non-
linearity arises from the heterogeneity of the crystal and the threshold value Ec

before switching occurs. The approximately linear range at high electric fields
is used to extrapolate Ps back to zero field. In Figure 4.4 b), the macroscopic
mechanical strain ∆l/l is plotted, where the zero level has been set to the state of
minimal elongation of the specimen. Analogously to the polarisation, the strain
also has a remanent value εr in absence of an electric field, which will be called
remanent strain.

Domain wall motion is an important feature for the switching mechanism of a
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Ps [ µC
cm2 ] at temperature [◦C] Curie temperature [◦C]

BaTiO3 26 23 120
KNbO3 30 250 453
PbTiO3 >50 23 492
LiNbO3 71 23 1207

Table 4.1: Examples of ferroelectrics (perovskite type).

BaTiO3 rhomboh.
−90◦C←→ orthorh.

0◦C←→ tetragonal
130◦C←→ cubic

PZT rhomboh./tetragonal
220◦C−480◦C←→ cubic

Table 4.2: Phase transition temperatures of BaTiO3 and Pb(Zr,Ti)O3 (PZT).

ferroelectric. The velocity vw can be estimated by

vw = µ1 (E
e − Êc) or vw = µ2 e

−δ/Ee

(4.1)

where µ1,2 and δ are material constants, Ee is the strength of an applied electric
field and Êc is a switching threshold. The mobility laws are taken from Merz
[1954] and Burfoot [1967], respectively. Since a domain wall is a material in-
terface, an energy can be associated, which can be approximately quantified as
0.14–1.0 µJ

cm2 for 180◦ domain walls in BaTiO3, and 0.2–0.4 µJ
cm2 for 90◦ domain

walls. The thickness lies between 5–20 Å for 180◦ walls and 50–100 Å for a 90◦

wall. The values are summarised in e.g. Jona & Shirane [1993].

Since ferroelectrics are also pyroelectric, it exists a paraelectric phase, in which
the crystal is free of spontaneous polarisation. The thermodynamic properties of
pyroelectrics show an abnormal behaviour at the CURIE point θC, which is the
temperature of phase change. The dielectric property can be approximated by
the CURIE–WEISS law

ε − 1 =
c

θ
− θ0 , (4.2)

where c is the material specific CURIE constant and θ0 denotes the CURIE temper-
ature, which is not exactly the CURIE point since it is an extrapolated parameter.
In many cases, there exists a higher and a lower CURIE point, but in most appli-
cations only the higher point is of practical relevance. The CURIE temperatures of
two ferroelectrics are listed in Table 4.1. However, a phase transition is not al-
ways always accompanied by a loss of ferroelectric properties, as it can be seen in
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BaTiO3, where two additional phase transitions occur between three ferroelectric
phases. Here, only the preferable polarisation directions change in the transition
from the orthorhombic to the tetragonal phase (see Table 4.2). On the contrary,
when the ferroelectric is a composition like Pb(Ti,Zr)O3 (PZT), a phase diagram
(Figure 4.1) can be drawn for the dependency of the phases on temperature and
mole % of the varying constituents. In the case of PZT, compositions close to
the morphotropic phase boundary exhibit extremely high dielectric and coupling
constants.

4.2 Thermodynamic considerations and

material laws

The formulation of material laws will be carried out in a linearised geometry.
Since the ferroelectrics considered here are brittle materials operated in regions
of small strains, this is a justified assumption, see Appendix A. Eqs. (3.25)–(3.27)
take the form

σi j =
∂ψ

∂εi j
, Di = −

∂ψ

∂Ei
, s =

∂ψ

∂θ

in index notation with respect to CARTESIAN coordinates. The electric GIBBS’
function ψ(ε,E, θ), is assumed to be C2 continuous. Then, the tangential stiffness
and the tangential dielectric tensor can be derived fromCi jkl :=

∂σi j

∂εkl
=

∂2ψ

∂εi j∂εkl
, Ai j :=

∂Di

∂E j
= −

∂2ψ

∂Ei∂E j
. (4.3)

The elastic–electric coupling is derived frombi jk :=
∂Di

∂ε jk
=

∂

∂ε jk

∂ψ

∂Ei
=

∂

∂Ei

∂ψ

∂ε jk
= −

∂σ jk

∂Ei
. (4.4)

The change of mechanical stresses and electric displacement with respect to tem-
perature is written analogously as

∂σi j

∂θ
=

∂

∂εi j

∂ψ

∂θ
=: ζm

ij ,
∂Di

∂θ
= − ∂

∂Ei

∂ψ

∂θ
=: ζ e

i . (4.5)

It should be noted that formally, the material tangents can still have dependencies
of the form C = C̄(ε), b = b̄(ε,E), A = Ā(E), ζm

= ζ̄
m
(ε, θ) and ζ e

= ζ̄
e
(E, θ). All

other state variables have to be kept constant. Due to the interchangeability of



4.2. THERMODYNAMIC CONSIDERATIONS AND MATERIAL LAWS 41

the derivatives and as a result of the symmetric strain tensor ε, the components
of the material tangents have the symmetriesCi jkl = Ckli j = C jikl , bi jk = bik j , Ai j = A ji . (4.6)

Finally, the differential material laws take the form

dσ = C∣
∣
∣
E,θ

dε − bT
∣
∣
∣
θ
dE + ζm

∣
∣
∣
E
dθ (4.7)

dD = b∣∣∣
θ
dε +A

∣
∣
∣
ε,θ

dE + ζ e
∣
∣
∣
ε
dθ (4.8)

dQ = θ ds = θζm
∣
∣
∣
E
dε + ζ e

∣
∣
∣
ε
dE + (ρcp)

∣
∣
∣
ε,E

dθ , (4.9)

where dQ is the amount of heat added to the crystal, while ρcp = θ ∂s
∂θ denotes the

heat capacity. The constant state variables are indicated with a subscript.

In the following context, two simplifications according to Appendix A are made:

• Neglecting differences between isothermal and adiabatic conditions. The
material tangents are sensitive to the thermal conditions. Isothermal values
(dθ = 0) and adiabatic values (dQ = 0) can be obtained, but the difference
is negligibly small at room temperature.

• Isothermal conditions.

Beside the linearised geometry, a linear material law will be appropriate, so the
GIBBS’ function will be assumed to be quadratic in its arguments. Then, the
tangents in (4.7) and (4.8) are temperature dependent material constants. The
material is allowed to exhibit inelastic strain ε0, such that σ(ε = ε0, x) = 0. To-
gether with the initial condition D(E = 0, x) = Ps(x) the material laws can be
integrated from (4.7) and (4.8) to

σ = C (ε − ε0) − bT E , σi j = Ci jkl (εkl − ε0kl) − bki j Ek (4.10)

D = b (ε − ε0) +AE + Ps , Di = bi jk (ε jk − ε0jk) +Ai j E j + Ps
i . (4.11)

The corresponding GIBBS’ function takes the form

ψ(ε,E, x, ξ)

=
1

2
(ε− ε0(x, ξ)) : C(ε− ε0(x, ξ))−E ·b(ε− ε0(x, ξ))− 1

2
E ·AE−Ps(x, ξ) ·E .

(4.12)

The strain

εe := ε − ε0 (4.13)

can be identified as the elastic strain, which coincides with the total strain almost
everywhere except at the defect positions.
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4.3 Notation

In the following, the VOIGT notation will be used, which incorporates an index
contraction of the form i j→ I, kl→ K, such thatCi jkl → CIK , bikl → biK ,

with the assignment

11→ 1 , 22→ 2 , 33→ 3 , 12→ 4 , 23→ 5 , 31→ 6 .

The structures of the material tensors will be shortly presented in the following
for the sake of completeness. The poling axis is assumed to be identical with the
e3 axis with Ps

= |Ps| e3.

Stiffness tensor

Cc
IJ=̂





C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44





cubic (4.14)

C
tg

IJ
=̂





C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C33 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C55





tetragonal (4.15)

Cti
IJ=̂ C

tg

IJ
, except C44 =

C11 − C12

2
transversely isotropic (4.16)

Coupling tensor

bc = 0 cubic (4.17)

b
tg

iK
= btiiK=̂





0 0 0 0 0 b15
0 0 0 0 b15 0

b31 b31 b33 0 0 0




tetragonal/trans. isotr. (4.18)
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Dielectric tensor

Ac
i j=̂





A11 0 0

0 A11 0

0 0 A11




cubic (4.19)

A
tg

i j
=Ati

i j=̂





A11 0 0

0 A11 0

0 0 A33




tetragonal/transversely isotropic (4.20)

4.4 Fatigue phenomena

Electric fatigue in ferroelectric materials is defined by the successive reduction of
dielectric and coupling properties. A comprehensive overview about phenomeno-
logical and microstructural effects, as well as mechanisms and recent develop-
ments can be found in Lupascu [2004]. Some phenomenological observations
will be explained shortly with an illustrative example shown in Figure 4.5, which
is taken from Lupascu & Roedel [2005]. Here, a commercial PZT (PIC 151) is
fatigued by a bipolar electric field driven at 50 Hz, which varies from 1.0 – 1.96
kV/mm. The initial coercive field lies at about 1 kV/mm. The distance between
the electrodes is l, so that the macroscopic strain is defined as ∆l/l. The sample

a)

unipolar loading
sesquipolar loading
bipolar loading

E

t

b)

P
[C/m2]

ε
[10−3]

E [kV/mm]

Figure 4.5: Left: Loading scenarios, right: Macroscopic polarisation and strain
in PIC 151 for (a) 0 cycles, (b) 3·106 cycles and (c) 108 cycles, bipolar fatigue at
50 Hz, E = 2 kV/mm (taken from Lupascu & Roedel [2005]).
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exhibits a decreasing remanent and saturation polarisation, while the coercive
field is increased during the fatigue process. The shape of the P − E loop is con-
served. By varying the electric field, the remanent polarisation and the coercive
field change drastically at fields higher than the initial Ec. Applied fields in the
order of the initial coercive field do not affect the material properties. The ef-
fect on the electromechanical coupling is asymmetric concerning the mechanical
strain. Regarding the strain – electric field relation, an overly strong compres-
sion of the left hysteresis part can be observed at already 103 cycles, while the
right hand side shows the first fatigue phenomena at about 106 cycles. Analo-
gously to the polarisation, the strain is affected by the strength of the applied
field. As an example, a field of 1.4 kV/mm leads to a final amplitude for ∆ε
of 60% of the initial value on the left hand side of the hysteresis (108 cycles),
where ∆ε = max(ε)−min(ε). The final amplitude of ∆ε for a field of 1.96 kV/mm
is decreased to only 10% of the initial value. Although the effect on the right
hand side is not very pronounced, a similar tendency is visible. A macroscopic
explanation of the asymmetry in the strain data is the development of an offset
polarisation, caused by localised dipoles influencing the electrostrictive effect and
inducing the asymmetry, see Nuffer et al. [2000]. Asymmetries induced by bipo-
lar fatigue can be recovered by applying high electric fields above the coercive
field, see Lupascu & Roedel [2005], but not the domain wall mobility. Thermal
annealing can also recover fatigue effects caused by several loading modes, but
will not be treated further.

An analogous evolution of fatigue can be observed in all soft doped PZT compo-
nents. Fatigue phenomena in thin films are slightly different from those in the
bulk. While the coercive field stays nearly the same over all cycles, the remanent
polarisation reduces significantly, see Warren et al. [1995]. Additionally, electric
fields lower than the coercive field lead to significant fatigue effects, which seems
not to be the case in bulk fatigue.

4.5 Point defects

Crystals can contain several kinds of point defects: Vacancies (SCHOTTKY de-
fects), interstitials or substitutional defects, see Figure 4.6. Furthermore, the
agglomeration of vacancies can promote the formation of pores. The most im-
portant structural imperfections are SCHOTTKY and FRENKEL defects. The latter
is a combination of a vacancy with an interstitial and can be generated by remov-
ing an atom from its original lattice site and embedding it into the lattice as an
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vacancyinterstitial

substitutional FRENKEL defect

Figure 4.6: Schematical defect types in a crystal.

interstitial atom. However, the occurrence of FRENKEL imperfections in BaTiO33

and PZT is very unlikely. Although the Ti ion is the only ion small enough to be
embedded as an interstitial, its position is fixed by the oxygen octahedron making
this defect type energetically unfavourable.

Doping of PZT is a very common method for adjusting material properties, in par-
ticular the defect composition is influenced. The material behaviour at the mor-
photropic phase boundary is stabilised depending on the application, for which
the material is designed. Dopants are classified into donor and acceptor dopants,
see Xu [1990]. Donor, or “soft” doping reduces the amount of oxygen vacan-
cies V••O and increases the lead vacancies V′′

Pb
, using the notation of Kröger & Vink

[1956]. The effect is a decrease of the CURIE temperature and Ec accompanied
by increased dielectric and coupling constants, as well as a reduced mechanical
stiffness. This qualifies the soft doped ferroelectrics as excellent actuators. On
the other hand, acceptor dopants or “hard” dopants increase the amount of V••O .
An increased mechanical stiffness and reduced dielectric and coupling proper-
ties, as well as a reduced Ec are the consequences. The accumulation of space
charges is assumed to be responsible for the high switching resistivity, which was
discovered by Takahashi [1970]. The poling of hard doped specimen sometimes
is only possible after preceding heating. Depending on the dopants, hard doped
ferroelectrics show low electric loss, which makes them suitable for vibrational
applications and high-power devices.

The SCHOTTKY defect equilibrium reaction in undoped BaTiO33 and PZT can be
formulated as

OO + PbPb ⇋ (PbO)gas + V••O + V′′
Pb

, (4.21)
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a) b)

Figure 4.7: Left: Atomic force microscopic image of a cluster in a grain of PZT.
Cluster locations indicated with arrows, taken from Lupascu & Rabe [2002],
right: Transmission electron microscopic image of domain walls in PZT, visible
lattice disturbances due to point defects from Müller et al. [2008].

where the PbO vapour is released into the atmosphere. Additionally, the equilib-
rium of the gas phase, the ionisation equilibrium and the condition of neutrality
of electrons has to hold. Because of the high volatility of PbO, (4.21) is the most
common defect creating mechanism.

Polarisation defects or defect dipoles are results of an aggregation of dopants and
point defects. Typical defect dipoles include an acceptor and an oxygen vacancy
like the charged (Fe′Ti − V••O )• and the electrically neutral (Mn′′Ti − V••O )×, see Eichel
& Böttcher [2007]; Meštrić et al. [2005]; Zhang et al. [2008] for examples in
PbTiO3 and BaTiO3.

The role of point defects in the fatigue mechanism in the bulk is important, espe-
cially oxygen vacancies are the most mobile defects (Denk et al. [1995]) and thus
the relevant defect types. The concentration is temperature dependent and can be
adjusted during the sintering process. While a homogeneous vacancy distribution
yields only a slightly reduced domain wall mobility (Lines & Glass [1977]), an ap-
pearance of clusters can lead to domain wall blocking (Lupascu et al. [2002]). A
possible clustering is demonstrated by several authors mentioned in Chapter 1. It
is assumed that oxygen vacancies can form ordered substructures. These defects
induce localised charge concentrations, which lead to tail-to-tail orientations of
the polarisation, as proposed by Grenier et al. [1981]. Anyway, the formation of
needle domains within a domain is a possible consequence, which Grenier et al.
[1991] call microdomains. But even without microdomains a defect cluster in-
fluences wall motion, depending on the cluster orientation with respect to the
polarisation directions, like in Lupascu & Rabe [2002]. To support the theory,
the same authors show illustrative images of a fatigued PZT sample, which was
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subject to bipolar fatigue at 50 Hz and an amplitude of 2 kV/mm, see Figure 4.7
a). The white lines show linear point defect agglomerations inside the domains,
which coincide with etch grooves found by Nuffer et al. [2002, 2000]. Differ-
ent models and explanations for the influence of point defect clusters on domain
walls are recapitulated in Lupascu [2004]. A continuum model shows the influ-
ence of defects on domain walls and conversely, the effect of a moving domain
wall on defects in Schrade et al. [2007]. Models of agglomerate growth can be
found in Brennan [1993]; Desu & Yoo [1993]; Yoo & Desu [1992a,b, 1993]; Yoo
et al. [1993] and Shur et al. [2000].

Defect dipoles are assumed to raise the internal bias fields, which manifests in
voltage shifts of the ferroelectric hysteresis loop and may occur when the de-
vice remains in a particular polarisation state for a given period of time, see e.g.
Lambeck & Jonker [1986]. During the domain switching process, defect dipoles
are not expected to switch; the vacancy diffusion mechanism around the dopant
certainly has to involve considerably higher thermal and electric field energies.
It was shown recently that a poling treatment (“aging”) of the sample reorients
(Mn′′Ti − V••O )× defect dipoles into the direction of spontaneous polarisation in fer-
roelectric BaTiO3 single crystals, Zhang et al. [2008]. In contrast, (Fe′Ti − V••O )•

dipoles show an equal distribution of orientations, cf. Lupascu [2004]. However,
the dipoles aligned along the c-axis will certainly not reorient under field cycling
but rather require long time, high thermal energy and high electric fields (see
Islam [2000]).

4.6 Material data

As it is already mentioned in Chapter 4.1, BaTiO3 is an intensively studied piezo-
electric material, which has been investigated in the middle of the 20th century
e.g. in Forsbergh [1949]; Roberts [1947]; von Hippel [1950]. Its fields of ap-

C11 C33 C12 C13 C55 b31 b33 b25 A11 A33

BaTiO3 15.0 11.5 6.6 6.6 2.56 -4.35 17.5 11.4 9.872 11.16
PZT-5h 12.6 11.7 5.5 5.3 3.53 -6.5 23.3 17.0 15.1 13.0
PZT-7a 14.8 13.1 7.62 7.42 2.56 -2.1 9.5 9.7 4.073 2.081
PZT-8 13.7 12.4 6.97 7.16 3.14 -4 23.3 10.4 7.95 5.15

Table 4.3: Material data used for calculations, CIJ in GPa, biJ in 10−6 C/mm2, Ai j

in 10−11 F/mm.
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plication are e.g. memory applications like dynamic random access memories
(DRAMS) or in electric devices like capacitors or transistors. The second mate-
rial class to be investigated is lead zirconate titanate (PZT), which has also been
studied in detail in the 1950s e.g. in Shirane et al. [1951]; Shirane & Suzuki
[1951, 1952], and many more. The coupling coefficient b33 is above that of
BaTiO3, which replaced BaTiO3 in most piezoelectric applications. Usually donor
(“soft”) or acceptor (“hard”) doped materials are used in industrial applications,
see Chapter 4.5 for the definitions. Examples for doped PZT are hard PZT-7a and
PZT-8, or soft PZT-5h, which will be investigated in this thesis.

The used material data is listed in Table 4.3. The data is chosen to mimic BaTiO3,
PZT-5h, PZT-7a and PZT-8 at room temperature. The material is macroscopically
transversely isotropic.



Chapter 5

Configurational forces

The energy-momentum tensor has been introduced by ESHELBY (Eshelby [1951])
in the context of forces on material inhomogeneities for small deformations. It is
structurally related to the MAXWELL stress tensor, so he preferred the expression
MAXWELL tensor of elasticity at that time. The term energy-momentum tensor
was established later in Eshelby [1970], while the name “ESHELBY stress tensor”
is a common expression nowadays. An extension to finite deformations in elas-
ticity theory has been made by e.g. Eshelby [1970]; Green [1973]; Knowles &
Sternberg [1972] and Chadwick [1975].

A fundamental work in this topic is by Maugin [1993], who utilises the idea of
a pull-back of the motion to the material manifold. Also, inelastic and electro-
magnetoelastic problems are considered there. A derivation with a close relation
to NOETHER’s theorem (Noether [1918]) can be found in Kienzler & Herrmann
[2000]. In Gurtin [1995, 2000], an independent configurational force balance
is postulated, which is used to derive the energy momentum tensor via observer
invariance in the reference configuration. A modified version of the second law
allowing for material accretion is introduced with respect to a moving control
volume, which yields the ESHELBY tensor via the requirement of invariance of
the parametrisation. Closely related is a derivation by Buggisch et al. [1981],
which deduces the energy-momentum tensor and the configurational force bal-
ance from the invariance of the balance equations in the reference configuration.
A formulation for elastodynamics in a closed form can be found in Mueller et al.
[2004]. An comprehensive application to fracture mechanics can be found in
Steinmann [2000]; Steinmann et al. [2001].

Following the approach of ESHELBY (and using MAUGIN’s interpretations), the
derivation will be extended by electrostatic contributions and afterwards reduced

49
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to the static case.

5.1 The reference configuration

As a starting point, the local balance of linear momentum (3.8) is “pulled back”
to the material manifold via the multiplication with FT

FT (
ρ0 v̇

)
= FTDivP + FT f , (5.1)

where the MAXWELL stress tensor and the temperature dependency has been
omitted to keep the derivation as clear as possible. A comprehensive motivation
for the assumptions made in this work can be found in Appendix A. The left hand
side of (5.1) can be rearranged as

FT (
ρ0 v̇

)

= ρ0
(

FTv̇
)·
− ρ0 (Grad v)Tv = ρ0

(

FTv̇
)·
+
1

2
Gradρ0 v

2 − 1

2
Grad (ρ0 v

2)

(5.2)

by making use of (2.90) and v2 := v · v.

