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Kurzfassung

Die vorliegende Arbeit ,,Materwave Optics with Dark-state Polaritons: Applications to
Interferometry and Quantum Information” befaßt sich im Weiteren mit dem Thema Dun-
kelzustände und im Speziellen mit den im Zusammenhang mit der Speicherung von Pho-
tonenwellenpaketen in optisch dichten Medien eingeführten Dunkelzustandspolaritonen.
Diese lassen sich als Superposition von Licht- und Materiewellen auffassen. Im Rahmen
der Arbeit werden die besonderen optischen und materiewellenoptischen Eigenschaften
dieser Anregungen untersucht. Zum einen wird ein neues Verfahren vorgestellt, das zur
räumlichen Erhöhung der Anregungsdichte benutzt werden kann, zum anderen werden
die Eigenschaften zur Konstruktion eines neuen Sagnac-Interferometers verwendet. Die
Arbeit gliedert sich in vier Teile:

In einem Einführungskapitel werden die zum Verständnis der Arbeit notwendigen Be-
griffe, wie elektromagnetisch induzierte Transparenz (EIT), Dunkelzustandspolaritonen
und Sagnac-Effekt erläutert. Außerdem werden zum späteren Vergleich die state-of-the-
art Quantenlimites für Laser- und Materiewellen-Gyroskope angegeben.

Das zweite Kapitel der Arbeit betrachtet das von A. André und M. D. Lukin entwickel-
te Verfahren zur Erzeugung stationärer optischer Wellenpakete in speziell präparieren
EIT-Medien. Es wird, unter Betrachtung eines selbstkonsistenten Gleichungssystems für
ein schwaches Probefeld, und durch Einführung angepaßter Normalmoden gezeigt, dass
die Absorption einer der Moden zum Phänomen des pulse-machtings und damit zu einem
diffusiven Verhalten der anderen Normalmode führt. Alle bis zu diesem Punkt durch-
geführten Untersuchungen basieren auf einer homogenen und symmetrischen Konfigurati-
on der Präparationslaser. Wird diese Symmetrie aufgeben, so erkennt man, dass der diffu-
siven Verbreiterung der nichtabsorbierten Normalmoden eine Driftbewegung superponiert
ist. Durch die Wahl einer speziellen Präparationslaserkonfiguration kann die Driftbewe-
gung so modifiziert werden, dass sie zu einer effektiven Kraft führt, welche die diffusive
Verbreiterung kompensiert. Insbesondere kann die effektive Kraft so stark werden, dass die
Feldverteilung dieser Normalmode komprimiert wird. Der hier beschriebene Prozess kann
mittels einer Fokker-Planck Gleichung vom Ornstein-Uhlenbeck-Typ beschrieben werden,
deren Lösung einer Lösung des gedämpften harmonischen Oszillator sehr ähnlich ist. Es
zeigt sich, dass das Komprimieren der Feldverteilung zu einer Anregung höherer Moden
der allgemeinen Ornstein-Uhlenbeck Lösung führt, welche wesentlich schneller zerfallen
als der Grundzustand. Im letzten Abschnitt dieses Kapitels wird dieser Anregungsprozess
näher untersucht und es werden Bedingungen angegeben, die zu einer Verringerung bzw.
Vermeidung der Anregung höherer Moden führen. Alle in diesem Kapitel gemachten Aus-
sagen werden durch numerische Simulationen ergänzt.

Im dritten Kapitel werden die materiewellenoptischen Eigenschaften der Dunkelzu-
standspolaritonen untersucht. Diese werden dazu benutzt, um ein neuartiges Licht-Materie-
wellen Hybrid Sagnac Interferometer zu konstruieren. Zunächst werden der prinzipiel-
le Aufbau und die Funktionsweise eines solchen Interferometers skizziert. Anschließend
wird die Dynamik der Materie-Licht-Wechselwirkung in einem rotierenden Bezugssy-
stem erläutert und die relevanten Bewegungsgleichungen werden abgeleitet. Diese bil-
den die Grundlage für die darauffolgende Untersuchungen der Dunkelzustandspolari-



tonendynamik ohne und unter Einfluß von externen Fallenpotentialen für den Mate-
riewellenanteil. Wir zeigen, dass eine Sensitivitätserhöhung des Hybrid-Gyroskopes ge-
genüber eines gewöhnlichen, passiven Laser-Gyroskopes selber Fläche zu erwarten ist,
wenn anfänglich das beteiligte gasförmige Medium sich in einem suprafluiden Quantenzu-
stand in einer Ringfalle befindet. Außerdem wird aufgezeigt, dass ein simultaner Impuls-
und Kohärenztransfer für die Arbeit des Interferometers notwendig ist. Im letzten Teil
des Kapitels wird die zu erwartende Sensititivät des neuen Gyroskopes am Schrotrauschli-
mit durch Betrachtung der Einteilchen-Dichtematrixgleichungen ermittelt. Insbesondere
wird der Einfluß der Teilchenbewegung bei diesen Berechnungen mit berücksichtigt. Dazu
werden die Maxwell-Bloch-Gleichungen störungstheoretisch in der gesuchten Rotations-
rate behandelt und die Suszeptibilität des betrachteten 3-Niveau-Systems in beliebiger
Ordnung des Probefeldes bestimmt. Schließlich wird die so gefundene Sensitivität des
Hybrid-Gyroskopes mit state-of-the-art Laser- und Materiewellen Sagnac Interferometern
verglichen.

Das letzte Kapitel der Arbeit ist durch ein gemeinsames theoretisches und experi-
mentelles Projekt im Rahmen eines Praktikums in der AG Bergmann enstanden. Das
Praktikum wurde durch das Graduiertenkolleg 792: ,,Ultrakurzzeitphysik und nichtlinea-
re Optik” initiiert. Dieser Abschnitt behandelt nicht mehr direkt die oben diskutierten
Dunkelzustandspolaritonen sondern greift den allgemeineren Begriff des Dunkelzustands
auf. Durch experimentelle Arbeiten konnten erstmals die von E. Arimonodo et al. vor-
hergesagten geschwindigkeitsselektiven transienten Dunkelzustände nachgewiesen werden.
Das Kapitel führt zunächst in den Begriff des geschwindigkeitsselektiven Dunkelzustands
am Beispiel einer Λ-Kopplung ein. Die Systemdynamik für diesen Fall wird in der spe-
ziellen Basis aus Hell- und Dunkelzuständen näher erläutert und führt schließlich zur
Einführung des transienten Dunkelzustandes. Danach werden die zur theoretischen Be-
schreibung notwendigen Gleichungen abgeleitet, da diese im darauffolgenden Abschnitt
zur numerischen Simulation des Systems benötigt werden. Diese Simulationen basieren auf
der Lösung der verallgemeinerten Bloch-Gleichungen, welche die Schwerpunktsbewegung
der Atome ebenfalls berücksichtigen. Unter Zuhilfenahme dieser und Untersuchungen mit-
tels eines resolvententheoretischen Ansatzes werden Bedingungen zur Beobachtbarkeit der
transienten Dunkelzustände angegeben. Schließlich werden die experimentellen Vorausset-
zungen und die Messmethode vorgestellt und die experimentellen mit den theoretischen
Resultaten verglichen.
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Abstract

The present work ”Materwave Optics with Dark-state Polaritons: Applications to Interfer-
ometry and Quantum Information” deals in a broad sense with the subject of dark-states
and in particular with the so-called dark-state polaritons introduced by M. Fleischhauer
and M. D. Lukin to discribe the coherent and reversible storage of photonic wavepackets
in optical dense media. The dark-state polaritons can be regarded as combined excitation
of electromagnetic fields and spin/matter-waves. Within the framework of this thesis the
special optical properties of the combined excitation are studied. On one hand a new pro-
cedure to spatially manipulate and to increase the excitation density of stored photons
is described and on the other hand the properties are used to construct a new type of
Sagnac Hybrid interferometer. The thesis is devided into four parts.

In the introduction all notions necessary to understand the work are described, e. g. :
electromagnetically induced transparency (EIT), dark-state polaritons and the Sagnac
effect. Moreover, for later comparison the standard quantum limits for state-of-the-art
laser and matterwave gyroscopes are provided.

The second chapter considers the method developed by A. André and M. D. Lukin
to create stationary light pulses in specially dressed EIT-media. In a first step a self-
consistent set of field equations is derived and simplified by introducing a new set of
normal modes. The absorption of one of the normal modes leads to the phenomenon of
pulse-matching for the other mode and thereby to a diffusive spreading of its field en-
velope. This is further studied by considering the equations of motion for the first two
momenta of the non-absorbed normal mode. All these considerations are based on a ho-
mogeneous and symmetrical field setup of the EIT preparation laser. If this restriction
is dismissed one finds that a drift motion is superimposed to the diffusive spreading. By
choosing a special laser configuration the drift motion can be tailored such that an effec-
tive force is created that counteracts the spreading. Moreover, the force can not only be
strong enough to compensate the diffusive spreading but also to exceed this dynamics and
hence to compress the field envelope of the excitation. The compression can be discribed
using a Fokker-Planck equation of the Ornstein-Uhlenbeck type. The general solution
of this equation is quite similar to the solution of the damped harmonic oscillator. The
investigations show that the compression leads to an excitation of higher-order modes of
the general Ornstein-Uhlenbeck solution which decay very fast. In the last section of the
chapter this exciation will be discussed in more detail and conditions will be given how
the excitation of higher-order modes can be avoided or even suppressed. All results given
in the chapter are supported by numerical simulatons.

In the third chapter the matterwave optical properties of the dark-state polaritons
will be studied. They will be used to construct a light-matterwave hybrid Sagnac in-
terferometer. First the principle setup of such an interferometer will be sketched and
the relevant equations of motion of light-matter interaction in a rotating frame will be
derived. These form the basis of the following considerations of the dark-state polariton
dynamics with and without the influence of external trapping potentials on the matter-
wave part of the polariton. It will be shown that a sensitivity enhancement compared
to a passive laser gyroscope can be anticipated if the gaseous medium is initially in a
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superfluid quantum state in a ring-trap configuration. To achieve this enhancement a
simultaneous coherence and momentum transfer is furthermore necessary. In the last
part of the chapter the quantum sensitivity limit of the hybrid interferometer is derived
using the one-particle density matrix equations incorporating the motion of the particles.
To this end the Maxwell-Bloch equations are considered perturbatively in the rotation
rate of the noninertial frame of reference and the susceptibility of the considered 3-level
Λ-type system is derived in arbitrary order of the probe-field. This is done to determine
the optimum operation point. With its help the anticipated quantum sensitivity of the
light-matterwave hybrid Sagnac interferometer is calculated at the shot-noise limit and
the results are compared to state-of-the-art laser and matterwave Sagnac interferometers.

The last chapter of the thesis originates from a joint theoretical and experimental
project within the Graduiertenkolleg 792: ”Ultrakurzzeitphysik und nichtlineare Optik”.
It is based on a laboratory in the AG Bergmann. This chapter does no longer consider
the dark-state polaritons of the last two chapters but deals with the more general concept
of dark states and in particular with the transient velocity selective dark states as intro-
duced by E. Arimondo et al. In the experiment we could for the first time measure these
states. The chapter starts with an introduction into the concept of velocity selective dark
states as they occur in a Λ-configuration. Then the system dynamics will be described
in a special basis set namley the dark- and bright-states of the present system. This
leads us to the introduction of the transient velocity selective dark-states as they occur
in an particular extension of the Λ-system. For later use in the simulations the relevant
equations of motion are derived in detail. The simulations are based on the solution of
the generalized optical Bloch equations which also incooperate the center-of-mass motion
of the atoms. With the help of these simulations and a resolvent ansatz conditions for
the parameters to meausre those states are presented. Finally the experimental setup and
procedure are explained and the theoretical and experimental results are compared.
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Outline

The subject of this thesis are matterwave properties of dark-state polaritons (DSP) in-
troduced by M. Fleischhauer and M. D. Lukin [1] to solve the light-storage problem in
media showing electromagnetically induced transparency (EIT) [2]. These dark-state po-
laritons are combined excitations of electromagnetic fields and atomic Raman transitions
[3]. The main theme of this thesis is: can we use the special superposition nature of the
DSP for applications that outperform conventional or matterwave optics. This rather
general problem is discussed for two different, more specific subjects. The first is: ”Can
we use the special properties of the DSPs to construct an efficient quantum logic gate?”
and the second: ”Is it possible to make use of the matterwave component of the DSP in
interferometry (especially when constructing a DSP-gyroscope)?”. Since the whole thesis
can be divided according to these two questions we motivate both parts separately.

Quantum information technologies requires methods to coherently store, transfer and
manipulate quantum states. The dark-state polariton approach has made considerable
progress in terms of the first two requirements. Ensembles of atoms with long-lived atomic
states provide reliable storage units for quantum information. The transfer is mediated
by photons which are quite robust and are an efficient realization of flying qubits. How-
ever, the development of high fidelity quantum logic gates operating on single quantum
excitations is a still unsolved problem. To date a number of proposals based on the DSP
approach have been considered, for example: scattering of DSP in optical lattices [4],
dipole-dipole interaction of slow-light pulses via Rydberg states [5] and entanglement of
photons via N-shaped atomic configurations schemes [6]. All these approaches suffer,
however, from several drawbacks.

The first one is the limited interaction time. For example in head-on type collisions
between two polaritons the interaction time stays constant irrespectively of the group
velocity vgr of the polaritons. Thus in order to achieve a long interaction time copropa-
gating pulses were considered [6]. However, this configuration leads to nonhomogeneous
interaction and spectral broadening of the wave packets. Hence, the latter ansatz has
limited suitability for quantum information processing as well.

A second drawback becomes apparent if we want to reach the required nonlinear in-
teraction to entangle two DSPs, moving with a small group velocity vgr � c, via the
nonlinear part of the susceptibility. In this case we run into trouble since the number of
photons in the DSP-pulse decreases by the factor vgr/c when it enters the medium. Hence,
the usable interaction energy decreases by the same factor. For small group velocities the
major part of excitation is transfered to the matterwave part of the polariton which is
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not available for nonlinear interaction via the susceptibility. In this case one might argue
that an extension of the interaction time would help, however, a longer interaction time
is accompanied by decoherence which has to be avoided.

The reduced photonic part of slow moving polaritons might be compensated by the
resonant enhancement of the nonlinear susceptibility in EIT media [7, 8]. As found by S.
Harris [9] nonlinear optical processes become efficient already at energy densities of one
photon per atomic cross section [10]. This requires however tight spatial confinement of
the photonic excitation in addition to the long interaction time.

To fulfill the requirements of long interaction time and tight spatial confinement we
consider not the standard slow-light scheme but an extension introduced by A. André and
M. D. Lukin [11, 12]. This scheme allows for the creation of long-lived stationary photonic
excitations in the medium. All main ingredients for the construction of a quantum logic
gate are provided by the stationary light scheme except that the excitation density on
the single excitation level is not high enough. A coherent and quantum state preserving
spatial compression of the excitation is required to profit from the resonant enhanced
nonlinear susceptibility. That this can be achieved will be shown in chapter 2.

Let us turn now to the second question, i. e. whether it is possible to make use of the
matterwave part of the DSP in interferometry. Recently U. Leonhardt and P. Piwnicki
[13] pointed out that one might anticipate a sensitivity enhancement c/vgr of a gyroscope
using slow-light in an EIT-medium as compared to a standard optical Sagnac gyroscope.
This suggestion lead to an intense research since at the same time L. V. Hau and cowork-
ers [14] showed that it is possible to reach incredible low group velocities on the order of
meters per second in EIT-media. There exists a large interest for high sensitivity gyro-
scopes as they are used in many commercial applications such as orientation sensors for
airplanes. They are also interesting from a pure scientific point of view since they can
help to decide between different gravitation theories.

In this thesis we discuss a slow-light gyroscope that makes use of the possible free
motion of the atoms in a gaseous medium [15]. We show that a sensitivity enhancement
is only achievable if the momentum transfer from the light to the matterwave part of the
dark-state polariton is taken into account. This statement is controversially discussed in
the community [16].

The thesis is structured as follows: The first chapter gives an introduction in the con-
cepts used. The standard Hamiltonian of quantum optics in the length-gauge is derived
with special emphasis on a separation of relative and center-of-mass coordinates since
we are also interested in the quantum mechanical treatment of the center-of-mass vari-
able. In a second step we explain electromagnetically induced transparency which is a
phenomenon at the heart of the dark-state polariton concept. Furthermore, we introduce
slow-light and explain its limitations with respect to light-storage. We can cope with its
limitations by using explicitly time-dependent electromagnetically induced transparency.
This finally leads us to the dark-state polariton mechanism which allows for a state and
shape preserving storage and release of light pulses. At the end of the Introduction chap-
ter we give a brief review of the Sagnac effect and stated the quantum limits of gyroscopes
based on the corresponding effect.

Chapter 2 is devoted to the detailed analysis of the stationary light scheme and the
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coherent manipulation of stationary light. We first derive a self-consistent set of field
equations which describe the dynamics of electromagnetic fields in an EIT-media dressed
in a special way. The introduction of new set of variables, i. e. normal modes, leads to a
clearer representation of the ongoing dynamics. Absorption of one of the normal modes,
which is equivalent to the phenomenon of pulse matching, leads to a diffusive behavior
of the other mode. This dynamics is discussed in more detail. Finally by choosing an
appropriate dressing of the EIT-medium the stationary field can spatially be compressed.
All the analytical calculation are supported by numerical simulations.

The 3rd chapter is devoted to the detailed analysis of the proposed polariton based
Sagnac interferometer. In a first step we derive the relevant equations of motion in the
rotating frame. The conceptual basics of the gyroscopes are introduced afterwards. We
show that an enhancement of the interferometers sensitivity is only possible if the atoms
– matter part of the polariton – are initially prepared in a superfluid quantum state in a
ring-trap type configuration. Finally we derive the minimum detectable rotation rate at
the optimal operation point of the gyroscope by calculating the signal-to-noise ratio.

The last chapter originates form a joint experimental and theoretical project in the
,,Graduiertenkolleg 792: Ultrakurzzeitphysik und nichtlineare Optik”. Together with Dr.
F. Vewinger I was able to measure for the first time the transient dark state in the veloc-
ity selective coherent population trapping (VSCPT) scheme. The corresponding chapter
gives first an introduction into the concepts of VSCPT. In a second step we review the
theoretical concepts used later on for our numerical simulations. At the end of the chapter
the experimental and numerical results are compared.
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Chapter 1

Introduction

1.1 Hamiltonian of quantum optics

In this thesis we consider the interaction of radiation with matter, either in the form of
optically dense ensembles of Λ-like 3-level atoms or of a beam of two level atoms. We
therefore introduce the concept of the interaction of quantized electromagnetic fields with
non-stationary atoms. We do this to establish the notation used later on and to give a brief
conceptual overview. To this end we introduce first the minimal coupling Hamiltonian
(see [17, 18] and references therein). To simplify the discussion we assume a very simple
atom model which is however sufficient for this thesis. Since we will treat the center-
of-mass motion of atoms quantum mechanically in chapter 3 and 4, we will show how
the initial minimal coupling Hamiltonian transforms to center-of-mass coordinates. For
convenience and later use we will derive the length or Ê·r̂-gauge form of the corresponding
Hamiltonian using the Power-Zienau-transformation. Last but not least, a brief derivation
of the Hamiltonian for stationary Λ-like 3-level atoms will be given. The interaction of
such atoms with electromagnetic fields is the major topic of this thesis.

1.1.1 Interaction of neutral atoms with electromagnetic fields

Transformation to center-of-mass coordinates

We will restrict ourselves within this thesis to the class of atoms with a single valence
electron, e. g. alkali atoms, since most relevant experiments in this field are conducted on
their basis [14, 19, 20]. Alkali-metal atoms can be treated fairly well in the one-electron
approximation with a heavy nuclei and an outer, much lighter valence electron. The elec-
tric charge of the core is in general screened by the inner electrons and the core therefore
possesses the screened charge q. Let e be the electric charge of the electron with mass
me and position r̂e. The mass and position of the core shall be denoted by mc and r̂c

respectively.
In non-relativistic quantum theory the standard Hamiltonian that describes the inter-
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1.1. HAMILTONIAN OF QUANTUM OPTICS 10

action between quantized electromagnetic fields and atoms is given by

H = Ha +Haa +Hf . (1.1)

Here Ha is the minimal coupling Hamiltonian that is responsible for the light-matter-
interaction, Haa is the part that stands for the atom-atom interaction and the last term
is the Hamiltonian of the free electromagnetic field. We will neglect the atom-atom
interaction due to collisions in this thesis. This is valid as long as the considered atomic
ensemble, which we assume to be gaseous, is sufficiently dilute. Collisions will be taken
into account only indirectly by including, if necessary, dephasing or decay rates into the
equations of motion for the atomic variables.
The minimal coupling Hamiltonian distinguishes itself from others by the invariance of
its corresponding Schrödinger equation under local gauge phase transformations [21, 22].
For the electron-core system it is given by

Ha =
(p̂c − qÂ(r̂c))

2

2mc

+
(p̂e − eÂ(r̂e))

2

2me

+ Vec (r̂e, r̂c) , (1.2)

where Vec denotes the effective (screened) Coulomb potential between the outer valence
electron and the core. p̂e and p̂c are the canonical momenta corresponding to the elec-
tron and core position coordinates. In eq. (1.2) Â denotes the vector potential. The
fundamental dynamical variables for the motion of electron and core obey the following
commutation relations

[r̂α,i, r̂β, j] = [p̂α,i, p̂β, j] = 0, (1.3)

[r̂α,i, p̂β, j] = i ~ δα,β δ i, j with i, j = x, y, z and α, β = e, c. (1.4)

The free electromagnetic field is described in the Coulomb-gauge, i. e. ∇ · Â = 0, and in
second quantization by the following Hamiltonian

Hf =
ε0
2

∫
d3r′


[
Π̂⊥(r′)

ε0

]2

+ c2
[
∇′ × Â⊥(r̂′)

]2 , (1.5)

with c being the speed of light in vacuum and ε0 the dielectric constant. The subscript
⊥ denotes transversal vectors fields1. In the Coulomb-gauge the dynamical variables of
the system are Â⊥ and Π̂⊥ = −D̂⊥ = ε0∂tÂ⊥. One determines the electric and magnetic
fields from these by Ê⊥ = −∂tÂ⊥ and B̂⊥ = ∇ × Â⊥. The representation of the field
operators in terms of creation (âkε) and annihilation (â†kε) operators of the field modes
{k, ε} are given in the Schrödinger picture by

Â⊥(r) = Â
(+)
⊥ (r) + Â

(−)
⊥ (r) =

∑
kε

Aωk

[
âkεεe

ik·r + â†kεεe
−ik·r

]
, (1.6)

Ê⊥(r) = Ê
(+)
⊥ (r) + Ê

(−)
⊥ (r) =

∑
kε

i Eωk

[
âkεεe

ik·r − â†kεεe
−ik·r

]
, (1.7)

B̂⊥(r) = B̂
(+)
⊥ (r) + B̂

(−)
⊥ (r) =

∑
kε

iBωk

[
âkε(κ× ε)eik·r − â†kε(κ× ε)e−ik·r

]
, (1.8)

1The vector field F(r) is a transversal field if ∇ · F(r) = 0.
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where Eωk
=
√

~ωk/2ε0V is the electric field per photon in the quantization volume V

and we have Aωk
= Eωk

/ωk and Bωk
= Eωk

/c. In eq. (1.6) Â
(+)
⊥ corresponds to the positive

and Â
(−)
⊥ to the negative frequency part of the transverse vector potential. The notation

also hold for the electric and magnetic fields. For the polarization unit vector of the
electric field and the vector potential we have used the symbol ε and κ = k/|k| denotes
the normalized wave vector. In the following we will for notational simplicity omit the
subscript ⊥. The equal time commutation relation for the vector components of the field
operators[

Âi(r, t), Âj(r
′, t)
]

=
[
Π̂i(r, t), Π̂j(r

′, t)
]

= 0, (1.9)[
Âi(r, t), Π̂j(r

′, t)
]

= i~δ⊥ij(r− r′) with i, j ∈ {1, 2, 3}, (1.10)

can either be deduced from the commutator relation [âkε, â
†
k′ε′ ] = δεε′δkk′ of the creation

and annihilation operators or have to be postulated in the course of a canonical quanti-
zation. δ⊥i,j(R− r′) in eq. (1.10) denotes the transversal delta function [17].

In a first step we rewrite eq. (1.2) using the center-of-mass variables defined by

R̂ =
mcr̂c +mer̂e

m
, (1.11)

P̂ = m
˙̂
R = mc

˙̂rc +me
˙̂re = p̂c + p̂e, (1.12)

where m = mc + me is the total mass of the atom and R̂ and P̂ is the center-of-mass
coordinate and the corresponding conjugate momentum. In addition one defines the
relative coordinate and momentum respectively,

r̂ = r̂c − r̂e, (1.13)

p̂

µ
=

dr̂

dt
=

p̂c

mc

− p̂e

me

, (1.14)

using the reduced mass µ = mcme/m. With these definitions the commutator relations
eq. (1.3, 1.4) transform to

[r̂i, r̂j] = [p̂i, p̂j] =
[
r̂i, R̂j

]
=
[
r̂i, P̂j

]
=
[
R̂i, p̂j

]
=
[
R̂i, R̂j

]
= 0, and (1.15)

[r̂i, p̂j] =
[
R̂i, P̂j

]
= i ~ δi, j with i, j ∈ {1, 2, 3} (1.16)

Substituting the inverse transformations of eqs. (1.11-1.14), i. e.

r̂e = R̂− mc

m
r̂, (1.17)

r̂c = R̂ +
me

m
r̂, (1.18)

and
p̂e =

me

m
P̂− p̂, (1.19)

p̂c =
mc

m
P̂ + p̂, (1.20)

into the minimal coupling Hamiltonian, eq. (1.2), one arrives, after applying the dipole
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approximation with respect to the exchange of transverse photons and using the commu-
tativity of P̂ and p̂ with Â in the Coulomb gauge, at

Ha =
P̂2

2m
+

p̂2

2µ
− q + e

m
Â(R̂) · P̂ +

(
q

me

− e

me

)
Â(R̂) · p̂

+
1

2

(
q2

mc

+
e2

me

)
Â(R̂)2 + Vec(R̂, r̂). (1.21)

The dipole or long-wavelength approximation, used in the derivation of eq. (1.21), is ap-
plicable as long as the vector potential does not change significantly over the size of the
atom, i. e. if a0 � λ, where a0 is the radius of the corresponding atom and λ the wave-
length of the transversal photon.

In this thesis we will only deal with electrically neutral atoms, hence the total charge
q + e is zero and the third term in eq. (1.21) vanishes. Eq. (1.21) together with the
additional term of the free electromagnetic field Hamiltonian and the atom–atom inter-
action contribution represent the full Hamiltonian of quantum optics for neutral atoms in
center-of-mass and relative variables. Using again the fact that we restrict ourselves to
neutral atoms we can simplify eq. (1.21) applying q = −e (neutral atom) and

q2

mc

+
e2

me

=
q2

µ
, (1.22)

e

me

− q

mc

= − q
µ
. (1.23)

With the help of these relations we rewrite eq. (1.21) and find

Ha =
P̂2

2m
+

1

2µ

[
p− q Â(R̂)

]2
+ Vec(R̂, r̂). (1.24)

Transformation to the length- or E · r-gauge

We note that not the vector potential but the electric field is the gauge invariant observ-
able. Hence, it is desirable to express the above Hamiltonian in terms of the latter. To go
from the Coulomb- to the length-gauge of the Hamiltonian (1.24) we apply the unitary
transformation [17]

U = exp

[
− i

~
q r̂ · Â(R̂)

]
. (1.25)

This transformation is called Power-Zienau transformation [23]. Applying U to the dy-
namical variables of the system leads to the following substitution rules:

p̂ → p̂ + qÂ(R̂) (1.26)

Ê → Ê + P̂/ε0. (1.27)
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The rest of the variables remain invariant. Eq. (1.24) reads in the new gauge

Ha′ = H
(cen)
a′ +H

(rel)
a′ =

P̂2

2m
+

p2

2µ
+ Vec(R̂, r̂), (1.28)

where the prime denotes that this is a Hamiltonian with respect to the length gauge.
The distinction between relative and center-of-mass motion is given by the superscripts
(cen) and (rel). The transformation of the free electromagnetic field Hamiltonian is not
as straight forward. To this end we need to apply the following transformation rule [24]

e−αABeαA = B − α [A,B] +
α2

2
[A, [A,B]]− . . . (1.29)

and the commutator relations eq. (1.9) and (1.10). This leads to

Hf ′ =
ε0
2

∫
d3r′


[
Π̂(r′)

ε0

]2

+ c2
[
∇′ × Â(r′)

]2+ qr · Π̂(R)

ε0
(1.30)

+
ε0
2

∫
d3r′

∑
i,j

(
qrj

ε0

)2

δ⊥i,j(R− r′)

The first term is again the free electromagnetic field Hamiltonian, the second one is
the interaction Hamiltonian in dipole approximation and length-gauge. The last term
is the dipolar self energy that would lead to an infinite contribution and needs to be
renormalized. We will neglect it in the forthcoming because the renormalization leads to
constant energy shift which we assume to be absorbed into H

(rel)
a′ [25, 26].

Hamiltonian for a Λ-like 3-level atom

Starting from the general results given in the last section we now want to derive a Hamil-
tonian for a simplified atom model with three relevant states in a Λ-type configuration
as shown in fig. 1.1. In a first step we assume that we can in principle find the spectral
decomposition of the Hamiltonian describing the relative motion of core and electron.
This means we can write

H
(rel)
a′ =

∑
ν

Eν |ν〉〈ν|, (1.31)

where the ν is an abbreviation for all relevant quantum numbers which are necessary to
specify the atomic states. Using eq. (1.25) and therefore eq. (1.30) we have restricted our
considerations to electric dipole transitions. This is sufficient for most of the applications
in quantum optics because it is the dominant type of transition occuring in nature. For
higher order multipole contributions see [17, 18]. The dipole interaction term in eq. (1.30)
may be identified with the polarization of the medium. The idea of polarization considers a
charge distribution, here the electron of the atom, with respect to a reference distribution,
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Figure 1.1: A Λ-type 3-level atomic system with the (meta)-stable levels |g〉 and |s〉 as
well as the excited unstable state |e〉. The two fields leading to dipole allowed transition
are called probe Ep and control-field Ec. Shown here is a resonant configuration between
electromagnetic fields and Bohr frequencies.

the core. In this thesis the main focus is on atomic ensembles. In the case of an ensemble
of N -atoms the polarization of the medium is

P̂̂P̂P (r) =
N∑

j=1

d̂j δ(r−Rj) =
N∑

j=1

∑
µj ,νj

(
dµjνj

σ̂µj ,νj
+ h.a.

)
δ(r−Rj), (1.32)

where dµjνj
= 〈µ|dj|ν〉 = e〈µ|rj|ν〉 is the dipole moment of the j-th atom mediating

the transition |µ〉 ↔ |ν〉 and σ̂µj ,νj
= |µj〉〈νj| are the corresponding single atom spin-flip

operators. The atom is assumed to be localized at Rj. The expression after the second
equal sign corresponds to a representation of the polarization operator in the basis of
eigenstates of the Hamiltonian eq. (1.31). As can be seen from parity considerations
only two dipole allowed transition can exist in a Λ-like 3-level atom as shown in fig. 1.1.
The polarization of the system is, in the interaction picture with respect to the 3-level
Hamiltonian of eq. (1.31) and after a rotating wave approximation, given by

P̂̂P̂PΛ(r) =
N∑

j=1

(
degσ̂ege

i ωegt + desσ̂ese
i ωest + h.a.

)
δ(r−Rj). (1.33)

The Bohr frequencies used in eq. (1.33) are defined by ωµν = ωµ − ων , where ωµ = Eµ/~.
We assume that the dipoles are randomly distributed over the interaction region according
to the probability density

p(R1, . . . ,RN) = p(R1) · · · · · p(RN), with

∫
d3NR p(R1, . . . ,RN) = 1. (1.34)

By writing eq. (1.34) we assumed that the probability p(Rj) to find a dipole at Rj is
independent of the probability p(Ri) to find an other dipole at Ri (with i 6= j). This
assumption is valid as long as the interaction between the dipoles is negligible and the
densityare of the sample is small enough such that local-field corrections are unimportant.
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The averaged polarization of a medium consisting of Λ-like 3-level atoms is then given by

PΛ(r) =

∫
d3R1 . . .

∫
d3RN p(R1, . . . ,RN) P̂̂P̂PΛ(r)

= p(r)N
(
degσ̂ege

i ωegt + desσ̂ese
i ωest + h.a.

)
. (1.35)

We now assume that p(r) is a uniform distribution. Thus the probability density to
find a dipole at r is 1/V . Using eq. (1.35) and eq. (1.30) we can easily determine the
Hamiltonian for the interaction of Λ-like 3-level atoms with two electromagnetic fields. In
the interaction picture and after a rotating wave approximation we have

Hint =

∫
d3r P̂Λ(r) · Π̂(r)

ε0
= −

∫
d3r P̂Λ(r) · D̂(r)

ε0

= −N
V

∫
d3r

[
℘ σ̂egÊ

(+)
p (r)e−i(ω−ωeg)t + ℘′ σ̂esÊ

(+)
c (r)e−i(ωc−ωes)t + h.a.

]
, (1.36)

where ℘ = deg ·εp and ℘′ = des ·εc. Here εp and εc are the unit vectors for the polarization
of the probe and control field respectively. The (near) resonant optical transitions |g〉 ↔
|e〉 and |s〉 ↔ |e〉 are mediated by the probe and control field with main carrier frequencies

ω and ωc respectively. The quantities Ê
(+)
p and Ê

(+)
c denote the envelope functions of the

positive frequency parts of the corresponding fields. We will only consider strong classical
control-fields within the framework of this thesis, i. e. Êc → 〈Êc〉, and therefore introduce

for notational simplicity the Rabi frequency of the control-field via Ωc = ℘′〈Ê(+)
c 〉/~.

Equations of motion for electromagnetic fields

Before we discuss the special features of the interaction of electromagnetic fields with
Λ-type atoms of fig. 1.1, we will briefly summarize the equations of motion for electro-
magnetic fields in media with polarization P̂. By determining the Heisenberg equations
for the dynamical field variables {Â, Π̂} we find

∂tΠ̂(r, t) = − 1

µ0

∇× (∇× Â(r, t)), (1.37)

∂tÂ(r, t) =
1

ε0
Π̂(r, t) +

1

ε0
P̂(r, t), (1.38)

where µ0 denotes the free space permeability. From these equations we can derive the two
coupled Maxwell equations (without current density because we disregard free charges).
To this end we use B̂(r, t) = ∇×Â(r, t) and the relation between the conjugate momentum
and the displacement operator in a dielectric medium consisting of neutral atoms given
by [18]

Π̂(r, t) = −D̂(r, t) = −
[
ε0Ê(r, t) + P̂(r, t)

]
. (1.39)
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The two coupled Maxwell equations then read

∂tÊ(r, t) = c2∇× B̂(r, t)− 1

ε0
∂tP̂⊥(r, t) ⇔ ∂tD̂(r, t) =

1

µ0

∇× B̂(r, t), (1.40)

∂tB̂(r, t) = −∇× Ê⊥(r, t). (1.41)

From this set of equations we obtain the wave-equation in dielectric media[
∂2

t − c2∆
]
Ê(r, t) = − 1

ε0
∂2

t P̂⊥(r, t). (1.42)

In chapter 2 we will need a decomposition of the electromagnetic field in forward (+) and
backward propagating (−) components. To this end we make the following ansatz for the
positive frequency part of the electric field Ê(+) and the polarization P̂(+) or that of an
arbitrary vector field F̂(+)

F̂(+) = F̂
(+)
+ + F̂

(+)
− (1.43)

with F̂
(+)
± (r, t) = F̂̂F̂F±(r, t) exp [−i(ωt∓ kz)]. Using this ansatz we finally find the paraxial

wave equation[
∂t ± c∂z +

c

2ik
∆⊥

]
Ê̂ÊE±(r, t) = − ω

2iε0
P̂̂P̂P±(r, t). (1.44)

To derive eq. (1.44) we have applied the slowly-varying envelope approximation (SVEA)
[21], i. e. we have assumed that the characteristic length scale L on which the field envelope

F̂̂F̂F changes is much larger than the optical wavelength λ = 2π/k. Analog arguments were
applied to the time domain.

