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Abstract

In this thesis, a new concept to prove Mosco convergence of gradient-type Dirichlet
forms within the L?-framework of K. Kuwae and T. Shioya for varying reference mea-
sures is developed. The goal is, to impose as little additional conditions as possible on
the sequence of reference measure (1) ycp, apart from weak convergence of measures.
Our approach combines the method of Finite Elements from numerical analysis with
the topic of Mosco convergence. We tackle the problem first on a finite-dimensional
substructure of the L?-framework, which is induced by finitely many basis functions
on the state space R¢. These are shifted and rescaled versions of the archetype tent
function y(@. For d = 1 the archetype tent function is given by

xWP(z) = (mz+1)A(z+1) V0, zeR
For d > 2 we define a natural generalization of Y1) as

X(d)(:c) = <i,jel?lifl.,d} ({1 +a; — x5, 1+ a1 — xi}))+, z e RY
Our strategy to obtain Mosco convergence of EV (u,v) = [pa(V, VU)eue dpn towards
E(u,v) = [pa(Vu, Vu)eue dp for N — oo involves as a preliminary step to restrict
those bilinear forms to arguments u,v from the vector space spanned by the finite
family {xY(z — a) |a € Z} for a finite index set Z C Z? and a scaling parameter
r € (0,00). In a diagonal procedure, we consider a zero-sequence of scaling parameters
and a sequence of index sets exhausting Z¢. The original problem of Mosco convergence,
EN towards £ w.r.t. arguments u,v form the respective minimal closed form domains
extending the pre-domain Cl} (RY), can be solved by such a diagonal procedure if we
ask for some additional conditions on the Radon-Nikodym derivatives py(z) = d“de(x),
N € N. The essential requirement reads
1 / r—0 . 1 . .

— lon(z) — pn(x +y)|dy — 0 in L'(dx), uniformly in N € N.

(Qr)d [—r,r]d

As an intermediate step towards a setting with an infinite-dimensional state space,
we let E be a Suslin space and analyse the Mosco convergence of &N (u,v) =
J5 Jga(Vau(z,x), Vou(z, @))eue dun (2, ) with reference measure py on E X RY for
N € N. The form £V can be seen as a superposition of gradient-type forms on R
Subsequently, we derive an abstract result on Mosco convergence for classical gradient-
type Dirichlet forms EV(u,v) = [,(Vu, Vov)y duy with reference measure piy on a
Suslin space E and a tangential Hilbert space H C E. The preceding analysis of su-
perposed gradient-type forms can be used on the component forms &Y, which provide
the decomposition £V = >k Sév . The index of the component k£ runs over a suitable
orthonormal basis of admissible elements in H. For the asymptotic form &£ and its
component forms £, we have to assume D(E) = (), D(EX) regarding their domains,
which is equivalent to the Markov uniqueness of £. The abstract results are tested on
an example from statistical mechanics. Under a scaling limit, tightness of the family of
laws for a microscopic dynamical stochastic interface model over (0,1)? is shown and
its asymptotic Dirichlet form identified. The considered model is based on a sequence
of weakly converging Gaussian measures (un) yey on L2((0,1)%), which are perturbed
by a class of physically relevant non-log-concave densities.

iii
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Chapter 1 Introduction

1.1 Motivation

The abstract framework, presented by Kuwae and Shioya in |28], elaborates the func-
tional analytic ideas of Mosco [23]| concerning the convergence of spectral structures
on a Hilbert space. Their adaptation of the topic accommodates a set-up of varying
Hilbert spaces. The concept has found application in the field of partial differential
equations and in probability theory. Mosco convergence often stands at the beginning
of a further discussion on the probabilistic side. To convey the idea, p shall denote
a probability measure on the Borel o-algebra B(FE) of a topological Hausdorff space.
Given an p-symmetric Hunt process X = (2, %, (X¢);>0, (Pr)eck) with state space
E and transition function py(x, A) = P,({X; € A}), x € E, A € B(E), t > 0, the
measure y is an invariant distribution of X. Extending the linear operator

ur—>/ ) dpe (-, dy),

which acts on the bounded, measurable functions on F, to a symmetric contraction op-
erator Ty on L?(E, p) for t > 0, the relation of X and its Dirichlet form & is determined
by the equations

D) = {uELQ(E,,u)’ sup 1/Eu(u—Ttu)d,u <oo}

t>0

1
d & = lim - — Tiv)du.
an (u,v) lim — Eu (v —Tw)dp
The family (7}),>, forms a strongly continuous contraction semigroup on L?(E, ). The
matter of convergence of a sequence of such processes, indexed by a parameter N € N
which runs to infinity, can be approached via Mosco convergence. Given a countable
family of Hunt processes