The GIBBS’ function will be assumed as ψ(F,E∗,X, ξ), so the gradient with respect
to material coordinates is simply

Gradψ = (Grad F)T
∂ψ

∂F
+ (GradE∗)T

∂ψ

∂E∗
+
∂ψ

∂X

∣
∣
∣
∣
∣
expl.

= (Grad F)T P − (GradE∗)T D∗ +
∂ψ

∂X

∣
∣
∣
∣
∣
expl.

(5.3)

or, with respect to cartesian coordinates

ψ,I = P jK F jK,I −D∗KE
∗
K,I +

∂ψ

∂XI

∣
∣
∣
∣
∣
expl.

, (5.4)

The partial derivative with respect to X is labelled by a supplementary “expl.”,
which was introduced by ESHELBY and is an established abbreviation in configu-
rational mechanics. The first two terms can be written as

P jK F jK,I = P jK F jI,K = (P jK F jI),K − P jK,K F jI (5.5)

D∗KE
∗
K,I = −D∗K ϕ,IK = −(D∗K ϕ,I),K +D∗K,K ϕ,I (5.6)
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by taking advantage of the definitions (2.81) and (2.101) for F and E∗. Exchang-
ing the order of differentiation leads to the above identities. Thus, Eq. (5.3)
reads

DivΣ + FTDivP + Gradϕ DivD∗ −
∂ψ

∂X

∣
∣
∣
∣
∣
expl.
= 0 . (5.7)

wherein the tensor

Σ = ψ 1 − FTP − Gradϕ ⊗D∗ (5.8)

is the energy-momentum tensor of electroelastostatics, whose relevance will be
pointed out later in this chapter. The substitution of DivP and DivD∗ by (5.2)
and (2.100) yields the final form

ṗ = DivΣdyn
+ gdyn (5.9)

with the abbreviations

p = −FTρ0 v , (5.10)

Σ
dyn
= Σ − 1

2
ρ0 v

2 1 = −L 1 − FTP , L =
1

2
ρ0 v

2 − ψ , (5.11)

gdyn
=

1

2
Gradρ0 v

2 − FT f + Gradϕ q∗ −
∂ψ

∂X

∣
∣
∣
∣
∣
expl.

. (5.12)

The left hand side of (5.9) represents the time derivative of the pseudo-momentum
p, as it is called in Maugin [1993]. The tensor Σdyn is the dynamical energy-
momentum tensor composed additively of the LAGRANGE function L and a de-
formation part. The last part is the configurational, or also called material force
vector g. Material forces represent forces due to material inhomogeneities. This
fact is obvious from (5.12), since material forces occur e.g. in the case of density
gradients, volume forces, charge distributions, gradients or jumps in the material
properties. Configurational forces on material interfaces will used to identify a
migration law for defects in Chapter 5.3. The additional dependency on the in-
ternal variable represents the forces on mechanical or polarisation defects, which
will be introduced in Chapter 6.1.

5.2 Quasistatic setting

In the case of quasistatic processes, inertia terms become negligible. The config-
urational balance simplifies to

DivΣ + g = 0 , (5.13)
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with

g = −FT f + Gradϕ q∗ −
∂ψ

∂X

∣
∣
∣
∣
∣
expl.

, (5.14)

and Σ from (5.8). The global balance can be derived from the integration of
(5.13):

∫

∂B0

ΣN dA + G̃ = 0 , (5.15)

where G̃ =
∫

B0
g dV is the resultant configurational force on the body B0. Just as

well, the integration can be carried out over a subvolume R0 ∈ B0, which yields
the configurational force on this volume if R0 contains inhomogeneities, volume
forces or free charges. If not, (5.15) and (5.13) simplify to a conservation law

∫

∂B0

ΣN dA = 0 and DivΣ = 0 . (5.16)

Amongst other applications, this conservation law can be used as an error in-
dicator for finite element methods, see e.g. Braun [1997]; Gross et al. [2003];
Mueller et al. [2004]; Scherer et al. [2007a,b].

5.3 Thermodynamically consistent migration law for

a point defect

The definition of a migration law for defects is of constitutive nature. One
can make assumptions motivated by measurements, by micromechanical or even
atomistic considerations. In this context, a micromechanical approach based on
the second law of thermodynamics will be utilised to justify defect migration. The
derivation will be carried out in a quasistatic setting neglecting the temperature
and MAXWELL stresses, see Appendix A.

Let Dδ(t) be a moving control volume enclosing the defect parametrised with
δ ∈ R, δ > 0, which moves with the velocity V∗ in the reference configuration.
The fields outside Dδ(t) are assumed to be smooth. A field Φ, representing all
fields inside Dδ(t), is assumed to be regular in the sense that

R 1. Φ̇ =
∂Φ

∂t
+ GradΦ · V ∗ is integrable on B0 and uniformly in t,
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R 2. the integral lim
δ→0

∫

Dδ(t)

ΦN dA exists.

By means of R1, it can be shown that

lim
δ→0

d

dt

∫

Dδ(t)

Φ dV = 0 .

We assume that the boundary of the control volume Dδ(t) moves with a velocity
w, while v is the velocity of the material points, both velocities are measured
in the current configuration. The velocity v∗ = w − v relative to the body B0 is
connected via

w − v =: v∗ = FV∗ ⇔ V∗ = F−1v∗ (5.17)

with the velocity V∗ of the control volume in the reference configuration. It can
be divided into a normal component Vn = V∗ · N along the normal direction N

and two tangential components V∗
1

and V∗2 with tangential vectors τ1,2:

V∗ = VnN + Vk
t τk k = 1, 2 . (5.18)

At first, the defect is assumed to have a finite extension enclosed by Dδ. The
energy balance (3.30) for the interface of the moving control volume and the
rest of the body in the reference configuration reads (see e.g. Müller [2001])

∫

∂Dδ

[[−ψV ∗ ·N + t · v − ϕ̇ q∗]] dA = 0 . (5.19)

The brackets [[·]] = (·)+ − (·)− denote the jump of a quantity across the interface
according to Figure 5.1 with the surfaces ∂D−δ and ∂D+δ . Using (5.17) results in

∫

∂Dδ

[[−ψV ∗ ·N + (PN) · (FV∗) − ϕ̇ q]] dA −
∫

∂Dδ

[[PN]] ·w dA . (5.20)

N

B0

Dδ

+
-

∂Dδ

Figure 5.1: Moving control volume Dδ in Bt enclosing a defect.
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The jump of a product across a material interface can be expressed with the
average value 〈〈·〉〉 = 1/2[(·)+ + (·)−] as

[[a b]] = 〈〈a〉〉[[b]] + [[a]]〈〈b〉〉 , (5.21)

which leads to

[[(PN) · (FV∗)]] = [[(FTPN)]] · V∗

=

(

〈〈FT〉〉[[PN]] + [[FT]]〈〈PN〉〉
)

· V∗ = [[FT]]PN · V∗ (5.22)

where the fact that [[PN]] = 0 has been used. This jump condition holds in an
electroelastostatic context only, see e.g. Eringen [1963]. A jump can only occur
in the normal direction of the interface according to (5.18). Thus,

[[(FTPN)]] · V∗ = [[(FTPN)]]Vn ·N .

Taking the time derivative of the jump condition (2.70) helps to modify the elec-
trical term

d

dt
[[ϕ]] = [[ϕ̇]] + [[Gradϕ · V∗]] = 0

{ [[ϕ̇]] = −[[Gradϕ]] · V∗ = −[[Gradϕ]]Vn ·N .

The same simplification holds for the first term

[[ψ]]N · V ∗ = [[ψ]]VnN ·N = N · ([[ψ]] 1N)Vn .

As a result, (5.20) can be written as
∫

∂Dδ

N ·
(

−[[ψ]] 1 + [[FT]]P + [[Gradϕ]] ⊗D
)

·N Vn dA = 0 (5.23)

using (2.104). As a next step, the limit δ→ 0 is taken. Then, the fields with index
(·)− vanish. This can be seen by transforming the boundary values into volume
terms, which are regular by assumption. By a vanishing domain of integration,
the integrals over ∂D−δ vanish. The remaining term is

lim
δ→0

∫

∂Dδ

V∗ ·
(

−ψ 1 + FT P − Gradϕ ⊗D
)

N dA = 0 . (5.24)

Using the definition (5.8) and assuming the velocity V∗ to be constant when
taking the limit limδ→0, (5.24) simplifies to

−G̃ · V∗ ≥ 0 , (5.25)
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where

G̃ = − lim
δ→0

∫

∂Dδ

ΣN dA . (5.26)

The last term has been defined on the basis of (5.15). The conclusion that can
be drawn from (5.25) is simple and of fundamental character. As a result of ther-
modynamical considerations, the product of defect velocity the negative material
force will always be nonnegative. With that prediction, the direction of defect
migration is established on a thermodynamical basis. An estimation of the defect
mobility is only possible by deeper atomistic considerations, but which will not
be part of the thesis.
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Chapter 6

Defect model

6.1 Defects

A defect can be introduced in different ways. Beside the explicit description of
defects at discrete points in the continuum, the approach of defect densities may
be favourable, depending on the focus of the study. The emphasis of this work
will be the direct description via a localised description. The inhomogeneities
will be specified via the DIRAC delta function δ(x − ξ) (see Appendix B), which
localises the defects to a point ξ in the continuum. Therefore, the requirement is
that

• the defects are small in comparison to other structural elements.

A dependency on x − ξ will be assumed for the GIBBS’ electric energy function
accounting for the argument of δ(x − ξ). Thus, ψ = ψ̃(ε,E, x − ξ), which has the
consequence that

∂ψ̃

∂ξ
= −

∂ψ̃

∂x

∣
∣
∣
∣
∣
∣
expl.

. (6.1)

6.1.1 Mechanical defect

The decomposition of the strain into an elastic part εe and an inelastic part ε0

ε = εe + ε0 (6.2)

is assumed. This introduces the defect as an internal variable, which has to
be considered in the free energy. Another possibility is the introduction of a

57
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force dipole, leading to the same equations. The first description classifies the
defect as an intrinsic part of the material, which can lead to internal stresses and
migration in order to minimise the internal energy. The second description can be
understood as an external force interacting with the lattice, which is not included
in the internal energy, but as a part of an external potential.

The inelastic strain is assumed to take the general form

ε0 = α̂ δ(x − ξ) , (6.3)

where α̂ is a second order tensor. Due to the symmetry of the possible defect
positions in a tetragonal lattice, α̂ will be dilatational, i.e. the skew-symmetric
part will vanish. On this account, α̂ has three free parameters in its principal
directions, which coincide with the three lattice coordinate directions. Thus, the
defect parameters will take the general form

α̂ = α1 e1 ⊗ e1 + α2 e2 ⊗ e2 + α3 e3 ⊗ e3 , (6.4)

where ei are unit vectors parallel to the lattice vectors, and αi are material pa-
rameters. An isotropic defect would be described as

α̂ = α 1 δ(x − ξ) (6.5)

with α1 = α2 = α3 = α and the second order identity tensor 1. A negative α
describes a uniform contraction as it appears e.g. in the vicinity of vacancies.

6.1.2 Electrical defect

An electric defect is modelled via a localised external point charge q. In contrast
to the mechanical defect, this defect is an external source and not part of the
free energy. As an alternative, the defect could regarded as a part of the internal
charges, such that (2.53) is replaced by

∫

V
qa(x, t) dV = qdef. The defect would

enter (2.56) as a separate charge contribution which leads to the same equations
as the description with external charges.

In accordance to (2.3), the electric defect will be introduced with

q = β δ(x − ξ) , (6.6)

where β determines the charge of the defect. By definition, the defect is isotropic.
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6.1.3 Polarisation defect

A polarisation defect represents two or more point charges of different strengths,
which will be introduced according to (2.35) in vacuum. In contrast to a point
charge, the polarisation defect will appear directly in the internal energy. The
defect will be regarded as a discrete extra part of a spontaneous polarisation:

Ps
extra =: P

0
= γ δ(x − ξ) (6.7)

with the vectorial material parameter γ. In vacuum, the strength of the polarisa-
tion defect can be uniquely determined by (2.22)2

γ =

∫ n∑

i=1

Qi δ(x − ξi) (x − ξ) dV =
n∑

i=1

Qi (ξi − ξ) , ξ =

∑

i Qiξi
∑

i ξi
, (6.8)

where the charge i is located at ξi and the centre of charge is denoted by ξ.

6.2 Summary of basic equations

Applying the assumptions given in Appendix A to the equations derived in the
previous Chapters results in the basic equations of linear piezoelectricity:

balance of linear and angular momentum

divσ + f = 0 , σi j, j + fi = 0 (6.9)

σ = σT , σi j = σ ji (6.10)

kinematics

ε =
1

2

(

gradu + (gradu)T
)

, εi j =
1

2
(ui, j + u j,i) (6.11)

GAUSS’s law

divD = q , Di,i = q (6.12)

electric potential

E = −gradϕ , Ei = −ϕ,i (6.13)

dissipation inequality
(

σ −
∂ψ

∂ε

)

: ε̇ −
(

D +
∂ψ

∂E

)

· Ė ≥ 0 (6.14)
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GIBBS’ electric energy

ψ(ε,E, x − ξ) = 1

2
(ε − ε0) : C(ε − ε0) − E · b(ε − ε0) − 1

2
E ·AE − Ps · E . (6.15)

constitutive equations

σ =
∂ψ

∂ε
= C(ε − ε0) − bE (6.16)

D = −
∂ψ

∂E
= bT(ε − ε0) +AE + Ps (6.17)

configurational force balance

divΣ + g = 0 , Σi j, j + gi = 0 (6.18)

energy-momentum tensor and configurational forces

Σ = ψ 1 − (gradu)Tσ − gradϕ ⊗D ,

Σi j = ψδi j − uk,iσkj − ϕ,iD j ,
(6.19)

g = −(gradu)T f + gradϕ q −
∂ψ

∂x

∣
∣
∣
∣
∣
expl.

,

gi = −uk,i fk + ϕ,i q −
∂ψ

∂xi

∣
∣
∣
∣
∣
expl.

.
(6.20)

6.3 Driving force on a defect

The material force density (6.20) will be specified to the underlying problem
neglecting body forces

g = gradϕ q + σ : grad ε0 + (gradPs)TE . (6.21)

The material force resultant on a defect can be obtained by integration of (6.21)
over a domain Dξ(r) containing the defect, which is parametrised by r and con-
tracted to a point by taking the limit r→ 0. A constant spontaneous polarisation
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is assumed within a domain. Thus,

G̃ = lim
r→0

∫

Dξ(r)

g dV (6.22)

= − limr→0

∫

Dξ(r)

(

− (σ : α̂) grad δ(x − ξ) − grad (ϕβ) δ(x − ξ)

−(E · γ) grad δ(x − ξ)
)

dV

= − limr→0

∫

Dξ(r)

(

grad (σ : α̂) δ(x − ξ) − grad (ϕβ) δ(x − ξ)

+grad (E · γ) δ(x − ξ)
)

dV

= −gradΛ
∣
∣
∣
x=ξ

, (6.23)

where

Λ := σ : α̂ − ϕβ + E · γ . (6.24)

The field Λ can be regarded as a potential for the force acting on the defect.
The driving force, which has the tendency to drive the defect into energetic more
favourable configurations, will be defined as the negative material force, so

G := −G̃ . (6.25)

The expression for the driving force is independent of the boundary value prob-
lem. It is possible that external loads as well as internal defects are the source of
the mechanical and electrical fields. Linear elasticity allows for the superposition
of boundary value problems, so that any scenario can be realised easily.

Remark. In an infinite crystal, a point defect does not induce a configurational
force on itself.

This can be shown by considering an infinite domain containing a point defect
as the only material inhomogeneity. The material force on this defect can be
expressed by the global form (5.15) as

lim
r→∞

∫

Dξ(r)

ΣN dA = lim
r→∞

∫

Dξ(r)

(

ψ 1 − (grad u)Tσ − gradϕ ⊗D
)

N dA ,

where Dξ(r) is a domain containing the defect and parametrised by a radius r,
like above. The domain can be chosen arbitrarily, as long as it contains only one
defect as it is assumed in this context. The limiting case of an infinite domain
is achieved by taking the limit r → ∞. Even though the surface dA ∝ r2, the
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integrand is ∝ r−m, where m = 4 for ψ and gradϕ ⊗ D, while m = 6 for the term
(grad u)Tσ, see Chapter 7.1.4. This results in a vanishing configurational force on
a single defect.

A relation to the interaction energy of defects can be established. The total energy
Π of an infinite medium containing two defects reads

Π =

∫

B

ψ(ε,E, xi − ξi) dV +
∫

B

qϕ dV . (6.26)

The fields (·) = (·)j + (·)k can be decomposed into the contributions of the two
defects. The subscripts j and k denote the fields caused by defect j and k, re-
spectively. The summation over repeated indices is omitted in this context. The
energy can be decomposed as Π = Πs

j
+Π

s
k
+Π

i, where

Π
s
j =

∫

B

(
1

2
εej : (Cεej) − E j · bεej − 1

2
E j · (AE j) − E j · P0

j + q j ϕ j

)

dV (6.27)

Π
s
k =

∫

B

(
1

2
εek : (Cεek) − Ek · bεek − 1

2
Ek · (AEk) − Ek · P0

k + qk ϕk

)

dV (6.28)

Π
i
=

∫

B

(

εek :
(Cεej − bTE j

)

− Ek ·
(bεej +AE j + P0

j

)

− E j · P0
k

)

dV

+

∫

B

(q j ϕk + qk ϕ j) dV . (6.29)

are the two self potentialsΠs
j
and Πs

k
, andΠi represents the interaction potential.

Applying (6.11), (6.13), (6.16) and (6.17), Eq. (6.29) can be written as

Π
i
=

∫

B

(

σ j : graduk − σ j : ε
0
k +D j · gradϕk − E j · P0

j

)

dV

+

∫

B

(q j ϕk + qk ϕ j) dV

= −
∫

B

(

divσ j · uk + divD j ϕk

)

dV +

∫

∂B

(

σ jn · uk +D j · nϕk

)

dV

−
∫

B

(

σ j : ε
0
k + E j · P0

k

)

dV +

∫

B

(q j ϕk + qk ϕ j) dV .

Making use of (6.3), (6.6), (6.7), (6.9), and (6.12), and using the additional fact
that the traction vector t = σn and the electric charge Q = −D · n vanish on the



6.4. COMPACT NOTATION 63

boundary (in infinity), Πi reduces to

Π
i
= −

∫

B

(

σ j : α̂k δ(x − ξk) − ϕ j βk δ(x − ξk) + E j · γkδ(x − ξk)
)

dV = −Λ j

∣
∣
∣
x=ξk

(6.30)

where the field

Λ j := σ j : α̂k − ϕ j βk + E j · γk (6.31)

is a special case of (6.24), where the mechanical and the electrical fields are
produced by the first point defect. By taking the gradient of (6.30) with respect
to the defect position grad ξk := ∂/∂ξk = −∂/∂x, the direction of the maximum
energy increase can be found by

grad ξkΠ
i
=

∫

B

(

σ j : α̂k grad δ(x − ξk) − ϕ j βk grad δ(x − ξk)

+ E j · γk grad δ(x − ξk)
)

dV

= −
[

grad (σ j : α̂k) − grad (ϕ j βk) + grad (E j · γk)
]

x=ξk

= −gradΛ j

∣
∣
∣
x=ξk
= G̃k . (6.32)

A comparison yields the configurational force G̃k on the second defect due to the
first defect. A translation of the second defect in the direction of the driving force
Gk := −G̃k decreases the interaction potential, which is energetically favourable.

The force Gk on a defect at point ξk with defect parameters α̂k and βk can be
evaluated as

Gk =

ndef∑

j=1
i, j

[

grad (α̂k : σ j)
]

x=ξk

︸                      ︷︷                      ︸

Gm
k

−
ndef∑

j=1
i, j

[

grad (βk ϕ j)
]

x=ξk

︸                   ︷︷                   ︸

Ge
k

+

ndef∑

j=1
i, j

[

grad (γk · E j)
]

x=ξk

︸                     ︷︷                     ︸

G
p

k

,

(6.33)

in the presence of ndef defects. Here, σ j, ϕ j and E j are fields produced by a defect
at x j and α̂k, βk and γk are parameters of a defect at xk.

6.4 Compact notation

The field equations can be expressed in their strong form by the displacements
and the electric potential as primary variables. Other primary variables and
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mixed formulations are possible, especially in weak formulations, but will not
considered in this context. Combining (6.9), (6.11), (6.12), (6.13), (6.16), and
(6.17) leads toCi jkl uk,il + bki j ϕ,ik = Ci jklε

0
kl,i , (6.34)bi jk uk,i j −Ai j ϕ,i j = bi jkε

0
jk,i + q − P0

i,i (6.35)

in index notation with respect to cartesian coordinates. It has been taken advan-
tage of the symmetry of the material tensors. Using the defect definitions (6.3),
(6.6), and (6.7) results inCi jkl uk,il + bki j ϕ, jk = Ci jkl α̂kl δ,i(x − ξ) , (6.36)bi jk uk,i j − Ai j ϕ,i j = bi jk α̂ jk δ,i(x − ξ) + β δ(x − ξ) − γiδ,i(x − ξ) . (6.37)

In order to condense (6.36)–(6.37), a generalised displacement vector can be
defined as

UK :=

{

uk , k = K = 1, 2, 3

ϕ , K = 4
. (6.38)

The material tangentsC, b and A will be stored in the generalised material tensor
Γ according to

ΓiJKl :=





Ci jkl , J = j = 1, 2, 3; k = K = 1, 2, 3bli j , J = j = 1, 2, 3; K = 4bilk , J = 4; k = K = 1, 2, 3

−Ail , J = 4; K = 4

(6.39)

The right hand side can be written in the compact form

RαiJ :=

{ Ci jkl α̂kl , J = j = 1, 2, 3bi jk α̂ jk , J = 4
r
β

J
:=

{

0 , J = 1, 2, 3

β , J = 4

R
γ

iJ
:=

{

0 , J = 1, 2, 3

γi , J = 4
.