1.2 Electromagnetically induced transparency (EIT)

and slow-light

The concepts of electromagnetically induced transparency and slow-light can most easily
be understood in terms of of dark-state polaritons which we are using throughout this
thesis. Hence it is worth studying them briefly.

Using Electromagnetically Induced Transparency (EIT) a medium that is otherwise
optically thick, i. e. opaque, for a probe-field is rendered transparent by the appropriate
application of an additional control-field. It is based on the coherent preparation [27]
of 3-level type atoms as shown for example in fig. 1.2. It was first experimentally been
observed by Boller et al. [28] in Strontium. For the atoms to show EIT it is not necessary
to be in a Λ-like configuration, we will restrict, however, ourselves to this configuration.

The coherent preparation not only leads to the modification of the absorptive proper-
ties but also to very useful changes of the dispersive properties. The modified properties
of EIT-media can be used to generate pulses with a very small group velocity [29, 14], to
effectively control nonlinearities [30, 7] and for high precision magnetometry [31].
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Figure 1.2: Λ-type 3-level atomic system with the (meta)-stable levels |g〉 and |s〉 as
well as the excited state |e〉. The control-field is denoted by Ωc and the signal field by
Ωp = ℘〈Êp〉/~. ∆ and δ are one- and two-photon detuning respectively (see main text).
γg and γs are the population decay rates of the excited state into the two lower levels and
γgs denotes the decay rate of the Raman coherence.

In general the interaction of light with atoms depends on the frequency of the incident
light field [21, 17]. If the frequency of the light field equals the Bohr frequency of a particu-
lar transition, a resonance condition occurs and is accompanied by a dispersive/dissipative
back-action of the medium on the radiation field. In the linear response limit, which we
are generally interested in, the back-action is described by the linear polarization of the
medium

P(z, ω) = ε0 [εr(ω)− 1] E(z, ω) = ε0 [χ′(ω) + iχ′′(ω)] E(z, ω). (1.45)

Here εr is the relative electric permittivity and χ′ and χ′′ are the real and imaginary part
of the complex susceptibility χ. The later determines the corresponding back-action [32].
In general we can safely ignore the magnetic properties of the atomic system. In most
cases the magnetic reponse is many orders of magnitude smaller than the electric one.
Hence, we set the magnetic permeability equal to unity. The next section will discuss EIT
by the examination of an idealized, homogeneously broadend 3-level Λ-system in detail.

1.2.1 The model system of EIT

Various ways exist to describe the phenomenon of EIT. In this section we analyze the
linear susceptibility derived from a density matrix ansatz based on the work of Imamoğlu
and Harris [33]. To do so we examine a system consisting of Λ-type 3-level atoms as
indicated in fig. 1.2. For simplicity we assume that the only relevant mode in the electric
field expansion of eq. (1.7) is given by the resonance frequency ω, hence we can define a
common coupling constant

g =
℘

~

√
~ω

2ε0V
. (1.46)
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With the help of this the interaction Hamiltonian eq. (1.36) is given, in a frame co-rotating
with the optical frequencies by

Hint = −N
V

∫
d3r~

{
∆ σ̂ss + (δ + ∆) σ̂gg +

[
Ωc(r, t) σ̂es + gÊp(r, t) σ̂eg + h.a.

]}
.

(1.47)

In the above Hamiltonian we have used a calligraphic symbol for the electric field opera-
tor. We changed the notation since the corresponding electric field is now a dimensionless
variable. The transformation to this new, scaled variables is straight forward. Finally
∆ = ωes − ωc as well as δ = ωsg − (ω − ωc) respresent the one-photon detuning of the
control-field as well as the two-photon detuning of probe- and control-field from the Ra-
man transition |g〉 ↔ |s〉.

Under the assumption that the thermal occupancy of the relevant radiation field modes
is completely negligible, which is justified for optical frequencies [17], one finds the fol-
lowing equations of motion for the off-diagonal spin operators σ̂ge and σ̂gs

˙̂σge = − (γge + i (δ + ∆)) σ̂ge − i gÊp(r, t)(σ̂ee − σ̂gg) + iΩc(r, t)σ̂gs + F̂ge, (1.48)

˙̂σgs = − (γgs + i δ) σ̂gs − i gÊp(r, t)σ̂es + iΩ∗
c(r, t)σ̂ge + F̂gs. (1.49)

These can be derived from the Hamiltonian (1.47) by calculating the Heisenberg-Langevin
equations. The F̂µν are the Langevin noise forces corresponding to the decay rates γµν

[34].
The transverse decay rate γge = (γg+γs)/2+γphase is determined by the radiative decay

rates γg and γs on the transition |e〉 → |g〉 respectively |e〉 → |s〉 and a dephasing term
primarily due to collisions [35]. Since the transition |g〉 ↔ |s〉 is not dipole allowed the
major contribution here is given by non-radiative dephasing mechanisms, like collisions
or fluctuations of external fields.

By treating the ratio of the collective Rabi frequency g〈Ê〉 of the probe field over the
Rabi frequency of the control field Ωc as a perturbation parameter we find, assuming that
initially all population is in state |g〉, i. e. σ̂

(0)
gg = 1, in first order

˙̂σ(1)
ge = − (γge + i (δ + ∆)) σ̂(1)

ge + i gÊp(r, t) + iΩc(r, t)σ̂
(1)
gs , (1.50)

˙̂σ(1)
gs = − (γgs + i δ) σ̂(1)

gs + iΩ∗
c(r, t)σ̂

(1)
ge . (1.51)

Within the present approach we keep all orders of the strong field Ωc, which coher-
ently couples the states |e〉 and |s〉, but treat the probe-field only in first order of the
above perturbation expansion. This is sufficient to derive the linear susceptibility [35].
If we additionally assume that the polarization of the ensemble of atoms is given by the
average polarization of each atom times the number of atoms N devided by the quan-
tization/interaction volume, i. e. P̂(+) = ℘N σ̂ge/V , then the susceptibility reads [36]

χ = i
2N g2

ω

[
γgs + i δ

(γge + i (δ + ∆))(γgs + i δ) + |Ωc|2

]
. (1.52)
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Figure 1.3: Real (solid line) and imaginary (dashed line) parts of the linear susceptibility

(in units of 2 N g2

ω
) as a function of the normalized detuning δ/γge width Ωc = 0.5γge and

(a) γgs = 0 and ∆ = 0 as well as (b) γgs = 10−2γge and ∆ = 2γge .

To obtain eq. (1.52) we have solved the eqs. (1.50-1.51) in steady state, i. e. we set all
time derivatives to zero. This assumes that the evolution of the atomic system is much
faster than the temporal change of the radiation field. Using the above equation one easily
finds the real (χ′) and imaginary part (χ′′) of the complex susceptibility χ = χ′ + iχ′′

χ′(δ,∆) =
2N g2

ω

γgs((∆ + δ)γgs + δγge)− δ(γgeγgs − δ(∆ + δ) + |Ωc|2)
(γgeγgs − δ(∆ + δ) + |Ωc|2)2 + ((∆ + δ)γgs + δγge)2

, (1.53)

χ′′(δ,∆) =
2N g2

ω

γge(γ
2
gs + δ2) + γgs|Ωc|2

(γgeγgs − δ(∆ + δ) + |Ωc|2)2 + ((∆ + δ)γgs + δγge)2
. (1.54)

The linear susceptibility, as shown in fig. 1.3, displays a number of the prominent features
of EIT. First of all one immediately recognizes that at two-photon resonance, δ = 0, both
real and imaginary part of the susceptibility vanish in the limit of vanishing decay rate
of the Raman coherence γgs = 0. This is called the ideal limit since it is not realized in
nature.

However, even in the case γgs 6= 0, one obtains, for
√
γgsγge � |Ωc| � γge, a very sharp

dip in the imaginary part of the susceptibility which corresponds to a dip in the absorption
spectrum. Its width ∆ωtr is proportional to the intensity of the applied control-laser
field, ∆ωtr ∼ |Ωc|2/γge [37]. This sharp dip-like feature calls for a quantum interference
explanation rather than simple line splitting argumentation as is for example the case for
Autler-Townes splitting [2, 38]. The transparency obtained at two-photon resonance is
independent from the one-photon detuning of the control-field as we can see from fig. 1.3
(b). With increasing one-photon detuning, the absorption spectrum slowly turns into
that of a two-level system with an additional narrow Raman peak close to two-photon
resonance. The effective two-level system can be identified in fig. 1.3 (b) by its broad
Lorentzian lineshape in the imaginary part of the susceptibility and steep slope of the
real part. The spectrum of the real and imaginary part of the susceptibility are very
asymmetric in this case.

In general, due to external disturbances like atomic collisions, the Raman decay rate
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Figure 1.4: (a) Transmission spectra for an optical depth of the medium of OD =
L/Labs = 6 and for the two cases of figure 1.3 (solid line case (a) and dashed line case
(b)). (b) Refractive index as a function of the probe-field frequency for the parameters of
fig. 1.3 (a) (hereωeg = 0 without loss of generality is assumed).

does not vanish. However, even in this case most of the important properties of EIT
remain observable as long as the Rabi frequency of the coupling field satisfies [27]

|Ωc|2 � γgeγgs. (1.55)

Due to the resonance in the absorption spectrum the medium becomes transparent as we
can see by inspecting the properties of the intensity transmission coefficient T of the probe-
field. This coefficient is defined by T (L, δ) = I(L, δ)/I0, where I0 is the initial intensity of
the probe-beam before entering the cell containing the atomic ensemble and I(L, δ) is the
intensity after passing through the cell of length L. Using the time-independent shortend
wave equation for the probe-field, i. e. ∂zÊp = ikχÊp and applying the definition of the
absorption length Labs = cγge/g

2N in absence of EIT, we find

T (δ) = exp {−χ′′(δ)kL} = exp

{
−χ̃′′(δ) L

Labs

}
. (1.56)

After the second equal sign of eq. (1.56) we have introduced the normalized susceptibility
χ̃. It is defined by χ̃ = γgeω(g2N)−1χ. We use this definition because it most easily
allows to see that the exponent of eq. (1.56) is completely defined by the decay rates and
detunings as well the ratio L/Labs. The latter is called optical depth. For the optically
dense media under consideration it is (much) bigger than unity [39, 36]. Eq. (1.56) was
used to create fig. 1.4 (a).

So let us discuss now fig. 1.4. In the case of non vanishing relaxation of the Raman
coherence the real part χ′ of the complex susceptibility is still equal to zero but the imagi-
nary part χ′′ in eq. (1.54) is proportional to γgs at two-photon resonance. Hence complete
transparency, T = 1, is only obtained in the ideal case of a vanishing relaxation rate of
the corresponding coherence. In this case quantum interference completely suppresses
absorption at Raman resonance [40]. For a small detuning δ the interference is no longer
perfect and the medium becomes absorbing. Thus, following the earlier argumentation
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about the sharpness of the absorption resonance, the transparency peak that appears in
the transmission spectrum is typically very narrow (see figure 1.4 (a)). The interference
turns more robust and the spectral width ∆ωtr of the transparency window increases even
more the larger the Rabi frequency of the coupling field turns, i. e. the better condition
(1.55) is fullfilled. This property allows to increase the tolerance of EIT to two-photon
frequency mismatch. We note that the asymmetry of the susceptibility in fig. 1.3 (b) also
appears in the transmission spectrum.
Finally, we want to consider the dispersive properties of the dressed medium in order to
determine the group and phase velocity of the probe-field. To this end we calculate the
real part of the index of refraction using its definition n = n′ + in′′ and its relation to the
permittivity [41, 42]

n2 = εr(z, ω)µr(z, ω) w εr(z, ω). (1.57)

We find the following set of equations

χ′ = (n′)2 − (n′′)2 − 1, (1.58)

χ′′ = 2n′n′′, (1.59)

that can be solved to give [21]

n′ =

{
[(1 + χ′)2 + χ′′ 2]1/2 + (1 + χ′)

2

}1/2

, (1.60)

n′′ =

{
[(1 + χ′)2 + χ′′ 2]1/2 − (1 + χ′)

2

}1/2

sgn(χ′′). (1.61)

In the ideal case of vanishing Raman dephasing the probe-field experiences at two-photon
resonance no absorption and a vanishing real susceptibility. Therefore the refractive index
n′, shown in fig. 1.4 (b), is equal to unity. This implies that the phase velocity of the probe-
field in the medium is equal to that in vacuum. On the other hand, due to absorptive
interference and the symmetry of the states, the refractive index n′ has a large normal
dispersion, i. e. ω dn/dω � 1, in the vicinity of the two-photon resonance. This leads via

vgr =
c

n+ ω dn
dω

(1.62)

to a very small group velocity vgr. In addition there is no group velocity dispersion,
i. e. d2n/dω2 = 0, which is essential for the formstable propagation of pulses in the
medium. A non-vanishing group velocity dispersion would lead to pulse distortion [29].
From the statements of this section we see that EIT-media are suitable for the distortion-
free slow-down of electromagnetic fields. This is one essential component necessary for
the construction of a quantum memory.
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1.2.2 Slow-light and its limitations

In this section we will show that even though the large frequency dispersion of EIT-media
|ω dn/dω| � 1, can be used to slow down a field pulse to incredibly low group velocities,
of the order of 10−102 m/s [43, 44, 14, 45, 46], this is not enough to construct an efficient
quantum memory [3]. To store photons or to manipulate them coherently would require a
non destructive storage and retrieval of the quantum state of a photon. In order to show
this deficiency we consider the propagation dynamics of a weak probe field in an atomic
ensemble of Λ-like atoms in more detail.

Weak probe-field limit and the adiabatic approximation

To discuss later on the limitations of slow-light we derive first the equation of motion for a
weak probe field in an EIT-medium. Furthermore we assume that the characteristic time
T in which the probe field respectively the control field changes is much longer than the
decay time of the optical coherence γ−1

ge , i. e. we have Tγge � 1. To derive the equation
of motion of the probe field we solve the equations (1.50) and (1.51) for the optical and
spin coherence respectively

σ̂(1)
gs = − g

Ωc

Êp −
i

Ωc

[(
∂

∂t
+ γge

)
σ̂(1)

ge −
i

Ωc

F̂ge

]
, (1.63)

σ̂(1)
ge = − i

Ω∗
c

(
∂

∂t
+ γgs

)
σ̂(1)

gs +
i

Ω∗
c

F̂gs. (1.64)

Substituting eq. (1.64) in eq. (1.63) and using furthermore that the interaction of a probe-
field pulse can be described using the shortened wave equation (1.44) with the polarization

of the medium given by P̂ = g N σ̂
(1)
ge , we find the following set of equations(

∂

∂t
+ c

∂

∂z

)
Êp(z, t) =

gN

Ω∗

(
∂

∂t
+ γ(1)

gs

)
σ̂gs(z, t)−

gN

Ω∗
c

F̂gs, (1.65)

σ̂(1)
gs (z, t) = − g

Ωc(z, t)
Êp(z, t)−

i

Ωc(z, t)

[(
∂

∂t
+ γge

){
− i

Ω∗
c(z, t)

(
∂

∂t
+ γgs

)
σ̂(1)

gs

}
+

(
∂

∂t
+ γge

)(
i

Ω∗
c(z, t)

F̂gs(t)

)
− i

Ωc(z, t)
F̂ge(t)

]
.

(1.66)

This set can be simplified considerably if we work in the adiabatic limit [47, 8, 9, 6]. By
introducing a normalized time τ via τ = t/T , where T is the characteristic time scale on
which the probe- as well the control-field changes we can expand the right hand side of
eq. (1.66) in powers of 1/T . This yields

σ̂(1)
gs = − g

Ωc

Êp −
i

Ωc

[(
1

T

∂

∂τ
+ γge

){
− i

Ω∗
c

(
1

T

∂

∂τ
+ γgs

)
σ̂(1)

gs

}
+

(
1

T

∂

∂τ
+ γge

)(
i

Ω∗
c

1√
T
F̂gs

)
− i

Ωc

1√
T
F̂ge

]
, (1.67)
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where we have used that 〈F̂µν(t)F̂αβ(t′)〉 ∝ δ(τ − τ ′)/|T | holds in the Markov-limit. In
the lowest non-vanishing order of the perturbation expansion with respect to the small
parameter 1/T , we obtain from eq. (1.67)

σ̂gs(z, t) = − g

Ωc(z, t)
Êp(z, t). (1.68)

To derive eq. (1.68) we have once more applied the EIT-condition (1.55). Substituting
eq. (1.68) into the field equation (1.65) yields the propagation equation of the quantized
probe-field(

∂

∂t
+ c

∂

∂z

)
Êp(z, t) = − g2N

Ω∗
c(z, t)

(
∂

∂t
+ γgs

)
Êp(z, t)

Ωc(z, t)
+ F̂E . (1.69)

The term proportional to γgs describes absorption of the probe field due to decay of the
ground state coherence. If we restrict ourselves to a timescale much shorter than γ−1

gs ,

which we will do in the forthcoming, this term can be neglected. The operator F̂E is an
abbreviation for the Langevin force term corresponding to the decay of the probe field
operator. Its explicit representation is not of interest here. The shortened wave equation
(left hand side) together with the time derivate of the right hand side lead to slow-light
and light storage as we will show in the next sections.

Slow-light and its limits

The adiabatic approximation of the last section assumes that the dynamics in terms of
frequencies takes place within the narrow transparency window as shown in fig. 1.4 (a).
If the pulse is too short, or its spectrum too broad relative to the transparency width,
absorption and higher-order dispersion can not be neglected. To be more precise we
discuss once more the intensity transmission function of the medium. By assuming a
spatially homogeneous control-field, one finds that close to two-photon resonance, the
transmission function is given by

T (δ, z) = exp {−k L Im[χ(δ)]} ≈ exp
{
−δ2/∆ω2

tr

}
, (1.70)

where we have assumed that the probe-pulse traversed a medium of length L. The trans-
parency width

∆ωtr =

[
c

γgeL

|Ωc|2

ngr

]1/2

=
1√
OD

|Ωc|2

γge

(1.71)

decreases with increasing group index which is given by [3]

ngr =
g2N

|Ωc|2
(1.72)

and which is related to the group velocity of the probe field pulse by

vgr =
c

1 + ngr

. (1.73)
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The optical depth (opacity) of the medium is denoted by OD = L/Labs, where Labs =
cγge/g

2N is the absorption length in absence of EIT. One notices from eq. (1.71) that
a reduction of the group velocity of the probe pulse leads to a decreasing transparency
width. We express the transparency width in terms of the probe-pulse delay time τd =
(1/vgr − 1/c)L = ngrL/c to find a more intuitive expression [29, 48, 49].The equation

∆ωtr =
√
OD

1

τd
. (1.74)

states that an increasing delay time τd implies a narrowing of the transparency window.
A narrow transparency window requires on the other hand long probe pulses. When the
group velocity is too small or in orther words the pulse delay time too long, the trans-
parency window becomes smaller than the spectral width of the pulse. In this case is the
adiabatic condition violated, and the medium absorbs the pulse. However, this line of
argumentation holds only if the spectral width of the pulse stays constant while propagat-
ing through the medium. This is the case if we consider a time independent control-field.
Unlike this does the time-dependent control-field case, discussed in section 1.3.3, allow a
simultaneous narrowing of the spectral pulse and the transmission transparency window
width.

To show that the spectral pulse width stays constant while the pulse is propagating
through the medium let us consider the propagation equation (1.69). For Ω(z, t) = Ω(z)
one easily shows that the equation implies[

∂

∂t
+ vgr(z)

∂

∂z

]
Êp(z, t) = 0, (1.75)

where the space dependence of the group velocity origins from the corresponding space
dependence of the control-field. By introducing new coordinates according to

τ = t−
z∫

0

dz′
1

vgr(z′)
, (1.76)

ξ = z, (1.77)

we can further simplify the propagation equation (1.75) and find

∂

∂ξ
Êp(ξ, τ) = 0. (1.78)

The solution of the present Cauchy problem is

Êp(z, t) = Êp

0, t−
z∫

0

dz′
1

vgr(z′)

 . (1.79)

Eq. (1.79) describes a pulse propagating with a spatially varying group velocity vgr and an

invariant temporal shape. Here Êp(0, t
′) denotes the field entering the interaction region
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at z = 0. According to eq. (1.75) the slow down of the quantized probe-field in the
adiabatic limit is a lossless and linear process and hence all properties of the quantum
pulse are conserved. As explained in [21] the power-spectrum is given in terms of a two-
time correlation function of the corresponding radiation field. Under stationary conditions
the correlation function 〈Ê†p(t)Êp(t

′)〉 only depends on the time difference τ = t′− t. Using
the solution (1.79) we see that the corresponding spectrum of the pulse is constant

S(z, ω) =

∞∫
−∞

dτ〈Ê†p(t)Êp(t− τ)〉e−iωτ = S(0, ω). (1.80)

In particular the spectral width of the probe pulse

∆ωp(z) = ∆ωp(0) (1.81)

remains unchanged. Hence, in the case the probe field pulse is slowed down by a spatially
decreasing control field the spectral width of the pulse stays constant. However, the
reduction of the control field intensity also leads to a reduction of the transparency width
of the EIT-window as stated before. Sooner or later this leads to absorption of the field
pulse which makes slow-light as introduced here not usable for light-storage.

1.3 Storage of light in an optically dense medium

In section 1.2.2 we have already mentioned the existence of a remedy to cure the problems
of slow-light with respect to light storage. In the same section we argued that for EIT to
be effective in eliminating dissipation, the spectrum of the light pulse should lie within
the transparency window during the whole storage procedure. The essential limitation
of EIT as a storage mechanism in a quantum light memory is the inverse proportionality
between the spectral transmission width and the pulse delay time, eq. (1.74). Thus even if
the initial width of the pulse spectrum is smaller than the transmission width, the group
velocity reduction sooner or later leads to the absorption of the probe-pulse.

This problem can be cured using techniques similar to those used in stimulated Raman
adiabatic passage (STIRAP) [50]. To this end we assume that the control-field now
only depends on time and ignore its space-dependence. To include the latter does not
change the principle results but would make the presentation more involved. To solve
the propagation and later on the storage problem for a quantized probe-field we follow
M. Fleischhauer and M. D. Lukin [1, 3] and introduce a new set of variables. We will
see, that they can be identified with a new type of quasi-particles the so called bright-
and dark-state polaritons. Using the corresponding ansatz we will show that if the initial
spectral width of the probe pulse was smaller than the spectral width of the transmission
window it will be during the whole slow-down and storage process. This makes the present
approach suitable for the coherent storage of light.
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1.3.1 Definition of dark- and bright-state polaritons

To simplify the forthcoming considerations we assume a spatially homogeneous and real
control-field Ω = Ω(t) = Ω(t)∗. The equations of motion (1.65, 1.66) for the physically
relevant variables Êp and σ̂gs can be simplified by applying a unitary transformation[

Ψ̂(z, t)

Φ̂(z, t)

]
=

[
cos θ(t) − sin θ(t)

sin θ(t) cos θ(t)

][
Êp(z, t)√
Nσ̂gs(z, t)

]
, (1.82)

which defines a new pair of quantum fields. The mixing angle θ(t) used in eq. (1.82) is
defined via the group index, i. e.

tan2 θ(t) =
g2N

Ω2
c(t)

= ngr. (1.83)

For reasons which will become apparent later on we will call Ψ̂ dark-state and Φ̂ bright-
state polariton. We transform the equations of motion for the electric field and the
collective atomic spin variable using the inverse transformation of eq. (1.82) into field
equations for the new variables. After some algebra we finds[

∂

∂t
+ c cos2 θ(t)

∂

∂z

]
Ψ̂(z, t) = −∂θ

∂t
Φ̂(z, t)− sin θ cos θc

∂θ

∂z
Φ̂(z, t) (1.84)

Φ̂(z, t) =
sin θ

g2N

(
∂

∂t
+ γge

)(
tan θ

∂

∂t

)(
sin θΨ̂− cos θΦ̂

)
+ i

sin θ

g
√
N
F̂ge, (1.85)

For the derivation of the above equations one has to keep in mind that the mixing angle
θ is now a function of time.

1.3.2 Dynamics in the adiabatic limit

Introducing the adiabaticity parameter ε = (g
√
NT )−1 with T being the same character-

istic time as of section 1.2.2, one expands the equations of motion (1.84) and (1.85) in
powers of ε. In lowest order, i. e. in the adiabatic limit one finds

Φ̂(z, t) ≈ 0, (1.86)

and [
∂

∂t
+ c cos2 θ(t)

∂

∂z

]
Ψ̂(z, t) = 0. (1.87)

Using (1.86) we find furthermore in this limit

Êp(z, t) = cos θ(t)Ψ̂(z, t), (1.88)
√
Nσ̂gs(z, t) = − sin θ(t)Ψ̂(z, t). (1.89)
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Eq. (1.87) describes a shape and quantum-state preserving propagation with an instanta-
neous group velocity given by vgr(t) = c cos2 θ(t). Applying the coordinate transformation

ξ = z −
t∫

0

vgr(τ)dτ, (1.90)

τ = t, (1.91)

we find in analogy to section 1.2.2 a simple equation which can be integrated to solve the
initial value problem

Ψ̂(z, t) = Ψ̂

z − t∫
0

vgr(τ)dτ, 0

 . (1.92)

Eq. (1.92) describes an amplitude and shape-preserving propagation of the dark-state
polariton which can be modified by changing the intensity of the control field in time.
We will use this results now to show that the polariton approach is suitable to achieve
a distortion-free storage of a light pulse in an optically dense EIT-medium. Before we
discuss this in more detail, we note that during the process of adiabatic slowing, the
spatial profile and, in particular, the length of the wavepacket (∆l) remains unaffected,
as long as the group velocity is only a function of time. In other words,

∆l = ∆l0. (1.93)

By inspecting equation (1.88) we see, that at the same time the amplitude of the field
gets reduced. In addition its temporal profile gets stretched due to the reduction of the
probe-pulse group velocity. The opposite happens when the group velocity is increased.
From eqs. (1.88, 1.92) one finds

Êp(z, t) =
cos θ(t)

cos θ(0)
Êp

z − t∫
0

vgr(τ)dτ, 0

 . (1.94)

Determing with this the power-spectrum of the probe-field, we see that it now changes
during the propagation process and especially during the slow-down of the dark-state
polariton. Assuming that cos θ changes only slow compared to the field amplitudes one
finds

S(z, ω) =
cos2 θ(t)

cos2 θ(0)
S

(
0,

ω

cos2 θ(t)

)
. (1.95)

In particular, the spectral width narrows (broadens) according to

∆ωp(t) ≈ ∆ωp(0)
cos2 θ(t)

cos2 θ(0)
. (1.96)
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Figure 1.5: Simultaneous narrowing of the transparency window (left) and probe-pulse
spectrum (right) in the case of a time-dependent variation of the group velocity vgr.

From eq. (1.71) we see that by reducing the group velocity the transparency window
decrease as well

∆ωtr(t) =
cot2 θ(t)

cot2 θ(0)
∆ωtr(0). (1.97)

Thus the ratio of the pulse and transparency width remains finite,

∆ωp(t)

∆ωtr(t)
=

sin2 θ(t)

sin2 θ(0)

∆ωp(0)

∆ωtr(0)
. (1.98)

In the practically relevant regime sin2 θ(t)/ sin2 θ(0) is always close to unity since one
has to start with an already slowed probe-field pulse, i. e. vgr � c and sin θ ≈ 1. Thus
absorption can be prevented in the dynamical light-trapping method as long as the input
pulse spectrum lies within the transparency window,

∆ωp(0) � ∆ωtr(0). (1.99)

The simultaneous reduction of the transparency window and the probe-pulse bandwidth
is illustrated in fig. 1.5.

In conclusion the simultaneous reduction of the width of the EIT transparency
window and the bandwidth of the probe-puls makes the present method applicable for
the coherent storage of a light pulses. Since the derived theory is valid also in the quantum
regime, i. e. eq. (1.87) is a linear operator equation, is it possible to store even single-
photon states in an ensemble of Λ-like 3-level atoms. In the next section we will discuss
the storage procedure in more detail. The state of a stored photonic excitation in an
atomic ensemble is the starting point of the considerations presented in chapter 2.

1.3.3 Coherent and adiabatic storage of photonic wave-packets

We start to describe the storage procedure based on the dark-state polaritons of the last
section in the Schrödinger picture, i. e. by considering the dark states of the present
system and show how they are connected to the former. Historically one understands
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under dark states superpostions of atomic states which are decoupled from the light-
matter interaction, i. e. they are eigenstates of the interaction Hamiltonian with vanishing
dipole moment. In this section we will see that they will turn out to be the actual storage
units of the considered quantum memory. In the case of a quantized probe field not
only one such state exists but a whole family of states into which the atoms are driven
[3, 1, 51, 52]. One of the these dark states is given by

|Dk
n〉 =

n∑
m=0

(
n

m

)1/2

(− sin θ(t))m (cos θ(t))n−m|(n−m)(k)〉|s(m)
k 〉, (1.100)

where |n(k)〉 denotes the quantum field state with n photons in mode k and |s(m)
k 〉 is a

Dicke-like atomic state of the atomic ensemble containing m atoms in the Raman (spin)-
single atom state |s〉 [53, 35, 54]. These states are defined by

|s(0)〉 = |g1, g2, . . . , gN〉, (1.101)

|s(1)
k 〉 =

1√
N

N∑
j=1

|g1, . . . , sj, . . . , gN〉 fk(rj), (1.102)

|s(2)
k 〉 =

1√
2N(N − 1)

N∑
i6=j=1

|g1, . . . , si, . . . , sj, . . . , gN〉 fk(ri) fk(rj), (1.103)

...

where the fk(r) are modefunctions for the k-th mode. The mode functions of the radiation
field form a orthonormal system, i. e.∑

j

fk(rj) fk′(rj) = δkk′ . (1.104)

To find a connection between this state description and the last section we consider a
plane-wave decomposition of dark- and bright-state polaritons, i. e.

Ψ̂(z, t) =
∑

k

Ψ̂k(t) e
i kz, (1.105)

Φ̂(z, t) =
∑

k

Φ̂k(t) e
i kz. (1.106)

Their equal time commutation relations read[
Ψ̂k, Ψ̂

†
k′

]
= δk,k′

[
cos2 θ + sin2 θ

1

N

N∑
j=1

(σ̂j
gg − σ̂j

ss)

]
, (1.107)

[
Φ̂k, Φ̂

†
k′

]
= δk,k′

[
sin2 θ + cos2 θ

1

N

N∑
j=1

(σ̂j
gg − σ̂j

ss)

]
, (1.108)

[
Ψ̂k, Φ̂

†
k′

]
= δk,k′ sin θ cos θ

[
1− 1

N

N∑
j=1

(σ̂j
gg − σ̂j

ss)

]
. (1.109)
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In the weak probe-field limit, i. e. if the number density of the photons in the initial
probe-field pulse is much smaller than the number density of atoms in the ensemble, they
reduce to those of bosonic quasi-particles, i. e.[

Ψ̂k, Ψ̂
†
k′

]
=
[
Φ̂k, Φ̂

†
k′

]
≈ δk,k′ and

[
Ψ̂k, Φ̂

†
k′

]
≈ 0. (1.110)

We have assumed again that all atoms have initially been prepared in state |g〉. In this
limit σ̂j

gg ≈ 1 and σ̂j
ss ≈ 0 is justified. Hence, we can associate bosonic quasi-particles

(polaritons) with these operators. Furthermore, one can verify that all the number states
created by Ψ̂†

k are the dark-states mentioned above

|Dk
n〉 =

1√
n!

(
Ψ̂†

k

)n

|0〉|s(0)〉, (1.111)

where |0〉 denotes the field vacuum and n� N . This is the reason these quasi-particles are
called dark-state polaritons. Similarly one finds that the elementary excitations created
by Φ̂k correspond to the bright-states of the 3-level system.

For simplicity we consider in the forthcoming only a single-photon wavepacket in the
description of the storage procedure. The initial state of the probe-field is assumed to
be |1〉 =

∑
k ξk|1k〉 with |1k〉 = a†k|0〉, where the Fourier amplitudes ξk are normalized

according to
∑

k |ξk|2 = 1. Since the initial state of the ensemble is |s(0)〉, the initial state
of the compound system of radiation field and atomic ensemble equals, for θ = 0, to the
dark-state |D1〉 =

∑
k ξk|Dk

1〉. The limit θ = 0, i. e. Ω2 � g2N , corresponds to the case of
electromagnetically induced transparency. The dark-state polariton has in this limit only
photonic character, i. e. it is given by Ψ̂ ≈ Êp and according to eq. (1.87) it propagates
with the speed of light in vacuum.

By adiabatically, continuously decreasing the control-field Rabi frequency to zero
we can change the character of the polariton from completely photonic into spin-like,
Ψ̂ = −

√
Nσ̂gs. Thereby we reduce the velocity of the excitation to zero and transfer it

to an immobile Raman-coherence σ̂gs. The reduction of the control-field Rabi frequency
corresponds to a change of the mixing angle from θ = 0 to θ = π/2 and rotates the
dark-state from

|D1(θ = 0)〉 = |1〉 ⊗ |s(0)〉 → |D1(θ = π/2)〉 = −|0〉 ⊗ |s(1)〉, (1.112)

i. e. the initial photon is mapped, using this adiabatic rotation, onto the collective spin
state |s(1)〉. Here we have defined in accordance with the single-photon definition |0〉 =
Πk|0k〉 and in addition we have introduced the multimode single-spin excitation by |s(1)〉 =∑

k ξk|s
(1)
k 〉. Due to the linearity of eq. (1.87) the quantum state as well as the shape of

the dark-state polariton remains unchanged during the slow down and storage procedure.
Adiabatically increasing the control-field Rabi-frequency, i. e. to a value much bigger than
the collective Rabi-Frequency of the probe-field, Ω2 � g2N , allows us to reaccelerate the
polariton and to transfer the quantum state stored in the collective spin state |s(1)〉 back
into its initial form of a single-photon wave packet.

The propagation of a dark-state polariton is plotted in fig. 1.7. The figure shows
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Figure 1.6: The group velocity is controlled externally via Ω± according to v
(+)
gr = c∗0.5∗

(1−tanh(0.1∗(t−50))) for the forward (+) and according to v
(−)
gr = c∗0.5∗(1+tanh(0.1∗

(t − 150))) for the backward direction (−). In (a) the solid (black) line corresponds to
the forward control-field and the dashed (red) line to the backward one. (b) and (c) show

respectively the corresponding mixing angles θ± and group velocities v
(±)
gr .

storage of a forward (positive z-direction) propargating probe-field and its later read out
into the backward direction [55]. The adiabatic rotation of the mixing angle using the
time-dependent control-field is shown in figure 1.6. The essential point of the described
technique is not the storage of the energy or of the momentum carried by the photon but
the storage of its quantum state. Most part of the energy of the probe-field photon is
carried away by the control-field in the stimulated Raman scattering process. Only in the
case of energetically non-degenerated lower-levels does the medium absorb some energy.
However, we disregard in this section the influence of such processes. An extension of the
theory with respect to recoil transfer will be given in chapter 3. There the recoil transfer
will become a major ingredient of the proposal.

1.4 The Sagnac effect

As we have noted in the Outline, the second major topic of this thesis is connected to
the Sagnac effect. The third chapter shows that dark-state polaritons can be used to
increase the sensitivity of a Sagnac interferometer. As a preparation we will now give a
brief explanation of the Sagnac effect and derive the anticipated sensitivity limits for light
and matterwave Sagnac gyroscopes.

The Sagnac-effect is the rotation induced phase difference of two counter-propagating
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Figure 1.7: The plot shows the storage of a forward propagating light pulse and subsequent
read-out into the backward direction. Propagation of a dark-state polariton with Gaussian
envelope 10−4/(

√
2πσ) exp (−1/2 ∗ (z − z0)

2/σ2), where σ = 10 and z0 = −60c/(g
√
N).

In (a) the coherent amplitude of the dark-state polariton 〈Ψ̂〉 is shown. The electric
field amplitude 〈Êp〉 as well as the Raman coherence component |〈σ̂gs〉| are given in (b)
and (c) respectively. The time t is given in units of g

√
N and the position z in units of

c/g
√
N . 〈Ψ̂〉, 〈Êp〉 and |〈σ̂gs〉| are normalized with respect to their maximal value within

the integration interval. Since the atoms do not move the spin coherence is stationary in
space.

coherent waves in a rotating Mach-Zehnder interferometer. With the help of this effect it
is possible to determine the state of rotation of the local frame of reference by means of
an intrinsic measurement. Intrinsic means in this case that a reference to other frames,
as for example by optical means, is not allowed.