(XY = (v, Y (X )1500 (P )sep)}s N €N,

and corresponding semigroups (T}Y),., on L?(E, uy), we assume the py-symmetry of
XN while X is as above. Moreover, the weak convergence of measures (uy) Nen to-
wards p on their common state space E is a basic condition,Nunder which the approxima-
tion problem is tackled. The equilibrium laws are deﬁned Py(B) = [, PN(B)dmpy()
for Be #N, N € N, and P(B) := [, P, (x) for B € J The convergence of
the finite-dimensional distributions of equihbrium fluctuations, i.e.

hm /fl ti - fa( t1+t2) """ fk(Xt]L-tQ_i_..._i_tk)dﬁN

= lim [ TF(fr- T (. T (frmr - T i) - ) diaw (@)

N—oo
E

- / To(fi T (oo T, (Fics - T fi) ) dp)

E



with fi,..., fx € Cy(E), t1,...,t; € [0,00), k € N, is equivalent to Mosco convergence
of the corresponding sequence of Dirichlet forms towards the corresponding asymptotic
form. This is due to the theorem of Mosco-Kuwae-Shioya, as stated in [28, Theorem
2.4]. In the symmetric case, often a standard argumentation via the Lyons-Zheng
decomposition can additionally show the tightness of equilibrium laws on a suitable
path space. Closed symmetric forms of gradient-type

E(u,v) = /E<Vu,Vv)Hd,u, u,v € D(E), (1.1.1)

appear as standard examples for Dirichlet forms on L?(E, 1) in the classic textbooks
[20] of Ma, Rockner and [38] of Fukushima, Oshima, Takeda. Gradient forms present
the central objects in this text. In the line above, we consider a Hilbert space (H, (-,-))
which is densely and continuously included in F, playing the role of a tangential space.
Mosco convergence for a sequence of closed symmetric forms is formulated in terms of
two conditions, (a) of [23, Definition 2.1] respectively (F1’) of |28, Definition 2.11]),
and (b) of |23, Definition 2.1] respectively (F2) of |28, Definition 2.11]). We call them
(M1) and (M2).

Concerning the topic of Mosco convergence of gradient-type Dirichlet forms there is
a vastness of open questions. When searching the literature for general results on Mosco
convergence in this context, it is striking that the class of problems seems to divide into
two groups. For the first one, where p is log-concave and E is a real separable Hilbert
space, there is an impressive theory, developed in [29], [36] and [37] among others. A
probability measure m on F is called log-concave if for every pair U,V of open sets in
FE the inequality

logm((1 —t)U +tV) > (1 —t)logm(U) + tlogm(V), >0,

holds true. The abstract result of [37] seals the deal for many cases in which p and
its weak approximations uy, N € N, are log-concave. The form £ as above can be
identified as the Mosco limit of

EN(u,v) = /E (Vu, Vo) g dpn, u,v € D(EN), (1.1.2)

for N tending to infinity, if (Hx) y¢ approximates H in a suitable sense. Quite surpris-
ingly, besides the weak convergence of measures, the log-concavity of each individual
o is the only condition which needs to be imposed. A similar result seems hopeless in
the other category of problems, which are characterized by the lack of a log-concavity
assumption. Schematic guides to deal with Mosco convergence are rather rare to find.
Hence, taking the weak convergence of the invariant measures as the only fixed assump-
tion, the asymptotic analysis for gradient forms becomes a challenging and interesting
topic on its own right. It is the commitment of this survey. Our motivation lies in the
expansion of available theory in the field of Dirichlet forms, closing the significant gap
between these two categories a little bit. The criterion for Mosco convergence we derive
in the general analysis part of this text is fertile enough to allow for non-log-concave
measures. To make our abstract results more palpable, it comes with a perturbation
theory. The following problems in particular inspired the set-up of this survey.
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[42] investigates the instance, where H = E = L?((0,1),dt) and Hy = Ey is the
linear span of indicator functions lp-n(i—1yo-nNiy, © = 1,... .2V The authors prove
Mosco convergence for the sequence of gradient forms (£7);, defined as in (1.1.2). The
respective reference measure is chosen as

1
dun(h) o exp(=V(h)) diin(h),  V:E>h — /f(h(t))dt, (1.1.3)
0

where f : R — R is of bounded variation and jiy denotes the image measure under the
orthogonal projection £ — Ex of the law i of a Brownian bridge between 0 and 0 in
the interval [0, 1]. The difficulty, as the authors point out, lies in the fact that measure
of (1.1.3) is not log-concave, due to the non-convexity of the perturbing potential. The
asymptotic form is a perturbed version of the standard gradient form on E in the
Gaussian case,

E(u,v) = /E (Vu, Vo) exp(=V)/Z dip, u,v € D(E). (1.1.4)

The domain of € coincides with the Sobolev space H?(E, i) and Z := [exp(—V) dj.
Taking similar density functions, and analysing the convergence of gradient forms in a
frame, where the approximating Gaussian measures are not images of one and the same
measure under orthogonal projections, the problem becomes much more involved.

