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CHAPTER 1

Introduction

1.1. Algebraic Groups, Equivariant Sheaves and Toric Varieties

The study of equivariant sheaves over toric varieties is one of those subjects which

lie on the cross-roads of Geometry, Algebra and Combinatorics. The reason for this

is the interplay of symmetry and geometry. In algebraic geometry, the most classical

examples for this phenomenon are given by homogeneous spaces, such as Grassmannians,

flag varieties, and more general quotients of algebraic groups by subgroups. Let us stay

for a moment with these examples before we turn to toric varieties. The distinguishing

property of a homogeneous space is that it is endowed with a transitive group action

σ : G×X −→ X.

This action links the geometry of X with the representation theory of G and this way

it opens the study of X for algebraic or combinatorial methods. It turns out that many

vector bundles over X, such as the various tautological bundles, tangent and cotangent

bundles and their tensor powers, are homogeneous. This means that they allow a

continuation of the action of G to their total space; let E −→ X be such a bundle

together with its projection, then there exists a group action on E which commutes

with the projection:

G×E //

��

E

��
G×X // X

and which is linear in the fibers of E. Since the classical works of Bott and Kostant

([Bot57], [Kos61]), homogeneous bundles have been completely described in terms of

representation theory of the group G, and these bundles play a pivotal role in the study

of vector bundles and sheaves over homogeneous spaces.

Toric varieties are examples for quasi-homogeneous varieties. This means that there

exists an action of an algebraic group, an algebraic torus T , which has a dense orbit

in X, but which in general does not coincide with X. Since their first appearance (see

[Dem70], [KKMS73]), it was clear that the quasi-homogeneity of the torus action is

still good enough to endowX with rich combinatorial and algebraic structures. However,

if it comes to consider vector bundles, which are compatible with the T -action in some

sense, the situation is more complicated. First, we can no longer speak of homogeneous

bundles, as X is not a homogeneous space. The analog for such bundles is given by the

notion of equivariant bundles. This notion comes from the observation that the action

of T on the total space of some bundle E can be expressed in the way that for every

1



2 CHAPTER 1. INTRODUCTION

t ∈ T there exists an isomorphism

t∗E ∼= E

if t is considered as automorphism of X. Technically, this definition extends without

problems to more general sheaves over X and incorporates, of course, the notion of

homogeneous bundles. The next problem is that the more complicated orbit structure

of X a priori allows an equivariant bundle to degenerate at certain places into a non-

locally free sheaf. And finally, compared with such groups like GLn, the representation

theory of algebraic tori is quite trivial. So we can not expect a complete characterization

of an equivariant bundle only in terms of representation theory.

In this work, we want to advocate the following point of view. We do not think

of single equivariant sheaves as important, considered as objects in the category of

coherent sheaves over a toric variety. Instead, we consider the whole subcategory of

equivariant sheaves. Our aim is to develop methods which allow to understand this

category as completely as possible. This means, in particular, that we want to find

good invariants for equivariant sheaves which allow good descriptions for moduli and for

studying degenerations. The distant hope is that the category of equivariant sheaves can

play a similar role for the general theory of sheaves over toric varieties, as homogeneous

bundles do for sheaves over homogeneous spaces.

So far, equivariant line bundles always have been part of the standard repertoire

in the theory of toric varieties (see for instance the text books [Ful93], [Oda88]),

but equivariant bundles of higher rank or more general equivariant sheaves are less

known. The first characterization of equivariant bundles, over smooth toric varieties,

was done by Kaneyama in [Kan75]; as an application, he gave the first classification

of equivariant vector bundles of rank two over P2. His techniques were applied later in

the thesis [Beh86] (very similar results were published in [Kan88]) to the classification

of equivariant bundles on projective spaces, and more recently in [LY00] where the

splitting types of certain bundles over toric surfaces were discussed. These techniques

seem quite complicate to handle, and so far it is difficult to find more traces of them

in the literature. The first truly general work on equivariant vector bundles was the

seminal paper [Kly90] of Klyachko. This work contains a nearly complete account

on equivariant bundles, discussing global resolutions, computation of cohomology and

classification theory. Unfortunately, that paper is rather difficult to read, and although

its existence is well known, the common toric geometer seems to avoid it. In the never

published preprint [Kly91], Klyachko formulates an idea to generalize the constructions,

and the results, from [Kly90] to more general torsion free sheaves. These two works,

[Kly90] and [Kly91], form the starting point for our own work.

We give a short overview of the literature known to us on equivariant sheaves over

toric varieties. Torus equivariant bundles on Pn were also subject of the work [BE82].

In [BL94] and [Lun94] a characterization of the equivariant derived category over a

toric variety was given. Klyachko successfully applied his theory to Horn’s conjecture

([Kly98], [Kly02], [Ful98a]). Klyachko’s formalism had also an ephemeral episode in

theoretical physics ([KS98], [KS99]), but in this regard, the last word is not yet spoken.

It can be shown that exceptional sheaves , that is, simple sheaves F whose higher Ext-

groups vanish, Exti(F ,F) = 0 for i > 0, are equivariant, and it would be a great success
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if the theory of equivariant sheaves could contribute to the classification problem for

exceptional sheaves (see [Zas96], [Dou01]). Some works consider equivariant sheaves in

terms of fine-graded modules over homogeneous coordinate rings (see [BV97], [BC94]),

and there were some successes in computing cohomologies for equivariant sheaves this

way (see [Mus02], [Mus00], [EMS00]). Equivariant bundles very recently appeared in

[Laf02]. In the thesis [Pen02] a functorial equivalence between mixed Hodge structures

and certain stable equivariant bundles on P2 is established. Some aspects of Klyachko’s

construction were recently extended to more general group actions in [Kat02].

To conclude, except for the fundamental work of Klyachko and some scattered con-

tributions concerning different topics, the general theory of equivariant sheaves over toric

varieties is not very developed so far. We hope that with this thesis we can contribute

to this theory by giving some technical foundations.

Parts of this thesis have been submitted for publication ([Per02a], [Per02b]).

1.2. Ideas and Overview of the Results

1.2.1. ∆-Families. The key observation which is the basis for our work, was made

by Klyachko ([Kly90]). Let X = X∆ be a toric variety which is associated to some fan

∆. Consider an equivariant vector bundle E over X and choose some point xσ ∈ X.

The action of the stabilizer Tσ of xσ over the fiber E(xσ) ∼= kr then becomes a linear

representation of Tσ. We obtain an eigenspace decomposition

E(xσ) =
⊕

χ∈X(Tσ)

E(xσ)χ

where T acts on E(xσ)χ by multiplication with the character χ, that is, for every e ∈

E(xσ)χ:

t.e = χ(t) · e.

Klyachko proved for equivariant vector bundles the following:

Theorem ([Kly90]): The category of equivariant vector bundles over a toric variety

X∆ is equivalent to the category of vector spaces with a family of filtrations Eρ(i) for

each ρ ∈ ∆(1) which satisfy the following compatibility condition:

Let E be a vector space with a family of filtrations

0 ⊂ · · · ⊂ Eρ(i) ⊂ Eρ(i+ 1) ⊂ · · · ⊂ E,

then for any σ ∈ ∆ there exists a Tσ-eigenspace decomposition E =
⊕

χ∈X(Tσ)Eχ such

that

Eρ(i) =
∑

〈χ,n(ρ)〉≤i

Eχ

Here n(ρ) is the primitive lattice vector of the ray ρ, which can be identified with

some one-parameter subgroup of T , and 〈χ, n(ρ)〉 ∈ Z denotes the canonical pairing.

Using this characterization, we obtain a formalism for equivariant bundles which makes

the theory of equivariant bundles rather tractable, as the many results in [Kly90] show.

Our first result generalizes a proposal in [Kly91] of how this formalism can be

extended to torsion free sheaves, and we obtain a new characterization of general equi-

variant sheaves over toric varieties. The basic idea is as follows. Denote M = X(T ) ∼= Zn



4 CHAPTER 1. INTRODUCTION

the character group of the torus T . Then it is a general fact that every affine toric va-

riety over some algebraically closed field k is of the form Uσ = spec(k[σM ]). Here σM is

a finitely generated subsemigroup of M and k[σM ] is a semigroup ring:

k[σM ] =
⊕

m∈σM

k · χ(m),

where we follow the convention that we write χ(m) if we want to write the group law in

M multiplicatively, and m if we want to write it additively: χ(m+m) = χ(m) · χ(m ′).

Consider a T -equivariant coherent sheaf E over X, then the action of the torus T on

Γ(Uσ, E) induces a decomposition into T -eigenspaces:

Γ(Uσ, E) =
⊕

m∈M

Γ(Uσ, E)m.

which in a natural way endows Γ(Uσ, E) with the structure of an M -graded k[σM ]-

module. By this structure, for every m,m′ ∈ M such that m′ − m ∈ σM we have

k-linear maps

Γ(Uσ, E)m −→ Γ(Uσ, E)m′

e 7→ χ(m′ −m) · e

This way the set of vector spaces Γ(Uσ, E)m and the maps among them given by the

characters χ(m) form a directed family of vector spaces. We will denote such data Êσ

and call it a σ-family.

Theorem (4.5): The following three categories are equivalent:

(i) equivariant quasicoherent sheaves over Uσ,

(ii) M -graded k[σM ]-modules with morphisms of degree 0, and

(iii) σ-families

Given a set of σ-families for all σ ∈ ∆, we obtain a system of sheaves Eσ over each

Uσ which, if certain compatibility conditions are fulfilled, glue to a global sheaf E over

the toric variety X∆. Such a compatible set of σ-families will be called a ∆-family.

Theorem (4.9): Let ∆ be a fan. Then the category of ∆-families is equivalent to the

category of quasicoherent equivariant sheaves over X.

The first application is the following observation:

Theorem (4.14): Let X be any toric variety, then the Krull-Schmidt theorem holds for

the category of equivariant coherent sheaves over X.

The transformation of equivariant sheaves into ∆-families might not be very useful

for general equivariant sheaves, but it allows an efficient characterization of torsion free

equivariant sheaves. Namely, we can make use of the fact that a σ-family Êσ is a directed

family, and we can consider a direct limit

Eσ = lim
→
m

Eσm
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which is a finite dimensional vector space and which has the universal property that the

following diagram commutes:

Eσm
·χ(m′−m)

//

!!CC
CC

CC
CC

Eσm′

}}zz
zz

zz
zz

Eσ

In addition it can be shown that all maps in this diagram are injective. This turns a

σ-family into a family of subvector spaces of the limit vector space Eσ. We call such a

family of vector spaces a multifiltration (see 4.19 for a precise definition). More generally,

all vector spaces in a ∆-family become subvector spaces of some common limit vector

space E0, and we obtain the notion of families of multifiltrations.

Theorem (4.20): The category of torsion free equivariant coherent sheaves is equivalent

to the category of families of multifiltrations of finite-dimensional vector spaces.

In the special case, for ρ a one-dimensional cone, a multifiltration degenerates to a

filtration Eρ(i) of E0 in the usual sense. In the case where E is a reflexive sheaf, from

structural theorems we have the following for every σ ∈ ∆:

Γ(Uσ, E) ∼=
⋂

ρ∈σ(1)

Γ(Uρ, E).

where σ(1) is the set of rays contained in σ. This implies in a natural way that the

multifiltrations are completely determined by intersections of the filtrations E ρ(i) in

E0:

Eσm =
⋂

ρ∈σ(1)

Eρ(〈m,n(ρ)〉).

Theorem (4.21): The category of equivariant reflexive sheaves on a toric variety X is

equivalent to the category of vector spaces with filtrations Eρ(i) associated to each ray

in ∆(1). The morphisms in this category are vector space homomorphisms which are

compatible with the filtrations in the ∆-family sense.

By this theorem one can describe the category of equivariant vector bundles as a

subcategory of the category of reflexive sheaves and reprove Klyachko’s explicit charac-

terization. Any set of filtrations Eρ(i) automatically defines a reflexive sheaf over X,

but not necessarily a locally free sheaf.

Another new point in our work is the incorporation of homogeneous coordinates,

which are due to Cox ([Cox95]), into the formalism of filtrations. Consider the affine

space k∆(1), where ∆(1) is the set of rays in ∆. On this space we have the canonical

diagonal action of the torus (k∗)∆(1) =: T̂ . Then one can construct a quasi-affine toric

variety X̂ which is an open, T̂ -invariant subset of k∆(1) such that there is a surjective,

equivariant morphism φ : X̂ −→ X, which represents a good quotient with respect

to the action of some diagonalizable subgroup G of T̂ . The ring S = k[xρ|ρ ∈ ∆(1)]

together with theX(G)-grading induced by the G-action, then is called the homogeneous

coordinate ring of X. This is the toric analogue of the global homogeneous coordinate
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ring of projective spaces. This ring has the remarkable property that every sheaf E over

X can be represented as the sheafification Ẽ of some X(G)-graded S-module E. For

instance, this module can always be chosen to be Γ(X̂, φ∗E), considered as S-module.

Moreover, if E is equivariant, E can be chosen such that, additionally to the X(G)-

grading, it carries the natural Z∆(1)-grading of the ring S. In particular, an equivariant

homomorphism
p⊕

j=1

OX(Dj) −→

q⊕

i=1

OX(D′
i)

of direct sums of invertible sheaves, where Dj , D
′
i are T -invariant Cartier divisors (or

more general, Weil divisors), can be translated into a homomorphisms of free, Z∆(1)-

graded S-modules
p⊕

j=1

S(mj)
A
−→

q⊕

i=1

S(m′
i).

Such a homomorphism is given by an n×m-matrix A = (aij) whose entries are mono-

mials aij = αijx
mj−ni , where αij = 0 whenever mj − ni /∈ N∆(1). The degree of the

monomials is completely determined by the grading. As we will see in chapter 8, this

allows the incorporation of technical tools which are not directly available if we consider

only filtrations.

Finally, we want to mention the paper [HS02], where similar ideas of taking literally

decompositions by gradings are developed, even though in a different flavour.

1.2.2. Resolutions for Equivariant Reflexive Sheaves. As we have seen above,

equivariant vector bundles over toric varieties correspond to vector spaces which have

filtrations satisfying certain compatibility conditions. Technically, in general it is not

straightforward to check these compatibility conditions, and for this reason we are going

consider the complete category of equivariant reflexive sheaves rather than only vector

bundles. This is also motivated from the perspective of homogeneous coordinate rings.

Every sheaf E over X is isomorphic to the sheafification Γ(X̂, φ∗E )̃ . If E is locally free,

the pullback φ∗E over X̂ is a locally free sheaf over X̂, and Γ(X̂, φ∗E) ∼= Γ(k∆(1), φ∗E) is

a continuation over k∆(1) as a reflexive S-module. This way the study of vector bundles

over X is also the study of reflexive S-modules.

Now, by the results we have presented in the previous section, to a reflexive sheaf

there is associated a set of filtrations

0 ⊂ · · · ⊂ Eρ(i) ⊂ Eρ(i+ 1) ⊂ · · · ⊂ E0

for every ρ ∈ ∆(1). The set of vector spaces Eρ(i) defines an arrangement of vector

spaces in E0, which we denote P. Following the discussion of the first section, we ask

the following

question: Can one extract from P good combinatorial invariants of E?

This question is consciously stated in a vague fashion, but this is okay because at

present we would anyway not be able to give a precise answer. Our tentative answer is:

it might be.
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Let us explain this more concretely. Our strategy to find out which role is played by

the set P, is to check homological properties of E , and the first problem in this respect

is the computation of minimal resolutions of E . For this purpose, we develop a new

method to investigate properties of the arrangement P. Assume for the moment that

X is affine and E := Γ(X, E) is a reflexive module. It turns out that linear dependence

among generators of E is related to the question of linear dependence among the vector

spaces of P. Let X1, . . . , Xn be any subset of P and assume that e1, . . . , es is a set of

vectors of E0 such that for every Xi there is a maximal subset subset ei,1, . . . , ei,si
which

is contained in Xi, and we want that this subset is a basis for Xi. Then clearly the sum

n∑

i=1

Xi ⊂ E0

is spanned by e1, . . . , es, but in general, these are not linearly independent. The first

question we solve is whether there exists a vector space F and a family of coordinate

subvector spaces F = {FX | X ∈ P} such that F is isomorphic as poset to P. We call

such a family a free representation of P.

Theorem (5.10): Let P be a family of subvector spaces of some vector space V . Then

there exists a free representation of P by subvector spaces {F X | X ∈ P} of some vector

space F and a surjection of vector spaces

ψ : F � V

such that for all restrictions ψ|FX we have surjections

ψ|FX � X.

The combinatorial input for this construction is the poset

PΣ = {
∑

X∈I

X | I ⊂ P}.

To every poset we can associate a directed graph, whose vertices are the elements of P

and whose edges are pairs (X,Y ) such that X ( Y and there exists no Z such that

X ( Z ( Y . The construction of a free representation as in the theorem above involves

the weighted counting of vertices which have only one in-edge (see chapter 5 for details).

For every FX , we can consider the kernel KX of ψ restricted to FX , which is

contained in the kernel K of ψ. These KX form another arrangement K = {K1, . . . ,Kn}

in K, and every KX measures in a sense the overcounting of generators ei for vector

spacesX ∈ P. Note that K on one hand, as a set is smaller than the original arrangement

P, but on the other hand, it is not a coordinate subspace arrangement. We can iterate

the process of constructing coordinate subspaces, and we obtain a free resolution of P:

Theorem (5.17): Every family of vector spaces P has a finite free resolution

0 −→ Fn
ψn
−→ · · ·

ψ1
−→ F0

ψ0
−→ V −→ 0.

By combining these resolution with the notion of ∆-families, we obtain the following

result:
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Theorem (6.12): The arrangement P gives rise to an exact sequence

(1) 0 −→ Fs −→ · · · −→ F0 −→ E −→ 0

where the Fi are isomorphic to direct sums of reflexive sheaves of rank one:

Fi =
⊕

(Y,KX
i−1)∈b

(
(Pi−1)Σ

)O
(
−
∑

ρ∈∆(1)

κi−1(K
X
i−1, ρ)Dρ

)fdi−1(KX
i−1)

,

where P =: P−1.

Here theKX
i are the vector spaces in the ith kernel arrangement Pi. In the particular

case, where X is a smooth, affine toric variety, we have:

Theorem (6.7): Let X be smooth and affine. Then sequence (1) is a minimal free

resolution of E.

This way we have obtained quasi-closed expressions, which in some sense solve the

problem of finding minimal resolutions. The remaining problem is to determine the

posets (Pi)Σ and the corresponding integers κi(K
X
i , ρ) and fdi(X) (see chapter 6 for

definitions). However, the posets (Pi)Σ can always be computed in an algorithmic

manner just by means of solving systems of linear equations. This is an interesting

statement from the point of view of computational commutative algebra. The problem

of finding minimal resolutions for equivariant sheaves over smooth affine toric varieties

essentially is equivalent to the problem of finding minimal resolutions for Zn-graded

modules over the polynomial ring k[x1, . . . , xn]. In turn finding closed expressions for

such resolutions is an open – and important – problem in computational commutative

algebra (see [BM93], [Eis93]).

We have seen that indeed the homological properties for reflexive equivariant sheaves

depend on the arrangement P, but we fall short to prove that they do this in a combina-

torial manner. In computing examples one can see that this is very often the case, but

we know that this can not be true in any naive sense. We show this in section 7.4, where

we compute resolutions for monomial ideals by means of determining their first syzygy

module, which is reflexive. It is well known that resolutions of these objects behave in

a combinatorial manner, but at least also depend on characteristics (see section 7.4 and

[MP01], section 5.3) for an example).

Open problem: find combinatorial or closed expressions for the numbers fdi and

κi(K
X
i , ρ) above.

The theory of hyperplane arrangements has been a subject in the mathematical

literature since a long time (see [OT92]). In [GM88], there was initiated a more general

theory for subvector space arrangements (see also [Bjö94] for a survey). However, as

far we can see, the techniques used in that field seem not immediately to be applicable

or even relevant for our situation. It would be interesting to see if our notion of free

resolution might be of any use. We think that the works [BP00], [BP03] are of direct

relevance.
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1.2.3. Moduli for Equivariant Vector Bundles of Rank Two over Toric

Surfaces. Equivariant vector bundles of rank two on smooth complete toric surfaces

are the simplest nontrivial case where we can study combinatorial invariants and degen-

erations. The first simple observation is that the filtrations Eρ(i) for such a bundle E

are determined by numbers iρ1 ≤ iρ2 and one-dimensional subvector spaces Eρ of a two

dimensional vector space E0 such that:

Eρ(i) =





0 for i < iρ1,

Eρ for iρ1 ≤ i < iρ2,

E0 for i ≥ iρ2,

So we see that a natural notion for moduli for these bundles is given by the configuration

space of lines in E0 or, equivalently, by the configuration space of points in PE0. To

investigate this, let us define a combinatorial invariant for E as follows. We enumerate

∆(1) = {ρ0, . . . , ρn−1} clockwise by the cyclic group Zn with respect to the positions of

the ρi in the space NR
∼= R2. Denote Π ⊂ ∆(1) the subset of rays ρ where iρ1 < iρ2 and let

P = {Π1, . . . ,Πs} be the unique maximal partition of Π such that ρi, ρi+1 ∈ Πk if and

only if Eρi = Eρi+1 . In other words, we group neighboured ρi together if their associated

vector spaces Eρi coincide. We shift the numbers iρ1 and iρ2 to positions iρ = iρ1 − i
ρ
2 and

0, which is harmless, and our first result is:

Theorem (8.2): Let E be an arbitrary equivariant vector bundle of rank 2 on a smooth

complete toric surface X, defined by filtrations {(−iρ, 0, Eρ)}ρ∈∆(1) of a two dimensional

vector space E0. Let Π = {ρ ∈ ∆(1) | iρ > 0} and let P = {Π1, . . .Πs} be the partition

of Π with respect to E. If s > 2 then there exists a short exact sequence

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0

where A is a matrix of monomials whose exponents are determined by the partition P.

Moreover, the (s − 2)-minors Ai,i+1 of A, 1 ≤ i < s, which consist of all rows of A

except the i-th and the (i+ 1)-st, are of full rank. If s ≤ 2, then E splits.

By this theorem we see that the partition P might not be a good combinatorial

invariant. If the family Eρ varies, the corresponding partition changes, and the above

resolution has another shape. So it is clear that some properties of E we would like to

keep constant, such as Chern classes, do not remain constant if we naively consider the

configuration space of points in PE0. If we pass to the limits of the corresponding vector

spaces, we obtain the following short exact sequence:

0 −→ ks−2 A
−→ kP Aˇ

−→ E0 −→ 0

where A is an s× (s− 2) matrix and Aˇ a 2× s matrix. We observe that after a suitable

choice of a basis we can write

Aˇ =
(
Ai . . . As

)

such that the column vectors Ai over k span the Eρ for those ρ which are contained in

Πi. If we vary the matrix A in a way compatible with the equivariant structures, we
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get all resolutions for bundles E whose partition coincides with P. But there exist more

possible cokernels of matrices A as in the above short exact sequence, which in general

need not even be locally free. The question is, how are these related to our bundles?

The variations of A and Aˇ are related via the following diagram:

PMo
n,m

}}{{
{{

{{
{{

((PPPPPPPPPPPP
PMo

n−m,n

vvmmmmmmmmmmmmm

$$HH
HH

HH
HH

H

(Pm−1)
n,ss

!!C
CC

CC
CC

C
Gr(m,n)ss ∼= Gr(n−m,n)ss

vvnnnnnnnnnnnn

((QQQQQQQQQQQQQ
(Pn−m−1)

n,ss

zzuu
uuu

uu
uu

Mn,m ∼= Mn−m,n

We explain the diagram. PMn,m and PMn−m,n are the spaces of n × m and (n −

m) × n matrices, respectively, and Mn,m, Mn−m,n are their quotients with respect to

certain open subsets (denoted by o) by the groups GLm×T and GLn−m×T respectively,

where T ∼= (k∗)n is a torus. These quotients can be performed in two steps, either by

first taking the quotient by GLm (respectively GLn−m) and then by T , or vice versa.

The intermediate quotients then are Grassmannians or products of projective spaces,

respectively. By using the duality isomorphism of the Grasmmannians Gr(m,n) ∼=
Gr(n−m,n) we can conclude that both quotients are isomorphic. The two commuting

squares are known als Gelfand-MacPherson correspondence (see [GM82] and [Kap93]),

but we differ from their version, because we formulate this correspondence as GIT

quotients (therefore the indices ss).

We can apply now this correspondence to our objects of study: variations of s points

in PE0 modulo automorphisms of PE0 are parametrized by 2 × s matrices Aˇ modulo

GL2×(k∗)s, and sheaf homomorphisms A by s×(s−2) matrices modulo automorphisms

of Os−2 and
⊕s

i=1O(
∑

ρ∈Πi
iρDρ) which coincide with GLs−2 and (k∗)s, respectively.

The isomorphism between the configuration spaces above then can explicitly be given

as:

Ms,s−2 −→Ms,2, E 7→ Eˇ̌ ,

every cokernel E of some matrix A is mapped to its bidual, which is a locally free sheaf

whose configuration of points Eρ is given by the columns of the matrix A .̌

A more precise analysis of the equivalence classes in Ms,s−2 via GIT stability leads

to a new definition for stability for torsion free equivariant sheaves of rank two over toric

surfaces, which justifies the denomination MP = Ms,s−2 the moduli space of P-(semi-

)stable equivariant torsion free sheaves.

Definition 1 (8.14): Let E be a torsion free equivariant sheaf of rank 2 over X such

that P is a refinement of the coarse partition PEˇˇ associated to the locally free sheaf

Eˇ̌ . Let F ⊂ E be a torsion free equivariant subsheaf of rank 1. Then by 8.11 Fˇ̌ ∼=
O(
∑

Π∈P′

∑
ρ∈Π i

ρ · Dρ) with a unique subset P′ ⊂ P. We say that E is P-stable

(respectively P-semistable) if for every equivariant torsion free subsheaf F ⊂ E of rank

1, #P′ < 1
2#P (respectively #P′ ≤ 1

2#P).

The structural comparison is made in the following theorem:
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Theorem (8.15): Let iρ > 0 for ρ ∈ Π ⊂ ∆(1) and let P = {Π1, . . . ,Πs} be a partition

of Π. Consider short exact sequences

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0.

Then E is P-stable (respectively P-semistable) if and only if A represents a GIT-stable

(respectively GIT-semistable) point in (Ps−3)
s with respect to the action of GLs−2.

And finally:

Theorem (8.17): Fix numbers {iρ ≥ 0}ρ∈∆(1), let Π = {ρ | iρ > 0} ⊂ ∆(1) and let

P = {Π1, . . . ,Πs}. Then Ms,s−2 is the set of P-equivalence classes of P-semistable

torsion free equivariant sheaves of rank 2 on X.

In the situation of rank two bundle we are in the lucky situation that we can resort to

a standard configuration space, the configuration space of points on the projective line

and that the simple GIT quotients lead to a very natural notion of equivalence classes.

It is not known to us if beyond configurations of points in Grassmannians there exist

examples for more general configuration spaces of flags in the literature. We expect that

for such spaces it would be an issue not only to consider GIT-like equivalence classes but

rather to search for compactifications which are more combinatorial in flavour. Relevant

might be considerations as in [Kap93] and [Laf02] (and references therein).

1.3. Overview of This Work

This work consists of four principal parts. The first part is formed by chapters 2

and 3, where we introduce the background on sheaf theory, algebraic groups and toric

varieties needed for our later work.

Chapter 4 is the second main part, where we we develop our formalism of σ- and

∆-families and present some related results.

Chapters 5, 6 and 7 form the third part in which we construct resolutions for general

equivariant reflexive sheaves over toric varieties.

The final part consists of chapter 8. In this part we give a complete classification of

equivariant vector bundles of rank two over smooth complete toric surface and describe

their combinatorial invariants and moduli.

This work finishes with two appendices. In appendix A we give a sketchy outlook

concerning combinatorial invariants for equivariant bundles. Appendix B is based on

appendix A. We give a complete classification of bundles of rank three over P2 and a

computation of their global resolutions.





CHAPTER 2

Preliminaries

In order to keep this work as self-contained as possible, we present in this chapter

the basic material which will form the background for the rest of this work. We assume

general background from algebraic geometry as, e.g., from [Har77], and commutative

algebra (as [AM69], [BH94]). Except if stated otherwise, we always work over an

algebraically closed field k. When we talk about varieties, we always mean separable,

but not necessarily reduced schemes of finite type over k.

This chapter consists of five sections. In section 2.1, we collect basic facts related to

torsion free and reflexive sheaves over normal varieties. This material is mainly based

on the references [GD71], [Har80], and [Rei80]. Section 2.2 is about algebraic groups,

their representations, and actions of algebraic groups on varieties and sheaves. Standard

references for algebraic groups are [Bor91] and [Hum75]. Concerning dual actions

and linearizations of sheaves, we follow [MFK94]. In section 2.3 we present the basic

notions for quotients by reductive algebraic groups. This material is from [MFK94]

and [New78]. We have complemented the standard material by a proof on descent of

certain linearized sheaves to good quotients. Section 2.4 presents diagonalizable groups

and tori. We describe the functorial relation between those groups and their character

groups; this material can essentially be found in chapter III, §11 of [Bor91]. We prove

explicitly a characterization of linearized sheaves over affine schemes with an action of a

diagonalizable group in terms of graded modules. Finally, in section 2.5 we present basic

facts from the theory of graded rings. In particular, a graded version of Nakayama’s

lemma.

2.1. Torsion Free and Reflexive Sheaves

2.1.1. The sheaf of rational functions. LetX be an arbitrary scheme. Following

[Kle79] and [GD71], we define for each open subscheme U of X:

S(U) := {f ∈ Γ(U,OX) s.t. the germs fx ∈ OX,x of f are nonzerodivisors ∀x ∈ U}.

Clearly, S(U) is a multiplicatively closed subset of Γ(U,OX ) for all U , and we get

a presheaf of rings given by U 7→ S(U)−1Γ(U,OX). The sheaf KX associated to this

presheaf is called the sheaf of rational functions. For every open subset U ofX, Γ(U,KX )

is isomorphic to the direct product
∏
ξ OX,ξ, running over all generic points of X which

are contained in U .

If X is integral, then there exists a unique generic point ξ of X such that {ξ} = X.

The stalk OX,ξ =: k(X) is a field, called quotient field of X. Every affine open subset

U = spec(R) of X contains ξ, and every stalk has a canonical identification KX,x =

13
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(OX,x)ξ = k(X) and KX is a constant sheaf over X given by U 7→ k(X). Moreover,

every k(X)-module, and thus every sheaf of KX -modules, is simple.

2.1.2. Torsion Sheaves and Torsion Free Sheaves. For every coherent sheaf

F over a scheme X there is an exact sequence

0 −→ T −→ F
f
−→ F ⊗OX

KX

where f is given by f(s) = s⊗ 1. The kernel T of this map is the torsion subsheaf of F .

If T is isomorphic to F , then F is a torsion sheaf, and if T is zero, then F is torsion

free. The image of F in F ⊗OX
KX is isomorphic to F/T , which is torsion free.

Assume that X is integral, then F ⊗OX
KX is isomorphic to k(X)r, where r ≥ 0 is

called the rank of F .

2.1.3. Reflexive sheaves. Assume now that X is noetherian, integral and normal,

i.e. X is reduced and irreducible, and all local rings are integrally closed domains.

Definition 2.1: A coherent sheaf F on X is reflexive if F is isomorphic to its bidual

Fˇ̌ . A coherent sheaf F is normal if for every open set U ⊆ X and every closed subset

Y ⊂ U of codimension ≥ 2, the restriction map F(U) −→ F(U \ Y ) is bijective.

In particular, if Y is any subvariety of X of codimension ≥ 2 and F is normal, then

H0(X,F) ∼= H0(X \ Y,F).

Proposition 2.2 ([Har80], proposition 1.6): Let F be a coherent sheaf on a normal

integral scheme X. Then the following statements are equivalent:

(i) F is reflexive

(ii) F is torsion free and normal

(iii) F is torsion free, and for each open U ⊂ X and each closed subset Y ⊂ U of

codimension ≥ 2, FU ∼= j∗FU\Y , where j : U \ Y −→ U is the canonical inclusion.

2.1.4. Reflexive Sheaves and Weil divisors: We assume that X is noetherian,

integral, of dimension n, and normal. We follow [Ful98b] and denote Zn−1(X) the

free abelian group generated by (n − 1)-dimensional subvarieties of X, i.e. the group

consisting of finite formal sums ∑
nY [Y ]

where the sum runs over the closures Y = {y} of points y ∈ X of height one. We

call such a sum a Weil divisor on X. To every irreducible Y of codimension one in X

there is associated a valuation υY : OX,y −→ Z, which extends to k(X) via υY (fg ) =

υY (f)− υY (g). Using this, we can associate to every r ∈ k(X) its cycle

[div(r)] =
∑

Y

υY (r)[Y ]

which is always a finite sum. Two cycles
∑
nY [Y ] and

∑
mY [Y ] are rationally equiva-

lent, if
∑

(nY −mY )[Y ] = [div(r)] for some r ∈ k(X). The Z-module

An−1(X) = Zn−1(X)/rational equivalence
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is the (n−1)-st Chow group ofX, respectively the group of Weil divisors modulo rational

equivalence.

Let D =
∑
nY Y be a Weil divisor. One can define a presheaf OX(D) associated

to D by setting U 7→ Γ(U,OX(D)) := {f ∈ k(X) | υY (f) ≥ −nY ∀ Y = {y}, y ∈

U and height(y) = 1}. It is easy to see that this presheaf is a sheaf and when D is a

Cartier divisor, this construction coincides with the standard construction as, e.g., in

[Har77].

For the class of Cartier divisors, there is a one-to-one correspondence between the

rational equivalence classes of divisors and isomorphism classes of invertible sheaves on

X. Moreover, for any two Cartier divisors D1, D2 of X, the morphism OX(D1) ⊗OX

OX(D2) −→ OX(D1 +D2) is an isomorphism. This is in general false if D1 and D2 are

not Cartier, but instead there is an isomorphism
(
OX(D1)⊗OX

OX(D2)
)
ˇ̌ −→ OX(D1 +D2).

Let us denote by Xreg
i
↪→ X the open subset of regular points of X together with its

canonical inclusion. Normality of X implies that codimX X \Xreg ≥ 2 such that all zero-

and one-dimensional points of X are contained in Xreg. In particular, k(X) = k(Xreg)

and An−1(X) = An−1(Xreg) (see also [Har77], prop. 6.5). For any open subset U ⊂ X

denote Ureg = U ∩ Xreg. Then (i∗OXreg(D))(U) = OXreg(D)(Ureg) = OX(D)(Ureg) =

OX(D)(U), and using 2.2, we obtain:

Theorem 2.3: (i) Let D be a Weil divisor. Then the sheaf OX(D) associated to D

is a reflexive sheaf of rank one.

(ii) There is a one-to-one correspondence between Cartier divisors D on Xreg and Weil

divisors i∗D on X. This extends to a one-to-one correspondence between invertible

sheaves OXreg(D) on Xreg and reflexive sheaves of rank one. This correspondence

is given by i∗OXreg(D).

(iii) (see [Rei80], Theorem (3)) There is a one-to-one correspondence between the set

of classes in An−1(X) and reflexive sheaves of rank one up to isomorphism.

2.2. Algebraic Groups

Fundamental references for the theory of algebraic groups are the books [Bor91]

and [Hum75]. Moreover, we use the book [Kra85]. For group actions on varieties and

dual actions, references are [MFK94] [New78], and [KSS89].

2.2.1. Algebraic Groups and Group Actions. An algebraic group is a variety

G whose set of closed points is endowed with the structure of a group such that

(i) group multiplication µ : G×G −→ G, (g, h) 7→ gh,

(ii) inversion ι : G −→ G, g 7→ g−1,

induce morphisms of varieties. Denote e the unit element of G. A morphism of algebraic

groups is a group homomorphism ρ : G −→ H which induces a morphism of varieties.

If H = GLn(k), then ρ is called a rational representation of G.

The following is a fundamental structure theorem for algebraic groups:
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Theorem 2.4: (i) Let G be an affine variety which has the structure of an algebraic

group. Then G is isomorphic to a closed subgroup of some GLn(k).

(ii) Every closed subgroup of GLn(k) is an affine algebraic group.

We will always assume that our algebraic groups are affine varieties, that is, we

consider only linear algebraic groups. The structure of an algebraic group on an affine

variety G is equivalent to the structure of a Hopf algebra on the coordinate ring A = k[G].

This means that there are morphisms µ, ι and p such that the following diagrams

commute:

(1) Associativity:

A⊗A⊗A A⊗A
1⊗µ∗oo

A⊗A

µ∗⊗1

OO

A
µ∗oo

µ∗

OO

(2) Inversion:

A A⊗A
(1,ι∗)

oo

A⊗A

(ι∗,1)

OO

A
µ∗

oo

µ∗

OO
p∗

eeJJJJJJJJJJJ

(3) Neutral element:

A A⊗A
(1,p∗)

oo

A⊗A

(p∗,1)

OO

A
µ∗

oo

µ∗

OO
1

eeJJJJJJJJJJJ

The morphisms µ and ι as above correspond to multiplication and inversion, respectively,

and p is the constant morphism G −→ e.

A particular example of an algebraic group is the multiplicative group Gm = A1
k\{0},

whose underlying set of closed points and group structure can be identified with that

of k∗, the multiplicative group of the base field k. In the sequel we will always write k∗

instead of Gm = A1
k \ {0}.

A character of G is a morphism of algebraic groups

χ : G −→ k∗.

The set of characters of G is denoted X(G) and has a natural group structure given by

multiplication. Note that X(k∗) ∼= Z.

A one-parameter subgroup of G is a morphism of algebraic groups

p : k∗ −→ G.

The set of one-parameter subgroups of G is denoted X∗(G) and has also a natural group

structure given by (p·q)(c) = p(c)q(c) in G. There is a natural pairingX(G)×X∗(G) −→

X(k∗) = Z which is given by composition.

An action of G on a variety X is a morphism σ : G ×X −→ X, denoted for short

σ(g, x) = g.x, such that:

(i) g.(h.x) = (gh).x, for all g, h ∈ G, x ∈ X,

(ii) e.x = x for all x ∈ X.
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Let G,H be two algebraic groups which act on varieties X and Y , respectively. An

equivariant morphism from X to Y is a pair (f, φ) : (X,G) −→ (Y,H) such that the

following diagram commutes:

G×X //

φ×f
��

X

f

��
H × Y // Y

Let x ∈ X, then the stabilizer stab(x), or Gx, of x is the subgroup of elements g in

G such that g.x = x. The orbit orb(x) of x is the subvariety G.x. As varieties, the sets

orb(x) and G/Gx are isomorphic.

Proposition 2.5 ([Hum75], §II.8.3): Let G ×X −→ X be an action of an algebraic

group G on some variety X. Each orbit is a smooth, locally closed subset of X, whose

boundary is a union of orbits of strictly lower dimension. In particular, orbits of minimal

dimension are closed.

Let V be a vector space over k which is not necessarily finite dimensional. Then a

regular action of G on V is a linear action of G on V such that for every finite dimensional

subvector space W ⊂ V

(i) the set

G.W =
∑

g∈G

g.W

is a finite dimensional subvector space of V and

(ii) G acts via a rational representation on G.W .