(6.40)

Equivalently, a generalised stress tensor ΩiJ can be defined as

ΩiJ = ΓiJKlUK,l − RαiJδ(x − ξ) + R
γ

iJ
δ(x − ξ) =

{

σi j , J = j = 1, 2, 3

Di , J = 4
. (6.41)

Using (6.38), (6.39) and (6.40) allows for combining (6.36) and (6.37) in the
short form

ΓiJKlUK,il = RαJi δ,i(x − ξ) + r
β

J
δ(x − ξ) − R

γ

Ji
δ,i(x − ξ) . (6.42)
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The boundary conditions read

ΩiJni =

{

t j , J = j = 1, 2, 3 on ∂Bσ
−q̄ , J = 4 on ∂Bq

and (6.43)

UJ =

{

ū j , J = j = 1, 2, 3 on ∂Bu

ϕ̄ , J = 4 on ∂Bϕ
. (6.44)

The field equations (6.42) together with the boundary conditions (6.43) and
(6.44) form a complete set of equations for the boundary value problem.

It should be noted that the field equation (6.42) requires Green’s functions and
their derivatives, which satisfy the inhomogeneous field equations and the bound-
ary conditions. GREEN’s functions for an infinite domain will be called fundamen-
tal solutions in this work and are presented in Chapter 7.1. These solutions are
suitable for the study of defect interaction in the bulk of piezoelectric material.
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Chapter 7

Solution procedures

There are three scales of interest within the microstructure of ferroelectrics ac-
cording to Müller et al. [2008]. The first and smallest scale is represented by
point defects. Point defect clusters beyond a typical size can interact with struc-
tural elements like other clusters or domain walls, which can be identified as the
second scale. Finally, the grain size is the third typical scale on the microlevel.
Within the scope of this work two different kinds of boundary conditions will be
investigated:

• point defects in a infinite crystal,

• point defects in a periodic arrangement of cells.

The first case is required for the consideration of self-interaction without the in-
terference of boundaries. This is the smallest scale, where clustering mechanisms
and propabilities will be analysed. The fundamental solutions for infinite do-
mains will be given in Chapter 7.1. The second boundary condition can be useful
for the investigation of interaction of defects with defects in the remaining matrix
in a grain. Technical details are given in Chapter 7.2.

7.1 Fundamental solutions

Let the solution u(x) of

L u(x) = f (x) , (7.1)

67
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be determined by only one function u(x), where L is a linear differential operator
with constant coefficients. Then the problem can be reversed by searching for

u(x) = L−1 f (x) ,

where the inverse differential operatorL−1 has to be determined. A very common
method are fundamental solutions G(x), which solve the equation

LG0(x, x
′) = δ(x − x′) . (7.2)

The DIRAC delta distribution δ(x − x′) can be regarded as a point source or point
load, depending on the underlying problem, located at the fixed source point x′,
while x is the field point. The solution for u is determined via the convolution

u(x) = (G0 ∗ u)(x) =
∫

G0(x, x
′) f (x′) dV . (7.3)

The conformity of Eq. (7.3) with (7.1) can be shown by applying the operator L
on u(x),

L u(x) =

∫

LG0(x, x
′) f (x′) dV =

∫

δ(x − x′) f (x′) dV = f (x) .

The fundamental solution G0 represents just one particular solution of prob-
lem (7.1), and it is also termed as free-space GREEN’s function. The solution
shows a singular behaviour at the point x′, elsewhere it is C2-continuous and
satisfies LG0 = 0. Furthermore, the solution is self-adjoint, which results in
G(x, x′) = G(x′, x), see e.g. Stakgold [1967, 1979]. The solution G0 can be found
by e.g. integral transforms like the FOURIER transform or the RADON transform,
especially for partial differential equations. Usually, the solution decays mono-
tonically, so that the regularity conditions

lim
|x|→∞

G0(x − x′) = 0 and lim
|x|→∞

∂G0(x − x′)

∂n
= 0 (7.4)

are satisfied. Here, ∂G0/∂n denotes the flux of G0 in an arbitrary direction n.

Once the fundamental solution is found, gradients can usually be obtained by
differentiatingG0 itself, but sometimes it is more convenient to consider the mod-
ified problem

L∇G0 := LĜ0 = −∇δ(x − x′) (7.5)

and solve for Ĝ0 := ∇G0.
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Constructing a solution G = G0 + Gb, so that G satisfies the homogeneous bound-
ary conditions of the problem as in Courant & Hilbert [1953], leads to the so-
called GREEN’s function. Here, Gb is a C2-continuous function. The term “exact”
GREEN’s function or NEUMANN function is used by Martin & Rizzo [1995] or
Bergman & Schiffer [1953] to characterise fundamental solutions satisfying suit-
able homogeneous boundary conditions.

7.1.1 Fundamental solution for electrostatics

The isotropic electrostatic equations for a point charge at point x can be com-
pletely written in the electric potential ϕ according to (2.68)2, so the fundamen-
tal solution has to satisfy POISSON’s equation

ǫ0 ǫG,ii = −δ(x − x′) , (7.6)

which can be transformed to spherical coordinates via the relation (·)ii = r−2(r2(·),r),r,

r
x3

θ2

x1

θ1 x2

Figure 7.1: Spherical coor-
dinates.

where the assumption has been made, that the so-
lution is independent of the spherical angles, see
Figure 7.1. With r = |x − x′| and (B.8), (7.6) reads

ǫ0 ǫ
1

r2
(r2Fr),r =

δ(r)

4πr2
,

and after integration

ǫ0 ǫG =
1

4πr

(

−C1

r
+ C2

)

,

with two constants of integration C1 and C2. The
arbitrary constant C2 can be set to zero for con-
venience. This definition is arbitrary and leads to
a vanishing electric potential at infinity as it is de-
manded in Chapter 2.1.1. The constant C1 can be deduced from an integration
of (7.6) over the domain of interest

ǫ0 ǫ

∫

B

G,ii dV = ǫ0 ǫ
∫

∂B

G,i ni dA = −
∫

∂B

(

C1 +
1

4π

)
1

r2
dA

!
= −1 , (7.7)

where GAUSS’s law has been used with the normal vector n on ∂B. Since
∫

r−2dA = 4π, the constant results in C1 = 0, thus the fundamental solution
for isotropic electrostatics reads

G = 1

4π ǫ0 ǫ r
. (7.8)
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For anisotropic electrostatics, Eq. (2.68)1 must be considered, which leads to

Ai jG,i j = −δ(x − x′) . (7.9)

Assuming that the components Ai j of the conductivity are represented with re-
spect to their principal axes with eigenvalues a1, a2, and a3, (7.9) simplifies to

a1G,11 + a2G,22 + a3G,33 = −δ(x − x′) .

A coordinate transform with yi = xi/
√
ai, i = 1, 2, 3 yields again LAPLACE’s equa-

tion

∂2

∂y2
i

G = − 1√
k
δ(y − y′) , (7.10)

where (B.7), (B.4), and k = detA =
√
a1a2a3 have been used. The solution

according to (7.8) is

G = 1

4π
√
k r∗

with r∗ =
√

(xi − x′
i
)(x j − x′

j
)/Ai j . (7.11)

The solution is now dependent on the position relative to the principal axes of
anisotropy.

7.1.2 Fundamental solution for elastostatics

In linear elasticity theory, the coupling tensors in (6.42) vanish, and so the elastic
and the electric problem become decoupled. The linear operator L can be ex-
tended to L jk = Ci jkl ∂i∂l, where ∂i denotes the partial derivative with respect to
xi. The fundamental solution for elastostatics fulfills the equationCi jklGkm,il(x, x

′) + δ jm δ(x − x′) = 0 , (7.12)

where all indices are in the range of 1, 2, 3. Here, Gkm represents a solution for
the displacement uk due to a unit force in direction em.

Isotropic material

The solution for isotropic material has been found by Thomson [1882]. By means
of adequate potentials, the problem can be solved with some simple integrations
in spherical coordinates. Various derivations can be found in e.g. Love [1924];
Sokolnikoff [1956]. For isotropic material, (7.12) simplifies to

1

1 − 2ν
Gik,kj + µGi j,kk + δi jδ(x − x′) = 0 , (7.13)
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with the shear modulus µ and POISSON’s ratio ν. Analytical expressions for G can
be found in a few steps, which will be demonstrated exemplarily. According to
Bergman & Schiffer [1953], Eq. (7.13) can be simplified to a LAPLACE’s equation
by introducing a biharmonic tensor potentialΦ (that solves ∆∆Φ = 0), such that

Gi j = Φi j,kk −
1

2(1 − ν) Φik,kj , (7.14)

which reduces (7.13) to

µΦi j,kkmm = −δ(x − x′)δi j . (7.15)

From (7.15) it is obvious that Φi j = Φ̂δi j. Making the assumption that Φ̂ = Φ̄(r),
and with the abbreviation Φ̂,kk =: ϕ, the equation ϕ,mm = −δ(x − x′) has the
solution

ϕ = Φ̂kk =
1

4πµ r
, (7.16)

analogously to (7.8). A subsequent integration yields Φ̂ = 1
8πµ r, so G can be

derived from (7.14) with

Φ̂,i =
1

8πµ
ni and Φ̂,i j =

1

8πµ r
(δi j + nin j) ,

where n = x−x′
r

. Thus, the fundamental solution reads

Gi j =
1

16πµ(1 − ν) r
(

(3 − 4ν) δi j + nin j

)

. (7.17)

Its derivative is easily obtained as

Gi j,k =
1

16πµ(1 − ν) r2 (δikn j + δ jkni − (3 − 4ν)δi jnk − 3nin jnk) . (7.18)

Anisotropic material

The general solution for anisotropic material of (7.12) involves integral trans-
forms like the FOURIER transform or the RADON transform, where in general
the result is available in integral form only, which will be called fundamental
integral. The fundamental solution in the form of an improper fundamental inte-
gral has been developed by Fredholm [1900] with FOURIER transforms and was
used by many authors, e.g. Barnett [1972]; Lifshitz & Rozentsveig [1947]; Synge
[1957], who reduced the integration to the computable form (7.19). The RADON
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or plane wave transform results in the same fundamental integral, shown by
Vogel & Rizzo [1973] and Bacon et al. [1980]. Approximate closed solutions for
hexagonal crystal structure by means of a series expansion can be found in Kröner
[1953]. The authors Lie & Koehler [1968] develop a series of the fundamental
integral for cubic crystals, while Dederich & Leibfried [1969] present a perturba-
tion method for the same type of material, but only for materials with weak cubic
anisotropy. Solutions for transversely isotropic material can be found by solving
the fundamental integral, see Willis [1965], or by the introduction of potential
functions for the displacement like in Pan & Chou [1976]. A series expansion
for any kind of anisotropy has been developed by Mura & Kinoshita [1971]. A
closed form solution for general anisotropy has been developed by Wang [1997]
from the integral representation using residual calculus. A disadvantage is that
the derivatives are almost impossible to derive.

Since the process of derivation will be given in detail in Chapter 7.1.3 for a
more general class of materials, only a brief summary will be given at this point.

x′

x2
x1

x3

φ
z

n

x − x′

Figure 7.2: Coordinate sys-
tem in RADON space, n is
a unit vector in direction
x − x′.

The integral form of the fundamental solution has
the representation

G jk = −
1

8π2r

2π∫

0

(Mzz)−1jk dφ , (7.19)

where Mzz
jk
= Ci jklzizl and z(φ) is a unit vector

perpendicular to the position vector x − x′. The
inverse of Mzz can be written with the cofactor
N

zz
= cofMzz as

(Mzz)−1jk =
Nzz

jk

detMzz .

In general, N zz and detMzz consist of trigono-
metric polynomials in φ of fourth and sixth de-
gree, respectively. From this decomposition it is
obvious that there will exist analytical solutions, if
detMzz

= const. Thus, (Mzz)−1 will become an
analytical function of φ. The isotropic solution for example yields detMzz

=

2µ3(ν − 1)/(2ν − 1) which is a constant, so that (7.19) can be converted into the
analytical solution (7.17). Of course, the existence of the inverse (Mzz)−1

jk
, and

therefore the uniqueness of the solution G jk requires detMzz
, 0, which is as-

sured in the isotropic case for ν , 0.
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7.1.3 Fundamental solution for piezoelectrics

In accordance with Chapter 7.1.2, the differential operator for (6.42) is given by
LJK = ΓiJKl ∂i∂l, so that

ΓiJKlGKM,il(x, x
′) + δJM δ(x − x′) = 0 . (7.20)

Here, GKM represents solution of the generalised variable UK at point x caused
by a generalised unit “load” at point x′. This is a force in direction em for
M = m = 1, 2, 3, or a negative point charge for M = 4.

Transversely isotropic material

Many common piezoelectrics can be described with a transversely isotropic set of
material parameters like BaTiO3 or PZT, cf. Sec. 4.2. As there exists a solution
for transversely isotropic elasticity, the extension to piezoelectric material has
been made by Dunn [1994], who presents an evaluation of a general anisotropic
integral form of the fundamental solution similar to (7.19). Another approach by
Dunn & Wienecke [1996] and later by Ding & Liang [1999] shows the derivation
with potential functions similar to Pan & Chou [1976] for the elastic case.

Since the functions and especially their derivatives are numerous and error-prone
due to their complexity, this approach will not be taken into further consideration.

Anisotropic material

The derivation of static fundamental solutions in a closed form for anisotropic
piezoelectric solids is quite complicated. General solutions can be given in an in
integral form by using integral transforms. Based on this integral representation,
Pan & Tonon [2000]; Wang [1997] use the RADON transform with a subsequent
application of residue calculus to derive a closed form for displacements and elec-
tric potential, analogously to elasticity. Another approach utilising the FOURIER

transform can be found in Li & Wang [2007].

The derivation of integral forms for the spatial derivatives can also be done in
a straightforward manner via the application of integral transforms like in Ba-
con et al. [1980]. To the knowledge of the author, no analytical solution exists
in the literature. Finite difference approximations for the first derivatives were
proposed by Pan & Tonon [2000]. For the aim of this work, derivatives of the
fundamental solution up to the third order have to be evaluated. Leaving the
solutions and their derivatives in their integral form will provide a powerful and
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universal solution for all problems with DIRAC delta distributions on the right
hand side. The solution for the higher derivatives is given briefly in Goy et al.
[2009a], a detailed derivation can be found in the following context.

Following the procedure sketched in Bacon et al. [1980] and Barnett [1972], the
calculation will be demonstrated briefly. Based on Eq. (7.20) a transform into
RADON space according to (C.1) yields

R
(

ΓiJKl GKM,il

)

= −R
(

δJMδ(x)
)

. (7.21)

By using properties (C.3) – (C.5) the transform is carried out as

ΓiJKl zi zl
∂2

∂s2
ĜKM = −δJMδ(s) , (7.22)

with the transformed fundamental solution ĜKM. Introducing

Mzz
KJ = ΓiJKl zi zl (7.23)

and multiplying with (Mzz)−1 leads to

∂2

∂s2
ĜKM = −(Mzz)−1KMδ(s) .

Both sides are multiplied with the factor − 1
8π2 , taken at the point s = x · z and

integrated over a circle with the radius |z| = 1

GKM =
1

8π2

∫

|z|=1

(Mzz)−1KM δ(s)
∣
∣
∣
∣
s=z·x

dA =
1

8π2

∫

|z|=1

(Mzz)−1KM δ(z · x) dA , (7.24)

where the left hand side coincides with the fundamental solution in real space,
see the definition of the RADON transform (C.2). Here an integral over a sphere
with radius |z| = 1 and with surface element dA has to be evaluated. Using the
sifting property (B.1) of the delta function, a line integral can be extracted from
this sphere which lies in the plane perpendicular to the position vector x. For that
purpose it is useful to split up x into its radius r and a normal vector n, so x = r n.
Furthermore, let the angle between the vectors z and x be denoted by α. Since
z · x = r cosα for every z with |z| = 1, property (B.4) can be used for writing

GKM =
1

8π2r

2π∫

0

π∫

0

(Mzz)−1KM δ(cosα) sinα dα dφ , (7.25)

where the surface element dA = sinα dα dφ in spherical coordinates according to
Figure 7.3 has been used. Making use of (B.5) reduces δ(cosα) to
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x − ξ

ξ

x2
x1

n

x3

α
φ

z̄

z

Figure 7.3: Coordinate system in RADON space.

δ(cosα) =
∑

n

δ(α − αn)

| − sinαn|
, (7.26)

where αn are the roots of cosα. In the interval [0, π] the only root is π
2
. Thus, the

integral reads

GKM =
1

8π2r

2π∫

0

π∫

0

(Mzz)−1KM δ(α −
π

2
) sinα dα dφ , (7.27)

which reduces to

GKM =
1

8π2

2π∫

0

(M̄zz)−1KM dφ . (7.28)

Here and in the following, quantities in the plane z · x = 0 are denoted by a bar,
e.g.

z(α =
π

2
, φ) = z̄(φ) , (Mzz)−1(α =

π

2
, φ) = (M̄

zz
)−1(φ) . (7.29)

The domain of integration is visualised in Figure 7.3. Similar to the anisotropic
solution for elastic material (cf. (7.19)), the integral expression (M̄

zz
)−1 can be

expressed by its cofactor N̄zz
KM as

(M̄zz)−1KM =
N̄zz

KM

det (M̄
zz
)

.
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Both, the cofactor N̄
zz

and the determinant det (M̄
zz
) consist of trigonometric

polynomials in φ of sixth and eighth degree, respectively. Analytical solutions
will be available for a constant determinant like the isotropic case in elasticity,
but piezoelectricity is always accompanied with anisotropic elastic and dielectric
constants. Even with the simplified assumption of isotropic elastic and isotropic
dielectric material, a constant determinant cannot be assured due to the coupling
coefficients. Nevertheless, analytical solutions for transversely isotropic piezo-
electric material exist, see the introduction of this chapter for details.

Remark. It follows from (7.23) that Mzz is a symmetric function in z, particu-
larlyMzz(z) =Mzz(−z). As a consequence, (M̄

zz
) and therefore (M̄

zz
)−1 show a

periodicity of π, so that (M̄
zz
)(φ) =Mzz(π + φ), because −z̄(φ) = z̄(φ + π) in the

plane of z · x = 0. Hence, the integral (7.28) can be reduced to

GKM =
1

4π2

π∫

0

(M̄zz)−1KM dφ . (7.30)

First derivatives

The calculation of derivatives can be either done by differentiating Eq. (7.28) or
by differentiation of the differential equation (7.20). The latter is an uncompli-
cated and universal tool for constructing derivatives of an arbitrary order. The
first derivative starts from

ΓiJKlGKM,ilp(x) + δJM δ,p(x) = 0 . (7.31)

A subsequent RADON transform leads to

R
(

ΓiJKl GKM,ilp

)

= −R
(

δ,p(x)
)

δJM , (7.32)

∂2

∂s2
ĜKM,p = −(Mzz)−1KMzp

∂

∂s
δ(s) , (7.33)

where properties (C.3) – (C.5) have been used. An inverse transform is applied
to obtain the solution GKM,p in physical space

GKM,p =
1

8π2

∫

|z|=1

(Mzz)−1KMzp
∂

∂ x · zδ(x · z) dA . (7.34)

With the substitution of variables introduced above, that is z · x = r cosα, the
derivative ∂ (·)/∂(cos α) on the right hand side can be written as

∂(·)
∂ cosα

=
∂(·)
∂α

∂α

∂ cosα
= − 1

sinα

∂(·)
∂α

. (7.35)
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Together with the surface element dA = sinα dα dφ, with (7.26) and (B.3), the
single integral

GKM,p = −
1

8π2r2

2π∫

0

π∫

0

(Mzz)−1KMzp
∂

∂α
δ(α − π

2
) dα dφ

=
1

8π2r2

2π∫

0

[

∂

∂α

(

(Mzz)−1KMzp
)
]

α=π2

dφ

=
1

8π2r2

2π∫

0

[
∂(Mzz)−1KM

∂α
zp + (Mzz)−1KM

∂zp

∂α

]

α=π2

dφ (7.36)

can be obtained.