The Sagnac-effect was first measured by the German student F. Harres in 1911 in
his doctor thesis [56]. He unfortunately misinterpreted his excellent experimental results.
However, independently from Harres similar experiments were carried out by G. Sagnac
in 1913. In contrast to Harres, Sagnacs intention was to find the rotationally induced
shift of interference fringes. He already noted in his first publication that the phase shift
is proportional to the rotation rate Ω of the interferometer according to [57]

∆φSagnac =
A ·Ω
λv

, (1.113)



CHAPTER 1. INTRODUCTION 33

S  (t = 0)1

Ω

R

S  (t  )2

2

2S  (t = 0)

+

S  (t  ) −

(a)

(b)

Figure 1.8: A simplified Sagnac configuration consisting of a ring-interferometer with two
beam splitters which either couple the waves into the interferometer (S1) or which are used
to couple the radiation and leads it to the detector unit (S2). The beam co-propagating
with the interferometer needs longer (t+) to arrive at the second beam splitter S2 as the
counter-propagating beam (t−). Hence, there is a difference in arrival times ∆t = t+− t−
between co- and counter-propagating beam. This corresponds to the Sagnac phase shift.

where A is the enclosed area in the Mach-Zehnder type interferometer, λ the wavelength
and v phase velocity of the used wave phenomenon. Sagnac and Harres used light for their
measurements, however, as we will see later, the restriction to electromagnetic waves is
not necessary.

1.4.1 A brief explanation

In this section we want to give a classical, kinematical derivation of the Sagnac phase
shift eq. (1.113). To this end we consider the situation shown in fig. 1.8. The propagation
of coherent waves is assumed to be constrained to follow a circular path of radius R. We
calculate the time difference between clockwise (a) and counter-clockwise (b) circulation.
Let us consider now the situation from an inertial frame of reference. If the interferometer
is not rotating with respect to this frame, the time needed to traverse the semi circle is
t = πR/v, irrespectively whether the wave propagates clockwise or counter clockwise.
Hence, the arrival time difference between waves traveling from beam splitter S1 to S2 for
the two directions is zero. This leads to a vanishing phase difference.

This is however different, when we consider a rotating interferometer. Let us assume
that the beams leave the first beam splitter S1 at t = 0. The counter clockwise beam,
traveling in the opposite direction as the direction of rotation, meets the second beam
splitter S2 at t−, whereas the clockwise beam traveling in the same direction arrives at S2

at t+. In the case the whole interferometer rotates with an angular velocity Ω the time
for the counter-clockwise beam to go to S2 is given by

t− =
πR− ΩRt−

v
=
πR

v

(
1 +

RΩ

v

)−1

, (1.114)
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since S2 moves in the semi-circle transit-time towards the first beam splitter S1. A similar
result holds for the clockwise beam

t+ =
πR

v

(
1− RΩ

v

)−1

, (1.115)

however, it takes longer for the wave to catch-up with the beam splitter which moves away
from the approaching wave. The time difference between clockwise and counter-clockwise
beams is then given by

∆t = t+ − t− =
2ΩπR2

v2

(
1−

(
ΩR

v

)2
)−1

≈ 2ΩπR2

v2
, (1.116)

where the last approximate holds if ΩR � v, i. e. if we consider reasonable small radii.
This corresponds to a difference in (optical) path length of ∆L = v∆t and hence to phase
shift of

∆φ = ∆Lk =
4π2R2Ω

λv
, (1.117)

with respect to a considered wave with wavelength λ = 2π/k. In this derivation we con-
sidered a ring configuration which can, however, be generalized to arbitrary interferometer
shapes [58]. From the considerations above we see that the Sagnac effect is based on the
rotationally induced difference in the (optical) path length. Furthermore, we see that the
derivation of the Sagnac formula does in principle not depend on the nature of the wave
phenomenon, i. e. whether one uses light or matterwaves. As we will see in the next sec-
tion this is different when we determine the sensitivity of Sagnac effect based gyroscopes.
Finally, we note that measuring a phase difference allows us, according to eq. (1.113), not
only to state that the local frame is rotating but also to determine the rate of rotation.
To this determination we will turn now.

1.4.2 Quantum limit of laser and matter-wave gyroscopes

In this section we derive the quantum limit of the minimal detectable rotation rate of
light and matterwave gyroscopes. In chapter 3 we will compare the results given here
with the result derived for the dark-state polariton based gyroscope. For the derivation
of the quantum limit we assume that the minimum detectable phase shift is given by the
shot noise limit [21]

∆φmin =
1√
n
, (1.118)

where n is number of particles, either photons or atoms depending on the nature of the
considered interferometer. The number of quanta is given by the flux j of quanta hitting
the detector by jtm, where tm is the measurement time. In case of a laser gyroscope



CHAPTER 1. INTRODUCTION 35

the flux is given by the power P divided by the photon energy ~ω. Hence, by equating
eq. (1.117) and (1.118) we find the minimum detectable rotation rate to be

Ωlight
min =

~
Amγ

√
~ω
Ptm

, (1.119)

where mγ = ~ω/c2 is the effective photon mass. If we, instead of a laser gyroscope, con-
sider a matterwave interferometer, we will have to substitute the wavelength in eq. (1.117)
by the de-Broglie wavelength λdB = ~/mv of the atom. In this case the minimum de-
tectable rotation rate is given by

Ωlight
min =

~
2πAm

1√
jtm

. (1.120)

We note here that if the enclosed are A and the flux would be the same for laser and
matterwave gyroscope the matterwave gyroscopes would be more sensitive by a factor
m/mγ = mc2/~ω ≈ 1010 for typical laser wavelengths. However, these conditions can not
be fulfilled with state-of-the-art technologies. As we will show in chapter 3, it is to some
extend possible to use the superposition nature of the dark-state polaritons, i. e. that
they are a superposition of light and matterwaves, to have a sensitivity enhancement
of a dark-state polariton gyroscope as compared to conventional light and matterwave
gyroscopes.

1.4.3 Overview: state-of-the-art gyroscopes

For later comparison we finally state briefly the current sensitivity limits of Sagnac gyro-
scopes. But first we note that not all gyroscopes are based on the Sagnac effect. Other
physical principles can be used for rotation sensing, as are e. g. the Josephson effect in
superfluid 3He and 4He [59] or nuclear spin precession [60, 61]. Even mechanical gyro-
scopes which work quite well in low gravity environments are under discussion [62].

Gyroscopes based on the Sagnac effect have so far achieved a sensitivity of 2× 10−10

rad s−1 Hz−1/2 using a ring laser with an enclosed area of 1 m2 [63] and 6× 10−10 rad s−1

Hz−1/2 using an atomic interferometer with a path length of 2 m [64] (a value for the area
was not given). Compact fiber-optic gyroscopes have a reported sensitivity of 2 × 10−8

rad s−1 Hz−1/2 [61]. Even though the later are less sensitive they are very robust and are
used in commercial airplanes [65].
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Chapter 2

Coherent spatial control of
stationary light

2.1 Motivation

The success of quantum-information (QI) processing will strongly depend on the ability
to construct a scalable quantum network, i. e. a set-up capable of storing, transferring and
handling the units of quantum information (qubits). The various physical requirements
for such a network have been summarized by DiVincenzo [66].
A number of systems are at present under investigation to achieve this goal, some of these
are for example: ion traps [67], nuclear magnetic resonance schemes (NMR) [68, 69, 70],
high-Q optical cavities [71, 72, 73] and superconducting quantum interference devices
(SQUIDs) [74]. To date none of these approaches fullfills all the requirements posed for
the construction of a complete and scalable quantum network. Among the various consid-
ered attempts we here consider one based upon photons as flying qubits, i. e. information
carriers, and atomic ensembles as storage and processing units. As stated in the introduc-
tion, a number of techniques for a reliable transfer of quantum information between light
and atomic ensembles have been proposed [1, 3, 75] and, in part, experimentally realized
over the last couple of years [19, 20, 76]. The first experimental demonstrations were
based upon classical fields. Only recently it was possible to demonstrate these storage
techniques on the single photon level [77, 78, 79].
Despite the progress in storage and transfer of single photons the implementation of an
information processing unit, i. e. a set of a high-fidelity, scalable quantum logic gates
with photonic qubits, is still challenging. At present two major directions are actively
explored. The first one is a probabilistic approach based on linear optical elements and
photodectors [80, 81, 82]. The non-linear dynamics necessary for quantum information
processing is here a part of the detection process. We are here however interested into the
second approach that aims at deterministic entanglement between pairs of single photons.
Due to the almost negligible interaction energy per photon, this turns out to be a very
difficult task since entanglement between photons requires a sufficiently strong non-linear
interaction between these [9, 10, 5]. We can only meet this requirement if we spatially

37
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confine the (photonic) excitation very tightly and use a sufficiently long interaction time.
This would, due to the locality of most interactions, lead to high enough interaction en-
ergy. Even for long-range interactions, as e. g. for the dipole-blockade scheme discussed
in [83], tight spatial confinement would be desirable [84, 85].

In the present chapter we will discuss a method to coherently and spatially manipulate
the shape of collective excitations of stationary pulses of light in atomic ensembles. This
method will allow us to increase the excitation density. The scheme to create stationary
pulses of light has been introduced by A. André and M. D. Lukin [11, 86] and has in
addition been experimentally verified shortly afterwards by the same group [12]. It is
a combination of the earlier mentioned light-storage and retrieval technique [1, 27] with
techniques of Bragg reflection on absorptive periodic structures.

The procedure is to first store a light pulse by adiabatically rotating the corresponding
dark-state polariton, from a freely propagating electromagnetic field pulse, see fig. 2.2 (a),
into a stationary Raman coherence1. Stored in this coherence, the excitation is well pro-
tected from environmental influences for a rather long time. This is an essential feature
of a quantum memory. However, it makes the excitation also immobile and limits the
possibilities of spatial manipulation to the atomic degrees of freedom. Unless one actively
changes the spatial distribution of the atoms the only way to manipulate the spatial shape
of stored excitation is to partially convert it back to light but to keep it trapped in a spe-
cial kind of artificial high Q-cavity such that it does not leave the medium. To this end
Lukin et al. [12] used a weak retrieval field, created by two counter-propagating control
lasers forming a standing wave pattern, and created a quasi stationary pulse of light as
shown in fig. 2.1. The illumination by the two counter-propagating fields has several in-
teresting consequences: first of all, everywhere except for the nodes of the control-fields
the spin coherence is partially converted back into the probe-field. This leads to a pe-
riodic structure of the probe-field amplitude imprinted by the control-field. Second, the
control-field dresses the medium in such a way that the absorption of the probe-field is
suppressed again everywhere except at the nodes of the control-field. This results in a
sharply peaked, periodic modulation of the atomic absorption for the probe-field (see
fig. 2.1). Even if the retrieved photonic component is at all times very small, the process
renders the excitation sufficiently mobile to follow the profile of the retrieval lasers. It
provides a potential mechanism to manipulate and coherently control the spatial shape
of the excitation, using the external control-fields, while keeping most of its probability
amplitude in the well-protected collective spin coherence.

The chapter is organized as follows. First we state the fundamental equations of mo-
tion for this system. In particular we give the relevant equations in secular approximation
and in the weak probe field limit. Then we briefly introduce a new stationary light scheme
which circumvents the need of a secular approximation and adds some new freedom to
the system. Using the fundamental equations we derive a self-consistent set of equations
of motion for the forward and backward propagating probe fields in the adiabatic limit.
These are simplified by introducing a new set of normal modes. In the new representation

1The storage phase mentioned is in principle not necessary; adiabatically turning on the second control-
field while the probe-pulse is propagating through the EIT-medium is sufficient [87]. See also section 2.3
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Figure 2.1: The dashed dotted (blue) line is the envelope of the spin coherence in which
the information of the initial probe pulse is stored. The dashed line (black) corresponds
to the absorption profile for the probe-field due to the dressing of the medium by the
control-field standing wave. The solid line (red) represents the partially retrieved probe-
field.

we see that one of the normal modes is absorbed leading to pulse matching phenomenon
which we discuss in more detail. Subsequently we consider the configuration of spatially
homogeneous control fields. This topic can furthermore be divided into the two cases
of equal and unequal field intensities of the forward and backward propagating control
fields. The first case leads to the discussion of diffusion in the stationary light scheme and
the second to the introduction of a drift motion. Both phenomena turn out to be impor-
tant for the last part of the chapter the discussion of spatially nonhomogeneous control
fields. A special configuration of nonhomogeneous control fields can lead to effective forces
which counteract the diffusive spreading and can be used to compress the spatial probe
field distribution. At the end of the chapter we discuss the effectivity of this process.

2.2 The stationary light system

2.2.1 The absorptive stationary light scheme

Linear response of the dressed EIT-medium

Stationary light is created in a Λ-type 3-level medium with strong, counter-propagating
control-fields on the |e〉−|s〉-transition, having the same one-photon detuning ∆ = ωes−ωc.
This configuration is shown in fig. 2.2 (b). The control-field dresses the medium in such a
way that the weak probe-field experiences EIT and travels with a reduced group veloctiy
through the medium. Furthermore we allow for a detuning δ = ωsg − (ω − ωc) from
the two-photon Raman transition |g〉 − |s〉. In the interaction picture and in a slowly
varying time frame as well as using the undepleted control-field approximation [88] the
Hamiltonian of the system is given by

Ĥ(t) = −N
V

∫
d3r ~

{
∆ σ̂ss(r, t) + (δ + ∆) σ̂gg(r, t) +

[
Ω(r, t) σ̂es(r, t) + h.a.

]
+ g
[
Ê(+)(r, t) σ̂eg(r, t) + h.a.

]}
(2.1)

where g = ℘
~

√
~ωeg

2ε0V
is the atom-field coupling constant of the probe-field with the dipole

moment ℘ and the quantization volume V . N is the number of atoms in this volume.
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Figure 2.2: (a) Storage of light scheme for a probe pulse E+, where the storage process is
mediated by adiabatically reducing the control-field Ω+ to zero. (b) Subsequent partial
regeneration of stationary probe light with counter-propagating components E± by ap-
plying two control-fields Ω± which form a standing wave. (c) The total field distribution
of the retrieved probe-field approaches due to a pulse matching phenomenon diffusively
(indicated by the red arrow) the control-field envelope.

For simplicity, and without loss of generality, we consider g to be real. To describe the
quantum properties of the medium we use collective atomic operators

σ̂µν(r, t) =
1

Nr

Nr∑
j

σ̂j
µν(t), (2.2)

where the sum is taken over all atoms within a small but macroscopic volume containing
Nr � 1 atoms around the position r [89]. The σ̂j

µν are the single-atom spin-flip operators
at position rj. In the continuum limit, the collective operators obey the commutator
relation

[σ̂αβ(r, t), σ̂µν(r
′, t)] =

V

N
δ(r− r′) (δβ,µσ̂αν(r, t)− δν,ασ̂µβ(r, t)) . (2.3)

The equations of motion for these collective atomic operators are given by the Heisenberg-
Langevin equations [21]

∂σ̂µν(r, t)

∂t
= −γµν σ̂µν(r, t)−

i

~

[
σ̂µν(r, t), Ĥ(t)

]
+ F̂µν(r, t). (2.4)

According to the dissipation-fluctuation theorem [21], that states that dissipation is al-
ways accompanied by fluctuation and visa versa, we had to add rapidly and randomly
fluctuating noise forces when including the transverse decay rates γµν into equation
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(2.4). Due to these forces the commutation relations for the collective atomic opera-
tors will stay preserved at all times [34]. In the Markovian limit, the first order corre-
lation function of the Langevin noise force F̂µν-operators are δ-correlated, i. e. we have

〈F̂µν(t)F̂αβ(t′)〉 = Dµναβδ(t− t′). Using the Einstein relations, which hold in the Marko-
vian limit, the diffusion coefficients Dµναβ may be calculated from the drift constants of
the problem. The determination of the latter is possible at least perturbatively. Finally
the noise forces have to have a vanishing expectation value 〈F̂µν(t)〉 = 0. They do not
change the dynamics for the expectation values of the collective atomic operators [35].

Finally, we summarize the Heisenberg-Langevin equations for the Hamiltonian (2.1).
The corresponding equations for the diagonal elements of the spin operators are

˙̂σgg = γggσ̂ee − ig
[
Ê(+)(r, t)σ̂eg − Ê(−)(r, t)σ̂ge

]
+ F̂gg(r, t), (2.5)

˙̂σss = γssσ̂ee + i
[
Ω∗(r, t)σ̂se − Ω(r, t)σ̂es

]
+ F̂ss(r, t), (2.6)

˙̂σee = −
[
γgg + γss

]
σ̂ee + i

[
Ω(r, t)σ̂es − Ω∗(r, t)σ̂se

]
+ ig

[
Ê(+)(r, t)σ̂eg − Ê(−)(r, t)σ̂ge

]
+ F̂ee(r, t), (2.7)

and the ones for the collective coherence operators are

˙̂σge = − [i(δ + ∆) + γge] σ̂ge − igÊ(+)(r, t) [σ̂ee − σ̂gg] + iΩ(r, t)σ̂gs + F̂ge(r, t), (2.8)

˙̂σgs = − [i δ + γgs] σ̂gs − igÊ(+)(r, t)σ̂es + iΩ∗(r, t)σ̂ge + F̂gs(r, t), (2.9)

˙̂σse = − [i ∆ + γse] σ̂se + igÊ(+)(r, t)σ̂sg − iΩ(r, t) [σ̂ee − σ̂ss] + F̂se(r, t). (2.10)

In our approach we assume that the transverse decay rates are given by γge = (γgg +
γss)/2 = γse, where the γµµ, with µ ∈ {g, s}, are the population decay rates of the
|e〉 → |µ〉-transitions.

Since we are interested only in the linear response we treat eqs. (2.5-2.10) perturba-
tively in the probe-field. By assuming that the collective Rabi frequency of the probe-field
is much smaller than the control-field Rabi frequency, and the number of photons in the
probe-field is much smaller than the number of atoms N in the quantization volume [48],
such a perturbation is justified, and we find in first order

∂tσ̂ge = −(γge + i(∆ + δ))σ̂ge + igÊ(+)(r, t) + iΩσ̂gs + F̂ge, (2.11)

∂tσ̂gs = −(γgs + iδ)σ̂gs + iΩ∗σ̂ge + F̂ge. (2.12)

To derive (2.11) and (2.12) we have assumed that the medium was initially prepared in
the ground state |g〉, i. e. σgg w 1 � σee, σss. In order to describe a standing control field
wave we make the following ansatz

Ω(r, t) = Ω+e
ikcz + Ω−e

−ikcz. (2.13)

We also decompose the signal field into forward (+) and backward (−) propagating spa-
tially slowly varying variables

Ê(+)(r, t) = Ê+(r, t) eikz + Ê−(r, t) e−ikz. (2.14)
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Furthermore, we assume that the polarization P = N ℘ σ̂ge of the |g〉 ↔ |e〉-transition,
and hence the collective operator σ̂ge, follows the behavior of the probe-field and can be
decomposed in the same way. After introducing all these decompositions into the equa-
tions of motion of the collective atomic operators we can perform a secular approximation,
i. e. we neglect fast oscillating terms of the form exp

(
±i2kcz

)
or exp

(
−i(k + kc)z

)
. By

introducing the following transformations

Ê±(r, t) = Ê±(r, t)e±i∆kz, (2.15)

σ̂ge(r, t) = σ̂(+)
ge (r, t)ei∆kz + σ̂(−)

ge (r, t)e−i∆kz, (2.16)

with ∆k = kc − k = ∆ω/c, we finally find

∂tσ̂
(±)
ge = − [i(δ + ∆) + γge] σ̂

(±)
ge + igÊ± + iΩ±σ̂gs, (2.17)

∂tσ̂gs = − [i δ + γgs] σ̂gs + i
(
Ω∗

+σ̂
(+)
ge + Ω∗

−σ̂
(−)
ge

)
. (2.18)

In addition we note that the propagation equations for the probe modes of the plus (+)
and minus (−) direction are given in this case, in paraxial approximation, by(

∂t ± c∂z +
c

2ik
∆⊥

)
Ê± = −i∆ω Ê± + igNσ̂(±)

ge . (2.19)

Eqs. (2.17-2.19) are the starting point for the derivation of a self-consistent set of equations
for the two probe-field modes in the linear response regime of our model medium of Λ-type
3-level atoms. Before we go on to discuss the probe field dynamics in such a stationary
light configuration we first introduce a new stationary light scheme which does not require
a secular approximation and provides some additional degrees of freedom which may be
useful in practical applications.

2.2.2 The 2V-scheme for stationary light

In this section we introduce a new scheme that also shows the phenomenon of stationary
light. Let us consider to counter-propagating control-fields in a σ+ − σ−-configuration as
shown in fig. 2.3. Furthermore, we assume that also the probe-fields are in a corresponding
configuration. In contrast to the scheme by A. André and M. D. Lukin [11, 12] the
considered configuration is not based on the Bragg scattering from the spatially periodic
absorption maxima. In the present case the interaction Hamiltonian in a frame co-rotating
with the optical frequencies is given by

Hint = −N
V

∫
dr ~

{
(∆+ + ∆

(c)
+ )σ̂e+e+ + (∆− + ∆

(c)
− )σ̂e−e−+

+
[
Ω+σ̂e+s + Ω−σ̂e−s + h.a.

]
+
[
Ê

(+)
+ σ̂e+s + Ê

(+)
− σ̂e−s + h.a

]}
.

(2.20)

Using eq. (2.4) we can again determine the Heisenberg-Langevin equations for the col-
lective spin operator. These are very similar to the earlier equations, however, they
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Figure 2.3: Sketch of the 2V-coupling scheme exhibiting stationary light. The figure
displays the one- and two-photons resonance.

incooperate a few more terms. Therefore, we give them here explicitly. The equations for
the diagonal terms read

˙̂σgg = γg+σ̂e+e+ + γg−σ̂e−e− − ig
[
Ê

(+)
+ (r, t)σ̂e+g + Ê

(+)
− (r, t)σ̂e−g − h.a

]
+ F̂gg(r, t),

(2.21)

˙̂σss = γs+σ̂e+e+ + γs−σ̂e−e− + i
[
Ω∗

+(r, t)σ̂se+ + Ω∗
−(r, t)σ̂se− − h.a

]
+ F̂ss(r, t),

(2.22)

˙̂σe±e± = −
[
γg± + γs±

]
σ̂e±e± + i

[
Ω±(r, t)σ̂e±s − Ω∗

±(r, t)σ̂se±

]
+ ig

[
Ê

(+)
± (r, t)σ̂e±g − Ê

(−)
± (r, t)σ̂ge±

]
+ F̂e±e±(r, t), (2.23)

and the ones for the coherence operators are

˙̂σge± = −
[
i(∆± + ∆(c))± + γge±

]
σ̂ge± − igÊ

(+)
± (r, t)

[
σ̂e±e± − σ̂gg

]
+ iΩ±(r, t)σ̂gs − igÊ

(+)
∓ (r, t)σ̂e∓e±F̂ge(r, t), (2.24)

˙̂σgs = −γgsσ̂gs − igÊ
(+)
+ (r, t)σ̂e+s − igÊ

(+)
− (r, t)σ̂e−s

+ iΩ∗
+(r, t)σ̂ge+ + iΩ∗

−(r, t)σ̂ge− + F̂gs(r, t), (2.25)

˙̂σse± = −
[
i (∆± + ∆

(c)
± + γse

]
σ̂se± + igÊ

(+)
± (r, t)σ̂sg − iΩ±(r, t)

[
σ̂e±e± − σ̂ss

]
− iΩ∓σ̂e∓e± + F̂se±(r, t), (2.26)

σ̂e+e− = −
[
i((∆+ −∆−) + (∆

(c)
+ −∆

(c)
− )) + γe+e−

]
σ̂e+e−

+ iΩ−σ̂e+s − iΩ∗
+σ̂se− + igÊ

(+)
− σ̂e+g − igÊ

(−)
+ σ̂se− . (2.27)

In the weak-probe field limit we can treat these equations perturbatively. By assuming
that initially all population is in the ground state, i. e. σ̂gg = 1 and σ̂µν ≈ 0 for the rest, we
find in first order a set of six equations. However, we immediately see that these separate



2.2. THE STATIONARY LIGHT SYSTEM 44

into two sets of three equations respectively. We only note here the ones relevant for us

˙̂σge± = −
[
i(∆± + ∆

(c)
± ) + γge±

]
σ̂ge± + igÊ

(+)
± (r, t)N + iΩ±(r, t)σ̂gs + F̂ge(r, t),

(2.28)

˙̂σgs = −γgsσ̂gs + iΩ∗
+(r, t)σ̂ge+ + iΩ∗

−(r, t)σ̂ge− + F̂gs(r, t). (2.29)

For simplicity we have omitted the superscripts denoting the perturbation order. We note
that these equations are formally identical to eq. (2.17) and (2.18) for the Λ-scheme. The
difference here is that no secular approximation was necessary and that the single-photon
detunings ∆± can now be different for the forward and backward direction.

2.2.3 Self-consistent probe-field equations

Effective field equations in the adiabatic limit

In this section we use the Heisenberg-Langevin equations and the shortened wave equation
as found in section 2.2.1 to derive a self-consistent set for the weak forward and backward
propagating probe fields. Using this we will discuss the probe field dynamics for a few
control-field configurations. To this end, we note that the decay rate γge of the optical
transition |g〉− |e〉 is in general much larger than the decay rate of the Raman coherence,
therefore we may adiabatically eliminate the first [21]. In an intuitive picture this means
that the temporal evolution of the optical coherence happens on a much shorter time scale
than that of the Raman coherence. Furthermore we assume that this also holds for the
characteristic time of the dynamics of the probe and control-field. Hence, we can set the
time derivative of σ̂

(±)
ge in eq. 2.17 equal to zero and obtain

σ̂(±)
ge =

igÊ± + iΩ±σ̂gs

i(δ + ∆) + γge

. (2.30)

Using this result as well as the definition of the total control-field Rabi frequency

|Ω|2 = |Ω+|2 + |Ω−|2, (2.31)

we can eliminate the polarization of probe-field from the atomic dynamics. To do this we
substitute eq. (2.30) into eq. (2.18). Solving the resulting equation for the spin coherence
we find

σ̂gs = −
g(Ê+Ω∗

+ + Ê−Ω∗
−) + (i(δ + ∆) + γge)∂tσ̂gs

(i δ + γgs)(i(δ + ∆) + γge) + |Ω|2
. (2.32)

Equations (2.30) and (2.32) describe the dynamics of the spin coherence adiabatically
followed by the optical coherence. In order to find a self-consistent set of equations for the
probe-field amplitudes alone, we perform a perturbation expansion based on the temporal
change of the spin coherence. To this end, we introduce a normalized time t̃ = t/T , where
T is the characteristic time for the changes of the Raman coherence σ̂gs. By expanding
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the right-hand side of eq. (2.32) in terms of 1/T we can ignore in zeroth order the time
derivative of the coherence. If we would expand the above equation only up to this order
we would, however, neglect all interesting effects we want to study. The approximation
would mean that the characteristic probe pulse time and hence the characteristic time
of change of the Raman coherence is much larger than the time the probe pulse needs
to transverse the medium. Hence, it would not allow for a finite group velocity of the
considered probe pulse. To include the group velocity, we will have to expand the series
up to first order. Using the abbreviations

Γge ≡ i(δ + ∆) + γge, (2.33)

Γgs ≡ i δ + γgs, (2.34)

and Γ2 = ΓgeΓgs we find up to first order

σ̂gs = gÊ+

[
Γge

(Γ2 + |Ω|2)2

(
∂tΩ

∗
+ −

Ω∗
+

Γ2 + |Ω|2
∂t|Ω|2

)
−

Ω∗
+

Γ2 + |Ω|2

]
+ gÊ−

[
Γge

(Γ2 + |Ω|2)2

(
∂tΩ

∗
− −

Ω∗
−

Γ2 + |Ω|2
∂t|Ω|2

)
−

Ω∗
−

Γ2 + |Ω|2

]
+ g

Γge

(Γ2 + |Ω|2)2

(
Ω∗

+∂tÊ+ + Ω∗
−∂tÊ−

)
. (2.35)

Here we have allowed for a possible explicit time-dependence of the control-fields. Finally
we substitute this expression into the optical coherence (2.30) and subsequently into the
paraxial wave equation for the (+)- and (−)-modes of the probe-field. After some algebra
we find(

∂t ± c∂z +
c

2ik
∆⊥

)
Ê± = −i∆ω Ê±

− g2N

Γge

(
|Ω∓|2Ê± − Ω±Ω∗

∓Ê∓
Γ2 + |Ω|2

)
− g2N

Γge

(
Γ2

Γ2 + |Ω|2

)
Ê±

− g2N

(Γ2 + |Ω|2)2

(
Ê+

[
Ω±∂tΩ

∗
+ −

Ω±Ω∗
+

Γ2 + |Ω|2
∂t|Ω|2

]
+ Ê−

[
Ω±∂tΩ

∗
− −

Ω±Ω∗
−

Γ2 + |Ω|2
∂t|Ω|2

])
− g2N

(Γ2 + |Ω|2)2
Ω±

(
Ω∗

+∂tÊ+ + Ω∗
−∂tÊ−

)
. (2.36)

In the following we will summarize conditions, which are well justified for EIT-systems,
that we are going to use to simplify the system of equations (2.36) for the forward and
backward propagating modes Ê±.

Simplifying conditions

To further simplify the above expressions, the following assumptions are made:

γgsγge � |Ω|2, (2.37)

δ(δ + ∆) � |Ω|2. (2.38)
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Figure 2.4: Contour plot of the imaginary part of the susceptibility χ′ as a function
of the one-photon detuning of the control-field from the excited state and of the two-
photon detuning of the probe and control-fields from the Raman transition. Dark area
corresponds to high absorption and white area to low absorption. The transparency
window at two-photon resonance, δ = 0, is clearly visible. Parameters for the plot:
Ω = 0.65γge and γgs = 10−2Ω.

Both conditions are necessary to achieve EIT [27]. The first one states that the time to
establish EIT, i. e. γge/|Ω|2, should be much shorter than the decoherence time γ−1

gs of the
Raman coherence. The interpretation of the second relation is also straight forward; it
says, that the dynamical Stark shift |Ω|2/(δ+∆) of the excited state should be much larger
than a possible two-photon detuning δ [27]. The second condition can also be understood
in the dark- and bright-state basis. The coupling of the dark-state to the bright-state of
the 3-level Λ-system under consideration, is either proportional to non-adiabatic processes
or to a finite two-photon detuning δ. The latter is negligible as long as |δ| � |Ω|2/|∆|
[90]. If the two-photon detuning is to large, i. e. larger than the narrow EIT-transparency
window, the probe-field is being absorbed as shown in fig. 2.4. In addition we want to
make the following approximation

1

(Γ2 + |Ω|2)2
≈ 1

|Ω|4
, (2.39)

which holds if

δγge � |Ω|2, and ∆γgs � |Ω|2, (2.40)

where we have used that in general γgs � γge [39]. These conditions can be understood
in a similar fashion as the conditions above. They lead to a restriction of the possible
operation time. The most serious condition is eq. (2.37) since the others can by fulfilled
by choosing one- and two-photon resonance. As we will see later, we will have to slightly
violate the exact two-photon resonance condition because of a phase matching which
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has to be fulfilled. This does, however, not lead to a violation of the above conditions.
To summarize this section: the entire dynamics has to take place, as in the standard
slow-light and light storage experiments, within the EIT-window shown in fig. 2.4.

Introduction of mixing angles

Based on this approximations we can simplify (2.36) and obtain(
∂t ± c∂z +

c

2ik
∆⊥

)
Ê± = −i∆ω Ê±

− g2N

|Ω|2

(
|Ω∓|2Ê± − Ω±Ω∗

∓Ê∓
Γge

)
− g2N

|Ω|2
ΓgsÊ±

− g2N

|Ω|4

(
Ê+

[
Ω±∂tΩ

∗
+ −

Ω±Ω∗
+

|Ω|2
∂t|Ω|2

]
+ Ê−

[
Ω±∂tΩ

∗
− −

Ω±Ω∗
−

|Ω|2
∂t|Ω|2

])
− g2N

|Ω|4
Ω±

(
Ω∗

+∂tÊ+ + Ω∗
−∂tÊ−

)
. (2.41)

This result suggest the introduction of the following mixing angles

sin2 θ =
g2N

g2N + |Ω|2
and cos2 θ =

|Ω|2

g2N + |Ω|2
, (2.42)

as well as

sin2 ϕ =
|Ω−|2

|Ω|2
and cos2 ϕ =

|Ω+|2

|Ω|2
. (2.43)

For simplicity we choose the Rabi frequencies of the control-fields to be real, i. e. Ω± =
Ω∗
±. Using furthermore the expression vgr = c cos2 θ as an abbreviation, we find(

∂t + vgr∂z +
vgr

2ik
∆⊥

)
Ê+ = −

(
i∆ω cos2 θ + Γgs sin2 θ

)
Ê+

− sin2 θ
Ω2

Γge

sinϕ
(
sinϕ Ê+ − cosϕ Ê−

)
− sin2 θ sinϕ

(
cosϕ∂tÊ− − sinϕ Ê+

)
− sin2 θ cosϕΩ2

[
Ê+∂t

(cosϕ

Ω

)
+ Ê−∂t

(
sinϕ

Ω

)]
(2.44)

and (
∂t − vgr∂z +

vgr

2ik
∆⊥

)
Ê− = −

(
i∆ω cos2 θ + Γgs sin2 θ

)
Ê+

+ sin2 θ
Ω2

Γge

cosϕ
(
sinϕ Ê+ − cosϕ Ê−

)
+ sin2 θ cosϕ

(
cosϕ∂tÊ− − sinϕ Ê+

)
− sin2 θ sinϕΩ2

[
Ê+∂t

(cosϕ

Ω

)
+ Ê−∂t

(
sinϕ

Ω

)]
. (2.45)
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As we will see later on is vgr not the true group velocity of the field modes. However, for
convenience we will stick to this definition since it is the definition for the group velocity
in the case of standard slow-light [1, 3, 27]. The structure of the above equations suggests
the introducution of a new set of normal modes. We will see in the next section that this
will turn them into a more transparent form.

2.2.4 Normal modes

In order to approximately decouple the field equations we introduce the following normal
modes[

ÊS

ÊD

]
=

[
cosϕ sinϕ

− sinϕ cosϕ

][
Ê+

Ê−

]
. (2.46)

Using the unitary transformation (2.46) we define a new pair of normal modes which we
will term sum- (ÊS) and difference-mode (ÊD). In the new representation we find the
following set of differential equations(

∂t + vgr cos 2ϕ∂z +
vgr

2ik
∆⊥

)
ÊS =−

(
θ̇ tan θ + i∆ω cos2 θ + Γgs sin2 θ

)
ÊS

+
(
ϕ̇ cos2 θ + vgr sin 2ϕ∂z

)
ÊD

+ vgrϕ
′
(
sin 2ϕ ÊS + cos 2ϕ ÊD

)
, (2.47)

and (
∂t − c cos 2ϕ∂z +

c

2ik
∆⊥

)
ÊD =−

[
i∆ω +

(
Γgs +

Ω2

Γge

)
tan2 θ

]
ÊD

− (ϕ̇− c sin 2ϕ∂z) ÊS

+ c ϕ′
(
cos 2ϕ ÊS − sin 2ϕ ÊD

)
. (2.48)

We have taken into account here that the mixing angles θ and ϕ can depened on both
space and time. For simplicity we have neglected the transversal dependence of the
mixing angles. The dot denotes, as usual, the derivative with respect to time and the
prime denotes the derivative with respect to the z -coordinate. In eq. (2.47) we have used
sin2 θ ∂t ln Ω = − tan θ∂tθ which we find by differentiation of tan θ(z, t) = g

√
N/Ω(z, t).

Equations (2.47) and (2.48) are the first major result of this chapter. We will give
now a brief discussions of the occuring terms. The above equations are a set of coupled
first order (in z and t), linear differential equations. The second term of each left-hand
side is the group velocity of the corresponding normal mode. It is remarkable that both
group velocities can be altered using the external control-fields via the factor

cos 2ϕ(z, t) =
Ω2

+(z, t)− Ω2
−(z, t)

Ω2
+(z, t) + Ω2

−(z, t)
. (2.49)
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This additional factor in the group velocity of the sum- and difference-mode is a signature
of the phenomenon of stationary light [12, 11]. The first line on the right hand side of
each equation describes a phase shift of the fields due to a wavevector mismatch and due
to detuning or correspondingly the fields’ absorption. By appropriately choosing one-
and two-photon detuning we can avoid this phase shift. As long as the decay rate of the
Raman coherence is not negligible, absorption always occurs.