A dual action of G on V is a homomorphism of k-vector spaces

σ∗ : V −→ k[G]⊗k V

such that

(i)

k[G]⊗k V
µ∗⊗1V

((QQQQQQQQQQQQQ

V

σ∗
::vvvvvvvvvv

σ∗ $$HHHHHHHHHH k[G]⊗k k[G]⊗k V

k[G]⊗k V

1k[G]⊗σ
∗

66mmmmmmmmmmmmm

commutes, and

(ii) V
σ∗
−→ k[G]⊗k V

β∗
−→ V is the identity,

where 1k[G] and 1V are the identity homomorphisms on k[G] and V , respectively, and

β∗ : k[G] → k is the homomorphism dual to β : e ↪→ G, the inclusion of the unit element

in G. A subvector space V ′ of V is G-invariant if σ∗(V ′) ⊂ k[G] ⊗ V ′, and an element

v ∈ V is G-invariant if σ∗(v) = 1⊗ v. The subvector space of G-invariant elements of V

is denoted V G.
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The most important example of a dual action is the one coming from an action

σ : G×X → X on an affine variety X. This action dually induces a ring homomorphism

σ∗ : k[X] −→ k[G] ⊗k k[X] which fulfills the axioms for a dual action. Likewise, one

obtains for every G-invariant open subset U of a variety X a dual action via

σ∗ : OX(U) −→ k[G]⊗k OX(U)

More explicitly, every g ∈ G as automorphism of ringed spaces defines a map g# : OX →

g∗OX , where (g#f)(x) = f(g−1.x), and thus there is a linear action of G on OX(U) for

G-invariant U . The following is a fundamental and well-known fact:

Proposition 2.6: Let X be an affine variety on which an algebraic group G acts. Then

the dual action of G on k[X] is regular.

Slightly less well-known is the following generalization:

Proposition 2.7 (see [MFK94], Ch.1, §1): A dual action σ∗ : V −→ k[G] ⊗k V of G

on an arbitrary vector space V is regular.

2.2.2. Equivariant Sheaves. Let σ : G ×X −→ X be an action of an algebraic

group G on a variety X and denote p2 : G ×X −→ X the projection onto the second

factor. Following [MFK94], §3, we call a sheaf E on X equivariant or G-linearized if

there exists an isomorphism

Φ : σ∗E
∼=
−→ p∗2E

such that

(µ× 1X)∗Φ = p∗23Φ ◦ (1G × σ)∗Φ,

where 1X and 1G are the identity morphisms of X and G, respectively, and p23 : G ×

G×X −→ G×X is the projection onto the second and third factors. Consider for every

g ∈ G the morphism

ig : X −→ G×X, x 7→ (g, x)

then for any two g, g′ ∈ G the identity

σ ◦ ig′g = σ ◦ ig′ ◦ σ ◦ ig

holds. This identity is the same as (g ′g).x = g′.(g.x), if g, g′ are considered as automor-

phisms of X. Using this, we get for all g ∈ G isomorphisms

Φg := i∗gΦ : g∗E = (σ ◦ ig)
∗E

∼=
−→ (p2 ◦ ig)

∗ = E .

Moreover, we get

(µ× 1X) ◦ (1G, ig) ◦ ig′ = ig′g

p23 ◦ (1G, ig) ◦ ig′ = ig

(1G × σ) ◦ (1G, ig) ◦ ig′ = ig′ ◦ σ ◦ ig

and by the cocycle condition, Φg′g factors as follows:
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g∗g′∗E

g∗Φg′ ((QQQQQQQQQQQQQQ
(g′g)∗E

∼=oo

���
�
�

Φg′g // E

g∗E

Φg

77ooooooooooooooo

On a G-invariant open subset U of X, there exist natural dual actions on the coho-

mology groups of E , which are given by

Hi(U, E)
σ∗
−→ H i(G× U, σ∗E)

RiΦ
−→ H i(G× U, p∗2E)

∼=
−→ k[G]⊗k H

i(U, E)

where the last isomorphism follows from flatness of p2 (see [Har77], III, Prop. 9.3).

From proposition 2.7 follows that the dual action on the cohomologies is regular:

Proposition 2.8: Let E be quasicoherent and let U be a G-invariant open subset of X.

Then the dual action of G on H i(U, E) is regular.

To write down the dual action on global sections more explicitly, let s ∈ Γ(U, E) and

denote g∗s the canonically lifted section of g∗E . Then the dual action of G on Γ(U, E)

is defined as g.s = φg−1(g−1∗s). This action is a linear representation of G on Γ(U,E).

Note that the following square is commutative by functoriality of pullback:

Γ(U, g−1∗E)
Φ

g−1
//

h−1∗

��

Γ(U, E)

h−1∗

��

Γ(U, h−1∗g−1∗E)
h−1∗Φ

g−1

// Γ(U, h−1∗E)

for all g, h ∈ G. Using this, we obtain (hg).s = h.(g.s) for s ∈ Γ(U, E):

(hg).s = Φg−1h−1

(
h−1∗g−1∗s

)
and

h.(g.s) = h.
(
Φg−1(g−1∗s)

)

= Φh−1

(
h−1∗Φg−1(g−1∗s)

)

= Φh−1

((
h−1∗Φg−1

)
(h−1∗g−1∗s)

)
by the above square

= Φg−1h−1(h−1∗g−1∗s) by the cocycle condition.

Lemma 2.9: Let (Φ, f) : G × X → H × Y an equivariant morphism and let E be a

H-equivariant sheaf over Y . Then f ∗E is a G-equivariant sheaf over X.

Proof. Let G × X
σ
−→ X and H × Y

τ
−→ Y be the actions of G and H and let

G×X
p2,X
−→ X and H×Y

p2,Y
−→ Y be projections. We have p∗2,Y E

∼= τ∗E and want to show
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that p∗2,Xf
∗E ∼= σ∗f∗E . From the identity p2,Y ◦ (φ, f) = f ◦ p2,X follows:

σ∗f∗E ∼= (Φ, f)∗τ∗E

∼= (Φ, f)∗p∗2,Y E

∼= (p2,Y ◦ (φ, f))∗E

∼= (f ◦ p2,X)∗E

∼= p∗2,Xf
∗E .

We leave the proof of the cocycle condition to the reader. �

We state the following important fact:

Proposition 2.10 (see [Tho87], §1.3): Let G ×X → X be an action of an algebraic

group on a variety X. Then the category of G-equivariant sheaves is abelian.

2.3. Quotients and Descent of Sheaves

Let G be an algebraic group. Then the commutator [ , ] : G × G −→ G is defined

as [x, y] := xyx−1y−1. The derived series of G is defined inductively as D0G := G,

Di+1G := [DiG,DiG]. G is solvable if its derived series terminates in e. The radical

R(G) of G is the maximal connected solvable normal subgroup of G.

Example 2.11: An example of a solvable group is the group of upper triangular ma-

trices, which is also known as Borel subgroup of GLn(k). In that case R(G) = G.

Definition 2.12: Let G be an algebraic group, then G is

(i) reductive if the radical of G is a torus,

(ii) linearly reductive if every rational representation of G is completely reducible,

(iii) geometrically reductive if, whenever, G → GL(V ) is a rational representation and

0 6= v ∈ V G, then for some r > 0, there is a polynomial f ∈ (Symr V ∗)G with

f(v) 6= 0.

If char(k) = 0, all three notions of reducibility coincide. If char(k) > 0, a group

is geometrically reductive if and only if it is reductive, and linearly reductive implies

reductive (see [MFK94], Appendix 1.A, [New78]). Standard examples for reductive

groups are the classical groups such as GLn(k),SLn(k), . . . , and, of course, diagonalizable

groups. The following statement about reductive groups is known as Nagata’s theorem:

Theorem 2.13: Let G be a reductive group acting rationally on a finitely generated

k-algebra S. Then the ring of invariants SG is finitely generated.

Note that a regular representation in the sense of subsection 2.2.1 is also a rational

action.

Nagata’s theorem is an important building block for geometric invariant theory.

The main problem there is to find objects in the category of varieties (or more gen-

eral schemes) which share the universal properties of set-theoretical quotients (see also

[Bia01] for a general treatment of this problem). There are several different notions of

such quotients, the most prominent being categorical, good and geometric quotients:
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Definition 2.14: Let X be a variety on which an algebraic group G acts. A pair (Y, φ),

consisting of a variety Y and a morphism X → Y is a categorical quotient of X by G if

(i) φ ◦ σ = φ ◦ p2,

(ii) for any pair (Z,ψ) for which (i) holds, there is a unique morphism χ : Y → Z such

that ψ = χ ◦ φ.

(Y, φ) is a good quotient if

(i) φ ◦ σ = φ ◦ p2,

(ii) φ is surjective,

(iii) φ is affine,

(iv) if U is open and affine in Y , then φ∗ : OY (U) −→ φ∗OX(U) is an isomorphism of

OY (U) onto
(
φ∗OX(U)

)G
,

(v) if W is a closed G-invariant subset of X, then φ(W ) is closed,

(vi) if W1, W2 are disjoint closed invariant subsets of X, then φ(W1) ∩ φ(W2) = ∅.

(Y, φ) is a geometric quotient if

(i) φ is a good quotient,

(ii) the fibers of φ are precisely the orbits of G, i.e. Y is an orbit space.

Definition 2.15: If Y is a good quotient of X by G, then it is also denoted Y = X//G.

Note that a good quotient is always a categorical quotient. In case G is reductive,

Nagata’s theorem allows the construction of good quotients of affine varieties:

Proposition 2.16 ([New78], Theorem 3.5): Let G be a reductive group which acts on

a variety X. Let Y := spec(k[X]G) and φ : X −→ Y the morphism induced by the

inclusion k[X]G ↪→ k[X]. Then the pair (Y, φ) is a good quotient of X by G.

We will need the following criterion:

Proposition 2.17 ([MFK94], p. 8, Remark (6)): Let G be an algebraic group which

acts on X, Y any variety on which G acts trivially and let φ : X −→ Y a G-equivariant

map. Then (Y, φ) is a categorical quotient if

(i) OY is the subsheaf of invariants of φ∗OX ,

(ii) if W is an invariant closed subset of X, then φ(W ) is closed in Y ; if Wi, i ∈ I, is

as set of invariant closed subsets of X, then:

φ
(⋂

i∈I

Wi

)
=
⋂

i∈I

φ(Wi)

Moreover, if these conditions hold, then φ is submersive, i.e. a subset U ⊂ Y is open if

and only if φ−1(U) is open.

If there exists a G-linearized line bundle on X, then the above construction of affine

quotients can be used to glue quotients of projective varieties.

Definition 2.18: Let G be a reductive group which acts on a variety X and let L be

an invertible G-linearized sheaf over X. Then a point x ∈ X is semistable if, for some

positive integer r, there exists an invariant section of Lr such that f(x) 6= 0 and the

complement of f = 0, Xf , is affine. x is stable if x is semistable, dimG.x = dimG,
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and the action of G on Xf is closed. We denote Xss(L) (respectively, Xss, if there is

no confusion about L), the set of semistable points with respect to L in X. We denote

Xs(L) (respectively Xs) the set of stable points in X.

Note that we use the notation Xs(L) instead of Xs
0(L) as in [New78].

Theorem 2.19 ([New78], Theorem 3.21): Let X be a variety on which a reductive

group G acts and let L be an invertible sheaf over X. Then, for any G-linearization of

L

(i) there exists a good quotient (Y, φ) of X ss(L) by G, and Y is quasi-projective,

(ii) there exists an open subset Y s of Y such that φ−1(Y s) = Xs(L) and (Y s, φ) is a

geometric quotient of Xs(L),

(iii) for x1, x2 ∈ X
ss(L),

φ(x1) = φ(x2) ⇔ G.x1 ∩G.x2 ∩X
ss(L) 6= ∅,

(iv) for x ∈ Xss(L), x is stable if and only if dimG.x = dimG and G.x is closed in

Xss(L).

If X is projective and L is ample, then also Y is projective.

Remark 2.20: We want to point out that the above construction is a convenient way

to produce good quotients, but it is by far not the only way. As we will see below, toric

morphisms provide many examples of good quotients which are not even projective.

A technical tool is the numerical criterion: let X be a projective variety which is G

equivariantly embedded in PH0(X,L) =: PV , where L is a very ample G-linearized in-

vertible sheaf. Let λ : k∗ � G be a one-parameter subgroup ofG. We choose coordinates

x0, . . . , xn of PV such that λ(G) is a diagonal subgroup of G with respect to this coor-

dinates. The action λ(G) then can be written as λ(t).〈x0, . . . , xn〉 = 〈tr0x0, . . . , t
rnxn〉

for any point x ∈ PV . We then define

µ(x, λ) = max{−ri | xi 6= 0}.

Theorem 2.21 ([MFK94], Theorem 2.1): Let G be a reductive group which acts on a

projective variety X and let L be a G-linearized ample line bundle. Then if x ∈ X:

x ∈ Xss(L) ⇔ µ(x, λ) ≥ 0 for all 1-psg’s λ

x ∈ Xs(L) ⇔ µ(x, λ) > 0 for all 1-psg’s λ

Definition 2.22: Let (Y, φ) be a good quotient of X by G and let E be a G-linearized

sheaf on X. Then we say that E descends to Y if there exists a sheaf E ′ on Y such that

there is an equivariant isomorphism E ∼= φ∗E ′.

It is useful to have the following theorem, which was proven in [Nev02] for charac-

teristic 0. We present a proof which works in any characteristic.

Proposition 2.23: Let (Y, φ) be a good quotient of X by G and let E be a sheaf on Y .

Then E ∼=
(
φ∗φ

∗E
)G

.
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Proof. Because (Y, φ) is a good quotient, φ is affine and it thus suffices to show the

statement for the case that X = spec(A) and Y = spec(AG) for some finitely generated

k-algebra A. In that case, denote Γ(Y, E) =: E, and then Γ(X,φ∗E) ∼= E ⊗AG A. The

group G acts trivially over Y , so every sheaf E over Y is G-equivariant with respect to

this trivial action. The corresponding dual action is given as:

E −→ k[G] ⊗k E, e 7→ 1⊗ e.

The pullback φ∗E is a G-linearized sheaf over X. The associated dual action is given by

E ⊗AG A −→ k[G] ⊗k
(
E ⊗AG A

)
, e⊗ a 7→

∑

i

gi ⊗ (e⊗ fi),

where the gi and fi are determined by the dual action of G on A:

A 7→ k[G]⊗k A, a 7→
∑

i

gi ⊗ fi

Using the isomorphism

k[G]⊗k
(
E ⊗AG A

)
∼= Γ(G×X, p∗2φ

∗E) ∼=
(
k[G]⊗k A

)
⊗AG E,

which follows from flatness of p2, we can write the dual action elementwise as

E ⊗AG A 3 e⊗ a 7→ (
∑

i

gi ⊗ fi)⊗ e ∈
(
k[G] ⊗k A

)
⊗AG E,

Then it follows that e ⊗ a is G-invariant if and only if the dual action on A maps a

to 1 ⊗ a, that is, a is G-invariant. Now consider the canonical map E −→ E ⊗AG A,

which is injective, then it follows that e ⊗ a is G-invariant if and only if a ∈ AG and

thus (E ⊗AG A)G = E ⊗AG AG ∼= E. �

The above proposition can be rephrased by saying that for any sheaf E over Y the

pullback φ∗E over X descends back to Y .

Corollary 2.24: Let (Y, φ) be a good quotient of X by G. Then every sheaf on Y is a

descent of a G-equivariant sheaf on X

2.4. Diagonalizable Algebraic Groups and Tori

As a basic reference for diagonalizable groups we use [Bor91], in particular section

III.8. A diagonalizable group is an algebraic group G which is isomorphic to a closed sub-

group of a group of diagonal matrices in GLn(k). We denote Tn the maximal subgroup

of diagonal matrices in GLn(k):

Tn =

{



∗

∗ 0

0
. . .

∗


 ∈ GLn(k)

}

In particular, the multiplicative group k∗ of the field k has the structure of an algebraic

group isomorphic to T1
∼= GL1(k).

A diagonalizable group D is uniquely described by its character group X(D):

Theorem 2.25: (i) X(D) is a finitely generated Z-module.
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(ii) As a scheme, D is isomorphic to spec(k[X(D)]), where k[X(D)] is the group ring

of X(D) over k.

(iii) max-spec(D) = Hom(X(D), k∗).

(iv) X(D) = Moralg.gp.(D, k
∗).

(v) The contravariant functor D 7→ X(D) is fully faithful from the category of diag-

onalizable groups over k and their morphisms as algebraic groups to the category

of finitely generated Z-modules. If char(k) = 0, this functor is an equivalence of

categories. If char(k) = p > 0, this functor induces an equivalence of categories

with the category of finitely generated Z-modules without p-torsion.

Definition 2.26: An algebraic torus is a diagonalizable group which is irreducible as a

variety.

Theorem 2.27: (i) Every algebraic torus is isomorphic to Tn for some n ∈ N.

(ii) X(Tn) ∼= Zn.
(iii) Every diagonalizable group D is isomorphic to F×Tn, where F is a finite Z-module.

In particular, X(D) ∼= F × Zn.

The following theorem is a basic ingredient for the combinatorial description of toric

varieties:

Theorem 2.28 (Sumihiro’s Theorem, [Sum74], Cor. 2): Let X be a normal vari-

ety on which a torus T acts. Then each x ∈ X is contained in a T -invariant affine

neighbourhood.

Let T be an algebraic torus. Then we consider the pairing X(T ) × X∗(T ) −→ Z
given by 〈χ, λ〉 = m if (χ ◦ λ)(x) = xm. Then:

Proposition 2.29: If T is an algebraic torus, then the canonical pairing

X(T )×X∗(T ) −→ Z

is a nondegenerate pairing over Z.

If a diagonalizable group D acts rationally on a finite dimensional vector space V ,

then V decomposes into a direct sum of eigenspaces V =
⊕

χ∈X(D) Vχ. This is also true

if V is not finite dimensional but has still a regular D-action. Then of course D acts

diagonally on V with respect to a suitable basis of V . Let v ∈ V be any element, then

the set D.(k · v) =: Dv is a finite dimensional subvector space of V on which D acts

rationally, such that Dv decomposes into D-eigenspaces: Dv =
⊕

χ∈X(D)(Dv)χ. Then

v ∈ Dv decomposes into a finite sum of eigenvectors v =
∑
vχ, vχ ∈ (Dv)χ and we get:

Theorem 2.30 (The Complete Reducibility Theorem (CRT)): Let D be a diagonaliz-

able group which acts by a regular representation on a k-vector space V , which is not

necessarily finite dimensional. Then V decomposes into a direct sum of eigenspaces:

V =
⊕

χ∈X(D)

Vχ

where Vχ = {v ∈ V | g.v = χ(g) · v}.
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The following generalizes [Kan75], Proposition 3.4.

Proposition 2.31: Let X = spec(R) be an affine variety on which a diagonalizable

group G acts. Then R has the structure of an X(G)-graded ring and there exists an

equivalence of categories between X(G)-graded R-modules and G-equivariant quasico-

herent sheaves over X.

Proof. As we have seen in section 2.2, the dual action of G on R is locally finite,

and thus R decomposes as k-vector space:

R =
⊕

χ∈X(G)

Rχ.

This splitting is naturally equivalent to the structure of a X(G)-graded ring.

Now we make use of the fact that the Grothendieck functor ˜ and the global section

functor Γ(X, .) define an equivalence of categories between R-modules and quasicoherent

sheaves over X. Assume first that E is a G-linearized quasicoherent sheaf over X, then

the dual action k[X(G)] → k[X(G)]⊗k Γ(X, E) induces a regular representation of G on

Γ(X, E), and thus we obtain an eigenspace decomposition

Γ(X, E) =
⊕

χ∈X(G)

Γ(X, E)χ,

which naturally is compatible with the graded structure of R.

Now let E = Ẽ for some X(G)-graded k[X]-module E. Then we define an isomor-

phism

Φ : Γ(G×X,σ∗E) −→ Γ(G×X, p∗2E)

as follows. Because X andG are affine, G×X is affine as well and there are isomorphisms

Γ(G×X,σ∗E) ∼= (k[G] ⊗k k[X])⊗k[X] E, Γ(G×X, p∗2E) ∼= k[G]⊗k E.

The vector spaces k[G], k[X], and E are X(G)-graded, and we set

Φ
(
(χ⊗ fχ′)⊗ eχ′′

)
= χχ′′ ⊗ (fχ′ · eχ′′)

Φ is an isomorphism of k[G ×X]-modules, and, after composition with

σ∗ : E −→ Γ(G×X,σ∗E), eχ 7→ (1⊗ 1)⊗ eχ,

we get the dual action:

E −→ k[G] ⊗E,
∑

χ

eχ 7→
∑

χ

χ⊗ eχ.

The cocycle condition then is straightforwardly verified.

Let E and F be G-equivariant sheaves over X. Then a morphism φ : Γ(X, E) −→

Γ(X,F) is G-equivariant if and only if g.φ(e)) = φ(g.e)) for every g ∈ G and every

e ∈ Γ(X, E). Now g.φ(
∑

χ eχ) = φ(g.
∑

χ eχ) = φ(
∑

χ χ(g) · eχ) =
∑

χ χ(g)φ(eχ),

which implies that a morphism φ is G-equivariant if and only if φ induces a graded

homomorphism of graded k[X]-modules of degree zero. �
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2.5. On Graded Rings

In this section we collect some standard facts on graded commutative rings and

modules. The proofs of the statements below which are not explicitly given are more or

less straightforwardly the same as their analogs in [AM69] and [SS94], [SS88].

Let G be an abelian group and let R be a G-graded ring. A module M over a

G-graded ring R is called a graded R-module if M has a decomposition into a direct

sum M =
⊕

g∈GMg of abelian subgroups Mg of M such that r · m ∈ Mgg′ for all

r ∈ Rg,m ∈ Mg′ . If M is an ideal of R, it is also called homogeneous. We denote by

M(g) the degree shift such that M(g)g′ = Mgg′ . Let M,N be two G-graded R-modules.

A homomorphism f : M −→ N of two G-graded R-modules M and N is a graded or

homogeneous homomorphism if f(Mg) ⊂ Ng for all g ∈ G. We can define a graded

structure on the tensor product M ⊗RN as follows: denote by T := M ⊗ZN the tensor

product of M and N over Z. If we consider Z as a trivially G-graded ring (i.e. Z1 = Z
and Zg = 0 for all 1 6= g ∈ G) then T has a G-grading by setting Tg to be the additive

group generated by the set {m⊗n | m ∈Mg′ , n ∈ Ng′′ such that g′g′′ = g} for all g ∈ G.

Further let K be the G-graded submodule of T generated by {(rm) ⊗ n −m ⊗ (rn) |

m ∈ M,n ∈ N, r ∈ R}. There is an isomorphism T/K ∼= M ⊗R N such that M ⊗R N

acquires the structure of a G-graded module.

Remark 2.32: If R is trivially G-graded then M ⊗RN can be endowed directly with a

graded structure by setting (M ⊗RN)g to be the additive group generated by {m⊗R n |

m ∈Mg′ , n ∈ Ng′′ such that g′g′′ = g}.

A morphism of graded rings is a pair of morphisms (ψ, χ) : (R,G) −→ (R ′, G′) such

that ψ(Rg) ⊂ R′χ(g). Such a morphism (ψ, χ) induces a G′-grading on R by setting

Rg′ :=
⊕

g∈χ−1(g′)Rg. Also for a given graded G-module M the grading can also be

changed to a G′-grading. Thus:

Definition 2.33: Let (ψ, χ) : (R,G) −→ (R′, G′) be a morphism of commutative graded

rings and let M be a G-graded R-module. Then we call the G′-graded R′-module

M ⊗R R
′ the graded scalar extension.

Definition 2.34: Let R be a G-graded ring. A maximal homogeneous ideal is a ho-

mogeneous ideal of R which is not contained in any other homogeneous ideal of R.

The intersection of all maximal homogeneous ideals is called the homogeneous Jacobson

radical RG.

Note that a maximal homogeneous ideal is not necessarily a maximal ideal.

Theorem 2.35 (Graded Version of Krull’s Theorem): Let R be a graded ring. Then

each proper homogeneous ideal is contained in a maximal homogeneous ideal.

Proof. Clearly the set of homogeneous ideals is partially ordered by inclusion. Let

{gi}i∈I be a chain of homogeneous ideals. Then the ideal
⋃
i∈I gi is also homogeneous.

So the homogeneous ideals are even inductively ordered, hence we can apply Zorn’s

lemma and obtain that there exist maximal homogeneous ideals. �
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As a consequence we have the

Corollary 2.36: (i) Every homogeneous non-unit of R is contained in a maximal

homogeneous ideal.

(ii) If the zero ideal is the unique maximal homogeneous ideal of a G-graded ring R,

then each finitely generated graded module over R is free.

(iii) Let R be a G-graded ring and assume that there exists a unique maximal homoge-

neous ideal m in R. The ring R/m is then also graded and each finitely generated

graded module over R/m is free.

Compare the following theorem to [NvO82], lemma A.I.7.5 and [BPCM98].

Theorem 2.37 (Graded Nakayama’s lemma): Let R be a G-graded ring, and let M be

a finitely generated graded R-module. Let a ⊂ RG be a graded ideal such that aM = M .

Then M = 0.

Proof. Assume that M 6= 0, and let u1, . . . , un be a minimal set of generators of

M . Then un ∈ aM , hence there exists an equation of the form un =
∑n

i=1 aiui where

ai ∈ a. Write (1−an)un =
∑n−1

i=1 aiui. Since an ∈ a, by Corollary 2.36, 1−an is a unit in

R. Hence un ∈ spanA{ui}i=1,...,n−1 which contradicts the minimality of the generating

set. �

Corollary 2.38: Assume that there exists a unique maximal homogeneous ideal m in

R. Let M be a finitely generated graded R-module. If M is projective, then M is free.





CHAPTER 3

Toric Varieties

A toric variety is a normal variety X together with an open and dense embedding

of an algebraic torus

T ↪→ X

such that the torus multiplication extends to an action of T on X:

T × T
µ //

� _

��

T � _

��
T ×X

σ // X.

This chapter gives an exposition of the theory toric varieties. Our aim is to present

this theory from the point of view of semigroup rings similarly as in older sources such

as [KKMS73] and [MO78], but only as far as it is relevant for our work. This in

particular excludes cohomologies and classification theory for toric varieties. Instead,

we have included material on toric morphisms and quotient presentations which are not

present in standard text books.

In the first three sections we introduce the basic notions of toric geometry. In section

3.1 we present the standard notions of convex geometry relevant for toric geometry. In

section 3.2 we introduce affine toric varieties and describe their orbit structure, and in

section 3.3 general toric varieties are introduced. Principal references for these sections

are [MO78], [Ful93], [Oda88] and [KKMS73].

In section 3.4 we introduce toric morphisms and give a partial study of the question

whether a surjective equivariant morphism of toric varieties represents a quotient. For

surjective toric morphisms X −→ Y we give criteria whether Y is a categorical, good

or geometric quotient of X by some diagonal subgroup of the torus T acting on X.

These criteria are motivated by the question which kind of quotient is represented by

a quotient presentation for a toric variety (see section 3.6). This is related to and kind

of inverse of the question whether there exist quotients of X by actions of subtori of T

which can explicitly be constructed as toric varieties. This question has been studied in

the literature before, see [AH99a], [AH99b] and [AH00], and [AH03] for a review.

In section 3.5 we briefly explain how orbit closures of T in X can be described as

toric varieties.

Finally, in section 3.6 we introduce the general concept of quotient presentations

for toric varieties. Historically, quotient presentations are attributed to Cox ([Cox95])

and Audin ([Aud91]) and some others (see references in [Cox95]). The advantage of

quotient presentations is that they allow – as analog to projective spaces – the introduc-

tion of global coordinates and the treatment of sheaves over X as graded modules over

29
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some global coordinate ring. Quotient presentations in general are not unique, and there

might be different good quotient presentations for different purposes (see for instance

[Kaj98], [Per02c] and [AHS02]). However, it seems that Cox’ original version of a

quotient presentation is the most user friendly, at least for our purposes. So, later on

we will only use Cox’ version.

General conventions: in the theory of toric varieties it is standard to denote

M := X(T ) the character group of T , N = Mˇ the dual group group of one-parameter

subgroups of T , MR = M ⊗Z R, NR = N ⊗Z R. The pairing 〈 . , . 〉 between M and N

extends naturally to a pairing between MR and NR. For any character m ∈ M we use

the convention to write χ(m) if we want to write the group law in M multiplicatively,

and m if we want to write it additively, i.e. χ(m +m′) = χ(m) · χ(m′). In particular,

we will use the notation χ(m) if we consider χ(m) as a regular function over the torus

T . Recall that the coordinate ring of T is isomorphic to the group ring

k[T ] = k[M ] =
⊕

m∈M

k · χ(m).

For a toric variety X, it is convention to consider the following dual action on the

coordinate ring for any f ∈ k[X] and t ∈ T :

(t.f)(x) = f(t.x).

instead of (t.f)(x) = f(t−1.x). This is well-defined because T is abelian. This convention

is in order to be compatible with the group multiplication law of T : for any t, t ′ ∈ T the

characters χ(m) are regular functions over T , and by the above convention

(t.χ(m))(t′) = χ(m)(t) · χ(m)(t′) = χ(m)(t · t′).

3.1. Convex Geometry

Let VZ
∼= Zn be a free Z-module of finite rank, and let VQ = VZ⊗ZQ and V = VZ⊗ZR

the Q-, respectively R-vector spaces obtained by scalar extension, with the canonical

inclusions

VZ ⊂ VQ ⊂ V.

A subset σ of V is called a convex rational polyhedral cone (crpc) if there exists a

finite number of vectors v1, . . . , vs in VQ such that σ = spanR≥0
{vi|i = 1, . . . , s}. σ is

called a strongly convex rational polyhedral cone (scrpc) if σ∩−σ = {0}. By definition,

a crpc is a convex subset of V , and a scrpc is a crpc that does not contain any proper

linear subspace of V . For any crpc σ there exists some minimal subvector space Vσ of

V which contains σ. Then dimVσ is the dimension of σ. The interior int τ of τ is the

interior of τ as a subset of Vτ .

Let Vˇ be the vector space dual to V and let v ∈ V ,̌ then the half space Hv

orthogonal to v is:

Hv := {u ∈ V | v(u) ≥ 0}

A convex rational polyhedral cone is the intersection of finitely many half spaces.

A face of σ is the intersection σ ∩ ∂Hv where ∂Hv is the boundary hyperplane of

a half space Hv containing σ. Every face of σ is also a crpc. Any cone is the disjoint
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0 0

0

Figure 3.1. Various three-dimensional cones

union of the interiors of all of its faces:

σ =
⋃̇

τ<σ

int τ.

Proposition 3.1 ([Oda88], Proposition A.5): The set F(σ) of faces of a crpc σ is a

finite partially ordered set with respect to the face relation <. σ is the largest element,

while the smallest is σ ∩ (−σ), which is the largest R-vector subspace of V contained in

σ. Moreover, F(σ) is an abstract complex in the following sense: τ ∈ F(σ) and ρ < τ

imply ρ ∈ F(σ) and the intersection τ1 ∩ τ2 of τ1, τ2 ∈ F(σ) is a face of τ1 as well as of

τ2.

Figure 3.2. A three-dimensional cone and its cells.

Definition 3.2: • If σ is a crpc, then σ(i) := {τ < σ | dim(τ) = i};

• scrpc’s of dimension 1 are called rays;

• We call the first integral point on a ray ρ primitive lattice vector (or simply

primitive of ρ) and denote it n(ρ).

Note that the set of generators of a cone σ over Q can always be chosen as {n(ρ) |

ρ ∈ σ(1)}.
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Definition 3.3: Let σ be a crpc. Then

σ̌ := {w ∈ Vˇ | 〈w, v〉 ≥ 0 for all v ∈ σ} =
⋂

ρ∈σ(1)

Hn(ρ)

is the dual cone of σ and

σ⊥ = {w ∈ Vˇ | 〈w, v〉 = 0 for all v ∈ σ} =
⋂

ρ∈σ(1)

∂Hn(ρ)

is the biggest linear subspace of Vˇ contained in σ̌.

We can interchange the roles of V and Vˇ and we get immediately that ˇ̌σ = σ.

Note that if σ is strictly convex, then σ̌ has the same dimension as V ,̌ and if σ has

full dimension, then σ̌ is strictly convex. Dualising defines a one-to-one, order reversing

correspondence between the faces of σ and σ̌ which is given by:

σ > τ 7→ τ⊥ ∩ σ̌ =

( ⋂

ρ∈τ(1)

∂Hn(ρ)

)
∩ σ̌ < σ̌.

3.2. Affine Toric Varieties

Let X be an affine toric variety. The dual action of T on the coordinate ring k[X]

induces a decomposition

k[X] =
⊕

m∈M

k[X]m.

The torus T is densely and equivariantly contained in X, such that k[X] becomes a

graded subring of the group ring k[T ] = k[M ]:

k[X] =
⊕

m∈σM

k · χ(m),

where the subset σM ⊂M is a finitely generated subsemigroup of M .

Proposition 3.4: The coordinate ring of X is canonically isomorphic to a semigroup

ring

k[X] = k[σM ]

generated by a subsemigroup σM of M .

The characters χ(m) for m ∈M are regular functions over T ⊂ X and thus rational

functions over X, as T is dense in X. The semigroup σM consists of precisely those

characters which can be continued to X.

Definition 3.5: We denote Uσ an affine toric variety whose coordinate ring is isomor-

phic to the semigroup ring k[σM ].

Any commutative square

T × Uσ
(φ,ψ)

//

µ

��

T ′ × Uσ′

µ′

��
Uσ

ψ // Uσ′
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induces a group homomorphism ψ] : M ′ −→ M and a semigroup homomorphism φ] :

σ′M ′ −→ σM such that the following diagram commutes:

M ′
ψ]

//

µ′]

��

M

µ]

��
M ′ × σ′M ′

(ψ],φ])
// M × σM

where µ] and µ′] are the diagonal morphisms σM −→ σM ×M and σ′M ′ −→ σ′M ′ ×M ′,

respectively, and φ] is the restriction of ψ] to σ′M ′ . Note that the diagonal morphisms

µ] are compatible with the Hopf algebra structure corresponding to the group multipli-

cation law of T .

Proposition 3.6: There is an equivalence of categories between affine toric varieties

Uσ together with equivariant maps, and semigroup rings k[σM ] with graded morphisms

being induced by linear maps M −→M ′.

We can describe a σM in terms of convex geometry:

Proposition 3.7 ([Oda88], §’s 1.1, 1.2): Let Uσ be an affine toric variety. Then the

semigroup σM is of the form σM = σ̌∩M , where σ̌ ⊂MR := M⊗ZR is a convex rational

polyhedral cone with dim σ̌ = dimMR. This is equivalent to the following properties:

(i) σM is finitely generated as a semigroup.

(ii) σM generates M as a group, i.e. each element m ∈M is of the form m = m1 +m2

with m1 ∈ σM and m2 ∈ −σM .

(iii) σM is saturated, i.e. if c ·m ∈ σM with 0 < c ∈ N, and m ∈M , then m ∈ σM .

Remark 3.8: Saturatedness of σM is a consequence of normality of Uσ. More gener-

ally, one can consider not necessarily normal toric varieties, where the corresponding

semigroup σM is not of the above form. However, it can be shown that σM then must

be contained in a cone σ̌ and the inclusion σM ↪→ M ′ ∩ σ̌, where M ′ ↪→ M is the sub-

lattice of M generated by σM , is a morphism of semigroups which induces a dominant

morphism spec(k[σ̌ ∩M ′]) −→ spec(k[σM ]). The affine variety spec(k[σ̌∩M ′]) is a toric

variety on which the torus T ′ = Hom(M ′, k∗) acts, and the morphism then coincides

with the normalization of k[σM ].

Let I be any semigroup ideal of σM , which by definition is a subset I ⊂ σM such

that σM + I ⊂ I. Then we can define a homogeneous ideal of k[σM ] by

I =
⊕

m∈I

k · χ(m),

and conversely, any homogeneous ideal I defines a semigroup ideal by its set of nonzero

degrees:

I = {m ∈M | Im 6= 0}.

This way there is a one-to-one correspondence between homogeneous ideals in k[σM ]

and semigroup ideals in σM . In terms of generators, I is generated by characters
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χ(m1), . . . , χ(mr) if and only if the corresponding semigroup ideal I is of the form

I = {
∑r

i=1(σM +mi)}.

Let I be a T -invariant ideal of k[σM ] and k[σM ]/I its quotient ring. Both objects

have an induced M -grading:

I =
⊕

m∈I

Im, k[σM ]/I =
⊕

m∈σM\I

(k[σM ]/I)m.

The pair (V(I),OV(I)) is a T -invariant affine subscheme of Uσ whose ring of regular

functions Γ(V(I),OV(I)) is isomorphic to k[σM ]/I.

If σM \I is a subsemigroup of σM then there is an inclusion of rings k[V (I)] ↪→ k[σM ]

which commutes with the surjection of k[σM ] onto k[V (I)] and we have the following

commutative equivariant inclusion/retraction diagram:

V(I)
$
�

++
Uσllll

There is a nice characterisation of subsemigroups of σM of the form σM \I for semigroup

ideals I (see [MO78], §5):

Proposition 3.9: Let I be a homogeneous ideal of k[σM ]. Then there exists a retraction

Uσ � (V(I),OV(I)) if and only if I is a prime ideal. Moreover I is a prime ideal if and

only if there exists a face F of σ̌ such that σM \ I = F ∩M .

And consequently:

Corollary 3.10: There is a one-to-one correspondence between the faces of σ̌ and ir-

reducible T -invariant subvarieties of Uσ. These subvarieties inherit the partial ordering

from the faces.

For the study of general, non-affine toric varieties later on, it will be convenient not

to work with cones σ̌ contained in MR, but rather to consider them as duals of cones

σ contained in NR. As we have stated above, the σ̌ have full dimension in MR and it

follows that σ is strictly convex.

Definition 3.11: We denote

σ⊥M := σ⊥ ∩M

the maximal subgroup of σM .

Definition 3.12: Let τ < σ, then we denote V (τ) the T -invariant closed subvariety of

Uσ associated to the face τ⊥ ∩ σ̌ of σ̌.

We have (σ ∩ τ⊥) ∩M = σM ∩ τ⊥M and:

Proposition 3.13: Let τ < σ, then the coordinate ring of V (τ) can be described as

k[V (τ)] = k[σM ∩ τ⊥M ].

In particular, dimV (τ) = codimNR τ .

Theorem 3.14: Let σ be a scrpc in NR. Then there is a one-to-one correspondence

between affine toric open subvarieties of Uσ and the faces of σ. Moreover, the coordinate
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ring of Uτ for τ < σ is isomorphic to the localization k[σM ]χ(mτ ), where mτ is an

integral element in the interior of τ⊥ ∩ σ̌. Equivalently, the semigroup τM is given by

σM + Z≥0(−mτ ).

Uσ has a unique minimal T -invariant closed subvariety, V (σ), which by 2.5 is a

minimal orbit of T in Uσ.

Definition 3.15: The minimal orbit of Uσ is denoted by orb(σ).

By theorem 3.14, we have thus an orbit decomposition of Uσ:

Corollary 3.16:

Uσ =
⋃̇

τ<σ

orb(τ)

and if ρ < τ then orb(τ) ⊂ V (ρ).

Note that the complement of σ⊥M in σM is precisely the set of non-units in the

semigroup σM and thus σM\σ
⊥
M is the maximal semigroup ideal in σM . Correspondingly,⊕

m∈σM\σ⊥M
k · χ(m) is the maximal homogeneous ideal of k[σM ]. Because σ⊥M is a

subgroup of σM , we have:

Proposition 3.17: k[σM ] has a unique maximal homogeneous ideal which is prime.

We have k[σ⊥M ] ∼= k[orb(σ)], i.e. orb(σ) ∼= spec(k[σ⊥M ]). From a decomposition M =

σ⊥M ⊕M/σ⊥M we obtain the decomposition σM = σ⊥M ×σ′M where σ′M is a subsemigroup

of M/σ⊥M which is the image of the projection M � M/σ⊥M , and thus by k[σ⊥M ×σ′M ] ∼=
k[σ⊥M ]⊗ k[σ′M ] we get:

Proposition 3.18: Let Uσ be an affine toric variety. Then Uσ is isomorphic to orb(σ)×

Uσ′ ∼= (C∗)l×Uσ′ where l is the rank of σ⊥ and Uσ′ is the toric variety associated to the

semigroup σ′M which is the image of σM under the projection MR � MR/σ
⊥.