The evaluation of the integrand at α = π/2 requires some preparatory calcula-
tions. The derivatives of the position vector in RADON space z can be deduced
from the decomposition of z into

z

|z| = cosα n + sinα z̄ ,

according to Figure 7.3. As aforementioned, the vector z̄(φ) lies in the plane
z · x = 0, which leads to

∂z

∂α

∣
∣
∣
∣
α=π2

= −n ,
∂2z

∂α2

∣
∣
∣
∣
α=π2

= −z̄ ,
∂3z

∂α3

∣
∣
∣
∣
α=π2

= n , (7.37)

Furthermore, the term

∂Mzz
JK

∂α

∣
∣
∣
∣
α=π2

= ΓiJKl

(

∂zi
∂α

zl + zi
∂zl
∂α

)
∣
∣
∣
∣
α=π2

= −ΓiJKl(niz̄l + z̄inl) =: −EJK (7.38)

with

EJK = M̄nz
JK + M̄zn

JK , M̄nz
JK = ΓiJKlniz̄l and M̄zn

JK = ΓiJKlz̄inl (7.39)

is needed for further calculations.

A differentiation of the identity (Mzz)−1MPMzz
PK
= δMK with respect to α results in

∂(Mzz)−1MJ

∂α

∣
∣
∣
∣
∣
∣
∣
α=π2

=

[

−(Mzz)−1MP

∂Mzz
PK

∂α
(Mzz)−1KJ

]

α=π2

= (M̄zz)−1MP EPK(M̄zz)−1KJ ,
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having in mind that the terms have to be evaluated at α = π/2. With the abbre-
viation

∂(Mzz)−1MJ

∂α

∣
∣
∣
∣
∣
∣
∣
α=π2

=: FMJ = (M̄zz)−1MP EPK(M̄zz)−1KJ , (7.40)

the integral in (7.36) takes its final form

GKM,p =
1

8π2r2

2π∫

0

[

FKM z̄p − np(M̄zz)−1KM

]

dφ . (7.41)

Remark. Similar to (7.30), the integrand in (7.41) is symmetric in z(φ). Conse-
quently the integral can be reduced to

GKM,p =
1

4π2r2

π∫

0

[

FKM z̄p − np(M̄zz)−1KM

]

dφ . (7.42)

Second derivatives

The second derivatives are derived from (7.20) with

ΓiJKlGKM,ilpm(x) + δJM δ,pm(x) = 0 . (7.43)

Following the procedure sketched above, a RADON transform results in

∂2

∂s2
ĜKM,pm = −(Mzz)−1KMzpzm

∂2

∂s2
δ(s) . (7.44)

Subsequently, a back transform yields

GKM,pm =
1

8π2

∫

|z|=1

(Mzz)−1KM zpzm
∂2

∂(z · x)2δ(z · x) dA . (7.45)

Due to (B.3) the derivatives can be transferred to the first term, while the substi-
tution z · x = r cosα together with (7.26), (7.35) and dA = sinα dα dφ leads to

GKM,pm = −
1

8π2

∫

|z|=1

∂2

∂(z · x)2
(

(Mzz)−1KMzpzm
)

δ(z · x) dA

=
1

8π2r3

2π∫

0

[

1

sinα

∂

∂α

(

1

sinα

∂

∂α
(Mzz)−1KMzpzm

)

sinα

]

α=π2

dφ . (7.46)
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This can be reduced by expanding

∂

∂α

[

1

sinα

∂

∂α

(

(Mzz)−1KMzpzm
)
]

α=π2

=

∂2

∂α2

(

(Mzz)−1KM zpzm
) 1

sinα

∣
∣
∣
∣
∣
α=π2

− ∂

∂α

(

(Mzz)−1KM zpzm
)) 1

sin2 α
cosα

∣
∣
∣
∣
∣
α=π2

︸                                       ︷︷                                       ︸

=0

,

which results in

GKM,pm =
1

8π2r3

2π∫

0

∂2

∂α2

(

(Mzz)−1KM zpzm
)
∣
∣
∣
∣
∣
α=π2

dφ

=
1

8π2r3

2π∫

0

[
∂2(Mzz)−1KM

∂α2
zpzm +

∂(Mzz)−1KM
∂α

∂zpzm

∂α
+ (Mzz)−1KM

∂2zpzm

∂α2

]

α=π2

dφ .

(7.47)

The evaluation of (7.47) at α = π/2 is straightforward. Making use of (7.37), the
second derivatives

∂2Mzz
KM

∂α2

∣
∣
∣
∣
∣
α=π2

=

[

ΓiKMl

(

∂2zi
∂α2

zl + 2
∂zi
∂α

∂zl
∂α
+ zi

∂2zl
∂α2

) ]

α=π2

= 2(Mnn
KM − M̄zz

KM) (7.48)

with Mnn
KM
= ΓiKMlninl will be of interest in the following calculations. As be-

fore, a repeated differentiation of equation (Mzz)−1
MP
Mzz

PK
= δMK can be used to

determine

∂2(Mzz)−1KM
∂α2

∣
∣
∣
∣
∣
α=π2

= −



(Mzz)−1KP

∂2Mzz
PJ

∂α2
+ 2

∂(Mzz)−1KP
∂α

∂Mzz
PJ

∂α




(Mzz)−1JM

∣
∣
∣
∣
∣
α=π2

.

With (7.38), (7.40), and (7.48) this results in

∂2(Mzz)−1KM
∂α2

∣
∣
∣
∣
∣
α=π2

= 2 (M̄zz)−1KN
(

M̄zz
NJ −Mnn

NJ + ENP(M̄zz)−1PQEQJ

)

(M̄zz)−1JM . (7.49)

Furthermore, the terms

∂zpzm

∂α

∣
∣
∣
∣
∣
α=π2

= −2 (npz̄m + z̄pnm) and
∂2zpzm

∂α2

∣
∣
∣
∣
∣
α=π2

= 2 (npnm − z̄pz̄m) (7.50)
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will be needed. Finally, (7.47) can be written explicitly as

GKM,pm =
1

8π2r3

2π∫

0

2
(

KKMz̄pz̄m + (M̄zz)−1KM npnm − FKMH̄pm

)

dφ , (7.51)

with

KKM := FKJM̄zz
JNFNM − (M̄zz)−1KJMnn

JN(M̄zz)−1NM , (7.52)

H̄pm := npz̄m + z̄pnm . (7.53)

Remark: The domain of integration in (7.51) can be reduced similarly to the
integral of the fundamental solution and its first derivative using symmetry con-
siderations. According to (7.39), E is an odd function of z whileMnn is indepen-
dent of the integration variable. As previously mentioned, (Mzz)−1 is symmetric
in z. As a consequence, KKMz̄pz̄m as well as the second term in the integral is
symmetric in z̄. From the definition (7.40) it follows that the product FKMH̄pm is
also a symmetric function, so the integral (7.51) can be reduced to

GKM,pm =
1

4π2r3

π∫

0

2
(

KKMz̄pz̄m + (M̄zz)−1KM npnm − FKMH̄pm

)

dφ . (7.54)

Third derivatives

Similar to the previous derivation of derivatives, (7.20) is differentiated three
times

ΓiJKlGKM,ilpmn(x) + δJM δ,pmn(x) = 0 . (7.55)

A RADON transform of both sides results in

∂2

∂s2
ĜKM,pmn = −(Mzz)−1KMzpzmzn

∂3

∂s3
δ(s) , (7.56)

which is transformed back into

GKM,pmn =
1

8π2

∫

‖z‖=1

(Mzz)−1KM zpzmzn
∂3

∂(z · x)3δ(z · x) dA . (7.57)

As before, the integral can be rewritten by making use of (B.3), (7.26), (7.35)



7.1. FUNDAMENTAL SOLUTIONS 81

and the fact that z · x = r cosα as

GKM,pmn = −
1

8π2r4

∫

|z|=1

∂3

∂(z · x)3
(

(Mzz)−1KMzpzmzn
)

δ(z · x) dA

=
1

8π2r4

2π∫

0

1

sinα

∂

∂α

[

1

sinα

∂

∂α

(

1

sinα

∂

∂α

(

(Mzz)−1KMzpzmzn
)
)]

sinα

∣
∣
∣
∣
∣
α=π2

dφ

(7.58)

with the surface element dA = sinα dα dφ. Simplifying the integrand and having
in mind that ∂

∂α sin
−1 α |α=π2 = 0, leads to

∂2

∂α2

(

∂

∂α

(

(Mzz)−1KMzpzmzn
) 1

sinα

) ∣
∣
∣
∣
∣
α=π2

=

[

∂3

∂α3

(

(Mzz)−1KMzpzmzn
)

+
∂

∂α

(

(Mzz)−1KMzpzmzn
) 1

sinα

(

2
cos2 α

sin2 α + 1

)

︸                  ︷︷                  ︸

=1

]

α=π2

.

(7.59)

Thus, a temporary form of the integral solution reads

GKM,pmn =
1

8π2r4

2π∫

0

[

∂3

∂α3

(

(Mzz)−1KMzpzmzn
)

+
∂

∂α

(

(Mzz)−1KMzpzmzn
)
]

α=π2

dφ . (7.60)
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In order to evaluate the first term, an expansion yields

∂3

∂α3

[

(Mzz)−1KJzpzmzn
]

α=π2
=

∂3(Mzz)−1KJ

∂α3
zpzmzn

∣
∣
∣
∣
∣
α=π2

+ 3
∂2(Mzz)−1KJ

∂α2

(
∂zp

∂α
zmzn + zp

∂zm
∂α

zn + zpzm
∂zn
∂α

) ∣
∣
∣
∣
∣
α=π2

+ 3
∂(Mzz)−1KJ

∂α

[
∂2zp

∂α2
zmzn + zp

∂2zm
∂α2

zn + zpzm
∂2zn
∂α2

+2

(
∂zp

∂α

∂zm
∂α

zn +
∂zp

∂α
zm
∂zn
∂α
+ zp

∂zm
∂α

∂zn
∂α

)] ∣
∣
∣
∣
∣
α=π2

+ (Mzz)−1KJ

(
∂3zp

∂α3
zmzn + zp

∂3zm
∂α3

zn + zpzm
∂3zn
∂α3

+ 3

[
∂2zp

∂α2

(

∂zm
∂α

zn + zm
∂zn
∂α

)

+
∂2zm
∂α2

(
∂zp

∂α
zn + zp

∂zn
∂α

)

+
∂2zn
∂α2

(
∂zp

∂α
zm + zp

∂zm
∂α

)]

+ 6
∂zp

∂α

∂zm
∂α

∂zn
∂α

) ∣
∣
∣
∣
∣
α=π2

. (7.61)

For the evaluation of the first term it is necessary to calculate the third derivative
of (Mzz)−1 as

∂3Mzz
KJ

∂α3

∣
∣
∣
∣
∣
α=π2

= 4(M̄nz
JK + M̄zn

JK) = 4EKJ . (7.62)

Afterwards, a repeated differentiation of the equation (Mzz)−1
MP
Mzz

PK
= δMK can be

used to determine

∂3(Mzz)−1KJ

∂α3

∣
∣
∣
∣
∣
α=π2

= −
(

(Mzz)−1KM
∂3Mzz

MP

∂α3
+ 3

∂2(Mzz)−1KM
∂α2

∂Mzz
MP

∂α

+3
∂(Mzz)−1KM

∂α

∂2Mzz
MP

∂α2

)

(Mzz)−1PJ

∣
∣
∣
∣
∣
α=π2

. (7.63)

Inserting (7.38), (7.40), (7.48), (7.49), and (7.62) yields

∂3(Mzz)−1MN

∂α3

∣
∣
∣
∣
∣
α=π2

= 8 FMN + 6 FMKEKJFJN − 6(JMN + JNM) (7.64)

with

JMN := (M̄zz)−1MPMnn
PKFKN . (7.65)
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Finally, (7.61) can be written explicitly using (7.37), (7.40), (7.49) and (7.64):

∂3

∂α3

(

(Mzz)−1MNzpzmzn
)
∣
∣
∣
∣
∣
α=π2

=

(

− FMN + 6 FMKEKJFJN − 6(JMN + JNM)
)

z̄pz̄mz̄n

+

(

(M̄zz)−1MN + 6 (M̄zz)−1MKMnn
KJ(M̄zz)−1JN − 6FMKM̄zz

KJFJN

)

Ḡpmn

+ 6FMN Īpmn − 6(M̄zz)−1MNnpnmnn , (7.66)

where

Ḡpmn := npz̄mz̄n + z̄pnmz̄n + z̄pz̄mnn (7.67)

and Īpmn := npnmz̄n + npz̄mnn + z̄pnmnn . (7.68)

Additionally, the explicit expression

∂

∂α

(

(Mzz)−1MNzpzmzn
)
∣
∣
∣
∣
∣
α=π2

= FMNz̄pz̄mz̄n − (M̄zz)−1MNḠpmn (7.69)

is required. Finally, with (7.66) and (7.69) the fundamental solution takes the
explicit form

GKM,pmn =
1

8π2r4

2π∫

0

6
(

LKMz̄pz̄mz̄n−KKMḠpmn+FKMĪpmn−(M̄zz)−1KMnpnmnn

)

dφ (7.70)

with

LKM := FKJEJNFNM − (JKM + JMK) . (7.71)

Remark. Like the derivatives before, the integral in (7.70) can be reduced due to
symmetry considerations. Regarding their definitions, the terms E, F, J, L and Ī

are unsymmetric with respect to z̄, so that LKMz̄pz̄mz̄n and FKMĪpmn are symmetric
functions of z̄. The products KKMḠpmn and (M̄zz)−1KMnpnmnn are also symmetric
because of the symmetry of K, Ḡ and (M̄

zz
)−1, respectively. As a result, (7.70)

can be written as

GKM,pmn =
1

4π2r4

π∫

0

6
(

LKMz̄pz̄mz̄n −KKMḠpmn +FKM Īpmn − (M̄zz)−1KMnpnmnn

)

dφ .

(7.72)
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7.1.4 Solution for point defects in infinite domain

A convolution with the right hand side of (6.42) yields the result (cf. Mura
[1987])

UK(x − ξ) = −GKJ,l(x, ξ)R
α
Jl − GKJ(x, ξ) r

β

J
+GKJ,l(x, ξ)R

γ

Jl
. (7.73)

Further differentiation results in

UK,i(x − ξ) = −GKJ,li(x, ξ)R
α
Jl − GKJ,i(x, ξ) r

β

J
+ GKJ,li(x, ξ)R

γ

Jl
, (7.74)

UK,i j(x − ξ) = −GKJ,li j(x, ξ)R
α
Jl − GKJ,i j(x, ξ) r

β

J
+GKJ,li j(x, ξ)R

γ

Jl
. (7.75)

Using (7.30), (7.42), (7.54) and (7.72), the explicit expressions for the primary
variables read

UK(x − ξ) = −
1

4π2r2

π∫

0

(

FJM z̄l − nl(M̄zz)−1JM

)

dφ (RαJl − R
γ

Jl
)

− 1

4π2r

π∫

0

(M̄zz)−1KJ dφ r
β

J
,

(7.76)

UK,i(x − ξ) = −
1

4π2r3

π∫

0

2
(

KKJ z̄lz̄i + (M̄zz)−1KJ nlni − FKJH̄li

)

dφ (RαJl − R
γ

Jl
)

− 1

4π2r2

π∫

0

(

FJM z̄i − ni(M̄zz)−1JM

)

dφ r
β

J
,

(7.77)

UK,i j(x − ξ) =

− 1

4π2r4

π∫

0

6
(

LKJ z̄lz̄iz̄ j − KKJḠli j + FKJ Īli j − (M̄zz)−1KJnlnin j

)

dφ (RαJl − R
γ

Jl
) =

− 1

4π2r3

π∫

0

2
(

KKJ z̄iz̄ j + (M̄zz)−1KJ nin j − FKJH̄i j

)

dφ r
β

J
.

(7.78)

A short discussion will give an estimation about the influence of the several de-
fect types. A mechanical defect affects the displacement and its gradient directly.
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Additionally, an electrical or a polarisation defect influences the mechanical dis-
placement via electromechanical coupling. At the same time, the electric poten-
tial is affected by a mechanical defect through coupling.

The fundamental solution exhibits a singularity at the defect position. Also the
self-energy does not provide a finite value. To circumvent that problem, a certain
region around the defect could be cut out as it is common practise in dislocation
mechanics. There, a tube with a so-called core radius rcore is cut out around the
dislocation, in which the energy contribution is neglected. The core radius is
chosen as 2b ≤ rcore ≤ 5b, where b denotes the Burgers vector. However, this
approach will not be considered in this context since interaction does not require
the knowledge of self-energies.

As it can be seen from (7.76), the singularity of the displacement induced by
the mechanical and polarisation defect is of order two, while the electrical defect
has a long range singularity of order one. Due to electromechanical coupling
the mechanical defect and the electrical defects have an effect on the electric
potential and the mechanical displacement, respectively. This effect is weaker
than the direct influence mentioned above. In summary it can be said, therefore,
that the mechanical displacement is dominated by a singularity of order two
caused by a mechanical defect. Furthermore, the electric potential is dominated
by a singularity of order one with a longer range due to the electrical defect
or, in the presence of a polarisation defect, by a singularity of order two. Of
course, an interaction between mechanical and electrical phenomena occur due
to electromechanical coupling, but they are weaker than the above-mentioned
dominating effects.

7.2 Periodic domain

7.2.1 Definition

Periodic boundary conditions represent a good approximation in the bulk of a
real crystal, where the domain is composed of infinitely many periodic cells, as
depicted in Figure 7.4. For simplicity, a cubic cell with edge lengths l is examined.
The boundary conditions for that case can be written as

U(a, x2, x3) −U(−a, x2, x3) = Ū
1
(x2, x3) on ∂B1

U(x1, a, x3) −U(x1,−a, x3) = Ū
2
(x1, x3) on ∂B2

U(x1, x2, a) −U(x1, x2,−a) = Ū
3
(x1, x2) on ∂B3

(7.79)
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for the generalised displacement vector (6.38). The vectors Ūi have the following
meaning:

Ūi
J =

{

ūi
j

for J = j = 1, 2, 3

ϕ̄i for J = 4
, (7.80)

where ūi denotes a displacement, and ϕ̄i is an electric potential, both defined
on the surface ∂Bi. They are allowed to be a function of the two variables
parametrising the respective surface.

The generalised stresses have to fulfill the following periodicity conditions

ΩiJ(a, x2, x3) n
1
i = −ΩiJ(−a, x2, x3) n4

i ,

ΩiJ(x1, a, x3) n
2
i = −ΩiJ(x1,−a, x3) n5

i ,

ΩiJ(x1, x2, a) n
3
i = −ΩiJ(x1, x2,−a) n6

i ,

(7.81)

where the normals are defined as follows

n1
= e1 , n4

= −e1 , n2
= e2 , n5

= −e2 , n3
= e3 and n6

= −e3 .

The cell will be chosen to be far in the bulk and away from grain boundaries,
such that boundary effects like inhomogeneous mechanical and electrical fields
can be neglected. Then, the assumption of constant stress and strain fields, as
well as a constant electric field and electric displacement due to external sources

a

a

x2

x1x3

ū1(−a, x3), ϕ̄1(−a, x3)

ū2(−a, x3), ϕ̄2(−a, x3)

u = 0, ϕ = 0

∂B1

∂B2

Figure 7.4: Periodic cell with periodic displacements and periodic electric poten-
tial.
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is justified. In this case, the boundary conditions simplify to
∫

∂Bi

Ω
T ni dA = ΩT

∞ niAi , (7.82)

where Ω∞ is the stress and electric displacement field generated by e.g. exter-
nal sources, and Ai is the area of the surface with normal ni. Additionally, the
conditions

∫

∂B

t dA = 0 and

∫

∂B

D · n dA = Q (7.83)

must hold. The periodic cell is assumed to contain a total charge Q, and the oc-
currence of volume forces is excluded. A constant stress or strain field is insignif-
icant for the driving force, since the stress gradient is the driving mechanism, see
(6.23). For that reason the overall strain is set to 0 by choosing

ūi
= 0 , i = 1, 2, 3 ,

in (7.80), which represents the simplest boundary condition. On the other hand,
a constant electric field affects the driving force on a point charge. Thus, (7.80)
will be set to

ϕ̄i
, 0 , i = 1, 2, 3

if the influence of an electric field is of interest. This (external) electric field has
the components

Ei = −
ϕ̄i

a
. (7.84)

The introduction of periodic boundary conditions in combination with constant
boundary values (7.82) yields

∫

∂BD · n dA, which is in contradiction to the de-
manded conditions (7.83). Since the normal component of the electric displace-
ment has to fulfil D2

n = −D1
n at two opposing boundaries, the components must

vanish pointwise when positioning a defect in the centre of a cubic cell. The
reason can be found in the periodicity of the electric potential field, which has
to be symmetric with respect to each Euclidean coordinate axis. This implies a
vanishing normal component of the gradient on the boundary and hence, a van-
ishing electric displacement. For that reason, the charge in (6.35) is modified in
order to achieve charge neutrality. Introducing a background charge, which is
a homogeneous charge field in the domain, solves the problem. The source of
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the charge distribution is not of importance, since the compensating charges will
be located at the grain boundaries or on boundaries of the crystal. The added
charge contribution will be assumed as

q0 = −
β

V
= −

β

l3
(7.85)

in order to achieve
∫

B(q + q0) dV =
∫

B(β δ(x − ξ) + q0) dV = 0. Thus, the field
equation (6.37) readsbi jk uk,i j − Ai j ϕ,i j = bi jk α̂ jk δ,i(x − ξ) + β δ(x − ξ) − γiδ,i(x − ξ) + q0 . (7.86)

7.2.2 Numerical implementation

An efficient way of implementing periodic boundary conditions is a Discrete
FOURIER Transform (DFT) applied to a discretised set of equations. The dis-
cretisation can be done by means of a Finite Difference (FD) Scheme like in e.g.
Küpper & Masbaum [1994] for diffusion problems or in Goy et al. [2006b] for
point defects. The implementation of FD schemes is straightforward and can be
extended to arbitrary orders. Applying a DFT to a discretised set of differential
equations leads to direct expressions for the variables in FOURIER space without
the need for solving a large system of linear equations. A back transform yields
the primary variables in real space. The accuracy of the results can be regulated
via the numerical scheme, while the DFT does not alter the discretised data. More
information about FOURIER transforms can be found in Appendix D.