A non-vanishing time derivative of the mixing angle ϕ describes non-adiabatic coupling
between the normal modes. In a first approach we will neglect this coupling. The second
expressions in the same brackets will turn out to be the most important ones for the
forthcoming sections and include a number of phenomena such as diffusion and spatial
compression of the fields. The last line of each equation shows that cross-coupling between
the normal modes occurs as long as the spatial change of the control-fields is not negligible.
We see that the set of equations decouples if, and only if, the external control-fields do
not change in space and time and one of the two control-fields is zero, i. e. sin 2ϕ = 0.
This is the earlier studied case of slow light which we will not consider here [1]. Before
we proceed we apply to the above set of equations the phase matching condition

δ = −∆ω cot2 θ = −∆k cΩ2/(g2N) (2.50)

and neglect for simplicity the transversal derivatives , which simplifies the equations to

(∂t + vgr cos 2ϕ∂z) ÊS =−
(
θ̇ tan θ + γgs sin2 θ

)
ÊS

+
(
ϕ̇ cos2 θ + vgr sin 2ϕ∂z

)
ÊD

+ vgrϕ
′
(
sin 2ϕ ÊS + cos 2ϕ ÊD

)
, (2.51)

and

(∂t − c cos 2ϕ∂z) ÊD =−
[(
γgs +

Ω2

Γge

)
tan2 θ

]
ÊD

− (ϕ̇− c sin 2ϕ∂z) ÊS

+ c ϕ′
(
cos 2ϕ ÊS − sin 2ϕ ÊD

)
. (2.52)

In the case of a small group-velocity, i. e. if vgr � c, the phase matching condition (2.50)
does not lead to a violation of the EIT condition eq. (2.38) and hence the probe-field will
not be absorbed. This is since

δ = −∆ω cot2 θ = −∆ω
vgr

c− vgr

≈ −∆ω
vgr

c
, (2.53)

i. e. the two-photon detuning can be chosen arbitrarily small in the small group veloctiy
regime. The condition can easily be accomplished experimentally [88] and leads in ad-
dition to a transversal guiding of the probe-fields as explained in [86]. Since we do not
take transversal effects into account, we will here not discuss this issue any further. For
simplicity we will drop the terms proportional to ∂tϕ and ∂tθ. We will cosider them in
section 2.5.2 where we take nonadiabatic corrections into account. To make the discussion
in the next sections more transparent we will also set the Raman coherence decay rate
γgs = 0.
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2.2.5 Pulse matching and adiabatic elimination

Pulse matching

When considering the set of equations (2.51) and (2.52) one makes the following ob-
servations: In the case of a non-vanishing Raman decay rate γgs both normal modes are
absorbed. Even in the non-realistic limiting case of γgs = 0, one recognizes from eq. (2.52)
that the difference mode is strongly absorbed with a rate

Ω2

Γge

tan2 θ =
g2N

Γge

. (2.54)

As a consequence the amplitudes of the retrieved fields approach a configuration where
the difference mode vanishes, i. e. ÊD → 0, which means that the probe-field amplitudes
match those of the control-fields

E+

E−
→ cotϕ =

Ω+

Ω−
. (2.55)

The phenomenon of shape matching of pulses is well known for EIT systems and was
observed first by Harris [91]. One may understand eq. (2.55) by considering the semi-
classical version, i. e. classical field and quantized atom, of the model considered here. In
this case the dark-state is given by

|DS〉 =
Ωc|g〉 − Ωp|s〉√

Ω2
p + Ω2

c

, (2.56)

where Ωc and Ωp are the Rabi frequencies of the control and probe-fields respectively. In
our four-wave mixing scheme the dark-state (2.56) is either established by Ωp,+ and Ωc,+ or
by its backward propagating counterpart. One immediately verifies that these two dark-
states |DS+〉 and |DS−〉 coincide if the fields fulfill eq. (2.55), i. e. Ωp,+/Ωp,− = Ωc,+/Ωc,−
[92]. Hence, coupling of the forward and backward propagating modes via the common
dark-state leads to pulse matching of the participating fields. In our case due to phase-
matching and due to the Doppler-freeness this pair is given either by Ω+

p and Ω+
c or by

the backward propagating couple. It should be noted that even if the ratio of the control-
field envelopes is spatially constant but not equal to unity the difference mode will be
generated out of the sum mode until the latter is constant in space. This is the coupling
mentioned above, which will give rise to a slow spatio-temporal evolution.

Adiabatic elimination of the difference mode

Before discussing several control-field configurations we will adiabatically eliminate the
difference mode in the set of eqs. (2.51) and (2.52). To this end we introduce the charac-
teristic time TD of changes and length LD of changes inside the medium for the difference
mode. In the limit of |Γge|/g2NTD � 1 and |Γge|c/g2NLD � 1 we can negelect the left
hand side of eq. (2.52). If we furthermore assume that the control-field changes sufficiently
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slow in space such that c|ϕ′||Γge|/g2N � 1, we can also drop the term proportional to
the difference mode in the last bracket on the right hand side of eq. (2.52). Using this we
find

ÊD(z, t) =
Γgec

g2N

[
ϕ′ cos(2ϕ) + sin(2ϕ)∂z

]
ÊS(z, t). (2.57)

To gain a simple physical understanding of these assumptions we consider the case of one-
and two-photon resonance, i. e. ∆ = δ = 0. In this case the first of the above conditions
simplifies to Labs � c T and the second one to Labs/L� 1, where Labs = cγge/g

2N is the
absorption length of the probe-field in absence of EIT. Hence, the first condition states
that the absorption length should be much less the typical vacuum-pulse length and the
second one that the optical density of the medium OD = L/Labs should be much larger
than unity. Since we consider optically thick media, the second condition is fulfilled by
definition. To give some judgement about the first condition we consider the light storage
experiments. In this case the typical length of the light pulse is on the order of some
kilometer due to the requirement, that the pulse spectrum has to fit initially into the
EIT-window. The absorption length on the other hand is on the order of some millimeter
for optically thick media. Thus the first condition is also satisfied. In the case of one- and
two-photon resonance eq. (2.57) reads

ÊD(z, t) = Labs

[
ϕ′ cos(2ϕ) + sin(2ϕ)∂z

]
ÊS(z, t). (2.58)

2.3 Spatially homogeneous retrieval beams

Within this subsection we will restrict ourselves to the discussion of spatially homogeneous
and time independent retrieval beams, which means that ϕ̇ = 0 and ϕ′ = 0. Furthermore
we set the Raman coherence decay rate to zero, which means that all the process happen
on a time scale which is much shorter than γ−1

gs . The field configuration to realize the
spatial homogeneous case is given by paraxial laser beams with a negligible curvature of
the phase fronts, i. e. we work in the plain wave regime. In this case the propagation
equations for the sum and difference mode simplify to

(∂t + vgr cos 2ϕ∂z) ÊS = vgr sin 2ϕ∂zÊD, (2.59)

and

(∂t − c cos 2ϕ∂z) ÊD = −g
2N

Γge

ÊD + c sin 2ϕ∂z ÊS. (2.60)

2.3.1 Equal control-field amplitudes

Within this section we want to study the case of equal control-field intensities. This
amounts to

cos 2ϕ = 0, (2.61)

sin 2ϕ = 1, (2.62)
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and hence the set of equations for the sum and difference mode simplify to

∂tÊS = vgr ∂zÊD, (2.63)

∂tÊD = −g
2N

Γge

ÊD + c ∂z ÊS. (2.64)

One immediately realizes that this choice of control-fields leads to a vanishing of the
group velocity terms in the propagation equations. The dressing of the medium changes
the propagation properties in a very drastic way, as we will see now.

Telegraph equation in a dielectric medium

In order to find a deeper understanding of the field dynamics we rewrite in a first step
the above set of field equations (2.63) and (2.64) into a second order partial differential
equation. One can easily verify that the equation holds for both the sum and the difference
mode. The calculation results in

∂2
z Ê(z, t) =

[ 1

cvgr

∂2
t +

1

vgrLabs

∂t

]
Ê(z, t). (2.65)

Eq. (2.65) is a representation of the telegraph equation which is usually used to describe
the propagation of electromagnetic waves along transmission lines.

If the absorption length of the medium in absence of EIT Labs tends to infinity the
equation reduces to the free space wave equation. This is because in this limit the group
velocity vgr tends to the vacuum speed of light. By applying a spatial and temporal
Fourier transformation to eq. (2.65) we find that the dispersion relation of the dressed
medium is given by

k2 =
(ω
c

)2 c

vgr

[
1 + i

c

ωLabs

]
. (2.66)

Solving equation (2.66) for the angular frequency we find

ω(k) = − ic

2Labs

± c

√
vgr

c
k2 − 1

4L2
abs

, (2.67)

which is depicted in fig. 2.5. We note that the considered dispersion relation is given
with respect to the slowly varying sum or difference mode, i. e. not to freely propagating
modes and hence the interpretation is not as straight forward. The figure shows that in
the low-Fourier-frequency or the long-wavelength limit the free propagation of the sum
and difference mode are forbidden. Furthermore, we see that if the free propagation of
the modes is allowed it is accompained by absorption.

If the Fourier wavenumber k is much smaller than the critical wavenumber

kc =

√
c

vgr

1

2Labs

, (2.68)
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Figure 2.5: Dispersion relation for stationary light. The dash-dotted (red) line is the real
part of the complex angular frequency eq. (2.67), the dashed (black) line represents the
imaginary part. The parameters for this plot are Labs = 1 c/g

√
N and vgr = 0.1 c.

which we determine by setting the radicand equal to zero in eq. (2.67), the k2-term in
eq. (2.67) and hence the term proportional to the second order time derivative in eq. (2.65)
are negligible. In this case the considered wave equation reduces to a diffusion equation
which we will discuss in more detail in the next section. For a Fourier transform limited
pulse this means that its spatial variance should not be smaller than the critical wavelength
λc = 2π/kc. In the small group velocity regime this characteristic length

λc = 4π

√
vgr

c
Labs, (2.69)

is much smaller than the absorption length in absence of EIT. As we will show later on
our considerations are restricted to wave packets with a width σ ≥ Labs, hence this term
is negligible. Even though the description using the telegraph equation is generally valid,
we simplify the considerations by making use of the property that the examined medium
is optically thick. As noted in section 2.2.5 the optical thickness of the medium allows
us to adiabatically eliminate the difference mode, i. e. we assume that its dynamics takes
place on a time scale which is much larger than Labs/c.

Adiabatic elimination - the diffusion equation

Following the argumentation presented in section 2.2.5 we adiabaticly eliminate the dif-
ference mode in eq. (2.64) and find a diffusion equation for the sum mode

∂t ÊS = vgr Labs ∂
2
z ÊS. (2.70)

The dynamics of the sum-mode resembles that of a Brownian particle in an emulsion.
The dynamics of the fields in this specifically dressed dielectric vapor is characterized by a
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Figure 2.6: Numerical simulation of the storage and partial retrieval of a light pulse. The
color code represents the amplitude of the probe-field components. A forward propagating
field (E+) is stored. Subsequently the spin coherence (σgs) is read out by two counter-
propagating control-fields. In the retrieval process also a backward (E−) propagating
component is excited as well as the sum mode (ES). The diffusively spreading dynamics
of the fields is accompanied by an adiabatically following spin coherence. The parameters
used for the simulations are: δ = ∆ = ∆ω = 0, γge = 1 g

√
N , γgs = 0, Ω±(0) = 100 g

√
N

and the initial width of the Gaussian wave-packet was ∆z0 =
√

2 ∗ 10 c/(g
√
N).

diffusion constant D = vgrLabs. Here vgr = c cos2 θ is the earlier introduced group velocity
and Labs is the absorption length of the probe-field in absence of EIT. The constant
combines two important physical quantities. These are: (a) the mean velocity vgr of a
photon wave-packet traveling through a medium of randomly distributed scatterers and
(b) the mean free path Labs of the photons in the medium. The Brownian motion
is shown in one dimension in fig. 2.6 as a false color image. Due to the positivity of
the diffusion constant D the dynamics of the system leads to a spreading of the wave-
packet. In fig. 2.6 we see that the initial field distribution, which starts to propagate
into the positive z-direction at z(t = 0) = −60 c/g

√
N , is being stored into the collective

spin coherence σ̂gs at t ≈ 100 (g
√
N)−1. Later at t ≈ 200 (g

√
N)−1, the coherence is

read out again using two counter-propagating control-fields. The control-field behavior
as well as the corresponding group velocities for the forward and backward direction are
shown in fig. 2.7. The data for the false color images fig. 2.6 are obtained by a numerical
integration of the full set of atomic density matrix equations (2.5-2.10) plus the reduced
wave equation (2.19). These equations are implemented into the programs after the
secular approximation, mentioned in section 2.2.1. The diffusive spreading occurs also in
the spin coherence σ̂gs. This happens since the spin coherence follows according to

σ̂gs = − 1√
N

tan θ ÊS (2.71)
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Figure 2.7: The figures show (a) the group velocities v±gr = c cos2 θ± and (b) the control-
field amplitudes Ω± as function of time. Both subplots show the storage and retrieval
phase. The forward control-field Ω+ is used for both the storage and retrieval procedure
and represented by a dash-dotted (blue) line. The corresponding group velocity has the
same color code. To achieve stationary light both the forward and backward propagating
control fields have to be simultaneously switched on. This is done at t ≈ 290(g

√
N)−1.

The backward direction is represented by the solid red lines.

adiabatically the dynamics of the sum normal mode. The expression can be derived
from eq. (2.32) in lowest order of the adiabatic approximation, i. e. by neglecting the
time derivative of the spin coherence and applying the conditions derived in section 2.2.3.
Fig. 2.8 shows cuts through the field distribution of the forward propagating mode as well
as the spin coherence for fixed times. After a short, initial time period the control-fields
nolonger change in time (see fig. 2.7), i. e. at this point in time the simulation enters the
diffusion phase. In this phase the field maxima decrease, as shown in fig. 2.8, whereas the
width of the field distributions increase. This is a clear indication of a diffusive type of
process. A more quantitative tests of the properties of a diffusion process will be given in
the forthcoming section, especially in section 2.3.2.

Properties of the quasi-stationary field in the diffusion limit

It is well known that for quantities following a diffusion equation such as the sum field ES

the zeroth moment

〈F〉0(t) =

∞∫
−∞

F(z, t) dz (2.72)

is a constant of motion. Because of eq. (2.57) and (2.71) the difference mode and the spin
coherence adiabatically follow the diffusive behavior of the sum mode. Hence, also these
field variables obey a diffusion equation. This property can also be found numerically as is
shown in fig. 2.9, where after an initial period of varying control fields, the system reaches
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Figure 2.8: The figures show (a) cuts through the field distribution of the forward prop-
agating mode (E+) at time t = 400(g

√
N)−1 (solid black line) and at t = 600(g

√
N)−1

(dashed red line). The cuts in (b) at t = 200(g
√
N)−1 (solid black line), t = 400(g

√
N)−1

(dashed-dotted blue line) and at t = 600(g
√
N)−1 (dashed red line) are cuts through the

spin coherence (σgs) presented in fig. 2.6. The picture clearly shows that the fields spread
in the course of time.

the diffusion regime. The numerical data for these plots are taken from a simulation
without any previous storage period, i. e. the control-fields are adjusted such that the pulse
is immediately transfered into a stationary light pulse. This is the standard approach in
experiments [87].
Furthermore, we can see by comparing fig. (2.9) (a) & (b) with (c) that the definition of

the sum mode can be applied to find the height of the zeroth moment of the sum mode for
large times, i. e. we have 2〈E±〉0/

√
2 = 〈ES〉0. The zeroth order moment of the difference

mode only gets excited in this example due to non-adiabatic processes. This excitation
vanishes very fast and the difference mode turns out to be a purely odd function with
vanishing zeroth moment (integral).
Finally we can see that almost the whole probe pulse is stored in the spin coherence,
fig. 2.9 (c), since the pulse area of the spin coherence is only slightly smaller than the
initial probe pulse area given by 10−4 (see fig. 2.9 (a) for t = 0). This reflects the fact
that we work in the small group velocity regime.
We continue by considering the temporal evolution of the total number of quanta in
the diffusion limit of stationary light. This is of particular interest since for quantum
information applications there should be a minimum loss of total excitations. Two major
loss channels exist within the system of which one is the decay of ground state coherence
and the other one spontaneous emission from the excited level. The origin of the first
channel are either collisions between the relevant atoms or fluctuations of external fields.
These processes lead to decoherence or dephasing of the Raman coherence. In the second
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Figure 2.9: Temporal evolution of the zero moment of the (a) forward, (b) backward, (c)
sum and (d) difference mode as well as of (c) the Raman spin coherence.

case loss of the excitation occurs due to spontaneous emission. To study the phenomenon
of excitation loss, we consider the equation of motion for the number of photons in the
stationary light field.

n = n+ + n− =

∞∫
−∞

[
|E+|2 + |E−|2

]
dz, (2.73)

is the number of photons in the forward (n+)/backward (n−) probe-mode. Since the
transformation between the forward and backward modes and the sum and difference
modes is unitary, we have

n =

∞∫
−∞

[
|ED|2 + |ES|2

]
dz. (2.74)
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In the adiabatic limit under consideration the equations of motion for the sum and dif-
ference mode are given by

∂tES = D∂2
zES, (2.75)

∂tED = 0, (2.76)

which leads to following equation

∂tn = −2D

∫
(∂z ES(z, t))(∂z E∗S(z, t)) dz. (2.77)

To derive eq. (2.77) we have used ∂t|ED|2 = 0, which is true because of eq. (2.76). The
numerical simulation in fig. 2.10 (b) shows that this is strictly speaking not correct. Since∫
|ED(z, t)|2dz yields however only a negligible contribution to n this is of no consequence

here. Eq. (2.77) shows that the total number of excitations in the quasi-stationary light
field decays in time. In the following we want to determine the relevant decay time. To
this end we assume, that the field is regenerated in form of a Gaussian distribution from
the spin coherence, i. e.

E(z, t) =
E0

2
√

2πσ(t)
exp

(
−1

2

(
z

σ(t)

)2
)
, (2.78)

with σ(t) =
√
σ(0) + 2D t. Making use of this ansatz equation (2.77) reads

∂t n = − D

2
√
πσ(t)3

|E0|2. (2.79)

and can easily be solved. The solution is

n(t) = n(t0)

{
1 +

[
σ(t0)√

σ(t0)2 + 2D t
− σ(t0)√

σ(t0)2 + 2D t0

]}
. (2.80)

or setting t0 = 0:

n(t) = n(0)
σ(0)√

σ(0)2 + 2D t
. (2.81)

One recognizes that the number of photons decreases non-exponentially, proportional to
one over the sum-field width. The latter depends on the group velocity as well as the
absorption length. The non-exponential decay can qualitatively be seen in fig. 2.10. It
compares very well with the numerical simulation. In order to have negligible losses, the
time over which a stationary pulse can be maintained is limited by

t� σ2(0)

D
=

σ2(0)

vgrLabs

, (2.82)

which is exactly the characteristic time for the spread of the initial wave-packet.
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Figure 2.10: Temporal evolution of the number of excitations in (a) the sum mode and
(b) the difference mode. Part (c) shows the evolution of the excitation stored in the spin
coherence. The last two subfigures (d) and (e) show the dynamics of the total number
of photons as well as the total excitation given by ntot = npho +

∫
|ρgs|2dz. Apparent

is the non-exponential decay of the photon number as well as the total excitation. The
numerical data is obtained from the simulation for fig. 2.11(b).
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2.3.2 Temporal evolution of momenta beyond the adiabatic elim-
ination of the difference-mode

In the previous section we have found a diffusive spreading of the field in the limit of large
optical depth were the difference mode could be eliminated adiabatically. We want to drop
the requirement of a large optical depth. The equations of motion eq. (2.63) and eq. (2.64)
for the sum and difference mode have a special property, namely they do not couple
between the even and odd share of the same field. Since any arbitrary function f(x) can
be decomposed into an even fe(x) = (f(x)+f(−x))/2 and odd fo(x) = (f(x)−(f(−x))/2
part we can deduce a set of four equations from the above set of equations. We find the
even variant of equation (2.63)

∂tÊe
S(z, t) = vgrÊo

D(z, t), (2.83)

∂tÊo
S(z, t) = vgrÊe

D(z, t). (2.84)

An analog decomposition can be found for eq. (2.64). Based on this statement we are lead
to the idea, that to determine the temporal evolution of the momenta, especially the field
width of the sum mode, it is not necessary to calculate the fields based on the eqs. (2.63)
and (2.64). It might be simpler to solve the set of coupled ordinary differential equations
for the field momenta. We define the moments of an arbitrary field F(z, t) by

〈F〉n(t) =

∫
znF(z, t)dz. (2.85)

By multiplying eq. (2.63) with z2 and integrating over z,we find

∂t〈ES〉2(t) =

∞∫
−∞

z2∂zÊD(z, t)dz, (2.86)

and by partial integration we find

∂t〈ES〉2(t) = −2 vgr〈ED〉1(t), (2.87)

where we have assumed that the first derivative vanishes at the integration limits. By
multiplying eq. (2.64) with z and integration we additionally find

∂t〈ED〉1(t) = −g
2N

Γge

〈ED〉1(t) + c

∞∫
−∞

z∂zES(z, t)

= −g
2N

Γge

〈ED〉1(t)− c〈ES〉0(t). (2.88)

and finally for the zeroth moment of the sum field

∂t〈ES〉0(t) = 0. (2.89)
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Hence it is a constant of motion in the case of vanishing Raman decay rate. To compare
with our numerical results we will simplify the set of equations by presuming one- and
two-photon resonance. Furthermore we will apply the initial conditions: 〈ES〉2(0) = δ0
and 〈ED〉1(0) = 0, because we start with an sum field with an certain initial width, i. e. δ0,
and have no excitation initially in the difference mode. The last of the equations above
can be integrated immediately to find

〈ES〉0(t) = 〈ES〉0(0). (2.90)

To solve equation (2.88) we make the ansatz

〈ED〉1(t) = B(t) e−ct/Labs (2.91)

and find a simple differential equation for B, which can easily be integrated. Using the
initial condition for the first moment 〈ED〉1 of the difference field we retrieve the solution
of eq. (2.88)

〈ED〉1(t) = 〈ES〉0(0)Labs

(
exp

{
− c

Labs

t

}
− 1

)
. (2.92)

Integration of eq. (2.87) and applying the initial condition 〈ES〉2(0) = δ0 we find after
some calculations the solution for the second moment of the sum field

〈ES〉2(t) = 〈ES〉2(0) + 2vgrLabs〈ES〉0(0)

(
t+

Labs

c

(
exp

{
− c

Labs

t

}
− 1

))
. (2.93)

One recognizes that a larger absorption length Labs only affects the short-time evolution,
where the width increases quadratically in time. After this initial period the increase of the
field width of the sum mode is linear in time with a slope given by 2D = 2 vgr Labs (nor-
malized to the initial probe pulse area). Figure 2.11 compares the analytical result with a
numerical simulation. In the analytical result we have substituted the time-independent
group velocity by a time-dependent one, i. e. vgr → vgr(t). Apart from the initial time
period, the agreement between analytical predictions and numerical simulation is nearly
perfect. The initial deviations are caused by non-adiabatic couplings on the numerical side
and in case of the analytical calculations by the time-dependence of the group velocity.

2.3.3 Non-equal control-field amplitudes

In the case of non-equal control-field amplitudes the trigonometric functions in eq. (2.59)
and (2.60) do not vanish. Following again the adiabatic elimination procedure given in
section 2.2.5 and thereby using (2.57) we find a closed equation for the sum normal mode.

(∂t + vgr cos 2ϕ∂z) ÊS = vgr Labs sin2 2ϕ∂2
z ÊS. (2.94)

Eq. (2.94) is a Fokker-Planck type equation with a finite drift and diffusion term. However,
by applying the Galilei transformation z′ = z − vgr cos(2ϕ) t to go from the initial to a
uniformly moving frame, we find again a diffusion equation with diffusion constant

D = vgr Labs sin2(2ϕ). (2.95)
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Figure 2.11: (a) Shown is the temporal dynamics of the field widthof the envelope function
of the sum mode. The red line corresponds to the analytic (see eq. (2.93)) and the
black line to the corresponding numerical result. The later is based on the numerical
propagation of the full set of Maxwell-Bloch equations after the secular approximation.
The corresponding simulation is the one shown in subfigure (b). The inset shows the ratio
of numerical and analytic solution. One recognizes nearly perfect agreement for large
times, i. e. after the switching period. (b) The figures show that it is possible to directly
convert an initial probe field pulse into a stationary pulse of light by simultaneously
applying two-counterpropagating control fields with equal amplitudes while the probe
pulse is still in the EIT-medium [87]. The diffusion behavior is suppressed compared to
fig. 2.6, which is due the smaller final group velocity. All other numerical parameters are
the same.

To summarize, the dynamics is described by a translational motion superimposed by a
diffusive part. Thus the sum mode is only a quasi-stationary field, i. e. it still propagates,
with a small but constant group velocity vgr cos(2ϕ).

Let us examine this in more detail. The group velocity of the sum mode v
(S)
gr is proportional

to the difference of the Rabi frequencies Ω±

vS
gr = c cos2 θ cos 2ϕ = c cos2 θ

|Ω+|2 − |Ω−|2

|Ω+|2 + |Ω−|2
. (2.96)

Hence, propagation of the sum mode into the forward direction is achieved by choosing
the Rabi frequency Ω+ larger than that of the backward direction Ω−. An example of
such a process is shown in the figures 2.12, 2.13 and 2.14. Corresponding to the group
velocities given in fig. 2.12 figure 2.13 shows the temporal evolution of the sum mode and
the Raman coherence. We can see by comparing fig. 2.12 with fig. 2.13, that if the group
velocity of either direction

v(±)
gr = c cos2 θ± = c

Ω2
±

Ω2
± + g2N

(2.97)
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Figure 2.12: The independently controllable group velocities for the forward (v
(+)
gr ) and

backward (v
(+)
gr ) propagating modes. The subfigure at the bottom shows the group velocity

vgr = c cos2 θ computable by v
(+)
gr and v

(−)
gr .

decreases, caused for example by the reduction of the corresponding Rabi frequency, the
sum field will move into the direction defined by the wave-vector of the stronger coupling
field.

2.4 Spatially modulated retrieve fields

Spatial manipulation of photonic excitation in collective atomic ensembles

In addition to its property to slow-down electromagnetic fields to incredibly low group
velocities EIT is also a promising candidate to achieve nonlinear interaction at a low-
light level [93]. It was shown that a light pulse may experience very large nonlinearities
even at energy densities as low as one photon per atomic cross section [9, 10]. This
has important potential applications to quantum computation, for new types of nonlinear
spectroscopy [39], studies of correlation and noise at the few photon level [94] and resonant
four-wave mixing of weak fields [95, 96]. With respect to quantum computation still
one major challenge remains. To achieve a phase shift of π in a single-photon phase
gate it is necessary to focus the pulses close to the diffraction limit of λ2. Here we
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Figure 2.13: The figure shows the dynamics of the sum mode and the spin coherence for
non-equal control-fields. The temporal evolution of the corresponding group velocities
is depicted in fig. 2.12. (a) After the sum mode is read out of the Raman coherence it
moves according to the dynamics of the control-fields first into the forward and later on
into the backward direction. In fig. 2.14 the corresonding evolution of the forward and
backward propagating modes is shown. (b) The Raman coherence follows adiabatically
the temporal dynamics of the sum mode.

propose an approach which allows to coherently and adiabatically compress the probe-
field excitation and thereby to achieve a higher nonlinear interaction energy. Compared
to earlier approaches we also take advantage of the stationary light schemes to extend the

Figure 2.14: Temporal evolution of the (a) forward (+) and (b) backward (−) field modes.
If the corresponding sum mode, shown in fig. 2.13, is stationary both modes are excited.
In the case of forward propagation the backward mode is negligible (see (b)) and vice
versa.
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Figure 2.15: Field configuration for spatially varying group velocity. Shown are the lines
of equal intensity for the Ω+ and Ω−-control-field with their focal points located at z+ and
z−. w0 is the spot size of the Gaussian beams and w±(z) the beam width at a distance of z
from of the foci at z±. The effective group velocity of the sum mode for this configuration
is indicated at the bottom. It leads to an effective force pointing towards the origin.

interaction time.
In section 2.3.3 we have shown, that it is possible to move the center-of-mass of a quasi-

stationary light field using drive fields with non-equal intensities. Due to the more likely
creation of a probe photon into the direction of the stronger coupling field, a drift motion
of the sum mode occurs, and the difference mode as well as the spin coherence follow
this motion. Hence it should be possible to move around and manipulate the probe pulse
within the EIT-medium by applying control-fields with non-homogeneous control-fields as
well as temporally and spatially varying intensity maxima. If the intensity maximum of
one control-field component approaches the localized excitation, stored in the collective
spin coherence the excitation is being pushed. The drift velocity imprinted by this process
is given, according to eq. (2.94), by the effective group velocity vgr cos 2ϕ. If a control-
field configuration would render the value of the effective group velocity negative for
positive values of z and positive for negative values of z, the associated drift would tend
to compress the stationary field. This process may counteract the diffusive spread found
in the last section.
A manipulation of the effective group velocity in such a way can be achieved by using two
counter-propagating control-field beams with separated foci. The separation of the foci
is assumed to be along the propagation direction of the forward and backward mode.

Linear spatial profile of intensity differences

The configuration mentioned above can be realized using paraxial Gaussian beams as
shown in fig. 2.15, where the divergence of the beams is not neglected. Gaussian beams
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are given by

E±
c (z, r⊥) = E0

c

w0

w±(z)
exp

(
− r⊥
w±(z)

)
, (2.98)

where |r⊥| denotes the distance from the symmetry axis z of the set-up [97]. w0 is the
beam waist of the control-field and w±(z) is the width at a distance z from one of the
corresponding foci z±

w±(z) = w0

√
1 +

(
z − z±
zR

)2

. (2.99)

Here zR = π w2
0/λc is the Rayleigh length, the length along z, after which the width of the

Gaussian beam increases to
√

2w0 the width at the focus. The amplitude of the control
field at the focus is denoted by E0

c . After some algebra we find for the cos 2ϕ-term in the
effective group velocity

cos 2ϕ =
w2
−(z)− w2

+(z)

w2
+(z) + w2

−(z)
, (2.100)

where we have restricted our considerations to points on the z-axis. Furthermore, we have
assumed that the peak intensities of both control-fields are equal. Since both fields drive
the same transition all other terms cancel. Assuming equal Rayleigh length for both fields
the expression simplifies to

cos 2ϕ =
(z − z−)2 − (z − z+)2

(z − z+)2 + (z − z−)2 + 2z2
R

=
2 z (z+ − z−) + (z2

+ − z2
−)

(z − z+)2 + (z − z−)2 + 2z2
R

. (2.101)

For the studies in the next sections we are interested in the case of two well separated
foci and additionally assume that the entire dynamics takes place in the region of small
|z|, i. e. |z| � min{|z+|, |z−|}. Assuming finally that the foci are located symmetrically
with respect to the origin with absolute distance z0, we find

cos 2ϕ ≈ − z
L
, (2.102)

where L is the characteristic length which is given by

L =
1

2

[
z0 + zR

(
zR

z0

)]
. (2.103)

For notational simplicity we have taken here the reference to the zero point of the coor-
dinate system which is not necessary. In addition we find for the sin 2ϕ-term

sin 2ϕ ≈ 1. (2.104)

The linear approximation is of course only valid as long as |z| � L. The dependence of
the cos 2ϕ-term and the sin 2ϕ-term on z following eq. (2.100) is shown in fig. 2.16.
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Figure 2.16: (a) The pre-factor of the force term for the configuration of two Gaussian
beams with separated foci. The focal points of the two beams are located at z± =
±20c/(g

√
N) like in the simulation for fig. 2.17. The linear regime near the origin is

clearly visible. (b) The corresponding sin 2ϕ-term, which shows the limitations of this
approximation. The area enclosed by the red lines indicates the operation region.

2.4.1 Fokker-Planck equation for the fast normal mode

Within the approximation of paraxial Gaussian control fields with separated foci the
equations of motion for the normal modes are given by(

∂t −
vgr

L
z∂z

)
ÊS = −γgs sin2 θÊS + vgr∂zÊD + vgrϕ

′
(
ÊS −

z

L
ÊD

)
, (2.105)(

∂t +
c

L
z∂z

)
ÊD = − c

Labs

ÊD + c∂zÊS − cϕ′
(
ÊD +

z

L
ÊS

)
. (2.106)

Here we have again neglected the time dependence of the external control-fields and
hence set θ̇ = 0 as well as ϕ̇ = 0. Furthermore we have ϕ′ ≈ 1

2L
. In order to adiabatically

eliminate the difference mode ÊD, we need Labs � L and 1 � cT/Labs, where T is the
characteristic time on which the difference mode changes. The characteristic length on
which the difference mode changes drops out of the considerations. By applying these
conditions we find

ÊD = −Labs

( z

2L2
− ∂z

)
ÊS ≈ Labs∂zÊS, (2.107)

where we have used that |z| � L. Substituting this into equation (2.105) we arrive at

(
∂t + γgs sin2 θ

)
ÊS =

(vgr

2L
+ vgr

z

L
∂z + Labs∂

2
z

)
ÊS. (2.108)

We can simplify the equation by making the ansatz

ÊS = ES e
−γgs t sin2 θ. (2.109)
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Furthermore, introducing the abbreviations

A0 =
vgr

2L
+ ∂z

(
−vgrz

L

)
= −vgr

2L
, (2.110)

A1 =
vgrz

L
, (2.111)

B = 2D, (2.112)

eq. (2.108) can be transformed into a Fokker-Planck equation with an additional decay
term A0ES [98]

∂tES = A0ES + ∂z (A1ES) +
1

2
∂2

z (BES) . (2.113)

After the separation of the simple decay term A0 we identify the resulting Fokker-Planck
equation to be of the Ornstein–Uhlenbeck type [99, 100]. The constant A1 is called drift
constant and B or equivalently D are called diffusion constant. The Ornstein–Uhlenbeck
process has a stationary solution which we are going to determine now. Performing
a Fourier transformation of the Ornstein-Uhlenbeck type Fokker-Planck equation with
respect to the space variable leads to

∂tẼS(k, t) = −vgr

L
k (∂k + LLabsk) ẼS(k, t) = 0, (2.114)

where the last equation holds since we are looking for the steady-state solution. The
solution of the this differential equation is a Gaussian function. By a inverse Fourier
transformation we then find the following expression for the sum mode

ÊS(z, t) =
Ê (0)

S√
2π LLabs

exp
{
−(γgs sin2 θ +

vgr

2L
)t
}

exp

{
− z2

2LLabs

}
. (2.115)

Hence in the long-time limit, the field approaches a stationary Gaussian distribution of
width σss =

√
LLabs, which decays in time with an effective rate γeff = γgs sin2 θ+ vgr/2L.