Proposition 3.19: Let Uσ be an affine toric variety associated to a cone σ. Let Uτ ⊂

Uσ be an affine open toric subvariety associated to a face τ < σ. Then Uσ \ Uτ is a

hypersurface of Uσ.

Proof. The complement of Uτ is of the form

Uσ \ Uτ =
⋃̇

ρ<σ,ρ≮τ

orb(ρ)

Each face whose orbit is contained in this complement has at least one ray which is not

contained in τ . Thus for each ρ < σ with ρ ≮ τ there exists a ray ξ ∈ ρ(1) \ σ(1) such

that orb(ρ) ⊂ V (ξ) ⊂ Uσ \ Uτ . Hence:

Uσ \ Uτ =
⋃

ξ∈σ(1)\τ(1)

V (ξ)

which is a union of irreducible hypersurfaces. �
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Theorem 3.20 ([Oda88], Theorem 1.10, affine version): The affine toric variety Uσ
associated to a cone σ is nonsingular if and only if there exists a Z-basis n1, . . . , nr of

N and s < r such that σ =
∑s

i=1 R≥0ni.

Definition 3.21: We say that a cone σ is simplicial iff dimσ = #σ(1).

3.3. General Toric Varieties

Let X be a general toric variety. By Sumihiro’s theorem (see 2.28) there exists an

open cover of X by affine toric varieties such that for every point x ∈ X there exists an

open neighbourhood which is isomorphic to some Uσ for a convex rational polyhedral

cone σ.

For any two T -invariant affine subsets Uσ, Uσ′ of X, their intersection Uσ∩Uσ′ again

is a T -invariant affine open subset Uτ of X which is associated to a cone τ . The cone τ

is a face of both, σ and σ′ and it is the intersection of σ and σ′ in NR:

Uσ ∩ Uσ′ = Uσ∩σ′

In general, a toric variety can thus be described by the following data:

Proposition & Definition 3.22: Associated to a toric variety is a finite collection ∆

of cones satisfying:

(i) Every face of any σ ∈ ∆ is contained in ∆.

(ii) For any σ, σ′ ∈ ∆ the intersection σ ∩ σ′ is contained in ∆ as well.

A collection of cones satisfying these properties is called a fan. We denote by |∆| the

union of all cones in ∆. If we want to emphasize that a toric variety X is associated to

a fan ∆, we denote this variety X∆.

By gluing, on can construct for every fan ∆ a toric variety X∆.

If there is a collection {σi} of cones all contained in the same vector space V such

that σi ∩ σj < σi, σj , then the union of these cones and all their faces is also a fan. We

speak of a fan that is generated by these cones.

Example 3.23: Figure 3.3 shows the fans for P2 and the Hirzebruch surface Fa ∼=
P(OP1(C) ⊕OP1(C)(a)). Here n1 = (1, 0) and n2 = (0, 1) in N ∼= Z2.

The orbit decomposition for affine toric varieties carries over to the general case:

Proposition 3.24 ([Oda88], Proposition 1.6): X∆ is the disjoint union of the orbits

associated to the cones in ∆:

X∆ =
⋃̇

σ∈∆

orb(σ)

Proposition 3.25: Let σ ∈ ∆ be a cone. Then we denote by V (σ) := orb(σ) the closure

of the orbit associated to σ. V (σ) is a closed subvariety of X∆ and has the structure:

V (σ) =
⋃̇

τ>σ

orb(τ).

Definition 3.26: Let ∆ be a fan. Then denote:
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n1

n2

-n1 -n2

n1

-n1+an2

-n2

n2

Figure 3.3. Fans for P2 and a Hirzebruch surface Fa

• ∆(i) := {σ ∈ ∆ | dimσ = i} the set of all cones of fixed dimension i.

• ∆i :=
⋃
j≤i ∆(j) the union of all cones of dimension smaller or equal i.

• ∆max := {σ ∈ ∆ | σ ≮ τ ∀τ ∈ ∆} the set of maximal cones.

• |∆| :=
⋃
σ∈∆ σ the support of the fan,

• Dρ := V (ρ) for ρ ∈ ∆(1), the T -invariant Weil divisor associated to ρ,

• Z∆(1) the group which is freely generated over the T -invariant Weil divisors Dρ.

In the sequel, we will always assume that a fan |∆| spans the whole space NR over R,

except if stated otherwise. Note that if |∆| spans a proper subspace N ′
R of dimension k of

NR, then the toric variety decomposes as X∆ = (k∗)dimT−k×X∆′ , where ∆′ = {σ∩N ′
R}

is the same fan considered to lie in N ′.

Theorem 3.27 (cf. 3.20): A toric variety X associated to a fan ∆ is nonsingular if

each cone σ ∈ ∆ is nonsingular in the sense of theorem 3.20.

Theorem 3.28 ([Oda88], Theorem 1.11): A toric variety X∆ is complete if and only

if ∆ is a finite and complete fan, i.e. ∆ is finite and the support |∆| is equal to NR.

By [MO78], Proposition 6.1 and [Ful93], §3.4, for X an n-dimensional toric variety

there exists a short exact sequence:

(2) 0 −→M −→ Z∆(1) −→ An−1(X) −→ 0,

where the embedding 0 −→ M −→ Z∆(1) is defined by m 7→ (〈m,n(ρ)〉). The group

An−1(X) is thus generated by the T -invariant Weil divisors. This sequence exists for all

toric varieties whose fan is not contained in a proper subspace of NR.

3.4. Toric Morphisms and Quotients

Definition 3.29: Let N,N ′ be free Z-modules and ∆,∆′ be fans in NR and N ′
R. Then

a map of fans φ : (N,∆) −→ (N ′,∆′) is a homomorphism of Z-modules φ : N −→ N ′

such that for each σ ∈ ∆ there exists a σ ′ ∈ ∆′ with φR(σ) ⊂ σ′, where φR : NR −→ N ′
R

is the vector space homomorphism induced by scalar extension.

Equivalently, a map of fans is defined by specifiying a homomorphism of the dual

Z-modules, φ̌ : M ′ −→ M such that for each σ′ ∈ ∆′ there exists a σ ∈ ∆ such that
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φ̌R(σ̌′) ⊂ σ̌. This functorially defines an equivariant map of toric varieties φ∗ : X∆ −→

X∆′ and φ∗ |T : T −→ T ′, content of

Theorem 3.30 ([Oda88], Theorem 1.13): A map of fans φ : (N,∆) −→ (N ′,∆′) gives

rise to an equivariant morphism

(φ∗, φ∗ |T ) : (X∆, T ) −→ (X∆′ , T ′)

Conversely, suppose (f, f ′) : (X∆, T ) −→ (X∆′ , T ′) is an equivariant morphism of toric

varieties such that f ′ = f |T . Then there exists a unique map of fans φ : (N,∆) −→

(N ′,∆′) such that f = φ∗.

Corollary 3.31: There is an equivalence of categories between the category of toric

varieties with equivariant morphisms and the category of fans whose morphisms are

maps of fans.

Consider any map of fans φ : (N,∆) −→ (N ′,∆′) and φ∗ : X∆ −→ X∆′ the corre-

sponding toric morphism. We obtain an exact sequence of abelian groups

0 −→ G −→ T
φ∗
−→ T ′ −→ T ′/T̄ −→ 0

where T̄ denotes the image of T in T ′. The kernel G is a diagonalizable, though in general

not connected, subgroup of T . The character group of G is given by the corresponding

dual homomorphism of Z-modules and can be naturally identified as X(G) = M/M̄ ,

where M̄ denotes the image of M ′ in M .

Consider the case, where rkN = rkN ′, ∆ and ∆′ both are generated by one cone,

σ and τ , respectively, and φ is an injective map from N to N ′ such that φ over R maps

σ bijectively to τ . This implies that N ′/φ(N) = coker φ is a finite group, and therefore

we obtain a dual short exact sequence

0 −→M ′ φT

−→M −→ X(G) −→ 0

where X(G) is finite (Note that X(G) ∼= G). In particular, we obtain an injective

map k[τM ] � k[σM ] by which k[τM ] can be identified with the degree zero part of the

k[σM ] with respect to its induced X(G)-grading. This in turn can be interpreted as the

invariant subring of k[σM ] with respect to the action of G on Uσ, and Uτ then can be

interpreted as a good quotient of Uσ by G. Because X(G) is finite, all its orbits in Uσ,

are closed, and it follows that Uτ is even a geometric quotient of Uσ by G. The most

interesting case is that where τ is a simplicial cone, which over R always is isomorphic

to the positive orthant (R≥0)
n of some Rn:

Proposition 3.32: Let σ be a simplicial cone such that dimσ = rkN . Then Uσ is iso-

morphic to a geometric quotient kn/G, where G is isomorphic to N modulo the sublattice

generated by the primitive vectors n(ρ), ρ ∈ σ(1), over Z.

In general, the image of φ∗ is a constructible, T̄ -invariant subset of X∆′ which

contains T̄ as a dense open subset. Its closure coincides with the so-called scheme

theoretic image of φ∗ (see [GD71], §I,6.10 or [Har77], ex. II.3.11 (d)). We call the

scheme theoretic image Y for the moment. Then Y is the unique closed subscheme

of X∆′ which has the universal property that if φ∗ factorizes through any other closed
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subset Z of X∆′ , then the canonical inclusion of Y in X∆′ factorizes through Z. The

action of T̄ extends to Y , as it is the closure of T̄ in X∆′ and thus Y becomes a toric

variety.

Proposition 3.33: The scheme theoretic image of φ∗ is a (not necessarily normal)

toric variety.

Example 3.34: Consider the map

φ : Z −→ Z2

mapping 1 to (2, 3). Let Uσ ∼= A1
k and Uσ′ ∼= A2

k be given by the cones σ = R≥0 and

σ′ = (R≥0)
2, respectively. Then φ is a map of fans with respect to the fans generated

by σ and σ′ and the image of the corresponding toric morphism φ∗ is a nonnormal

curve in A2
k given by the equation x2 − y3 = 0 for suitable coordinates x, y, in A2

k. The

equivariant normalization of imφ∗ is naturally isomorphic to Uσ.

In order to avoid enlarging the category of normal toric varieties to include also

nonnormal toric varieties. Instead, we consider the normalization of the scheme theoretic

image. Recall that the normalization Ỹ of an integral scheme Y has the universal

property that for every normal integral scheme Z, every dominant morphism f : Z −→

Y factors uniquely through Ỹ (cf. [Har77], ex. II.3.9). Moreover, note that the

normalization morphism is equivariant.

Definition 3.35: Let φ∗ : X∆ −→ X∆′ be an equivariant morphism of toric varieties.

Then the toric scheme theoretic image of φ∗ is the normalization Ỹ , where Y is the

usual scheme theoretic image of φ∗.

Proposition 3.36: Notations as in the definition. Then the toric scheme theoretic

image Ỹ of φ∗ has the following universal property. φ∗ factors equivariantly through Ỹ ,

and for every sequence of inclusions of tori T̄ ⊆ T ′′ ⊆ T and every T ′′-invariant closed

subset Y ′′ of X∆ such that φ∗ factors through Y ′′, and hence through the normalization

X∆′′ of Y ′′, the map Ỹ → X∆′ factors equivariantly through X∆′′ .

Proof. Clearly, by the universal property of the usual scheme theoretic image, for

every equivariant morphism X∆ −→ X∆′′ , the normalization of Y factors through X∆′′

by composition Ỹ → Y → X∆′′ , which is naturally equivariant. �

Assume that there exists a variety X∆/G which has the universal property of a

categorical quotient of X∆ by G. Then we have for the morphism φ∗ the following

G-invariant diagram induced by the universal properties of the scheme theoretic image
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of φ∗ and of X∆/G:

X∆/G

δ

��

X∆
oo

��
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φ∗

��
X∆′ f(X∆/G)oooo X∆/G

f
oo

Ỹ

;;wwwwwwwwww

ε
55jjjjjjjjjjjjjjjjjjj

The morphisms f and δ are induced by the universal property of categorical quotients

because φ∗ and its lift to Ỹ have G-invariant fibers. ε is induced by the existence of

f and the universal property of the toric scheme theoretic image. Because the whole

diagram is G-equivariant, the composition ε ◦ δ coincides with f , and thus f factorizes

through Ỹ .

Now we discuss under which condition a toric morphism X∆ −→ X∆′ has the struc-

ture of a quotient with respect to the action of G on X∆. A similar question has been

investigated earlier, see e.g. [AH99a], where suitable quotients of X∆ by G were con-

structed. These quotients are toric varieties and one of the main problems treated in

[AH99a] is how the fan of the quotient can explicitly be constructed. Here we ask the

converse — given any map of fans φ : (N,∆) → (N ′,∆′) such that the corresponding

toric morphism φ∗ : X∆ → X∆′ is surjective, under which conditions is (X∆′ , φ∗) a

quotient - and what kind of quotient - of X∆ by G?

Proposition 3.37: Let σ ⊂ NR, τ ⊂ N ′
R be two cones and φ : N −→ N ′ a Z-linear map

which extends to an R-linear surjective map φ : NR −→ N ′
R which induces a surjection

of cones σ � τ . Then Uτ has the structure of a good quotient of Uσ by G. Moreover,

Uτ is a geometric quotient of Uσ if and only if φ is a bijection of the cones σ and τ .

Proof. Let G and T̄ as above, then Uτ is an affine toric variety with respect to the

action of T̄ . Consider the grading on k[σM ] induced by the action of G:

k[σM ] =
⊕

χ∈X(G)

k[σM ]χ.

The invariant ring k[σM ]G then is the degree zero part of k[σM ]. It suffices to consider

the case that dim τ = rkZN
′ and thus φ is surjective up to a finite cokernel and φ> is

an inclusion. We have to show that φ(τM ′) = σM ∩ φ>(M ′). For this, we use the fact

that

〈m′, φ(n)〉 = 〈φ>(m′), n〉

for all m′ ∈ M ′ and all n ∈ N . It is clear that φ>(τM ′) ⊂ σM ∩ φ>(M ′). For any

m′ ∈ M ′ for which 〈φ>(m′), n〉 < 0 for some n ∈ σ, follows 〈m′, φ(n)〉 < 0, and thus

m′ /∈ (φ(σ))̌ = τM ′ .

To proof the second claim, we show that the G-orbits in Uσ are closed if and only

if φ is a bijection of cones. Assume first that φ is not bijective. Then there exists a

character m ∈ σM such that χ(m) is contained in the maximal homogeneous ideal of

k[σM ] and there is no unit m′ in σM with the property that m+m′ is contained in the
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R-subvector space of M spanned by φ>(M ′). Then χ(m) is a nonconstant character

of G which vanishes in the minimal orbit of Uσ. Now for any t ∈ T ⊂ Uσ, the limit

lim
t→0

χ(m)(t) exists and is not contained in the G-orbit of t. Therefore, this orbit is not

closed. Now assume that φ is bijective. Then Uσ splits:

Uσ ∼= (k∗)dimσ−dim τ × Uσ′ ,

and φ∗ factorizes as

Uσ
φ∗

!!C
CC

CC
CC

C

ψ // Uσ′

κ

��
Uτ

The character group M/M ′ of G splits as Zdimσ−dim τ⊕F , where F is some finite abelian

group. Then G can be identified with (k∗)dim σ−dim τ × F and ψ∗ is the composition of

the quotients by (k∗)dim σ−dim τ and F , respectively. Note that because F is finite, the

orbits of F are automatically closed and thus κ has closed orbits, and thus Uτ is a

geometric quotient of Uσ′ by F . The projection ψ clearly is a geometric quotient and

thus ψ∗, as composition of geometric quotients, is a geometric quotient as well. �

The preimage of some Uτ , τ ∈ ∆′ with respect to a map of fans φ : (N,∆) −→

(N ′,∆′) is given by X∆−1
τ

, where

∆−1(τ) = {σ ∈ ∆ | φ(σ) ⊂ τ}.

Proposition 3.38: Let φ : (N,∆) −→ (N ′,∆′) be a map of fans such that the map

NR → NR is surjective and induces a surjection ∆max � ∆′
max such that every σ ∈ ∆max

is mapped surjectively onto some τ ∈ ∆′
max. Then X∆′ is a categorical quotient of X∆

with respect to the action of G.

Proof. The affine T̄ -invariant subsets Uτ , where τ ∈ ∆′
max, form an open cover of

X∆′ and it suffices to check that for every such τ the morphism

φ∗ : X∆−1(τ) −→ Uτ

is a categorical quotient. Because of the assumption on φ, we have that every σ ∈

∆max ∩∆−1(τ) is mapped surjectively onto τ and moreover, by proposition 3.37, Uτ is

a good quotient of Uσ by G. We have that

Γ(X∆−1(τ),OX ) =
⋂

σ∈∆−1(τ)

Γ(Uσ,OX ),

where the intersection is taken by the canonical inclusions Γ(Uσ,OX) � Γ(T,OX).

This inclusion respects the G-grading, and by 3.37, Γ(Uσ,OX)G = Γ(Uτ ,OX∆′
) for

every σ ∈ ∆−1(τ) ∩∆max, and thus

Γ(X∆−1(τ),OX)G = Γ(Uτ ,OX∆′
).

We want to apply the criterion of proposition 2.17, so we have to show that for every

G-invariant closed subset φ∗(W ) is a closed subset of X∆−1(τ), and that for any family
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Wi, i ∈ I, of G-invariant closed subsets of X∆−1(τ), we have:

φ
(⋂

i∈I

Wi

)
=
⋂

i∈I

φ(Wi).

We do induction on the number n of cones in ∆−1(τ) ∩ ∆max. Let W , Wi, i ∈ I, be

a family of G-invariant closed subsets of X∆−1(τ). For n = 1, we apply proposition

3.37. For n > 0, consider the fan Ξ generated by ∆−1(τ) ∩ ∆max \ {σ} for some σ ∈

∆−1(τ)∩∆max, and denote the associated toric variety by XΞ. By induction, φ(XΞ∩W )

is closed in Uτ , and thus, φ(XΞ ∩W ) is closed in Uτ , where the closure is taken in

X∆−1(τ). The set W ′ := W \ XΞ ∩W is a closed subset of Uσ \ XΞ, and thus by

proposition 3.37 its image is closed in Uτ . Thus φ(W ) = φ(XΞ ∩W )∪φ(W ′) is a closed

subset of Uτ . Similarly, by induction φ(
(⋂

i∈IWi

)
∩ XΞ) = φ(

(⋂
i∈IWi

)
∩XΞ), and

together with φ(
⋂
i∈IWi \

(⋂
i∈IWi

)
∩XΞ) = φ(

⋂
i∈IWi) \

(⋂
i∈IWi

)
∩XΞ, we obtain

the result. �

Remark 3.39: We leave open whether the above condition on φ is necessary for in-

ducing a categorical quotient. Note that in characteristic zero, one can show that the

categorical quotient is universal, which means that for all morphisms Y −→ X∆′ the

pair (Y, ψ), where ψ : X∆ ×X∆′
Y −→ Y is pullback of φ∗, is a categorical quotient of

X∆ ×X∆′
Y by G.

Definition 3.40: Let φ : (N,∆) −→ (N ′,∆′) be a map of fans. For every τ ∈ ∆′

consider the preimage ∆−1(τ). If this set contains a unique maximal element, we say

that φ is an affine map of fans.

Lemma 3.41: Let φ : (N,∆) −→ (N ′,∆′) be a map of fans. Then φ is affine if and

only if φ∗ is affine.

Proof. The preimage of Uτ is X∆−1(τ) which is affine if and only if ∆−1(τ) is a fan

generated by precisely one σ ∈ ∆. �

Proposition 3.42: Let φ : (N,∆) −→ (N ′,∆′) be a map of fans. Then X∆′ is a good

quotient of X∆ if and only if φ is affine and every σ ∈ ∆max is mapped surjectively onto

some τ ∈ ∆′
max.

Proof. If (X∆′ , φ∗) is a good quotient of X∆, then φ∗ must be affine. Then for

every τ ∈ ∆′
max, there is a unique cone σ in ∆, and even in ∆max such that φ−1

∗ (Uτ ) = Uσ
and by proposition 3.37, Uτ is a good quotient of Uσ if and only if φ maps σ surjectively

onto τ . On the other hand, if the conditions on φ are fulfilled, then the maps Uσ
φ∗
−→ Uτ

glue to a good quotient of X∆. �

Combining propositions 3.37 and 3.42, we obtain:

Proposition 3.43: Let φ : (N,∆) −→ (N ′,∆′) be a map of fans. Then X∆′ is a

geometric quotient of X∆ if and only if it induces a bijection of fans and every σ ∈ ∆

is mapped surjectively onto some τ ∈ ∆′.
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3.5. Orbit Closures

Let T σ := T/Tσ the torus modulo the stabilizer of orb(σ). Then T σ is dense in

V (σ) and V (σ) becomes a toric variety with respect to the T σ-action. We are going

to construct explicitely the fan of V (σ). Consider the short exact sequence of abelian

groups:

0 −→ Tσ −→ T −→ T σ −→ 0

This corresponds to the short exact sequences

0 −→ σ⊥M −→M −→M/σ⊥M −→ 0

and

0 −→ Nσ −→ N −→ N/Nσ −→ 0,

where Nσ is N intersected with NR,σ, which is the vector space spanned by σ over R.

Definition 3.44: Let σ ∈ ∆, then we denote ∆(σ) := {τ ∈ ∆ | σ < τ}.

By definition, σ is the intersection of the linear space spanned over R by σ, Nσ,R, with

every τ ∈ ∆(σ) and the image of the surjection NR � NR/Nσ,R of ∆(σ) defines a new

fan in NR/Nσ,R whose cones are the images of the τ ∈ ∆(σ), given by τ̄ = τ+Nσ,R/Nσ,R.

Definition 3.45: Let σ ∈ ∆ be a cone, then we define the star of σ to be the set

star(σ) = {τ̄ | τ ∈ ∆(σ)}.

star(σ) is a fan which defines a toric variety which is isomorphic to V (σ), and the

projection N � Nσ induces a surjective morphism of toric varieties X∆(σ) � V (σ).

In the opposite direction, we obtain an equivariant inclusion from (V (σ), T σ) −→

(X,T ) by choosing a section φ : T σ → T , which is always possible because T and T σ

have no torsion subgroups. Then the pair (i, φ), where i is the canonical inclusion of

V (σ) in X, is the required morphism. Note that if σ 6= 0, this equivariant inclusion

is not a morphism of toric varieties in the sense of the previous section, because φ

is not the restriction of i to T σ. Indeed, the image of i in general even has empty

intersection with the torus T . So, this inclusion does not correspond to a map of fans

(Nσ, star(σ)) → (N,∆).

3.6. Quotient Presentations

Recall that projective space can be represented as quotient of a quasiaffine variety:

Pn ∼=
(
kn+1 \ 0

)
/k∗,

where k∗ acts diagonally on kn+1. The dual action then induces a Z-grading on the

coordinate ring S = k[x0, . . . , xn], and any homogeneous function in S defines a well-

defined function on Pn. The idea of a quotient presentation for a toric variety is a

generalization of this fact. We first present the general idea from [AHS02] and then

we describe the original version by Cox ([Cox95]), which in the sequel will be the most

important for us.
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3.6.1. General Quotient Presentations. Let X̂ = X∆̂

φ
−→ X = X∆ be a

surjective equivariant morphism of toric varieties on which the tori T̂ and T act, re-

spectively. Then we obtain a Z-linear homomorphism Z∆(1) −→ Z∆̂(1) as follows.

Consider the open subvariety X1 of X which is determined by the fan generated by

the one-dimensional cones of ∆. This is a smooth toric variety and by restriction we

obtain an isomorphism CDivT (X1)
∼=
−→ Z∆(1), where CDivT (X1) denotes the group

of T -invariant Cartier divisors on X1. Denote Û := φ−1(X1), then, again by pull-

back, we get a map CDivT (X1) −→ CDivT̂ (Û ), and by extension (see theorem 2.3 we

get a map CDivT̂ (Û) −→ Z∆̂(1), and by composition we obtain the strict transform

φ# : Z∆(1) −→ Z∆̂(1).

Definition 3.46 ([AHS02], Def. 2.1): A quotient presentation for X is a quasi-affine

toric variety X̂ and a surjective, affine morphism φ : X̂ −→ X such that the strict

transform φ# : Z∆(1) −→ Z∆̂(1) is bijective.

In [AHS02], the following characterization of quotient presentations has been given:

Theorem 3.47 ([AHS02], Theorem 2.3): Let φ : X̂ −→ X be an equivariant morphism

of toric varieties. This morphism is a quotient presentation if and only if the following

conditions hold:

(i) The corresponding homomorphism of Z-modules N̂ −→ N has finite cokernel,

(ii) ∆̂ is a subfan of a fan generated by a strictly convex polyhedral cone in N̂R,

(iii) φ induces bijections ∆̂(1) ↔ ∆(1) and ∆̂max ↔ ∆max.

(iv) every primitive lattice vector n(ρ̂) of some ray ρ̂ ∈ ∆̂(1) is mapped to a primitive

lattice vector n(ρ) of some ray ρ ∈ ∆(1).

As in section 3.4, there is a short exact sequence of diagonalizable groups

0 −→ G −→ T̂ −→ T −→ 0

which is dual to

0 −→M −→ M̂ −→ X(G) −→ 0

Combining the above theorem with propositions 3.42 and 3.43, we obtain:

Corollary 3.48: Let X̂ −→ X be a quotient presentation, then X is a good quotient of

X̂ by G. Moreover, it is a geometric quotient if and only if the corresponding map of

fans induces a bijection ∆̂ ↔ ∆.

Because X is a good quotient of X̂ by G, we know by proposition 3.42 that there

is a bijection between maximal cones in ∆̂ and maximal cones in ∆. Moreover, there

is a surjective map ∆̂ → ∆ and a bijection ∆̂(1) ↔ ∆(1). Theorem 3.47 implies that

for every σ ∈ ∆ there exists a unique σ̂ ∈ ∆̂ such that σ̂(1) = {ρ̂ | ρ ∈ σ(1)}. The

corresponding Uσ̂ give a T -invariant cover of X̂ which for our purposes suffices instead of

considering the full cover defined by the fan ∆̂. So in the sequel we will use the convention

that if we speak about the fan ∆̂, we only consider the subset {σ̂ | σ ∈ ∆} ⊂ ∆̂.

The reason why quotient presentations are of interest is the fact that these allow to

introduce the notion of homogeneous coordinate rings for toric varieties. As stated in
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theorem 3.47, the fan ∆̂ is a subfan of the fan generated by some cone, denoted C for

the moment, in N̂ . The complement of X̂ in UC is contained in the complement of the

toric subvariety of X̂ which is defined by the subfan of ∆̂ which consists of {0} ∪ ∆̂(1).

This subvariety contains all orbits of codimensions 1 and 0, and thus the complement

of X̂ in UC has codimension at least two. Therefore, the global regular functions of X̂

coincide with the coordinate ring k[UC ]. In the following, we will denote S := k[UC ].

The G-action induces an X(G)-grading of S:

S =
⊕

χ∈X(G)

Sχ.

The complement of X̂ in UC is a G-invariant subset of UC and is naturally described by

a X(G)-graded radical ideal B.

Definition 3.49: The ideal B of S which describes the complement of X̂ in UC , is

called the irrelevant ideal.

Cox’ construction: the most important, and in some sense most natural, quotient

presentation is the one originally given by Cox. Consider the Z-module N̂ := Z∆(1) which

is freely generated over the set of rays ∆(1)of ∆. Denote eρ, ρ ∈ ∆(1) the canonical

basis for N̂ . The cone C then is given by the positive orthant (R≥0)
∆(1) of N̂R, and

the fan ∆̂ is the fan generated by the set {σ̂ | σ ∈ ∆}, where σ̂ =
∑

ρ∈σ(1) R≥0eρ, that

is, σ̂ is spanned by exactly those basis vectors eρ with ρ ∈ σ(1). Then a map of fans

(N̂ , ∆̂) −→ (N,∆) is induced by the map

N̂ −→ N, eρ 7→ n(ρ),

where n(ρ) is the primitive lattice vector of ρ in N . The dual inclusion M → M̂ ∼= Z∆(1)

is given elementwise by

m 7→ (〈m,n(ρ)〉).

Comparing this with sequence (2) in section 3.3, we see that X(G) coincides with the

Chow group An−1(X) of X.

The toric variety UC in this construction can naturally be identified with the affine

space A∆(1)
k = k∆(1), on which the torus T̂ acts diagonally. The coordinate ring S

coincides with the polynomial ring with variables in the rays of ∆, i.e. S = k[xρ | ρ ∈

∆(1)]. An affine k∆(1)-invariant open subset Uσ̂ of X̂ is the complement in k∆(1) of the

union of all T̂ -invariant divisors Dρ̂ such that ρ̂ is not in σ̂(1). The defining equation

for such a union of hypersurfaces is given by the monomial

xσ̂ :=
∏

ρ∈∆(1)\σ(1)

xρ,

and the coordinate ring of Uσ̂ is the localization Sxσ̂ . So the irrelevant ideal of X̂ in

k∆(1) is given as

B := 〈xσ̂ | σ̂ ∈ ∆̂〉.

Remark 3.50: In the construction of Cox, X is a geometric quotient of X̂ by G if

and only if ∆ is a simplical fan. It is natural to ask whether every toric variety is a

geometric quotient quotient of a suitable quotient presentation. In fact, in [Kaj98]
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and, independently, in [Per02c] it was shown to be true for a very large class of toric

varieties, so-called divisorial toric varieties.

3.6.2. Quotient Presentations and Graded Modules. Let φ : X̂ −→ X be a

quotient presentation of X. Let F be an X(G)-graded S-module. By proposition 2.31,

such a module corresponds to a G-linearized sheaf F ′ over UC . The restriction F ′|X̂ ,

which we denote F , defines an equivariant sheaf over X̂. For every Uσ̂ we can consider

the restriction F|Uσ̂
.

These restrictions again define G-equivariant sheaves over the Uσ̂. Denote Sσ the

coordinate ring of Uσ̂, which has an induced X(G)-grading. Again by proposition 2.31,

the modules

Γ(Uσ̂,F) =: Fσ

are X(G)-graded Sσ-modules. Let us denote S(σ) and F(σ) the degree zero components

of Sσ and Fσ, respectively. From the fact that X is a good quotient of X̂ by G it follows

that (Sσ)
G = S(σ)

∼= k[σM ] for every σ ∈ ∆, and thus we can consider k[σM ] as a subring

of Sσ. Similarly, we can identify the module of invariants

Γ(Uσ̂,F)G = (Fσ)
G = F(σ).

This way the sheaf

(φ∗F)G

of G-invariants of φ∗F in a natural way defines a quasicoherent sheaf over X.

Definition 3.51: Let F be a G-graded S-module and let F be the associated sheaf

over X̂ , then we denote the sheaf F̃ := (φ∗F)G the sheafification of F .

On the other hand, let F be any quasicoherent sheaf over X, then the pullback

φ∗F is G-equivariant and the S-module which is given by Γ(X̂, φ∗F), has a natural

X(G)-grading. By proposition 2.23:

F ∼= (φ∗φ
∗F)G = Γ(X̂, φ∗F )̃ .

Hence:

Proposition 3.52: Let φ : X̂ −→ X be a quotient presentation. Then for every quasi-

coherent sheaf F over X, there is an isomorphism F = Γ(X̂, φ∗F )̃ , and every quasico-

herent sheaf F is of the form F̃ for some G-graded S-module F .

Sheaves and Cox’ construction: Let α = α(D) ∈ An−1(X) be a rational equiv-

alence class of some Weil divisor D and let OX(D) its associated reflexive sheaf of rank

one. It was shown in [Cox95], that for the Cox construction, the graded component Sα
of S is naturally isomorphic to the space of global sections of OX(D) (see 2.1.4):

Sα ∼= Γ(X,OX (D)).

This isomorphism conveniently is compatible with the ring structure of S, which means

that the natural map

Γ(X,OX (D))⊗Γ(X,OX) Γ(X,OX(D′)) −→ Γ(X,OX(D +D′))
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coincides with the ring multiplication of S, given by Sα⊗S0 Sβ −→ Sα+β, if α, β are the

classes of D,D′ in An−1(X), respectively.

The free S-modules of rank 1 are given by modules S(α), for α ∈ An−1(X), where

S(α) denotes the degree shift of S by α, i.e. S(α)β = Sα+β. It turns out that S̃(α)
∼= OX(D).

Let us denote by OX(α) := S̃(α) the distinguished representative of the isomorphism

class of sheaves OX(D), where D is a representative of α. Then, for a quasicoherent

sheaf F on X one can define a graded S-module

Γ∗F :=
⊕

α∈An−1(X)

Γ
(
X,F ⊗OX

OX(α)
)
.

Γ∗ is a functor from the category of quasi-coherent sheaves over X to the category of

An−1(X)-graded S-modules. In the following theorem for reference we summarize some

results relating An−1(X)-graded modules and quasicoherent sheaves.

Theorem 3.53 ([Cox95], [Mus02]): (i) The map F 7→ F̃ is a covariant additive

exact functor from the category of An−1(X)-graded S-modules to the category of

quasi-coherent OX -modules.

(ii) If F is a finitely generated An−1(X)-graded S-module, then F̃ is coherent.

(iii) There exists a natural isomorphism (Γ∗F )̃ ∼= F . In particular, every quasi-

coherent OX–module F is of the form F̃ for some An−1(X)-graded S-module F .

If F is coherent, then there exists a finitely generated An−1(X)-graded S-module

F with F̃ ∼= F .

(iii) has been proven by Cox for the case of simplicial toric varieties and by Mustata

([Mus02]) in general. We complement these results by the following remark:

Proposition 3.54: Let F be a quasi-coherent sheaf on X. Then Γ∗F ∼= Γ(X̂, π∗F).

Proof. By restricting the projection π to any Uσ̂ we get a map of affine varieties

π|Uσ̂
: Uσ̂ −→ Uσ. The induced map π′ : k[σM ] −→ k[Uσ̂ ] yields a homomorphism of

graded rings (π′, 0) : (k[σM ],M) −→ (k[Uσ̂ ], An−1(X)), where 0 : M −→ An−1(X) is

just the zero map. Let us denote Γ(Uσ,F) by Fσ, then Γ(Uσ̂, π
∗F) is isomorphic to

k[Uσ̂] ⊗k[σM ] Fσ, where k[Uσ̂] ⊗k[σM ] Fσ can be considered as a graded scalar extension

(see 2.33) with Fσ and k[σM ] trivially An−1(X)-graded. Thus the pullback decomposes

into homogeneous components:

Γ(Uσ̂, π
∗F) ∼=

( ⊕

α∈An−1(X)

(Sxσ̂)α

)
⊗k[σM ] Fσ

∼=
⊕

α∈An−1(X)

(
(Sxσ̂)α ⊗k[σM ] Fσ

)

∼=
⊕

α∈An−1(X)

Γ
(
Uσ,OX(α)

)
⊗k[σM ] Γ(Uσ ,F)

∼=
⊕

α∈An−1(X)

Γ
(
Uσ,F ⊗OX(α)

)
.
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Gluing then yields the result. �

In the next chapter we will extend these results to a correspondence between Z∆(1)-

graded S-modules and equivariant quasicoherent sheaves.



CHAPTER 4

Equivariant Sheaves over Toric Varieties

In sections 4.1 and 4.2 we carry out our basic formalism, that of σ- and ∆-families,

for equivariant sheaves, which we already have motivated in chapter 1. In section 4.3 we

state our first observation derived from this construction, namely that the category of

coherent, equivariant sheaves over any toric variety is a Krull-Schmidt category. In sec-

tions 4.4, 4.5 and 4.6 we specialize our descriptions to torsion free, reflexive, and locally

free sheaves and explain the relation of our constructions to earlier constructions of Kly-

achko in [Kly90] and [Kly91]. In particular, in section 4.6 we give an interpretation of

the filtrations describing equivariant locally free sheaves as filtrations of certain geomet-

ric fibers of the associated vector bundle. Moreover, we show how to compute filtrations

for pullbacks and restrictions to orbit closures of locally free sheaves. In section 4.7, we

give a short description of how filtrations change after tensoring with an equivariant line

bundle or a reflexive sheaf of rank one. In sections 4.8 and 4.9 we connect our formalism

to Cox’ construction of homogeneous coordinate rings. Section 4.9 contains a global

version of the so-called Rees construction. The motivation for this construction comes

from the thesis of Penacchio ([Pen02]), where it was used to construct equivariant vec-

tor bundles over P2. We present a global version of this construction with respect to

the Cox quotient presentation φ : X̂ → X. This construction allows to associate to

every reflexive equivariant sheaf E over X a reflexive, fine-graded S-module E such that

E = Ẽ. The application of this construction is that in general, the module Γ(X̂, φ∗E) is

not reflexive, and not even torsion free. The module E will be constructed as a reflexive

submodule of Γ(X̂, φ∗E) which essentially is defined by the same filtrations as E . This

allows later on to preserve the geometric information contained in the filtrations for E

when passing to global coordinates.

Note that for a quasicoherent sheaf E and T -invariant open subsets U we use, as

in chapter 3 (see page 30), for the induced dual actions on spaces Γ(U, E) the following

convention. For s ∈ Γ(U, E) and t ∈ T we write

t.s = φt(t
∗s)

instead of t.s = φt−1((t−1)∗s). This is well-defined because T is abelian.

4.1. The Category of σ-Families

Let E be a quasi-coherent equivariant sheaf over an affine toric variety Uσ and

denote by Eσ the k[σM ]-module Γ(Uσ, E). By proposition 2.31, there is an isotypical

decomposition:

Eσ =
⊕

m∈M

Eσm.

49
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Let F be another quasi-coherent sheaf over Uσ and F σ the corresponding M -graded

k[σM ]-module. Then an equivariant homomorphism between E and F is equivalent to a

homogeneous morphism φ of degree 0 between Eσ and F σ. Such a morphism decomposes

into a sum

φ =
⊕

m∈M

φm

of k-vector space homomorphisms φm : Eσm −→ F σm.

The graded components k[σM ]m are one-dimensional k-vector spaces which are

spanned by the characters χ(m), for m ∈ σM . Every such character represents a k-

linear map between the homogeneous components

χ(m) : Eσ
m′ −→ Eσ

m+m′

e 7→ χ(m) · e

for all m ∈ σM and all m′ ∈ M . It is clear that the module structure of Eσ over

k[σM ] is completely determined by these mappings. Moreover, if we break a homoge-

neous morphism φ as above into pieces, we get that the φm are k-linear vector space

homomorphisms such that

φm+m′ ◦ χ(m) = χ(m) ◦ φm′

for all m ∈ σM and all m′ ∈ M . What we are going to do now is just to formalize this

a bit.

Observe first that there is such a linear mapping between some eigenspaces Eσ
m and

Eσm′ if and only if m′−m ∈ σM . This motivates to introduce a relation on M as follows:

Definition 4.1: Let Uσ be an affine toric variety. Then we define a relation ≤σ on M

by setting m ≤σ m
′ iff m′ −m ∈ σM . We write m <σ m

′ if m ≤σ m
′ but not m′ ≤σ m.

It is easy to prove the following properties of ≤σ:

(i) ≤σ defines a directed preorder on M .

(ii) m ≤σ m
′ and m′ ≤σ m iff m−m′ ∈ σ⊥M .

(iii) If τ ≤ σ, then m ≤σ m
′ implies m ≤τ m

′.

(iv) If σ is of maximal dimension in N then ≤σ is a partial order.

Definition 4.2: Let {Eσ
m}m∈M be a family of k-vector spaces. For each relation m ≤σ

m′ let there be given a vector space homomorphism χσm,m′ : Eσm −→ Eσ
m′ such that

χσm,m = 1 for all m ∈ M and χσm,m′′ = χσm′,m′′ ◦ χσm,m′ for each triple m ≤σ m
′ ≤σ m

′′.

We denote such data by Êσ and call it a σ-family.

Lemma 4.3: Let Êσ be a σ-family. Let m,m′ be given such that m−m′ ∈ σ⊥M . Then

the homomorphisms χσm,m′ and χσm′,m are isomorphisms.