Let f (x) be a real-valued C2 continuous function in R3. The domain has the di-
mensions xi = [0, l[ and is discretised with N grid points in each spatial direction.
Thus, the position vector is limited to

xm,n,k :=





mh

n h

k h




, m, n, k = 0, . . . ,N − 1 with spacing h =

l

N − 1
, (7.87)

which can be used for writing fm,n,k := f (xm,n,k). The finite difference formulas for
the first derivative read

grad f
∣
∣
∣
∣
xm,n,k

:=





∂ f

∂x1
∂ f

∂x2
∂ f

∂x3





xm,n,k

≈ grad h fm,n,k :=
1

2h





fm+1,n,k − fm−1,n,k
fm,n+1,k − fm,n−1,k
fm,n,k+1 − fm,n,k−1




. (7.88)
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In order to achieve an adequate accuracy of order h2, the central finite difference
quotient has been used. The second derivatives are

∂2 f

∂x2
1

≈
fm+1,n,k − 2 fm,n,k + fm−1,n,k

h2
,

∂2 f

∂x2
2

≈
fm,n+1,k − 2 fm,n,k + fm,n−1,k

h2
,

∂2 f

∂x23
≈

fm,n,k+1 − 2 fm,n,k + fm,n,k−1

h2
,

∂2 f

∂x1∂x2
≈

fm+1,n,k − fm−1,n,k + fm,n+1,k − fm,n−1,k

2h2
,

∂2 f

∂x2∂x3
≈

fm,n+1,k − fm,n−1,k + fm,n,k+1 − fm,n,k−1

2h2
,

∂2 f

∂x1∂x3
≈

fm+1,n,k − fm−1,n,k + fm,n,k+1 − fm,n,k−1

2h2
.

(7.89)

Periodic boundary conditions will be applied via DFT, where the properties (D.20)
and (D.22)2 will be used. The gradient transforms to

F̄p,q,r

(

grad h fm,n,k
)

=
1

2h





e+ω p − e−ω p

e+ω q − e−ω q

e+ω r − e−ω r




f̂p,q,r =

1

h





ı sin
(
2π
N
p
)

ı sin
(
2π
N
q
)

ı sin
(
2π
N
r
)





f̂p,q,r , (7.90)

and the second derivatives to

F̄p,q,r

(

∂2 fm,n,k
∂xi∂x j

)

= − 1

h2
sin

(
2π

N
pi

)

sin
(
2π

N
p j

)

f̂p,q,r , (7.91)

where ω = ı2π/N, ı2 = −1 and the EULERian formulas have been used. The
indices are compacted with the index vector p = [p q r]T. It is obvious that the
derivatives on grid point (p, q, r) only depend on the transformed values of f̂ on
the same grid point (p, q, r) and not on their neighbours, as it was the case in
(7.89). Thus, each variable in FOURIER space can be calculated independently.
Afterwards, an inverse transformation is performed to obtain the fp,q,r in real
space.

The application to (6.36) and (6.37) yields a linear system of equations for the
primary variables in FOURIER space Û = [û1 û2 û3 ϕ̂]T at each grid point (p, q, r):

Mp,q,r Ûp,q,r = rp,q,r . (7.92)
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The coefficient matrix M is decomposed of

Mp,q,r =

[

Muu Muϕ

Mϕu Mϕϕ

]

(7.93)

with

Muu
=





C11 d11 + C44 d22 + C66 d33 (C12 + C44) d12 (C13 + C66) d13
(C12 + C44) d12 C44 d11 + C22 d22 + C55 d33 (C23 + C55) d23
(C13 + C66) d13 (C23 + C55) d23 C55 d11 + C55 d22 + C33 d33




,

Mϕu
=MT

uϕ =

[

(b25 + b31) d13 (b25 + b31) d23 b25(d11 + d22) + b33 d33
]

,

Mϕϕ
= −A11(d11 − d22) − A33 d33 ,

(7.94)

and the right hand side of (7.92) reads

rp,q,r =





(C11 α̂11 + C12 α̂22 + C13 α̂33) d1 δ̂p,q,r
(C12 α̂11 + C22 α̂22 + C23 α̂33) d2 δ̂p,q,r
(C13 α̂11 + C23 α̂22 + C33 α̂33) d3 δ̂p,q,r

(
(b31 α̂11 + b32 α̂22 + C33 α̂33) d3 + β + γ1 d1 + γ2 d2 + γ3 d3

)
δ̂p,q,r + q̂0p,q,r





.

(7.95)

A transversely isotropic material has been presumed in (7.94)–(7.95) and the
differential operators

d j :=
1

h
ı sin

(
2π

N
p j

)

,

d jk := −
1

h2
sin

(
2π

N
p j

)

sin
(
2π

N
pk

)
(7.96)

have been used. The discrete delta function δ
m,n,k with origin at point (md, nd, kd)

can be easily obtained under consideration of property (B.2) as

δ
m,n,k =

{
1
h3

for (m, n, k) = (md, nd, kd)

0 else
.

A transform yields

δ̂
p,q,r :=

1

h3
e−ı

2π
N (md p+nd q+kd r) . (7.97)
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It is should be noticed that a numerical treatment is required for the back trans-
form of the primary variables Ûp,q,r after solving (7.92) at each grid point (p, q, r).
The inverse DFT is performed by the free code FFTW, see Frigo & Johnson [2005]
for further information. The code provides a Fast FOURIER transform (FFT),
which takes advantage of an efficient calculation of the summands in (D.12)
and reduces the amount of floating point operations from N2

= 22p to pN = p 2p

in the case of N = 2p. Additionally, FFTW uses a variety of FFT algorithms and
implementation styles optimised for the corresponding hardware.

It should be emphasised, that the index combination (p, q, r) = (0, 0, 0) in (7.92)
requires a special treatment, since the coefficient matrix (7.93) becomes singular.
Thus, the transform can be chosen arbitrarily, which introduces a constant term
representing a rigid body translation or a bias potential field in the mechanical
displacements and in the electric potential, respectively. The bias field can be set

Û0,0,0 = 0 (7.98)

without consequences on the material behaviour.

Another important issue is the treatment of the additional charge in (7.86). A
constant value transforms as

q̂00,0,0 = N3 q0 , q̂0p,q,r = 0 for (p, q, r) , (0, 0, 0)

according to (D.14). However, the constant value (7.98) for the index combi-
nation (0, 0, 0) is set to zero, so that the background charge has no effect on the
solution.
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Chapter 8

Results

8.1 Parameter identification – Mechanical defect

When comparing discrete atomic displacements to continuous displacement fields,
the main difficulty lies in the oscillations of the atomic displacements, while the
classical continuum theory for small deformations will always predict a harmonic
displacement field around the defect (see Figures 8.5–8.6 in Chapter 8.1.2). In
particular in ionic systems consisting of several components, positive and nega-
tive ions in the vicinity of a defect are always subject to electrostatic interaction.
In the case of a simple material consisting of only one chemical constituent with
covalent bonding, the resulting atomic displacements are expected to be har-
monic. This means that no jumps of the displacement sign will occur in e.g.
radial direction. Whereas in more complex structures, attraction and repulsion
of ions according to their charge will occur, which is illustrated in Figure 8.1.

A parameter identification requires a transfer from discrete to continuous theories
and can be carried out by using energetic criteria, but also lattice distortion or
reaction forces can be taken as a basis. The problem with energetic criteria is the
quadratic energy function in linear elasticity. It cannot be distinguished between
a state of tension and a state of compression, which will both produce the same
value of internal energy. This method can be sufficient for the electric defect,
but the consideration of the lattice distortion is preferred in this context. The
relaxation volume around the defect will be investigated in this chapter, related
to a procedure described in Garikipati et al. [2006] for silicon. The criterion
for parameter identification used for the mechanical parameter is the formation
volume V f

= Vr
+ Ω of a defect, which is composed of the relaxation volume

Vr due to the relaxation of the lattice and an atomic volume Ω of the removed

93
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x3

x1
x2

Figure 8.1: Oxygen vacancy in cubic BaTiO3 with displacement vectors around
the defect relative to undeformed atomic positions.

atom. The continuum model describes the defect by a force multipole, and the
atomistic simulations are calculated with an empirical interatomic potential. The
adjustment of the continuum approach to the atomistic calculation yields the
defect parameter, which is verified by a comparison with the strain energy.

In contrast to silicon, ionic materials can exhibit a variety of lattice relaxation
states, see Crawford & Slifkin [1972]. Potential-based atomistic models or con-
tinuum approaches are not capable of representing these effects, only a full
quantum-mechanical treatment does so. However, those methods based on den-
sity functional-theory are still limited to a typical system size of 100 atoms, which
is no representative volume for elasticity theory. Anyway, there exist interatomic
potentials of a COULOMB type, which do not describe the electronic interaction
in full detail, but cover the lattice relaxation for a defect of given charge state
in polar materials. In collaboration with Erhart & Albe [2009], the atomistic
simulations are based on a molecular statics approach using a shell-type poten-
tial. Finite-size effects in periodic systems due to neighbouring cells are bypassed
by calculating a non-periodic cluster arrangement. To avoid the simulation of
the complicated ionic structure in the ferroelectric state, the potentials chosen
are taken from the high temperature phase, which exhibits a cubic lattice struc-
ture, but the influence of the temperature is eliminated by setting the tempera-
ture to 0 K. This approach simultaneously eliminates the piezoelectric effect, see
Eq. (4.17).

For the setup described above, the comparison of the defect relaxation volume
Vr
= V f − Ω will provide enough information for parameter identification and

will therefore be the favoured identification attribute, like it is done in Goy et al.
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[2007, 2009b]. Energetic considerations will be given for a periodic cell arrange-
ment. Unlike Garikipati et al. [2006], the strain energy cannot be compared
between the two models. The COULOMB interaction dominates in an ionic sys-
tem, which leads to a dependence on the inverse cell length l−1c , while the strain
energy exhibits a dependence of l−3c . By treating the cubic BaTiO3 as a dielectric,
this fact can be used to identify the electric parameter, which – in a first approx-
imation – can be assumed as the charge of the removed ion. It will turn out
that a dielectric continuum description requires partial charges to describe the
macroscopic material behaviour. The microscopic scale consideres more effects
than the model on the macro-level, so the calculated value for the charge can be
understood as a averaged quantity.

8.1.1 Relaxation volume

The relaxation volume tensor contains the volumetric and shear distortion of the
domain under consideration and is defined for a continuous and integrable field
ε as

Vr
=

∫

D

ε dV . (8.1)

The domainD represents a sub-volume containing the mechanical defect, which
has to be representative and large enough to be compared with the atomistic
structure. The defect symmetry (cf. Chapter 6.1.1) leads to a symmetric shear
distorsion of the crystal, and therefore leads to vanishing shear components in
Vr. Thus, the consideration of the volume change

∆V = trVr (8.2)

will suffice for the identification process. By means of GAUSS’s law and (6.11),
the volume integrals in (8.1) and (8.2) can be converted into surface integrals

Vr
=

∫

∂D

1

2
(u ⊗ n + n ⊗ u) dA , ∆V =

∫

∂D

u · n dA . (8.3)

In spite of the singularity of the total strain ε at x = ξ, the volume integral stays
finite. The evaluation can be easily carried out using the boundary integral (8.3).

An isotropic defect can be assumed when the defect symmetry and the crystal
structure permits this simplification, (8.2) and (8.8) take the form

∆V = 3α + tr




C−1 ∫

∂D

t ⊗ x dA




. (8.4)
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Because of |u| ∼ 1/r2 (cf. (7.76)),

‖Vr‖ ∼
∫

∂D

1

r2
r2d Γ = const. , (8.5)

where r2d Γ is an infinitesimal surface element in spherical coordinates according
to Figure 7.1. Thus, for every self–similar scaling of the subvolumeD, the change
in volume remains constant. It is remarkable that (8.5) is independent of the
material properties and is even valid for piezoelectric material.

Representation in cubic material

Beside (8.1), a representation in stresses can be formulated by making use of
(6.16) and (6.2):

Vr
=

∫

D

ε dV =

∫

D

ε0dV +

∫

D

εedV = α̂ +

∫

D

C−1 σ dV . (8.6)

Using the identity

∫

D

σi j dV =

∫

D

σik
∂x j

∂xk
dV =

∫

D

σik,k
︸︷︷︸

=0

x j dV +

∫

∂D

σiknkx j dA , (8.7)

the tensor Vr has the structure

Vr
= α̂ +C−1 ∫

∂D

t ⊗ x dA { trVr
= trα̂ + tr




C−1 ∫

∂D

t ⊗ x dA




, (8.8)

where t = σn. In (8.7) the balance of momentum (6.9) was used to cancel the
first integral. It becomes clear from (8.8), that the relaxation volume tensor in a
crystal with traction-free boundaries depends only on the defect strength α̂, while
the second term vanishes. When integrating over the whole domain B of a finite
body, the relaxation volume is given by trα̂, which simplifies to 3α in the isotropic
case. Thus, the defect strength can be interpreted as a volume expansion of the
surrounding material. Once the parameter and the defect density is known, one
can estimate the overall effect on the crystal for dilutely distributed defects. In
the case of pure traction boundaries, the integral in (8.8) does not vanish, but it
is trivial to evaluate. Only displacement boundary conditions require a numerical
treatment or a superposition scheme.
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As an illustrative example, (8.4) will be evaluated on a cube with edge length
2 lc, with a point defect in the centre of it. The material is assumed to be cubic.
The cube can be either part of a larger, e.g. periodic structure, or it can represent
a whole crystal. The edges of the cube, as well as the crystal axes, are parallel to
the coordinate axes. On the surface ∂B1 with normal n = [1 0 0]T and position
vector x = [a x2 x3]

T, the integrand of the second term in (8.4) reads

t ⊗ x =̂





a σ11 σ11x2 σ11x3
a σ12 σ12x2 σ12x3
a σ13 σ13x2 σ13x3




. (8.9)

Since σ11x2 is odd in x2 (because of the symmetric normal stress σ11), the integral
∫ a

−a σ11x2 dx2 = 0. It can be shown with similar arguments that the integration
over the components (i, j) , (1, 1) of (8.9) also vanish, so

tr




C−1 ∫

∂D1

t ⊗ x dA




= C−1ii11 ∫

∂D1

σ11dA = (C−11111 + 2C−11122)T1 , (8.10)

where T1 :=

∫

∂B1

σ11dA denotes the resulting normal force on the surface ∂B1

due to the point defect. Finally, after summation over all six surfaces and taking
into account the symmetry of the opposing faces, the relaxation volume takes the
form

trVr
=

3∑

i=1

αi + 2 (C−11111 + 2C−11122)Ti , (8.11)

where Ti are the normal components of the total forces on the surfaces with nor-
mals in xi direction. The forces contain the contributions of each defect parameter
αi.

An isotropic defect simplifies Eq. (8.11) to

trVr
= 3α + 6(C−11111 + 2C−11122)T1 . (8.12)

When boundary effects are neglected and the integral is taken over a subdomain
D of the material, a dilatation would cause tensile stresses on the volume sur-
faces. Because

(C−11111 + 2C−11122) = C1111 −C1122

(C1111 + 2C1122)(C1111 −C1122)
> 0 ,

the second term in (8.11) will be positive for negative α. So the first term can
interpreted as the change of volume due to a point defect without the interaction
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with the surrounding elastic material. The second term results from the material
resistance. It reduces the dilatation and depends on the elastic stiffness. Obvi-
ously, the first term in (8.11) is constant for any volume containing the defect, so
must the second term because of (8.5).

Representation in isotropic material

The isotropic fundamental solution for (7.76) can be found by means of (7.17)
as

ui(x − ξ) =
1

16πµ(1 − ν) r2 (δi jnk + δkjni − (3 − 4ν)δikn j − 3ninkn j)Dkj ,

with n = x − ξ/|x − ξ|, the shear modulus µ and the Poisson’s ratio ν. In spherical
coordinates and in the case of an isotropic defect, the only nonzero displacement
component is

ur(r) = c
1

r2
er = −c grad

1

r
er , (8.13)

where the constant c depends on the chosen defect model, see Eshelby [1954].
In this case c = (1 + ν)/(4π(1 − ν))α. The strains and stresses with respect to the
basis er ⊗ er take the form

εr =
∂ur

∂r
= −2c 1

r3
, σr = 2µ εr = −4µc

1

r3
. (8.14)

Together with (8.13), the relaxation volume (8.3) takes the simple form

∆V = 4πr2ur = 4πc . (8.15)

The representation in stresses is simply

∆V = 3α +
1 − 2ν

2µ(1 + ν)

∫

∂B

σr r dA = 3α − 2(1 − 2ν)

1 − ν α = 4πc (8.16)

by virtue of (8.8). Here, the the normal vector n = er and the traction vector can
be written as t = σrn = σrer.

The relaxation volume of a cubic material will be compared to an isotropic ma-
terial in order to show the influence of the material anisotropy on the result for
the defect parameter. For that purpose, the cubic material constants have to be
averaged spatially. According to Schclar [1994], the averaged Lamé constants λ̄
and µ̄ are

λ̄ =
1

5
(C1111 −C1122 + 3C1212) , µ̄ =

1

5
(C1111 + 4C1122 − 2C1212) . (8.17)
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The averaged Poisson’s ratio can then be expressed as ν̄ = λ̄/(2(λ̄+ µ̄)). The term
“isotropic material” will be used for material data with averaged properties ac-
cording to (8.17). It is interesting that the relaxation volume can be computed
directly via (8.15). Strictly speaking, this equation holds only for spheres. Nu-
merical results will validate the result also for other geometries.

8.1.2 Atomistic calculations

Calculation methods

The atomistic data is provided by Erhart & Albe [2009] using molecular statics
calculations with the GULP program package Gale & Rohl [2003]. A standard
shell-model potential with fixed ionic charges was used, the parameters were
taken from Bush et al. [1994]. The data were calculated for a non-periodic clus-
ter arrangement. According to a method established by Littleton [1938], the
defect is embedded into a spherical cluster (radius ra) of ions, which is relaxed
completely. This cluster is surrounded by a second spherical arrangement of ions
(radius rb) interacting harmonically with the displacements of the inner cluster.
Free charges are compensated by a continuum enclosing the whole sphere. The
material parameters are summarised in table 8.1. The cluster size was chosen as
ra = 25 Å and rb = 35 Å with a total of 10464 ions in the inner region.

a [Å] V [Å
3
/unit cell] C11 [GPa] C12 [GPa] C44 [GPa] ǫ0 ν̄

3.9596 62.08 292.3 146.5 146.5 39.21 0.25

Table 8.1: Materials properties of BaTiO3 as obtained by a shell-type potential,
see Bush et al. [1994].

Postprocessing

The calculation of the relaxation volume requires the knowledge of atomic dis-
placements of the relaxed lattice at the boundary of the considered volume.
Atomic displacements are discrete values defined on the lattice sites of the ideal
lattice in the reference positions of the atoms before relaxation. The discrete
vectors have to be interpolated between the lattice sites to define a smooth vec-
tor field, which then can lead to a global volume change. With the objective of
receiving a representative value for the relaxation volume, different right-angled
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a)

x3

x2 x1
b)

Figure 8.2: Oxygen vacancy in cubic BaTiO3 with the position of the defect a)
within unit cell (schematically), b) within the inner cluster (ra = 25Å); cut at
x1 = 0.

subcells are cut out of the lattice. As in continuum mechanics, the subvolume rep-
resents only a part of the complete lattice with resulting stress and charge on the
surface arising from this cut. Each subcell will be compared with its continuous
counterpart of the same size.

Based on the lattice structure of BaTiO3, two different kinds of surfaces can be
identified. With the aid of Figure 8.2, planes can be constructed along the edges
of the cell consisting of barium and oxygen ions denoted as ∂BBaO, as well as
planes across the centre of the cell containing titanium and oxygen ions, indicated
with ∂BTiO. The shape of the each volume are depicted in Figure 8.3. However, it
should be noticed that every surface is still a part of an (approximately) infinite
crystal.

The simplest way of transferring the displacement vectors to an integrable dis-
placement field is defining finite elements with appropriate interpolation func-
tions like in the Finite Element Method (FEM). For that purpose, the atomic lat-
tice is divided into elements with adequate shape functions for each ion, which
represents one node in the element. For the atomic structure of ∂BBaO a four node
element with additional middle node has been chosen, cf. Figure 8.4. The best
approximation of ∂BTiO is an eight node serendipity element. A comprehensive
review about FE discretisations can be found in e.g. Hughes [2000]; Zienkiewicz
& Taylor [2005]. It cannot be expected to find a unique solution for the con-
tinuous displacement field because of the many possible ways of interpolation
between the discrete atomic displacements.
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a)

b)

Figure 8.3: Surfaces of atomic lattice of BaTiO3, a) Ba2+ •, O2− •; b) Ti4+ •,
O2− •

Figure 8.4: Interpolation of the atomic data with finite elements.