The use of retrieve lasers with non-equal and spatially varying intensities thus acts like
an effective cavity for the probe-field with an energy ring-down time given by the time
a photon needs to travel the distance between the foci of the two control lasers. If we
take in addition also the decay of the Raman coherence into account the ring down time
decreases further.
Even though the interpretation of Fokker-Planck equations is in general not straightfor-
ward [34] it is the case for the Ornstein–Uhlenbeck process. Eq. (2.108) comprises of three
terms on the right hand side, the first one is the decay term which we have already dis-
cussed. The next two terms are more interesting and respresent two competing physical
processes. The first can be interpreted as an effective force acting on the field excitation
which tries to drag it towards the origin (more generally towards the midpoint between
the two intensity maxima of the control-fields). Hence this term acts compressing on
the probe-field excitation. The last term is responsible for diffusion as we have already
discussed in section 2.3.1, i. e. it leads to a spatial broadening of the stationary light
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Figure 2.17: Temporal evolution of the (a) forward, (b) backward, (c) sum and (d) differ-
ence mode in the case of separated foci of the control-fields. The two competing processes
of diffusion and Raman scattering towards the midpoint between the focal points lead
to a stationary state behavior with decreasing amplitude of the fields. The white lines
(a)-(c) and the black lines (d), denote the positions of the focal points of the two used
control-fields.

pulse. In the situation we have considered here the action of this two processes leads to
a stationary distribution given by (2.115).
It is noteworthy that the group velocity only appears in the decay term. The width of
the field distribution only depends on the geometrical parameter L, i. e. the distance
between the two foci, and the absorption length Labs of the medium. This has an impor-
tant consequence since the group velocity is a measure for the weight of the light- and
matter-contributions in the polariton [1]. Even though the major part of the excitation
is stored in the well protected spin coherence in the regime of small group velocities, it
can be adiabaticly compressed by manipulating the tiny electromagnetic contribution of
the polariton. This is because in the adiabatic limit the spin coherence follows the sum
field. Hence by slowly reducing the distance between the two foci we can compress the
spin coherence along withthe stationary light excitation.
In fig. 2.17 a numerical simulation of stationary light generated by two fields with sepa-
rated foci is shown. Here the excitation was initially stored as a Gaussian distribution in
the spin coherence with e−1/2-width given by 2σ(0) = 7. A small part of the distribution
was not located within the region between the foci which has a width of forty in this
example. By inspecting, e. g. part (a) of the figure, we see that initially the forward prop-
agating mode is mainly created in the vicinity of the control-field focus of the Ω+-field
– the left white line. This is due to more probable creation of Raman scattered photons
into the forward propagating mode. The same argumentation holds for the backward
propagating mode in part (b).
Furthermore, we can see that the initial field width decreases until the field distribution
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has reached a stationary width. From that point on only the height of the distribution
decreases according to eq. (2.115). As will be discussed in the following the initial decrease
is due to the excitation of higher-order eigensolutions of eq. (2.108) which decay faster
than the lowest-order solution (2.115).

Second moment of the sum field in the adiabatic limit

If we use the definitions for the momenta, eq. (2.108), we can determine the equation of
motion for the zeroth- and second-order moments of the sum mode. These are given by[

∂t + γgs sin2 θ +
5vgr

2L

]
〈ES〉2 (t) = 2vgrlabs 〈ES〉0 (t), (2.116)[

∂t + γgs sin2 θ
]
〈ES〉0 (t) = −vgr

2L
〈ES〉0 (t). (2.117)

In the case of vanishing Raman decay rate, i. e. γgs = 0, we find the following solutions
to these equations

〈ES〉0 (t) = 〈ES〉0 (0) e−
vgr
2L

t, (2.118)

〈ES〉2 (t) = Labs L 〈ES〉0 (0) e−
vgr
2L

t
(
1− e−

2vgr
L

t
)

+ 〈ES〉2 (0) e−
5vgr
2L

t. (2.119)

The zeroth moment vanishes with the same decay rate as eq. (2.115). Considering the
normalized width of the sum mode, i. e. the width divided by the time-dependent area
eq. (2.118), one recognizes that it approaches for large times (t � 2L/vgr) a constant
value. The constant is independent of the initial width of the wave-packet. It only
depends on the medium (Labs = γgec/g

2N) and externally adjustable parameters (L).
Numerical examples that support this statements are shown in fig. 2.18.

Spatial shift between forward/backward field distributions

For comparison with our numerical results and for a further understanding of the pro-
cesses, we want to determine the location of the maxima of forward and backward propa-
gating modes in the limit of the stationary Ornstein-Uhlenbeck solution. It will turn out,
that the two maxima are not located at the same point and their separation only depends
on the absorption length in absence of EIT.
The asymptotic solution for the sum mode is given by eq. (2.115). Hence, with the help
of eq. (2.107) one can calculate, using this function, the difference mode in the vicinity of
the origin, i. e. z � L,

ED(z, t) = Labs∂zES(z, t) = − z
L
ES(z, t). (2.120)

To determine the forward and backward propagating modes, we use the inverse trans-
formation of eq. (2.46). By applying simple trigonometric relations we find, in the limit
z � L, that the mixing angle is given by

ϕ ≈ π

4
− z

2L
. (2.121)
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Figure 2.18: The figure shows the normalized variance of the sum mode as function of
time. The solid and the dashed line converge towards the same steady-state value. The
parameters used only differ in the initial value used for the sum field width (L = 10, Labs =
1, solid ∆z(0) = 7, dashed ∆z(0) = 5). The dot-dashed curve corresponds to a different
control-field configuration (L = 15/2, ∆z(0) = 3). The numbers denote the steady state
value of the variance given by ∆zss =

√
LLabs

This leads to the following approximate relations

cosϕ ≈ 1√
2

(
1 +

z

2L

)
, (2.122)

sinϕ ≈ 1√
2

(
1− z

2L

)
. (2.123)

and finally to

E±(z, t) =
ES(z, t)√

2

(
1∓ z

L

)
. (2.124)

One finds the location of the maxima for the forward and backward propagating modes
by inserting the asymptotic solution eq. (2.115) and differentiation with respect to the
spatial variable. Assuming again that we are only interested in the case Labs � L, we
find

z±max ≈
Labs

2
. (2.125)

Hence the asymptotic separation between the maxima only depends on the absorption
length in absence of EIT. Fig. 2.19 shows an example of the motion of the distribution
maxima towards their steady state points z±max. In discussing fig. 2.17 we have already
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Figure 2.19: The figure shows the normalized field distributions of the forward (solid line)
and backward (dashed line) propagating modes for different propagation times. The field
distributions are normalized using their time-dependent pulse areas. (a) With increasing
time the maxima of the field distributions move towards their steady state points z±max.
(b) Finally the distributions stay ever after at those points. The numerical data for this
plot is based on fig. 2.17.

mentioned that the forward and backward propagating modes are created due to a higher
probability of a stimulated Raman scattering processes in the vicinity of the foci of the
Ω+/Ω−-fields, respectively. During the evolution they move, due to the induced drift
motion, towards their final points, which is shown in fig. 2.19 (a). In this process the field
distributions of the modes always interchange their position and move thereby through
each other.

2.4.2 Initial value problem of Ornstein–Uhlenbeck process

Given an initial distribution for the sum mode, how does the distribution evolve in time,
when we consider the configuration with stationary, displaced foci? For this we have to
solve the initial value problem for the Ornstein–Uhlenbeck process with decay. Before
we deal with the specific problem, let us briefly review the general theory behind this.
Assume that we want to solve an initial value problem of the form

∂

∂t
φ(z, t) = L̂φ(z, t) with φ(z, 0) = φ0(z) (2.126)

where L̂ is some time-independent hermitian (differential) operator. Then the general
solution of the problem is given by

φ(z, t) =
∞∑

n=0

cn e
−λntφn(z), (2.127)

where the λn and φn are eigenvalues and eigenfunctions of L̂, i. e. we have(
L̂+ λn

)
φn = 0, (2.128)



CHAPTER 2. COHERENT SPATIAL CONTROL OF STATIONARY LIGHT 73

where the φn form a complete, orthonormal set of functions with respect to a scalar
product (φ, ψ) =

∫
w(z)φ∗(z)ψ(z) dz with w(z) being some real-valued integral kernel.

Finally the coefficients cn are, because of this orthonormality, given by

cn =

∫
w(z)φ∗n(z)φ(z, 0)dz. (2.129)

Hence our problem can be solved by making use of the eigenfunctions {χn(z), λn} of the
backward (eigenvalue) equation of the Ornstein–Uhlenbeck type Fokker-Planck equation
(2.113) (without trivial decay term ) [98]. The backward equation is given by

∂tES =
vgr

L
ES +

vgr

L
z∂z ES +D∂2

z ES (2.130)

by making an ansatz like eq. (2.127), we find the corresponding eigenvalue equation

φ′′n(z) +
vgr

D

z

L
φ′n(z) +

(
λn

D
+
vgr

DL

)
φn(z) = 0, (2.131)

where the prime denotes again differentiation with respect to z. This differential equation
can be transformed into the differential equation for Hermite polynomials by using φn(z) =
ϕn(z) exp(−α2 z2) to find

ϕ′′n(z)− Azϕ′n(z) +
(
B z2 + C

)
ϕn(z) = 0, (2.132)

where

A =
vgr

2DL
− 4α2, (2.133)

B = 2α2
(
α2 − vgr

2DL

)
, (2.134)

C =

(
λn

D
+
vgr

DL

)
− 2α2. (2.135)

Setting B = 0 to eliminate the quadratic term, we can use the corresponding condition

α2 =
vgr

2DL
=

1

2LLabs

(2.136)

to simplify the expression for A and C. Using furthermore the variable substitution
z = β x, we can reformulate the differential equation above to find

ϕ′′n(x)− β2 vgr

DL
xϕ′n(x) + β2λn

D
ϕn(z) = 0. (2.137)

By comparing this equation with the differential equation for the Hermite polynomials
Hn [101], we can eliminate the factor β and finally find the eigenvalues λn and normalized
eigenfunctions Φn to eq. (2.131)

λn = n
vgr

L
, (2.138)

Φn(z) =
(
2nn!

√
π LLabs

)−1/2
Hn

(
z√

2LLabs

)
exp

{
− z2

2LLabs

}
, (2.139)
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with n ∈ N0. As is well known from various textbooks do the functions Φn form a complete
set of functions [101]. Hence the general solution to the initial value problem including
the global decay term reads

ES(z, t) =
∞∑

n=0

cn√
2n+1n!

√
π LLabs

exp

{
− z2

2LLabs

}
×

×Hn

(
z√

2LLabs

)
exp

{
−vgr(n+ 1/2)t

L

}
. (2.140)

The expansion coefficients cn are determined by the initial field ES(z, 0)

cn =

∞∫
−∞

ES(z, 0)Hn

(
z√

2LLabs

)
dz. (2.141)

Apart from the overall damping term and a factor of two in the exponent of the Gaussian
is eq. (2.140) very similar to a damped harmonic oscillator with an oscillator length given
by
√
LLabs. If the initial light pulse, i. e. the stored excitation, is Gaussian and if the

separation of the foci of the two retrieve lasers is chosen such that the width of the
excitation is less than the effective oscillator length

√
LLabs, only the fundamental mode

Φ0 gets excited in the retrieve process. In this case a spatially constant field distribution
is created as shown in fig. 2.20. The field, however, has a finite lifetime determined by
the overall damping rate γeff = vgr/2L. As a consequence the photonic excitation npho ∼
|ES(t)|2 decays in time and since the spin coherence follows adiabaticly the dynamics of
the sum mode the total excitation decays according to

ntot(t) = ntot(0) exp
(
−vgr

L
t
)
. (2.142)

In order to have negligible losses, the time over which the stationary light pulse can be
maintained is limited by the same expression as in the diffusion case

t� L

vgr

≈ ∆z2(0)

vgr Labs

. (2.143)

If the separation between the focal points during the retrieve process is much smaller
than the width of the stored excitation, the theory presented here is only applicable to
the part of the pulse which is located between the focal points, i. e. in the region given by
the linear slope in fig. 2.16 (a). The rest of the excitation is lost, since it separates from
the initial distribution or it leads to excitation of the higher-order Gauss-Hermite modes.
These decay very fast compared to the fundamental mode, see eq. (2.140)[102].

2.5 Spatial compression of stationary light pulses

2.5.1 Basic concept

In the last section we have seen that it is possible to manipulate the shape of the regenerate
probe field by means of control field beams with spatially modulated intensities. In
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Figure 2.20: Storage of a Gaussian pulse and subsequent retrieval with two control beams
with spatially varying intensity profiles. The maxima of the intensities of Ω± are indicated
by the two white lines. Close to the midpoint between these lines the normalized intensity
difference |Ω+0|2/|Ω0|2− |Ω−0|2/|Ω0|2 varies linearly with z. The generation of fields with
constant spatial shape is apparent. The parameters are given by: δ = ∆ = ∆ω = 0 and
γge = N = c = 1 and the width of the initial Gaussian wave-packet is ∆z(t = 0) =

√
10.

The separation of the foci is 40 c/(g
√
N) which leads to L ≈ 10 for a Rayleigh length of

zR = 1.6. The dependence of the control-field is given by Ω+(t) = 100∗0.5∗ [1−tanh{0.1∗
(t− 60)}] + 0.5 ∗ [1 + tanh{0.1 ∗ (t− 200)}]. For the minus direction a similar term was
used consisting only of the second term.

this section we want to extend this ansatz and use it to actively compress the retrieved
stationary probe field pulse.

To avoid losses the compression of a photonic excitation should start with a mode
matched wave-packet, i. e. with an initial width smaller than the oscillator length

√
LLabs.

Then only the fundamental mode Φ0 gets excited and experiences in the small group
velocity limit, i. e. the regime of interest, an unavoidable small loss with an effective
decay rate of

γeff =
vgr

2L
=
c cos2 θ

2L(t)
. (2.144)

Compression of Φ0, respectively ÊS, can be achieved, according to eq. (2.140) by decreasing
adiabatically the characteristic length L, i. e. by decreasing the distance between the
control-field foci. If the process is sufficiently adiabatic, the width of the fundamental
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Figure 2.21: Retrieval of a stored pulse using drive fields with separated foci and subse-
quent reduction of their separation. The position of the focal points is indicated by white
lines. One clearly recognizes a compression of the probe-field associated with an increase
of the field density. However, the whole compression procedure is accompanied by strong
losses. The parameters are the same as for fig. 2.20 except for γ = 0.05. The foci move
like: z±(t) = ±20∓ 10 ∗ 0.5 ∗ [1 + tanh(0.0125 ∗ (t− 700))].

mode should follow this motion without excitation of higher order modes. This is shown
in fig. 2.21, where the location of the focal points is again denoted by the white lines.
Apparent is the decreasing width of the photonic as well as the spin excitation. The
compression is however accompanied by strong losses. This is shown in fig. 2.22 where
the temporal evolution of the peak excitation density and the total excitation, i. e.

ntot =

∫
dz
[
|ÊS|2 + |ÊD|2 + |σ̂gs|2

]
(2.145)

are depicted. In the next section we give a more quantitative discussion of the relevant
loss mechanisms and discuss conditions for their minimization.

2.5.2 Nonadiabatic effects

In this section we want to consider nonadiabatic effects which may occur when compressing
the stationary light pulse by adiabatically decreasing the distance between the two control
field focal points. We will derive conditions which should be fulfilled to achieve adiabatic
dynamics. To this end, we again consider eq. (2.51) and (2.52). For simplicity we assume
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Figure 2.22: Peak excitation density (solid line) and total excitation (dashed line) as a
function of time for the numerical simulation of fig. 2.21. Both quantities are normalized
to their value at t = 200 (g

√
N)−1.

one- and two-photon resonance, i. e. δ = ∆ = 0 and a vanishing decay rate of the
Raman coherence (γgs = 0). Furthermore, we assume that ∂tθ = 0 holds which is true
in the present configuration if the group velocity stays constant in time. Using these
assumptions the considered equations read

[
∂t −

vgr z

L
∂z

]
ÊS = vgr

[
ϕ̇

c
+ ∂z

]
ÊD + vgrϕ

′
[
ÊS −

z

L
ÊD

]
, (2.146)[

∂t +
c z

L
∂z

]
ÊD = − c

Labs

ÊD − [ϕ̇− c∂z] ÊS − cϕ′
[ z
L
ÊS + ÊD

]
. (2.147)

Using ϕ′ = 1/2L and the conditions TD c � Labs and z � LLD/Labs, where TD and LD

and are the characteristic time and distance in which the difference mode changes, we
can adiabatically eliminate the same. These conditions are easily fulfilled. We also used
L� Labs which is only justified if we do not compress the stationary light pulse down to
the order of the absorption length Labs. Labs is usually on the order of a few millimeter
in a dilute vapor cell or down to few micrometer in a Bose-Einstein condensate. The
adiabatically eliminated difference field reads

ÊD = −Labs

[
ϕ̇

c
+

z

2L2
− ∂z

]
ÊS. (2.148)
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Substituting this into the equation of motion for the sum field (2.146) and, recalling that
the mixing angle ϕ is time- as well as space-dependent, we find

[
∂t −

vgr

2L
−vgrz

L
∂z

]
ÊS = vgr Labs

[
−
(
ϕ̇

c

)2

+
( z

2L2

)2

+ ∂2
z

]
ÊS+

+ vgr Labs

[
ϕ̇

c
∂zÊS −

1

c
∂z

(
ϕ̇ÊS

)
− z

2L2
∂zÊS −

1

2L2
∂z

(
zÊS

)]
. (2.149)

With the help of

ϕ̇ = − z

2L
∂t lnL (2.150)

this can furthermore be evaluated and leads with the condition
√
L/LabsL � |z| to the

following Fokker-Planck equation

∂tÊS = −vgr

2L

[
1− Labs

c
(∂t lnL) +

z2 Labs

2L c2
(∂t lnL)2

]
ÊS + ∂z

[vgr z

L
ÊS

]
+ vgr Labs∂

2
z ÊS.

(2.151)

One recognizes that apart from the explicit time dependence of L nonadiabatic corrections
lead to two additional loss terms. The first can be neglected compared to vgr/2L since

|∂t lnL| � c

Labs

. (2.152)

The second term leads to losses for large values of z. The corresponding loss rate

z2 Labs

4L2

vgr

c2
(∂t lnL)2 (2.153)

can also be neglected for

z2 �

[
Labs

2L

(
1

c
∂t lnL

)2
]−1

. (2.154)

Since the typical scale of the width of the field distribution is ∆z w
√
LLabs this is again

well justified because of |∂t lnL| � c/Labs. We thus can safely ignore the two additional
loss terms. With the help of the ansatz

ÊS(z, t) =
ˆ̃ES(z, t) exp

−
t∫

0

dτ
vgr

2L(τ)

 (2.155)

equation (2.151) simplifies to the earlier found Fokker-Planck equation (2.113) for the
Ornstein-Uhlenbeck process except for the time-dependence of the characteristic length
L. We thus see that the losses during compression, found in the example of the last
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section, cannot be attributed to the nonadiabatic corrections in eq. (2.151) but must
be explained from the Ornstein-Uhlenbeck dynamics itself. To this end we reexamine
eq. (2.140) for the general solution of the Ornstein-Uhlenbeck process but now, however,
with time-dependent parameters. From eq. (2.140) we recognizes that higher order modes
have a faster decay. Thus the most likely reason for the observed losses is a population
of higher-order modes.

We now want to derive a set of rate equations, for the expansion coefficients of the
general Ornstein-Uhlenbeck solution. Our intention is to study the population of higher-
order modes during the compression process and to show how we can minimize their
population. The general solution of the Fokker-Planck equation (2.113) with a time-
depending characteristic length L is given by

ˆ̃ES(z, t) =
∞∑

n=0

dn(t)Φn(z, t) (2.156)

where we have included all temporal dynamics except for the overall loss rate vgr/2L into
the expansion coefficient dn(t). For those we want to derive a system of rate equations.
From section 2.4.2 we know that the functions Φn, see eq. (2.139), solve the eigenvalue
problem eq. (2.131). Hence, we have

vgr Labs ∂
2
z
ˆ̃ES + ∂z

(vgr z

L
ˆ̃ES

)
= −

∞∑
n=0

vgr

L
nΦn(z, t) (2.157)

and on the other hand

∂t
ˆ̃ES =

∞∑
n=0

[(∂tdn)Φn(z, t) + dn∂tΦn(z, t)] . (2.158)

The two expressions eq. (2.157) and (2.158) have to be equal due to the Fokker-Planck

equation for
ˆ̃ES. To determine the expansion coefficients we have to find the time-

derivative of Φn(z, t). After some algebra and using well known relations for Hermite
polynomials we find

∂tΦn(z, t) =
1

4

1√
2n+1 n!

√
π LLabs

[
Hn+2

(
z√

2LLabs

)
+2nHn

(
z√

2LLabs

)]
e−z2/(2 L Labs)(∂t lnL). (2.159)

With the help of this we can finally use the orthonormality of the Hermite polynomial to
determine the rate equation for the expansion coefficients

∂t dn = −n
[
vgr

L
+

1

2
(∂t lnL)

]
dn −

1

2

√
n (n− 1)(∂t lnL) dn−2 (2.160)

The first term n vgr/L corresponds to the already found decay behavior of the Ornstein-
Uhlenbeck solution eq. (2.140) without adiabatic corrections. The other two terms only
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Figure 2.23: This figure compares the numerical results (black solid lines) with the
analytical predictions (dashed red lines) for the expansion coefficients d0 (upper curves)
and d2 (lower curves). The agreement of both approaches is quite good. The numerical
results are based on the solution of the full set of Maxwell-Bloch equations after the secular
approximation where as the analytical graphs are based on eq. (2.161) and (2.162). The
difference between the numerical and the analytical result for d0 at the beginning is due
to the read-out procedure which is not taken into account in the analytic theory. For the
simulation we used the following parameters: γgg = γss = 0.05, g = N = c = 1, one-
and two-photon resonance conditions, i. e. ∆ = δ = 0, Rayleigh length zR = π/2 and
z±(t) = ∓30± 25 ∗ 0.5 ∗ [1 + tanh(1.5625 ∗ 10−3 ∗ (t− 1000))] and Ω±(t) = 0.1 ∗ 0.5 ∗ [1 +
tanh(0.05 ∗ (t− 80))].

occure if the distance between the two focal points of the control-fields is changed in time.
For the lowest coefficients we find

∂td0 = 0 (2.161)

∂td2 = −2

[
vgr

L
+

1

2
(∂t lnL)

]
d2 −

1√
2
(∂t lnL)d0. (2.162)

Thus d0 is constant while the higher-order modes are build up in time. In figure 2.23
an example is given where the coefficients d0(t), d2(t) are calculated from the numerical
solution of the full Maxwell-Bloch equations and compared to the solution of eqs. (2.161)
and (2.162). One recognizes very good agreement.

It is important to note that the eigenmodes of the Ornstein-Uhlenbeck process are
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not orthogonal in the usual sense but that their orthogonality relation reads

∞∫
−∞

dz ez2/2LLabsΦn(z) Φm(z) = δnm. (2.163)

Thus the increase of the coefficients dn for higher modes and d0 = const. and hence of
the expansion coefficients of the Orstein-Uhlenbeck solution

cn(t) = dn(t) exp

−
t∫

0

vgr(τ)

2L(τ)
dτ

 , (2.164)

does not mean that the photon number in the field increases. The latter is proportional
to

∞∫
−∞

dz|ES|2 ∼
∑
m,n

∞∫
−∞

dzΦn(z) Φm(z) c∗n cm. (2.165)

The population of higher order modes eventually leads to increased losses. We notice that
during the compression ∂t lnL is negative and thus can compensate the term 2 vgr/L or
even overcompensate it. Overcompensation leads to an exponential increase of higher-
order modes and would thus prevent compression. For this reason we require

|∂t lnL| ≤ 2vgr

L
. (2.166)

On the other hand the compression should be as fast as possible and the stationary light
should be transferred back to a spin excitation as fast as possible since losses occur only
when a nonvanishing stationary light field is present. Thus it seems natural to consider
the case

∂t lnL = −2 vgr

L
. (2.167)

Noting that the sum mode ÊS is related to
ˆ̃ES via eq. (2.155) we see that there is in

addition an overall effective decay rate

γeff =
vgr(t)

2L(t)
=
c cos2 θ(t)

2L(t)
. (2.168)

Thus when reducing L we should also reduce vgr to keep γeff small. If γeff is for example
chosen to be constant we find with eq. (2.167)

∂t lnL(t) = −4γeff (2.169)

and thus

L(t) = L(0) e−4 γeff t. (2.170)
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Figure 2.24: Retrieval of a stored pulse using drive fields with separated foci and subse-
quent reduction of their separation. The position of the focal points is indicated by white
lines. One clearly recognizes a compression of the probe-field associated with an increase
of the field density. The parameters are γ = 0.05, and the width of the initial Gaussian
distribution ∆z = 5. The foci move like: z±(t) = ±20∓10∗0.5∗[1+tanh(0.0125∗(t−500))]

In this case one finds for the coefficients dn with d0(t = 0) = d0 and dm(t = 0) ≡ 0 for
m 6= 0

d0(t) = d0, (2.171)

d2(t) = 2
√

2γeff t d0, (2.172)

d4(t) = 2
√

24γ2
eff t

2 d0. (2.173)

To illustrate that keeping γeff small leads to substantially reduced losses we present in
fig. 2.24 and fig. 2.25 a numerical example. The figure shows an increase of the peak
excitation density by a factor of 3 whereas the photon number in the probe field pulse
decreases only by 5%-10%.

Hence, we have shown that the present approach is suitable to compress the long-
lived stationary photonic excitation by adiabatically decreasing the distance between
the control-field foci and dynamically keeping the overall effective damping rate γeff

small. This leads to less loss since higher order modes are only minimally excited, see
eqs. (2.172,2.173).
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Figure 2.25: The plots given here show relevant parameters for the simulation of fig. 2.24.
(a) gives the temporal evolution of the group velocity at z = 0. (b) shows the effective
decay rate for the same cut. (c) presents the peak excitation density (solid line) and the
total number of probe field photons ntot (dashed line) as a function of time. Even though
the peak excitation denstiy can be increase by a factor of 3 only little photon loss occurs.

2.6 Conclusion

In this chapter we have identified the phenomenon underlying the diffusive spreading of
stationary light, i. e. the phenomenon of pulse matching, using a self-consistent set of field
equations and introducing new normal modes. Moreover, we showed that in addition to
diffusion also a drift motion may occur in the same scheme. The drift motion can be
tailored in such a way that an effective force is created which points towards the midpoint
between the focal points of the two control-field Gaussian laser beams used to create the
stationary pulses of light. Using the effective force the stationary pulses of light can be
coherently compressed. This compression is however accompanied by losses. In addition
we have identified the main loss mechanism, i. e. the excitation of higher-order modes of a
general Orstein-Uhlenbeck solution, and pointed out ways to suppress those excitations.
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Finally, a new stationary light scheme was introduced at the beginning of the chapter
which does not require a secular approximation. The new scheme leads to the same effects
pointed out here, however, it also opens up new ways for the coherent manipulation of
stored spin coherences and stationary light pulses by using the possibility to manipulate
the single-photon detunings of the two different control-fields separately. Furthermore,
this new scheme shows that neither a spatial periodic structure of the absorption profile
[12] nor a periodically modulated refractive index [11] is necessary for the creation of
stationary light.



Chapter 3

Sagnac-interferometer based on
slow-light in ultra-cold quantum
gases

3.1 Introduction

In contrast to inertial motion, rotation of an object is absolute in the sense that it can
be defined intrinsically, i.e. independent of any inertial frame of reference. Moreover, all
types of acceleration of the local frame of reference can be distinguished and determined
by local measurements [58]. Rotation can be detected by means of the Sagnac effect [57],
i.e. the relative phase shift ∆φrot of counterpropagating waves in a ring interferometer
of area A attached to the laboratory frame rotating with angular velocity Ω. The phase
shift is given by

∆φrot =
4π

λv
Ω ·A, (3.1)

where λ is the wavelength and v the phase velocity of the corresponding wave phenomenon.
Depending on the nature of the wave, one distinguishes two basic types of Sagnac inter-
ferometers: light and matter wave gyroscopes [103]. Both wave phenomena require a
sufficient coherence length to be used in an interferometer. It is interesting to note, that
the Sagnac phase shift per unit area in a matter wave device exceeds that of laser based
gyroscopes by the ratio of rest energy per particle to photon energy mc2/~ω. This factor
is for alkali atoms and optical photons on the order of 1011, which was first noted by L.
A. Page [104]. Despite this very large number, matter wave gyroscopes have only recently
reached the short-time sensitivities of laser based devices [105, 106]. This is primarily
because of two reasons: First, fiber-optic interferometers can have a much larger area
than matter wave systems [65]. Secondly, the large photon flux achievable in optical sys-
tems, leads to a much lower shot noise level [107] as compared to matter wave set-ups.
Thus, in order to make full use of the much larger rotational sensitivity per unit area of a
matter wave device one needs to find ways to increase (i) the interferometer area and (ii)

85
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the particle flux. While a substantial increase of the interferometer area in matter wave
devices is difficult, the use of novel cooling techniques has led to high-flux atom sources
which have been employed to substantially improve the performance of atom interferom-
eters [108]. Even though the particle throughput can now reach 108 s−1 as compared to a
few atoms per second in the first interferometers, the noise level is still much higher than
that achievable in optical fiber gyroscopes [109]. The latter has photon rates on the order
of 1016 s−1 [109]. Continuously loaded Bose-Einstein condensates (BEC) could provide a
source for coherent atoms with higher flux values. Substantial progress has been made
over the past few years in this direction [110].
We here propose a gyroscope based on the propagation of dark-state polaritons in an
ultra-cold gas of Λ-type 3-level atoms [15]. We argue that this interferometer combines
the large rotational phase shift of matter wave systems with the large area typical for
optical gyroscopes. The idea is based on the simultaneous coherence and momentum
transfer associated with the Raman transition in EIT-systems under slow-light conditions
[27]. The reduction of the group velocity of light in EIT media is based on the change
of character of the dressed eigenmodes of the systems from electromagnetic to atomic
excitations [1]. In the course of the velocity reduction electromagnetic excitations are
coherently been transformed into spin excitations (waves). The current chapter presents
a detailed theoretical description of the proposed gyroscope.

A naive interpretation of eq. (3.1) would suggest that an optical gyroscope with a
reduced phase or group velocity would pick up an enhanced Sagnac phase per unit area.
This issue has been discussed in the past quite controversial [111, 112, 113, 114]. The
controversy has been settled however and it has been shown that the observed phase
shift does not depend on the presence of a comoving refractive medium in the beam path
[115, 116, 117]. As shown by Dufour and Prunier it also does not depend on whether the
observation takes place in the rotating frame or not [118]. As a consequence proposals
for laser gyroscopes, using EIT-media to reduce the group velocity of light, do not allow
to detect rotation intrinsically with an enhanced sensitivity [13]. The conclusion that
EIT-media are not suitable at all is however not true. We will show that a simultaneous
coherence and momentum transfer can be used to overcome the problems encountered
when we disregard the motion of the medium constituents but only allow for the disper-
sive properties of the medium. The momentum transfer creates a coherent matter wave
that will pick up a Sagnac phase shift in an appropriate medium of ultra-cold atoms.

In the most relevant type of light-matter-interaction, namely dipole interaction, the
electromagnetic field couples to the atomic polarization in which case the field phase cou-
ples to the phase difference of the two involved atomic states. In order for a rotational
phase shift of the center-of-mass wavefunction to affect the polarization, it is necessary
that the matter fields corresponding to the two atomic states acquire different rotational
phases. We will show that this can be achieved if the atoms in the initial, highly pop-
ulated state of the EIT-system form a superfluid in a ring configuration [119, 120]. We
will calculate the rotationally induced phase shift emerging in such a hybrid light-matter
gyroscope. We will show that for a vanishing momentum transfer the Sagnac phase shift
is equal to that of a light interferometer as given by eq. (3.1) while with the momen-
tum transfer matter wave sensitivity can be reached. We will discuss the necessity of
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a superfluid in a ring-type confining potential and show that in other cases there is no
enhancement effect as compared to the pure light case.

The necessity of a ring-type superfluid reduces the potential advantages of a large-area
hybrid interferometer stated in [15]. We will show however, that the minimum detectable
rotation rate at the shot noise limit corresponds to that of a matter wave gyroscope with
a rather large particle flux given by the density of the ultra-cold gas, e.g. a BEC, mul-
tiplied by the recoil velocity. To determine the quantum sensitivity limit of the hybrid
interferometer, the saturation of the Sagnac phase shift with the probe-light intensity and
the probe-field absorption are taken into account. The Sagnac phase attains a maximum
value for a certain probe-field power. We determine the optimum parameter values for a
maximum signal-to-noise ratio (SNR) and derive the minimum detectable rotation rate
Ωmin per unit area.

3.2 The Sagnac-Hybrid Interferometer

3.2.1 The Principle

An intrinsic sensor attached to the laboratory detects the rotation of the frame without
any reference to some other non-rotating frame of reference. It is most natural to describe
the system from the point of view of a co-rotating observer [121]. We will give a micro-
scopic description of the gyroscope in which we consider an ensemble of three-level atoms
with internal states |1〉, |2〉, and |3〉. These states are coupled by two laser fields with
(complex) Rabi frequencies Ωc and Ωp in a Raman configuration as shown in Fig. 3.1.
The probe-field Ωp is assumed to either co- or counter-propagate to the rotation, while
Ωc, which is assumed to be much stronger than Ωp propagates in a different, ideally per-
pendicular direction. The ensemble and the laser sources are assumed to be attached to
the laboratory frame rotating with an angular velocity , Ω(t) = Ω(t)ez. The center-of-
mass motion of the atoms shall be confined to the periphery of the circular loop with
radius R. It is assumed that |Ω|R � c such that non-relativistic quantum mechanics
applies. Under conditions of two-photon resonance, the control-field Ωc generates EIT
for the probe-field associated with a substantial reduction of the group velocity [14, 46].
The group velocity reduction is due to the coupling of the weak probe light to the atomic
Raman coherence. In the quasi-particle picture of dark-state polaritons, introduced by
M. Fleischhauer and M. D. Lukin. [1], the processes corresponds to an adiabatic rotation
from the light to the matter degree of freedom. In the Introduction we have seen that
the smaller the group velocity of the dark-state polariton the larger its admixture of the
matter- or spin-wave component thus making slow-light a natural candidate for a hybrid
light-matter interferometer [1, 122].

3.2.2 Dynamics in a rotating frame

The dynamics seen by a co-rotating observer can be deduced by transforming the sys-
tem Hamiltonian to the rotating frame. We start our description from the standard
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Figure 3.1: left: setup of light Sagnac interferometer with vapor cell or trap attached to
rotating body with angular velocity Ω. right: level scheme of atoms. p denotes momentum
along the peripheral direction z. kp is the wavenumber of the probe field propagating

parallel to z. ∆k = kp− k‖c , where k
‖
c is the component of the control-field wave vector in

z direction.

atom-light interaction Hamiltonian of quantum optics in Coulomb gauge after the Power-
Zienau-Wolley transformation [18, 23]. Adding the free Hamiltonian of a 3-component
nonrelativistic Schrödinger field the system Hamiltonian reads in the non-rotating frame
and in second quantization

Ĥ = Ĥ(A) + Ĥ(F ) + Ĥ(I)

=
∑

µ

∫
d3r Ψ̂†

µ(r)

[
− ~2

2m
∇2 + ~ωµ + V ext

µ (r, t)

]
Ψ̂µ(r)

+
ε0
2

∫
d3r

(Π̂(r)

ε0

)2

+ c2
(
∇× Â⊥(r)

)2

 (3.2)

+
1

ε0

∑
µ,ν

∫
d3r Ψ̂†

µ(r)
[
dµν ·

(
Π̂(r)− ε0Eext(r, t))

)]
Ψ̂ν(r).

Ĥ(A) describes the motion of atoms in an external, possibly state- and time-dependent
trapping potential V ext

µ (r, t). The three internal states are described by the three Schrö-

dinger fields Ψ̂1(r, t), Ψ̂2(r, t), and Ψ̂3(r, t) corresponding to the states of the Λ-system
shown in fig. 3.1. Ĥ(F) is the free Hamiltonian of the radiation field, where Â⊥(r) is the

transverse part of the vector potential and Π̂(r) = −D̂ = −
(
ε0Ê⊥ + P̂⊥

)
is its conjugate

momentum, which corresponds to the electric displacement field. For notational simplicity
we will drop the subscript ′′⊥′′, that denoted the transversality on the vector fields, in
the following. Finally Ĥ(I) describes the interaction of the atoms with the quantized field
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as well as an additional external field in the dipole approximation. The transition to a
rotating frame, having an angular velocity Ω(t) with respect to the initial frame, is done
via the unitary transformation

U(t) = exp

− i

~

t∫
t0

dτΩ(τ) · L̂

 , (3.3)

where L̂ is the total angular momentum operator of light and matter [123]. Restricting
ourselves to a rotation about a fixed axis, the z axis, only the z component of L̂ is relevant

L̂z = L̂(A)
z + L̂(F)

z

=
~
i

∑
µ

∫
d3r Ψ̂†

µ∂ϕΨ̂µ (3.4)

− 1

2

∑
i

∫
d3r

[
Π̂i(∂ϕÂi) + (∂ϕÂi)Π̂i

]
.