Proof. The lemma follows from the fact that χσm,m′ ◦ χσm′,m = χσm′,m′ = 1. �

Definition 4.4: Let Êσ and F̂ σ be two σ-families with vector space homomorphisms

χσm,m′ and ψσm,m′ , respectively. Then a morphism φ̂σ from Êσ to F̂ σ is a set of vector

space homomorphisms {φσm : Eσm −→ F σm}m∈M such that φσm′ ◦ χσm,m′ = ψσm,m′ ◦ φσm for

all m,m′ ∈M with m ≤σ m
′.
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It is clear that σ-families form a category. Moreover:

Theorem 4.5: The following three categories are equivalent:

(i) equivariant quasicoherent sheaves over Uσ,

(ii) M -graded k[σM ]-modules with morphisms of degree 0, and

(iii) σ-families

Proof. The Grothendieck functor ˜ and the global section functor Γ(Uσ, .) establish

an equivalence of categories between the category of quasicoherent sheaves over Uσ and

the category of k[σM ]-modules. It was shown in proposition 2.31 that the restrictions

of these functors induce the equivalence between (i) and (ii).

We prove now the equivalence between (ii) and (iii). From the discussion above it is

clear that each M -graded k[σM ]-module Eσ gives rise to a σ-family Êσ via the family

of vector spaces given by the homogeneous components Eσ
m and setting χσm,m′ the map

given by multiplication with χ(m′ −m). Moreover, each homogeneous morphism φ by

decomposition into homogeneous components gives rise to a morphism φ̂ of σ-families.

On the other hand, given a σ-family Êσ, we associate a graded k[σM ]-module to Êσ by

setting

Eσ :=
⊕

m∈M

Eσm

and for m ∈ σM and a homogeneous element e ∈ Eσ
m′ we set χ(m) · e := χσm,m+m′(e).

We then obtain the structure of a graded k[σM ]-module by k-linear continuation. Anal-

ogously, morphisms are composed by forming direct sums. �

4.2. The Category of ∆-Families

Let f : Uσ′ −→ Uσ be an equivariant morphism of affine toric varieties. This means

that its restriction to the torus T ′ ⊂ Uσ′ is a morphism of algebraic groups T ′ −→ T ⊂ Uσ
and that f(t.x) = f(t).f(x) for all t ∈ T and x ∈ Uσ′ . Such an f induces contravariantly

a homomorphism of rings f ∗ : k[σM ] −→ k[σ′M ] and a homomorphism f̌ : M −→ M ′

between the character groups of T and T ′, respectively. Both are compatible in the

sense that the restriction f̌ : σM −→ σ′M ′ of f is a homomorphism of semigroups. Then

the pair (f ∗, f̌) is a homomorphism of graded rings:

(f∗, f̌) : (k[σM ],M) −→ (k[σ′M ′ ],M ′)

in the sense of Section 2.5. Let E be an equivariant quasicoherent sheaf on Uσ. Then

by lemma 2.9 the sheaf f ∗E is a T ′-equivariant sheaf on Uσ′ and the k[σ′M ′ ]-module

Γ(Uσ′f
∗E) has an M ′-grading, where the natural isomorphism Γ(Uσ′f

∗E) ∼= Γ(Uσ, E)

⊗k[σM ]k[σ
′
M ′ ] coincides with the graded scalar extension in the sense of Definition 2.33.

The M ′-graded k[σ′M ′ ]-module Γ(Uσ′f
∗E) thus corresponds to a σ′-family.

Definition 4.6: Let E be an M -graded k[σM ]-module corresponding to a σ-family Êσ .

Further let f : Uσ′ −→ Uσ be an equivariant morphism of affine toric varieties. Then

denote by f ∗Êσ the σ′-family obtained by the graded scalar extension of E via the pair

of homomorphisms (f ∗, f̌) : (k[σM ],M) −→ (k[σ′M ′ ],M ′).
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Proposition 4.7: Given an equivariant morphism f : Uσ′ −→ Uσ of affine toric va-

rieties. Pullback f ∗ defines a functor from the category of equivariant quasicoherent

sheaves over Uσ to the category of equivariant quasicoherent sheaves over Uσ′ . By

equivalence of categories, f ∗ is up to natural equivalence a functor from the category

of σ-families to the category of σ′-families, and there is the following functor diagram:

E
� //

OO

��

f∗E
OO

��

Êσ
� // f∗Êσ.

Proof. f ∗E is equivariant by lemma 2.9. Note that f ∗ in the category of sheaves

is a functor only up to natural equivalence. �

We now paste together families of vector spaces associated to the cones of a fan:

Definition 4.8: Let ∆ be a fan. A collection {Êσ}σ∈∆ of σ-families is called a ∆-

family, denoted Ê∆, iff for each pair τ < σ with inclusions iτσ : Uτ ↪→ Uσ there exists an

isomorphism of families ητσ : iτσ
∗Êσ

∼=
−→ Êτ such that for each triple ρ < τ < σ there is

the equality ηρσ = ηρτ ◦ i
ρ
τ
∗
ητσ. A morphism of ∆-families is a collection of morphisms

{φ̂σ : Êσ −→ F̂ σ}σ∈∆ such that for all σ, τ and τ < σ the following diagram commutes:

iτσ
∗Êσ

iτσ
∗φ̂σ

//

ητσ

��

iτσ
∗F̂ σ

η′τσ

��

Êτ
φ̂τ

// F̂ τ

With these definitions it is easy to see that the ∆-families form a category. Moreover:

Theorem 4.9: Let ∆ be a fan. Then the category of ∆-families is equivalent to the

category of quasicoherent equivariant sheaves over X.

Proof. Because the σ-families already have been shown to be equivalent to equi-

variant quasicoherent sheaves on the invariant open subvarieties Uσ of X, we have only

to show that Definition 4.8 encodes the usual data for gluing the sheaves Eσ which corre-

spond to the σ-families Êσ with respect to the open cover Uσ, σ ∈ ∆. This means that

there exists a family φσσ′ : Eσ|Uσ∩σ′

∼=
−→ Eσ′ |Uσ∩σ′

for all σ, σ′ ∈ ∆ such that φσσ = id

and φσσ′′ = φσ′σ′′ ◦ φσσ′ over each triple intersection Uσ∩σ′∩σ′′ . Let σ, σ′ ∈ ∆ and set

τ := σ ∩ σ′ define

φσσ′ := η−1
τσ′ ◦ ητσ

Then the φσσ′ fulfill the cocycle condition up to natural equivalence and the Eσ glue to

a quasi-coherent sheaf E on X. Furthermore it is then straightforward to verify that

Ê∆ 7→ E defines a functor which induces an equivalence of categories. �

The following finiteness conditions of a ∆-family correspond to coherence:

Definition 4.10: We say that a σ-family Êσ is finite iff

(i) all the vector spaces Eσ
m are finite-dimensional,
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(ii) for each chain · · · <σ mi−1 <σ mi <σ · · · of characters in M there exists an i0 ∈ Z
such that Eσ

mi
= 0 for i < i0,

(iii) there are only finitely many vector spaces Eσ
m such that the map

⊕

m′<σm

Eσm′ −→ Eσ
m

defined by summation of the χσm′,m, is not surjective.

We say that a ∆-family is finite if all of its σ-families are finite.

Proposition 4.11: A quasicoherent equivariant sheaf is coherent iff its associated ∆-

family is finite.

Proof. Let Ê∆ be finite and let Êσ be any σ-family. Because the homomor-

phisms χσm,m′ are isomorphisms iff m ≤σ m′ and m′ ≤σ m, we assume without loss

of generality that σ is maximal and thus ≤σ is a partial order. Consider the set

P = {m ∈ M/σ⊥M such that Em 6= 0} and let Pmin be the set of minimal elements

of P with respect to ≤σ. Because of condition (iii), Pmin must be finite, and by (ii),

if the σ-family is nonempty, Pmin is nonempty as well. Again by (iii), there exist only

finitely many cokernels
⊕

m′<σm

Eσm′ −→ Eσ
m −→ Cm −→ 0.

We denote Q := {m ∈ M \ P such that Cm 6= 0}. The generators of the module

Eσ =
⊕

m∈M Eσm correspond to the k-vector space basis of
⊕

m∈Pmin
Eσm ⊕

⊕
m∈QCm

which by (i) is finite dimensional, hence Eσ is finitely generated. The converse follows

straightforwardly by similar arguments. �

Remark 4.12: Note that from Definition 4.10 follows immediately that for every chain

· · · <σ mi−1 <σ mi <σ · · · the sequence Eσ
mi

becomes stationary, i.e. there exists an

i1 ≥ i0 such that the χσmi,mi+1
become isomorphisms for all i ≥ i1.

4.3. The Krull-Schmidt Property

In this section we show that the Krull-Schmidt theorem holds for the category of

equivariant coherent sheaves over any toric variety. Recall that the Krull-Schmidt the-

orem states the following. Let C be any category in which direct sums exist. Then we

say that the Krull-Schmidt theorem holds in C if for every object A in C and for every

two decompositions

A ∼= X1 ⊕X2 ⊕ · · · ⊕Xn
∼= Y1 ⊕ Y2 ⊕ · · · ⊕ Ym

we have m = n and there exists a permutation π of {1, . . . , n} such that Xi
∼= Yπ(i) for

all i. In other words, the Krull-Schmidt theorem holds if direct sum decompositions are

unique up to reordering of summands.

There is a classical result of Atiyah, which we want to apply below:

Proposition 4.13 ([Ati56], Corollary of Lemma 3): Let C be an exact category over

a field k such that Hom(A,B) is a finite dimensional k-vector space for every pair of

objects (A,B) in C. Then the Krull-Schmidt theorem holds for C.
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It is well known that this result implies that in the category of coherent sheaves over

a complete variety the Krull-Schmidt theorem holds. In our situation, we can drop the

completeness condition on X:

Theorem 4.14: Let X be any toric variety, then the Krull-Schmidt theorem holds for

the category of equivariant coherent sheaves over X.

Proof. According to proposition 4.13, it suffices to show that for every two equi-

variant sheaves E and E ′, the vector space Hom(E , E ′)T of T -equivariant sheaf homo-

morphisms is finite-dimensional. Consider first the case where X = Uσ is an affine toric

variety and let E = Γ(Uσ , E) and E′ = Γ(Uσ, E
′). Denote e1, . . . , en some minimal set

of homogeneous generators for E, then any k[σM ]-linear homomorphism from E to E ′

is determined by the images of the ei in E′. Possibly after reordering, we can group the

generators as {e1, . . . , en1}, {en1+1, . . . , en2}, . . . , {enr−1+1, . . . , enr}, such that the ei are

in the same group if and only if their degrees in M coincide. Denote Ei the vector space

spanned over k by the {eni−1+1, . . . , eni
}, where n0 = 0 and nr = n. Then Ei ⊂ Emi

for

some mi ∈M and every homomorphism E → E ′ is given by an element

f ∈
r⊕

i=1

Homk(Ei, E
′
mi

),

a direct sum of k-linear vector space homomorphisms. As we have seen in proposition

4.11, coherence implies that E ′
mi

is finite dimensional for every i, and thus the space of

graded module homomorphisms is finite dimensional as well.

In the general case, let Eσ = Γ(Uσ, E) and (E ′)σ = Γ(Uσ, E
′), the modules over the

affine coordinate rings k[σM ] for all σ ∈ ∆. Fix generators for the Eσ for every σ and

define vector spaces Eσ
i of degrees mσ

i as before. Then any sheaf homomorphism is given

by some element

f ∈
⊕

σ∈∆

r⊕

i=1

Homk(E
σ
i , (E

′)σmσ
i
).

This direct sum of vector spaces again is finite dimensional, and has Hom(E , E ′)T as a

subvector space. Note that the components fσ of f = (fσ)σ∈∆ have to be compatible

with respect to the gluing condition on the Eσ (see definition 4.8). Because the direct

sum above already is finite dimensional, we refrain from making this explicit. �

4.4. Torsion Free Equivariant Sheaves

Let Ê∆ be a finite ∆-family. Each of its σ-families Êσ is preordered with respect to

≤σ, so there exists for every σ ∈ ∆ a direct limit

lim
→
m

Eσm

which we denote by lim
→
Êσ or Eσ, respectively. This limit is even a filtered direct limit

in the sense of [Mac98] (see also [Eis95], Appendix 6), which is an exact functor from

the category of preordered families k-vector spaces into the category of k-vector spaces.
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The direct limit has the universal property that for every two vector spaces Eσ
m, E

σ
m′ in

Êσ with m ≤σ m
′, there is a commutative diagram

Eσm
χσ

m,m′
//

""DD
DD

DD
DD

Eσm′

��
Eσ

4.4.1. The Direct Limits for Torsion Free Equivariant Sheaves. Recall that

a coherent sheaf E on a normal scheme X is torsion free iff there exists an injective

homomorphism of OX -modules E −→ k(X)r for some r ≥ 0, where k(X) is the field of

rational functions over X. In our case E being a torsion free equivariant sheaf over a

toric variety X, this implies that for all σ ∈ ∆, Γ(Uσ, E) is a torsion free k[σM ]-module.

It is easy to see that this is equivalent to the fact that χ(m) · e 6= 0 for all m ∈ σM and

all M -homogeneous elements e 6= 0 of Γ(Uσ, E). This in turn implies:

Proposition 4.15: Let E be an equivariant coherent sheaf on X and Ê∆ its ∆-family.

E is torsion free iff for all σ ∈ ∆ the maps in the above diagram are injective.

If E is torsion free, then the restriction map Γ(Uσ, E) −→ Γ(Uτ , E) for any τ < σ is

injective. So there exists a natural inclusion of σ-families Êσ ↪→ (iτσ)
∗Êσ for any τ < σ.

So there exists a natural inclusion of σ-families Êσ ↪→ (iτσ)
∗Êσ for any τ < σ. Therefore

the composition

(3) Êσ
� � // (iτσ)

∗Êσ ∼=

ητσ // Êτ

is injective. It is then easy to prove:

Proposition 4.16: Let E be the coherent sheaf with corresponding ∆-family Ê∆. If E is

torsion free then the homomorphisms Êσ −→ Êτ as in (3) are injections for any τ < σ.

For the rest of this subsection we will assume that all sheaves in question are torsion

free. The injection Êσ ↪→ Êτ of σ-families induces an injective map η̃τσ : Eσ ↪→ Eτ . The

system of vector spaces Eσ and homomorphisms η̃τσ forms a directed partially ordered

family, E∆, with respect to the reversed partial order ’<’ among the cones of ∆. For

any σ1, σ2 ∈ ∆ we have diagrams

Eσ1
� r

$$IIIII
IIII

Eσ1∩σ2
� � // E0

Eσ2

,
�

::uuuuuuuuu

where 0 is the minimal cone in ∆. We obtain an identification of the direct limit

lim
→

E∆ with E0. By Proposition 2.36 any M -graded module over the ring k[σM ] is

free, i.e. isomorphic to k[M ]r, for some r ≥ 0. This means that every equivariant

sheaf over the torus T = U0 is free and r is the rank of this sheaf. Consequently, the
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morphisms χ0
m,m′ are all isomorphisms and E0 is an r-dimensional k-vector space. Recall

that the restriction map Γ(Uσ, E) ↪→ Γ(Uτ , E) can be identified with the canonical map

Γ(Uσ, E) ↪→ Γ(Uσ, E)χ(mτ ) into the localization with respect to some integral element

mτ in the interior of σ̌ ∩ τ⊥. By Remark 4.12 we know that for each chain · · · <σ

m + i · mτ <σ m + (i + 1) · mτ <σ · · · the sequence Eσ
m+i·mτ

becomes stationary and

because m + (i + 1) · mτ − (m + i ·mτ ) = mτ ∈ τ⊥M the maps χτm+i·mτ ,m+(i+1)·mτ
are

isomorphisms for all i ∈ Z. Therefore we have

Proposition 4.17: Let τ < σ and Êσ a σ-family. Let mτ be an integral element of

the interior of σ̌ ∩ τ⊥ such that τM = σM + Z≥0(−mτ ). For each m ∈ M there is the

chain · · · <σ m+ i ·mτ <σ m+ (i+ 1) ·mτ <σ · · · . Then there is an im ∈ N such that

((iτσ)
∗(Êσ))m ∼= Eσm+i·mτ

for all i ≥ im.

Applying this to 0 < σ we get:

Corollary 4.18: The inclusions Eσ ↪→ E0 are isomorphisms Eσ ∼= E0.

4.4.2. The Category of Multifiltrations. Now we collect all the properties de-

rived for equivariant, coherent torsion free sheaves:

Definition 4.19: Let ∆ be a fan, V a finite-dimensional k-vector space, and let for

each σ ∈ ∆ a set of subvector spaces {Eσ
m}m∈M of V be given. We say that this system

is a family of multifiltrations of V if:

(i) For σ ∈ ∆ and m ≤σ m
′, Eσm is contained in Eσ

m′ .

(ii) V =
⋃
m∈M Eσm for any σ ∈ ∆.

(iii) For each chain · · · <σ mi−1 <σ mi <σ · · · of characters in M there exists an i0 ∈ Z
such that Eσ

mi
= 0 for all i ≤ i0.

(iv) For every σ ∈ ∆ there exist only finitely many vector spaces Eσ
m which are not

contained in the union of all vector spaces Eσ
m′ with m′ <σ m.

(v) (compatibility condition) For each τ < σ with τM = σM + Z≥0(−mτ ) we consider

with respect to the preorder ≤σ the ascending chains m + i · mτ for i ≥ 0. By

condition (iv) and because V is finite dimensional the sequence of subvector spaces

Eσm+i·mτ
necessarily becomes stationary for some iτm ∈ Z. We require that Eτ

m =

Eσm+iτm·mτ
for all m ∈M .

Families of multifiltrations are ∆-families which are realized as subvector spaces of

the limit vector space E0.

A morphism of families of multifiltrations {Eσ
m}σ∈∆,m∈M and {F σm}σ∈∆,m∈M then

is equivalent to a homomorphism of vector spaces E0 −→ F0 which is compatible with

these multifiltrations and so induces a morphism of ∆-families. This technical reformu-

lation gives:

Theorem 4.20: For any fan ∆, the category of torsion free equivariant coherent sheaves

on X∆ is equivalent to the category of families of multifiltrations of finite-dimensional

vector spaces.
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Now we briefly explain how the above classification is related to the characterization

of torsion free sheaves in [Kly91]. There it was stated that on a smooth complete

toric variety X the category of equivariant torsion free sheaves is equivalent to the

category of multifiltrations for finite-dimensional vector spaces. If X is smooth, for any

r-dimensional cone σ, its primitive vectors n(ρ), ρ ∈ σ(1) form a part of a Z-basis for N .

Thus we can choose a basis {m(ρi)}ρi∈σ(1) ofM/σ⊥M dual to the minimal submodule of N

which contains σ∩N and which is spanned by the n(ρ). With respect to the dual basis we

write for an element m ∈M its residual class m ∈M/σ⊥M as m =
∑

ρi∈σ(1) iρi
·m(ρi). So

by identifying m with the tuple (iρ1 , . . . , iρr ), we identify M/σ⊥M with Zσ(1). Moreover,

as subvector spaces of E0, we have that Eσ
m = Eσm′ whenever m−m′ ∈ σ⊥M . So we can

write Eσ(iρ1 , . . . , iρr) for Eσ
m. Then a multifiltration in the sense of [Kly91] associated

to a cone σ is a set {Eσ(iρ1 , . . . , iρr)}(iρ1 ,...,iρr )⊂Zσ(1) of subvector spaces of some vector

space E0 which is parametrized by indices iρk
for each ρk ∈ σ(1). In this formulation

the conditions for the filtrations are:

• Eσ(iρ1 , . . . , iρk
, . . . , iρr ) ⊂ Eσ(iρ1 , . . . , iρk

+ 1, . . . , iρr ) for each ρk ∈ σ(1).

•
⋃
iρ1 ,...,iρr

Eσ(iρ1 , . . . , iρr ) = V .

• Let τ < σ, then τ is spanned by the rays {ρk1 , . . . , ρks} = τ(1) ⊂ σ(1). Assume

that (k1, . . . , ks) = (1, . . . , s), then

Eτ (iρ1 , . . . , iρs) = Eσ(iρ1 , . . . , iρs ,∞, . . . ,∞)

and analogously for (k1, . . . , ks) different from (1, . . . , s). Here ∞ abbreviates

the choice of a suitable iτm ∈ Z as in Definition 4.19, (v).

These are the conditions of Klyachko ([Kly91]).

4.5. Reflexive Equivariant Sheaves

If E is a reflexive sheaf on a normal variety X, then Γ(X, E) = Γ(X \ Y, E) if Y is

a closed subset of X of codimension at least two. If E is an equivariant reflexive sheaf

on a toric variety X = X∆, a natural choice for Y is the union of orbits in X which

have codimension at least two, i.e. Γ(X, E) = Γ(X∆1 , E), where ∆1 = ∆(0) ∪∆(1). In

particular, on an affine toric variety we can write Γ(Uσ, E) = Γ
(⋃

ρ∈σ(1) Uρ, E
)
. So, if

we consider the Γ(Uρ, E) as k-subvector spaces of Γ(U0, E), we have

Γ(Uσ, E) ∼=
⋂

ρ∈σ(1)

Γ(Uρ, E).

This implies that Γ(Uσ, E)m ∼=
⋂
ρ∈σ(1) Γ(Uρ, E)m for each graded component of degree

m. We can translate this in a natural way to the intersection of multifiltrations in the

limit vector space E0:

Eσm =
⋂

ρ∈σ(1)

Eρm.

Hence a reflexive sheaf is completely determined by the multifiltrations Eρ
m of V for

ρ ∈ ∆(1). We know that Eρ
m = Eρm′ if m − m′ ∈ ρ⊥M . Thus the multifiltrations are

determined by the stabilizer of the minimal orbit of Uρ, whose group of characters is
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M/ρ⊥M which canonically can be identified with Z by using the primitive lattice element

n(ρ). So we can pass to a filtration of E0:

0 . . . ⊂ Eρ(i) ⊂ Eρ(i+ 1) ⊂ . . . E0.

This filtration must be full in the sense that Eρ(i) = 0 for i sufficiently small and

Eρ(i) = E0 for i sufficiently large. We have the identity:

Eρm = Eρ(〈m,n(ρ)〉)

Using this identity we easily get back a ∆-family from a given set of filtrations E ρ(i) as

follows. We set

Eρm := Eρ(〈m,n(ρ)〉)

and this way obtain the ρ-families corresponding to free k[ρM ]-modules, which then

define a locally free sheaf over X∆1 . We form the reflexive continuation for all Uσ by

setting:

Eσm :=
⋂

ρ∈σ(1)

Eρm =
⋂

ρ∈σ(1)

Eρ(〈m,n(ρ)〉).

Now we have a classification for equivariant reflexive sheaves on toric varieties:

Theorem 4.21: The category of equivariant reflexive sheaves on a toric variety X is

equivalent to the category of vector spaces with full filtrations associated to each ray

in ∆(1). The morphisms in this category are vector space homomorphisms which are

compatible with the filtrations in the ∆-family sense.

4.6. Locally Free Sheaves

A locally free sheaf is reflexive, and thus an equivariant locally free sheaf E over a

toric variety X can defined by a set of full filtrations Eρ(i) of a finite dimensional vector

space E0. Recall that locally free means that for every x ∈ X the stalk Ex is a free

OX,x-module. This implies in particular, that for every affine open subset Uσ of X the

global sections Γ(Uσ , E) form a projective k[σM ]-module. However, not every reflexive

module is projective, and thus there must be conditions on the filtrations Eρ(i) such

that they define a locally free sheaf. In this section we will derive these conditions –

as they were originally stated by Klyachko in [Kly90] – from the formalism we have

developed before, and we will give a geometric picture of the filtrations which will be

derived from the induced representations of the torus T in the geometric fibers of the

vector bundle associated to E . Moreover, we will discuss how to compute filtrations for

pullbacks by toric morphisms and for restrictions to orbit closures.

4.6.1. Compatibility Condition for Locally Free Sheaves.

Proposition 4.22: Finitely generated projective M -graded k[σM ]-modules are free.

Proof. The homogeneous ideal of k[σM ] associated to the semigroup ideal σM \σ⊥M
is the unique maximal homogeneous ideal of k[σM ], so by Corollary 2.38, projective

M -graded k[σM ]-modules are free. �
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Remark 4.23: This is just another proof for the following fact: locally free equivariant

sheaves over affine toric varieties are free. This observation was already made in [Kly90],

Proposition 2.1 i) and in [Kan75], Theorem 3.5. More generally, it is even true that

any locally free sheaf over an affine toric variety is free (see [Gub99]).

So an equivariant bundle E of rank r on Uσ corresponds to an M -graded free k[σM ]-

module

Eσ = Γ(Uσ, E) =
r⊕

i=1

k[σM ](−mi) =
r⊕

i=1

χ(mi) · k[σM ]

i.e. it is a direct sum of graded free modules with respect to r characters mi ∈ M .

The latter equality comes from an equivariant embedding of Eσ into the quasi-coherent

k[σM ]-module Γ(T, E) ∼= k[M ]r. The direct limit is naturally compatible with splitting:

lim
→

r⊕

i=1

Êσi =
r⊕

i=1

lim
→
Êσi

or, respectively,

Eσ =

r⊕

i=1

Eσ
i .

Proposition 4.24: Let E be an equivariant reflexive sheaf of rank r over X with corre-

sponding filtrations Eρ(i). Then E is locally free if and only if for any σ ∈ ∆ there is an

action of Tσ on E0 and a decomposition into Tσ-eigenspaces E0 =
⊕

m∈M/σ⊥M
E0
m such

that

Eρ(i) =
⊕

m∈M/σ⊥M
〈m,n(ρ)〉≤i

E0
m

for any ρ ∈ σ(1).

Proof. Let first E be locally free and let

Eσ =

r⊕

i=1

Lσj

be a decomposition as above with Lσj = k[σM ](−mj). Then for every i:

dim(Lσi )m =

{
0 if mj �σ m

1 if mj ≤σ m.

If we consider the Lσj , we can pass to the limit vector spaces Lσj , and we obtain iso-

morphisms (Lσj )m
∼= Lσj for m ≥σ mj . Consequently, the filtrations for Lσj are given

by:

Lρ(i) =

{
0 if i < 〈mj , n(ρ)〉

Lσj if i ≥ 〈mj , n(ρ)〉

The vector space Lσj becomes a T -module by setting

T × Lσj −→ Lσj , (t, l) 7→ χ(mj)(t) · l.
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By forming direct sums, we get:

Eσ =
⊕

j=1

Lσj

and by this isomorphisms Eσ becomes a T -module:

T ×Eσ −→ Eσ, (t, e) −→ diag
(
χ(m1)(t), . . . , χ(mr)(t)

)
· e.

Moreover,

Eρ(i) =
⊕

〈mj ,n(ρ)〉≤i

Lσj .

The T -module structure induces by restriction automatically a Tσ-module structure: via

the surjection

M −→M/σ⊥M ,m 7→ m

we have

Tσ ×Eσ −→ Eσ, (t, e) −→ diag
(
χ(m1)(t), . . . , χ(mr)(t)

)
· e.

Moreover, we have 〈m − m′, n(ρ)〉 = 0 whenever m − m′ ∈ σ⊥M , and thus we can

equivalently write

Eρ(i) =
⊕

〈mj ,n(ρ)〉≤i

Lσj .

By restriction to the open torus T we get a diagram of isomorphisms:

Eσ
∼= //

∼=

��

⊕r
i=1 Lσj

∼=
��

E0
∼= //
⊕r

i=1 L0
j

by which we transport the Tσ-action to E0.

Now assume conversely that for every σ ∈ ∆ we can find a Tσ-eigenspace decompo-

sition E0 ∼=
⊕r

j=1 E0
mj

, m1, . . . ,mr ∈M/σ⊥M , such that

Eρ(i) =
⊕

〈mj ,n(ρ)〉≤i

E0
mj
.

Then for every m ∈M

Eσm =
⋂

ρ∈σ(1)

Eρ(〈m,n(ρ)〉)

=
⋂

ρ∈σ(1)

⊕

〈mj ,n(ρ)〉≤〈m,n(ρ)〉

E0
mj

=
⊕

〈mj ,n(ρ)〉≤〈m,n(ρ)〉
for all ρ∈σ(1)

E0
mj

By comparison, we then obtain

Eσm
∼=

r⊕

j=1

(Lσj )m

where Lσj
∼= k[σM ](−mj), so that we have a splitting Eσ =

⊕r
j=1 L

σ
j . �
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Remark 4.25: Proposition 4.24 is equivalent to the criterion of locally freeness of

Klyachko:

Theorem ([Kly90], Theorem 2.2.1): The category of equivariant vector bundles over a

toric variety X∆ is equivalent to the category of vector spaces with a family of filtrations

Eρ(i) for each ρ ∈ ∆(1) which satisfy the following compatibility condition:

Let E be a vector space with a family of filtrations, then for any σ ∈ ∆ there exists

a Tσ-eigenspace decomposition E =
⊕

m∈M/σ⊥M
Em such that

Eρ(i) =
∑

m,〈m,n(ρ)〉≤i

Em

Note that here we are considering increasing filtrations instead of decreasing ones as

in [Kly90]. Klyachko’s original argument was by considering the induced Tσ-action in

the geometric fibers of E . We will show how this relates to our description above.

Let xσ be a point in the minimal orbit of Uσ, and let Tσ be the stabilizer subgroup

of T at the point xσ. Consider the equivariant embedding (iσ , id) : (xσ , Tσ) ↪→ (X,T ).

The pullback i∗σE =: E(xσ) to xσ is an r-dimensional vector space over xσ, which we

call the geometric fiber of E over xσ for the moment. There is – in sloppy notation – an

isomorphism E(xσ) ∼= Eσ ⊗k[σM ] k and there is a natural morphism

Eσ −→ Eσ ⊗k[σM ] k, e 7→ e⊗ 1.

The geometric fiber is a representation space for the stabilizer Tσ, such that there is a

splitting

E(xσ) =

r⊕

i=1

E(xσ)−mi

where mi are the images of the mi in the character group X(Tσ) = M/σ⊥M . Taking also

into account the homomorphism of k-vector spaces Eσ −→ Eσ, which is defined as the

sum of the homomorphisms Eσ
m → Eσ, we have a diagram

Eσ

sσvv

�
w

o
ισ

���
�
�
�
�
�
�

Eσ

;;wwwwwwwww

##FFFFFFFF

E(xσ)

There is no canonical map between Eσ and E(xσ), but if E is locally free, we can choose

a section sσ which maps e ∈ Eσ
i to its preimage in (Eσ

i )mi
. By composition we obtain

an isomorphism of vector spaces ισ such that ισ(E
σ
i ) ⊂ E(xσ)−mi

. If we fix for every

cone σ in ∆ some point xσ in the corresponding orbit, we can now use the ισ to lift

the isomomorphisms Eσ → Eτ for τ < σ to isomorphisms E(xσ) → E(xτ ). This way

we have achieved a transport of the filtrations for E0 to filtrations of some general fiber

E(x0) over the open orbit of X.
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4.6.2. Equivariant Pullbacks of Vector Bundles. Let E be a locally free sheaf

over X = X∆ and let φ : (N ′,∆′) −→ (N,∆) be a map of fans which induces an

equivariant morphism f from X ′ = X∆′ to X. Denote E ′ := f∗E . In this section we

want to compute the filtrations for the pullback E ′.

Let ρ ∈ ∆′ and let σ ∈ ∆ be the minimal cone such that φ(ρ) ⊂ σ. Then there is

the following diagram

0 // σ⊥M
//

��

M //

��

M/σ⊥M

α

���
�
�

// 0

0 // ρ⊥M ′
// M ′ // M/ρ⊥M ′

// 0

where α denotes the map between the character groups of the stabilizers Tσ and T ′ρ.

Consider the Tσ-eigenspace decomposition

Eσ =

r⊕

i=1

Eσ
mi
,

where mi ∈ M/σ⊥M . We can transport this decomposition to a decomposition of E′ρ,

which becomes via α a T ′ρ-eigenspace decomposition

E′ρ =
r⊕

i=1

Eσ
mi

=:
r⊕

i=1

E′ρ
α(mi)

.

Here we have set E′ρ
α(mi)

:= Eσ
mi

The induced filtrations then are given by:

E′ρ(i) =
⊕

mj , 〈α(mj ),n(ρ)〉≤i

Eσ
mj

=
⊕

mj , 〈α(mj ),n(ρ)〉≤i

( ⋂

τ∈σ(1)

Eτ (〈mj , n(τ)〉)

)
.

4.6.3. Restrictions of Vector Bundles. Let X = X∆ and let σ ∈ ∆. Consider

the orbit closure V (σ) corresponding to σ. We want to compute the restriction of a

locally free sheaf E over X to V (σ). This is similar to computing the pullback of a

morphism of toric varieties as discussed in the last subsection, except that the new

filtrations depend on the choice of a projection

M
p
� σ⊥M

which in general is not unique (see section 3.5). This projection corresponds to a section

s : T σ � T , where T σ = T/Tσ is the quotient group of T which acts freely on orb(σ),

and we consider the equivariant embedding

(ι, s) : (V (σ), T σ) ↪→ (X,T ).

Let τ > σ and τ ∈ ∆(dimσ + 1) such that the image τ̄ of τ in NR/NR,σ becomes a

ray in star(σ) and consider the following diagram

M

p

��

//

π

##FF
FFFF

FFF
M/τ⊥M

��

// 0

0 // τ⊥M
// σ⊥M

// σ⊥M/τ
⊥
M

// 0
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The diagonalizable group Hom(σ⊥M/τ
⊥
M , k

∗) can naturally be identified with the image

of the stabilizer subgroup Tσ of T in T σ. Let

Eτ =
r⊕

i=1

Eτmi

be the eigenspace decomposition over Uτ , where mi ∈ M . Then the filtrations for the

restriction of E to V (σ) are given by:

E τ̄ (k) =
⊕

〈π(mi),n(τ̄)〉≤k

Eτmi

=
⊕

〈π(mi),n(τ̄)〉≤k

⋂

ρ∈τ(1)

Eρ
(
〈mi, n(ρ)〉

)

where n(τ̄) denotes the primitive vector of τ̄ in the lattice of N/Nσ .

Remark 4.26: Klyachko in [Kly90], Theorem 6.3.1, gave a similar characterization of

restrictions.

4.7. Reflexive Equivariant Sheaves of Rank One and Twists

Let D =
∑

ρ∈∆(1) iρDρ be a T -invariant Weil divisor on X and let OX(D) be its

associated reflexive sheaf of rank one, which is naturally T -equivariant. The restriction

of OX(D) to some Uρ, ρ ∈ ∆(1), is isomorphic to the sheaf OUσ(iρDρ). The stabilizer

Tρ has character group M/ρ⊥M
∼= Z and the ring k[Uρ] ∼= k[ρM ] is naturally Z-graded via

the surjection M � M/ρ⊥M . Let mρ ∈ M/ρ⊥M
∼= Z be the canonical generator, where

〈mρ, n(ρ)〉 = 1, then Γ(Uρ,OX(D)) is an M/ρ⊥M -graded module as follows:

Γ(Uρ,OX(D)) ∼= k[ρM ](−iρ ·mρ)

and thus we can compute the corresponding filtrations Oρ(i) of the one dimensional

vector space O0 for OX(D) as:

Oρ(i) =

{
0 for i < −iρ

O0 for i ≥ −iρ.

Now let E be any equivariant reflexive sheaf over X which corresponds to filtrations

Eρ(i). We want to compute the filtrations (E ′)ρ(i) for the “reflexive twist”

E ′ :=
(
E ⊗OX

OX(D)
)
ˇ̌ .

Again, it suffices to consider the restrictions of E and OX(D) to T -invariant open subsets

Uρ, where ρ ∈ ∆(1). Over such an Uρ both sheaves become locally free, and there is

a natural isomorphism
(
E ⊗OX

OX(D)
)
ˇ̌ |Uρ

∼= E ⊗OX
OX(D)|Uρ . The k[ρM ]-module

Γ(Uρ, E) splits as follows

Γ(Uρ, E) ∼=

r⊕

k=1

k[ρM ](−jkρmρ),
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where mρ is as above and the jkρ are some integers. For the tensor product we have:

r⊕

k=1

k[ρM ](−jkρmρ)⊗k[ρM ] k[ρM ](−ikρmρ) ∼=

r⊕

k=1

k[ρM ](−(iρ + jkρ )mρ),

from which follows that

(E′)ρ(i) = Eρ(i+ iρ) for all ρ ∈ ∆(1).

This can be rephrased that twisting any reflexive sheaf by some equivariant reflexive

sheaf OX(
∑

ρ∈∆(1) iρDρ) is the same as shifting its filtration Eρ(i) by −iρ.

Note that such shifting in general, in particular if X is not smooth, is by no means

harmless, as E and OX(
∑

ρ∈∆(1) iρDρ) may not be locally free.

4.8. Equivariant Sheaves and Homogeneous Coordinate Rings

Let φ : X̂ −→ X be a quotient presentation of X such that X is a good quotient of

X̂ by some diagonalizable group G. Denote S = Γ(X̂,OX̂) the homogeneous coordinate

ring. One may compare the following proposition with [BC94], Proposition 4.17.

Proposition 4.27:

(i) Let E be an M̂ -graded S-module. Then Ẽ is a T -equivariant sheaf over X.

(ii) Every T -equivariant sheaf E is of the form Ẽ for some M̂ -graded S-module E.

Proof. Consider the short exact sequence (see section 3.6)

0 −→M −→ M̂ −→ X(G) −→ 0.

Locally, over every Uσ, the k[σM ]-module Γ(Uσ, Ẽ) corresponds to the degree-zero com-

ponent, with respect to its X(G)-grading, of the k[σ̂M ]-module Γ(Uσ̂, Ê), where Ê is the

sheaf over X̂ associated to E. Because Γ(Uσ̂ , Ê) is M̂ -graded, it follows that the degree-

zero component is M -graded, and part (i) is proved. According to Corollary 3.52, E

is isomorphic to Γ(X̂, π∗E )̃ , and because φ is G-equivariant, π∗E is T̂ -equivariant, and

thus Γ(X̂, π∗E) is M̂ -graded. �

We now specialize to Cox’ homogeneous coordinate ring and denote S = k[xρ |

ρ ∈ ∆(1)], C the positive orthant of R∆(1), and UC ∼= k∆(1) the associated affine toric

variety. The ring S has a natural structure of a Z∆(1)-graded ring where for every

monomial deg xn = n. By the surjection Z∆(1)
� An−1(X) this grading is compatible

with the An−1(X)-grading the way that for every class α ∈ An−1(X)

Sα =
⊕

n7→α

Sn.

Definition 4.28: We call the natural Z∆(1)-grading of S the fine grading.

As we have seen in section 3.6, all reflexive sheaves of rank one are isomorphic to a

sheaf S̃(α), where S(α) is the free, An−1(X)-graded S-module whose degrees are shifted

by α. Analogously, one can pick some n = (nρ) ∈ Z∆(1) and consider the degree-shifted

module S(n) with respect to the fine-grading of S. By the surjection Z∆(1)
� An−1(X),

this degree shift implies a degree shift with respect to the An−1(X)-grading. It turns
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out that the sheafification S̃(n) is naturally isomorphic to OX(−
∑

ρ∈∆(1) nρDρ) together

with its T -equivariant structure.

Remark 4.29: Theorem 1.1 of [BV97] states that, because S is a polynomial ring, for

every graded S-module E, there exists a resolution

0 −→ Fr −→ · · · −→ F0 −→ E −→ 0

where the Fi are free, graded S-modules and r ≤ #∆(1) by Hilbert’s syzygy theorem.

Then by sheafification we obtain a resolution

0 −→ F̃r −→ · · · −→ F̃0 −→ Ẽ −→ 0

where F̃i ∼=
⊕ki

j=1OX(Dij) for some Weil divisors Dij . Thus every sheaf over X has a

resolution of length ≤ #∆(1) by direct sums of reflexive sheaves of rank one. In the

equivariant case this resolution can be chosen in terms of T -linearized sheaves OX(Dij)

where the Dij are T -invariant Weil divisors. In the following chapters we are going to

refine this result.