A second relevant problem emerges from question which comes up in [32, Remark
5.2]. There it is conjectured that for a sequence of weakly converging Gaussian measures
(1n) > with limit g and continuous densities (pn ), uniformly converging to a density
p, a Mosco convergence result for gradient forms with reference measures pyun, N € N,
and asymptotic measure pu is expected to hold. Moreover, it is stated that the exact
conditions on (pn), for such a claim to be true are unclear. With our perturbation
theory we can bring a little more light into that obscurity. The basic idea of [32]
to address convergence in infinite dimension is the disintegration, just as this survey
does. However, the method developed in this text, how the disintegrating densities are
processed is very different and brings improvement. The mild assumptions we ask for
allow for a useful perturbation theory. We assume in essence

1 T
pn(z,80) — 27“/ pn (2,850 + s)ds 29 0, in a suitable L'-sense, (1.1.5)
-r

uniformly in IV, for the disintegration of (pn), along lines. The state space on which
this approach works is quite general a Suslean locally convex vector space, as in the
classic Dirichlet form set up of [22], [17], etc.

It is the common practice for a good reason to test how a newly derived, abstract
result behaves when fed with some relevant example from physics. So we consider a
problem inspired by [44]. It is addressed in the last chapter of this text.

1.2 An example from statistical mechanics

The Laplace operator is a mathematical tool to quantise the stiffness of a physical sur-
face, such as a membrane, or the interface separating two coexisting phases of a medium
in thermodynamic equilibrium. Therefore, Gaussian measures, whose covariances are
determined by the Laplace operator A, or alternatively its mixed power Al + A* for



some [, k € Ny, | < k, appear naturally in the stochastic modelling of interfaces. Let’s
assume we want to describe the dynamics of a (d+1)-dimensional interface, with d € N,
which tends to maintain a minimal surface tension, despite being subjected to random
fluctuations. In a simple approach, we consider a process X; : [0, l]d — R, t >0, and
set-up the linear equation

dX; = dW; + (Al + AF) X, dt, t>0. (1.2.1)

A suitable state space E has yet to be specified and the choice will depend on k and on
d. We want H := L%((0,1)? dz) to be densely included in E to have the SDE driven by
an F-valued Brownian motion (W;),~, whose covariance is given by the scalar product
(-,-) of H, i.e. -

E[hl(Ws)hQ(Wt)] = min{s,t}(hl, h2>, hl, hy € E,, s, t > 0. (1.2.2)

The right-hand side of (1.2.2) has to be read in the sense of E' C H' = H C E. To
pin the interface at the boundary of [0, 1]¢, we define (A, D(A)) to be the Friedrich’s
extension on H of

d
Au=> " 00m, ueCl,,((0,1)%,
=1

operating on the space of twice continuously differentiable functions, compactly sup-
ported in (0,1)¢. The right choice for a state space, on which (1.2.1) is well-defined,
is closely connected to the question, whether a Gaussian measure with covariance
(Al + Ak)_l exists. The mapping

1 _1
Clu) = oxp (= S [(A"+ A 2uf})), we Coup((0,1)%),

can be extended to a continuous function on the Hilbert space (D(Ag), <A§ . A% ).
So, the question can be answered, for example, with the Bochner-Minlos Theorem, as
stated in [24, Theorems 1.5.2 & 1.5.3]. If H®, s € [0,00), denotes the Hilbert space
(D(Ag), (Ag A >) and sg is large enough such that the embedding H*tF — H
is of Hilbert-Schimdt type, then (A! 4 Ak)_l is the covariance operator of a centered
Gaussian measure p on E := (H*®°). In other words, there exists a Gaussian measure
on (E,B(FE)) with characteristic function

[ el antn) = c(e), e .

We can regard (1.2.1) as an equation on E. There exists a conservative p-symmetric
diffusion process ((Xt>t20; (Pz)zeE) with state space E, solving (1.2.1) weakly. It is
fully characterized by its transition semigroup of Markov kernels

pi(z,A) =P.({X, € A}), A€B(E),z€E, t>0.