The index µ denotes summation over the three internal states and the index i over the
three spatial dimensions. The Hamiltonian operator in the rotating frame is then given
by

Ĥrot = U(t) Ĥ U †(t) + Ω(t)L̂z. (3.5)

Since L̂
(A)
z and L̂

(F)
z commute, the unitary transformation (3.3) can be decomposed into

two operators which act on the matter wave and on the electromagnetic field respectively.
One finds

Ĥ
(A)
rot = Ω(t)L̂(A)

z +
∑

µ

∫
d3r′Ψ̂†

µ(r′)

[
− ~2

2m
∇′2 + ~ωµ + V ext

µ (r′)

]
Ψ̂µ(r′), (3.6)

Ĥ
(F)
rot = Ω(t)L̂(F)

z + Ĥ
(F )
0 +

1

ε0

∑
µ,ν

∫
d3r′ Ψ̂†

µ(r′)
[
dµν ·

(
Π̂(r′)− ε0Eext(r

′, t)
)]

Ψ̂ν(r
′).

(3.7)

Here the prime denotes that the variables are given with respect to the rotating frame
coordinates

r′ = r +

t∫
t0

dτ eϕRΩ(τ), (3.8)

with R being the distance from the rotation axis. For all field operators F̂ ∈ {Ψ̂, Π̂, Â}
we have

UF̂(r)U † = F̂
(
r +

t∫
t0

dτ eϕRΩ(τ)
)

= F̂(r′). (3.9)
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The dynamics of the matter fields is governed in the rotating frame by the following
Heisenberg equations of motion where we omitted the primes for notational simplicity

i~
(
∂t + Ω(t)∂ϕ

)
Ψ̂µ(r, t) =

[
− ~2

2m
∇2 + ~ωµ + V ext

µ (r)

]
Ψ̂µ(r, t)

+
1

ε0

∑
ν

dµν ·
[
Π̂(r)− ε0Eext(r, t)

]
Ψ̂ν(r). (3.10)

Correspondingly the equations of motion for the conjugate momentum Π̂ and the trans-
verse vector potential Â read(

∂t + Ω(t)∂ϕ

)
Π̂(r, t) = − 1

µ0

∇× (∇× Â(r, t)) (3.11)

and (
∂t + Ω(t)∂ϕ

)
Â(r, t) =

1

ε0
Π̂(r, t) +

1

ε0
P̂(r, t). (3.12)

Here we have introduced the transverse polarization

P̂(r, t) =
∑
µ,ν

Ψ̂†
µ(r, t)dµνΨ̂ν(r, t). (3.13)

It is immediately obvious that the transformation to the rotating frame just amounts to
the replacement ∂t −→ ∂t + Ω(t) ∂ϕ in the equations of motion with respect to the initial
frame.
In the Coulomb gauge we have Π̂(r, t) = −D̂(r, t) [18]. Using this and D̂(r) = ε0Ê(r) +
P̂(r) we find for the wave equation in the rotating frame[

4− 1

c2

(
∂t + Ω(t)∂ϕ

)2
]
Ê(r, t) = µ0

[
∂t + Ω(t)∂ϕ

]2
P̂(r, t). (3.14)

In the following we are going to apply the slowly-varying envelope approximation, which
still holds in the rotating frame. The approximation is applicable as long as the rate of
change of the field is negligible on the distance of a wavelength of the field. Thus we
introduce slowly-varying variables for the transverse field as well as the polarization by
Ê(r, t) = Ê̂ÊE (+)(x, r⊥, t) e

−i(ωpt−kpx) + h. a. and P̂(r, t) = P̂̂P̂P(+)(x, r⊥, t) e
−i(ωpt−kpx) + h. a. ,

where x = Rϕ is the arclength of the circle. Restricting ourselves to propagation along the
periphery of the interferometer we find within the slowly-varying envelope approximation
and neglecting terms O(ΩR/c)(

∂t + c∂x + ikpΩR
)
Ê̂ÊE (+)(x, t) =

iωp

2 ε0
P̂̂P̂P(+)(x, t). (3.15)

The term proportional to the rotation rate Ω is responsible for the rotationally induced
Sagnac phase shift in the pure light case, i. e. without any influence from the medium. As
shown in [15] and in the next section the polarization term leads to an additional phase
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shift if we fulfill the conditions mentioned section in 3.1.
Introducing also slowly-varying amplitudes for the matter fields Ψ̂1 = Φ̂1, Ψ̂2 = Φ̂2 e

−i(ωpt−kpx)

and Ψ̂3 = Φ̂3 e
−i(∆ωt−∆kx) with ∆ω = ωp − ωc and ∆k = kp − k

‖
c , where k

‖
c is the wave

vector projection of the control-field on to the x-axis, we find(
D1 − V1(x)

)
Φ̂1 = ~Ω∗

pΦ̂2, (3.16)(
D2 − V2(x) + ~(∆2 − kpΩR)

)
Φ̂2 = ~ΩpΦ̂1 + ~ΩcΦ̂3, (3.17)(

D3 − V3(x) + ~(∆3 − ηkpΩR)
)
Φ̂3 = ~Ω∗

cΦ̂2, (3.18)

with

Dµ = i ~ ∂t +
~2∂2

x

2m
+ i ~ (ΩR + ηµvrec)∂x. (3.19)

Here we have used the definitions ∆2 = ωp−ω2−ωrec and ∆3 = ∆ω−ω3− η2ωrec for the
one- and two-photon detuning including the recoil shift (ωrec = ~k2

p/2m). Additionally we
have introduced the dimensionless parameter η = ∆k/kp which describes the momentum
transfer from the light fields to the atoms in state |3〉 as well as the abbreviation ηµ = δµ,2+

η δµ,3. The control and probe-field Rabi frequencies are defined by Ωp,c = −dp,c ·E(p,c)
ext /~.

3.3 Sagnac phase shift and influence of external trap-

ping potentials

In this section we calculate the stationary Sagnac phase shift obtained in the hybrid
interferometer in the perturbative limit of low probe light intensities. In particular we
will take into account the effects of the confinement of the atoms along the direction of
the interferometer path. In what follows we perform a perturbation theory in powers of
the probe-field, i. e. our general solution may be expanded in powers of Ωn

p

Φ̂µ(r, t) =
∑

n

Φ̂(n)
µ (r, t). (3.20)

Furthermore, we assume that all atoms are initially in the internal state |1〉. Therefore,

we have 〈Φ̂(0)
2 (x, t = 0)〉 = 〈Φ̂(0)

3 (x, t = 0)〉 = 0. The stationary state is described in zeroth
order according to eq. (3.16) by(~2∂2

x

2m
+ i~ΩR∂x + (ε1 − V1(x))

)
Φ̂

(0)
1 (x) = 0, (3.21)

where ε1 is the energy (chemical potential) of the internal state |1〉. This equation holds
also in first order of the perturbation theory due to the initial conditions mentioned
above. Assuming |Ωc| � |∆2|, kp|Ω|R, V2(x)/~, ΩR/L, vrec/L, ε2/~ and ~/(2mL2) one
finds in first order from eq. (3.17)

Φ̂
(1)
3 (x) = −Ωp(x)

Ωc

Φ̂
(0)
1 (x), (3.22)
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which amounts to an adiabatic elimination of the excited state. Using this, eq. (3.18) and
the two-photon resonance condition ∆3 = 0, we find

Φ̂
(1)
2 =ηkp

ΩR

|Ωc|2
Φ̂

(0)
1 Ωp −

1

|Ωc|2

[
~

2m
∂2

x + i (ΩR + ηvrec)∂x +
ε3 − V3(x)

~

]
Φ̂

(0)
1 Ωp,

(3.23)

= η
Φ̂

(0)
1

|Ωc|2
[
kpΩR− ivrec(∂x ln Φ̂

(0)
1 )
]
Ωp(x)

− Φ̂
(0)
1

|Ωc|2

[
~∂2

x

2m
+ i
(
ΩR + ηvrec − i

~
m

(∂x ln Φ̂
(0)
1 )
)
∂x

]
Ωp(x).

In deriving the second equation, which is useful for later discussions, we have made use of
(3.21) and assumed equal trapping potentials for the internal states V1 = V3. Furthermore,
an unimportant constant energy term proportional to ε1 − ε3 has been dropped. One
recognizes that the fields Φ̂

(1)
2 and Φ̂

(1)
3 and thus the medium polarization

P(+)
12 (x) = d12〈Φ̂†

1(x)Φ̂2(x)〉 (3.24)

follow in a straight forward way from the solution of eq. (3.21). In the next two sections
we will consider two important and fundamentally different cases. In the first case no
longitudinal confining potential for atoms in state |1〉 is assumed. This is equivalent to
a system with periodic boundary conditions such as a ring trap. In the second case a
trapping potential in the peripheral direction is taken into account.

3.3.1 Periodic boundary conditions in state |1〉

Let us consider the case that atoms in state |1〉 do not experience any confining potential
in the x direction. Since x is the coordinate along the periphery of the interferometer,
this amounts to considering a ring-trap configuration with periodic boundary conditions
as shown in fig. 3.2. With V1(x) ≡ 0, eq. (3.21) has the solutions

Φ̂
(0)
1 (x) =

{
Φ̂0 ε1 = 0

Φ̂0 e−imΩRx/~ ε1 = mΩ2R2/2
, (3.25)

where Φ̂0 is constant. We assume that the atoms in state |1〉 form a Bose condensate
and can thus be described by a coherent c-number field (or order parameter), i. e. we can
substitute Φ̂ → Φ. The ring-trap configuration then implies periodic boundary conditions

Φ(x+ 2πR) = Φ(x). (3.26)

As a consequence only the solution with ε1 = 0 applies as long as mΩR2/~ < 1. This
reflects the fact that the BEC forms a superfluid which is irrotational and thus will not
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Figure 3.2: The picture shows the proposed setup of a ring-shaped trap configuration
supporting a superfluid ultra-cold gas (BEC). The red arrow corresponds to the crossing
probe-field laser. It is not necessary to use the symmetric set-up as shown on the left hand
side, however, this approach allows for a distinction of rotational from linear acceleration.

pick up any rotational phase. This yields with eq. (3.23)

Φ
(1)
2 (x) = ηkp

ΩR

|Ωc|2
Φ0 Ωp(x)−

i(ΩR + ηvrec)Φ0

|Ωc|2
∂x Ωp(x) (3.27)

− 1

|Ωc|2
Φ0

~
2m

∂2
x Ωp(x).

Equation (3.27) allows us to finally determine the linear response of the medium. By sub-

stituting the expressions for Φ
(1)
2 and Φ

(0)
1 into eq. (3.24) and subsequently into the station-

ary, shortened wave equation, eq. (3.15), we find using the definition g = d12

√
ωp/2~ε0F

for the coupling constant(
c∂x + ikpΩR

)
Ωp(x) = −ig2Φ

(0)∗
1 Φ

(1)
2 (x). (3.28)

Here d12 denotes the dipole matrix element of the |1〉 ↔ |2〉 transition and F the transver-
sal cross section of the probe beam. The last two equations allow us to determine the
equation for the weak probe-field{[

c cos2 θ + (ηvrec + ΩR) sin2 θ

]
∂x − i sin2 θ

~∂2
x

2m

}
Ωp

= −ikpΩR
(
cos2 θ + η sin2 θ

)
Ωp(x). (3.29)

For notational simplicity we have introduced the mixing angle θ through the definition
tan2 θ = g2n/|Ωc|2, where n = Φ∗

0Φ0 is the density of atoms in state |1〉. Eq. (3.29) has
a very intuitive interpretation. It describes the propagation of the probe-field with the
group velocity

vgr = c cos2 θ + η vrec sin2 θ (3.30)

in the rotating frame [124]. The propagation of light in an EIT medium is associated with
the formation of a dark-state polariton, a superposition of electromagnetic and matter
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wave components. If we neglect the motion of the atoms, the group velocity of this
quasi-particle is proportional to cos2 θ, which is the square of the weight factor of the
electromagnetic part of the polariton [1]. If the coherence transfer from light to atoms is
accompanied by a finite momentum transfer of η mvrec, then there is also a matter wave
contribution to the total group velocity. This contribution is again proportional to the
square of its weight factor in the polariton. Thus in the limit tan2 θ > c/vrec = tan2 θcrit,
the light wave is turned into a propagating spin-polarization with velocity η vrec. As a
consequence of the admixture of a matter wave excitations, the equation of motion (3.29)
also obtains a term corresponding to the kinetic energy of the matter wave. The right hand
side of eq. (3.29) describes the light and matter wave contributions to the rotationally
induced phase shift. Noteworthy is that the group-velocity term corresponding to the
light part has no rotational admixture. The matter wave contribution to the phase shift
is non-zero only if there is a finite momentum transfer, i.e. if η 6= 0. Eq. (3.29) can
easily be solved in the limit of small rotation, |Ω|R � vgr, which is the case of interest.
Neglecting the second-order derivative, eq. (3.29) reduces to eq. (11) of ref. [15]

∂x ln Ωp(x) = −i2πΩR

λc

[
ξ(x)

ξ(x) + η
+
mc2

~ωp

η

ξ(x) + η

]
, (3.31)

where

ξ(x) ≡ cot2 θ

cot2 θcrit

≈ vgr(x)

vrec

− η. (3.32)

The last approximate equation is only valid for vgr � c. When ξ is large the group
velocity is much larger than the recoil velocity, while ξ approaching zero means that the
group velocity is comparable to the recoil velocity. Eq. (3.31) describes the rotationally
induced phase shift of the probe-field without taking its absorption into account, i. e. in
the regime of perfect EIT. Two counterpropagating probe-fields will experience the Sagnac
phase shift

∆φsig =
2πΩR

λc

∫
ξ(x)

ξ(x) + η
dx+

ΩR

~/m

∫
η

ξ(x) + η
dx. (3.33)

This is the result obtained in [15]. The Sagnac phase has two terms, a light-contribution
and, if η 6= 0, a matter wave contribution. If the group velocity becomes comparable to
the recoil velocity, i.e. for ξ → 0, the Sagnac phase approaches the matter wave value!

The assumption of periodic boundary conditions for Φ̂
(0)
1 practically requires a ring

trap configuration and the solution Φ̂
(0)
1 (x) = Φ̂0 = const. means that the atoms do not

follow the motion of the rotating trap. This is strictly speaking only possible if the gas
is superfluid. In a normal gas collisions with wall roughness’s and between atoms, which
are not taken into account here, would accelerate the vapor atoms in the initial phase of
rotation. Eventually a stationary state would be reached where the atoms co-rotate with
the trap. Whether the above given arguments can be applied to normal gases strongly
depends on the time scales to reach the stationary state. Thus the extention to thermal
gases made in [15] is problematic and needs more careful considerations. Secondly the
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Figure 3.3: Sagnac phase-shift of the EIT hybrid interferometer relative to the phase shift
of an optical gyroscope of the same area, a ratio of medium length to circumference of
10−3 and η = 1; for ξ � ηmc2/~ωp we are in the light and for ξ � η we are in the matter
wave regime. A recoil velocity vrec = ~ωp/mc of 4 cm/s was assumed.

need for a superfluid gas (e.g. BEC) in a ring trap puts restrictions to the achievable
interferometer area. Although recently there has been substantial progress in realizing
ring traps for BEC [119], the area achieved is only on the order of 10−1 cm2, which cannot
compete with the values reached in fiber-optical gyroscopes.

3.3.2 Effect of longitudinal confinement

Let us now discuss the case of a longitudinal trapping potential for atoms in state |1〉, i.e.
V1(x) 6= 0 in eq. (3.21). In this case the substitution

Φ
(0)
1 (x) = Φ0 f(x) e−imΩRx/~ (3.34)

leads to the steady-state equation(
~2∂2

x

2m
+
m

2
Ω2R2 + ε1 − V1(x)

)
f(x) = 0. (3.35)

If one disregards the small centrifugal energy shift proportional to Ω2, this equation is just
the stationary Schrödinger equation for a particle in the trap potential V1. The solution of
this equation is independent of the rotation rate except for the trivial centrifugal energy
term. If we substitute (3.34) into the second equation of (3.23), one recognizes that all
terms containing the rotation rate Ω in first order vanish exactly:

Φ
(1)
2 (x) = −iΦ

(0)
1 (x)

|Ω2
c |

(
ηvrec(∂x ln f(x))Ωp(x)− i

~∂2
x

2m
Ωp(x)

)
− i

Φ
(0)
1 (x)

|Ω2
c |

(
ηvrec − i

~
m
∂x ln f(x)

)
∂xΩp. (3.36)
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Substituting this into the shortened wave equation for Ωp yields[
c cos2 θ +

(
ηvrec − i

~
m
∂x ln f(x)

)
sin2 θ

]
∂xΩp(x)− i sin2 θ

~∂2
x

2m
Ωp(x) = (3.37)

− ikpΩR cos2 θΩp(x)− ηvrec sin2 θ
(
∂x ln f(x)

)
Ωp(x).

Neglecting the term with second derivatives as well as those containing derivatives of
f(x), i. e. taking into account that f(x) is a slowly-varying ground-state wave function of
a smooth potential, eq. (3.37) reduces to

∂x ln Ωp(x) = −i2πΩR

λc

cos2 θ

cos2 θ + η vrec

c
sin2 θ

= −i2πΩR

λc

1

1 + η/ξ
. (3.38)

It is obvious that only the light part of the Sagnac phase survives, as we see from discussing
the two limits of the parameter ξ. If ξ tends to zero, i. e. in the matter case, the right
hand side vanishes and so does the Sagnac shift. On the other hand, if ξ tends to infinity,
i. e. in the pure light case, the second term in the denominator of the right hand side of
eq. (3.38) vanishes and only the pure light rotational phase shift survives. Thus in the
EIT hybrid gyroscope a matter wave contribution to the Sagnac phase only emerges in
the absence of a confining potential i. e. if periodic boundary conditions apply as e.g. in
a ring trap.
The physical interpretation of this result is straight forward. In the presence of a confining
potential the atoms trapped in this potential, especially the atoms in state |1〉, are bound
to the motion of the confining potential. Hence they acquire a rotationally induced phase
shift by following the motion of the potential which is attached to the rotating frame.
The atoms in state |2〉 acquire the same phase shift since they are in the same frame.
Therefore, the polarization eq. (3.24) attains no Sagnac phase since it is a sesquilinear
function in terms of the wave-functions of the states |1〉 and |2〉. In the case of a superfluid
BEC in a ring trap the order parameter does not pick up any phase as long as the rotation
is sufficiently slow. This is due to the periodic boundary conditions and the superfluidity
of the condensate [125, 126, 127].

3.4 Quantum limited sensitivity of the slow-light gy-

roscope

The aim of this section is to determine the sensitivity of the slow-light Sagnac interfer-
ometer in the case of periodic boundary conditions, i.e. in the absence of any confining
potential in the propagation direction. We restrict ourselves to the case η = 1, i. e. to the
configuration of perpendicular wave vectors of probe and control field. We assume that
the error in determining the Sagnac phase is entirely determined by quantum fluctuations.
If coherent laser light or Poissonian particle sources are used the shot noise limit of the
phase measurement is given by [21]

∆φnoise =
1

√
nD

, (3.39)
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where nD = IouttD is the total number of photons or atoms counted at the detector during
the measurement time tD. Iout is the photon or atom flux, i. e. the number of particles per
time unit. The assumption that the quantum noise limit is set by shot noise is justified by
two observations: First of all, it is known that using non-classical light or sub-Poissonian
particle sources in interferometry does in general not lead to an improvement of the signal-
to-noise ratio. This is because losses are usually already quite substantial at the optimum
operation point. These tend to quickly destroy the fragile nonclassical and sub-Poissonian
properties. Secondly, as has been shown in [31, 128], atomic noise contributions in EIT-
type interferometer set-ups are small and can be neglected.
In the weak-signal limit discussed in the previous section, the Sagnac phase accumulated is
independent of the signal field strength [15], hence the signal-to-noise ratio could become
arbitrarily large when the input laser power is increased. This argumentation only holds as
long as the lowest order of the perturbation theory in the signal field intensity used in the
derivation of eq. (3.33) is applicable. In reality the Sagnac phase approaches a maximum
value at a certain optimum probe laser power and decreases for larger intensities. As we
will see later on, the optimum intensity is reached when the number density of photons
in the EIT medium approaches that of the atoms. In order to calculate the maximum
sensitivity and to find the optimum operation conditions we have to calculate the Sagnac
phase to all orders of the signal Rabi frequency. In higher order perturbation the excited
state |2〉 attains a finite population, therefore decay out of the excited state needs to
be taken into account. In general the decay leads to a population redistribution among
the states of the Λ system, see Fig. 3.4. It can also lead to loss out of the system.
We will disregard the latter process. This allows us to describe the system by a set
of equations for the single-particle density matrix ρµν(x, x

′, t) = 〈Φ̂†
µ(x, t)Φ̂ν(x

′, t)〉 =

Tr{ρΦ̂†
µ(x, t)Φ̂ν(x

′, t)} in the internal states µ, ν ∈ {1, 2, 3}. Since the medium polarization
of the |1〉− |2〉-transition is determined by the local density-matrix element ρ12(x, x, t) we
consider only local quantities. For the density matrix elements diagonal in the internal
states we find the equations of motion

∂tρ11(x, t) = γ1ρ22(x, t)− i Ω∗
p(x, t)ρ21(x, t) + i Ωp(x, t)ρ12(x, t)

− ΩR∂xρ11(x, t), (3.40)

∂tρ22(x, t) = −γ2ρ22(x, t) + i Ω∗
p(x, t)ρ21(x, t)− i Ωp(x, t)ρ12(x, t)

+ i Ω∗
c(x, t)ρ23(x, t)− i Ωc(x, t)ρ32(x, t)− (ΩR + vrec)∂xρ22(x, t), (3.41)

∂tρ33(x, t) = γ3ρ22(x, t)− i Ω∗
c(x, t)ρ23(x, t) + i Ωc(x, t)ρ32(x, t)

− (ΩR + vrec)∂xρ33(x, t). (3.42)

Likewise we find for the local coherence’s

∂tρ12(x, t) = −[i(∆2 − ΩRkp) + γ2/2]ρ12(x, t) + i Ω∗
c(x, t)ρ13(x, t)

− i Ω∗
p(x, t)(ρ22(x, t)− ρ11(x, t))− (ΩR + vrec)∂xρ12(x, t)

+ vrec〈Φ̂†
2(∂xΦ̂1)〉 (3.43)
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∂tρ13(x, t) = −[i(∆3 − ΩRkp) + γ13]ρ13(x, t)− i Ω∗
p(x, t)ρ23(x, t)

+ i Ωc(x, t)ρ12(x, t)− (ΩR + vrec)∂xρ13(x, t) + vrec〈Φ̂†
3(∂xΦ̂1)〉 (3.44)

∂tρ23(x, t) = [i(∆2 −∆3)− γ2/2]ρ23(x, t)− i Ωp(x, t)ρ13(x, t)

− i Ωc(x, t)(ρ33(x, t)− ρ22(x, t))− (ΩR + vrec)∂xρ23(x, t) (3.45)

where γ2 ≡ γ1 + γ3. For the derivation of the decay terms we refer to the Appendix
A.1. One recognizes that the local nondiagonal matrix elements are coupled to non-local
quantities of the form 〈Φ̂†

ν(x)(∂xΦ̂µ(x))〉. These terms cause the build-up of coherences
between different internal states and different positions. The coherences are zero at the
beginning, due to the initial conditions. We now argue that the above terms can be ne-
glected. From eq. (3.16) we find that in steady-state and ignoring second-order derivatives
(remember that there is no longitudinal confining potential, i. e. V1 ≡ 0)

i~ΩR∂xΦ1 = ~Ω∗
pΦ2. (3.46)

In the adiabatic limit where the atoms are in the dark state defined by (3.22)

Φ3(x) = −Ωp(x)

Ωc

Φ1(x) (3.47)

we have (see eq. (3.23))

Φ2 =
kpΩR

|Ωc|2
Φ1Ωp − i

ΩR + vrec

|Ωc|2
∂x(Φ1Ωp). (3.48)

Substituting this into eq. (3.46) yields

∂xΦ1(x) = −is
[kpΩR− i(ΩR + vrec)(∂x ln Ωp)]

ΩR (1 + s) + vrec s
Φ1(x), (3.49)

where s = |Ωp|2/|Ωc|2. Since the slowly-varying envelope of Ωp picks up a Sagnac-phase
shift according to eq. (3.38) we arrive with

∂x ln Ωp ∼ −i
α

c
kpΩR (3.50)

at

∂xΦ1 = −i
kpΩR

vrec

(
1− α

vrec

c

)
Φ1 +O((ΩR)2) (3.51)

As a consequence the term vrec〈Φ†
2∂xΦ1〉 in eq. (3.43) is of the order of

vrec〈Φ†
2∂xΦ1〉 ' −ikpΩR

(
1− α

vrec

c

)
ρ12 (3.52)
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and is thus negligible as compared to γ2ρ12/2. Similarly the term vrec〈Φ†
3∂xΦ1〉 in eq. (3.44)

is of the order of

vrec〈Φ†
3∂xΦ1〉 ' −ikpΩR

(
1− α

vrec

c

)
ρ13. (3.53)

Since in the ideal case the ground-state coherence is long lived, one has γ13 → 0, neglecting
this term is not as straight forward as above. However, adiabatically eliminating the fast
decaying optical coherence ρ12 in eq. (3.43) and substituting into eq. (3.44) yields a term
proportional to |Ωc|2/γ2ρ13 which is much larger than kpΩRρ13. Thus also this term can
be safely neglected.

In the following we assume one- and two-photon resonance, i.e. ∆2 = ∆3 = 0, and

|1〉

|2〉

|3〉

Ωp Ωc

γ13

γ1 γ3

Figure 3.4: Λ configuration in which the Rabi frequency Ωp drives the 1 ↔ 2-transition
and Ωc the 3 ↔ 2-transition (solid lines). Radiative decay from the excited level to |1〉
or to |3〉 goes as γ1 or γ3 respectively (dashed lines). The dephasing rate of the 1 − 3
coherence is denoted by γ13.

solve the above system of equations in steady state for the coherence of the 1 ↔ 2-
transition.

3.4.1 Perturbation theory with respect to characteristic length

The density matrix equations (3.40-3.45) without the non diagonal terms 〈(∂xΦ̂
†
µ(x))Φ̂ν(x)〉

can be written in compact form as

∂tρ(x, t) = (M(x) + vrecD∂x) ρ(x, t) (3.54)

where M and D are 9×9 matrices. Even under stationary conditions we are left with a set
of first order linear differential equations with space dependent coefficient. Thus in order
to find an analytic solution further approximations are needed. We neglect at this stage
terms of the form ΩR∂x since they lead to higher order corrections with respect to the
rotation rate. The Sagnac effect is a first order effect in Ω, see eq. (3.1). Furthermore, we
make use of the fact that the off-diagonal density matrix elements are only slowly-varying
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in space: Let l and T be characteristic length and time scales of changes. Normalizing
time and space to these units by ξ = x/l and τ = t/T , eq. (3.54) reads

∂τρ =

(
M̃ +

vrecT

l
D̃∂ξ

)
ρ (3.55)

where typical matrix elements of M̃ = MT read as ΩT , with |ΩT | � 1 and those of
D̃ = DT are of order unity. Since the dimensionless parameter vrecT/l is typically small
compared to unity we can apply a perturbation expansion in the recoil velocity.

In zeroth order we disregard the term containing D. Hence in steady state we have to
solve Mρ

(0)
ss = 0 with the constraint

∑
µ ρµµ(x) = n(x), which reflects the conservation of

probability. Up to first order in vrec we find

ρ(1)

ss
(x) =

(
1− vrecM

−1D∂x

)
ρ(0)

ss
(x). (3.56)

Here M is a reduced 8 × 8 matrix obtained from M by incorporating the constraint∑
µ ρµµ(x) = n(x) and ρ(0)

ss
is the corresponding zeroth order density matrix. The explicit

expressions of all matrices and vectors can be obtained from (3.40)-(3.45) in a straight
forward manner. They are however lengthy and will not be given here.

3.4.2 Steady state Maxwell-Bloch equation

To obtain the rotationally induced phase shift we expand eq. (3.56) up to first order in
the angular velocity Ω and use the stationary, shortend wave-equation for the probe-field
in the rotating frame(

c∂x + ikpΩR
)
Ωp(x) = −i g2nρss

21. (3.57)

Furthermore, we neglect terms O(γ2
13) and γ13Ω

m
p with m ∈ N since we assume a long-

lived coherence between the two lower states |1〉 and |3〉. In addition we make use of the
EIT condition Ω2

c � γ13γ1 [27] and assume for simplicity γ1 = γ3 = γ.
With these assumptions we find the following expressions for the real and imaginary part
of the susceptibility, which determine the dispersion and absorption of the medium

χ ′(Ωp) = −β−1 ΩR

c

(
1 + g2n

Ω2
c

(Ω2
c + |Ωp|2)2

)
(3.58)

χ ′′(Ωp) = −β−1γ13

c
g2n

Ω2
c

(Ω2
c + |Ωp|2)2 (3.59)

with

β(Ωp) = 1 +
vrec

c
g2 n

Ω4
c

(Ω2
c + |Ωp|2)3

. (3.60)
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In the following we are interested in the correct description of the phase shift induced
on the probe-field. Hence we may use a simplified description of the absorption of the
probe-field, i. e. of the imaginary part of the susceptibility χ(Ωp) = χ ′ + iχ ′′. One can
easily see that the absorption constant is bounded from above by

χ′′ → κ = −γ13

c

g2n

Ω2
c

=
γ13

c
tan2 θ. (3.61)

This equation does not take into account the saturation of the absorption in the limit of
large probe-field intensities |Ωp| ∼ Ωc and thus overestimates the losses slightly. In this
limiting case the following stationary equation for the signal field arises

∂x ln Ωp(x) = −γ13

c
tan2 θ − i kp χ

′(Ωp(x)). (3.62)

This is a non-linear differential equation, which does not lead to a simple integral. One
may reformulate it in terms of an integral equation

Ωp(x) = Ωp(0) e−κ x exp

−i kp

x∫
0

χ′ (Ωp(x
′)) dx′

 . (3.63)

The first term in eq. (3.62) describes absorption losses, the second term the rotationally
induced or Sagnac phase. The same is true for eq. (3.63). An approximate solution to
these equations will be given in the next section. We will persue an approach which allows
us to derive analytical expression that are more suitable for interpretation.

3.4.3 Quantum limits of gyroscope sensitivity

Using the results from the last section we can now determine the minimum detectable
rotation rate Ωmin of the slow-light gyroscope. We do so by maximizing the signal-to-noise
ratio (SNR) of the interferometer with respect to the system parameters and set it equal
to unity. The phase difference of two polaritons propagating in opposite directions is
given by

∆φsig =

∫
dx kp

[
χ′
(
Ω,Ωp(x)

)
− χ′

(
−Ω,Ωp(x)

)]
, (3.64)

where we have ignored for notational simplicity the overall minus sign. Using this and
eq. (3.58) we find

∆φsig = ∆φlight + ∆φmatter

=
4πΩR

λc

∫
dx

ξ(x)

ξ(x) + η 1
(1+s(x))3

+
2ΩR

~/m

∫
dx

η 1
(1+s(x))2

ξ(x) + η 1
(1+s(x))3

, (3.65)

where s(x) = |Ωp(x)|2/Ω2
c is a saturation parameter, and ξ(x) was introduced in (3.32).

One recognizes that the matter wave component of the signal phase shift – the second
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Figure 3.5: Schematic dependence of SNR on input probe-field Rabi frequency. The
dash-dotted line indicates the contribution of the matter wave term, the dashed line that
of the light term. The solid line is the sum of both contributions.

term on the right hand side of eq. (3.65) – decreases for increasing input probe intensity.
The light component – first term in the same line of eq. (3.65) – approaches a constant
in the same limit. At the same time the shot noise phase error

∆φnoise =
1

√
nD

(3.66)

is inversely proportional to |Ωp(0)| exp (−κL), where L is the length of the medium.
The source of the probe-field is located at x = 0. As a consequence of the different
dependence of ∆φsig and ∆φnoise on the signal field strength, the signal-to-noise ratio
SNR = ∆φsig/∆φnoise has the qualitative behavior shown in Fig. 3.5. For very large
laser fields the SNR becomes arbitrarily large. This is because the light contribution to
the Sagnac phase ∆φlight becomes independent on Ωp(0) while the shot noise becomes
arbitrarily small as was shown in the Introduction part of this thesis.

For small probe intensities the SNR has a local maximum due to the saturation of the
matter wave phase shift. As the matter wave contribution to the Sagnac shift is orders of
magnitude larger than the light contribution, extremely large input intensities would be
required to exceed the sensitivity value at the first local maximum. We thus consider only
this first maximum when determining the quantum-limited sensitivity of the slow-light
gyroscope.

Although it is rather straight forward to calculate the minimum detectable rotation
rate determined by SNR = 1 numerically, we are interested here in an analytic esti-
mate. To derive a corresponding analytic expression we make a number of simplifying
assumptions. We consider the propagation of polaritons through a homogeneous medium
of length L. Furthermore, we ignore the space dependence of the functions ξ(x) and
s(x) in the expression (3.65) for the signal phase, replacing |Ωp(x)| by its input value
|Ωp(0)| ≡ |Ωp|. As will be seen later on this only slightly overestimates the saturation of
the signal at the optimum operation point. We also ignore the saturation of the probe-
field absorption, which again only slightly overestimates the probe-field absorption at the
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Figure 3.6: Signal-to-noise ratio (SNR) in units of the first two factors of eq. (3.72) as a
function of the saturation parameter s and the light-matter-transition parameter ξ. The
three graphs correspond to three different values of the loss parameter a. a = 0.5 (left),
a = 5 (middle) and a = 50 (right) which are some of the values used for fig. 3.7. The
middle and right plot support the statement that the location of the SNR-maximum is
given, in the large a limit, by the expressions (3.73).

operation point. Finally, we only consider the dominant matter wave contribution to the
signal phase. Thus we have

∆φsig =
2 ΩRL

~/m
(1 + s)

ξ(1 + s)3 + 1
. (3.67)

Here s = |Ωp|/Ωc is again the saturation parameter and the parameter ξ, introduced in
eq. (3.32), describes the transition from a light-dominated (ξ � 1) to a matter-dominated
(ξ � 1) operation of the hybrid gyroscope.
In order to estimate the signal-to-noise ratio SNR=∆φsig/∆φnoise we rewrite the shot noise
expression (3.66) in terms of the parameters ξ and s. The number of probe photons at
the detector can be written in terms of the probe-field Rabi frequency at the source via

nD =
PDt

~ωp

=
2 ε0 F c

~ωp

(
~ Ωp(0)

|dp|

)2

t e−2κL, (3.68)

where F is the cross-section of the signal beam, t the detection time interval, and κ =
γ13/(vrecξ) the absorption coefficient introduced before. The radiative decay rate γ = γ1

and the dipole matrix element |dp|, contained in the Rabi frequency Ωp(0), are related
through

γ =
1

4π ε0

(
4

3

|dp|2 ω3
p

~ c3

)
, (3.69)

i. e. according to the Einstein A-coefficient [123]. After a straight forward calculation we
find

nD = F % vrec t ξ s e−2 a/ξ (3.70)
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Figure 3.7: Optimum values of s = |Ωp(0)|/Ωc and ξ = vgr/vrec − 1 for different values of
the loss parameter a = γ13L/vrec (= 0.05, 0.5, 5, 50, 500, 5000). For large values of a the
optimum values are sopt = 1/3 and ξopt = 2a. For small values of a there is only a small
deviation in the optimum parameters.

where % is the density of atoms in the EIT medium, and

a ≡ γ13L

vrec

(3.71)

characterizes the absorption due to a finite lifetime of the ground-state coherence. Since
typical values of γ13 are in the kHz regime and vrec ∼ 1 cm/s, a is typically large compared
to unity for L � 10−3 cm. With the above expressions we find for the signal-to-noise
ratio

SNR =
ΩA

~/m

(
F % vrec t

)1/2 ξ1/2s1/2(1 + s)

ξ(1 + s)3 + 1
exp
(
−a/ξ

)
. (3.72)

The fist two factors in eq. (3.72) are the expression for the signal-to-noise ratio of a pure
matter wave gyroscope with interferometer area A = RL and flux j = F % vrec, i. e. j
is the number of atoms per second penetrating the cross section F [21]. In conventional
atomic interferometers based on cold or ultra-cold atoms the flux that contributes to the
interference signal of the device is considerably low, i. e. it is on the order of 108 atoms/s in
comparison with 1016 photons/s in a conventional fiber optics gyroscope [109]. However,
in the case studied here, the flux can be at least two orders of magnitude higher than the
atom interferometer flux. In fig. 3.6 the dependence of the signal-to-noise ration is shown
for typical values of the absorption parameter a.