A homogeneous homomorphism of fine-graded free modules

p⊕

j=1

S(mj)
A
−→

q⊕

i=1

S(ni)

is given by an n × m-matrix A = (aij) whose entries are monomials aij = αijx
mj−ni ,

where αij = 0 whenever mj − ni /∈ N∆(1). The degree of the monomials is completely

determined by the grading. Hence, it is equivalent to define such a morphism by a

matrix (αij) with αij ∈ k.

A fine-graded S-module E gives also rise to an equivariant quasicoherent sheaf over

k∆(1) and is therefore equivalent to a family of vector spaces ÊC . One can easily see

that ÊC induces a ∆̂-family by restriction to X̂. Over Uσ̂ the module E localizes to

the k[σ̂M ]-module Exσ̂ . Its zero component E(xσ̂) is an M -graded S(xσ̂)-module. By the

inclusion 0 −→M
j
−→ Z∆(1) from diagram (2) we can write

E(xσ̂) =
⊕

m∈M

(Exσ̂)j(m)

Thus the set of homogeneous components {(E(xσ̂))m}m∈M can be considered as a subset

of the set of homogeneous components of Exσ̂ . If we set χσm,m′ := χσ̂j(m),j(m′) we obtain

a σ-family as a subfamily of the σ̂-family Êσ̂.

Thus we obtain a ∆-family associated to a quasicoherent equivariant sheaf over X

as a subfamily of the ∆̂-family associated to the fine-graded module E. We can refine

this for torsion free equivariant sheaves as follows. Let E be a fine-graded S-module

such that Ẽ is a torsion free sheaf on X. The torsion submodule t(E) of E is fine-graded

as well and the module (E/t(E)) gives rise to an equivariant sheaf (E/t(E))̃ over X

isomorphic to Ẽ. Thus if we consider torsion free sheaves on X of the form Ẽ for some

fine-graded S-module E, we can assume that E is torsion free and thus equivalent to a

family E∆̂ of multifiltrations for some vector space V associated to the fan ∆̂. By the



66 CHAPTER 4. EQUIVARIANT SHEAVES OVER TORIC VARIETIES

above construction the ∆-family obtained as subfamily of the ∆̂-family defined by E is a

collection of families of subvector spaces of V . These families are indeed multifiltrations

of V as well:

Proposition 4.30: lim
→
Êσ̂ = lim

→
Êσ for all σ ∈ ∆.

Proof. Because Êσ is a subfamily of Êσ̂ we know that lim
→
Êσ ⊂ lim

→
Êσ̂. For the

other inclusion it suffices to show that for each n ∈ Z∆(1) there exists m ∈ M such

that n <σ̂ j(m). Denote by sup(σ) ∈ Z∆(1) the tuple whose ρth entry is 1 iff ρ ∈ σ(1)

and 0 else. Then the claim follows from the fact that for an m ∈ int σ̌ ∩ M and a

suitable n ∈ N each component of j(m) + n · sup(σ) is bigger than zero. Then for each

n ∈ Z∆(1) there exists an i ≥ 0 such that n <σ̂ j(m) + (n + i) · sup(σ). It follows that

n <σ̂ j(m), because with respect to the preorder ≤σ̂ it holds that n′ ≤σ̂ n
′ + k · sup(σ)

and n′ + k · sup(σ) ≤σ̂ n
′ for all n′ ∈ Z∆(1) and all k ∈ Z. �

Example 4.31: Consider a reflexive equivariant sheaf of rank 1 of the form S̃(n) for

some n = (nρ) ∈ Z∆(1). S(n) corresponds to a set of filtrations for the 1-dimensional

vector space k:

Eρ̂(i) =

{
0 if i < −nρ

k if i ≥ −nρ

for all ρ̂ ∈ ∆̂(1). Each equivariant reflexive sheaf of rank 1 then is determined by a

function n : ∆(1) −→ Z (see also [Kly90], Example 2.3.1). We can identify these

filtrations with the filtrations for the corresponding reflexive sheaf on X:

Eρ(i) =

{
0 if i < −nρ

k if i ≥ −nρ

Example 4.32: Let E be a fine-graded S-module such that E is a torsion free equivari-

ant sheaf of rank 1. As we have seen in the previous subsection, we can assume without

loss of generality that E is a torsion free module of rank 1. Thus:

Proposition 4.33: E is of the form I(n), where I is an ideal of S generated by mono-

mials.

By this proposition the classification of torsion free equivariant sheaves of rank 1 is

reduced to the classification of monomial ideals.

The one-to-one correspondence between invariant orbits of X̂ and X implies:

Proposition 4.34: Let σ ∈ ∆, then the ideal sheaf IV (σ) is of the form Ĩ where I is

the Z∆(1)-homogeneous ideal 〈xρ | ρ ∈ σ(1)〉 in S.

4.9. The Rees Construction

Let E ∼= Ẽσ be a torsion free equivariant sheaf over Uσ and consider its σ-family Êσ

and the limit lim
→
Êσ = Eσ ∼= kr. In section 4.1 we have reconstructed the module Eσ

as the direct sum of the vector spaces in the σ-family,
⊕

m∈M Eσm. If E is torsion free,
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there is another way to reconstruct the k[σM ]-module Eσ from the σ-family, by means

of identifying Eσ with a submodule of Γ(T, E|T ) ∼= k[M ]r ∼= k[M ]⊗k Eσ as follows:

Definition 4.35 (Rees construction): Define the k-vector space

EσR :=
⊕

m∈M

k[M ]m ⊗k E
σ
m ⊂ k[M ]⊗k Eσ.

We give Eσ
R the structure of a k[σM ]-module by setting

χ(m) · (χ(m′)⊗ e) := χ(m+m′)⊗ (χm′,m+m′ · e)

for every m′ ∈M .

From the definition follows immediately:

Proposition 4.36: Eσ
R
∼= Eσ as M -graded k[σM ]-modules.

Now let X be any toric variety and let E be a reflexive sheaf over X. Consider the

Cox quotient presentation

X̂
π
−→ X

and the pullback π∗E on X̂ . While the sheaf π∗E is coherent, it might not be reflexive

and not even torsion free over X̂ . Over Uρ, however, E is locally free and so is π∗E over

Ûρ̂. Using this, we use the data for π∗E to construct a reflexive equivariant sheaf Ê over

X̂. Because X̂ ⊂ k∆(1) is a T -invariant open subset whose complement has codimension

at least two, Ê has a reflexive equivariant continuation to k∆(1) and by our construction

below the module Γ(X̂, Ê) = Γ(k∆(1), Ê) will be a finite, reflexive S-module.

Definition 4.37: Let E be a reflexive sheaf which is given by a set of filtrations E ρ(i)

of a vector space E0 for each ρ ∈ ∆(1). The map T̂ −→ T restricts for each ρ to a map

of the stabiliser subgroups T̂ρ̂ −→ Tρ and thus to a map of character groups

αρ : M/ρ⊥M −→ M̂/ρ̂⊥
M̂
.

For each ρ ∈ ∆(1) the restriction of E to Uρ is a locally free sheaf and thus if we restrict

π to Uρ̂, the pullback

Ê ρ̂ := (π|Uρ̂
)∗E|Uρ

is locally free over Uρ̂. Identify M̂/ρ̂⊥
M̂

with Z via i 7→ i · m̂ρ̂, then every i ∈ M̂/ρ̂⊥
M̂

lies

in a unique intervall αρ(j) ≤ i < αρ(j + 1) for some j ∈M/ρ⊥M
∼= Z. Ê ρ̂ is given by the

filtration

Êρ̂(i) = Eρ(j) for αρ(j) ≤ i < αρ(j + 1)

With these filtrations, we use the Rees construction to define an S-module E∆ as

E∆ :=
⊕

n∈Z∆(1)

Sn ⊗k

( ⋂

ρ∈∆(1)

Êρ̂(nρ)

)
⊂ S ⊗k Eσ,

where n = (nρ | ρ ∈ ∆(1)).

As above the S-module E∆ by construction is reflexive. Moreover, we have
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Proposition 4.38:

E ∼= (E∆)̃

Proof. Because both E and Ê are reflexive, we need to check only that for each

ρ ∈ ∆(1):

E∆
(xρ̂)

∼= Eσ.

But this follows from

E∆
xρ̂
∼=

dimE
0⊕

i=1

k[ρ̂M̂ ](α(mi)) ∼= Γ(Ûρ̂, π
∗E)

and from the fact that taking degree zero (with respect to the An−1(X)-grading) com-

mutes with intersection:

E∆
xσ̂ =

⋂

ρ̂∈σ̂(1)

E∆
xρ̂

and

(E∆
xσ̂)0 =

( ⋂

ρ̂∈σ̂(1)

E∆
xρ̂

)

0

=
⋂

ρ̂∈σ̂(1)

E∆
(xρ̂) =

⋂

ρ∈σ(1)

Eρ = Eσ.

�

By this construction we see that for any reflexive equivariant sheaf over X we can

associate a fine-graded S-module which is described by the same set of filtrations. This

has occasionally the advantage that instead of considering a sheaf over some complicated

X, we can instead consider it over the smooth, quasiaffine X̂ .



CHAPTER 5

Posets and Linear Representations

In this chapter we address the following question. Consider any vector space ar-

rangement W = {X1, . . . , Xn} contained in some vector space V . Does there exist a

vector space F and an arrangement F = {Y1, . . . , Yn} of coordinate subvector spaces

in F which is equivalent to W in the sense that the underlying partially ordered sets,

which are given by inclusion of vector spaces, are isomorphic? This is in fact true and

moreover, our construction yields surjections of vector spaces

F
ψ // // V

Yi
?�

OO

ψ|Yi // // Xi

?�

OO

for every i ∈ {1, . . . , n}. The idea behind this construction is as follows. Let Xi1 , . . . , Xis

be any subset of W, where we assume for the moment that none of them is contained in

some other, and let e1ik , . . . , e
dk
ik

be basis vectors for Xik , then of course, the vectors ejik
span the vector space

∑s
k=1Xik , but in general these do not form a basis of this space.

But if we consider the vector spaces

Yik =

dk⊕

j=1

k · ejik and F =

s⊕

k=1

Yik ,

where we formally consider the ejik as free generators of F over k, we have clearly an

arrangement of coordinate subspaces Yik of F which has also the property that none

of the Yik is contained in some other Yil . Moreover, we obtain the above mentioned

surjections ψ just by mapping the ejik , considered as free generators of F , to their

images in V . We will see below that this procedure works also for more complicate

arrangements.

For every Yi, we can consider the kernel Ki of ψ restricted to Yi, which is contained in

the kernel K of ψ. The Ki form another arrangement K = {K1, . . . ,Kn} in K, and every

Ki measures in a sense the overcounting of generators ejik for the subset Xi1 , . . . , Xis

of W where Xik ⊆ Xi. Note that K on one hand, as a set is smaller than the original

arrangement W, but on the other hand, it is not a coordinate subspace arrangement. If

we iterate constructing coordinate subspaces, we end up with a finite exact sequence of

vector spaces

0 −→ F s −→ · · · −→ F 0 −→ V −→ 0

such that every F i contains a coordinate subspace arrangement Fi = {Y i
1 , . . . , Y

i
n}. We

call such a sequence of arrangements a free resolution of W.

69
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Formally, we will formulate our construction in terms of representations of posets,

but note that in this chapter we do not intend to develop a new “theory” of repre-

sentations of posets, but rather to provide a certain formal setting which allows us to

concisely present our main results later on. At present, it is not clear to us whether our

method might be useful for the study of general vector space arrangements, although we

hope so. We remark that, if we consider the graph associated to a poset as a quiver, our

representations of posets can be considered as certain kinds of quiver representations.

This is a formal connection between the theory of posets and that of linear subspace

arrangements.

In section 5.1, we introduce the notion of linear representations for finite posets.

We explain how such a representation can be used to complete a poset to lattices. In

section 5.2, we introduce technical notions associated to vector space arrangements,

that of a bottlenecks and that of the free dimension of a vector space in an arrangement.

Using these notions, in sections 5.3 and 5.4 we construct free representations and free

resolutions of vector space arrangements.

Conventions on Posets: Our basic references for the theory of posets are [Sta97],

[Sta99], [Aig79]. In this chapter, a poset always means a partially ordered set, where

the partial order usually is denoted by ’≤’. If not explicitly stated otherwise, all posets

are assumed to be finite. Two elements x, y in a poset P are called comparable if x ≤ y

or y ≤ x; otherwise, x and y are incomparable. We write x < y if x ≤ y and x 6= y.

A poset Q whose underlying set is a subset of the underlying set of P is a subposet

if x ≤ y in Q if and only if x ≤ y in P. A special type of subposet is the interval

[x, y] := {z ∈ P | x ≤ z ≤ y}. A chain is a poset in which any two elements are

comparable. A subset C of P is called a chain if C is a chain regarded as a subposet

of P. A chain C of P is called saturated if there does not exists z ∈ P \ C such that

x < z < y for some x, y ∈ C and such that C ∪ {z} is a chain. We define the height of

an element x ∈ P to be the maximal length of saturated chains in P whose maximal

element is x. If x < y and [x, y] = {x, y}, then we say that y covers x. Any chain C

can be ordered in such a way that C = {x1, . . . , xn}, and xi+1 covers xi. A morphism

of posets is a map f : Q −→ P such that x ≤ y implies f(x) ≤ f(y), that is, f is order

preserving. The graph Γ(P) of P is the directed graph whose vertices are the elements

of P and whose edges are the pairs (x, y) ∈ P × P where y covers x. For every x ∈ P,

the set of incoming edges is the set in(x) := {(y, x) | x covers y} and, the set of outgoing

edges the set out(x) := {(x, y) | y covers x}. A drawing of Γ(P) is called Hasse diagram

of P.

5.1. Representations of Posets

Definition 5.1: Let P be a poset and letX be any set. Then an inclusion representation

of P in X is an order-preserving map

ρ : P −→ 2X

where the order on the power set 2X of X is given by inclusion.

Every poset P has an inclusion representation: take X to be the set underlying P

and set ρ(x) = {y ∈ P | y ≤ x}.
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Definition 5.2: Let P be a finite poset and k any field. Then a linear representation

of P over k is given by the following data:

(i) a finite dimensional vector space V together with a family of subvector spaces

W := {W1, . . . , Wn},

(ii) a map ρ : P −→ {1, . . . , n}, by which we associate a vector space Wρ(x) to every

x ∈ P, such that x ≤ y if and only if Wρ(x) ⊆Wρ(y).

Note that a linear representation is also an inclusion representation of P in 2V —

ρ associates to each x ∈ P the subset Wρ(x) of the vector space V , considered as the

set of its vectors. Every finite poset has a linear representation over any field k: let V

be the vector space kP ∼=
⊕

x∈P k. Then we set ρ(x) = k{y≤x} ⊂ kP . This particular

representation is an isomorphism of posets between of P and W = {ρ(x) | x ∈ P}. In

the sequel, we will only consider linear representations and for simplicity we will usually

omit the attribute ’linear’ and speak only of representations of posets.

As we have seen, any poset can be isomorphically represented, so that the pure fact

of existence of representations does not provide us with new insight for posets. However,

we can use a representation to perform certain completion operations on the original

poset:

Proposition & Definition 5.3: Let W = {W1, . . . ,Wn} be a set of subvector spaces of

some finite dimensional vector space V , together with a partial order such that Wi ≤Wj

if and only if Wi is a subvector space of Wj. Then we can consider the following two

posets generated from W:

(i) W∩ = {
⋂
i∈IWi | I ⊂ {1, . . . , n}} ∪ {0, V } the set containing the zero vector space

0, V and all intersections of the vector spaces Wi,

(ii) WΣ = {
∑

i∈IWi | I ⊂ {1, . . . , n}} ∪ {0, V } the set containing the zero vector space

0, V , and all sums of the vector spaces Wi,

Then W∩ and WΣare lattices.

Proof. (i) For any two X,Y ∈ W∩ we set

X ∨ Y :=
⋂

Z≥X,Y

Z

and

X ∧ Y := X ∩ Y.

Both vector spaces exist in W∩. X ∨Y is the unique vector space which is minimal over

X and Y , and X ∧ Y is the unique maximal vector space which is contained in X and

Y .

(ii) For any two X,Y ∈ WΣ we set analogously as before

X ∨ Y := X + Y

and

X ∧ Y :=
∑

Z≤X,Y

Z.

X ∨ Y is the unique vector space which is minimal over X and Y , and X ∧ Y is the

unique maximal vector space which is contained in X and Y .



72 CHAPTER 5. POSETS AND LINEAR REPRESENTATIONS

Thus in both cases we obtain lattices. �

In general, (W∩)Σ and (WΣ)∩ do not coincide:

Example 5.4: Let V ∼= k3 and denote e1, e2, e3 a basis of V . Then consider the family

W given by three vector spaces 〈e1〉, 〈e2〉, 〈e3, e1 + e2〉. Then:

• W∩ = W ∪ {0},

• WΣ = W ∪ {〈e1, e2〉, V },

• (W∩)Σ = WΣ ∪ {0},

• (WΣ)∩ = WΣ ∪ {〈e1 + e2〉, 0},

Note that we automatically get order preserving representations of the powerset 2W

of W, where the partial order on 2W is given by inclusion:

2W −→ WΣ, {Wi1 , . . . ,Wik} 7→
k∑

j=1

Wij .

Similarly, if we take the reverse order in 2W , we obtain as representation

2W −→W∩, {Wi1 , . . . ,Wik} 7→
k⋂

j=1

Wij .

Moreover, note that W ′
Σ = WΣ for any W ⊂ W ′ ⊂ WΣ and that W ′

∩ = W∩ for any

W ⊂W ′ ⊂ W∩.

5.2. Vector Space Arrangements and Bottlenecks

Definition 5.5: Let X ≥ Y ∈ P. We say that the pair (Y,X) is a bottleneck in Γ(P)

if X covers Y and {(Y,X)} = in(X). We denote b(P) ⊂ P × P the set of bottlenecks of

Γ(P). For Z ∈ P we denote b(Z) the bottlenecks (Y,X) ∈ b(P) such that X ≤ Z.

Definition 5.6: We call a function

w : b(P) −→ Z

bottleneck weight function, where we usually will write w(X,Y ) instead of w((X,Y )).

Let Z ∈ P, then we define for a given bottleneck weight function w:

wb(Z) :=
∑

(Y,X)∈b(Z)

w(Y,X)

the weighted bottleneck sum.

Now let W = {W1, . . . ,Wn} be an arrangement of subvector spaces of some finite

dimensional vector space V and let ρ : P −→ W be a linear representation of P which

is an isomorphism of posets. In the sequel, we simply identify P and W. We can thus

define the poset PΣ, consider its graph Γ(PΣ) and observe the following:

Let (X,Y ) ∈ b(PΣ), then

X =
∑

Z∈P
Z<Y

Z
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Moreover, note that always Y ∈ P, but not necessarily X ∈ P.

Thus there is a natural notion for a bottleneck weight, which is given by

w(X,Y ) := codimY X.

for all (X,Y ) ∈ b(PΣ).

Definition 5.7: Let X ∈ PΣ, then we define the free dimension of X as

fd(X) :=

{
w(Y,X) if (Y,X) is a bottleneck in PΣ

dimX − wb(X) else.

To illustrate this concept, consider the case of three one dimensional vector spaces

L1, L2, L3, contained in a three dimensional vector space V ∼= k3, such that the Li are

pairwise linearly independent but only span a two-dimensional subvector space of V .

Figure 5.1 shows the projection of V \{0} to PV ∼= P2, the three lines being represented

by points, lying on a one-dimensional linear subspace, here drawn as dashed line. The

Figure 5.1. Three linearly dependent lines span a two dimensional vec-

tor space

Hasse diagrams representing the partial orders of P and PΣ are shown in figure 5.2.

In both graphs, we have added the zero vector space and V . We can see, that the

L1 L2 L3

0

V

L1 L2 L3

V

0

Figure 5.2. Hasse diagrams of P and PΣ of figure 5.1

completion PΣ has one additional bottleneck. The free dimensions of each of the three

lines is one, the free dimension of V is one as well. The free dimension of the two

dimensional vector space spanned by the three lines is minus one, which can intuitively
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be interpreted the way that we can remove one line and the remaining two still suffice

to generate the two dimensional space.

A more complicated example is shown in figure 5.3, where there are seven points

such that there are two lines each spanned over three points, and two additional points.

The indicated lines have free dimension of minus one each. We have omitted to draw

the lines spanned by two points. Figure 5.3 shows also the Hasse diagram associated to

this configuration.

Figure 5.3. Picture and Hasse diagrams of seven lines

5.3. Free Representations of Posets

Definition 5.8: Let ρ : P −→ W = {W1, . . . ,Wn} be a linear representation in some

vector space V . We call this representation free if there exists a basis v1, . . . , vr of V

such that every X ∈ WΣ is spanned by basis vectors vi1 , . . . , vidim X
.

Remark 5.9: In the literature see (see for instance [BP00], [BP03]), such an arrange-

ment sometimes is called coordinate subspace arrangement.

In the sequel, for simplicity we will talk about vector space arrangements and con-

sider these as representation of their underlying partial ordered set of vector spaces

without mentioning an explicit morphism.

Theorem 5.10: Let P be a finite poset which is isomorphically represented by a family

of subvector spaces W = {W1, . . . ,Wn} of a finite dimensional vector space V . Then

there exists a free representation of P by subvector spaces {F1, . . . , Fn} of some vector

space F and a surjection of vector spaces

ψ : F � V

such that all restrictions ψ|Fi

ψ|Fi
: Fi −→Wi

are surjective

Proof. Let (Y,X) be a bottleneck in WΣ. Then Y =
∑

Z∈W ,Z<X Z and there

exists a short exact sequence of k-vector spaces:

0 // Y // X // X/Y //

ψX

ee 0,
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where we have chosen a section ψX . Let FX := X/Y and set:

F :=
⊕

(Y,X)∈b(WΣ)

FX

and

ψ :=
∑

(Y,X)∈b(WΣ)

ψX : F −→ V.

Moreover, for every X ∈ WΣ we define a subvector space of F

FX :=
⊕

(Z,Y )∈b(WΣ)
Y≤X

FY ,

and denote

ψX := ψ|FX

in particular, F V = F and ψV = ψ. We claim that:

Lemma 5.11: The restriction of ψ to every FX is surjective onto X. In particular, ψ

itself is surjective.

Proof of lemma. We do induction over the maximal length of chains [0, X], where

we denote 0 the zero subvector space of V , the unique minimal element in WΣ. Let first

X cover 0, then we have fd(X) = dimX and ψ|X = ψX , which is an isomorphism.

Now let Z :=
∑

Y <X Y . If Z 6= X, then fd(X) > 0 and ψ|X = ψ|X + ψX , where by

induction ψ|X is a surjection on Z and thus ψ|X is a surjection on X. If Z = X, then

ψ|X =
∑

Y <X ψY . Its image coincides with
∑

Y <X ψ|Y , where the ψ|Y by inductions

are surjections onto the Y . Because the Y span X, the sum and thus ψ|X is a surjection

onto X. �

By construction, every FX is direct sum of summands FY for some Y ≤ X, and thus,

by choosing bases for each FY , the vector space arrangement {FX | X ∈ P} becomes a

free arrangement. �

Corollary 5.12: Every finite poset has a free representation.

Corollary 5.13: Let W = {W1, . . . ,Wn} be an arrangement of subvector spaces of some

vector space V . Then fd(X) ≥ 0 for every X ∈ WΣ if and only if X ∼=
⊕

(Y,Z)∈b(X) Z/Y

for all X ∈ WΣ.

In particular, fd(X) ≥ 0 for every X ∈ WΣ implies that W is a free representation.

Proof. Assume first that fd(X) ≥ 0 for every X ∈ WΣ. Then there are two cases:

(Y,X) is a bottleneck for some Y , or dimX ≥ wb(X). In the first case, X ∼= Y ⊕X/Y

and we need only to consider the second case. Now, from the proof of the theorem, we

know that there is a surjection
⊕

(Y,Z)∈b(X)

Z/Y � X,

and thus dimX ≤ wb(X). Together with the assumption, we thus have dimX = wb(X),

and the above surjection is a bijection.
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In the other direction, if X ∼=
⊕

(Y,Z)∈b(X) Z/Y , we know that dimX = wb(X). If

there is no bottleneck (Y,X) for some Y , then fd(X) = dimX−wb(X) = 0, and if there

exists a bottleneck (Y,X), then fd(X) > 0 anyway. �

5.4. Free Resolutions of Posets

Let P be any poset isomorphically represented by an arrangement W of subvector

spaces in V and let F = {FX | X ∈ W} be a free representation of P in F together

with a surjection ψ : F � V and surjections ψX = ψ|FX : FX � X as in theorem 5.10.

Set K := kerψ and KX := kerψX for all X ∈ W, then the set K = {KX | X ∈ W} is

an arrangement of subvector spaces of K such that KY ⊆ KX whenever Y ⊂ X. This

automatically gives a new linear representation of P, in K. We then have short exact

sequences

0 −→ K −→ F −→W −→ 0

0 −→ KX −→ FX −→ X −→ 0

for every X ∈ W. We have the following obvious fact:

Lemma 5.14: dimKX = wb(X)− dimX. In particular, if (Y,X) is a bottleneck, then

KX = KY .

Now we can iterate and find a free representation for K, obtain a new kernel ar-

rangement and so on. We end up with an exact sequence of vector spaces

(4) · · · −→ F2
ψ2
−→ F1

ψ1
−→ F0

ψ0
−→ V −→ 0

where each Fi contains a free representation Fi = {FXi | X ∈ W} of W such that for

every X ∈ W this sequence restricts to an exact sequence

(5) · · · −→ FX2
ψX

2−→ FX1
ψX

1−→ FX0
ψ0
−→ X −→ 0

Definition 5.15: Let W be an arrangement of vector spaces in some vector space V .

Then we call a set of free representations Fi of W, together with exact sequences as in

diagrams 4 and 5, a free resolution of W. The kernel configurations fitting into short

exact sequences

0 −→ KX
i

ψX
i+1
−→ FXi

ψX
i−→ KX

i−1 −→ 0

are called syzygy representations of W.

Our aim now is to show that every vector space arrangement has a finite resolution,

that is, there exists some n ≥ 0 such that Fi = 0 for every i > 0. As we have seen, the

syzygy representations {KX
i } are representations of P, that is, there exists a map of

partially ordered sets P −→ Ki, X 7→ KX
i for every i ≥ 0. On the other hand, we have

the property that Y ⊂ X implies KY
i ⊂ KX

i , but in general, KY
i and KX

i may coincide.

As a set, we can define a map ii : K → P by setting

KX
i 7→ min{Y | Y ⊂ X,KY

i = KX
i }
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This map is injective, and defines a contraction of the set P in the sense that the graph

Γ(Ki) can be regarded as a contraction of Γ(P). Note that we here always assume that

the zero vector space is in P.

Now let X ∈ P a minimal nonzero element, then in PΣ, the edge (0, X) forms a

bottleneck, and by construction, the kernel KX
0 of FX0 � X is a zero dimensional vector

space. Thus, all minimal elements X ∈ P are contracted to zero in K0.

Definition 5.16: We define ht(P) the height of P to be the height of V in the set

P ∪ {0, V }.

From the discussion above we conclude that the height of KX
i decreases at least by

one in every step, and thus there is some 0 ≤ n < ht(P) such that in(Kn) = 0. We have

proved:

Theorem 5.17: Every linear representation of some partially ordered set P has a finite

free resolution

0 −→ Fn
ψn
−→ · · ·

ψ1
−→ F0

ψ0
−→ V −→ 0

where n ≤ ht(P)− 1.

This bound in general might be too big. For example, if W = {0 ⊂ V1 ⊂ · · · ⊂

Vn−1 ⊂ Vn} is a flag, then W already is a free representation. On the other hand, the

bound is sharp:

Example 5.18: Let V ∼= k3 and let H1, . . . ,H4 be an arrangement of hyperplanes in

general position. Figure 5.4 shows the Hasse diagram of the partially ordered set

Figure 5.4. Four planes and Hasse diagram in k3

P = {
⋂

i∈I

Hi | I ⊂ {1, 2, 3, 4}} ∪ {0, V }

We see that ht(V ) = 3 and the bottlenecks of this graph are precisely the one-dimensional

intersection lines of the Hi, thus F0
∼= k6. The first syzygy consists precisely of the four

vector spaces KHi
0 , where dimKHi

0 = 1 for every i. Because dimK0 = 3, these four

lines can not form a free representation. Thus we have to compute K1 also, which then

contains only a trivial configuration. Thus, we have a resolution of length 2:

0 −→ k −→ k4 −→ k6 −→ V −→ 0
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Remark 5.19: The reader might have noticed that in above examples we did not

really care to compute the set PΣ. In practice, this indeed is not always necessary,

because in principle we are only interested in those sums of vector spaces such that

bottlenecks are created. Formulated in a more algorithmical way, if we start to compute

the sum of vector spaces X1, . . . , Xn contained in some Y , we do not need to proceed

the computation for X1, . . . , Xn if already
∑n−1

i=1 Xi = Y . In the above example, and

of course very often in low-dimensional examples, the computation of PΣ yields no

new bottlenecks, and hence we can stick with P. Forming the set PΣ is in principle

an operation on the powerset 2P and thus combinatorially might be infeasible in the

end, but we observe that in practice the complexity of forming resolutions can be much

reduced. However, in this work we ignore the computational point of view except for

this remark.



CHAPTER 6

Resolutions of Equivariant Reflexive Sheaves

In this chapter we want to apply the theory of linear representations of posets to

describe a new method to construct minimal resolutions for reflexive, equivariant sheaves

over toric varieties. That is, for every equivariant reflexive sheaf E over some toric variety

X there exists an exact sequence of sheaves

0 −→ Fs −→ · · · −→ F0 −→ E −→ 0

where the sheaves Fi are direct sums of equivariant reflexive sheaves of rank one. In

particular, if X is smooth, the Fi are direct sums of line bundles. Klyachko in [Kly90]

constructed the following kind of resolution for equivariant vector bundles over smooth,

complete toric varieties:

0 −→ F0 −→
⊕

σ∈∆(1)

Fσ −→ · · · −→
⊕

σ∈∆(n)

Fσ −→ E −→ 0

where the Fσ are direct sums of line bundles whose filtrations are directly constructed

from the filtrations of E . The combinatorial input for this construction comes from the

simplicial complex which is induced on a sphere Sn−1 by intersecting it with the cones

in the fan ∆. This construction is called by Klyachko the canonical resolution of E ,

which is justified by the way how the bundles Fσ are constructed and its usefulness in

studying structural properties of E in [Kly90]. In general, the canonical resolution is

far from being minimal in the sense that we can find resolutions where s < n − 1 and

the Fi are of smaller rank than the terms in the canonical resolution.

The difference of our approach is that our combinatorial input is not only the fan ∆

itself, but instead we make use of the combinatorics of the arrangement of vector spaces

P which is underlying the ∆-family of E . Moreover, we will not restrict ourselves to

the case of vector bundles over smooth toric varieties, but we will uniformly treat the

case of general equivariant reflexive sheaves over general toric varieties. We will show

that in the case of affine, smooth toric varieties, our resolutions indeed are minimal

resolutions for reflexive modules in the sense of commutative algebra. In more general

cases, there exists no well-defined notion of minimal resolutions. In the case where σ

defines a nonsmooth toric variety, it is known that there exists no finite free resolutions.

Instead, we consider here resolutions where the Fi are direct sums of reflexive modules

of rank one. For such resolutions we do not know any uniqueness results. Similarly,

global minimal resolutions are not uniquely defined, even in the smooth case.

We will present four kinds of resolutions:

(i) over affine toric varieties (theorem 6.7),

(ii) over general toric varieties using the homogeneous coordinate ring and the Rees

construction (definition 6.10), which we call the canonical global resolution,

79
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(iii) over general toric varieties using a direct construction (theorem 6.12), called re-

flexive resolutions,

(iv) a refinement of reflexive resolutions, called minimal global resolutions (theorem

6.16).

The second kind of resolution is a direct consequence of the construction over affine toric

varieties. It gives rise to another notion of canonical resolution, because its combina-

torial input is the vector space configuration P∩ which is formed by the complete set

of intersections of vector spaces Eρ(i) in P. These resolutions are in general not mini-

mal, because they are constructed over the homogeneous coordinate ring and thus their

length essentially is bounded by the number of rays in ∆ — these resolutions in general

are even bigger than those constructed by Klyachko’s canonical resolution. However, we

can construct directly global resolutions over X by using the set

P =
⋃

σ∈∆

Pσ,

where the Pσ are the vector space arrangements underlying the σ-families Êσ. This

construction ultimately leads to the short resolutions we are looking for.

For comparison purposes, we briefly review Klyachko’s canonical resolution in section

6.1. This section contains essentially Klyachko’s original statement and proof except

that we write the resolution in a reverse order. In section 6.2 we then start constructing

resolutions for reflexive sheaves over affine toric varieties. We show that in the case of

smooth affine toric varieties this construction yields minimal resolutions for reflexive,

fine-graded modules in the sense of commutative algebra. In section 6.3 we apply this

technique to produce global resolutions for general toric varieties using the homogeneous

coordinate ring and the Rees construction. In section 6.4 we present another kind of

global resolutions without using the homogeneous coordinate ring.

6.1. Klyachko’s Canonical Resolution of Vector Bundles

Let E be a locally free sheaf over a smooth, complete n-dimensional toric variety X,

given by filtrations Eρ(i) for ρ ∈ ∆(1) of some vector space E0. Let

ν : ∆(1) −→ Z, ν(ρ) = min{i | Eρ(i) = E0},

then we define reflexive sheaves Fσ over X by the following filtrations in E0:

F ρσ (i) =





Eρ(i) if ρ ∈ σ(1)

0 if ρ /∈ σ(1) and i < ν(ρ)

E0 if ρ /∈ σ(1) and i ≥ ν(ρ)

Lemma 6.1: For every σ ∈ ∆ the sheaf Fσ splits into a direct sum of line bundles and

moreover, there exists an injective sheaf homomorphism Fσ � E whose restriction to

Uσ is an isomorphism. Moreover, there are injective sheaf homomorphisms Fτ � Fσ
whenever τ < σ whose restriction to Uτ are isomorphisms.

Proof. We know that the restrictions Fσ|Uσ and E|Uσ are defined by the same

filtrations, Eρ(i) for ρ ∈ σ(1), and thus isomorphic. Moreover, by lemma 4.22, the

bundles split over Uσ, and thus there exists a basis e1, . . . , er of E0 such that the Eρ(i)
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are spanned by elements of this basis for ρ ∈ σ(1). Now for any other cone τ ∈ ∆, the

corresponding filtrations are given by Eρ(i) for ρ ∈ τ(1) ∩ σ(1) or by trivial filtrations

for ρ ∈ τ(1) \ σ(1), so the basis all filtrations F ρ(i) are spanned by vectors of the basis

e1, . . . , en, and thus Fσ splits into a sum of reflexive sheaves of rank one, hence into a

direct sum of line bundles because X is smooth.

Now, because F ρ(i) ⊂ Eρ(i) for every ρ ∈ ∆(1) and every i, the identity homomor-

phism E0 −→ E0 induces a morphism of filtered vector spaces and thus an injective

homomorphism of sheaves Fσ −→ E . Analogously, we get injective sheaf homomor-

phisms Fτ � Fσ. �

Explicitly, the sheaves Fσ have the following form. Let

Γ(Uσ, E) ∼=

r⊕

i=1

k[σM ](−mi),

then:

Fσ ∼=

( r⊕

i=1

O
( ∑

ρ∈σ(1)

〈mi, n(ρ)〉Dρ

))
⊗O O

(
−

∑

ρ∈∆(1)\σ(1)

ν(ρ)Dρ

)

Now consider Sn−1 the unit (n − 1)-sphere in NR
∼= Rn. X is smooth and thus all

cones σ ∈ ∆ are simplicial, and the intersection of Sn−1 ∩ σ cuts out a simplex in Sn−1.

The set of all such simplices defines a simplicial decomposition of Sn−1. We denote Σ

the corresponding simplicial complex and for every σ ∈ ∆ we denote σ̃ := σ ∩ Sn−1

the associated simplex. We write Σ(i) = {σ̃ | dimσ = i + 1} Consider the augmented

simplical cohomology complex C · for Σ:

0 −→ Z −→
⊕

σ̃∈Σ(0)

Zσ̃
δ0−→ · · ·

δn−2
−→

⊕

σ̃∈Σ(n−1)

Zσ̃ −→ 0

This complex has cohomology only at the (n− 1)st place, Hn−1(C ·) ∼= Z. By tensoring

with E0, we obtain a complex of vector spaces

(6) 0 −→ Z⊗Z E0 −→
⊕

σ̃∈Σ(0)

(Zσ̃)⊗Z E0 δ0⊗id
−→ · · ·

δn−2⊗id
−→

⊕

σ̃∈Σ(n−1)

(Zσ̃)⊗Z E0 −→ 0

which has as its only cohomology Hn−1(C ·⊗ZE0) ∼= Z⊗ZE0 ∼= E0. We define filtrations

F̃ ρσ (i) for the vector spaces (Zσ̃)⊗Z E0 by:

F̃ ρσ (i) := (Zσ̃)⊗Z F
ρ
σ (i).

and as in lemma 6.1 we obtain for every i:

(7) 0 −→ F̃ ρ0 −→
⊕

σ̃∈Σ(0)

F̃ ρσ (i)
δ0⊗id
−→ · · ·

δn−2⊗id
−→

⊕

σ̃∈Σ(n−1)

F̃ ρσ (i) −→ C −→ 0.

Proposition 6.2: Complex 7 is exact for every ρ ∈ ∆(1) and every i ∈ Z. Moreover,

C = Eρ(i).
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Proof. We separate two cases: if i ≥ ν(ρ), the above complex coincides with the

complex 6, and the statement follows. If i < ν(ρ), we have for every term:

⊕

σ̃∈Σ(i)

F̃ ρσ (i) =

( ⊕

σ̃∈Σ(i),ρ∈σ(1)

F̃ ρσ (i)

)
⊕

( ⊕

σ̃∈Σ(i),ρ/∈σ(1)

0

)

This implies that complex 7 coincides with the simplicial cohomology complex of the

complex formed by the σ ∩ Sn−1, where σ ∈ ∆(ρ) = {τ ∈ ∆ | ρ < τ}, tensored with

Eρ(i). This complex is acyclic except for the nth cohomology, being Eρ(i). �

The complexes (7) are naturally compatible with the inclusion F ρ(i) ⊂ E0, and

thus altogether we obtain an exact sequence filtered vector spaces whose cokernel is the

filtered vector space E0 with filtrations Eρ(i).

Theorem 6.3 ([Kly90], Theorem 3.1.1): Let X be an n-dimensional smooth complete

toric variety and let E be a locally free sheaf over X. Then there is an exact sequence

of sheaves

0 −→ F0 −→
⊕

σ∈∆(1)

Fσ −→ · · · −→
⊕

σ∈∆(n)

Fσ −→ E −→ 0

such the Fσ are direct sums of invertible sheaves.

Proof. We have to show that the above constructed complex of filtered vector

spaces induces a complex of sheaves and that its has only nth cohomology, which is E .

By proposition 6.2 and the fact that
⊕

σ∈∆(i)

(Fσ)
σ
m =

⊕

σ∈∆(i)

⋂

ρ∈σ(1)

F ρσ (〈m,n(ρ)〉)

it follows that on the level of τ -families we have exact sequences of vector spaces for

every m ∈M and every τ ∈ ∆:

0 −→ (F0)
τ
m −→

⊕

σ∈∆(1)

(Fσ)
σ
m −→ · · · −→

⊕

σ∈∆(n)

(Fσ)
τ
m −→ Eτ

m −→ 0,

which proves the claim. �

6.2. Resolutions over Affine Toric Varieties

Consider an affine toric variety Uσ. A σ-family Êσ for a torsion free sheaf E is

equivalent to the following data:

(i) an arrangement P of subvector spaces of some vector space V ,

(ii) a function ε : M −→ P which has the following properties.