Results

Figure 8.2 shows the location of the oxygen vacancy and the atomic displace-
ments around the defect position, respectively. It is quite obvious that the ionic
displacements are determined by their charge, which results in a strongly oscil-
lating displacement around the defect centre, see Figures 8.5 a) and 8.6 a).

A qualitative comparison is shown in Figure 8.7. The solution of elasticity the-
ory (7.76) is plotted with isotropic and anisotropic defect data as determined
in the following chapter. Exemplarily, displacements of atoms in the directions
of [1 0 0], [0 1 0], [1 1 0], and [0 1 1] are shown. The atomic species located on
these lines can be identified with the aid of Figure 8.2. The x1-axis contains O2−

and Ti4+ ions. The positively charged titanium ions are repelled by the positively
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Figure 8.5: Contour plot of the radial displacement ur in the x1−x2 plane of the a)
atomic cluster (MOTT-LITTLETON), b) continuum solution with isotropic defect,
c) continuum solution with anisotropic defect.
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Figure 8.6: Contour plot of the radial displacement ur in the x2−x3 plane of the a)
atomic cluster (MOTT-LITTLETON), b) continuum solution with isotropic defect,
c) continuum solution with anisotropic defect.

charged vacancy, while the oxygen ions are repelled in the close vicinity and at-
tracted far away from the defect. In contrast, the oxygen on the x2-axis oscillates
and switches between repulsion and attraction, while those ions in [1 1 0] direc-
tion show a pronounced attractive behaviour. On the other hand, the positively
charged barium ions along [0 1 1] are repelled by the vacancy. Thus, it is difficult
to predict the atomic displacement distribution on the basis of the nominal ionic
charges. It is no trivial task to define a macroscopic response for a continuum
theory.

Since the deformation of the heterogeneous atomic lattice strongly depends on
the atomic species, differently charged ions on the surface of the cut lead to
completely different volumetric changes. The volumes with surfaces containing
titanium and oxygen ions, as depicted in Figure 8.3 b), have the tendency to con-
tract. In contrast, volumes with surfaces containing barium and oxygen ions in
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Figure 8.7: Defect at (0, 0, 0), a) displacement u1 along x1-axis, b) displacement
u2 along x2-axis.
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Figure 8.8: Relaxation volume in BaTiO3, atomistic simulation and continuum
theory, a) isotropic defect, b) anisotropic defect.

Figure 8.3 a) show a general tendency to expand, see Figure 8.8. The continuum
solution contained in this plot is treated in Chapter 8.1.3. The reason for the
behaviour mentioned before can be found in the amount of negatively charged
oxygen ions nO per surface, which can be calculated based on Figure 8.9 as

nO
= (nTi

1 − 1)(nTi
2 − 1) + nTi

1 nTi
2 on ∂BTiO

nO
= (nTi

1 − 1)(nTi
2 − 1) on ∂BBaO ,

(8.18)

where nTi
1
= 4, nTi

2 = 5, nBa
1
= 5 and nBa

2 = 6 in this example.

To calculate the nominal charge of a surface, however, the ions shared with other
surfaces have to be counted with a fraction of their actual charge:

QTi
= (nTi

1 − 1)(nTi
2 − 1) · 4e+ , QO

= 2 (nTi
1 − 1)(nTi

2 − 1) · 2e− on ∂BTiO ,

QBa
= (nBa

1 − 1)(nBa
2 − 1) · 2e+ , QO

= (nBa
1 − 1)(nBa

2 − 1) · 2e− on ∂BBaO .
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2

1

2

1

Figure 8.9: Single surface of atomic lattice of BaTiO3, local coordinates 1 and 2,
Ba2+ •, O2− •; Ti4+ •, O2− •

(8.19)

It is obvious that the surfaces as a whole are charge-neutral, which means that
QO
= −QTi on ∂BTiO, as well as QO

= −QBa on ∂BBaO. For this reason, it is quite
significant to consider (8.18) to explain the relaxation behaviour of the different
surface types. On the surfaces ∂BTiO an additional number of (nTi

1
− 1)(nTi

2 − 1)

oxygen ions are taken into account; 12 ions in the example above. On the other
hand, on ∂BBaO the barium ions dominate by a number of nBa

1
+ nBa

2
− 1 atoms; 10

ions would be the difference for the example.

It is remarkable that each kind of volume – with ∂BTiO and ∂BBaO, respectively –
shows a nearly constant ∆V, as demonstrated in Figure 8.8. The continuum prop-
erty (8.5) obviously holds for each volume type separately. The main difficulty
is now to define the macroscopic behaviour of the crystal, e.g. for an observer
measuring the crystal volume before and after the relaxation. The continuum
theory cannot map these localised effects, but relies on on homogenisation pro-
cedures. Hence, the two different relaxation volumes in the atomic structure will
be regarded as two extremal values oscillating around an average. The param-
eters will be chosen such that the continuum solution is the best approximation
for this average value.

8.1.3 Parameter identification

Numerical evaluation

The elastic displacements on the boundary are given by (7.76) together with
the material data form Tab. 8.1. The displacement solution and the relaxation
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volume (8.3) have to be evaluated and integrated numerically. The domains are
chosen with respect to the size of the discrete systems in Figure 8.3. The edge
lengths l1 and l2 = l3 are chosen in the combinations shown in Tab. 8.2, where a

∂BBaO ∂BTiO

l1/a 0.5 1.5 1.5 2.5 2.5 3.5 1 1 2 2 3 3

l2/a 1 1 2 2 3 3 0.5 1.5 1.5 2.5 2.5 3.5

Table 8.2: Dimensions of the subcells extracted from the atomistic data.

is the length of a unit cell. The normals on the surfaces are ni = ±ei. This reduces
(8.3) to

trVr
=

3∑

i=1

2

∫

∂Bi

ui dA , (8.20)

where the displacement field has to be evaluated on a maximum number of three
surfaces with normal ei.

The numerical integration is done by a simple linear trapezoidal quadrature rule.
The solution for isotropic material, as well as the solution for anisotropic material
require a numerical treatment. The integration of the displacement is carried out
over planes with normals ±ei, i = 1, 2, 3. At least 100 × 100 evaluation points per
unit cell have been chosen for a sufficient accuracy.

Continuum solution

The numerical relaxation volumes for isotropic and anisotropic defects are shown
in Figures 8.10 and 8.11 examplarily for different aspect ratios

ζ =
l1 − l2
l1 + l2

=
l1 − l3
l1 + l3

, (8.21)

where l2 = l3. The isotropic defect is described with one free parameter according
to (6.5). The anisotropic defect requires α1 and α2 = α3, under the assumption
that the strain fields in x1-direction differ from those perpendicular to it, see
Figure 8.2.

The isotropic defect in isotropic material is unaffected of the aspect ratio of the
volumes and yields ∆V ≈ 5

3
α. Remarkably, the relaxation volume of a sphere

can be obtained with ν̄ from Tab. 8.1 as ∆V = 5
3
α. Like in the case of a sphere,
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Figure 8.10: Relaxation volumes for different aspect ratios ζ = (l1 − l2)/(l1 + l2) of
the control volume in a) isotropic material (data from BaTiO3), isotropic (α , 0)
and anisotropic defect (α1 , 0 or α2,3 , 0); b) cubic BaTiO3, isotropic defect, ∆Vi

denotes the change of volume in direction of ei.

the change in volume is not only independent of the size, but also of the shape
of the volume. In a cubic material there is a slight dependence on the aspect
ratio, where the minimal value for the relaxation volume is obtained for a cubic
shape as ∆V ≈ 1.58α. The aspect ratios for the subvolumes according to Tab. 8.2
vary only slightly ([− 1

3
, 1
3
]), so that the relaxation volumes are nearly constant

as well, see Figure 8.10 b). It should be noticed that the differences between
the numerical values calculated for isotropic and cubic material are very small,
which will lead to similar values for α. For the sake of clarity, the contributions
∆Vi =

∫

∂Bi
ui dA , i = 1, 2, 3 are plotted separately, where ∂Bi denote the surfaces

with normals ±ei and ∆V = ∆V1 + ∆V2 + ∆V3. For equal lengths l1 = l2 = l3 all
contributions coincide. It should be noted that here, a self-similar scaling does
not affect the volume change, which only depends on the shape of the cuboid.

The anisotropic defect is evaluated for α1 , 0, α2,3 = 0 and for α1 = 0, α2,3 , 0,
respectively. It can be seen from Figure 8.11 a) that the smaller ζ, the more α1

dominates. Furthermore, α1 induces contraction in the perpendicular directions
e2 and e3 in that case, whereas in a cubic control volume only ∆V1 contributes
to the relaxation volume. Certainly, the superposition of both cases results in the
relaxation volume of an isotropic defect (with α1 = α2 = α3). The studies for the
anisotropic defect illustrate the interplay of geometry, parameters, and relaxation
volumes, and clarify the following results.



8.1. PARAMETER IDENTIFICATION – MECHANICAL DEFECT 107

a)

 0

 0.5

 1

 1.5

 2

 2.5

−0.3 −0.2 −0.1  0  0.1  0.2  0.3

∆V
/α

 [−
]

ζ [−]

∆V
∆V1

∆V2+∆V3

b)

 0

 0.5

 1

 1.5

 2

 2.5

−0.3 −0.2 −0.1  0  0.1  0.2  0.3

∆V
/α

 [−
]

ζ [−]

∆V
∆V1

∆V2+∆V3

Figure 8.11: Relaxation volumes for different aspect ratios of the control volume
in cubic BaTiO3 of a) an anisotropic defect (α1 , 0), b) an anisotropic defect
(α2,3 , 0), ∆Vi denotes the change of volume in direction of ei.

Results

As it is described in Chapter 8.1.2, the continuum solution should be the best
approximation for the average value of the atomistic results. A least squares
fitting of the lattice statics solution to the elastic solution with αi , i = 1, 2, 3 , as
free parameters, will be the appropriate method in this context.

An isotropic defect is considered first. A positive or negative value for α repre-
sents a local expansion or contraction of the lattice, respectively. In cubic material
the adaption leads to

α = −5.5 Å
3
, (8.22)

which is shown in Figure 8.8 a). This contraction supports the idea of the pa-
rameter α as a measure of a volumetric change. In isotropic material, the defect
parameter is identified as

α = −5.3 Å
3
. (8.23)

Obviously, the material properties are not crucial for determining the defect
strength in this case.

The anisotropic defect involves a difficulty not observed within the atomistic cal-
culations. The relaxation volumes depend on the aspect ratio ζ. When the aspect
ratio is chosen as ζ < 0, the parameter α1 dominates the relaxation volume, since
the faces with x1 = const. are closer to the defect centre. Vice versa, if ζ > 0,
the parameters α2,3 dominate, see Figure 8.8 b). Again, a least square fit for the
parameter vector [α1 α2]

T results in

α1 = 33 Å
3

and α2 = −25 Å
3
. (8.24)
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A remarkable fact is the positive defect parameter in x1-direction, indicating ex-
pansion in that direction. This takes into account the defect anisotropy and would
be equivalent to a force dipole of compressive forces in x1-direction, while tensile
force dipoles act along the x2- and x3-axis. Thus, the upper curve in Figure 8.8 b)
for the continuum solution is a result of an increased influence of the positive α1,
which superposes a volume expansion. On the other hand, α2,3 induce an overall
volume contraction, which determines the lower curve.

The same defect model in isotropic material leads to the same results for ∆V. The
obtained parameters for the isotropic medium are

α1 = 53 Å
3

and α2 = −35 Å
3
, (8.25)

which differ strongly in magnitude from those valid for the anisotropic material.

8.2 Parameter identification – Electrical defect

The electric parameter in a continuum theory is usually chosen as a multiple of
an elementary charge. To support or refute this assumption, an energetic crite-
rion will be formulated to compare atomistic and continuous results of BaTiO3

in the cubic phase as in Chapter 8.1. A disadvantage of the continuum solution
is the singularity at the defect position, which yields a non-integrable energy ex-
pression. To circumvent this difficulty, energy differences between infinite and
periodic cells will be considered, which cancel out the singularities.

The energy contributions of the atomistic periodic cells were calculated with
molecular statics by Erhart & Albe [2009]. The calculated supercells of up to
8 × 8 × 8 unit cells were relaxed while keeping the total volume fixed to reduce
finite size-effects of long-range strain interaction, see Agoston & Albe [2009];
Y. Mishin & Voter [2001]. The energy of an infinite cell can be extrapolated by
means of finite size scaling. The interatomic forces were described as in the pre-
vious approach (Chapter 8.1.2) by a standard shell-model potential with fixed
ionic charges. The parameters (8.1) are used within atomistic and continuous
calculations. In order to maintain charge neutrality of the system, a fixed back-
ground charge of q0 = −2 e was applied in the the atomistic calculation as well as
in the continuum according to (7.85).
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8.2.1 Electric energy of periodic cells

The aim of this chapter is the preparation of a boundary integral expression for
the energy difference of an infinite cell in comparison to a periodic cell. By
means of a superposition scheme sketched in Figure 8.12, a finite part B with
boundary ∂B and normal n is cut out of an infinite domain containing a defect.
Since electromechanical coupling is absent in the paraelectric configuration, the
material behaves like a dielectric. The electric internal energy Π∞ stored in the
infinite domain is given by

Π
∞
= Π

∞
B −

1

2

∫R3\B

D∞ · E∞ dV

︸                ︷︷                ︸

=:I

, (8.26)

where Π∞B = −
1
2

∫

BD
∞ · E∞ dV +

∫

B qϕ
∞ dV is the internal energy stored in B. By

using Gauß’ law and (6.13), the second term in (8.26) can be written as

I = 1

2

∫R3\B

divD∞
︸ ︷︷ ︸

q

ϕ∞ dV − 1

2

∫

∂B

D∞ · nϕ∞ dA = −1
2

∫

∂B

D∞ · nϕ∞ dA ,

where n is the normal vector on ∂B pointing outwards. The energy Π∞B can be
calculated by means of superposition of a periodic cell (index p) with defect and
a cell with index ∗, recovering the original boundary conditions, as it is sketched
in Figure 8.13.

ϕ∞, D∞

−D∞ · n

ϕ∞, D∞, q

D∞ · n

ϕ∞, D∞, q

= +

nn

Figure 8.12: Superposition scheme for the decomposition of an infinite cell.
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The two systems are described entirely with

Ep
= −gradϕp , E∗ = −gradϕ∗ ;

divDp
= q , divD∗ = 0 ;

Dp
= ε0ǫE

p , D∗ = ε0ǫE
∗ ;

Dp · n = −qp on ∂B , D∗ · n = −q∗ = −(q∞ − qp) on ∂B .

(8.27)

The energy of the first term in (8.26) can be specified as

Π
∞
V = −

1

2

∫

B

(Dp
+D∗) · (Ep

+ E∗) dV +

∫

B

q (ϕp
+ ϕ∗) dV

= Π
p

V
−

∫

B

Dp · E∗ dV − 1

2

∫

B

D∗ · E∗ dV +
∫

B

qϕ∗ dV

= Π
p

V
+

∫

B

Dp · ∇ϕ∗ dV + 1

2

∫

B

D∗ · ∇ϕ∗ dV +
∫

B

qϕ∗ dV

= Π
p

V
−

∫

∂B

Qp ϕ∗ dA −
∫

B

divDp

︸︷︷︸

q

ϕ∗ dV − 1

2

∫

∂B

Q∗ϕ∗ dA +

∫

B

qϕ∗ dV

(8.28)

= Π
p

V
+
1

2

∫

∂B

(D∞ −Dp) · nϕ∗ dA , (8.29)

where Eqs. (8.27) and GAUSS’ law have been used. Πp

B is the energy of the
periodic cell. On the boundary, ϕ∗ takes the value ϕ∗ = −ϕp

+ ϕ∞ so that (8.26)

ϕ∗, D∗ϕp, Dp, qϕ∞, D∞, q

= +

Dp · n D∗ · nD∞ · n

Figure 8.13: Superposition scheme for a finite cell with D∞ · n on ∂B.
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can be rewritten as

∆Π = Π
∞ −Πp

B =
1

2

∫

∂B
(D∞ −Dp) · n (ϕ∞ − ϕp) dA . (8.30)

The periodic potential ϕp is the solution of Eqs. (8.27)2, which can be simpli-
fied to ∆ϕp

= q. The solution can be calculated numerically via FD schemes in
conjunction with a FFT solution according to Chapter 7.2.

8.2.2 Parameter identification

Eq. (8.30) is evaluated for cubic cells of different multiples of the unit cell size
a. Due to the cubic symmetry of the cell, the material properties and the defect
symmetry, the constraint Dp ·n = 0 has to be valid pointwise on the whole bound-
ary ∂B if the defect is located in the centre of the domain as it is illustrated in
Chapter 7.2.1. Thus, the quantities ϕp, ϕ∞ and D∞ are the only nonzero quanti-
ties on the boundary, which are given or can be calculated by (7.8) and the FFT
solution, respectively.

As it is already mentioned in Chapter 7.2.1, the potential ϕ is always determined
up to a constant value, which usually is not of interest, but plays a role in (8.30)
for the periodic solution. The potential ϕp can be decomposed as ϕp(x) = ϕ̂p(x) +

ϕ
p

0
, where ϕp

0
is a constant value, which leads to

1

2

∫

∂B
D∞ · nϕp dA =

1

2

∫

∂B
D∞ · n ϕ̂p dA +

1

2
ϕ

p

0
β , (8.31)

where
∫

∂BD
∞ · n dA = β has been used. When the edge length l of the periodic

cell approaches infinity, the potential of the periodic cell approaches the potential
of the infinite continuum, or

lim
lc→∞
∆Π =

1

2

∫

∂B
D∞ · nϕ∞
︸     ︷︷     ︸

→ 0

dA +
1

2

∫

∂B
D∞ · n ϕ̂p

︸    ︷︷    ︸

→ 0

dA +
1

2
ϕ

p

0
β = 0 . (8.32)

On account of this consideration, the constant ϕp

0
has to vanish, as it is realised

in (7.98).

The internal energy of an electric point defect in a periodic cell shows a scal-
ing behaviour proportional to 1/lc. It can easily be compared with the energy
data of the atomistic simulations, which shows the same proportionality. This
fact suggests that the dominating energy contribution is due to the electrostatic
monopole interaction. A finite size scaling of the atomistic data yields the lattice
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Figure 8.14: a) Difference in lattice energy of ideal and defective cell and inter-
polation to Π∞ via lc → ∞, b) electric contributions ∆Π (difference between an
infinite system and a periodic cell) to the system energy, β ≈ 10−19 C.

energy of Π∞ = 18.74 eV for the infinite cell. The scaling implies the plotting of
energy contributions of the different cells against 1/lc with a subsequent extrap-
olation to 1/lc → 0, which is assumed to approach the energy of an infinite cell,
see Figure 8.14 a). Subtracting the energy difference between a defective and a
perfect cell from the extrapolated Π∞ yields ∆Π.

Regarding the charge β as a free parameter, the comparison of the continuum
slope for the electric defect leads to

β ≈ 10−19 C , (8.33)

as depicted in Figure 8.14 b). This is no trivial result, since charge is quantised
in an atomistic context. The appearance of a partial elementary charge can be
interpreted as a continuum equivalence to a point charge in a discrete system,
which matches the continuum energy to that of the discrete system.

8.3 Parameters of polarisation defect

No identification is done for the polarisation defect. The defect strength will
be calculated using (6.8). In the absence of an identification method, it will be
assumed that charged defects exhibit the respective multiples of an elementary
charge. According to Chapter 4.5, the defect dipoles (Fe′Ti−V••O )• and (Mn′′Ti−V••O )×

will be considered as examples for typical dipole formations.
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V••O

Fe3+, Mn2+

da
2
, c
2

Figure 8.15: Defect dipole
(schematically).

According to Figure 8.15, the defect dipole is

γ = nγ e
− d =





±nγ e− a
2
ei for d ‖ ei , i = 1, 2

±nγ e− c
2
e3 for d ‖ e3

where

nγ =





3
2

for (Fe′Ti − V••O )•

2 for (Mn′′Ti − V••O )×
(8.34)

Assuming c ≈ a ≈ 4Å, as it is the case in BaTiO3 or
PZT in an interval of 0◦–100◦C, the assumed param-
eters are

|γ| = 4.8 · 10−29 Cm for (Fe′Ti − V••O )• ,

|γ| = 6.4 · 10−29 Cm for (Mn′′Ti − V••O )× .
(8.35)

8.4 Elastic defect fields

With the objective of achieving a better physical understanding of the effects
on the material, some illustrative stress and electric displacement distributions
will be shown using material data from BaTiO3. The material data used is listed
in Tab. 4.3, the defect parameters are chosen according to (8.22), (8.24), and
(8.33). The c-axis coincides with e3, and the spontaneous polarisation points in
positive x3-direction. The defect position of a mechanically anisotropic defect
can be located as in Figure 8.2 a), the independent parameters are α1 = αn and
α2 = α3 = αt. Here, the vacancy is located on a face of the unit cell with normal
n1 in x1-direction, so n1 = e1. There are three possible defect orientations in the
three crystallographic directions, where the orientations n1 and n2 = e2 differ
only by a rotation of 90 ◦ about the x3-axis. The direction n3 = e3 is parallel to the
c-axis.