The last two factors can be changed by optimizing the probe-field strength (s) and the
group velocity in the medium (ξ). In Fig. 3.7 we have plotted the optimum values of s
and ξ for different values of the loss parameter a. One finds that in the typical parameter
regime a� 1 the maximum SNR is attained for

sopt =
1

3
, and ξopt = 2a. (3.73)
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This approximation is still quite good even when a is about one as can be seen form
fig. 3.6. Thus the optimum group velocity is according to eq. (3.32) given by

vopt
gr = 2γ13L+ vrec ≈ 2γ13L, (3.74)

where the last approximate equation holds if a is much bigger than unity. Thus we find
a maximum SNR if the velocity is chosen such that during the propagation over the
entire medium length L, a fraction of 1/

√
e of the initial polaritons got absorbed. Setting

SNR=1, we eventually arrive at the minimal detectable rotation rate

Ωmin =
~/m
A

1(
F % vrec t

)1/2
f
√
a (3.75)

where f ≈ 7.19 is a numerical prefactor. Apart from the term
√
a and the unimpor-

tant numerical prefactor f , the minimal detectable rotation rate corresponds to that of a
matter wave interferometer where all atoms propagate with recoil velocity. The densities
achievable in the present set-up are however much larger than those in a typical beam,
e.g. if we consider a BEC in a ring trap configuration.

To be more specific we give two estimates based on the already existing circular waveg-
uides for Bose-Einstein condensates [119, 120]. To this end, we assume that the atomic
density is ρ = 1014 cm−3 with a cross-section F ≈ 10−2 cm2 (smaller circle of the toroidal
BEC). In case of the work of S. Gupta et al. the diameter of the waveguide is dGupta ≈ 3
mm and in the case of A. S. Arnold et al. it is dArnold ≈ 96 mm. Hence, we find in
the first case the minimum detectable rotation to be ΩGupta

min ≈ 1.4× 10−9 s−1 Hz−1/2 and
in the latter case ΩArnold

min ≈ 1.4 × 10−12 s−1 Hz−1/2. These values compare very well to
the state-of-the-art which for optical gyroscopes is 2 × 10−10 rad s−1 Hz−1/2 [63] and for
matter wave gyroscopes is 6× 10−10 rad s−1 Hz−1/2 [64].

3.5 Conclusion

We have proposed a novel type of light-matter wave hybrid Sagnac interferometer based
on ultraslow light. We have shown that unlike in earlier proposals of slow-light gyroscopes,
it is not sufficient to utilize the dispersive properties of the media to achieve an enhance-
ment of the rotational sensitivity of an EIT-based Sagnac interferometer. According to
the studies presented it is necessary to harness simultaneous coherence and momentum
transfer in the associated Raman transition of the EIT-medium. Moreover, the medium
has to be prepared initially in a state in which it does not acquire any rotational phase
shift. This can be achieved, for example, by using a superfluid BEC in a ring trap. The
latter requirement reduces the potential benifit of the hybrid interferometer idea as com-
pared to the statements in [15]. It is not possible to build large area interferometers under
this conditions with current technology. However, the potential large flux of the proposed
interferometer leads to a reduction of the acquired shot noise as compared to present day
pure matter wave gyroscopes and thus still leads to a sensitivity enhancement.
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Chapter 4

Studies on transient Velocity
Selective Coherent Population
Trapping

This chapter is the result of a joint experimental and theoretical project within the
Graduiertenkolleg 792: ,,Ultrakurzzeitphysik und nichtlineare Optik”. In the course of
the project I worked in the group of Prof. Dr. Dr. h.c. K. Bergmann together with Dr. F.
Vewinger [129]. The aim of the project was the first experimental verification of the so-
called transient trapping states (dark states) predicted by E. Arimondo et al. [130] for
the scheme of velocity selective coherent population trapping (VSCPT).

4.1 Introduction

The idea of coherent population trapping (CPT) [21, 131] and especially of VSCPT
[132, 133] is to prepare atoms in special superposition states in which there is no ab-
sorption or induced emission of the incident light fields even in the presence of a resonant
coupling. In the present case these dark states are superpositions of different tensor
products of internal and external states, i. e. of atoms in Zeeman sublevels with fixed
momenta. The preparation of the system in these states is reflected by the generation of
certain momentum distributions. In an atomic beam experiment the momentum distri-
bution, which we want to measure, is translated into a spatial distribution at the detector
which is sufficiently far enough downstream from the preparation or interaction region.

Transient velocity selective dark states were discussed first theoretically by E. Ari-
mondo et al. [130] for the case of a Jg = 2 ↔ Je = 1-transition coupled by counter-
propagating σ+ and σ− laser-fields. Beside a stable dark state this scheme also possesses
a transient dark state, i. e. a dark state that has a finite lifetime. The transient dark
states have been experimentally used before [134] but have so far not been studied for
their own sake. In this chapter we will present our experimental results and compare the
experimental momentum distributions corresponding to the transient dark state with a

107
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full numerical solution of the generalized optical Bloch equations. To our knowledge this
is the first direct experimental observation of the transient velocity-selective dark state.

4.2 Principles of VSCPT

4.2.1 VSCPT in a Λ-configuration

In this section we follow references [132, 133] to give a brief explanation of the mechanism
of velocity selective coherent population trapping. We consider two Zeeman manifolds
with total angular momentum Jg = 1 of the ground state-manifold and Je = 1 for
the excited state-manifold. Atoms of this configuration are irradiated by two counter-
propagating circular-polarized classical electric fields as depicted in fig. 4.1 (a).

In the first stage of the description we do not take spontaneous emission into account
except for the optical pumping process into the Λ-type subsystem of the Jg = 1 ↔ Je = 1
-transition given by the states {|g−1〉 = |Jg,mg = −1〉, |e〉 = |Je,me = 0〉, |g+1〉 =
|Jg,mg = 1〉}. Due to the applied σ+− σ−-laser fields and the vanishing Clebsch-Gordon
coefficient of the |Jg = 1,mg = 0〉 ↔ |Je = 1,me = 0〉 -transition spontaneous emis-
sion leads to the depopulation of the V -configuration represented by the set of states
{|Je,me = −1〉, |Jg,mg = 0〉, |Je,me = 1〉}. Hence, it is only necessary to consider in
the following the Λ-subsystem. The Hamiltonian which describes the motion of atoms,
stimulated emission and absorption processes is given by

H =
p2

2M
+ ~ωe|e〉〈e| − d · E(z, t), (4.1)

where M is the mass of the atoms and Pe = |e〉〈e| the projector on the excited state
|e〉 = |Je,me = 0〉. This state has an energy of ~ωe with respect to the ground state
manifold Jg. Here d is the electric dipole moment operator. The representation of the
classical electric field propagating in the ± z-direction is given by

E(z, t) =
1

2

(
E+ε+e

−iωteikz + E−ε−e
−iωte−ikz + c.c.

)
, (4.2)

where ε± are the unit vectors of the left (−) /right (+) circular polarized fields [135].
The carrier frequency is denoted by ω, its corresponding wave number by k and E± are
the slowly varying field amplitudes (positive frequency part) for the forward respectively
backward propagating component of the applied electric field. The Rabi frequencies for
these fields are defined via Ω± = −d±E±/~ with d± = 〈e|ε± · d|g∓〉. Due to the selection
rules we have 〈e|ε± · d|g±〉 = 0. Furthermore, because of linear momentum conservation
the dipole interaction Hamiltonian leads only to an interaction between states belonging
to a closed momentum family

F(q) = {|e, q〉, |g−, q − ~k〉, |g+, q + ~k〉}. (4.3)
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(a) (b)

|e, q〉

|B(q)〉 |D(q)〉

VΛ

~kq/M

Jg = 1

Je = 1
mJe = 1mJe = −1 mJe = 0

Figure 4.1: (a) Solid lines represent the possible coupling due to the radiation field. The
dashed lines illustrate the pathways allowed by selection rules for spontaneous decay. The
mJe = 0 → mJg = 0 is forbidden due to these. (b) The relevant Λ-system in an appropriate
dressed state picture. The excited states |e, q〉 couples to |B(q)〉 due to the radiation field
VΛ, which itself is coupled to |D(q)〉 by the kinetic energy part of the Hamiltonian. Only
in the case, q=0, the state |D(q)〉 does not participate to the absorption and fluorescence
cycles; in this case it is a true trapping state.

Following this line one finds the interaction Hamiltonian in the momentum family basis
after the rotating wave approximation

VΛ =
∑

q

~
2

(
Ω+|e, q〉〈g−, q − ~k|+ Ω−|e, q〉〈g+, q + ~k|

)
e−iωt + h.a.. (4.4)

Here |µ, p〉 = |µ〉 ⊗ |p〉 denotes that the atom is in the internal state |µ〉 and has a
momentum p along the z-axis, i. e. the quantization axis of the system defined by the
propagation direction of the external laser field. The family momentum q is, according to
the above definition, the real momentum p of the excited state |e〉. In a later section we
will give a more detailed derivation of the above expressions.

4.2.2 Dynamics in dark- and bright state basis

One can understand VSCPT in a simple way by introducing the so-called dark and bright
states of the Λ-configuration. The dark state of the Hamiltonian (4.4) with family mo-
mentum q is defined as

|D(q)〉 =
Ω−

Ω
|g−, q − ~k〉 − Ω+

Ω
|g+, q + ~k〉 (4.5)

and the bright state as

|B(q)〉 =
Ω+

Ω
|g−, q − ~k〉+

Ω−

Ω
|g+, q + ~k〉, (4.6)
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where the effective Rabi frequency Ω is Ω =
√

Ω2
+ + Ω2

−. The Rabi frequencies Ω± are
chosen to be real which can always be done by choosing an appropriate coordinate system.
The dark and bright states are called like this because of the following properties

〈q, e|VΛ|D(q)〉 = 0 and 〈q, e|VΛ|B(q)〉 =
~
2
Ωe−iωt. (4.7)

Consequently, the atoms in the dark state do not couple to the laser field for any family
momentum, whereas the atoms in the bright state absorb a laser photon irrespectively of
their family momentum. If we suppose that initially the atoms are prepared in the dark
state, than the subsequent time evolution of the corresponding density matrix element is
determined by

∂t〈D(q)|ρ|D(q)〉 = −i
k q

M

2 Ω+ Ω−

Ω2
〈D(q)|ρ|B(q)〉+ c.c. (4.8)

Now suppose that the initial dark state has zero family momentum, i. e. q = 0, in this case
the right-hand side of eq. (4.8) vanishes. Hence, atoms prepared in the dark state cannot
leave it due to their free motional evolution. Even spontaneous emission does not lead to
a destruction of the dark state because it is, according to eq. (4.5), a superposition of two
ground states which are radiatively stable. The use of meta-stable states is also possible
as long as the lifetime of the states is much longer than the interaction and measurement
time. In summary, the state |D(q = 0)〉 is a perfectly trapped state. Because of this
|D(0)〉 is also called stable VSCPT state.

In the case of q 6= 0, eq. (4.8) results in a coupling induced by the free evolution of the
dark state |D(q)〉 to the bright state |B(q)〉. The states |D(q 6= 0)〉 thus participate in the
absorption and fluorescence cycles. This dynamics is sketched in fig. 4.1 (b), where we
have also noted that the coupling rate between the dark- and bright state is proportional
to kq/M .

4.2.3 Transient VSCPT states

As predicted by Papoff et al. [130] the interaction of freely moving atoms with two
counter-propagating right and left circular polarized laser beams on a Jg = 2 ↔ Je = 1
-transition leads to the creation of transient VSCPT-states. These are not exact eigen-
states of the kinetic energy Hamiltonian as was the case for the stable dark state in a
Jg = 1 ↔ Je = 1-configuration discussed in the last section. Even for a vanishing family
momentum the corresponding state does not turn into a stable dark state.

The coupling scheme of a Jg = 2 ↔ Je = 1 -transition, shown in fig. 4.2, suggests
the introduction of two distinct subsystems. Both systems are coupled to each other only
by optical pumping. By inspecting fig. 4.2, we see that these systems are the already
discussed Λ-configuration (blue, dashed-line) and the so-called inverted-W-configuration
(red, solid line). The transient dark state, which we are interested in, is an eigenstate
of the inverted-W system. The nomenclature of the states used here has to be read in
analogy to the one used in the last section.

As mentioned before, the dipole interaction with the radiation field only leads to a
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σ+ σ−
Je

Jg

|g−2, q − 2~k〉|g−, q − ~k〉 |g0, q〉 |g+, q + ~k〉 |g+2, q + 2~k〉

|e−, q − ~k〉 |e0, q〉 |e+, q + ~k〉

Figure 4.2: Coupling scheme of the Jg = 2 ↔ Je = 1-transition for the classical laser
field in a σ+ − σ−- configuration. The Λ-system consists of the family of states FΛ(q) =
{|e0, q〉, |g−, q−~k〉, |g+, q+~k〉} and the inverted-W system of FIW (q) = {|e0, q〉, |g±, q±
~k〉, |g±2, q ± 2~k〉}.

coupling between states of the same momentum family. Since there are now two subsys-
tems two momentum families emerge

FΛ(q) = {|e, q〉, |g−, q − ~k〉, |g+, q + ~k〉}, (4.9)

FIW (q) = {|g, q〉, |e±, q ± ~k〉, |g±2, q ± 2~k〉}. (4.10)

With the assumption of equal field amplitudes of the counterpropagating electric fields
and using the appropriate Clebsch-Gordon coefficients, the interaction Hamiltonian of the
inverted-W configuration reads

VIW =
∑

q

~Ω

2

[√ 6

10
|e−1,q−~k〉〈g−2, q − 2~k|

+

√
1

10

(
|e−1, q − ~k〉〈g0, q|+ |e+1, q + ~k〉〈g0, q|

)
+

√
6

10
|e+1, q + ~k〉〈g+2, q + ~k|

]
e−iωt + h.a. (4.11)

By diagonalization of this interaction operator we can transform the momentum family for
the inverted-W configuration into a new representation FIW (q) = {|ΨNC〉, |ΨC1〉, |ΨC2〉,
|e±, q ± ~k〉} with

|ΨNC〉 =
1√
8

(
|g−2, q − 2~k〉 −

√
6|g0, q〉+ |g+2, q + 2~k〉

)
, (4.12)

|ΨC1〉 =
1√
2

(|g−2, q − 2~k〉 − |g+2, q + 2~k〉) , (4.13)

|ΨC2〉 =
1√
24

(
3|g−2, q − 2~k〉+

√
6|g0, q〉+ 3|g+2, q + 2~k〉

)
. (4.14)

The state vector |ΨNC〉 has a vanishing eigenvalue with respect to the interaction Hamilto-
nian (4.11) and does not involve excited states hence it is the dark state of the inverted-W
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configuration. Yet, it is not an exact eigenstate of the kinetic energy Hamiltonian. This
can be seen by considering the free evolution of the state in the Schrödinger picture, which
is given by

i~
∂|ΨNC〉
∂t

=
p̂2

2M
|ΨNC〉

=
q2

2M
|ΨNC〉+

~2k2

√
2M

[
1√
2
|ΨNC〉+

√
3

2
|ΨC1〉

]
+

~kq
M
|ΨC2〉. (4.15)

Hence, even for a vanishing family momentum, q = 0, there exists a coupling of the dark
state to one of the bright-states of the system, i. e. the dark state |ΨNC〉 = |ΨNC(q)〉 is
not a real trapping state for any q. As we see from eq. (4.15) the lifetime of the dark state
is maximal if the family momentum q is zero. Because of this, the state |ΨNC(q = 0)〉
is called transient trapping state. The transient dark state is characterized, as we can
see from eq. (4.12), by three peaks in the momentum distribution which are located at
p = 0 and p = ±2~k. From eq. (4.15) we see, furthermore, that the lifetime of the state
is on the order of the recoil time τrec = ~/Erec = 2M/~k2. In the most relevant cases this
time scale is sufficiently long for an experimental verification of these states. In the next
sections we will give a more detailed calculation of the corresponding lifetime.

4.3 Theoretical description

This section gives a derivation of the interaction Hamiltonians mentioned in the intro-
duction of the chapter. In addition we review the derivation of the generalized optical
Bloch equations that we used for the simulation. As stated above we want to study the
evolution of freely moving atoms irradiated on the Jg = 2 ↔ Je = 1 transition by two
counter-propagating laser fields in a σ+− σ−-laser configuration. The coupling scheme is
shown in fig. 4.2. The total Hamiltonian of the system

Ĥ = Ĥsys + Ĥf + Ĥint, (4.16)

consists of three parts, the first part Ĥsys describes the free motion of the atoms and the
interaction with the classical laser fields, the second part the free quantized electromag-
netic field Ĥf (bath) and the last part the interaction of the quantized electromagnetic

field with the atoms Ĥint.

4.3.1 Interaction with the classical laser field

In the σ+−σ−-configuration [135] the laser radiation E(z, t) = EEE(z, t)+EEE∗(z, t) is composed
of two counterpropagating beams with left- (σ−) and right-circular (σ+) polarization

EEE(z, t) =
1

2

(
E+ε+e

−iωteikz + E−ε−e
−iωte−ikz

)
, (4.17)
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where E± denote the corresponding slowly varying amplitudes. Since the classical laser
field couples two Zeeman manifolds we have to apply the Wigner-Eckart theorem [136],
i. e. we can write the dipole operator as

d̂ =
∑

i=0,±

(d̂iεi + h.a.), (4.18)

where the sum runs over all possible polarizations (linear (0), left circular (-) and right
circular (+)) of the electromagnetic field. The dipole operators with respect to the polar-
ization axis are thus given by

d̂m = d
∑

−Je≤me≤Je
−Jg≤mg≤Jg

CJe,Jg,J
me,mg,m|Je,me〉〈mg, Jg|. (4.19)

The C
Je,Jg,J
me,mg,m are the Clebsch-Gordan coefficients, and d = 〈Je|d̂|Jg〉 is the reduced dipole

matrix element. By inserting eq. (4.18) and the expression for the electric field into the
Hamilton operator in dipole approximation we find

VAL =
~
2

 ∑
−Je≤me≤Je
−Jg≤mg≤Jg

C
Je,Jg,J
me,mg,+1|Je,me〉〈mg, Jg|Ω+e

−iωteikz

+
∑

−Je≤me≤Je
−Jg≤mg≤Jg

C
Je,Jg,J
me,mg,−1|Je,me〉〈mg, Jg|Ω−e

−iωte−ikz + h.a.

 , (4.20)

where the Rabi frequencies Ω± = −dE±/~. Since we want to study subrecoil dynamics we
have to quantize both internal and external degrees of freedom of the atoms [137]. Hence
we represent the interaction Hamiltonian operator (4.20) in the basis of the eigenfunctions
of the momentum operator, i. e.

VAL =

∫
d3p

∫
d3p′|p〉〈p′|〈p|VAL|p′〉. (4.21)

Using the relation e±ikz|p〉 = |p± ~kez〉 and the orthonormality of the eigenfunctions of
the momentum operator 〈p|p′ ± ~kez〉 = δ(p∓ ~kez − p′) one finds

VAL =
~
2

 ∑
−Jg≤mg≤Jg

−Jg≤mg≤Jg

∫
d3pCJe,Jg,J

me,mg,m|Je,me〉〈mg, Jg| ⊗ |p〉〈p− ~kez|Ω+e
−iωt

(4.22)

+
∑

−Je≤me≤Je
−Jg≤mg≤Jg

∫
d3pCJe,Jg,J

me,mg,m|Je,me〉〈mg, Jg| ⊗ |p〉〈p + ~kez|Ω−e
−iωt + h.a.

 .
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In the rest of this paragraph we will restrict our considerations to the motion of atoms
along the z-axis. The Clebsch-Gordan coefficients show that, especially in the case of
the examined Jg = 2 ↔ Je = 1 transition, only states within the Λ- and inverted-W
subsystems are coupled to each other. To transform the above interaction Hamiltonian
in his present representation into the one given in the last sections we replace the integral
by the sum over momenta, i. e.

∫
dpz → Vp

∑
pz

, where Vp is the corresponding integra-
tion volume. In this case we also have to redefine the corresponding state vectors. The
state vector in the discrete case are related to the ones in the continuous case through:√
Vp|p〉con → |p〉dis. For notational simplicity we drop however the distinction using the

subscripts. If we instead of using the standard momentum representation of the state
vectors introduce the family momentum representation we find the interaction Hamilto-
nian given below. The usage of the family momentum notation transforms the sum over
the real momenta pz into a sum over the family momenta q, e. g. |e−〉〈g0| ⊗ |pz〉〈pz + ~k|
transforms to |e−〉〈g0|⊗|q−~k〉〈q|. Our interaction Hamiltonian VAL = VΛ+VIW consists
of two parts. One describes the interaction within the Λ-system, the other one within the
inverted-W configuration

VΛ =
∑

q

~
2

√
3
10
{Ω+|e0, q〉〈g−1, q − ~k| (4.23)

+ Ω−|e0, q〉〈g+1, q + ~k|} exp(−iωt) + h.a.,

VIW =
∑

q

~
2

[√
6
10

Ω+|e−1, q − ~k〉〈g−2, q − 2~k| (4.24)

+
√

1
10

(
Ω−|e−1, q − ~k〉+ Ω+|e+1, q + ~k〉

)
〈g0, q|

+
√

6
10

Ω−|e+1, q + ~k〉〈g+2, q + 2~k|
]
exp(−iωt)+ h.a.,

where we note again that Ω± = −d E±/~ are the Rabi frequencies of the coupling laser
fields. This interaction Hamiltonian has been used for the numerical simulation of the
system in terms of the generalized optical Bloch equations and for calculations in the
context of a resolvent approach.

4.3.2 Derivation of the generalized optical Bloch equation

The generalized optical Bloch equations (GOBE), which we will derive in this section,
form the basis for our numerical simulations of the experiment. Therefore, we here give
a brief derivation. To derive the GOBE we use the master equation (A.17) deduced in
appendix A.1

∂tρ = − 1

~2

t∫
0

Trf {[Hint(t), [Hint(t
′), ρ(t)⊗ ρf (0)]]} dt′. (4.25)

The density matrix of the electromagnetic field is given by ρf and we assume that the
interaction starts at t = 0. Furthermore, Trf{ } denotes tracing over the bath states,
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i. e. the states of the electromagnetic field. To evaluate this expression we write the
interaction Hamiltonian with the quantized electromagnetic field in dipole approximation
in the form

Hint(t) = −~
[
∆(+) · Ê(+)eiωet + ∆(−) · Ê(−)e−iωet

]
= −~

∑
s=0,±

[
∆(+)

s Ê(+)
s eiωet + ∆(−)

s Ê(−)
s e−iωet

]
, (4.26)

where we have already applied the rotating wave approximation and included the atomic
dipole matrix element into the definition of the quantized electromagnetic field. Hence,
Ê(+) = (Ê(−))† now have the meaning of a Rabi frequency. The second equal sign holds
if we represent the vector operators in the orthonormal basis of left-, right- and linear-
polarized light with respect to the propagation direction of the laser field. The ∆(±) are
vectorial raising and lowering operators which have the form

∆(+) =
∑

s=0,±

CJe,Jg,J
me,mg,s|Je,me〉〈mg, Jg|εs =

∑
s=0,±

∆(+)
s εs = (∆(−))†. (4.27)

To evaluate the Master equation 4.25, it is necessary to make some assumptions about
the bath. To this end, we assume that the field modes are δ-correlated in time [21, 123],
i. e. we have

〈Ê(+)
s (r, t)Ê

(−)
s′ (r, t′)〉 =

Γ

2
δ(t− t′)δs,s′ , (4.28)

〈Ê(+)
s (r, t)Ê

(−)
s′ (r, t′)〉 = 〈Ê(+)

s (r, t)Ê
(+)
s′ (r, t′)〉 = 〈Ê(−)

s (r, t)Ê
(−)
s′ (r, t′)〉 = 0, (4.29)

for s, s′ ∈ {0,±1}. By determining the double commutator of (4.25) we find that it is
necessary to consider four terms. Two of these include the product of the interaction
Hamiltonian with itself but for two different moments in time. Using eq. (4.26) and the

relations ∆
(+)
s ∆

(+)
s′ = ∆

(−)
s ∆

(−)
s′ = 0, which hold for all s and s′, we find for these products

Hint(t)Hint(t
′) = ~2

∑
s,s′

[
∆(+)

s ∆
(−)
s′ Ê

(+)
s (t)Ê

(−)
s′ (t′)eiωe(t−t′)

+∆(−)
s ∆

(+)
s′ Ê

(−)
s (t)Ê

(+)
s′ (t′)e−iωe(t−t′)

]
. (4.30)

In the following we will give the results after tracing over the bath variables. To evaluate
these terms we have used eq. (4.28) and (4.29). The result is

Trf{Hint(t)Hint(t
′)ρ(t)⊗ ρf} =

~2Γ

2
eiωe(t−t′)δ(t− t′)

(
∆(+) ·∆(−)

)
ρ(t), (4.31)

Trf{ρ(t)⊗ ρfHint(t
′)Hint(t)} =

~2Γ

2
e−iωe(t−t′)δ(t− t′)ρ(t)

(
∆(+) ·∆(−)

)
. (4.32)

These two terms represent the loss from the excited state manifold due to spontaneous
emission. The other two terms of the double commutator represent the feeding terms
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of the ground state manifold. To evaluate them we have to determine the following
expression

Trf{Hint(t
′)ρ(t)⊗ ρfHint(t)}

= ~2Trf
{(

∆(−) · Ê(−)(r, t)
)
ρ(t)⊗ ρf

(
∆(+) · Ê(+)(r, t′)

)}
e−iωe(t−t′). (4.33)

Using the mode expansion of the quantized electromagnetic fields with the coupling con-
stant gk = ℘

√
ωk/2~ε0V of mode k in a quantization volume V

Ê(+)(r, t) =
∑
k,s

gkak,sεk,se
i(k·r−ωt) =

(
Ê(−)(r, t)

)†
(4.34)

and Trf{ρfak,sa
†
k,s′} = δk,k′δs,s′ , we find

Trf{Hint(t
′)ρ(t)⊗ρfHint(t)} = ~2

∑
k,s

g2
k

(
∆(−) · εk,s

)
e−ik·̂rρ(t)eik·̂r

(
∆(+) · εk,s

)
ei(ω−ωe)(t−t′).

(4.35)

This can be furthermore simplified if we replace the sum over the field modes in eq. (4.35)
by an integral. Doing this we assume that the modes are closely spaced in frequency space
[21]

∑
k

=
V

(2π)3

∫
dΩ

∞∫
0

dkk2. (4.36)

Using eq. (4.36) we finally arrive at

Trf{Hint(t
′)ρ(t)⊗ ρfHint(t)}

=
℘2c

2(2π)3~ε0

∑
s

∫
dΩ

∞∫
0

dk
[
k3
(
∆(−) · εk,s

)
e−ik·̂rρ(t)eik·̂r

(
∆(+) · εk,s

)]
eic(k−ke)(t−t′).

(4.37)

Since the term in the square brackets of eq. (4.37) is slowly varying with respect to the wave
number we can make the replacement k → ke, where ke is the wavenumber corresponding
to the transition frequency ωe. Furthermore, we can extend the lower integration limit
in the k-integration to −∞. This amounts to a Wigner-Weisskopf approximation [21].
Identifying the definition of the delta-function

∞∫
−∞

dkeic(k−ke)(t−t′) =
2π

c
δ(t− t′), (4.38)
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we finally find

Trf{Hint(t
′)ρ(t)⊗ ρfHint(t)}

=
3

8π
Γ
∑

s

∫
dΩ
[(

∆(−) · εk,s

)
e−ik·̂rρ(t)eik·̂r

(
∆(+) · εk,s

)]
δ(t− t′). (4.39)

with the free-space spontaneous emission rate

Γ =
℘2ω3

e

3π~ε0c3
(4.40)

from Wigner-Weisskopf theory [24, 123]. One finds the same result for the fourth term
Trf{Hint(t)ρ(t)⊗ ρfHint(t

′)}. By collecting the results of eq. (4.31), (4.32) and (4.39) we
finally find the generalized optical Bloch equation in the Schrödinger picture [138, 139]

∂ρ

∂t
=

i

~

[
p̂2

2M
+ ~ωeP̂e + V, ρ

]
− Γ

2

[
(∆(+) ·∆(−))ρ+ ρ(∆(+) ·∆(−))

]
+

3

4π
Γ

∫
dΩ
∑

s

[(
∆(−) · εk,s

)
e−ik·̂rρ(t)eik·̂r

(
∆(+) · εk,s

)]
, (4.41)

where V = VΛ + VIW . In order to simplify the notation we have omitted subscripts that
denote the difference between Schrödinger and interaction picture. This should, however,
not lead to any confusion. The first line represents the unitary evolution of the atomic
system whereas the second line corresponds to the decay out of the excited state manifold
and the last line to the feeding of the ground state manifold by spontaneous emission. A
derivation of the equations of motion for the density matrix elements in the momentum
family basis [138, 139] can easily be found from eq. (4.41)

∂tρme,m′
e
(q) =

[
−Γ− i

kq

M
(me −m′

e)− i
~k2

2M
(m2

e −m′2
e )

]
ρme,m′

e
(q)

− i

2

∑
s,mg

(
ΩsC

Je,Jg ,J
me,mg ,m ρmg ,m′

e
(q)− ΩsC

Je,Jg ,J
m′

e,mg ,m ρme,mg(q)
)
, (4.42)

∂tρme,mg(q) =

[
i∆− Γ

2
− i

kq

M
(me −mg)− i

~k2

2M
(m2

e −m2
g)

]
ρme,mg(q)

− i

2

∑
s

(
ΩsC

Je,Jg ,J
me,m′

g ,s ρm′
g ,mg(q)− ΩsC

Je,Jg ,J
m′

e,mg ,s ρme,m′
e
(q)
)
, (4.43)
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Figure 4.3: Emission characteristics for linear (blue solid line) and left/right circular
polarized (red dashed line) light as a function of the family momentum q. Linear polarized
light leads to momentum change which is more probable for small family momenta whereas
in the case of circular polarized light it is more probable for high momenta.

∂tρmg ,m′
g
(q) =

[
−i
kq

M
(mg −m′

g)− i
~k2

2M
(m2

g −m′2
g )

]
ρmg ,m′

g
(q)

− i

2

∑
s,m′

e

ΩsC
Je,Jg ,J
me,mg ,s ρme,m′

g
(q)−

∑
s,m′

e

ΩsC
Je,Jg ,J
me,m′

g ,s ρmg ,me(q)


+ Γ

∑
s

~k∫
−~k

dq′CJe,Jg ,J
mg ,me,s ρme,m′

e
(q − ~sk + q′)C

Je,Jg ,J
m′

g ,m′
e,sΦs(q

′). (4.44)

The functions Φs(q) are called dipole radiation pattern and are given by [138]

Φ0(q) =
3

4~k

(
1− q2

(~k)2

)
, (4.45)

Φ±(q) =
3

8~k

(
1 +

q2

(~k)2

)
. (4.46)

These are probability density distributions for spontaneous emission with polarization
0 or ±1 with z-projection q of the wave vector, i. e. the probability to find a linear
polarized, spontaneously emitted photon with a momentum along z between q and q+dq
is given by Φ0(q)dq. The probability distributions are shown in fig. 4.3. The above set
of equations can in general not be solved analytically. However, we can discretize them
in space and time and integrate them numerically. Results of simulations based on this
approach will be given in section 4.5.
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4.3.3 Effective Hamiltonian and ground states loss rates

The transient VSCPT-state discussed in section 4.2.3 is given by the dark state of the
corresponding interaction Hamiltonian VIW . Due to the decomposition found by Morris
and Shore [140], we know that two further states exist that only include bare ground
state eigenfunctions. These couple, however, due to the radiation field, to the excited
state manifold.

We will show now using resolvent theory that due to the free motional evolution the
dark state with respect to the interaction Hamiltonian is not a perfect trapped state,
i. e. it couples to the bright states of the system. This occurs, in contrast to the former
Λ-system, even for a vanishing family momentum.

The resolvent theory is based on the adiabatic elimination of the excited state manifold
[17]. This is justified as long as the Rabi frequency is small compared to the decay rate of
or the detuning from the excited state, i. e. as long as |Ω| � |iΓ/2 + ∆|. In this case the
evolution of the ground state manifold is isolated from the rest of the system. Moreover,
there exist two isolated subsystems of the ground state manifold which correspond to the
ground states of the Λ- and inverted-W configuration respectively [130]. Mathematically
this means that the matrix representation of the full effective Hamiltonian is in block
diagonal form. Hence, the resolvent theory allows for the derivation of two effective, non-
hermitian Hamiltonians corresponding to these subsystems.

The momentum family basis allows the diagonalization of these non-hermitian Hamil-
tonians for the determination of the complex eigenvalues as a function of the family
momentum. In particular it is possible to calculate the decay rates of the eigenstates of
these subsystems. In lowest order of the resolvent theory one finds [130]

Hres = ṼAL P̂e
1

−~ (iΓ/2−∆)
P̂e ṼAL (4.47)

Here P̂e is the projector on the excited state manifold, which in the case of the Jg =

2 ↔ Je = 1 -transition is given by P̂e = |e−, q − ~k〉〈e−, q − ~k| + |e0, q〉〈e0, q| + |e+, q +
~k〉〈e+, q + ~k|. The atom-light interaction Hamiltonian in the interaction picture reads

ṼAL = eiωLP̂et VAL e
−iωLP̂et. (4.48)

The effective Hamiltonian is then only acting on the ground state manifold

Heff =
p̂2

2M
+Hres. (4.49)

It is non-hermitian since the absorption of a photon leads to loss of population. In order
to understand the more involved results of the Jg = 2 ↔ Je = 1-system we will present
first the results for the Λ-subsystem. To this end we normalize the effective Hamiltonian
with respect to ~Γ

Heff =
Erec

~Γ

[(
p̂

~k

)2

+ α ṼALP̂e
1

−~ (i/2−∆/Γ)
P̂eṼAL

]
, (4.50)
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Figure 4.4: The subfigures show the real and imaginary parts of the complex eigenvalues
Ej(q) + i~Γj(q) of the Λ-subsystem effective Hamiltonian 4.49 as a function of the family
momentum. (a) and (b) show the case α ≈ 15 > 1 and the (c) and (d) show the opposite
case α ≈ 0.15 < 1. For a physical explanation see main text. The calculations are
based on a fictitious Λ-system with the physical parameters given in section 4.4 for the
Jg = 2 ↔ Je = 1-transition studied in the experiment.

where ṼAL = ṼAL/(~Ω/2) is the normalized interaction Hamiltonian. The factor

α =
~Ω2

4ΓErec

=
Ω2/Γ

4ωrec

, (4.51)

is the ratio of the resonant optical pumping rate Ω2/Γ to the recoil frequency defined
by ωrec = ~2k2/(2M). This factor determines whether the dynamics of the system is
dominated by the radiation field (α > 1) or by the free motional evolution (α < 1)
[130]. This distinction can be understood qualitatively by the following discussion. By
considering the absorption spectrum of one of the applied fields we see that it shows a
transparency window at two-photon resonance of width ∆ωtr = Ω2/Γ (see Introduction
chapter section 1.2.1). The case α � 1 implies now that the transparency window is
much larger than the recoil frequency. Hence, atoms which are frequency shifted due to
motion by a few recoil frequencies nωrec � ∆ωtr (n ∈ N) do not participate to the cycles
of absorption and spontaneous emission but are in a dark state and are hence long-lived.
On the other hand if ωrec � ∆ωtr, i. e. α � 1, all states contribute to the cycles except
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Figure 4.5: The figure shows the real (a) and imaginary (b) part of the complex eigenval-
ues for the inverted-W subsystem. The figure of merit α ≈ 1 and corresponds to a later
on shown numerical simulations with Ω = 0.3Γ.

for the stable dark state |ΨΛ(q = 0)〉 which does not couple to the radiation field. This
discussion is supported by the following consideration of the complex eigenvalues of the
effective Hamiltonian (4.49) as a function of the family momentum.