(a) ε is order preserving in the sense that m ≤σ m
′ for m,m′ ∈ M if and only if

ε(m) ⊂ ε(m′),

(b) V =
⋃
m∈M ε(m),

(c) for every chain · · · <σ mi−1 <σ mi <σ . . . there exist i0 < i1 such that

ε(mi) = 0 for i ≤ i0 and ε(mi) = V for i ≥ i1,

(d) there exist only finitely many m ∈M such that ε(m) 6=
∑

m′<σm
ε(m′).
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This correspondence is explicitly given by setting

P = {Eσ
m ⊂ Eσ}m∈M ,

ε(m) = Eσ
m

or, in the other direction

Eσm := ε(m).

As we have seen in section 4.2, these data correspond to a finite σ-family.

From now on we assume that E is reflexive and is defined by a set of filtrations Eρ(i)

in Eσ, every X ∈ P is of the following form:

X =
⋂

ρ∈σ(1)

Eρ
(
〈m,n(ρ)〉

)
⊆ Eσ,

for some m ∈M . Let us define the following function

κ :
(
P \ {0}

)
× σ(1) −→ Z, κ(X, ρ) = min{i | X ⊂ Eρ(i)}.

Lemma 6.4: For every X ∈ P we have for some m ∈M :

X =
⋂

ρ∈σ(1)

Eρ
(
〈m,n(ρ)〉

)
=

⋂

ρ∈σ(1)

Eρ
(
κ(X, ρ)

)
.

Moreover, κ(X, ρ)) ≤ 〈m,n(ρ)〉 for all m ∈ ε−1(X) and for all ρ ∈ σ(1).

Proof. For some m ∈M we have

X = Eσ
m =

⋂

ρ∈σ(1)

Eρ
(
〈m,n(ρ)〉

)

and clearly, κ(X, ρ) ≤ 〈m,n(ρ)〉 for every ρ ∈ σ(1). Moreover, X ⊂
⋂
ρ∈σ(1) E

ρ
(
κ(X, ρ)

)

and κ(X, ρ) ≤ 〈m,n(ρ)〉 implies

Eρ
(
κ(X, ρ)

)
⊆ Eρ

(
〈m,n(ρ)〉

)
,

for every ρ ∈ σ(1), and thus
⋂

ρ∈σ(1)

Eρ
(
κ(X, ρ)

)
⊂

⋂

ρ∈σ(1)

Eρ
(
〈m,n(ρ)〉

)
.

The last statement follows from the fact that ε(m) = Eσ
m for every m ∈ ε−1(X) and

κ(Eσ
m, ρ) = κ(X, ρ) for every m ∈ ε−1(X) and every ρ ∈ σ(1). �

Now let X,Z ∈ P and X ( Z, then there exists at least one ρ ∈ σ(1) such that

κ(X, ρ) < κ(Z, ρ). This implies that X ⊂ Eσ
m for all m ∈ M with 〈m,n(ρ)〉 ≥ κ(X, ρ)

and all ρ ∈ σ(1).

For some bottleneck (Y,X) ∈ b(PΣ) we consider the following direct sum of reflexive

sheaves of rank one:

O
(
−
∑

ρ∈σ(1)

κ(X, ρ)Dρ

)fd(X)

The corresponding filtrations are given by:

Oρ(i) =

{
0 i < κ(X, ρ)

Oσ i ≥ κ(X, ρ)
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where Oσ ∼= kfd(X), and the σ-family is given by:

Oσm =

{
Oσ if 〈m,n(ρ)〉 ≥ κ(X, ρ) for all ρ ∈ σ(1)

0 else.

So, on the level of σ-families, we can define a homomorphism

O
(
−
∑

ρ∈σ(1)

κ(X, ρ)Dρ

)fd(X)
−→ E

by setting for m with 〈m,n(ρ)〉 ≥ κ(X, ρ) for all ρ ∈ σ(1):

Oσm
ψX−→ Eσ

m

and the zero homomorphism else. Here we have identified Oσ with X/Y and use the

fact that X ⊂ Eσ
m implies that 〈m,n(ρ)〉 ≥ κ(X, ρ) for all ρ ∈ σ(1).

Now we can take a free representation of P as constructed in the previous chapter:

F0
ψ0
−→ Eσ −→ 0

where ψ0 restricts to:

ψX0 : FX0 −→ X −→ 0

and

FX0 =
⊕

(Z,Y )∈b(X)

Y/Z, and F0 =
⊕

(Y,X)∈b(P)

X/Y

for every X ∈ P. For every bottleneck (Y,X) we can define a sheaf homomorphism

O
(
−
∑

ρ∈σ(1) κ(X, ρ)Dρ

)fd(X)
−→ E as above and obtain:

F0 −→ E

where

F0 =
⊕

(Y,X)∈b(P)

O
(
−
∑

ρ∈σ(1)

κ(X, ρ)Dρ

)fd(X)
.

On the level of σ-families, we have in every degree m ∈M :

(F σ0 )m −→ Eσ
m

where

(F σ0 )m =
⊕

(Y,X)∈b(Eσ
m)

X/Y.

Denote P0 := {FX |X ∈ P}, which is a free representation of P. By construction the

above homomorphisms are surjective for every m ∈M , and thus:

Proposition 6.5: Let E be a equivariant reflexive sheaf and notation as above. Then

there exists a short exact sequence of equivariant reflexive sheaves

0 −→ K0 −→ F0 −→ E −→ 0

where

F0 :=
⊕

(Y,X)∈b(PΣ)

O

(
−
∑

ρ∈σ(1)

κ(X, ρ)Dρ

)fd(X)

.
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Proof. We have only to show the reflexiveness of K0. But this follows from the

more general lemma below. �

Lemma 6.6: Let X be any variety and let

0 −→ K −→ F −→ E −→ 0

be a short exact sequence of sheaves over X such that E and F are torsion free. Then

K is reflexive.

Proof. Consider the commutative diagram

0 // K //

φ
��

F //

α

��

E //

β
��

0

C // Kˇ̌ // Fˇ̌ // Eˇ̌

The homomorphism α and β both are injective, and thus K maps injectively into

Fˇ̌ and thus φ is injective as well. C is a torsion free sheaf subsheaf of Kˇ̌ of rank

zero and thus C must be the zero sheaf. Applying the snake lemma then gives that φ is

surjective. �

By iterating the above procedure, we obtain an exact sequence of equivariant reflex-

ive sheaves:

0 −→ Fs
ψs
−→ . . .

ψ1
−→ F0

ψ0
−→ E −→ 0

such that every Fi is isomorphic to a direct sum of reflexive sheaves

Fi =
⊕

(Y,KX
i−1)∈b

(
(Pi−1)Σ

)
O

(
−
∑

ρ∈σ(1)

κi−1(K
X
i−1, ρ)Dρ

)fdi−1(KX
i−1)

,

where P =: P−1, Pi is the i-th syzygy representation of P given by {KX
i }. κi is given

by

κi :
(
Pi \ {0}

)
× σ(1) −→ Z, κi(K

X
i , ρ) = min{l | KX

i ⊂ Kρ
i (l)},

and fdi is the free dimension in the arrangement (Pi)Σ.

Note that KX
i−1 ⊂ Kρ

i−1(k) implies KX
i ⊂ Kρ

i (k) and thus

κi(K
X
i , ρ) ≤ κi−1(K

X
i−1, ρ).

In the case where Uσ is smooth, we have constructed a free resolution of the reflexive

k[σM ]-module E := Γ(Uσ, E):

(8) 0 −→ Fs
ψs
−→ . . .

ψ1
−→ F0

ψ0
−→ E −→ 0

where the Fi are fine-graded, free k[σM ]-modules.

Theorem 6.7: Let Uσ be smooth. Then sequence (8) defines a minimal free resolution

of E as a k[σM ]-module in the sense of commutative algebra.
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Proof. As we have seen in the proof of proposition 4.11, homogeneous generators

of E which are contained in some Eσ
m, are elements which do not lie in the image of

the maps χσm′,m for m′ ≤σ m. Passing to the direct limit Eσ, this image precisely

coincides with the linear span of all Eσ
m′ , m′ ≤σ m in Eσ, because m′ ≤σ m implies that

χσm′,m

(
Eσm′

)
⊂ Eσm. On the other hand, we have for every Eσ

m that

Eσm =
⋂

ρ∈σ(1)

Eρ
(
κ(Eσ

m, ρ)
)

and Eσ
m′ ⊂ Eσm implies that

⋂

ρ∈σ(1)

Eρ
(
κ(Eσ

m′ , ρ)
)
⊂

⋂

ρ∈σ(1)

Eρ
(
κ(Eσ

m, ρ)
)

and if Eσ
m′ 6= Eσm, then this implies that κ(Eσ

m′ , ρ) < κ(Eσ
m, ρ) for at least one ρ ∈ σ(1).

So, we have that a homogeneous component Eσ
m contains a generator if and only if

〈m,n(ρ)〉 = κ(Eσ
m, ρ) for every ρ ∈ σ(1) and if (Y,Eσ

m) is a bottleneck for some Y ∈

PΣ. �

Corollary 6.8: Let W be a subvector space arrangement in some vector space V which

is generated by the intersection of n flags. Then this arrangement has a free resolution

of length at most n− 2.

Proof. Let F 1
i , . . . , F

ki

i , i = 1, . . . , n be the n flags, then we can associate to it some

reflexive equivariant module over the polynomial ring k[x1, . . . , xn] by choosing any set

of numbers j1i < · · · < jki
i and setting

Ei(k) = F li for jli ≤ k < jl+1
i .

Then the statement follows by Hilbert’s Syzygy Theorem and the fact that every reflexive

module over k[x1, . . . , xn] is a second syzygy sheaf. �

On the other hand, we can see that the maximal length of a resolution is also bounded

by the rank of E :

Corollary 6.9: Let E be a reflexive sheaf of rank r over Uσ. Then the maximal length

of a reflexive resolution of E is at most r − 1.

Proof. This follows because any chain X1 ⊂ X2 ⊂ . . . Xs, such that dimXi >

dimXi−1 can at most have length dimEσ = r, and thus htEσ ≤ r. �

6.3. Resolutions of Reflexive Sheaves Using the Rees Construction

Using the homogeneous coordinate ring, we now can construct global resolutions for

reflexive sheaves. Let E be any reflexive sheaf over some toric variety X, which is given

by filtrations Eρ(i), and let

X̂
φ
−→ X

be the Cox quotient presentation. Using the global Rees construction of section 4.9, there

exists a reflexive sheaf Ê over X̂ such that Γ
(
X̂, Ê

)
˜∼= E . The corresponding filtrations
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are the same as the filtrations of E , except that the filtrations may be ’stretched’ a bit.

This means, the mapping of character groups M −→ M̂ induces an injective map

αρ : M/ρ⊥M −→ M̂/ρ̂⊥
M̂

for every ρ ∈ ∆(1), and the filtrations Êρ̂(i) in E0 are given by

Êρ̂(i) = Eρ(j)

where j is such that i lies in the interval αρ(j) ≤ i < αρ(j + 1). By continuation of Ê to

the whole affine space k∆(1), we obtain a reflexive S-module Ê := Γ(k∆(1), Ê). To this

module there corresponds the C-family ÊC with respect to the cone C = (R≥0)
∆(1) in

N̂R. We denote the partially ordered set of vector spaces by P̂ . Then there is a minimal

resolution

0 −→ Fr −→ · · · −→ F0 −→ E −→ 0

by free, fine-graded S-modules, and by sheafification we obtain correspondingly a reso-

lution of E :

0 −→ Fr −→ · · · −→ F0 −→ E −→ 0

where every Fi is isomorphic to a direct sum

Fi =
⊕

(Y,KX
i−1)∈b

(
(P̂i−1)Σ

)
O

(
−
∑

ρ∈σ(1)

κα,i−1(K
X
i−1, ρ)Dρ

)fdi−1(KX
i−1)

,

where P̂ =: P̂−1, and

κα,i :
(
P̂i \ {0}

)
×∆(1) −→ Z, κα,i(K

X
i , ρ) = min{l | KX

i ⊂ Kρ
i (l)}

and fdi is the free dimension of the ith syzygy arrangement P̂i = {KX
i }.

In general, the divisors −
∑

ρ∈σ(1) κα,i−1(K
X
i−1, ρ)Dρ are only Weil divisors and the

direct summands of the Fi thus are not invertible but rather reflexive sheaves.

Definition 6.10: We call the resolution of E as above the canonical global resolution

of E .

A particular case is where ∆ is generated by a single cone σ. In this case, we have

shown that for every fine-graded reflexive k[σM ]-module E there exists a resolution of

E by reflexive modules of rank one, and the length of this resolution by corollary 6.8

is bounded by the number #σ(1) − 2. In general, it seems that this bound can not be

reduced to, say dimUσ. This implies in particular that the canonical global resolution

is of length at most #∆(1)− 2.

Example 6.11: Consider the cone σ in NR
∼= R3 which is spanned by the four rays

ρ1, . . . , ρ4 whose primitive vectors are n1 = (1, 0, 0), n2 = (0, 1, 0), n3 = (1, 0, 1), n4 =

(0, 1, 1). This cone defines a nonsmooth affine toric variety which has precisely one

isolated singular point. Consider the arrangement as shown in figure 5.4 above. We
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define a reflexive sheaf E over Uσ by setting the filtrations

Eρk(i) =





0 i < −1

Hi i = 0

V i > 0.

It is easy to see that we always can choose m ∈ M such that 〈m,ni〉 = 〈m,nj〉 = −1

for some i 6= j and 〈m,nk〉 ≥ 0 for k /∈ {i, j}. Thus, the intersection arrangement

P = {
⋂
i∈I Hi | I ⊂ {1, 2, 3, 4}} coincides with the arrangement of the underlying σ-

family and we obtain the following resolution of length 2:

0 −→ O −→
4⊕

i=1

O(Di) −→
⊕

i6=j

O(Di +Dj) −→ E −→ 0.

6.4. Minimal Global Resolutions

Now let X be any toric variety and let E be a reflexive sheaf over X and Ê∆ the

corresponding ∆-family. Then for every σ ∈ ∆, the σ-family Êσ corresponds to an

arrangement Pσ of vector spaces in E0. We denote P :=
⋃
σ∈∆max

Pσ the union of all

arrangements for all maximal cones, and let

κ :
(
P \ {0}

)
×∆(1) −→ Z, κ(X, ρ) := min{i | X ⊂ Eρ(i)}.

Theorem 6.12: The arrangement P gives rise to an exact sequence

(9) 0 −→ Fs −→ · · · −→ F0 −→ E −→ 0

where the Fi are isomorphic to direct sums of reflexive sheaves of rank one:

Fi =
⊕

(Y,KX
i−1)∈b

(
(Pi−1)Σ

)
O

(
−
∑

ρ∈∆(1)

κi−1(K
X
i−1, ρ)Dρ

)fdi−1(KX
i−1)

,

where P =: P−1, K
X
−1 := X and Pi is the ith syzygy arrangement with free dimension

fdi and

κi :
(
Pi \ {0}

)
×∆(1) −→ Z, κi(K

X
i , ρ) = min{l | KX

i ⊂ Kρ
i (l)}.

Proof. The exactness follows by restricting to Uσ and by comparison with propo-

sition 6.5. �

Corollary 6.13: If X is smooth, resolution (9) gives a resolution of E by line bundles.

Definition 6.14: Resolution (9) is called the reflexive resolution of E .

Definition 6.15: Let Ê∆ be a ∆-family and let P be its underlying arrangement of

subvector spaces. We call a maximal set P ′ such that

P ⊂ P ′ ⊂ P∩

a free intersection completion if the following conditions hold:

(i) If X ∈ P and fd(X) ≥ 0, then fd′(X) ≥ 0;

(ii) if X ∈ P ′ \ P, then there exists some Y ∈ P with X < Y and fd(Y ) > 0;
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(iii) if X ∈ P ′ \ P, then fd(X) ≥ 0.

Here fd′ is the free dimension of P ′.

Theorem 6.16: Let Ê∆ be a ∆-family and P its underlying arrangement of vector

spaces. Then a free intersection completion P ′ of P gives rise to an exact sequence of

sheaves

0 −→ Fs −→ · · · −→ F0 −→ E −→ 0

where the Fi are isomorphic to direct sums of reflexive sheaves of rank one:

Fi =
⊕

(Y,KX
i−1)∈b

(
(P ′i−1)Σ

)O
(
−
∑

ρ∈∆(1)

κi−1(K
X
i−1, ρ)Dρ

)fdi−1(KX
i−1)

,

where P ′ =: P ′−1, P
′
i is the i-th syzygy arrangement with free dimension fdi and

κi : P ′i \ {0} −→ Z, κi(K
X
i , ρ) = min{l | KX

i ⊂ Kρ
i (l)}.

Proof. We need only to consider the first step of the resolution and we show that

we obtain a short exact sequence of sheaves

0 −→ K0 −→ F0 −→ E −→ 0.

Consider some bottleneck (Y,X) ∈ P ′Σ. Then as in proposition 6.5, over every Uσ, we

have σ-families for O
(
−
∑

ρ∈∆(1) κ−1(X, ρ)Dρ)
fd−1(X)

)
given by:

Oσm =

{
Oσ 〈m,n(ρ)〉 ≥ κ−1(X, ρ) for all ρ ∈ σ(1)

0 else.

Moreover, X is contained in some Eσ
m if and only if 〈m,n(ρ)〉 ≤ κ−1(X, ρ) for every

ρ ∈ σ(1), and thus we obtain for every bottleneck (Y,X) morphism of σ-families given

Oσm
ψX−→ Eσ

m.

So we can conclude analogously to proposition 6.5. �

Definition 6.17: Let E be a reflexive sheaf over X and let P be the arrangement of

vector spaces underlying the associated ∆-family. Then the resolution defined by a free

intersection completion P ′ is called minimal global resolution of E .

The idea behind defining above notion of minimal resolution is the following. Con-

sider the contractions

i0 : K0 → P, i0(K
X
0 ) = min{Y ⊂ X | KY

0 = KX
0 }.

and

i′0 : K′0 → P, i0((K
′)X0 ) = min{Y ⊂ X | (K ′)Y0 = (K ′)X0 }.

By definition, elements X with fd(X) < 0 in P ′ already are contained in P, and fd′(X) ≤

0. On the other hand, if fd′(X) > 0, then (K ′)X0 will be contracted by i′0. Thus we have

that, as partially ordered sets, i′0(K
′
0) ⊂ i0(K0) which is a proper inclusion whenever

there exists some X ∈ P such that fd(X) < 0 and fd′(X) = 0. In many examples, this

can lead to a resolution which is smaller than the reflexive resolution. As is shown in the
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example below, the choice of P ′ in general is not unique, and this indicates that there

is no meaningful general notion of a unique minimal global resolution over a nonsmooth

or nonaffine variety.

Example 6.18: Consider the toric surface whose fan is generated by the four rays

ρ1, . . . , ρ4, whose primitive vectors are n1 = (1, 0), n2 = (0, 1), n3 = (−1, 0), n4 =

(0,−1), and which contains no cones of dimension 2. Let E0 ∼= k3 and consider the

filtrations

Eρk(i) =





0 i < −1

Hi i = −1

E0 i ≥ 0

where the Hi, i = 1, . . . , 4 are hyperplanes in general position. Then Pρi
= {Hi} for

i = 1, . . . , 4 and P = {H1, . . . ,H4} and the reflexive resolution of the associated sheaf E

is given by:

0 −→ O5 −→
4⊕

i=1

O(Di)
2 −→ E −→ 0.

The canonical global resolution is given by the free resolution induced by the configu-

ration of vector spaces in figure 5.4 and is given by:

0 −→ O −→
4⊕

i=1

O(Di) −→
⊕

i6=j

O(Di +Dj) −→ E −→ 0.

A valid minimal global resolution of E would be given by setting P ′ = P ∪ {Hi ∩Hj |

i 6= j ∈ {1, 2, 3}}. Then:

0 −→ O2 −→
⊕

i6=j∈{1,2,3}

O(Di +Dj)⊕O(D4)
2 −→ E −→ 0.

Clearly the above choice is not unique, but this resolution is smaller than both, reflexive

and canonical global resolutions. Another, even better, choice would be P ′ = P ∪{H1∩

H2,H2 ∩H3,H3 ∩H4,H1 ∩H4}, which gives:

0 −→ O −→ O(D1 +D2)⊕O(D2 +D3)⊕O(D3 +D4)⊕O(D1 +D4) −→ E −→ 0.



CHAPTER 7

Examples

In this chapter we present some examples for resolution of equivariant sheaves. In

section 7.1 we remark that reflexive resolutions over toric varieties which have only two

rays are trivial. In section 7.2, we construct resolutions for a general type of vector

bundles over smooth complete toric surfaces. In section 7.3 we present resolutions for

reflexive sheaves whose associated filtrations contain at most one nontrivial kind of

vector spaces, which are lines. Finally, we show in section 7.4 that our methods are also

applicable to a larger class of equivariant sheaves, notably to monomial ideals. We have

included a classification of equivariant vector bundles of rank three over P2 in appendix

B.

7.1. Reflexive Sheaves Defined by Two Filtrations

As already remarked by Klyachko in [Kly90], any two given filtrations can be made

into a coordinate space arrangement by choosing a suitable basis. This implies that for a

toric variety X whose fan contains only two rays, any reflexive sheaf over X decomposes

into a direct sum of reflexive sheaves of rank one. We state Klyachko’s example for the

case of P1 and complement it for the only other case of interest, that of an affine toric

surface.

Proposition 7.1: (i) Let X = P1, then every equivariant vector bundle over X splits

equivariantly into a direct sum of line bundles:

E ∼=

r⊕

i=1

O
(
ki1D1 + ki2D2

)

(see [Kly90], example 2.3.3)

(ii) Let X = Uσ be an affine toric surface, then every equivariant reflexive sheaf over

X splits equivariantly into a direct sum of reflexive sheaves of rank one:

E ∼=

r⊕

i=1

O
(
ki1D1 + ki2D2

)
.

Here D1, D2 are the two divisors of X which correspond to the two rays in the fan

of X, and ki1, k
i
2 are any integers.

7.2. Some Vector Bundles over Toric Surfaces

In this section, let X be a smooth complete toric surface. Consider a locally free

sheaf E of rank r over X which is given by a set of complete filtrations Eρ(i), that is,

dimEρ(i) − dimEρ(i − 1) is either zero or one. For brevity, we represent one filtration

irredundantly by a tuple (iρi , . . . , i
ρ
r , E

ρ
1 , . . . , E

ρ
r−1), where i1 < i2 < · · · < ir, dimEρ

k =

91
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k and Eρ
k = Eρ(i) for ik ≤ i < ik+1. Because X is smooth, our resolutions below

will essentially not depend on the twist — this means that for any sheaf E and any

line bundle O(D) we get the resolution of E(D) from that of E by twisting the whole

resolution of E by O(D). As we have seen in section 4.7, twisting by some T -invariant

divisor D =
∑

ρ∈∆(1) iρDρ corresponds to shifting the filtration by −iρ. So in the sequel

we assume without loss of generality that iρr = 0 for all ρ ∈ ∆(1) and compute only

resolutions for this case.

Theorem 7.2: Let E be a locally free sheaf over X, whose associated filtrations E ρ(i),

ρ ∈ ∆(1), are complete, that is, dimEρ(i)−dimEρ(i−1) is either zero or one. Moreover

assume, that for every two rays the corresponding filtrations are in general position, that

is, Eρ(i) ∩ Eρ′(j) has the minimal possible dimension for all i, j. Denote n := #∆(1),

then there are the following minimal resolutions:

(i) rk E ≤ n:

0 −→ F1 −→ F0 −→ E −→ 0

where

F0 =

(
⊕

ρ∈∆(1)

O(iρ1Dρ)

)

⊕

( b r
2
c⊕

k=2

⊕

σ∈∆(2)
{ρ1,ρ2}=σ(1)

(
O(iρ1k Dρ1 + iρ2r+1−kDρ2)⊕O(iρ1r+1−kDρ1 + iρ2k Dρ2)

))

and

F1 =On−r ⊕

(
⊕

ρ∈∆(1)

r−1⊕

k=2

O(iρkDρ)

)
.

(ii) rk E > n:

0 −→ F2 −→ F1 −→ F0 −→ E −→ 0

where

F0 =

(
⊕

ρ∈∆(1)

O(iρ1Dρ)

)

⊕

( b r
2
c⊕

k=2

⊕

σ∈∆(2)
{ρ1,ρ2}=σ(1)

(
O(iρ1k Dρ1 + iρ2r+1−kDρ2)⊕O(iρ1r+1−kDρ1 + iρ2k Dρ2)

))
,

F1 =

(
⊕

ρ∈∆(1)

r−1⊕

k=2

O(iρkDρ)

)

and

F2 =Or−n.

Proof. Consider first the restriction of E to Uσ for some σ ∈ ∆(2). Then the

underlying vector space configuration Pσ is given by the intersections Eρ1
k ∩ Eρ2l for
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σ(1) = {ρ1, ρ2} and arbitrary k, l. By assumption, the Eρi

k are in general position with

respect to each other. In other words, the underlying flags Eρ1
1 ⊂ Eρ12 ⊂ · · · ⊂ Eρ1

r−1 and

Eρ21 ⊂ Eρ22 ⊂ · · · ⊂ Eρ2
r−1 are in opposite position. This implies that Eσ splits as:

Eσ =

r⊕

i=1

Eσi,r+1−i

where Eσ
ij = Eρ1i ∩Eρ2j , and Eρi

r = Eσ for i = 1, 2. In particular, E|Uσ splits as:

E|Uσ
∼=

r⊕

k=1

OUσ

(
iρ1k Dρ1 + iρ2r+1−kDρ2

)

= OUσ(iρ11 Dρ1)⊕OUσ(iρ21 Dρ2)

⊕

b r
2
c⊕

k=2

(
OUσ(iρ1k Dρ1 + iρ2r+1−kDρ2)⊕OUσ(iρ1r+k−1Dρ1 + iρ2k Dρ2)

)

if we assume that iρ1r = iρ2r = 0. Now consider P =
⋃
σ∈∆(2) P

σ. Because we have

assumed that the filtrations are sufficient general, we have:

Pmin =
⋃

σ∈∆(2)

( r⋃

i=1

Eσi,r+1−i

)
.

The minimal elements of P automatically are bottlenecks, and moreover, forming PΣ

does not create some new bottlenecks. Thus the explicit description of F0 follows. The

filtrations for F0 are:

F ρ0 (i) = (iρ1, . . . , i
ρ
r , F

ρ
1 , . . . , F

ρ
r−1),

where dimF ρ0 (i)− dimF ρ0 (i− 1) = 0 iff iρk < i < iρk+1 and

F ρ1 = Eρ1 , and

F ρi = F ρi−1 ⊕Eσ1
i,r+1−i ⊕Eσ2

r+1−i,i for i > 1

where σ1, σ2 ∈ ∆(2) and {ρ} = σ1(1) ∩ σ2(1).

Thus, the kernel filtrations (jρ1 , . . . , j
ρ
r−1, K

ρ
1 , . . . ,K

ρ
r−2) are given by

jρk = iρk+1

and

Kρ
i = ker

(
F ρi+1 � Eρi+1

)

which implies that

dimKρ
i = dimF ρi+1 − dimEρ

i+1

= (2i− 1)− (i+ 1)

= i.

Moreover, we have rkF0 = n(r − 1), hence rkK0 = n(r − 1) − r, and n · dimKρ
r−2 =

n(r − 2). Thus K0 is free iff r ≤ n and the form of F1 and F2 follows immediately. �
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7.3. Arrangements of Points

Assume that E is a reflexive fine-graded module of rank r over S = k[x1, . . . , xn],

whose associated filtrations are given by

{(−ik, 0, Ek)},

where dimEk = 1 and ik >= 0. Let S ⊂ {1, . . . , n} the subset where k ∈ S if and only

if ik 6= 0. Then there is a unique partition P1, . . . , Ps of the set {1, . . . , n} which is given

by the equivalence relation: k = j if and only if Ek = Ej . Denote nk = (nkj ) the element

of Zn given by:

nkj =

{
ij j ∈ Pk

0 else.

Denote E the limit vector space of the associated σ-family and V :=
∑n

k=1E
k ⊂ E the

subvector space spanned by all lines with dimV =: t.

Theorem 7.3: The module specified by the above data has a minimal fine-graded reso-

lution of the form

0 −→ F1 −→ F0 −→ E −→ 0

with

F0 =
( s⊕

k=1

S(nk)
)
⊕ F ′0

where F ′0 = 0 if r = t and F ′0 = Sr−t else, and

F1 =

{
Ss−t if s > t

0 else.

Proof. The underlying configuration of vector spaces P consists of a set of lines

in E0. The bottlenecks of PΣ are these lines plus the pair (V,E) if dim t < r. So the

explicit form of the resolution follows. �

7.4. Monomial Ideals

In principle, our techniques also allow resolutions of more general sheaves than just

reflexive ones. However, it is not so straightforward to give compact expressions of the

terms in the resolutions, as the relations between the vector spaces in the associated

arrangements and the degrees of the generators are more complicated. A general idea is

to translate the combinatorial structure of an equivariant sheaf E into that of a reflexive

sheaf by computing its first or second syzygy, which in many cases can be done very

straightforwardly. For instance, it is a general fact from commutative algebra that the

first syzygy of a torsion free module over k[σM ] is a reflexive module. Thus if we can

describe the syzygy

0 −→ K0 −→ F0 −→ E −→ 0

for some torsion free k[σM ]-module E by means of a filtered vector space, we can apply

the machinery of the previous chapter to compute the complete resolution.

In this section, we want to apply this idea to the case of monomial ideals in a

polynomial ring. This class of objects has attracted certain interest in recent years, see
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for instance [MP01] and [BPS98] for an overview on this subject. It is still an open

problem to write down in general a closed expression for the minimal resolution of such

an ideal.

Consider the polynomial ring S = k[x1, . . . , xn] and let T ⊂ Nn \ {0} be a minimal

set of generators for a semigroup ideal of Nn. Denote I = 〈xα | α ∈ T 〉 the corresponding

monomial ideal. Then the first step of the resolution of I is straightforwardly given by:

0 −→ K0 −→ F0 −→ I −→ 0

where

F0 =
⊕

α∈T

S(−α).

Passing to the limits of the corresponding σ-families (where σ = (R≥0)
n), we obtain a

short exact sequence of vector spaces:

0 −→ K0
B
−→ F0

A
−→ I −→ 0

where dim I = 1, dimF0 = |T | and dimK0 = |T | − 1. The matrix A can be explicitly

written as the row matrix

A =
(
1 1 · · · 1

)
.

The vector space F0 splits into a direct sum of one-dimensional vector spaces:

F0 =
⊕

α∈T

Fα,

where Fα denotes the direct limit of the σ-family which corresponds to the module

S(−α).

To compute the σ-family explicitly, for n ∈ Nn denote Cn = {n′ ∈ Nn | n′ ≤ n}. We

call Cn the backward cone of n in Nn.

Lemma 7.4: (i) The dimension of a graded component of F0 is as follows:

dim(F0)n = |T ∩ Cn|;

(ii) the filtration F k
0 (i) corresponding to the k-th coordinate xk of S is given by

F k0 (i) =
⊕

α∈T,αk≤i

Fα

where αk is the k-th component of α = (α1, . . . , αn).

Proof. The first two statements follow from the fact that we have to count the

homogeneous components of degree n of the modules S(−α), which are nonzero if and

only if α ≤ n. The third statement follows immediately from the first. �

The σ-family corresponding to K0 is computed by intersecting the elements of the

σ-family of F0 with the vector space K0. This is straightforward, because the σ-family of

F0 is a coordinate subspace arrangement and the vector space K0 is in general position
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to the coordinate subspaces — the inclusion B could for instance represented by a matrix

of the form 


1 0 0 . . . 0

−1 1 0 . . . 0

0 −1 1 . . . 0
...

... −1 . . .
...

...
... 1

0 −1




.

Thus:

Proposition 7.5: The dimension of a graded component of K0 is as follows:

dim(K0)n = dim(F0)n − 1 = |T ∩Cn| − 1

and the filtration Kk
0 (i) corresponding to the k-th coordinate xk of S is given by

Kk
0 (i) =

( ⊕

α∈T, αk≤i

Fα
)
∩K0

where αk is the k-th component of α = (α1, . . . , αn).

Thus the arrangement K = {(K0)n} in K0 together with the map ε : Nn −→ P

defines a σ-family for which we can construct a minimal resolution by the methods of

the previous chapter. However, although we have tried hard, for the moment we have

nothing new to contribute to the question whether this resolution can be expressed

in a combinatorial way, say, by looking for combinatorial expressions for computing

the syzygy arrangements Pi and (Pi)Σ. Monomial ideals and subspace arrangements

have been considered in several places, in particular because any monomial ideal defines

a coordinate subspace arrangement; see for instance [GPW01], [BP00], [BP03]. It

seems that these works are relevant for a more detailed study of our resolutions, even

for more general equivariant reflexive sheaves.

It might be that our point of view can shed some light on the problem of the role that

characteristics plays in the construction for resolutions. Let us exemplify this for the

standard example of a monomial ideal which shows pathological homological behaviour

in characteristic 2. This example is that of the Stanley-Reisner ideal corresponding to

the triangulation of RP2 (see [BH94], section 5.3 for a picture), which is a monomial

ideal in the polynomial ring of six variables, S := k[x1, . . . , x6], given by:

I = 〈x1x2x3, x1x2x6, x1x3x5, x1x4x5, x1x4x6, x2x3x5,

x2x4x5, x2x5x6, x3x4x6, x3x5x6〉

The explicit form was taken from [MP01], section 5.3. This is probably the easiest such

example. In [BH97] it ways shown that for every monomial ideal in n variables, the

0th, 1th, (n− 2)nd and (n− 1)st Betti numbers do not depend on characteristics, which

in particular implies that the Betti numbers for monomial ideals in up to five variables

do not depend on characteristics. One can compute that the first syzygy representation

in K0, given by

0 −→ K0 −→ F0 −→ I −→ 0
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is as follows. Of course, dimF0 = 10 and thus, dimK0 = 9. We have

dimKk(i) =





0 i < 0

4 i = 0

9 i > 0

and dimKk(0) ∩Kj(0) = 1 for every k 6= j ∈ {1, . . . , 6}. The corresponding graph P0

looks as shown in figure 7.1. Let us call F k := Kk(0) and F kj := Kk(0)∩Kj(0). We see

Figure 7.1. Hasse diagram for P0

that the one-dimensional spaces F kj are the bottlenecks of P0 and that forming (P0)Σ
does not create new bottlenecks. Thus we obtain:

F1 =
⊕

j 6=k

F jk.

Denote Gk =
⊕

j 6=k F
jk and

A : F1 −→ K0.

Denote Hk = kerA|Gk , then we have an exact sequence of vector spaces

0 −→ K1 −→ F1 −→ F0 −→ I −→ 0

where dimF0 = 10, dimF1 = 15, and dimK1 = 6. This corresponds to an exact

sequence of S-modules:

0 −→ K −→ S15 −→ S10 −→ I −→ 0.
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The kernel K is a reflexive S-module to which the following filtrations belong:

Kk
1 (i) =





0 i < 0

Hk i = 0

K1 i > 0

where dimHk = 1 for every k ∈ {1, . . . , 6}. Now we are left with six one-dimensional

vector spaces Hk sitting inside a six-dimensional vector space K1, and it happens that

dim
∑6

k=1H
k = 6 if and only if char k 6= 2. In that case, the Hk are linearly independent

and K1 is a free module. If char k = 2, we have dim
∑6

k=1H
k = 5, and thus the Hk are

not linearly independent and we have to do one step more in the resolution. Altogether,

we obtain in characteristics different from two:

0 −→ S6 −→ S15 A
−→ S10 −→ I −→ 0

and in characteristics two:

0 −→ S −→ S7 −→ S15 A
−→ S10 −→ I −→ 0.

This is due to the fact that the linear dependencies in the columns of A, considered as

a vector space homomorphisms, are more pathological in characteristic two.



CHAPTER 8

Moduli for Equivariant 2-Bundles over Smooth Toric

Surfaces

In this chapter we want to describe moduli for the particular case of equivariant rank

two vector bundles over X = X∆, a smooth, complete toric surface. This is in a sense

the first nontrivial case one can consider, and it has the advantage that it can be reduced

to the classical configuration spaces of points on a line. This comes from the fact that

every filtration Eρ(i) of a two-dimensional vector space has at most one non-discrete

degree of freedom, namely the position its one-dimensional vector space. So there is

a natural notion of moduli for an equivariant vector bundle of rank two, namely that

of the configuration of n one-dimensional subvector space in a two-dimensional vector

space, where n is the number of rays in ∆. This is equivalent to the configuration space

of n points on the projective line.

Consider E an equivariant bundle of rank two and filtrations Eρ(i) such that Eρ(i) =

Eρ for iρ1 ≤ i < iρ2 for some i1 < i2 and dimEρ = 1. Then define a partition P =

{Π1, . . . ,Πs} of ∆(1) where the Πi are maximal subsets of ∆(1) such that ρ, ρ′ ∈ Πi if

and only if Eρ = Eρ
′
. This partition plays the role of a combinatorial invariant of E .

With respect to this invariant, we can construct resolutions

0 −→ FP
1

A
−→ FP

0 −→ E −→ 0.

It turns out that these resolutions really depend on P and this implies that, for instance,

Chern classes remain not constant if we vary the spaces Eρ. So if we want to keep these

constant, another way to obtain moduli spaces can be derived from the explicit form

of the resolutions above. Namely, for any given E , we take its resolution and vary the

matrix A. The space of equivariant sheaf homomorphisms from FP
1 to FP

0 modulo

automorphisms of FP
1 and FP

0 then results in a space MP of equivariant sheaves which

have the desired property of all having the same, say, Chern classes. It turns out that

the space MP however does not only contain locally free sheaves, but also degenerations

of these, which are just torsion free.

The moduli space MP obviously shares objects with the configuration space of

s points, we call it Ms for the moment, and it turns out that indeed there exists a

morphism

MP −→Ms

which is given by mapping a sheaf E to its double dual:

E 7→ Eˇ̌ .

In fact, this morphism is even an isomorphism.

99
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This way, we achieve two things: on the one hand we have identified the partition P

as a combinatorial invariant of vector bundles E , and on the other hand we can give a

complete description of moduli MP with respect to this invariant. It is observed that,

to have these moduli, it is really necessary also to study degenerations of equivariant

vector bundles. Our hope is that this pattern can be extended for studying more general

equivariant sheaves.

In Sections 8.1 and 8.2, we construct and analyze resolutions for general equivariant

locally free sheaves of rank 2. Section 8.3 is devoted to duality of configurations of

points in the GIT setting which we will use in Section 8.4 to give a GIT-classification of

equivariant vector bundles of rank 2 on smooth complete toric surfaces.

8.1. Partitions and Resolutions of Equivariant Bundles of Rank Two

In this section we want to construct resolutions for general equivariant vector bundles

of rank 2 on toric surfaces. Let E be such a bundle on X given by filtrations of a 2-

dimensional vector space E0. Any such filtration Eρ(i) can be described as follows.

There are two integers iρ1 ≤ iρ2 such that

Eρ(i) =





0 for i < iρ1,

Eρ for iρ1 ≤ i < iρ2,

E0 for i ≥ iρ2,

where Eρ is a 1-dimensional subvector space of E0. Thus in the case that iρ1 < iρ2 a

filtration can irredundantly be described by an ordered triple (iρ1, i
ρ
2, E

ρ). If iρ1 = iρ2, the

filtration is degenerate in the sense that at iρ1 the dimension jumps by two and there

occurs no Eρ.

Twisting E by an equivariant line bundle O(n) for some n = (n(ρ)) ∈ Z∆(1) has the

effect that the numbers iρ1, i
ρ
2 are shifted to iρ1 + n(ρ), iρ2 + n(ρ) for all ρ. In our further

considerations such twists do not play any role and we may assume for simplicity that

iρ1 = −iρ and iρ2 = 0 for nonnegative integers iρ.