The stresses and electric displacements induced by the isotropic defect are shown
in Figures 8.16–8.20. Certain symmetries can be observed in the plane of isotropy
perpendicular to the c-axis. This symmetry is broken due to the electromechan-
ical coupling, which influences the mechanical stresses as well as the electric
displacement.

As a comparison, the fields of an anisotropic defect (normal n1) are presented
in Figures 8.21–8.22. As a result of the positive defect parameter in direction
e1, compressive stress σ11 occurs (Figure 8.21 a)). In contrast to the isotropic
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case, the stress σ33 and the electric displacement D3 of the anisotropic defect
shows a directional dependence in the plane of isotropy (perpendicular to the
c-axis), cf. Figures 8.21 b) and 8.22 b). It can be concluded that anisotropic
defect descriptions induce an additional dependency on the angle θ1, that is, the
isotropic behaviour in the plane of isotropy is lost.

a) b)

Figure 8.16: Stress σ11 [Pa] of isotropic defect, a) x1-x2 plane, b) x1-x3 plane.

a) b)

Figure 8.17: Stress σ33 [Pa] of isotropic defect, a) x1-x2 plane, b) x1-x3 plane.
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a) b)

Figure 8.18: a) Stress σ12 [Pa] of isotropic defect, x1-x2 plane, b) stress σ13 [Pa]
of isotropic defect, x1-x3 plane.

a) b)

Figure 8.19: Electric displacement D1 [C/m2] of isotropic defect, a) x1-x2 plane,
b) x1-x3 plane.

a) b)

Figure 8.20: Electric displacement D3 [C/m2] of isotropic defect, a) x1-x2 plane,
b) x1-x3 plane.
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a) b)

Figure 8.21: Anisotropic defect with n1 = e1, a) stress σ11 [Pa], x1-x3 plane, b)
stress σ33 [Pa], x1-x2 plane.

a) b)

Figure 8.22: Anisotropic defect with n1 = e1, a) electric displacement D1 [C/m2],
x1-x3 plane, b) electric displacement D3 [C/m2], x1-x2 plane.
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8.5 Driving forces on point defects

8.5.1 Isotropic defect in infinite crystal

The driving force on a defect by other defects in an infinite crystal is given by
(6.33).

r
x3

θ2

x1

θ1 x2

Figure 8.23: Spherical co-
ordinates.

In the case of only two defects with indices j and k,
the force on both is equal in magnitude, but point-
ing in oppositional directions. If the first defect j is
located in the origin of the coordinate system, the
driving force on the second defect k is simply the gra-
dient of the Λ j-field (6.31). The field is depicted in
Figure 8.24 for an isotropic defect in BaTiO3. The pa-
rameters are taken from (8.22) and (8.33). It is clear,
that the electrostatic contribution dominates the far
field. In the vicinity of the defect attraction and re-
pulsion occur depending on the position. Closer to
the defect position (about 5-6 unit cells) the force
becomes repulsive along the c-axis (x3-axis) and per-
pendicular to it while it reverses its direction in the vicinity of the angle bisector
of the two directions.

This will be illustrated by the investigation of the radial component Gr of the
driving force G acting on the first defect due to the presence of a second defect
at selected positions. The component Gr gives information about repulsion or at-
traction. All defect parameters will be set according to (8.22), (8.24), and (8.33).
Figure 8.25 a) shows the position of the second defect at fixed r = 20Å ≈ 5a, while

a) b)

Figure 8.24: Λ-field of isotropic defect, a) x1-x2 plane, b) x1-x3 plane.
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Figure 8.26: Dependency of driving force on the spherical angle θ2 at r ≈ 20 Å in
PZT-5H, PZT-7a and PZT-8 for a) pure mechanical (α) defect, b) pure electrical
(β) defect.

the angles θ1 and θ2 are varied, cf. Figure 8.23 for the definition of the spheri-
cal coordinates. Pure electrical defects repel each other due to the charge-driven
Coulomb interaction, see Figure 8.25 a). The mechanical defect produces a re-
gion of attraction and a region of repulsion, which was already mentioned. Only
the dependence on θ2 is shown since there is no dependence on θ1 due to the
transversely isotropic material data. The repulsive driving force appears in the
regions of θ2 = [23◦, 71◦] and θ2 = [109◦, 157◦], the maximum value of the attrac-
tive zone lies at θ2 ≈ 50◦. Both defects exhibit a symmetry axis at θ2 = 90◦. The
dependence on the radius is plotted in Figure 8.25 b) for the angles θ2 = 0◦ and
θ2 = 50◦.
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Figure 8.27: Dependency of radial driving force on the spherical angle θ2 at
r ≈ 20 Å in a) BaTiO3 (Gr, Gm

r and Ge
r), b) PZT-5H, PZT-7a and PZT-8 (Gr).

Remark. In the case of a mechanical defect, the driving force is identical with its
mechanical part, Gr = Gm

r . The force for an electric defect is Gr = Ge
r.

The results for PZT-5H, PZT-7a and PZT-8 for the same defect parameters as in
BaTiO3 are shown in Figure 8.26. All graphs in Figure 8.26 a) show two maxima
with varying positions. PZT-8 exhibits a nearly constant attractive force with a
slight maximum at θ2 = 35◦. The direction of maximum attraction is parallel
to the c-axis in PZT-7a and PZT-5H. Qualitatively, the attractive force maximum
increases from PZT-8 to PZT-5H, while the minimum decreases, which implies a
reduction of a repulsive behaviour. The electric defect generates only repulsive
forces, which differ strongly in magnitude of the force depending on the permit-
tivity. The lower the permittivity, the higher the defect contribution to the driving
force.

When examining coupled defects with mechanical and electrical parameters, the
influence of the electromechanical coupling shown in Figure 8.27 a) becomes
apparent. The parameters obtained in Chapter 8.1.3 are used. Within a radius
of approximately 5a − 6 a attraction occurs, which is suppressed by the contri-
bution of the electric defect with increasing distance, see Figure 8.28. The sign
of the force changes where mechanical and electrical contributions are equal in
magnitude, and the order of singularity changes from four to two.

The directionality of the driving force is illustrated in Figure 8.27 a) showing
mostly repulsion at r ≈ 5 a. The force distribution appears to be a linear combi-
nation of the separate defect behaviours mentioned above, but the two parts Gm

r

and Ge
r are distorted through the electromechanical coupling and are no longer

symmetric. It should be noticed that the symmetry of the resulting force, which
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Figure 8.28: Dependency of the magnitude of the radial driving force on the
radius r in BaTiO3, logarithmic scale.

could be observed for the mechanical and the electrical defect type separately, is
still existent. An attractive force contribution of Gm

r can be observed for whole
interval θ2 = [0◦, 76◦], while Ge

r becomes approximately linear. Since the electric
force contributions at that distance are still small in magnitude compared with
the mechanical contribution, attractive directions still exist. With increasing dis-
tance to the defect, the attraction turns into repulsion (see also Figure 8.24 a)).

Similar to BaTiO3, the resulting driving force of coupled defects in PZT-5H, PZT-
7a and PZT-8 can be deduced from the forces on pure defects. The larger Ge

r of
the pure electrical defect, the stronger the domination of the electrical part on
Gr, as it is the case for PZT-7a. PZT-5H is marginally effected by the electrical
defect contribution.

8.5.2 Anisotropic defect in infinite crystal

The notation for the defect position will be taken from Chapter 8.4. In the fol-
lowing, the interaction between four different pairs of defects will be investi-
gated, which can be identified with their normals ni and which will be denoted
by (n1, n1), (n1, n2), (n1, n3), and (n3, n3). The dependence of Gr on the spherical
angles is depicted in Figure 8.29. Similar to the representation in Chapter 8.5.1,
the contour plot displays the radial component of the driving force acting on the
first defect due to the presence of the second defect at a fixed radius (r = 40Å)
with varying orientation. The colour indicates the strength of the force on the
defect in the centre of the sphere, where positive values for Gr indicate attrac-
tion. The force fields exhibits a mirror plane at x1 = 0, at x2 = 0, and at x3 = 0, so
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that it is sufficient to concentrate on the first octant (0 < θ1 < 90◦, 0 < θ2 < 90◦).
It is important to note that there is a pronounced dependence on the angle θ1 as
mentioned before in Chapter 8.4.

For the case of the parallel defects in direction (n1, n1), see Figure 8.29 a), there is
a region of repulsion in direction of the crystal axes reaching its minimum value
in the plane of isotropy at θ1 = 0 ◦ and at θ1 = 90 ◦. The strongest attraction
appears at (θ1, θ2) = (42 ◦, 0 ◦) and (θ1, θ2) = (42 ◦, 0 ◦), respectively.

The orientation (n1, n2) is depicted in Figure 8.29 b), where the defects have
the orientations n1 and n2, repectively. It exhibits an additional mirror plane at
θ1 = ±44◦. Repulsive directions are the combination (θ1, θ2) = (44◦, 90 ◦) and
the c-axis. Defects arranged along perpendicular crystal axes attract each other.
The defect combination (n1, n3) shows a quite similar picture, see Figure 8.29 c),
since the orientation of the second defect differs from the former one only by
a rotation of 90 ◦ about the x1-axis. Slight differences in numerical values and
contour shapes are the consequences of the transversely isotropic material. It is

a) b)

c) d)

Figure 8.29: Coupled anisotropic defect, dependency of driving force on the
spherical angles θ1, θ2 at fixed radius r = 40 Å in BaTiO3, a) (n1, n1), b) (n1, n2), c)
(n1, n3) and d) (n3, n3).
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the only combination, where attraction occurs in direction of the c-axis.

When the defects are both arranged with normals in the c-direction, no depen-
dence on θ1 occurs, as it is the case for the isotropic defect, see Figure 8.29 d).
Repulsion occurs for defects arranged in the direction of the c-axis or in perpen-
dicular directions, while the maximum attraction can be observed for θ2 = 56◦.

It is obvious that an anisotropic defect description induces a variety of different
interaction patterns. However, this involves problems when considering dynam-
ical processes like defect migration, since the information about the orientation
is important for the defect interaction. On the other hand, the orientation is not
always uniquely definable for a continuum description on the microlevel. The
problem will be discussed in Chapter 8.6.2.

8.5.3 Attractive regions

Since an attractive force can only be generated by the mechanical defect, which
dominates only the near field, it is of special interest to find ranges and directions
of possible attractive interaction. A change in the interaction behaviour can be
found at roots of Gr(r, θ1, θ2). For a fixed combination of θ1 = θ∗1 and θ2 = θ∗2,
there is only one possible root r0 for Gr(r, θ∗1, θ

∗
2) = G∗r(r), such that G∗r(r0) = 0.

This is a result of the monotonic r−n behaviour of the defect fields.
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Figure 8.30: Dependency of root of radial driving force on the ratio α0/β0 in

BaTiO3, PZT-5H, PZT-7a and PZT-8, where α0 = α/V0 ≈ α/64 Å
3

and β0 = β/1 e ≈
β/1.6 10−19C.
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a) b)

Figure 8.31: Defect interaction of two isotropic defects in BaTiO3, a) isosurface
of Gr = 0, b) attractive Gr > 0 and repulsive Gr < 0 regions for x1–x3 plane.

An investigation of r0 for different α0/β0 ratios in selected directions is shown
in Figure 8.30. Here, α0 = α/V0 is normalised with the volume of a unit cell,

which is V0 = a2 c ≈ 64 Å
3

in tetragonal BaTiO3 and PZT at room temperature.
The parameter β0 = β/e is normalised with a unit charge 1e ≈ 1.6 10−19C. The
parameters identified in Chapter 8.1.3 become

α0 = −0.086 and β0 = 0.31 .

The radius r0 is a linear function of the ratio α0/β0. This is plausible, since the
driving force is dominated by

Gr ∼
f1(θi)

r4
α2
+

f2(θi)

r2
β2 ,

which can be deduced from the definition of the material force (6.23) together
with (7.77) and (7.78). After setting Gr = 0, the root r0 is linear function of α/β
in a first approximation. It can be seen from Figure 8.30 that BaTiO3, PZT-7a,
and PZT-8 equally sensitive to a change in the defect parameters, even though
the direction of maximal attraction differs in all materials. A dramatically differ-
ent slope is observed for PZT-5H, which has the highest dielectric constants and
exhibits the lowest electric force contribution. Since the slope is twice as large as
for e.g. BaTiO3, a radius of r0 = 50 Å for (θ1, θ2) = (0, 0) can be expected for this
defect constellation.

A closer examination of regions with potential attraction for isotropic defects can
be seen in Figures 8.31–8.33. BaTiO3 and PZT show qualitatively completely
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a) b)

Figure 8.32: Defect interaction of two isotropic defects in PZT-5h, a) isosurface
of Gr = 0, b) attractive Gr > 0 and repulsive Gr < 0 regions for x1–x3 plane.

a) b)

Figure 8.33: Defect interaction of two isotropic defects in PZT-8, a) isosurface of
Gr = 0, b) attractive Gr > 0 and repulsive Gr < 0 regions for x1–x3 plane.

different interaction characteristics. The attractive regions for BaTiO3 are in the
vicinity of θ2 ≈ 45◦ and end at about 5–6 a, cf. Figure 8.31 b). On the other
hand, PZT shows attractive regions close to the c-axis, cf. Figures 8.32 and 8.33.
Qualitatively, the maximum expansion in PZT-5h is by far the largest, see Fig-
ure 8.32 b). The attractive regions of PZT-7a (not shown) and PZT-8 (Figure 8.33)
are qualitatively similar to PZT-5H, but much smaller in spatial dimensions.

As it was mentioned in Chapter 8.5.2, the interaction of anisotropic defects
strongly depends on their orientation. The isolines of Gr = 0 can be seen in
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a) b)

c) d)

Figure 8.34: Isosurfaces Gr = 0 of anisotropic defects in BaTiO3 for the defect
combinations a) (n1, n1), b) (n1, n2), c) (n1, n3), d) (n3, n3).

Figure 8.34, where attractive regions are enclosed by the isosurfaces, and thus,
the regions outside are of repulsive nature. The interaction behaviour can also be
deduced from Figure 8.29, where the strength of Gr is plotted at r = 40 Å. Due to
the large absolute values of the anisotropic αi in comparison to β, a long-range at-
traction occurs with a maximum radius of ≈ 100 a for (n1, n2,3). Defects arranged
in parall directions to each other like the combinations (n1, n1) and (n3, n3) show
a qualitatively similar orientation of the attractive zones relative to the direction
n1 and n3, respectively. Furthermore, the same similarity can be observed for the
arrangement (n1, n2) and (n1, n3) relative to the normal n2 and n3, respectively.

A polarisation defect in interaction with an isotropic point defect is presented
in Figures 8.35–8.39, where only the intersection perpendicular to e2 is shown.
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a) b)

Figure 8.35: Polarisation defect (Fe′Ti − V••O )•⊥, eγ = e1 in interaction with isotropic
point defect in BaTiO3, a) isosurface of Gr = 0, b) attractive Gr > 0 and repulsive
Gr < 0 regions.

a) b)

Figure 8.36: Polarisation defect (Fe′Ti − V••O )•‖ , eγ = e3 in interaction with isotropic
point defect in BaTiO3, a) isosurface of Gr = 0, b) attractive Gr > 0 and repulsive
Gr < 0 regions.
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a) b)

Figure 8.37: Polarisation defect (Mn′′Ti−V••O )×⊥, eγ = e1 in interaction with isotropic
point defect in BaTiO3, a) isosurface of Gr = 0, b) attractive Gr > 0 and repulsive
Gr < 0 regions.

a) b)

Figure 8.38: Polarisation defect (Mn′′Ti−V••O )×‖ , eγ = e3 in interaction with isotropic
point defect in BaTiO3, a) isosurface of Gr = 0, b) attractive Gr > 0 and repulsive
Gr < 0 regions.
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a) b)

Figure 8.39: Polarisation defect (Mn′′Ti − V••O )×⊥, in interaction with isotropic point
defect in BaTiO3, attractive Gr > 0 and repulsive Gr < 0 regions, a) eγ = −e1, b)
eγ = −e3.

The spontaneous polarisation points in positive x3-direction. The charged defect
dipoles (Fe′Ti − V••O )•⊥, where eγ = γ/|γ| = e1 and (Fe′Ti − V••O )•‖ , where eγ = e3,
have been investigated. The study of Figure 8.35 and Figure 8.36 shows that
the region of attraction is dependent on the direction of the polarisation vector.
Attraction appears in an approximately ellipsoidal region in the half-space x3 < 0,
which is mostly unaffected by the orientation (±e1, ±e3) of the defect dipole. An
uncharged defect experiences no limitation of its attractive region. As a result,
a half space as it is depicted in Figure 8.37–Figure 8.38 exhibits attractive radial
driving forces. The half spaces x1 ≷ 0 are attractive for eγ = ∓e1, while there
exists an additional ellipsoidal region with a Gr of the opposite sign, respectively,
cf. Figure 8.37 and Figure 8.39 a). The half space depicted in Figure 8.38 and
Figure 8.39 b) is attractive for eγ = e3 and eγ = −e3. Again, there is an approxi-
matively ellipsoidal region of repulsion or attraction at x3 < 0, respectively.

Summing up, the attractive regions give information about potential defect at-
traction. A defect in PZT-7a exhibits a remarkably long range of about 50 Å.
Attraction in BaTiO3 appears in 45◦ to the c-axis. In contrast, defects in PZT at-
tract each other in direction of the c-axis. Anisotropic defects exhibit different
interaction patterns depending on their orientation relative to each other. Thus,
no general conclusion can be made in this case. Polarisation defects are capable
of trapping point defects. Charged defects have a limited radius beneath the neg-
atively charged dopant (the “tail” of the polarisation vector). Uncharged defects
do not possess this limitation. However, there is no quantitative prediciton about
the magnitude of interaction possible. This is not the aim in these considerations.
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8.6 Defect migration

In this section the interaction of defects will be simulated by means of quasistatic
trajectories. This is done in the manner of Kolling et al. [2003], where purely
elastic boundary value problems have been investigated, or Goy et al. [2006a,b],
where the focus has been on defect interaction in ferroelectrics. For this purpose,
driving forces on defects in static equilibrium positions will be evaluated. As
a second step, all defects will be moved in the direction of their driving force
according to (5.25):

ξ̇ = mG , (8.36)

where ξ̇ denotes the defect or drift velocity, and m is the mobility. There will
be a significant dependency of m on the temperature, the activation energy, the
lattice spacing and also a dependency on the driving force is possible, which will
be neglected at this stage. The existence of a threshold value for a defect activity
like an activation energy is neglected. This has the consequence that the defects
move instantaneously in the presence of a driving force. The next step involves
again the calculation of the driving forces due to interaction under the condition
of a static equilibrium, and so forth. If the distance between two or more defects
becomes small enough (1–2 cell lengths), they unite and form a new defect. The
sum of the properties of all involved defects are assigned to the new one.

The simulation of defect kinetics for more than two defects requires the knowl-
edge of defect mobilities. By means of the mobilities, conclusions about the un-
derlying time scale can be made. The mobilities are unknown, so the defect
velocities and the time scale of the processes are not estimable. The simulations
provide results of a qualitative nature. The simulation reproduces defect agglom-
eration, even though the duration of the process is not determinable.

8.6.1 Isotropic defects

Equilibrium distance

In the case of isotropic point defects, the step size can be chosen such that a
continuous migration can be represented. Initially, the interaction of two defects
is investigated. Two defects in an infinite domain will either merge or repel each
other as long as the interaction leads to a defect movement. This is depicted in
two scenarios in Figure 8.40. Choosing the relative defect position too large leads
to a separation in Figure 8.40 a). In Figure 8.40 b), the two defects repel each
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a)

d0

b)

d0 = 0

Figure 8.40: Migration paths of two isotropic defects in BaTiO3 in an infinite cell,
driving forces on defects denoted as red arrows, final distance with d0.

a)

d0

b)

d0 = 0

Figure 8.41: Migration paths of two isotropic defects in BaTiO3 in a periodic cell,
driving forces on defects denoted as red arrows, final distance with d0.

other in the beginning, which can be seen from the direction of the initial driving
forces. After a few iteration steps both are aligned such that attraction occurs.
Thus, it is not always possible to predict a long-term behaviour by means of static
investigations of Gr, or the sign of the interaction energy. Qualitatively similar
interaction behaviour can be observed in periodic domains, see Figure 8.41. A
significant difference is the final distance d0 of two migrating defects. Two defects
repelling each other will take an equilibrium position relative to each other and
to all neighbouring defects in the periodic structure. The equilibrium will be
determined by the energetic minimum of the cell, so both defects will arrange
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a) b)

c)

Figure 8.42: Final distances d0 after migration of two isotropic defects in BaTiO3,
a) in the x1-x2 plane, b) in the x1-x3 plane, c) isosurface of d0 = 0.

along the space diagonal, where the maximum distance between them can be
achieved. This will be d0 =

√

(3 (l/2)2 = 86.6 Å in this case with l = 100 Å.