In appendix A.2 a mathematica-code is given that allows, based on the scaled version
of the Hamiltonian eq. (4.50), to determine the complex eigenvalues

Ej(q) + i~Γj(q) (4.52)

for the inverted-W configuration. The results for the Λ-system are given in fig. 4.4 for the
limiting cases discussed above. By diagonalizing the effective Hamiltonian for the ground
state manifold we find in that case two different eigenstates i. e. j = 1, 2. As suggested by
the Morris-Shore transformation [140] and depicted in fig. 4.1 (b), one of the states is the
dark state (red dashed line in fig. 4.4) which is stable for q = 0 , i. e. Γ(q = 0) = 0, and
the other the bright state (blue solid line). If the coupling of the radiation field dominates
the system dynamics (upper row in fig. 4.4), the loss rate is almost independent of the
family momentum q. This is in contrast to the weak field regime (α < 1) shown in the
lower row of fig. 4.4. One clearly sees that in both cases the dark state turns into a real
trapped state if the family momentum approaches zero. On the other hand the bright
state destabilizes in the small family momentum regime. In the interaction free case the
two ground states |g−1, q − ~k〉 and |g+1, q + ~k〉 are represented by two parabolas with
minima located at q = ±~k respectively. The atom-laser interaction leads, as depicted in
fig. 4.4 (a) and (c), to a splitting of the two eigenvalue parabolas. Figure 4.5 gives the
real and imaginary part of the complex eigenvalues for the inverted-W subsystem. The
shown example corresponds to parameters used later on for a numerical simulation based
on the generalized optical Bloch equations. Similar to the Λ-configuration the parabolas
corresponding to the free motional evolution (see real part) split up, i. e. show an avoided
crossing (they have different colors), due to the interaction of the atoms with the radiation
field. Furthermore, we see that the meta-stable transient dark state, corresponding to
the eigenvalue with the smallest imaginary part, has no vanishing decay rate for q = 0.
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Furthermore, we can read of fig. 4.5(b) that the lifetime of the bright state of the inverted-
W subsystem is shorter by a factor 1/3 as compared to the lifetime of the transient dark
state.

4.3.4 Conditions for detectability of meta-stable, transient trap-
ping states

We now discuss the conditions under which the metastable transient trapping state
|ΨNC

IW (q = 0)〉 can be observed in the experiment. To this end we discuss three lim-
its. On one hand there is the case of large Rabi frequency Ω with respect to the natural
linewidth Γ of the transition. This corresponds to the regime α � 1 since typically we
have for optical transitons Γτrec � 1. i. e. motional evolution is unimportant and can be
neglected. In the second case we have Ω ≈ Γ which will turn out to be the most interesting
situation and finally we have Ω � Γ. In the last case the number of fluorescence cycles
passed through is not sufficient to transfer the initial population into the final dark state.
We do not consider this limit any further.

In the first case (Ω � Γ), the contribution of stimulated emitted photons is much
bigger than the spontaneously emitted photons. Absorption and stimulated emission lead
to an absolute momentum transfer from the radiation field to the atomic system of 2~k
as the initial state |g0, q〉 is coherently coupled to the bare states |g±2, q ± 2~k〉. The
state generated by this coupling has three peaks in the momentum distribution, similar
to |ΨNC

IW (q = 0)〉, and thus can be mistaken with the transient dark state. Only the height
of the corresponding peaks in the distribution is different compared to the ones given by
the metastable dark state |ΨIW

NC〉.
We give in fig. 4.6 a numerical example of the case Ω � Γ to show its characteristic

features in momentum space. Since in the strong drive limit Ω � Γ population redis-
tribution due to spontaneous emission is negligible the population of the transient dark
state |ΨIW

NC〉 as well as that of the bright state |ΨC2〉 stay actually constant.
Hence, for transient VSCPT to become visible there has to be a certain balance be-

tween stimulated and spontaneous processes. One should keep in mind, that the longer
the coherence build-up process takes, the more probable will be a destruction of the dark
states due to decoherence processes. Even in the intermediate case Ω ≈ Γ the observation
of transient VSCPT will be difficult.

To understand the dynamics of VSCPT in more detail we now discuss the numerical
solution of the generalized optical Bloch equations for experimental relevant parameters
(Ω ≈ Γ, α ≈ 1). In what follows we disregard however decay out of the system. This is
different to the real physical situation where spontaneous emission from the 3P1-state into
the 3P0-state is allowed. This restriction is necessary to keep the problem numerically
tractable but will lead to differences between simulation and measurement. The numer-
ical simulation consisted of the integration of 64 times the number of family momentum
states ordinary differential equations. The equations were integrated stepwise with a time
increment of 1/20 Γ−1 and a momentum increment of ~k/20. The considered momentum
interval was [−8~k, 8~k]. The initial momentum distribution was given by a Gaussian
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Figure 4.6: This figure gives a simulation for the case of strong optical pumping, i. e. α� 1
(Ω = 10Γ). The red-lines at Γt = 0 represent the initial momentum distribution. The
figure clearly shows that the stable dark state, represented by two peaks at p = ±~k, is
not populated up to Γt ≈ 1000. The curve is normalized with respect to the maximum
of the initial distribution.

profile of width ∆q = 0.15~k centered at p = 0. This corresponds to the experimental
value as we will see in the next section. Initially all Zeeman states in the 3P2 manifold
are equally populated without any coherence between them. Even though the atoms ex-
perienced in the experiment a time-dependent Rabi frequency, because the atomic beam
crossed the laser beams, we assumed it to be constant in the simulation.

The result of the simulation is shown in fig. 4.7 for Ω ≈ 0.3Γ. Initially all atoms have a
momentum in the vicinity of zero momentum. For a short interaction Γt < 50, (see 4.7(a))
the momentum diffusion process is still suppressed. The main processes are absorption
and stimulated emission. This leads, as discussed above, to a change in momentum of
∆p = ±2~k and to peaks in the momentum distribution at p = 0 and p = ±2~k re-
spectively. It is important to note that the stimulated process described does not lead
to a broadening of the considered momentum peaks in contrast to spontaneous emission.
Since here Ω . Γ stimulated and spontaneous processes occur in parallel. Due to the
latter the population of the transient dark state increases.

The slower process of spontaneous emission leads to a random walk in momentum
space as spontaneous emission of photons goes in an arbitrary direction. This causes a
spreading of the distribution in momentum space [141]. The Clebsch-Gordan coefficients
shown in fig. 4.8 lead to an enhancement of this effect. Due to them spontaneous emission
of circular polarized photons is more likely, which have a larger projection of their mo-
mentum on the z-axis. The accompanied diffusive process eventually leads to a successive
preparation of the stable dark state of the Λ-subsystem |ΨNC

Λ (q = 0)〉. The characteri-
zation of the stable dark state in momentum space is given by two peaks at p = ±~k.
Due to the accumulation of the atoms in that state the width of these peaks decreases for
longer interaction time, Γt > 200.
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Figure 4.7: (b) shows the result of simulation corresponding to the experimental parameter
with Ω = 0.3Γ (b) gives cuts through the momentum distribution shown in part (c) of
the figure for certain values of the interaction time. For Γt = 10 we see the transient dark
state, for Γt = 600 the stable dark state and for Γt = 150 we see a five peak structure
corresponding to the five peak structure given by the experimental data of fig. 4.11. (d)
shows the cut through a simulation we a slightly different Rabi frequency of Ω ≈ 0.45Γ.
The signatures of the bright state |ΨC2〉 are clearly visible by the peaks at ±2~k with the
same width as the initial distribution.

For intermediate times, i. e. between Γt = 100 and 200 the stable dark state of the
Λ-configuration |ΨNC

Λ (q = 0)〉 and the meta-stable transient dark state of the inverted-W
system |ΨNC

IW (q = 0)〉 as well as the bright state |ΨC2(q = 0)〉 are visible. The momentum
distribution shows in this case five peaks at p = 0, p = ±~k and p = ±2~k respectively.
Fig. 4.7(c) shows a simulation where the bright state appears as narrow peak with the
same width as the initial momentum distribution. Hence, a distinction of bright and
transient dark state should be achievable with a sufficiently narrow initial momentum
distribution. The bright state is short-lived due to strong optical pumping out of this
state. Since |ΨIW

NC(q = 0)〉 is only metastable all population will eventually be lost from
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Figure 4.8: The figure shows the Clebsch-Gordon coefficients relevant for Jg = 2 ↔ Je = 1-
transition. The lead to a less probable emission of linear polarized photons than circular
polarized photons. Due to the different emission characteristics of these photon types does
spontaneous emission lead to a pronounced broadening of the momentum distribution.

that state and in the long time limit only two momentum peaks survive which correspond
to the stable dark state |ΨΛ

NC〉. Finally, we note that for intermediate interaction times
the five peak structure corresponding to the simultaneous occurrence of stable dark state
and transient dark state and/or bright state can not be resolved very well in fig. 4.7(c).

We note that the notion of dark states makes sense only in the interaction region.
After leaving this region the atoms are fixed in momentum eigenstates. Since momentum
and kinetic energy Hamiltonian commutate these are also eigenstates of the latter. Hence,
free motional evolution does not lead to a modification of the states after the interaction
region. This allows us to measure later on both transient and stable dark state even
though the time of flight to the detector is much longer then the decay time of the excited
state or the recoil time.

In summary we have seen that an observation of |ΨNC
IW (q = 0)〉 requires Rabi Ω ≈ Γ

and intermediate interaction times.

4.4 Experimental background

This section gives a brief overview of the experimental setup and the procedure to mea-
sure the (transient) VSCPT dark state. For a more detailed description of the setup we
refer to [129] and [142].

Experimental setup and preparation

The setup consists of three major parts: (a) a source of meta-stable neon atoms, (b) a
free-flow area for the atomic beam with a preparation- and a interaction-region and (c)
the detection unit. The neon discharge nozzle source, cooled by liquid nitrogen, excites
a fraction on the order of 10−4 atoms to the metastable states 3P0 or 3P2 of the 2p53s
electronic configuration [143]. In fig. 4.9 the neon level scheme is shown. The neon beam is
formed using differential pumping, where the pumping stages are separated by a skimmer
with 1mm diameter. The transversal velocity distribution of the beam is controlled via a
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Figure 4.9: Level scheme of neon including the relevant levels for the experiment.

geometrical collimation of the beam using two slits 120 cm apart, leading to a FWHM of
the momentum distribution of about 0.15~k. This results in a Doppler broadening with
respect to the transversal laser beams of less than 1 MHz. Hence, Doppler broadening
is less than the natural linewidth (≈ 8-9 MHz) of the used transitions. Finally, at the
end of the setup, about 120 cm behind the experimental region, one finds a movable
channeltron detector. It is used to determine the spatial distribution of the atoms in
the states 3P0 and 3P2, which corresponds, due to their induced transversal motion, to
their momentum distribution. The response of the detector is neither state nor isotope
specific. Since the detector is located behind a comoving slit of width 25µm and height
3mm, the resolution of the momentum measurement is given by ∆p ≈ 0.2~k. The
used gas is a mixture of three neon isotopes, i. e. 20Ne (90,5%), 21Ne (0,27%) and 22Ne
(9,2%). The measurements shown in this chapter correspond to the 20Ne isotope. The
isotope frequency shift of the considered transition is on the order of 2 GHz which is
much larger than the natural linewidth of the transition. This circumstance allows for a
isotope selective addressing of the transition. In addition to the metastable atoms also
VUV-photons, created by the discharge source, are detected by the channeltron. All these
contributions, i. e. isotopes, VUV-photons and atoms in other metastable states lead to
a background in the measurement data.

For the preparation of the experiment the population of the metastable state 3P0 is
depleted by optical pumping in a preparation region which is about 60 cm upstream of the
interaction region. Furthermore, in the interaction region the magnetic field is actively
compensated to less than 1µT to assure the degeneracy of all Zeeman states to better
than 130 kHz.

Experimental procedure

To prepare transient velocity selective dark states proposed by E. Arimondo et al. [130]
we apply light fields in a σ+ − σ−-configuration to a Jg = 2 ↔ Je = 1-transition. This
configuration was created in our case by the optical setup given in fig. 4.10. The laser beam
passes through a polarizer, two quarter wave plates and optionally two cylindrical lenses
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Figure 4.10: Schematic setup of the experiment. The cylindrical lenses have a focal length
of 250 mm and they are in a confocal arrangement. Further details can be found in the
text.

before being retroreflected. The polarizer and the first quarter wave plate establishes a
right circular polarized laser beam incident perpendicular onto the atomic beam. The
second quarter wave plate turns the laser beam into a linearly polarized beam, that is
retroreflected by the mirror. The same quarter wave plate transforms this beam finally
into a left circular polarized beam and establishes then the σ+ − σ−-configuration of two
counter-propagating beams with orthogonal, circular polarization.

To study the temporal dynamics of the stable dark state |ΨΛ
NC(q = 0)〉 and the

transient dark state |ΨIW
NC(q = 0)〉 we used three different laser beam width configurations.

This corresponds to three different interaction times due to the constant longitudinal
velocity of the atoms given by 470 m/s. The width of the longitudinal velocity distribution
is about 100 m/s (FWHM) which is a measure of the interaction time error [129].
In a first setup we used cylindrical lenses in a confocal arrangement with the atomic
beam crossing the laser beams in the vicinity of the foci. The transit time of the atoms
is estimated to be a few 100ns; corresponding to Γt ≈ 10, where Γ is the linewidth of
the transition between the 3P1 and the 3P2 state. The laser beam profile is not measured
directly but inferred from the the dimensions of the optical setup. Hence the above value
is only a lower bound for the interaction time, which is only reached for ideal optical
elements.
In a second step we removed the cylindrical lenses to increase the interaction time between
the atoms and the laser light. This leads to an approximate interaction time of Γt ≈ 200.
Using a telescope in front of the polarizer, the beam diameter can be widened further to
8 mm, resulting in Γt ≈ 800.
We estimated that the laser beams were parallel to within 10−5 rad and that the reachable
peak Rabi frequency is of the order of 500 MHz. The laser was detuned form the |Jg =
2,mg = 0〉 ↔ |Je = 1,me = 0〉 -transition by 100 MHz to reduce the influence of stray
light from the windows.



4.5. COMPARISON: EXPERIMENTAL AND THEORETICAL RESULTS 128

In the next section we will compare the experimental results measured in collaboration
with F. Vewinger [129] with the simulations based on the full numerical solution of the
generalized optical Bloch equations.

4.5 Comparison: experimental and theoretical results

This section will give a comparison of the measured data with the data obtained by the
numerical integration of the generalized optical Bloch equations as derived in section 4.3.2.
The section consists of two subsections including a more detailed explanation of (a) the
short- and intermediate-time dynamics and (b) the long-term dynamics of the system.

4.5.1 Short and intermediate interaction time

In the short interaction time limit, i. e. t < 20Γ−1, we anticipate from our simulation,
see fig. 4.7, that only the transient dark state is prepared by optical pumping out of the
bright state |ΨC2〉. This is a very fast process, it occurs on the time scale of Ω−1. Since we
have Ω ≈ Γ emptying |ΨC2〉 only takes a few inverse lifetimes Γ−1. The optical pumping
process leads to an increase of population not only of |ΨIW

NC〉 but also of |ΨΛ
NC〉. The latter

process is however somewhat slower due to the Clebsch-Gordon coefficients.
The transit time of the atoms through the beam is estimated by geometric arguments

from the experimental setup. In the case of short interaction time we focused the laser
beams onto the atomic beam. For ideal optical elements we find a minimum transit time
corresponding to Γt ≈ 10.

Fig. 4.11 shows a measured momentum distribution. The initial momentum distri-
bution is given by the grey area which is appropriately scaled down to fit into the plot.
The initial peak contains contributions from population of the 3P0, which is populated by
spontaneous emission from the upper state 3P1, as well as contributions of other neon iso-
topes whose momentum distributions are not changed due to the laser interaction because
they are sufficiently far off resonant. The contribution due to other isotopes is on the or-
der of 10% of the initial peak. The momentum distribution in the VSCPT-configuration
clearly shows five maxima located at p ≈ n~k with n = −2, · · · , 2. These correspond
to contributions from the transient and the stable dark state. In addition there should
also be contributions from the bright state |ΨC2〉 since the interaction time is very short.
In contrast to the simulation, shown in fig. 4.7, the symmetry of the distribution is bro-
ken with respect to p = 0. This is due to the not perfectly collinear setup of the laser
beams in the creation of the σ+ − σ−-configuration by retroreflection. The retroreflected
beam passes twice through a window and the (uncoated) cylindrical lens before crossing
the atomic beam again. Thus also the Rabi frequencies of the two laser beams are not
equal, i. e. Ω+ 6= Ω−, which leads to an asymmetric population distribution within the
dark states. By comparing experimental, fig. 4.11 (a), with numerical results, fig. 4.7(c)
, we see that we can resolve the experimental peaks much better. The broad nature of
the peaks in the simulation is due to possible momentum change of −~k ≤ p ≤ ~k in a
spontaneous emission process. We anticipate that the strong broadening in the simulation
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Figure 4.11: (a) Transverse atomic momentum profile after a short interaction time
(Γt ≈ 10). The grey area shows the initial momentum distribution (scaled down) created
by cooling the source and collimation of the atomic beam. The dashed lines are Gaussian
fits to the individual peaks. The full line is the sum of the Gaussian fits. (b) Transversal
momentum distribution for atoms that passed a σ−-beam after they traveled through the
σ+-σ−-configuration. The asymmetry of the distribution is an indicator for the observa-
tion of VSCPT. The dashed lines are Gaussian fits to the individual peaks, the solid line
is their sum.

is due to neglection of spontaneous emission from the upper state 3P1 into other states
than 3P2. However, it also leads to lower signal-to-noise ratio which we observed during
the experiment.

Supplementary tests

As suggested by A. Aspect et al. [132] we conducted a consistency check to confirm the
observation of VSCPT. We arranged the counter-propagating laser beams in such a way
that they do not exactly overlap at the end of the σ+-σ−-interaction region.

To this end we tilted the retroreflected beam slightly. At the end of the interaction zone
only the σ−-beam interacted with the atoms after passing the σ+-σ−-region. The dark
states formed in the σ+-σ−-interaction region are no-longer dark in this configuration and
are therefore destroyed. In this configuration only the states |g−2〉, |g−1〉 and |g0〉 couple
to the excited state manifold and are hence depopulated by optical pumping. Due to the
correlation between the internal mJ -Zeeman sublevels and the momentum family states
|q+mJ~k〉, found in section 4.3, this leads to the decrease of the peaks height at negative
family momenta. The measurement with tilted lasers, shown in fig. 4.11 (b), shows a good
agreement with the expectations, except for the zero momentum peak. This peak shows
no depletion which indicates that it is mainly given by other neon isotopes which have a
negligible coupling to the radiation field. Their motion is thus not modified by the radi-
ation field and hence the zero momentum peak mainly represents the initial momentum
distribution of these isotopes. An additional contribution to the zero momentum peak
is given by atoms in the 3P0-state of 20Ne which is populated by spontaneous emission
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Figure 4.12: Transverse atomic momentum profile after an interaction time of 8µs (Γt ≈
800). The lines are Gaussian fits to the peaks. The peaks at p = ±~k reflect the stable
dark state |ΨΛ

NC(q = 0)〉.

and which are also detected by the channeltrons. However, the latter contribution should
be much smaller than the former. A more thorough discussion on the dependence of the
dark states on the overlap of the counterpropagating beams can be found in [144].

There are further supplementary tests [132] that may support the observation of
VSCPT. The replacement of the σ+- and σ−-polarized beams by two orthogonal linearly
polarized beams should lead to the observation of the same momentum distributions
since the field configurations are equivalent. On the other hand, by applying two parallel
linearly polarized beams the peak structure should disappear because the nonabsorbing
atomic superpositions are not veloctiy selective. These test were, however, not performed.

4.5.2 Long interaction time

In the long interaction time limit we expect from our simulation and our earlier consider-
ations that the momentum distribution only reflects the existence of the stable dark state
|ΨΛ

NC(q = 0)〉. This is due to the accumulation of the atoms in the course of velocity
selective coherent population trapping in the corresponding state. In fig. 4.12 a measured
momentum distribution for an interaction time of 8µs (Γt ≈ 800) is shown which clearly
reflects the characteristic features of the stable dark state |ΨΛ

NC(q = 0)〉. The asymmetry
in the momentum profile is again due to asymmetry in the laser beam setup.

As in the short time limit the peak at p = 0 is caused by the atoms in state 3P0 and
contributions from other neon isotopes, i. e. 21Ne (0,27%) and 22Ne (9,2%). The long in-
teraction time limit shows excellent qualitative agreement with our numerical simulation
of the generalized optical Bloch equations.
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4.6 Summary

The present chapter discussed the first observation of the transient dark state of VSCPT
predicted by E. Arimondo et al. [130]. We compared the measured data with the nu-
merical solution of the generalized optical Bloch equations which showed a qualitative
agreement between theory and experiment. Finally we note once more that we can not
distinguish very well the bright state |ΨC2〉 and the transient dark state |ΨIW

NC〉 using mo-
mentum distribution measurement. Even though the former has a much shorter lifetime,
due to optical pumping, further experiments would be necessary for an unambiguous
experimental verification.
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Appendix A

Appendix

A.1 Spontaneous emission in the presence of atomic

motion

In this Appendix we deal with spontaneous emission in the presence of atomic motion. The
motion of the atoms is described in the formalism of second quantization. For notational
simplicity we perform all calculations for a two-level system. The generalization to the
three level system under consideration is straight forward. The system is described by
the Hamiltonian

H = Hat +Hf +Hint, (A.1)

where Hat is the Hamiltonian, that describes the atom, Hf is responsible for the quantized
field and Hint is the interaction Hamiltonian. We restrict ourselves to dipole-interaction
between the radiation field and the atom. For simplicity we assume that the field vector
direction coincides with the unit vector of the dipole-moment, hence we can write the
interaction Hamiltonian in first quantization in the form

Hint = −~
[
σ̂eg Ê

(+) + h.a.
]
. (A.2)

We have already applied here the rotating wave approximation and assumed resonance
condition. The quantized electromagnetic field is given by

Ê(+)(x, t) =
∑

k

℘

~

√
~ωk

2εoV
âk(t)e

i kx (A.3)

where ℘ is the dipole moment of the transition, ω the frequency of the field and V the

quantization volume. We introduce the coupling constant for each mode gk = ℘
~

√
~ωk

2εoV
.

With the ansatz

Ψ̂(x, t) =
∑

µ∈{g,e}

Ψ̂µ(x, t)|µ〉, (A.4)
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we can rewrite eq. (A.2) in the formalism of second quantization

Hint = −~
∫ [

Ψ̂†
e(x, t)Ψ̂g(x, t) Ê

(+) + h.a.
]
dx. (A.5)

We note, that the system Hamiltonian reads in the formalism of second quantization

H = Hat +Hf +Hint

=
∑

µ∈{g,e}

∫
Ψ̂†

µ(x, t)

[
− ~2

2m
∂2

x + ~ωµ + Vµ(x, t)

]
Ψ̂µ(x, t)dx+Hf +Hint. (A.6)

Master equation

If a quantum mechanical system is in a mixed state, one describes it in general by a
statistical operator χ [145]. In the Schrödinger picture, the atom+field system is described
[21] by

i~∂tχ(x, t) = [H, χ] . (A.7)

To simplify the discussion and to use the fact, that the states of the field and the atomic
system can be calculated at least approximately, we transform each operator O via

Õ = exp

[
i

~
(Hat +Hf )t)

]
O exp

[
− i

~
(Hat +Hf )t)

]
(A.8)

into the interaction picture. Here the interaction picture is denoted by the tilde over the
operator. With the help of this definition the von Neumann equation is given by

i~∂tχ̃(t) =
[
H̃int(t), χ̃(t)

]
(A.9)

This equation can formally be integrated, and one obtains

χ̃(t) = χ̃(ti)−
i

~

t∫
ti

[
H̃int(t

′), χ̃(t′)
]
dt′. (A.10)

Here ti is the time, when the interaction between the system and the bath starts. Substi-
tuting this equation into eq. (A.9), we find an integro-differential equation for the density
matrix χ̃ .

i~∂tχ̃(t) =
[
H̃int(t), χ̃(ti)

]
− i

~

t∫
ti

[
H̃int(t),

[
H̃int(t

′), χ̃(t′)
]]

dt′. (A.11)

Before we proceed a few essential assumptions should be summarized [34]:
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(a) at t = ti, when there is no interaction yet, the atomic part and the field part are
independent, i. e. there is no correlation between them. Mathematically this can be
expressed as

χ(ti) = χat(ti)⊗ χf (ti). (A.12)

(b) We assume that the state of the field part is not changed due to the interaction
with the atomic system. This means that the reservoir part is so large that its
statistical nature stays the same during the whole process. Mathematically this can
be formulated as follows. In general the density matrix can be decomposed as

χ(t) = χat(t)⊗ χf (ti) + χcorr(t). (A.13)

Here χcorr denotes the part that is responsible for the correlation between atomic
and field system. The requirement mentioned above is fulfilled if

Trf{χcorr} = 0 (A.14)

for all t. This is the so-called Born approximation.

(c) The final assumption will turn eq. (A.11) into a differential equation. Physically
we assume that the atom-field correlation time is negligible as compared to the
evolution time of the atomic system. Hence we perform the following replacement

χ̃(t′) → χ̃(t). (A.15)

This Markov approximation means that the knowledge of χ̃(t) at time t = ti is
sufficient to determine χ̃(t) for all t > ti.

In general we are only interested in the atomic observables, which depend only on the
atomic density operator, hence we define the reduced density operator by tracing over all
field states

ρ̃ = Trf{χ̃}. (A.16)

Applying this to eq. (A.11) we finally find the master equation for the reduced density
operator after Born-Markov approximation

∂tρ̃at = − 1

~2

t∫
0

Trf
{[
H̃int(t),

[
H̃int(t

′), ρ̃at(t)⊗ ρf (ti)
]]}

dt′. (A.17)

To derive this equation we have furthermore used that

Trf{H̃int(t)χ̃(ti)} = 0, (A.18)

which means that we assume that the interaction has no diagonal elements in the rep-
resentation in which Hf is diagonal. This is not a very serious assumption since it can
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always be accomplished by redefining Hf and Hat in such a way that the diagonal elements
are included in Hat. For the further evaluation we will use the following relations

〈Ê(+)
i (x, t)Ê

(−)
j (x′, t′)〉 =

1

2
γ δ(x− x′)δ(t− t′) δij, (A.19)

〈Ê(−)
i (x, t)Ê

(+)
j (x′, t′)〉 = 〈Ê(+)

i (x, t)Ê
(+)
j (x′, t′)〉 = 〈Ê(−)

i (x, t)Ê
(−)
j (x′, t′)〉 = 0.

(A.20)

To simplify eq. (A.17) further, we expand the double commutator and make use of the
relation eqs. (A.19-A.20). After some tedious algebra one finds for the reduced density
matrix in the interaction picture (we omitted the tilde for notational simplicity)

∂tρ(t) = −γ
2

∫
dx
{

Ψ̂†
e(x, t)Ψ̂g(x, t)Ψ̂

†
g(x, t)Ψ̂e(x, t)ρ(t)

+ ρ(t)Ψ̂†
e(x, t)Ψ̂g(x, t)Ψ̂

†
g(x, t)Ψ̂e(x, t)

− 2Ψ̂†
e(x, t)Ψ̂g(x, t)ρ(t)Ψ̂

†
g(x, t)Ψ̂e(x, t)

}
. (A.21)

The structure of the equation does not change when we transform it to the Schrödinger
picture except for the occurrence of additional terms which describe the unitary dynamics
and the substitution Ψ̂µ(x, t) → Ψ̂µ(x). The density matrix elements are calculated in
the same way as in section 3.4

ρµν(x, x
′, t) = 〈Ψ̂†

µ(x)Ψ̂ν(x
′)〉 = Tr{ρ(t)Ψ̂†

µ(x)Ψ̂ν(x
′)} (A.22)

Unfortunately this approach with continuous variables leads to diverging contribution due
the quantum field theoretical nature hence we use a similar ansatz as in [146] and discretize
the problem. To do this we introduce a equidistant grid, with grid constant ∆x and ∆p,
respectively. The position and quasimomentum constants should fulfill: ∆x∆p = 2π~/M ,
with M being the number of grid points. This means we consider a system in a box with
length L = M∆x and assume periodic boundary conditions. The quasimomentum is
restricted to an interval of length Lp = M∆p. The Liouville equation then becomes using
the replacement

Ψ̂µ(xj) =
b̂µ,j√
∆x

with b̂µ,j =
1√
M

M−1∑
j=0

âµ,je
ikjxj (A.23)

and the substitution of the integrals by summations

ρ̇(t) = − γ

2∆x

M−1∑
k=0

{
b̂†e,kb̂g,kb̂

†
g,kb̂e,kρ(t)

+ ρ(t)b̂†e,kb̂g,kb̂
†
g,kb̂e,k − 2b̂†e,kb̂g,kρ(t)b̂

†
g,kb̂e,k

}
. (A.24)

Here the Bose field with discretized modes aj and wave-number kj = pj/~ is related to local

bosonic operators, eq. (A.23) and [b̂µ,j, b̂ν,i] = δµνδij, via a discrete Fourier transformation.
With the help of the definition for the density matrix elements in the discretized model

ρµ, ν(j, j
′, t) =

1

∆x
〈0|b̂µ,jρ(t)b̂

†
ν,j′|0〉 (A.25)
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one arrives at the following equations for the density matrix elements

∂tρg,g(j, j
′, t) = γ ρe,e(j, j

′, t) δj,j′ , (A.26)

∂tρe,e(j, j
′, t) = −γ ρe,e(j, j

′, t), (A.27)

ρ̇g,e(j, j
′, t) = −1

2
γ ρe,e(j, j

′, t). (A.28)

One should not that the decay leads to a decoherence of the spatial off-diagonal elements,
i. e. j 6= j′, of the excited state and of the internal coherence. In the case of the Λ-type
3-level system as discussed in section 3.4 the equation have the form

ρ̇1,1 = γ1 ρ2,2(j, j
′, t) δj,j′ , (A.29)

ρ̇2,2 = (−γ1 − γ2) ρ2,2(j, j
′, t), (A.30)

ρ̇3,3 = γ2 ρ2,2(j, j
′, t) δj,j′ , (A.31)

ρ̇1,2 = −1

2
(γ1 + γ2) ρ2,2(j, j

′, t), (A.32)

ρ̇1,3 = 0, (A.33)

ρ̇1,2 = −1

2
(γ1 + γ2) ρ2,2(j, j

′, t). (A.34)

By adding these equations to the von-Neumann equations one arrives at the proper density
matrix equations for this system under consideration. In addition to the two state system
there is also decay of the Raman spin coherence. In our model we assume that this is
equal to zero.

A.2 mathematica-code for resolvent theory calculations

This appendix reports the mathematic-code used to calculate the complex eigenvalues
of the effective Hamiltonian operators (4.49) or (4.50) for the case of the inverted-W
subsystem. The programm can easily be rewritten to be suitable for the simpler Λ-
subsystem.

<< LinearAlgebra‘Orthogonalization‘

% free motional evolution of 8 state system

hfree[p_] = SparseArray[{{1, 1} -> p^2, {2, 2} -> (p + 1)^2,

{3, 3} -> (p - 1)^2, {4, 4} ->p^2,

{5, 5} -> (p + 1)^2,{6, 6} -> (p - 1)^2,

{7,7} -> (p + 2)^2, {8, 8}-> (p - 2)^2},{8, 8}];

% decay out of the excited state with equal

% probability; only decay out of the system
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hdecay = SparseArray[{{1, 1} -> 1, {2, 2} -> 1, {3, 3} -> 1}, {8, 8}];

% projection operator on excited state manifold

pj1 = SparseArray[{{1, 1} -> 1, {2, 2} -> 1, {3, 3} -> 1}, {8, 8}];

% definition of classical dipol interaction Hamiltonian

help1 = SparseArray[{{2, 4} -> Sqrt[1/10], {2, 7} -> Sqrt[6/10],

{3, 4} -> Sqrt[1/10], {3, 8} -> Sqrt[6/10]}, {8, 8}];

hdipoleinteractionInvertedW = help1 + Transpose[help1];

help2 = SparseArray[{{1, 5} ->Sqrt[3/10], {1, 6} -> Sqrt[3/10]}, {8, 8}];

hdipoleinteractionLambda = help2 + Transpose[help2];

hval = hdipoleinteractionInvertedW + dipolinteractionLambda;

% definition of resolvent operator

help3[Deltas_] = Inverse[-(I/2*hdecay - Deltas*IdentityMatrix[8])];

% definition of resolvent operator

hresolvent[alpha_,Delta_] = alpha*vAL.pj1.help3[Delta].pj1.vAL;

% definition of effective operator

heff[q_, Delta_, alpha_] = Erec/(hbars*Gammas)*

(hfree[q] +hresolvent[alpha,Delta]);

% projection on ground states of inverted-W subsystem

% (using the mathmatica command: part)

heffredIW[q_, Delta_, alpha_] = heff[q,Delta, alpha][[{4, 7, 8}, {4, 7, 8}]];

% definition of physical parameter

(* standard parameters *)

u = 1.66053886*10^(-27); (*kg*)

hbar = 1.0545*10^(-34); (* kg m^2/s *)

(* neon parameter *)
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Gamma = 1/(20*10^(-9))/2/Pi; (*s^(-1)*)

Lambda = 589*10^(-9); (*m*)

M = 20*u; (*kg*)

(* scaled parameter *)

hbars = 1;

Gammas = 1;

Deltas = 0.000001;

OmegaOptimals = 0.45;

(* compute needed numbers *)

k = 2*Pi/Lambda; (*m^-1*)

Erec = hbar^2*k^2/(2*M)/(hbar*Gamma);

% definition of function which calculates complex

% eigenvalues as a function of the Rabi frequency Omega and the

% family momentum q

f[Omega_, q_] := N[Eigenvalues[

hEffRediW[q,Delta, hbar*Omega^2/(4*Gamma*Erec)]]];

% ordering of the resulting eigenvalues with respect to

% the value of their imaginary part

ordiW[Omega_, q_] := Ordering[Im[f[Omega, q]]];
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[6] M. D. Lukin and A. Imamoğlu. Nonlinear optics and quantum entanglement of
ultraslow single photons. Phys. Rev. Lett., 84:1419, 2000. (document), 1.2.2
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Demut

Seh ich die Werke der Meister an,
So seh ich das, was sie getan;
Betracht ich meine Siebensachen,
Seh ich, was ich hätt sollen machen.

J. W. v. Goethe


	Kurzfassung
	Abstract
	Introduction
	Hamiltonian of quantum optics
	Interaction of neutral atoms with electromagnetic fields

	Electromagnetically induced transparency (EIT) and slow-light
	The model system of EIT
	Slow-light and its limitations

	Storage of light in an optically dense medium
	Definition of dark- and bright-state polaritons
	Dynamics in the adiabatic limit
	Coherent and adiabatic storage of photonic wave-packets

	The Sagnac effect
	A brief explanation
	Quantum limit of laser and matter-wave gyroscopes
	Overview: state-of-the-art gyroscopes


	Coherent spatial control of stationary light
	Motivation
	The stationary light system
	The absorptive stationary light scheme
	The 2V-scheme for stationary light
	Self-consistent probe-field equations
	Normal modes
	Pulse matching and adiabatic elimination

	Spatially homogeneous retrieval beams
	Equal control-field amplitudes
	Temporal evolution of momenta beyond the adiabatic elimination of the difference-mode
	Non-equal control-field amplitudes

	Spatially modulated retrieve fields
	Fokker-Planck equation for the fast normal mode
	Initial value problem of Ornstein--Uhlenbeck process

	Spatial compression of stationary light pulses
	Basic concept
	Nonadiabatic effects

	Conclusion

	Slow-light gyroscope
	Introduction
	The Sagnac-Hybrid Interferometer
	The Principle
	Dynamics in a rotating frame

	Sagnac phase shift and influence of external trapping potentials
	Periodic boundary conditions in state |1"526930B 
	Effect of longitudinal confinement

	Quantum limited sensitivity of the slow-light gyroscope
	Perturbation theory with respect to characteristic length
	Steady state Maxwell-Bloch equation
	Quantum limits of gyroscope sensitivity

	Conclusion

	Transient VSCPT
	Introduction
	Principles of VSCPT
	VSCPT in a -configuration
	Dynamics in dark- and bright state basis
	Transient VSCPT states

	Theoretical description
	Interaction with the classical laser field
	Derivation of the generalized optical Bloch equation
	Effective Hamiltonian and ground states loss rates
	Conditions for detectability of meta-stable, transient trapping states

	Experimental background
	Comparison: experimental and theoretical results
	Short and intermediate interaction time
	Long interaction time

	Summary

	Publications
	Appendix
	Spontaneous emission in the presence of atomic motion
	mathematica-code for resolvent theory calculations

	Bibliography
	Curriculum vitae
	Acknowledgment