In order to obtain a complete classification and moduli, one has to consider the two

ways how a set of filtrations may degenerate. Namely, the case where iρ = 0 for some

ρ ∈ ∆(1) and Eρ = Eρ
′

for two adjacent rays ρ and ρ′

To do this, we consider partitions of subsets Π ⊂ ∆(1) as follows. A partition of

Π is a collection P = {Π1, . . . ,Πs} of disjoint subsets of Π such that Π =
∐s
i=1 Πi.

Among the partitions of Π we define a partial order ≤ as follows: given two partitions

P = {Π1, . . . ,Πs} and P′ = {Π′
1, . . . ,Π

′
s′} we say P ≤ P′ iff P is a refinement of P′,

i.e. there exists a map {1, . . . , s} −→ {1, . . . s′}, i 7→ j such that Πi ⊂ Π′
j. We call the

map given by a refinement

π : P −→ P′, π(Πi) = Π′
j ,

projection map, and any map s : P′ −→ P such that π ◦ s is the identity a section with

respect to π. The partial order ≤ has unique minimal and maximal elements, namely

the partitions {{ρ}}ρ∈Π and {Π}. For convenience, we call the partition {{ρ}}ρ∈Π the

fine partition of Π.
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Partitions associated to an equivariant bundle of rank two: for an equivari-

ant bundle E of rank 2 we denote by Π = Π(E) ⊂ ∆(1) the subset of those ρ for which

iρ > 0. We assume that the rays {ρ0, . . . ρm−1} = Π are enumerated clockwise with

respect to their circular order in the fan by the cyclic group Zm. On Π we can define a

partition as follows.

Definition 8.1: Let Π1, . . .Πs be the unique partition of Π with the following proper-

ties:

(i) if ρi, ρj ∈ Πk then Eρi = Eρj ,

(ii) if for some 1 ≤ k < s ρi ∈ Πk and ρj ∈ Πk+1, or if ρi ∈ Πs and ρj ∈ Π1, then

Eρi 6= Eρj ,

(iii) if Πk contains ρi and ρi+l then it contains the interval ρi+1, . . . , ρi+l−1 or the

interval ρi+l+1, . . . , ρi−1 or both.

One can think of this partition as the set of maximal intervals in the circularly ordered

set Π on which the Eρ coincide. We assume that the Πi are enumerated clockwise. We

denote the partition so defined PE and call it the coarse partition of Π with respect to

E .

Theorem 8.2: Let E be an arbitrary equivariant vector bundle of rank 2 on a smooth

complete toric surface X, defined by filtrations {(−iρ, 0, Eρ)}ρ∈∆(1) of a two dimensional

vector space E0. Let Π = {ρ ∈ ∆(1) | iρ > 0} and let PE = {Π1, . . .Πs} be the coarse

partition of Π with respect to E. If s > 2 then there exists a short exact sequence

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0

where A is a matrix of monomials whose exponents are determined by the partition PE .

Moreover, the (s − 2)-minors Ai,i+1 of A, 1 ≤ i < s, which consist of all rows of A

except the i-th and the (i+ 1)-st, are of full rank. If s ≤ 2, then E splits.

Remark 8.3: The proof explains the precise relationship between A and the filtrations

associated to E , see also Proposition 8.4.

Proof. Let first s ≤ 2. Then we can decompose the vector space E0 into a direct

sum E0 = E1 ⊕ E2 and the filtrations decompose into direct sums of filtrations for E1

and E2, respectively. Consequently, the associated bundle E splits into a direct sum of

line bundles.

Now assume that s > 2. Consider the Cox quotient presentation X̂ −→ X and

let {n(ρ)}ρ∈∆(1) be the standard basis of the lattice N̂ ∼= Z∆(1). Let {i1, . . . , is−2} ⊂

{1, . . . , s}, then we set

xΠ̂i :=
∏

ρ∈Πi

xi
ρ

ρ , and xΠ̂i1...is−2 :=
s−2∏

k=1

xΠ̂ik .



102 CHAPTER 8. MODULI FOR EQUIVARIANT 2-BUNDLES

We can define a morphism of fine-graded free S-modules

0 −→ Ss−2 A
−→

s⊕

i=1

S(
∑

ρ∈Πi

iρ · n(ρ))

which is an s× (s− 2)-matrix A with monomial entries:

A = (αij · x
Π̂i)

where i runs from 1 to s and j from 1 to s− 2. We require that, for i = 1, . . . , s− 1, the

(s−2)-minors Ai,i+1 of A which consist of all rows of A except the i-th and the (i+1)-st,

have full rank over S. After applying the sheafification functor ˜ to this sequence we

obtain a short exact sequence of sheaves

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ Q −→ 0

where by abuse of notion we write A instead of Ã.

The matrix A defines an equivariant injective morphism of coherent sheaves, but it

is not necessarily an injective vector bundle homomorphism. This is the case if and only

if the rank of A(x) equals s − 2 at all points x ∈ X. This in turn means that A is an

inclusion of vector bundles if and only if there exists a k > 0 such that Bk ⊂ Fitt2(A),

where B is the irrelevant ideal associated to the quotient presentation X̂ −→ X. If this

is the case, then the cokernel Q is a vector bundle as well.

Let {i1, . . . , is−2} ⊂ {1, . . . s} and let Ai1...is−2 be the (s − 2) × (s − 2)-minor of A

which contains the rows corresponding to {i1, . . . is−2}. Moreover, let

A′ := (αi,j)

be the matrix of coefficients of A and (A′)i1...is−2 the according minor. The second

Fitting ideal Fitt2(A) of A is generated by the determinants of all the Ai1...is−2 :

Fitt2(A) = 〈detAi1...is−2〉 = 〈det(A′)i1...is−2 · xΠ̂i1...is−2 〉

Thus Fitt2(A) is a monomial ideal generated by the xΠ̂i1...is−2 . To show that Bk ⊂

Fitt2(A) for some k > 0, it suffices to show that for each generator xσ̂ of B there exists

a generator of Fitt2(A) which divides some power of xσ̂. Without loss of generality

we may assume that iρ = 1 for all ρ ∈ Π. Then the problem is equivalent to the

question whether a given xσ̂ with σ(1) = {ρk, ρk+1} is divided by some xΠ̂i1...is−2 which

in turn is equivalent to finding i1, . . . is−2 such that Πi1 ∪ · · · ∪Πis−2 is contained in the

interval {ρk+2 . . . ρk−1} (with indices modulo m). But because the complement of this

interval is {ρk, ρk+1}, this complement intersects at most two of the intervals Πi, say,

after renumbering, Πs−1 and Πs. Thus we choose (i1, . . . is−2) = (1, . . . , s− 2) which is

nonempty because s > 2. Moreover, Π1 ∪ · · · ∪ Πs−2, is contained in {ρk+2, . . . , ρk−1},

and so xΠ̂i1,...,is−2 divides xσ̂. Hence, chosing a matrix A as above ensures that the

quotient Q of A is locally free.

Now we have to show that any E with associated coarse partition PE can be re-

solved this way. We do this by explicitly writing down the filtrations for Os−2 and⊕s
i=1O(

∑
ρ∈Πi

iρ · Dρ) and by constructing with their help a homomorphism of the
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associated limit vector spaces which we will lift to a morphism of locally free sheaves.

Denote F0 the (s−2)-dimensional filtered k-vector space associated to the vector bundle

Os−2, and G0 the s-dimensional k-vector space associated to
⊕s

i=1O(
∑

ρ∈Πi
iρ · Dρ).

We will identify G0 with kPE ∼= ks and label its standard basis e1, . . . , es. The filtrations

are:

F ρ(i) =

{
0 for i < 0

F otherwise
and Gρ(i) =





0 for i < −iρ

k · ei for − iρ ≤ i < 0 and ρ ∈ Πi

G0 otherwise

The matrix A induces a vector space homomorphism from F0 to G0 which can be

naturally identified with the matrix A′. We can define filtrations for the quotient vector

space E0 := G0/F0 simply by taking the quotient filtrations

Eρ(i) = Gρ(i)/F ρ(i)

with respect to A′. These filtrations are of the form

Eρ(i) = (−iρ, 0, k · ej)

where ρ ∈ Πj and ej is the image of ej in E0. If we assume that Bk ⊂ Fitt2(A) for some

k > 0, these filtrations become in a natural way the filtrations associated to the cokernel

E of A. On the other hand, if we define a homomorphism from G0 to some 2-dimensional

k-vector space E0 by fixing the images ej 6= 0 of the basis vectors ej , j = 1, . . . , s, of

G0, we immediately obtain a homomorphism of filtered vector spaces whose kernel is a

filtered vector space F0 A′

↪→ G0. The corresponding matrix A with monomial entries then

defines a sheaf homomorphism 0 −→ Os−2 A
−→

⊕s
i=1O(

∑
ρ∈Πi

iρ ·Dρ). As we have seen

before, the cokernel of A is locally free if and only if det(A)i,i+1 6= 0 for i = 1, . . . , s− 1

and det(A)s,1 6= 0. Now it is a lemma from linear algebra that ei and ei+1 are linearly

independent if and only if det(A′)i,i+1 6= 0. �

8.2. More on Partitions and Resolutions

Let us fix numbers iρ > 0 for ρ ∈ Π ⊂ ∆(1) and a partition P of Π. In this section

we consider short exact sequences of type

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0

where A is given by a monomial matrix. By Theorem 8.2, there are conditions such

that the cokernel E is a locally free sheaf whose associated coarse partition PE coincides

with P. In general, if A is arbitrary and has just maximal rank, we have the following

as an immediate corollary from the constructions of the previous section:

Proposition 8.4: Fix a set of numbers I := {iρ ≥ 0}ρ∈∆(1), let Π = ΠI = {ρ | iρ >

0} ⊂ ∆(1) and let P = {Π1, . . . ,Πs}, s ≥ 2, be a partition of Π. Let E = E(I,P, A) be

a sheaf defined by a short exact sequence

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0.
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Then E is a torsion free sheaf of rank 2 over X and we can consider the short exact

sequence induced on the limit vector spaces

0 −→ ks−2 A0

−→ kP Ǎ0

−→ E0 −→ 0,

with Ǎ0 = (A1, . . . , As) a 2×s-matrix. If E is locally free, then P ≤ PE is a refinement of

the coarse partition associated to E, and the filtrations for E are given by {(−iρ, 0, 〈Ai〉) |

ρ ∈ Πi}Πi∈P, where 〈Ai〉 denotes the 1-dimensional subvector space of E0 spanned by

the i-th column of Ǎ0.

Remark 8.5: Observe that for A and E as in Proposition 8.4 and E locally free, and for

{Π′
1, . . .Π

′
s′} = P′ ≤ P any refinement with corresponding projection π, we can write

the filtrations as {(−iρ, 0, 〈Aπ(i)〉) | ρ ∈ Π′
i}Π′i∈P′ .

Using the fact that every torsion free sheaf E embeds into its bidual, 0 −→ E −→

Eˇ̌ , we can now completely describe torsion free equivariant sheaves as in 8.4 without

explicitly considering ∆-families:

Theorem 8.6: Let E ′ = E ′(I,P′, B) be a cokernel

0 −→ Os′−2 B
−→

s′⊕

i=1

O(
∑

ρ∈Π′i

iρ ·Dρ) −→ E ′ −→ 0.

and let B̌0 be defined by

0 −→ ks
′−2 B0

−→ kP′ B̌0

−→ k2 −→ 0,

Let then E be the bundle defined by the filtrations {−iρ, 0, Eρ}ρ∈Π associated to B̌0 by

Eρ =

{
0 ρ /∈ Π

〈Bi〉 ρ ∈ Π′
i

Then E ∼= E ′ˇ̌ , P′ ≤ PE , and we have an exact diagram

0

��
0 // Os′−2

B //

��

⊕s′

i=1O(
∑

ρ∈Π′i
iρ ·Dρ)

B̌ //

π

��

E ′ //

��

0

0 // Os−2
A //

��

⊕s
i=1O(

∑
ρ∈Πi

iρ ·Dρ)
Ǎ //

��

E //

��

0

0 // C //

��

C //

��

0

0 0
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The cokernel sheaf C is a skyscraper sheaf whose support is contained in the set of 0-

dimensional orbits of X. More precisely,

supp(C) =
⋃̇

σ∈δ(2)

orb(σ)

where δ(2) ⊂ ∆(2) is the set of cones σ ∈ ∆(2) such that for {ρi, ρi+1} = σ(1), it is true

that ρi ∈ Π′
i, ρi+1 ∈ Π′

j, for some i 6= j, and π(Π′
i) = π(Π′

j).

Proof. Denote P := PE and let P′ ≤ P be any refinement with projection π.

Using a section t : P′ −→ P we fix a choice of elements in the preimage of π. We define

a matrix Ǎ0 := (Bt(1), . . . , Bt(s)) and π̂ : kP′

−→ kP the morphism induced by π over k.

This way we obtain in the category of k-vector spaces a commutative diagram

0 // ks
′−2

B0
//

��

kP′ B̌0
//

π̃
��

E0 //

id
��

0

0 // ks−2
A0

// kP
Ǎ0

// E0 // 0

where id0 is the identity homomorphism on E0 and A0 the kernel homomorphism of Ǎ0.

The morphisms in the left square of the diagram can immediately be lifted to mor-

phisms of locally free sheaves by considering them as matrices of coefficients of the

entries of matrices of monomials. So we obtain the diagram

0 // Os′−2
B //

��

⊕s′

i=1O(
∑

ρ∈Π′i
iρ ·Dρ)

B̌ //

π

��

E ′ //

��

0

0 // Os−2
A //

⊕s
i=1O(

∑
ρ∈Πi

iρ ·Dρ)
Ǎ // E // 0

where we interprete the matrices Ǎ0 and B̌0 as sheaf homomorphisms. The injectivity

of the homomorphism E ′ −→ E is an immediate consequence of the fact that after

restriction to the open sets Uρ, ρ ∈ ∆(1), it induces the identity homomorphism. It

follows that the cokernel C is a skyscraper sheaf whose support must be contained in

the set of 0-dimensional orbits of X, and its description is immediate. �

8.3. Duality for Configuration Spaces of Points in Projective Spaces

Let m < n, Tn ∼= (k∗)n the n-dimensional algebraic torus, GLm the group of au-

tomorphisms of km and denote G := GLm×Tn, which is a reductive group. Denote

Mn,m the space Homk(k
m, kn) of n × m-matrices over k and let G act on Mn,m by

(g, t).A := t ◦ A ◦ g−1.

We first want to consider the actions of the two subgroups GLm and Tn of G sep-

arately. Because the representations of GLm and Tn in GL(Mn,m) both contain the

homotheties, their actions induce actions on the projective space PMn,m and lineariza-

tions of the ample line bundle OPMn,m(1), so that we are able to perform GIT-quotients

of PMn,m by GLm and Tn, respectively. GLm acts from the right on the matrices Mn,m,
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and the set of semistable points in PMn,m is precisely the set of points represented by

matrices which have maximal rank m:

PMss
n,m(GLm) = {〈A〉 | rankA = m}

Furthermore, GLm acts freely on this set, so that PMs
n,m(GLm) = PMss

n,m(GLm), and

there exists the geometric quotient

PMss
n,m(GLm)//GLm ∼= Gr(m,n)

where Gr(m,n) is the Grassmannian of m-dimensional linear subspaces of kn. Similarly,

with help of the eigenspace decomposition of the left action of Tn on Mn,m, it easy to

see that

PMss
n,m(Tn) = {〈A〉 | no row of A is zero }.

Tn acts freely on this set, so that stable and semistable points of PMn,m coincide and

we obtain a geometric quotient

PMss
n,m(Tn)/Tn ∼= (Pm−1)

n

which is given by the map 〈A〉 7→ (〈A1〉, . . . , 〈An〉), where Ai denote the row vectors of

the matrix A.

The action of the group G descends to actions of the groups G/GLm ∼= Tn on

Gr(m,n) and G/Tn ∼= GLm on (Pm−1)
n, respectively. Both actions are textbook exam-

ples from GIT and there are the following criteria for stability:

Proposition 8.7 ([MFK94], Proposition 4.3):

(1) An n-tuple (p1, . . . , pn) of points in (Pm−1)
n is (semi-)stable with respect to the

diagonal action of GLm if and only if for every proper linear subspace L of km

(10) #{i | pi ∈ L} <
m

n
dimL

(respectively ≤).

(2) Consider the action of GLn on Gr(m,n). Then a point A ∈ Gr(m,n) is (semi-)

stable with respect to this action if and only if, for every proper linear subspace

L of kn,

(11) dim(A ∩ L) <
m

n
dimL

(respectively ≤).

We need to modify the second statement only slightly for the case of the action of a

maximal subtorus of GLn on Gr(m,n):

Corollary 8.8: Consider the action of a maximal subtorus Tn of GLn on Gr(m,n).

Then a point A ∈ Gr(m,n) is (semi-)stable with respect to this action if and only if, for

every proper linear subspace L of kn which is spanned by eigenspaces of the action of Tn
on kn, inequality (11) holds.
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These results imply that the preimages of (Pm−1)
n,ss(GLm) and Gr(m,n)ss(Tn) in

PMn,m coincide and we denote this set by PMo
n,m. Then the sets (Pm−1)

n,ss(GLm) and

Gr(m, n)ss(Tn) both are geometric quotients of PMo
n,m and their quotients

Gr(m,n)ss(Tn)//Tn and (Pm−1)
n,ss(GLm)//GLm .

are good quotients of PMo
n,m as each is a good quotient of a good quotient. By the

universal property of good quotients, these two spaces coincide with the good quotient

PMo
n,m//G, and thus are isomorphic. In particular, there is a commutative diagram

consisting of good quotients:

PMo
n,m

wwnnnnnnnnnnnn

''OOOOOOOOOOO

(Pm−1)
n,ss(GLm)

''PPPPPPPPPPPP
Gr(m,n)ss(Tn)

wwooooooooooo

Mn,m

We want to extend this correspondence using the well-known isomorphism

Gr(m,n) ∼= Gr(n−m,n)

which can be interpreted as saying that an n × m-matrix A of rank m representing

a point in Gr(m,n) is mapped to an (n − m) × n-matrix Ǎ representing a point in

Gr(n−m,m) such that both matrices fit into a short exact sequence

0 −→ km
A
−→ kn

Ǎ
−→ kn−m −→ 0

This correspondence is compatible with the action of the torus Tn on both sides:

Lemma 8.9: Let Tn be a maximal subtorus of GLn. Consider the actions of Tn on

Gr(m,n) and Gr(n−m,n), induced by its natural actions on kn and the dual vector space

(kn)̌ , respectively. Then the canonical isomorphism between Gr(m,n) and Gr(n−m,n),

which is induced by the canonical isomorphism between kn and (kn)̌ , is Tn-equivariant

and maps the (semi-)stable points as specified in Proposition 8.7, to (semi-)stable points.

There exists a natural isomorphism

Gr(m,n)ss(Tn)//Tn ∼= Gr(n−m,n)ss(Tn)//Tn

Proof. A little bit of linear algebra shows that for some A ∈ Gr(m,n) and for all

linear subspaces L ⊂ kn the following holds,

dimA ∩ L <
m

n
dimL if and only if dimAˇ∩ Lˇ<

n−m

n
dimLˇ

(respectively ≤), where Aˇ and Lˇ are the annihilators of A and L in (kn)̌ . �
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Because of this we can extend our correspondences to the following diagram:

PMo
n,m

}}{{
{{

{{
{{

((PPPPPPPPPPPP
PMo

n−m,n

vvmmmmmmmmmmmmm

$$HH
HH

HH
HH

H

(Pm−1)
n,ss

!!C
CC

CC
CC

C
Gr(m,n)ss ∼= Gr(n−m,n)ss

vvnnnnnnnnnnnn

((QQQQQQQQQQQQQ
(Pn−m−1)

n,ss

zzuu
uuu

uu
uu

Mn,m ∼= Mn−m,n

8.4. Moduli of Equivariant Sheaves

Let us fix a tuple of nonnegative numbers I = (iρ | ρ ∈ ∆(1)) and a partition

P = {Π1, . . . ,Πs} of the set Π = {ρ ∈ ∆(1) | iρ > 0} where s ≥ 2. In Section 8.1 we

have identified such data as a set of typical discrete parameters for equivariant vector

bundles of rank 2 on a toric surface X.

We have shown in Theorem 8.2 that for each such bundle E whose equivariant first

Chern class in Z∆(1) and whose coarse partition PE coincide with I and P, respectively,

there exists a short exact sequence of the form

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ)
Ǎ
−→ E −→ 0

which corresponds to a short exact sequence of vector spaces

0 −→ ks−2 A0

−→ ks
Ǎ0

−→ k2 −→ 0.

In order to obtain moduli spaces, we ask for spaces which parametrize isomorphism

classes of equivariant vector bundles E of rank 2 with fixed coarse partition PE = P.

The conditions on A in Theorem 8.2 imply that the set of matrices A whose cokernel is

such a vector bundle is dense in Ms,s−2. So by varying matrices A we have a natural

candidate for a parameter space of vector bundles E with fixed I and P which is given

by Ms,s−2 modulo the equivariant automorphisms of Os−2 and
⊕s

i=1O(
∑

ρ∈Πi
iρ ·Dρ),

GLs−2 and Ts, respectively.

Another natural parameter space is the set of configurations of s points in PE0 ∼= P1

which can be given by the columns of the matrix Ǎ0. In that case equivariant isomor-

phism classes of bundles are determined by configurations modulo linear transformations

by GL2. This is the sort of moduli space which has already been suggested by Klyachko

in [Kly90].

By the results of the previous section both spaces can be compared in terms of the

GIT-quotients Ms,s−2 and M2,s. By Theorem 8.6 the isomorphism Ms,s−2
∼=
−→ M2,s

which is given by the map A 7→ Ǎ, respectively A0 7→ Ǎ0, can be interpreted as the map

E 7→ Eˇ̌

which is defined for any cokernel E represented by some GIT-semistable matrix A in

PMs,s−2.

Let us now investigate the semistable points of PMs,s−2 and PM2,s. Recall from

proposition 8.7 that a point (p1, . . . , ps) ∈ (P1)
s is properly semistable with respect to
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the action of GL2 iff precisely s
2 of the pi coincide. Thus properly semistable points exist

only in the case s = 2t even.

Proposition 8.10: Let E = E(I,P, A) be a torsion free sheaf given by a short exact

sequence as above. Let Ai1 the i1-th column of Ǎ, let P1 = {Πi1 , . . .Πir} be the maximal

subset of P with 〈Aik〉 = 〈Ai1〉 for 1 ≤ k ≤ r, and let P2 be the complement of P1 in

P. Then the torsion free sheaf E defined by A is an extension

0 −→ E1 −→ E −→ E2 −→ 0

where E1 and E2 are torsion free sheaves of rank 1 with

E1ˇ̌ ∼= O(
∑

Π∈P1

∑

ρ∈Π

iρ ·Dρ) and E2ˇ̌ ∼= O(
∑

Π∈P2

∑

ρ∈Π

iρ ·Dρ).

Proof. We obtain this extension by partition of the matrix Ǎ via the following

diagram:

0

��

0

��

0

��
0 // Or−1

A1 //

��

⊕
Π∈P1

O(
∑

ρ∈Π i
ρ ·Dρ)

Ǎ1 //

��

E1
//

��

0

0 // Os−2
A //

��

⊕
Π∈PO(

∑
ρ∈Π i

ρ ·Dρ)
Ǎ //

��

E //

��

0

0 // Os−r−1
A2 //

��

⊕
Π∈P2

O(
∑

ρ∈Π i
ρ ·Dρ)

Ǎ2 //

��

E2
//

��

0

0 0 0

where A1 is represented by the submatrix of A consisting of the rows corresponding to

P1. �

Corollary 8.11: Let E and P be as above and let F ⊂ E be any torsion free equi-

variant subsheaf of rank 1. Then there exists a subset P′ ⊂ P such that Fˇ̌ ∼=
O(
∑

Π∈P′

∑
ρ∈Π i

ρ ·Dρ).

Corollary 8.12: Let s = 2t be even, let Ǎ represent a properly semistable point in

(P1)
ss and let 0 −→ E1 −→ E −→ E2 −→ 0 be the corresponding extension. Then the

image of A in Ms,s−2 represents all matrices whose corresponding extensions are in

Ext1(E2, E1) or Ext1(E1, E2), i.e. E is GIT-equivalent to the direct sum E1 ⊕ E2.

Proof. Each orbit in (P1)
s which contains a point (p1, . . . , ps) such that some

t points pi1 , . . . pit coincide contains in its closure the points of the form (pi1 , . . . ,

pit , . . . p, . . . p) for some pi1 6= p ∈ P1. �

In the generic case, we have in particular:
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Corollary 8.13: Let n = #∆(1) be even and iρ > 0 for all ρ ∈ ∆(1), let P =

{{ρ}}ρ∈∆(1) be the fine partition of ∆(1), and let n = #P. Then there exists pre-

cisely one point in Mn,n−2 which can be represented by a direct sum E1 ⊕ E2 such that

E1 and E2 are locally free.

Proof. There exists precisely one partition Π1∪̇Π2 = ∆(1) such that the Πi do not

contain two adjacent rays and which is given by Π1 = {{ρ2·i}|1 ≤ i ≤ n
2 }. �

The observation made in Proposition 8.10 motivates the following definition:

Definition 8.14: Let I and P as before and let E be a torsion free equivariant sheaf of

rank 2 over X such that P is a refinement of the coarse partition PEˇˇ associated to the

locally free sheaf Eˇ̌ . Let F ⊂ E be a torsion free equivariant subsheaf of rank 1. Then

by 8.11 Fˇ̌ ∼= O(
∑

Π∈P′

∑
ρ∈Π i

ρ ·Dρ) with a unique subset P′ ⊂ P. We say that E is

P-stable (respectively P-semistable) if for every equivariant torsion free subsheaf F ⊂ E

of rank 1 #P′ < 1
2#P (respectively #P′ ≤ 1

2#P).

Theorem 8.15: Let iρ > 0 for ρ ∈ Π ⊂ ∆(1) and let P = {Π1, . . . ,Πs} be a partition

of Π. Consider short exact sequences

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0.

Then E is P-stable (respectively P-semistable) if and only if A represents a GIT-stable

(respectively GIT-semistable) point in (Ps−3)
s with respect to the action of GLs−2.

Proof. This follows from the fact that we can represent A by a configuration

(p1, . . . , ps) of points in (P1)
s. Then Definition 8.14 is equivalent to the fact that at

most s
2 of the points pi coincide. �

Now we can define an equivalence relation on the set of P-semistable sheaves as

follows:

Definition 8.16: Let E and E ′ be P-semistable sheaves. Then we say that E and E ′

are P-equivalent iff one of the following conditions holds:

(i) E and E ′ both are P-stable and equivariantly isomorphic, E ∼= E ′,

(ii) E and E ′ both are P-semistable and the following holds. Let Ψ ∈ PE such that

#Ψ = s
2 . Then either Ψ ∈ PE ′ or Π \Ψ ∈ PE ′ .

The last condition implies that if 0 −→ E1 −→ E −→ E2 −→ 0 is the extension of E

corresponding to Ψ as in Proposition 8.10, then by Corollary 8.12 E is P-equivalent to

E1 ⊕ E2. From this definition follows

Theorem 8.17: Fix numbers {iρ ≥ 0}ρ∈∆(1), let Π = {ρ | iρ > 0} ⊂ ∆(1) and let

P = {Π1, . . . ,Πs}. Then Ms,s−2 is the set of P-equivalence classes of P-semistable

torsion free equivariant sheaves of rank 2 on X.

Definition 8.18: If P is fixed, we denote MP := Ms,s−2 and call MP moduli space of

P-equivalence classes.
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Remark 8.19: There is the following result of Klyachko:

Proposition 8.20 ([Kly90], Corollary 1.2.5): Let E and E ′ be two equivariant vector

bundles over a smooth complete toric variety. If there exists an arbitrary isomorphism

E ∼= E ′ of vector bundles, then there is an m ∈ M such that there is an equivariant

isomorphism E ∼= E ⊗ O(χ(m)), where O(χ(m)) denotes the structure sheaf endowed

with the action by the character χ(m).

This means that in our situation, where X is complete, equivariant isomorphism

classes and isomorphism classes of vector bundles coincide up to a twist with a character.

So after fixing numbers iρ, ρ ∈ ∆(1), the subspaceM′
P ⊂MP consisting of isomorphism

classes of vector bundles even classifies non-equivariant isomorphism classes.

Remark 8.21: We want to point out that our moduli depend only on the combinatorial

structure of the underlying toric variety, that is, the number of rays ∆(1) in the fan of

X, but not on the concrete realization of the fan ∆ inside the lattice N .

Example 8.22: Let X = P2(k), then we have to consider the quotient of PM3,1 by

the group G ∼= GL1×T3
∼= k∗ × (k∗)3. This quotient is just a point, i.e. the set of

equivariant isomorphism classes of indecomposable equivariant vector bundles of rank 2

on P2(k) is discrete. This reproduces the original result of Kaneyama ([Kan75]).

Example 8.23: Let a ≥ 0 and X = Fa a Hirzebruch surface. Assume that the rays

ρ1, . . . , ρ4 are enumerated clockwise. The set (P1)
4,s of stable points of (P1)

4 with respect

to the diagonal action of GL2 is

{(p1, . . . , p4) ⊂ (P1)
4 | pi 6= pj for all i 6= j},

i.e. the set of four-point configurations in P1 no two points of which coincide. There is

an isomorphism (P1)
4,s ∼= PGL2×(P1 \ {0, 1,∞}) which we choose to be

(p1, p2, p3, p4) 7→ (g, g.p4),

where g ∈ PGL2 is the unique element which moves the points p1, p2, p3 to the positions

0, 1, and ∞, respectively. The inverse map is given by

(g, p) 7→ (g−10, g−11, g−1∞, g−1p).

The quotient PMss
4,2(GL2×T2)//GL2×T2 has a completion by semistable points:

(P1)
4,ss = {(p1, p2, p3, p4)| such that no three points pi coincide}

In terms of 4×2 matrices this means that each semistable but not stable matrix can

be brought into one of six standard forms with at most one zero in a row and two zeros

in a column:

A34 =




∗ ∗

∗ ∗

0 ∗

0 ∗


 , A24 =




∗ ∗

0 ∗

∗ ∗

0 ∗


 , . . . , A12 =




0 ∗

0 ∗

∗ ∗

∗ ∗


 .
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The image of a matrix Aij in M4,2 represents the P-equivalence class of E1 ⊕ E2 where

E1ˇ̌ ∼= O(iρi ·Dρi
+iρj ·Dρj

) and E2ˇ̌ ∼= O(iρk ·Dρk
+iρl ·Dρl

) with {i, j, k, l} = {0, 1, 2, 3}.

By our choice of coordinates the matrices of types A13 and A24 with locally free cokernels

are mapped to the point 1 ∈ P1.

Remark 8.24: Let s > 4, let Xij , 1 ≤ i ≤ s, 1 ≤ j ≤ s − 2 be the coordinates of

Ms,s−2 and let X = (Xij). Then the determinants of the minors X ij of X describe
1
2s(s − 1) hypersurfaces T ijP in Ms,s−2. Via the duality of Section 8.3, the minors X ij

describe precisely the configurations of points (p1, . . . , ps) in P1, where the points pi and

pj coincide. Denote T ij
P the image of T ijP in MP. MP is a good quotient of PMs,s−2,

and thus T ij
P is a closed subset of MP. Moreover, because s > 4, by Proposition 8.7 we

see that each T ij
P contains a dense subset whose preimage in PMs,s−2 consists of stable

points. Thus, the T ij
P describe 1

2s(s − 1) hypersurfaces of MP and the locus in MP

consisting of torsion free sheaves which are not locally free is described by the s divisors

T s,1 and T i,i+1 for 1 ≤ i ≤ s− 1.

Example 8.25: Let X be a toric surface which has six rays. The space M2,6 has

been calculated in [Dol94] and is a cubic hypersurface in P4 defined by the equation

X1X2X4 −X3X0X4 +X3X1X2 +X3X0X1 +X3X0X2 −X3X
2
0 = 0. This hypersurface

has ten nodes representing precisely the ten P-equivalence classes of P-semistable but

not P-stable sheaves.

Remark 8.26: We do not show that the spaces MP are moduli spaces of suitably

defined P-families, e.g. in the sense of [New78]. A detailed treatment of this problem

would require to generalize all our constructions to families. A more detailed study of

the spaces MP is beyond the scope of this work. For a study of these spaces, see for

instance [KLW87] and [Kly94].



APPENDIX A

Perspectives: Combinatorial Invariants

In this appendix we want to give an outlook on some topics concerning combinatorial

invariants for equivariant bundles over toric varieties. In particular, we want to give

examples where equivariant Chern classes take the role of such invariants, and we want

to consider equivariant vector bundles over P2 in some more detail. Our aim is to both

give a survey of the relevant topics and to document some ideas which we could not

follow in the main body of this work. Therefore our treatment will be rather sketchy

and we will not present any deep proofs.

In section A.1 we introduce equivariant cohomology for toric varieties and equivariant

Chern classes for equivariant bundles. Basic references for this are [Bri98], [Bri97] and

[BDP90]. In section A.2 we show that for the case of equivariant vector bundles of

rank two over toric surfaces, their equivariant Chern classes indeed play the role of

combinatorial invariants. In section A.3 we give a short sketch on two applications of

the theory of equivariant bundles over P2. The first is the work of Klyachko on Horn’s

conjecture ([Kly98]), from which we extract a criterion for Mumford-Takemoto stability

for equivariant bundles, and the second is a recent construction of Penacchio ([Pen02]),

relating the theory of equivariant bundles over P2 to that of mixed Hodge structures.

We want to point out that even for the case of P2 the theory of equivariant bundles

leads to nontrivial applications. In section A.4 we present a combinatorial classification

for configurations of three complete flags, which is derived from the so-called Gelfand-

Serganova stratification of flag varieties ([GS87]). We will exemplify this stratification

for the case of equivariant vector bundles of rank three over P2 whose filtrations form

complete flags in appendix B.

In order to be compatible with existing literature, in this chapter we fix our base

field to be C.

A.1. Equivariant Cohomology

For every topological group G there exists a universal classifiying bundle EG over

an universal classifying space BG:

EG −→ BG

which is a G-principal bundle over BG (see [Hus75]). This space has the property

that for any space X and any G-principal bundle P over X there exists a (continuous,

differentiable, . . . ) map φ : X −→ BG such that φ∗EG ∼= P . In the case where

G = (C∗)n is a complex algebraic torus, we have:

EG = (C∞ \ {0})n −→ (P∞C )n

where we can consider C∞ as limit of Cn for n→∞.

113
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To every G-space X we can associate the equivariant cohomology ring of X with

respect to G by setting:

H∗
G(X) := H∗(X ×G EG)

where

X ×G EG = (X ×EG)/G

where G acts diagonally on X×EG. Here, we consider the cohomology with coefficients

in Z.

Because BG in general is infinite dimensional, the ring H∗
G(X) in general is not

artinian and thus has infinitely many degrees i ≥ 0 such that H i
G(X) 6= 0. For example,

if X = {pt} and G = (C∗)n =: T , we have

H∗
T (pt) = H∗

(
(P∞C )n

)
∼= Z[x1, . . . , xn]

the polynomial ring in n variables over Z. In the case where X is a toric manifold which

is defined by some fan ∆, there is a nice description of H ∗
T (X). Namely, consider the

ring Z[xρ | ρ ∈ ∆(1)] and let SR(∆) ⊂ Z[xρ | ρ ∈ ∆(1)] be the so-called Stanley-Reisner

ideal, which is defined as follows:

SR(∆) = 〈
s∏

i=1

xρi
| where {ρ1, . . . , ρs} 6= σ(1) for all σ ∈ ∆〉.

and the equivariant cohomology ring then is:

H∗
T (X) = Z[xρ | ρ ∈ ∆(1)]/SR(∆).

For example, if X is a toric surface, then SR(∆) is generated by all monomials xρxρ′

where {ρ, ρ′} 6= σ(1) for all σ ∈ ∆(2).

Let E be an equivariant vector bundle over X, then the map

E ×G EG −→ X ×G EG

defines a vector bundle over X×GEG, and one can define the equivariant Chern classes

of E in H∗
G(X) by

cGi (E) := ci(E ×G EG) ∈ H2i
G (X).

One can check that the equivariant Chern classes have the same functorial properties

as the usual Chern classes, such as multiplicativity of ct and splitting principle. But

note that cGi (E) = 0 for i > 2 rkE, but, because H i
G(X) in general might be nonzero

for degrees bigger than dimX, cGi (E) can be nonzero for 2 rkE ≥ i > 2 dimX.

Note that for X a toric variety and E = O(D) an equivariant line bundle with

D =
∑

ρ∈∆(1) i
ρDρ:

cT1 (E) =
∑

ρ∈∆(1)

iρ · xρ.



A.3. EQUIVARIANT VECTOR BUNDLES ON P2 115

A.2. Equivariant Cohomology and Equivariant Vector Bundles of Rank

Two

Let X be a smooth compact toric surface and E an equivariant vector bundle of rank

two over X. Consider a subset Π ⊂ ∆(1) and a partition PE = {Π1, . . . ,Πs} of Π, the

coarse partition with respect to E . Then we have a resolution

0 −→ Os−2 A
−→

s⊕

i=1

O(
∑

ρ∈Πi

iρ ·Dρ) −→ E −→ 0

and thus the equivariant Chern classes of E are:

cT0 = 1

cT1 =
∑

ρ∈Π

iρ · xρ

cT2 =
∑

σ∈δ(2)
σ(1)={ρ,ρ′}

iρiρ
′

· xρxρ′ .

This shows that we can reconstruct Π and the partition P from the equivariant

Chern classes by setting:

Π := {ρ | iρ 6= 0}

and

δ(2) := {σ ∈ ∆(2) | iρiρ
′

· xρxρ′ is a summand in cT2 (E) and σ(1) = {ρ, ρ′}}.

So the moduli spaces MP can as well be written as M(2, c1T , c
2
T ) and thus:

Theorem: Let X be a compact toric surface and let E an equivariant vector bundle of

rank two over X. Then the equivariant Chern classes cTi (E) are combinatorial invariants

of E.

A.3. Equivariant Vector Bundles on P2

Any three partial flags F 0
· , F

1
· , F

2
· in some vector space V can be made into a filtra-

tions of V by assigning to every F k
j an integer ikj such that F kj ⊂ F kl implies ikj < ikl . So

every such set of filtrations gives rise to some equivariant vector bundle over P2. This

way in principle every question about three filtrations can be reformulated to a question

about equivariant vector bundles over P2.

A.3.1. Mumford-Takemoto Stability. A by now famous example is Klyachko’s

proof of the Horn conjecture (see [Kly98], [Ful98a]). We do not review this proof, but

want to take a look at the notion of stability which was involved. We say a bundle

E is Mumford-Takemoto (semi-)stable if, for any proper subsheaf F ⊂ E the following

inequality holds:
c1(F)

rkF
<
c1(E)

rk E
(respectively ≤).

The quantity c1(E)
rkE is called the slope of E . Let E be an equivariant bundle given by

filtrations Ek(i), k = 0, 1, 2, of some vector space E0, and denote F k· the partial flags
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of vector spaces underlying the Ek(i). Let Fk be the partial flag manifolds of flags of

the same type as F k
· and denote ωk certain dominant weights of SL(E0) (see [Kly98],

section 3.3 for explanation). Then there is the following observation:

Theorem ([Kly98], observation 3.3.1): An equivariant vector bundle over P2 given by

filtrations Ek(i), k = 0, 1, 2, is (semi-)stable if and only if the corresponding triple of

flags (F 0
· , F

1
· , F

2
· ) ⊂ F0 × F1 × F2 is GIT-stable with respect to the diagonal action of

SL(E0) and a polarization

L(ω0) � L(ω1) � L(ω2)

where the L(ωk) are the line bundles over Fk corresponding to the weights ωk.