For measuring the sensitivity of the migration on the initial configuration, the
first defect is located in an arbitrary origin and the second one is set on se-
lected positions in an infinite and a periodic domain. After the migration pro-
cess, the relative distance is measured and marks a coloured point at the starting
position of the second defect. In Figures 8.42 and Figures 8.43, a domain of
100 Å × 100 Å × 100 Å for the position of the second defect is evaluated. Since
the maximum radius of the attractive region is approximately 30 Å, the size of the
domain is sufficient. The spontaneous polarisation points in positive direction of
the x3-axis. Blue regions denote a starting position, from which the two defects
join. Coloured regions represent a finite distance, which can differ from each
other depending on the starting point. In the case of an infinite domain the sim-
ulation has been stopped after a certain amount of iterations, or if one defect has
reached the boundary. It is remarkable, that defects positioned on the c–axis or
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a) b)

c)

Figure 8.43: Final distances d0 after migration of two isotropic defects in BaTiO3,
a) in the x1-x2 plane, b) in the x1-x3 plane, c) isosurface of d0 = 0.

in perpendicular directions show finite final distances, which is in accordance to
Chapter 8.5.1. While the maximum extension of the blue region corresponds with
the results of Chapter 8.5.3, the volume is larger than the region of pure attrac-
tion. This can be explained with the migration behaviour mentioned before. No
defect merging is possible in the plane of isotropy x3 = const., see Figures 8.42 b)
and 8.43 b). Although not visible, nearly everywhere the final distance of two de-
fects is 86.6 Å in the periodic case. The isosurfaces in Figures 8.42 c) and 8.43 c)
display the spatial area in which the two defects would join.

Summing up, the consideration of a migration process can reveal a stronger at-
tractive behaviour than the static case has shown in Chapter 8.5.3. The initial di-
rection of the driving force gives not enough information about migration paths.
Two defects in a periodic domain migrate to an equilibrium position provided
a sufficient mobility. This result can be extended to defect clusters which can
be modelled as localised defects on a higher scale. Once formed, aggregation be-
tween clusters can take place until an equilibrium state of periodically distributed
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Figure 8.44: Migration paths of 72 isotropic defects in BaTiO3 in a cell of (100 Å)3,
(�: starting position, ∆: end position), in a) infinite crystal (32 remaining de-
fects), b) periodic cell (3 remaining defects).

clusters has been reached.

Influence of external fields

For the simulation of defect agglomeration, a defect density of 7.2 · 1016 mm−3 is
assumed in accordance to the range given in Xiao & Bhattacharya [2008]. This
implies an amount of ndef = 72 defects for a cell of 100 Å edge length. The defects
are displaced proportionally to the driving force acting on them, as described be-
fore. Figure 8.44 shows defect paths for a randomly distributed defect scenario.
A defect arrangement in an infinite domain is compared to a configuration in a
periodic cell. For the presented setup, the number of remaining defects is consid-
erably lower in the periodic case than for the infinite cell. The reason is obviously
the presence of the periodic cell alignment. This prevents the defects from escap-
ing the influence of the attracting mechanical near fields of their nearest defect
neighbours. A different behaviour is observed in the infinite domain, if the defect
distribution is surrounded by defect free material. Here, defects may escape the
influence of the attracting fields due to the absence of boundary constraints.

Since the most important loading mechanisms in ferroelectrics are external elec-
tric fields, their influence on defect migration is investigated. A constant electric
field E3 will be applied. The defect reaction to oscillating fields would depend on
the relation of defect mobility and field frequency, which will not be investigated
here. On the other hand, the application of a constant field of magnitude Em of a
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Figure 8.45: Dependence of remaining defects nrem/ndef on external electric field
in an infinite crystal (nrem: remaining defects, ndef: initial amount of defects).

high frequency unipolar or a sesquipolar loading would have comparable conse-
quences. The influence of an applied field on the defect agglomeration is depicted
in Figure 8.45. Here, ten different random initial defect configurations are inves-
tigated by realising the migration process as before. The simulation is stopped
after a certain amount of steps to assure that the defects do not influence each
other any more. The remaining defects nrem are counted subsequently, where the
upper and lower bound is marked by horizontal lines at the end of the error bars,
while the mean value is denoted by a cross. It is evident that an electric field un-
der 0.5Ec does not influence the defect interaction in an infinite domain. Fields
higher than 0.5Ec prevent agglomeration by self-interaction, which corresponds
to the experimental results, see Chapter 4.4. Massive influence is visible for fields
of 1.5 − 2Ec, where only those defects join which are initially close enough.

In a summary, defect migration is strongly dependent on the boundary condi-
tions. While defects under free boundaries have no strong influence on each
other, defects in a periodic structure have a strong tendency to join. Thus, a high
defect density can lead to massive agglomeration, while the formed clusters take
equilibrium positions relative to each other. This leads to uniformly distributed
clusters which can have a significant influence on domain wall movement. The
tendency of agglomeration of a dilute distribution is not very pronounced, so this
influence on structural elements can be neglected. An electric field prevents de-
fects from clustering. It is not evident, whether applied fields are also capable of
dissolving agglomerations. In any case, the driving force on point defects due to
fields more than 1Ec is higher than the force due to self-interaction. Thus, the
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influence of self-interaction during unipolar or sesquipolar loading will not be a
dominating mechanism. The defect drift in high electric fields corresponds with
the fact that asymmetries induced by bipolar fatigue can be recovered by high
electric fields, see Chapter 4.4.

8.6.2 Anisotropic defects

The migration of anisotropic defects allow only for discontinuous migration in
discrete steps. As it was already mentioned in Chapter 8.5.2, the anisotropic
defect parameters vary depending on the defect position in the lattice. Further-
more, the defect orientation determines the interaction behaviour. Simulations
on a microlevel involve a consideration of the defect position characterised by ni.
For that purpose, a grid with possible defect positions is projected onto the infi-
nite domain. The migration is done as described as before (Chapter 8.6). After

a) b)

c) d)

Figure 8.46: Final distances d0 after migration of two anisotropic defects in
BaTiO3, rmax = 2

√
2Å a) in the x1-x2 plane, b) in the x1-x3 plane, c) in the x2-

x3 plane, d) isosurface of d0 = 0.
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each migration step, an additional correction of the defect positions is carried out
and the defects are moved to the nearest position in the mathematical grid. Af-
terwards, the next step is performed. For simplicity, the mobility will be assumed
to be spatially isotropic. It is assumed that defects can also skip some essential
potential positions in one step. The maximum radius rmax is chosen such that the
defect can only move to neighbouring lattice positions.

The results for rmax = 2
√
2 Å ≈

√
2 a/2 are depicted in Figure 8.46. Figures 8.46 a)–

c) show the final distance after migration. Due to the non-smooth defect move-
ments, the region of attraction becomes smaller than that for the isotropic case.
Some configurations can also lead to quasi-stationary states, where both defects
are changing their positions alternating between two states. The distribution of
the unification positions is broadened in comparison to the isotropic case, but not
every position within this distribution leads to defect merging. It is remarkable
that the tendency of agglomeration and the region of positions which lead to a
final merging correspond to the isotropic case. So the anisotropic defect descrip-
tion yields qualitatively similar results as the isotropic model for describing defect
drift.



Chapter 9

Conclusions and Outlook

A continuum model for localised defects in piezoelectric material has been devel-
oped. The description of point defects contains mechanical and electrical proper-
ties, and the representation of electrical dipoles is considered. Due to the piezo-
electric material properties, the material anisotropy has to be incorporated. The
possibility of an anisotropic defect description for the mechanical defect proper-
ties has been disscussed. The defect parameters have been identified with the
aid of lattice statics solutions. The relaxation volume and the electrostatic inter-
nal energy have been used to identify the mechanical and the electrical defect
parameter.

Defect interaction has been investigated by means of configurational forces. The
near fields of defects and the kind of interaction with other defects have been
evaluated using fundamental solutions. The incorporation of mechanical defect
properties can lead to a short range attraction between defects, which is sup-
pressed by the far range repulsion of COULOMB-type. However, the attractive
range is large enough to have an influence on the formation, especially in ma-
terials with large dielectric constants. The perovskite-type BaTiO3 and various
types of PZT show different attraction behaviour, which can lead to different ag-
glomeration patterns. Defect dipoles, in particular uncharged ones, are capable
of trapping point defects. A migration of electric dipoles is unlikely, since their
mobility is low compared to single vacancies.

Defect distributions in an infinite crystal and in periodic arrangements have been
taken into account for the simulation of defect drift caused by self interaction
and by external electric fields. For that purpose a thermodynamically consistent
migration law based on configurational forces is derived. Periodic domains pro-
mote the merging of defects, while bounded defect distributions without the in-
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fluence of boundaries show less agglomeration. The influence of an electric field
in the vicinity of the coercive field dominates the defect drift. The simulation of
drift using anisotropic mechanical defect parameters indicates the equivalence of
isotropic and anisotropic descriptions in dynamical processes.

The integration of point defect descriptions into numerical schemes like the FEM
(see Mueller et al. [2006]; Schrade et al. [2007]) or the Boundary Element
Method (BEM) can be done for a micromechanical simulation near electrodes
or in the vicinity of domain walls or grain boundaries. It is important to study
the influence of defect agglomerations on domain walls to make qualitative pre-
dictions on their contribution to electric fatigue. Simulations of defect dynamics
require the defect mobility; atomistic simulations may be helpful in this topic as
well.



Appendix A

Assumptions

For the problems considered here, some assumptions with the following conse-
quences are made.

The material exhibits only small deformations, which is certainly true for a piezo-
electric ceramic, which is usually operated in the order of 10−3 macroscopic
strain, and the same order is assumed for the microscopic values.

◦ F ≈ 1, det F ≈ 1, { G ≈ ε, E∗ ≈ E, P ≈ σ, D∗ ≈ D, q∗ ≈ q .

The applied loading and the processes in the material are slow enough to neglect
time dependencies and inertia terms, so

◦ v ≈ 0, v̇ ≈ 0 .

Isothermal conditions are assumed. The coupling properties and atomic mobili-
ties are strongly temperature dependent, but for the qualitative aim of this study
it is sufficient to consider effects at room temperature. Additionally, the physical
processes considered in the context of the thesis are quasi-static and long range
in time. Thus,

◦ θ = const, Gradθ ≈ 0, θ̇ ≈ 0 .

An approximation by Mason [1950] shows, that the difference of isothermal and
adiabatic coefficients is negligible small at room temperature and will therefore
neglected in this context,

◦ (·)
∣
∣
∣
θ
≈ (·)

∣
∣
∣
Q

.

Electrostatic forces will be neglected. An estimation of electrostatic forces in a
typical PZT material can be found in Kamlah & Wang [2003]. Hence,

◦ fE ≈ 0, σE ≈ 0 .
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Appendix B

Dirac delta distribution

The DIRAC delta distribution δ is not a function in the classical sense. In the sense
of a distribution it can be seen as a mapping of all real functions f with local
support and continuous derivatives of all orders in R. Thus, it can be defined via

∞∫

−∞

δ(x) f (x) dx = f (0) and

∞∫

−∞

δ(x−a) f (x) dx = f (a) , a ∈ R , (B.1)

and especially

∞∫

−∞

δ(x) dx = 1 . (B.2)

After an intuitive introduction of the delta distribution like in Dirac [1930],
Eq. (B.1) is sometimes regarded as a property, the so called sifting property. The
convolution of the delta distribution with f “extracts” the value of f at point a.

Derivatives are defined indirectly with

(δ′, f ) = −(δ, f ′) , in general (δ(n), f ) = (−1)n(δ, f (n)) , n ∈ R+ , (B.3)

where
∫ ∞
−∞ ab dx =: (a, b) and (·)′ := d(·)/dx, see Gel’fand & Shilov [1964]. Some

additional important properties of the delta distribution are

δ(a x) =
δ(x)

|a| with a ∈ R (B.4)

δ
(

g(x)
)

=

∑

n

δ(x − xn)

|g′(xn)|
with g : R→ R (B.5)

δ(x) = H′(x) , (B.6)
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where H(x) denotes the Heaviside step function

H(x) =

{

0 for x < 0

1 for x ≥ 0
.

InRn, the delta function can be represented as a combination of n delta functions
for each of the dimensions xn, e.g. for R3

δ3(x) = δ(x1) δ(x2) δ(x3) . (B.7)

For convenience, the index of the multidimensional representation δ3(x) will be
dropped, so δ(x) will denote a delta function in more than one dimension. Of
course, property (B.2) also holds for δ(x). In spherical coordinates, δ will only
depend on the radius r = |x|, so

δ(x) =
δ(r)

4π r2
. (B.8)

To verify this, a comparison with (B.2) yields

∫R3

δ(x) dV =

∫R3

δ(r)

4π r2
dV =

π∫

0

2π∫

0

∞∫

0

δ(r)

4π r2
r2 sinθ1 dr dθ1 dθ2 = 1 . (B.9)



Appendix C

Radon transform

The RADON transform in R3 is defined for every real-valued function f (x) and
s ∈ R (cf. Courant & Hilbert [1962]; Ludwig [1966]) as

f̂ (s, z) ≡ R
(

f (x)
)

:=

∫R3

f (x) δ(s − z · x) dx , (C.1)

where the function f (x) is integrated over the plane z · x = s by means of the
DIRAC delta function, see Appendix B. The inverse transform is defined by

f (x) = R−1
(

f̂ (s, z)
)

= − 1

8π2

∫

|z|=1

∂2 f̂ (s, z)

∂s2

∣
∣
∣
∣
∣
∣
s=z·x

dAz , (C.2)

where the integration has to be carreid out in z space over a circle with radius
|z| = 1 and the infinitesimal surface element dAz. The transform has the following
properties:

homogeneity

f̂ (α s, αz) =
f̂ (s, z)

|α| , (C.3)

linearity

R (
α1 f1 + α2 f2

)
= α1 f̂1 + α2 f̂2 , (C.4)

and the transform of derivatives

R
(

∂n f

∂xi∂x j . . . ∂xn

)

= ziz j . . . zn
∂n

∂sn
R( f ) . (C.5)

The special case of the transform of δ(x) results in

R(δ(x)) =
∫

δ(x) δ(s − z · x) dV = δ(s − z · 0) = δ(s) . (C.6)
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Appendix D

Fourier transform

D.1 Continuous transform

The FOURIER transform inRn of a function f (x) ∈ L1(Rn) meaning
∫Rn | f (x)| dV < ∞,

is defined as (see Bracewell [1978]):

F ( f (x)) = f̂ (ξ) =

∫

Rn

f (x) e−ıx·ξ dx , (D.1)

where x, ξ ∈ Rn and ı2 = −1. It should be noted that periodic functions are
not suitable for the transform, since the integral (D.1) does not converge. This
transformation transfers the function f (x) into FOURIER space. In technical appli-
cations, the terms signal domain and frequency (or FOURIER) domain are widely
used to denote the spaces of f (x) and f̂ (x), respectively.

If f (x) has compact support, i.e. it is only defined in subset ofB ⊂ Rn, a finite form
of the FOURIER transform can be established, which has the same properties as
the transform defined by (D.1), cf. Bracewell [1978]. Of course, then the integral
has to be evaluated only over B. It is remarkable, that the transformed functions
are now restricted to f (x) ∈ L1(B). Thus, it is admissible to transform periodic
functions, if they are only defined on the subset B.

The inverse FOURIER transform reads

f (x) = F −1
(

f̂ (ξ)
)

=
1

(2π)n

∫

Rn

f̂ (ξ)eıx·ξ dξ . (D.2)

The Fourier-Transform has some useful properties:

Homogeneity, linearity

F (a f + bg) = aF ( f ) + bF (g) , (D.3)
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transform of derivatives

F
( ∂ f

∂x j

)

= ı ξ jF ( f ) , (D.4)

and transform of a convolution

F
(

f ∗ g
)

= f̂ ĝ , (D.5)

with the convolution integral ( f ∗ g)(y) =
∫

f (x) g(y − x) dx. The transform of δ(x)
results in

F
(

δ(x)
)

=

∫

δ(x) e−ıx·ξ dξ = 1 . (D.6)

The shift theorem states

F
{

f (x ± ka)
}

(ξ) = e±2π ı ka·ξ f̂ (ξ) , ka ∈ Rn . (D.7)

Remark:

The FOURIER transform and its inverse can also be represented as

F ( f (x)) =

∫

f (x) e−ı 2πx·ξ dx and F −1( f̂ (ξ)) =
∫

f̂ (ξ)eı 2πx·ξ dξ . (D.8)

D.2 Discrete transform

In some practical cases like measurements or computational data processing it
is more appropriate to work with a discrete form of the FOURIER transform, the
Discrete FOURIER transform (DFT), taking only the points into account, on which
the data is defined. The function under consideration can then be seen as a string
of (here equally spaced) delta functions of strengths given by the measured or
computed data. Hence, the integral in Eq. (D.1) reduces to a sum over the data
points.

As a short motivation, the one dimensional formula is derived. Let the equally
spaced data points be located at xm = mh/L = m/N , m = 0, 1, . . . ,N − 1, where h

is the distance between the points, L is the overall length of the interval and N is
the number of data points. Then the function

f (x) =

N−1∑

m=0

fm δ(x − xm) (D.9)
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represents the given data, where the strengths are given by the coefficients fm.
A numerical evaluation of the DFT requires also a discrete variable in FOURIER

space p = 0, 1, . . . ,N − 1, so that f̂ (ξ)→ f̂p. Inserting this into (D.8), results in

f̂p =

L∫

0

f (x) e−ı 2π x pdx =

L∫

0

N−1∑

m=0

fm δ(x−xm) e−ı 2π x pdx =

N−1∑

m=0

fm e−ı 2π xm p . (D.10)

With xm = m/N this reads

F̄p( fm) =: f̂p =

N−1∑

m=0

fm e−ı 2πmp /N , (D.11)

with p = 0, 1, . . . ,N − 1. The value p/N is termed frequency analogously to fre-
quencies in vibration problems. It is clear that the number N of sampling points
per interval has a direct influence on the number of teh obtained discrete fre-
quencies.

The inverse DFT is defined by

F̄ −1m ( f̂p) =: fm =
1

N

N−1∑

p=0

f̂p e
ı 2π pm/N . (D.12)

The factor N−1 results from the condition that f = f̂−1( f̂ ) and the orthogonality of
e−ı 2π j p/N and eı 2π pm/N. The sum of a sequence and the first value can be accessed
very easily by

N−1∑

m=0

fm = N f̂0 and f0 =

N−1∑

p=0

f̂p . (D.13)

The transform of a constant fm = c is nonzero only for p = 0, which can be taken
from (D.13)1

f̂0 = N c , f̂p =

N−1∑

m=0

e−ı 2π pm/N

︸         ︷︷         ︸

=0

= 0 for p = 1, . . . ,N − 1 . (D.14)

This result can also be transferred to higher dimensional transforms. An impor-
tant property is the transform of a shifted input signal in the case of periodic
data

F̄p( fm+1) = f̂p e
+ı 2π p/N and F̄p( fm−1) = f̂p e

−ı 2π p/N . (D.15)
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This can be shown by investigating the identity

f̂p =

N−1∑

m=0

fm e−ı 2π (m−1) p/Ne−ı 2π p/N

=

[ N−1∑

m=0

fm+1 e
−ı 2πmp/N

︸               ︷︷               ︸

=F̄p( fm+1)

+ f0 e
ı 2π p/N − fN e−ı 2π (N−1) p/N

]

e−ı 2π p/N (D.16)

= F̄p( fm+1) e
−ı 2π p/N

+ f0 − fN . (D.17)

Assuming periodic data, i. e. fN = f0, cancels the last terms and proves (D.13)1.
Eq. (D.13)2 can be obtained by using similar arguments. This is the discrete
analogon to the property of the continuous transform (D.7).

Multidimensional data requires a multiplicative combination of the one dimen-
sional transform:

2d

F̄p,q( fm,n) = f̂p,q =

N−1∑

m=0

N−1∑

n=0

fm,n e
−ı 2π pm /Ne−ı 2π q n /N , (D.18)

F̄ −1m,n( f̂p,q) = fm,n =
1

N2

N−1∑

p=0

N−1∑

q=0

f̂p,q e
ı 2π pm /N eı 2π q n /N , (D.19)

3d

F̄p,q,r( fm,n,k) = f̂p,q,r =

N−1∑

m=0

N−1∑

n=0

N−1∑

k=0

fm,n,k e
−ı 2π pm /Ne−ı 2π q n /Ne−ı 2π r n /N , (D.20)

F̄ −1m,n,k( f̂p,q,r) = fm,n,k =
1

N3

N−1∑

p=0

N−1∑

q=0

N−1∑

r=0

f̂p,q,r e
ı 2π pm /N eı 2π q n /Neı 2π r k /N . (D.21)

The property (D.15) of a shifted input signal with periodic data can be extended
to

2d 3d

F̄p,q( fm±1,n) = f̂p,q e
±ı 2π p/N F̄p,q,r( fm±1,n,k) = f̂p,q,r e

±ı 2π p/N

F̄p,q( fm,n±1) = f̂p,q e
±ı 2π q/N F̄p,q,r( fm,n±1,k) = f̂p,q,r e

±ı 2π q/N

F̄p,q,r( fm,n,k±1) = f̂p,q,r e
±ı 2π r/N .

(D.22)
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