If E has rank two and is indecomposable, then it is P-stable with respect to the

partition P = {{ρ0}, {ρ1}, {ρ2}} of ∆(1) = {ρ0, ρ1, ρ2}, and Fk ∼= P1 for all k. The

quotient of P1 × P1 × P1 by SL(E0) = SL2 (which is the same as the quotient by GL2)

is a point and GIT-stability does not depend on any twists L(ωk). Thus we have with

the notions from the previous chapter:

Corollary A.1: Any indecomposable equivariant vector bundle of rank two over P2 is

Mumford-Takemoto stable.

We have not checked if this pattern persists for rank two bundles over general toric

surfaces.

A.3.2. Mixed Hodge Structures and Equivariant Bundles. Let HZ be a free

Z-module, HQ := HZ ⊗Z Q, and H := HC = HZ ⊗Z C. Fix an nonnegative integer n

and for all nonnegative integers p, q such that p+ q = n pick a complex linear subspace

Hp,q ⊂ H. A pure Hodge structure of weight n consists of the data {HZ,H
p,q} such that

the following conditions are satisfied.

H =
⊕

p+q=n

Hp,q, Hp,q = Hq,p.

For every pure Hodge structure one can define decreasing filtrations, the Hodge filtra-

tions:

F p = Hp,0 ⊕Hp−1,1 ⊕ · · · ⊕Hp,n−p, F n+1 = 0

These filtrations satisfy:

H = F p ⊕ F n−p+1, ,Hp,q = F p ∩ F q.

A mixed Hodge structure is defined by the following data:

(i) an increasing filtration W· of H, called weight filtration,

(ii) a decreasing filtration F · of H which induces a pure Hodge structure of weight n

on GrWn H = Wn/Wn−1.

The filtration F ·GrWn H on GrWn H induced by F · is:

F pGrWn H = (F p ∩Wn +Wn−1)/Wn−1.

Note that we differ from the usual definition by that we consider W not as a complex-

ification of a filtration of HQ (see [Pen02] for details). One can define a category of
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mixed Hodge structures by introducing an appropriate notion of morphisms, which we

call CatC−mhs.

Consider a fixed embedding P1 ↪→ P2. A bundle E on P2 is called P1-(semi-) stable

if for every subbundle F ⊂ E|P1 over P1:

c1(F)

rkF
<
c1(E|P1)

rkF|P1

(respectively ≤).

We denote the slope
c1(E|P1

)

rkE|P1
by µ(E). It can be shown that P1-(semi-)stability implies

Mumford-Takemoto stability.

To every mixed Hodge structure (W ·, F·,H), one associate an equivariant vector

bundle by associating the filtrations F·, F · and the opposite filtration, defined byW−p :=

W p to the rays of P2 (in any order). In [Pen02], the following theorem is proven:

Theorem A.2 ([Pen02], theorem 5): There is an equivalence of categories

CatC−mhs ↔ P1 − semistable vector bundles over P2 with µ = 0.

In [Pen02] there are proven some more equivalences, depending if W is defined as

filtration of HZ, HZ ⊗Z R or H.

The special interest with this correspondence is the fact that this way the notion of

variation of mixed Hodge structures is tied to the theory of moduli for vector bundles

over P2. In particular, one would like to determine limits of mixed Hodge structures over

0 with respect to families over the pointed disc in terms of limit vector bundles.

A.4. Gelfand-Serganova Stratification and Equivariant Vector Bundles on

P2

Consider some vector space V ∼= Cr together with its standard basis e1, . . . , er. Then

we call standard flag the flag of vector spaces

F 1
· : 〈e1〉 ⊂ 〈e1, e2〉 ⊂ · · · ⊂ 〈e1, . . . , er〉 = V,

where 〈.〉 denotes the span over C. Let Fr the flag variety of complete flags in V , then

there exists a cell decomposition (see [Ful97])

Fr =
⋃

w∈Sr

X◦
w

where Sr is the rth symmetric group, X◦
w
∼= Clength(w). For every cell

X◦
w = {E· ∈ Fr | dim(Ep ∩ Fq) = #{i ≤ p | w(i) ≤ q} for 1 ≤ p, q ≤ r}.

In particular, X◦
w contains as a distinguished point the permuted flag

Fw· : 〈ew(1)〉 ⊂ 〈ew(1), ew(2)〉 ⊂ · · · ⊂ 〈ew(1), . . . , ew(r)〉 = V

and it can be shown that every cell X◦
w is the orbit of the left action of the group B of

upper triangular matrices on Fr. It is easy to see that the flags F w
· are precisely the

fixed points of the action of the torus T = (C∗)r on Fr.
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The above cell decomposition gives an answer to the following question. Consider

two complete flags E1
· and E2

· in V , then what are the possible configurations two flags

can have with respect to each other? The answer is that one can always choose a basis

e1, . . . , er such that E1
· = F 1

· and E2
· = Fw· for some w ∈ Sr.

Now, what about three flags E1
· , E

2
· , E

3
· ? The combinatorial characterization can be

derived from the Gelfand-Serganova classification (see [GM82], [GGMS87], [GS87],

and for a recent treatment [Laf02]) of torus strata in flag varieties. To explain this, we

first give a classification of torus strata in Grassmannians Gr(k, r). For this we introduce

the following notion:

Definition A.3: Σk,r = {n ∈ Zr | ni ∈ {0, 1} and ni 6= 0 k times}. Σk,r is called

hypersimplex.

Definition A.4: Let dimV = r and V =
∑r

i=1 Vi with dimVi = 1 for all i. Let W ⊂ V

be a k-dimensional subvector space. Then we define the polyhedron associated to W :

P (W ) := {n ∈ Σk,r |
∑

i∈I

ni ≥ dimW ∩ ⊕i∈IVi for all I ⊂ {1 . . . , r}}.

Example A.5: The first example of a hypersimplex which is not a simplex is Σ2,4.

This hypersimplex consists of the six points (1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1), (0, 1, 1, 0),

(0, 1, 0, 1), (0, 0, 1, 1). The possible types of polyhedra P (W ) up to symmetry of Σ2.4

are shown in figure A.1.

Figure A.1. Subpolyhedra of Σ2,4

Definition A.6: We say that two points W1,W2 ∈ Gr(k, r) are in the same stratum if

P (W1) = P (W2).

Remark A.7: These strata are also called thin Schubert cells.

The resulting stratification of Gr(k, r) can be rephrased in the language of matroid

theory. A matroid of rank k is a function

d : 2{1,...,r} −→ N

such that

d(∅) = 0

d({1, . . . , r}) = k

d(I) + d(J) ≤ d(I ∩ J) + d(I ∪ J) for all I, J ⊂ {1, . . . , r}.
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For more information about matroids we refer to [Wel76] and [Aig79]. With notation

as in definition A.4, the function

dW : 2{1,...,r} −→ N, I 7→ dimW ∩
⊕

i∈I

Vi

defines a matroid, and we obtain a stratification of Gr(k, r) such that two points

W1,W2 ∈ Gr(k, r) are in the same stratum if dW1 = dW2 .

Now the formalism can be applied to the classification of torus strata in Gr(k, r).

The action of the torus T which is diagonal with respect to a basis e1, . . . , er of V on

Gr(k, r) has precisely
(r
k

)
fixed points, namely these subvector spaces of V which are

spanned by k-subsets of the basis e1, . . . , er. One can see that these fix points correspond

naturally with the vertices of the hypersimplex Σk,r.

Definition A.8: Let W1,W2 ∈ Gr(k, r) and consider the orbits T.W1 and T.W2. We

say that these two orbits are of the same type if the orbit closures T.W1 and T.W2

contain the same set of fixed points.

The type of torus orbits indeed is compatible with the above defined stratification:

Theorem A.9 ([GGMS87], Theorem 2.4): W1,W2 ∈ Gr(k, r) are in the same stratum

if and only if the two torus orbits T.W1 and T.W2 are of the same type.

We have reformulated this theorem a bit in order to avoid a more elaborate setting.

The cited paper employs the moment map of the T -action on Gr(k, r).

Via the canonical embedding Fr ↪→ Gr(1, r)×Gr(2, r)× · · · ×Gr(r− 1, r) the torus

stratifications can be generalized to the case of flag manifolds. Every flag F· can be

classified by the thin Schubert cells in the grassmannians Gr(k, r) in which the vector

Fk lies.

Definition A.10: Let d1, . . . , dr−1 be matroids on the set {1, . . . , r} such that dj has

rank k for every k = 1, . . . , r − 1. The series d1, . . . , dr−1 is concordant if there exists a

flag F· in V such that

dk(I) = dimFk ∩
⊕

i∈I

Vi

with respect to some direct sum decomposition V =
⊕r

i=1 Vi into one-dimensional vector

spaces.

Definition A.11: Let F 1
· , F 2

· be two points in Fr. Then F 1
· and F 2

· are in the same

stratum if T.F 1
· and T.F 2

· have the same fixed points.

These strata are what we call Gelfand-Serganova stratification, or simply thin Schu-

bert cells.

Theorem A.12 ([GS87], §5, §6.2 Theorem 1 and §9.3): Two flags F 1
· , F

2
· are in the

same stratum if and only if their concordant flags of matroids coincide.

For a concordant flag of matroids one can also consider the set of polytopes P (F1),

. . . , P (r − 1) in the hypersimplices Σ1,r, . . . ,Σr−1,r. and the sum polytope P (F·) :=

P (F1)+· · ·+P (Fr−1). The sum polytope is a convex subset of the sum of hypersimplices
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Σ·,r := Σ1,r+ · · ·+Σr−1,r. This object is called permutohedron, a convex polytope which

is contained in the hyperplane H t = {n = (n1, . . . , nr) ∈ Nr |
∑r

i=1 ni = t}, where

t =
∑r−1

i=1 i, whose set of vertices is precisely given by the points {(w(1)−1, . . . , w(r)−1) |

w ∈ Sr}. The set of vertices of P (F·) is a subset of the vertices of Σ·,r. Figure A.2 shows

the permuhedron for S3 and the possible typs of polyhedra up to symmetry of the

permutohedron.

012102

201 021

210 120

111

Figure A.2. Permutohedron and concordant convex subsets for flags in C3

Let us explain how this applies to the combinatorial classification of three flags.

Consider the two configurations of three complete flags in C3 in figure A.3. We have

drawn the images of these flags in P2 – the dots denote the one-dimensional spaces, the

lines the two-dimensional spaces; two of the flags, denote F 1
· and F

(321)
· are supposed

to be in general position with each other, that means, after choice of a basis, F 1
· is

the standard flag and F
(321)
· is the permutation of the standard flag by (321). We

F
1
. F

1
.

F
(321)
.

F
(321)
.

Figure A.3. Two configurations of flags in C3

can see that the third flag is in general position with respect to each of the other two

flags, but nevertheless combinatorially it is clear that one would like to consider the two

configurations as different, as in the first example the third flag meets the intersection

of the other two flags, whereas in the second example it does not.

By using thin Schubert cells, we can distinguish these configurations. Note that,

because the flags F 1
· and F

(321)
· are opposite to each other, the maximal subgroup of

GL(V ) which stabilizes both flags is an algebraic torus T . The action of this torus has

three one-dimensional eigenspaces, V1 := F 1
1 , V2 := F (321), and V3 := F 1

2 ∩ F
(321)
2 , and

we choose a basis such that the action of T ∼= (C∗)3 becomes a diagonal action and

which respects the decomposition V = V1 ⊕ V2 ⊕ V3.

Denote the third flag E·. For the first configuration the polytopes which correspond

to the concordant flags of matroids of E· with respect to the stratification of the action
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of T , are given by:

P (E1) = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}

P (E2) = {(1, 1, 0), (0, 1, 1)}

P (E·) = {(2, 1, 0), (1, 2, 0), (0, 2, 1), (0, 1, 2), (1, 1, 1)}

These polytopes are shown in figure A.4.
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Figure A.4. Concordant polytopes for the first configuration in figure A.2

For the second configuration, we have:

P (E1) = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}

P (E2) = {(1, 1, 0), (0, 1, 1), (1, 0, 1)}

P (E·) = {(2, 1, 0), (1, 2, 0), (0, 2, 1), (0, 1, 2), (1, 1, 1), (2, 0, 1), (1, 0, 2)}

These polytopes are shown in figure A.5.
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Figure A.5

One can already guess the general principle. The size of a polyhedra P (E1), P (E2),

and P (E·) measures how far the flag E· sits in general position. If all spaces Ei are

spanned by eigenspaces of T , the polyhedra are just points.

What if the second flag is different from F (321), say Fw for some w ∈ Sr? In that

case, the subgroup Bw of GL(V ) which stabilizes the two flags is of the form wBw−1∩B,

where B is the Borel subgroup of GL(V ) of upper triangular, nonsingular matrices and

w is considered as permutation matrix. This group can explicitly be described as

Bw =

{
(bij) |

bij = 0 if j < i or if
i < j and w(i) > w(j)

}

the subgroup of B whose entries bij are zero if w produces a transposition of i and j.

In the special case where w = (321), we have Bw = T as we have seen before, and
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in general, of course, T ⊂ Bw ⊂ B. Moreover, we expect that the set of fixed points

of Bw is a subset of the set of fixed points of T . By definition, Bw has at least two

fixed points, namely F 1
· and Fw· . To describe the other fixed points, we introduce the

followingt notion.

Definition A.13 (see [Man01] §2.1.2): We define a relation on the set Sr, which is

called weak Bruhat order. Denote si ∈ Sr the simple transposition (i, i+ 1) 7→ (i+ 1, i).

Then we say that v ∈ Sr precedes w ∈ Sr if length(w) = length(v) + 1 and there exists

a transposition si such that w = vsi. We write v � w if v and w are connected by a

chain of permutations where each element precedes the next.

It is well known that every permutation w in Sr can be (non-uniquely) represented

by an irredundant sequence of transpositions si1 · · · sim , m = length(w), called a reduced

decomposition of w. Then v � w if and only if there exists a reduced decomposition

si1 · · · sim of w such that si1 · · · sik , k < m is a reduced decomposition of v.

Lemma A.14: The set of fixed points of Bw is given by the flags F v
· where v � w in

the weak Bruhat order.

Sketch of proof. We do induction the length of w. If w = 1, then B1 = B and

the only fixed point is the standard flag F 1
· . For and reduced expression si1 · · · sim of

w we have by induction that the fixed points of v = si1 · · · sim−1 are precisely the flags

F u· where u � v. Now w = vsim and Bw is a subgroup of Bv, hence the set of fixed

points of Bv is contained in the set of fixed points of Bw. Together with the fact that

by definition Fw· is a fixed point of Bw, we have then that the set F u
· , where u � w, is

contained in the fixed point set of Bw.

On the other hand, if v � w, then there exist i < j such that w(i) < w(j) and

v(i) > v(j). But there exists a matrix b ∈ Bw such that bij 6= 0, and thus can not

stabilize F v· . �

Now for any w ∈ Sr we can define strata in Fr with respect to the action of Bw by

saying that two flags E1
· , E

2
· are in the same stratum if the Bw- fixed points of Bw.E1

· and

Bw.E1
· coincide. For any E· ∈ Fr we can define a polyhedron Pw(E·) as subpolyhedron

of Σ.,r as follows. Let P (E·) be the polyhedron as defined above. Then we remove all

vertices (v(1) − 1, . . . , v(r)− 1) where v � w and take P w(E·) as the convex hull of the

remaining vertices.

We will give examples in appendix B.
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Resolutions for Equivariant Vector Bundles of Rank 3 on

P2

In this appendix we want to apply the classification of strata from appendix A for

the case of vector bundles of rank three on P2 defined by three complete filtrations.

Denote these filtrations E0(i), E1(i), E2(i), then every filtration Ek(i) is equivalent to

a tuple (−ik1 ,−i
k
2 , E

k
· ), where ik2 < ik1 and, Ek

· = Ek1 ⊂ Ek2 ⊂ E0 is a complete flag. The

filtrations then are given as:

Ek(i) =





0 i < −ik1

Ek1 −ik1 ≤ i < −ik2

Ek2 −ik2 ≤ i < 0

E0 0 ≤ i.

Here we assume that by twisting with a suitable line bundle the filtrations are shifted

to these standard positions, instead of introducing a third integer for every filtration.

Below we will give a complete list of all such vector bundles together with their

combinatorial characterization using the Gelfand-Serganova stratification, their global

minimal resolutions and their equivariant Chern polynomials cTt .

In the data below we will describe the combinatorial data as follows. We assume

that the first flag is the standard flag F 1
· , and the second flag is Fw

· for some w ∈ S3.

Every w ∈ S3 has its own subsection. For every pair of flags F 1
· , Fw· , we give a list

of all combinatorial possibilities the third flag can have according to the decomposition

of F3-stratification by Bw. For this, we specify the two subpolyhedra P1 ⊂ Σ1,3 and

P2 ⊂ Σ2,3.

Conjecture The Gelfand-Serganova stratification gives a combinatorial invariant

for equivariant vector bundles over P2.

One can see that for the rank three case, the combinatorial data from the Gelfand-

Serganova stratification is slightly finer than the equivariant Chern classes. Consider the

example in figure B.1 for the case w = (321). The picture shows the third flag with P2 =

{(1, 1, 0), (0, 1, 1)} in both cases. In the first case is P1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, in

the second P1 = {(1, 0, 0), (0, 0, 1)}. Indeed, in the first case we have a resolution (see

section B.0.1, no. 20 below)

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i21D2)⊕O(i02D0 + i12D1 + i22D2) −→ E −→ 0

123
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F
1
.

F
(321)
.

F
1
.

F
(321)
.

Figure B.1. Two configurations of flags in C3

and in the second case, we see that the three one-dimensional vector spaces are linearly

dependent, and the bundle splits:

E ∼= E ′ ⊕O(i02D0 + i12D1 + i22D2)

and the resolution for E ′ is:

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i21D2) −→ E ′ −→ 0,

whereas the Chern polynomials are the same:

cTt (E) = (1 + (y0 + y1 + y2)t)(1 + x0t)(1 + x1t)(1 + x2t).

Abbreviations: xk := ik1Dk, yk := ik2Dk

B.0.1. 321.

1. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i11D1)⊕O(i21D2)⊕O(i02D0 + i12D1 + i22D2)

2. P1 = {(1, 0, 0)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i11D1)⊕O(i02D0 + i21D2)⊕O(i12D1 + i22D2)

3. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0), (1, 0, 1)}

0 −→ O(i22D2) −→
O(i21D2)⊕O(i01D0 + i11D1)⊕

O(i02D0 + i22D2)⊕O(i12D1 + i22D2)
−→ E −→ 0

cTt (E) = (1 + (x0 + x1)t)(1 + x2t)(1 + (y0 + y1 + y2)t+ y0y1t
2)

4. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i12D1 + i22D2)⊕O(i11D1 + i02D0)⊕O(i21D2)

5. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i12D1 + i22D2)⊕O(i21D2 + i02D0)⊕O(i11D1)

6. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i01D0 + i12D1 + i22D2)

0 −→ O −→ O(i02D0)⊕O(i11D1)⊕O(i21D2) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + y1 + y2)t)(1 + y0t)(1 + x1t)(1 + y2t)
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7. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i21D2)⊕O(i11D1)⊕O(i02D0 + i12D1 + i22D2)

8. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i21D2)⊕O(i02D0 + i11D1)⊕O(i12D1 + i22D2)

9. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1), (1, 0, 1)}

0 −→ O(i12D1) −→
O(i11D1)⊕O(i01D0 + i21D2)⊕

O(i02D0 + i12D1)⊕O(i12D1 + i22D2)
−→ E −→ 0

cTt (E) = (1 + x1t)(1 + (y0 + y1)t)(1 + (x0 + y1 + y2)t+ x0y1t
2)

10. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= E ′ ⊕O(i21D2)

0 −→ O −→ O(i02D0 + i12D1 + i22D2)⊕O(i01D0)⊕O(i11D1) −→ E ′ −→ 0

cTt (E) = (1 + x0t)(1 + (y0 + y1 + y2)t)(1 + x0t)(1 + x1t)

11. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i21D2 + i02D0)

0 −→ O(i12D1) −→ O(i01D0 + i12D1)⊕O(i11D1)⊕O(i12D1 + i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x2 + y0)t)(1 + x1t)(1 + (x0 + y1 + y2)t+ x0y2t)

12. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→ O(i12D1)⊕O(i22D2) −→
O(i11D1)⊕O(i21D2)⊕O(i01D0 + i12D1)
⊕O(i02D0 + i22D2)⊕O(i12D1 + i22D2)

−→ E −→ 0

cTt (E) = 1 + (x0 + x1 + x2 + y0 + y1 + y2)t+

(x0x1 + x0x2 + x0y0 + x0y2 + x1x2 + x1y0 + x1y1+

x1y2 + x2y0 + x2y1 + x2y2 + y0y1)t
2+

(x1x2y2 + x0x1y0 + x0x2y0 + x0x2y2 + x1x2y1 + x1x2y2)t
3

13. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= E ′ ⊕O(i11D1)

0 −→ O −→ O(i02D0 + i12D1 + i22D2)⊕O(i01D0)⊕O(i11D1) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + (y0 + y1 + y2)t)

14. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i11D1 + i02D0)

0 −→ O(i12D1) −→ O(i01D0 + i12D1)⊕O(i11D1)⊕O(i12D1 + i22D2) −→ E −→ 0

cTt (E) = (1 + x1t)(1 + (x0 + y1 + y2)t+ x0y2t
2)
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15. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→ O(i12D1)⊕O(i22D2) −→
O(i11D1)⊕O(i21D2)⊕O(i01D0 + i22D2)
⊕O(i02D0 + i12D1)⊕O(i12D1 + i22D2)

−→ E −→ 0

cTt (E) = 1 + (x0 + x1 + x2 + y0 + y1 + y2)t+

(x0x1 + x0x2 + x0y0 + x0y1 + x1x2 + x1y0 + x1y1+

x1y2 + x2y0 + x2y1 + x2y2 + y0y2)t
2+

(x0x1y0 + x0x2y0 + x0x1y1 + x1x2y1 + x1x2y2 + x2y0y2)t
3

16. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= E ′ ⊕O(i12D1 + i22D2)

0 −→ O(i02D0) −→ O(i01D0)⊕O(i21D2 + i02D0)⊕O(i11D1 + i02D0) −→ E ′ −→ 0

cTt (E) = (1 + (y1 + y2)t)(1 + x0t)(1 + (x1 + x2 + y0)t+ x1x2t
2)

17. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i02D0 + i12D1 + i22D2)

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i21D2) −→ E ′ −→ 0

cTt (E) = (1 + (y0 + y1 + y2)t)(1 + x0t)(1 + x1t)(1 + x2t)

18. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→
⊕

k=0,1,2

O(ik2Dk) −→
⊕

k=0,1,2

O(ik1Dk)
⊕

k=0,1,2

O(ik2Dk + ik+1
2 Dk+1) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + x2t)(1 + (y0 + y1 + y2)t)

19. P1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1)}

0 −→ O −→ O(i01D0)⊕O(i21D2)⊕O(i11D1 + i02D0)⊕O(i12D1 + i22D2) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x2t)(1 + (x1 + y0)t)(1 + (y1 + y2)t)

20. P1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i21D2)⊕O(i02D0 + i12D1 + i22D2) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + x2t)(1 + (y0 + y1 + y2)t)

21. P1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, P2 = {(1, 0, 1), (0, 1, 1)}

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i21D2 + i02D0)⊕O(i22D2 + i12D1) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + (x2 + y0)t)(1 + (y2 + y1)t)

22. P1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→
⊕

k=0,1,2

O(ik2Dk) −→
⊕

k=0,1,2

O(ik1Dk)
⊕

k=0,1,2

O(ik2Dk + ik+1
2 Dk+1) −→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + x2t)(1 + (y0 + y1 + y2)t)

B.0.2. 231.

1. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i11D1)⊕O(i21D2 + i01D0 + i11D1)⊕O(i22D2)



RESOLUTIONS FOR BUNDLES OF RANK 3 127

2. P1 = {(1, 0, 0)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i11D1)⊕O(i21D2 + i12D1)⊕O(i02D2 + i22D2)

3. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i21D2 + i12D1)⊕O(i11D1 + i02D0)⊕O(i22D2)

4. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i21D2 + i12D1)⊕O(i11D1)⊕O(i02D0 + i22D2)

5. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i01D0 + i21D2 + i12D1)

0 −→ O −→ O(i02D0)⊕O(i11D1)⊕O(i21D2) −→ E ′ −→ 0

cTt (E) = (1 + x1t)(1 + x2t)(1 + y2t)(1 + (x0 + x2 + y1)t)

6. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= O(i11D1)⊕O(i01D0 + i22D2)⊕O(i21D0 + i02D0)

7. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= O(i11D1 + i02D0)⊕O(i21D2 + i12D1)⊕O(i01D0 + i22D2)

8. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i01D0 + i22D2)

0 −→ O(i12D1) −→ O(i11D1)⊕O(i21D2 + i12D1)⊕O(i02D0 + i12D1) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + y2)t)(1 + x1t)(1 + (x2 + y0 + y1)t+ x2y0t
2)

9. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= E ′ ⊕O(i22D2)

0 −→ O(i02D0 + i12D1) −→
O(i01D0 + i12D1)⊕O(i11D1 + i02D0)

⊕O(i21D2 + i02D0 + i12D1)
−→ E ′ −→ 0

cTt (E) = (1 + (x0 + x1 + x2 + y0 + y1)t+ (x0x2 + x1x2)t
2)(1 + y2t)

10. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i22D2 + i02D0)

0 −→ O(i12D1) −→ O(i21D2 + i12D1)⊕O(i01D0 + i12D1)⊕O(i11D1) −→ E ′ −→ 0

cTt (E) = (1 + x1t)(1 + (x0 + x2 + y1)t+ x0x2t
2)(1 + (y0 + y2)t)

11. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i21D2 + i12D1 + i02D0)

0 −→ O −→ O(i01D0)⊕O(i11D1)⊕O(i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x2 + y0 + y1)t)(1 + x0t)(1 + x1t)(1 + y2t)
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12. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= E ′ ⊕O(i21D2 + i12D1)

0 −→ O(i02D0) −→ O(i01D0)⊕O(i11D1 + i02D0)⊕O(i02D0 + i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x2 + y1)t)(1 + x0t)(1 + (x2 + y0 + y2)t+ x1x2t
2)

13. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→ O(i02D0) −→
O(i01D0)⊕O(i11D1)⊕O(i21D2 + i12D1)

⊕O(i02D0+i22D2)⊕O(i02D0+i12D1)
−→ E −→ 0

cTt (E) = (1 + x0t)(1 + x1t)(1 + (x2 + y1)t)(1 + (y0 + y1 + y2)t+ y1y2t
2)

B.0.3. 312.

1. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i02D0 + i12D1)⊕O(i01D0 + i11D1 + i22D2)⊕O(i21D2)

2. P1 = {(1, 0, 0)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i11D1 + i22D2)⊕O(i12D1)⊕O(i22D2 + i02D0)

3. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0), (1, 0, 1)}

E ∼= E ′ ⊕O(i01D0 + i11D1 + i22D2)

0 −→ O −→ O(i21D2)⊕O(i02D0)⊕O(i12D1) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + x1 + y2)t)(1 + x2t)(1 + y0t)(1 + y1t)

4. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i12D1)⊕O(i11D1 + i02D0)⊕O(i21D2)

5. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i12D1)⊕O(i11D1 + i22D2)⊕O(i21D2 + i02D0)

6. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i01D0 + i12D1)

0 −→ O(i22D2) −→ O(i11D1 + i22D2)⊕O(i21D2)⊕O(i22D2 + i02D0) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + y1)t)(1 + x2t)(1 + (x1 + y0 + y2)t+ x1y0t
2)

7. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i21D2)⊕O(i11D1 + i02D0 + i22D2)⊕O(i12D1)

8. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i21D2)⊕O(i11D1 + i22D2)⊕O(i02D0 + i12D1)

9. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= E ′ ⊕O(i12D1)

0 −→ O(i02D0 + i22D2) −→
O(i11D1 + i02D0 + i22D2)⊕

O(i01D0 + i22D2)⊕O(i21D2 + i02D0)
−→ E ′ −→ 0

cTt (E) = (1 + (x0 + x1 + x2 + y0 + y2)t+ (x0x1 + x1x2)t
2)(1 + y2t)
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10. P1 = {(1, 0, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i02D0 + i12D1)

0 −→ O(i22D2) −→ O(i11D1 + i22D2)⊕O(i01D0 + i22D2)⊕O(i21D2) −→ E ′ −→ 0

cTt (E) = (1 + (y0 + y1)t)(1 + x2t)(1 + (x0 + y2)t+ x0x1t
2)

11. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i11D1 + i02D0 + i22D2)

0 −→ O −→ O(i01D0)⊕O(i12D1)⊕O(i21D2) −→ E ′ −→ 0

cTt (E) = (1 + (x1 + y0 + y2)t)(1 + x0t)(1 + y1t)(1 + x2t)

12. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= E ′ ⊕O(i21D2 + i12D1)

0 −→ O(i02D0) −→ O(i01D0)⊕O(i21D2 + i02D0)⊕O(i02D0 + i12D1) −→ E ′ −→ 0

cTt (E) = (1 + (x2 + y1)t)(1 + x0t)(1 + (y0 + y1 + y2)t+ y1y2t
2)

13. P1 = {(0, 1, 0), (0, 0, 1)}, P2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}

0 −→ O(i02D0) −→
O(i01D0)⊕O(i21D2)⊕O(i11D1 + i22D2)
⊕O(i02D0 + i22D2)⊕O(i02D0 + i12D1)

−→ E −→ 0

cTt (E) = (1 + x0t)(1 + x2t)(1 + (x1 + y2)t)(1 + (y0 + y1 + y2)t+ y1y2t
2)

B.0.4. 213.

1. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i11D1 + i22D2)⊕O(i21D2i
0
2D0 + i12D1)⊕O

2. P1 = {(1, 0, 0)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i11D1 + i22D2)⊕O(i21D2 + i12D1)⊕O(i02D0)

3. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i21D2 + i12D1)⊕O(i11D1 + i02D0 + i22D2)⊕O

4. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i21D2 + i12D1)⊕O(i11D1 + i22D2)⊕O(i02D0)

5. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= O(i11D1 + i02D0)⊕O(i21D2 + i12D1)⊕O(i01D0)

6. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= O(i12D2 + i02D0)⊕O(i11D1 + i22D2)⊕O(i01D0)

7. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i01D0)

0 −→ O(i12D1 + i22D2) −→
O(i11D1 + i22D2)⊕O(i21D2 + i12D1)

⊕O(i02D0 + i12D1 + i22D2)
−→ E ′ −→ 0

cTt (E) = (1 + x0t)(1 + (x1 + x2 + y0 + y1 + y2)t+ (x1 + x2)(y0 + y1 + y2)t
2)
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8. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= E ′ ⊕O

0 −→ O(i02D0 + i12D1 + i22D2) −→
O(i11D1 + i02D0 + i22D2)⊕
O(i21D2 + i02D0 + i12D1)⊕
O(i01D0 + i12D1 + i22D2)

−→ E ′ −→ 0

cTt (E) = (1 + (x0 − y0)t)(1 + (x1 − y1)t)(1 + (x2 − y2)t)(1 + (y0 + y1 + y2)t)

9. P1 = {(1, 0, 0), (0, 1, 0)}, P2 = {(1, 0, 1), (0, 1, 1)}

E ∼= E ′ ⊕O(i02D0)

0 −→ O(i12D1 + i22D2) −→
O(i21D2 + i12D1)⊕O(i11D1 + i22D2)

⊕O(i01D0 + i12D1 + i22D2)
−→ E ′ −→ 0

cTt (E) = (1 + y0t)(1 + (x2 + y1)t)(1 + (x1 + y2)t+ (x1 + x2)x0t
2)

B.0.5. 132.

1. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i11D1 + i21D2)⊕O(i02D0 + i12D1)⊕O(i22D2)

2. P1 = {(1, 0, 0)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i11D1 + i21D2)⊕O(i02D0 + i22D2)⊕O(i12D1)

3. P1 = {(1, 0, 0)}, P2 = {(1, 1, 0), (1, 0, 1)}

E ∼= E ′ ⊕O(i01D0 + i11D1 + i21D2)

0 −→ O −→ O(i02D0)⊕O(i12D1)⊕O(i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + x1 + x2)t)(1 + y0t)(1 + y1t)(1 + y2t)

4. P1 = {(0, 1, 0)}, P2 = {(1, 1, 0)}

E ∼= O(i01D0 + i12D1 + i22D2)⊕O(i11D1 + i21D2 + i02D0)⊕O(i22D2)

5. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i12D1)⊕O(i11D1 + i21D2)⊕O(i02D0 + i22D2)

6. P1 = {(0, 0, 1)}, P2 = {(1, 0, 1)}

E ∼= O(i01D0 + i22D2)⊕O(i11D1 + i21D2 + i02D0)⊕O(i12D1)

7. P1 = {(0, 0, 1)}, P2 = {(0, 1, 1)}

E ∼= O(i01D0 + i22D2)⊕O(i11D1 + i21D2)⊕O(i02D0 + i12D1)

8. P1 = {(0, 0, 1)}, P2 = {(1, 1, 0), (0, 1, 1)}

E ∼= E ′ ⊕O(i11D1 + i21D2 + i02D0)

0 −→ O −→ O(i01D0)⊕O(i12D1)⊕O(i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x0 + x1 + x2)t)(1 + x0t)(1 + y1t)(1 + y2t)
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9. P1 = {(0, 1, 0)}, P2 = {(0, 1, 1)}

E ∼= E ′ ⊕O(i11D1 + i21D2)

0 −→ O −→ O(i01D0)⊕O(i02D0 + i12D1)⊕O(i02D0 + i22D2) −→ E ′ −→ 0

cTt (E) = (1 + (x1 + x2)t)(1 + x0t)(1 + (y0 + y1)t)(1 + (y0 + y2)t)

B.0.6. 123. The first two filtrations coincide, so the third is determined by a per-

mutation.

1. (123)

E ∼= O(i01D0 + i11D1 + i21D2)⊕O(i02D0 + i12D1 + i22D2)⊕O

2. (213)

E ∼= O(i11D1 + i21D2 + i02D0)⊕O(i01D0 + i12D1 + i22D2)⊕O

3. (132)

E ∼= O(i01D0 + i11D1 + i21D2)⊕O(i12D1 + i22D2)⊕O(i02D0)

4. (231)

E ∼= O(i11D1 + i21D2)⊕O(i01D0 + i12D1 + i22D2)⊕O(i02D0)

5. (312)

E ∼= O(i11D1 + i21D2 + i02D0)⊕O(i12D1 + i22D2)⊕O(i01D0)

6. (321)

E ∼= O(i11D1 + i21D2)⊕O(i12D1 + i22D2 + i02D0)⊕O(i01D0)
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[Bjö94] A. Björner. Subspace arrangements. In A. Joseph, editor, First European congress of math-

ematics (ECM), Paris, France, July 6-10, 1992. Volume I: Invited lectures (Part 1), volume

119 of Prog. Math., pages 321–370. Basel: Birkhäuser, 1994.
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Astérisque, 252:255–269, 1998.

[Ful98b] W. Fulton. Intersection Theory. Ergebnisse der Mathematik und ihrer Grenzgebiete.

Springer, second edition, 1998.

[GD71] A. Grothendieck and J. A. Dieudonné. Eléments de Géométrie Algébrique. I, volume 166 of

Die Grundlehren der mathematischen Wissenschaften. Springer, 1971.



Bibliography 135

[GGMS87] I. M. Gelfand, R. M. Goresky, R. D. MacPherson, and V. V. Serganova. Combinatorial

Geometries, Convex Polyhedra, and Schubert Cells. Advances in Mathematics, 63:301–316,

1987.

[GM82] I. M. Gelfand and R. D. MacPherson. Geometry in Grassmannians and a Generalization of

the Dilogarithm. Advances in Mathematics, 44:279–312, 1982.

[GM88] M. Goresky and R. MacPherson. Stratified Morse Theory, volume 14 of Ergebnisse der Math-

ematik und ihrer Grenzgebiete. Springer, 1988.

[GPW01] V. Gasharov, I. Peeva, and V. Welker. Coordinate subspace arrangements and monomial

ideals. In T. Hibi, editor, Proceedings of the 8th Mathematical Society of Japan International

Research Institute, Osaka University, Osaka, Japan, July 21 – July 30, 1999, volume 33 of

Adv. Stud. Pure Math., pages 65–74. Tokyo: Mathematical Society of Japan., 2001.

[GS87] I. M. Gelfand and V. V. Serganova. Combinatorial geometries and torus strata on homoge-

neous compact manifolds. Russian Math. Surveys, 42(2):133–168, 1987.

[Gub99] J. Gubeladze. K-theory of affine toric varieties. Homoloy Homotopy Appl., 1:135–146, 1999.

[Har77] R. Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics. Springer, 1977.

[Har80] R. Hartshorne. Stable Reflexive Sheaves. Math. Ann., 254:121–176, 1980.

[Hoc72] M. Hochster. Rings of invariants of tori, Cohen-Macaulay rings generated by monomials and

polytopes. Ann. of Math., 96:318–337, 1972.

[HS02] M. Haiman and B. Sturmfels. Multigraded Hilbert Schemes. Preprint, to appear in J. Alg.

Geom., 2002. math.AG/0201271.

[Hum75] J. E. Humphreys. Linear Algebraic Groups, volume 21 of Graduate Texts in Mathematics.

Springer, 1975.

[Hus75] D. Husemoller. Fiber Bundles, volume 20 of Graduate Texts in Mathematics. Springer, second

edition, 1975.

[Kaj98] T. Kajiwara. The functor of a toric variety with enough invariant divisors. Tôhoku Math. J.,
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pages 273–310. Sijthoff & Noordhoff, Alphen aan den Rijn, The Netherlands, 1980.

[SS88] G. Scheja and U. Storch. Lehrbuch der Algebra, Teil 2. Teubner, 1988.

[SS94] G. Scheja and U. Storch. Lehrbuch der Algebra, Teil 1. Teubner, 2. Auflage, 1994.



Bibliography 137

[Sta97] R. P. Stanley. Enumerative Combinatorics I, volume 49 of Cambridge Studies in Advanced

Mathematics. Cambridge University Press, 1997.

[Sta99] R. P. Stanley. Enumerative Combinatorics II, volume 62 of Cambridge Studies in Advanced

Mathematics. Cambridge University Press, 1999.

[Sum74] H. Sumihiro. Equivariant Completion, I. J. Math. Kyoto Univ., 14:1–28, 1974.

[Tho87] R. W. Thomason. Algebraic K-theory of group scheme actions. In J. C. Moore, editor,

Algebraic topology and algebraic K-theory, Proc. Conf., Princeton, NJ, number 113 in Ann.

Math. Stud., pages 539–563. Princeton University Press, 1987.

[Wel76] D. J. A. Welsh. Matroid Theory, volume 8 of L. M. S. Monographs. Academic Press, 1976.

[Zas96] E. Zaslow. Solitons and Helices: The Search for a Math-Physics Bridge. Commun. Math.

Phys., 175:337–376, 1996.





Index

An−1(X), 14, 37

B, 45

BG, 114

Dρ, 36

EG, 114

F(σ), 46

Fσ, 46

M , 30

M -graded k[σM ]-modules, 51

MR, 30

N , 30

NR, 30

Nσ, 43

NR,σ, 43

T σ, 43

Tσ, 3

Tn, 23

UC , 44

V (σ), 34, 35

V G, 17

X(G), 16

X(G)-grading, 25

Xs(L), 22

Xss(L), 22

X∗(G), 16

X∆, 36

Xreg, 15

Zn−1, 14

[ , ], 20

∆, 36

∆-families, 4–7, 52

category of, 52

finite, 52

∆(σ), 43

∆(i), 36

∆−1(τ ), 42

∆i, 36

∆max, 36

star(σ), 43
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