Symmetric, conservative transition semigroups, such as this one, are the primary ob-
jects we are interested in. The relevant semigroup of (1.2.1), the Mehler semigroup,
can be comfortably handled, by means of Dirichlet form methods, using the results of
[25] and [18]. The explicit formula for the semigroup reads

pi(z, A) = / 14 (et(Al+Ak)z +Vid — e2(AHAM ) dp ()
E
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for A€ B(E), z € E and t > 0. The associated Dirichlet form is the standard gradient
form (£,D(€)) on L?(E, ). On

]I%@w::{F@ﬂ),”Jm&n‘FECﬂRmth”wmneEﬂmeFﬂ
we obtain the representation
E(u,v) = / (Vu, Vo)ydu, u,v € FOLE".
E

The last chapter of this text mainly focuses on an approximation problem related to
a centred, non-degenerate Gaussian measure p which is supported on H and has a
general covariance operator. So,

/H<h1,k:><h2,k> dp(k) = (A" hy, ho), hi,he € H, (1.2.3)

where A is a positive definite, self-adjoint operator on H. The inverse A~ is necessarily
a trace class operator on H, in this setting. Important examples in the context of
interface models include the cases A = —A with d = 1, or A = —A — A? with
d € {1,2,3}. Our motivation is to generalize the following fact. Let (un) ey be finite-
dimensional, centred Gaussian approximations for p in the sense of weak convergence
of measures on H. By this, we mean

lim /Fd,uN:/qu, FGC[,(H),
H H

N—oo

and additionally supp|un] = Vn for some subspace Viy € H with dim(Vy) < oo,
N € N. Further, let Ay be the symmetric, positive operator on Vi such that

/(hl,k><h2,k)duN(k:):<A]‘V1h1,h2>, hi,hy € Vy.
VN

As a consequence of uy = u, the corresponding Mehler semigroups,

pN(z,B) = / 1B(e*tANz +Vid — e~ 24N 2") dpun (2),

\4

B e B(Vy), z € Vi, t > 0 converge towards
pi(z, B) = / 1B(e_tAz ++Vid — 6—2’5‘42’) du(z"), BeB(H),z€ H,t>0,
H

for N — oo. The notion of convergence, we are referring to, is the weak convergence
of the Markov kernels, meaning

fim [ 6 [ P i)

N—oo Vi
:/G@/F@Mmmw@,cfe@wm>a(m@
H H
This equation immediately leads to the convergence in law for the weak solution of

dX; = AW} + Ay X;dt, t>0,



towards the weak solution of
dX; =dW, + AX;dt, t>0,

if started in equilibrium. W?¥ denotes a Brownian motion on Vy with covariance
given by (-,-). The tightness of the equilibrium laws follows from general concept for
symmetric Dirichlet forms, based on the Lyons-Zheng decomposition.

Now, what we are searching for is a perturbation result for the convergence of
transition semigroups as in (1.2.4). This task motivates us to look at the disturbed
gradient forms

EN(u,v) = / (Vu, Vodpn dun,  u,v € CH(Vy), N €N,
VN
and a potential limit gradient form
E(u,v) :/ (Vu, Vo)pdp, u,ve FCLHH).
H

The convergence of semigroups, associated to their respective closures, can provide a
challenging problem. If the perturbing densities py, N € N, respectively p are not not
log-concave, then the most customary methods found in the literature do not apply.
In our case py and p are bounded measurable functions from H into R, which are not
continuous. The family of disturbing densities, which are treated in this text, read

{h > exp (/ f(h(2)) dz> ‘ f:R — R is a function of bd. variation}. (1.2.5)
(0,1)¢

We formulate a notion, in which sense a sequence (fn)ycy of functions of bounded
variation must converge towards f, such that, upon defining the corresponding sequence
of densities (pn),, the desired perturbation result for the convergence of semigroups
can be derived.

The most important example, we have in mind, is the so called (Vi + Agp) interface
model, investigated in [44], where the weak measures convergence for the respective
static Gaussian models is proven. It is most common in the context of scaling limits
for interface models to take the Euclidean space, R¥N | as an effective state space for a
microscopic point of view with approximation order N instead of Vi, if dim(Vy) = k.
Thus, we consider probability measures and Dirichlet forms on R*N rather than on
Vi first, and later take the respective image structures under an injective linear map
An(z) € H, z € R with Im(Ay) = Viy. This map is called the height map. In
[44], the height map is defined as follows for N € N. It starts with a set of grid points
Gy = (%, Y7)4 N £Z% The approximation order ky equals (N — 3)%, the size of
the set G'y. Now, we take any ordering p1,...,pg, of the elements of Gy. The height
An(z) = en(h(2)),ep0,15a, for some state z € RFN  is given by the piecewise-linear,
continuous interpolation A : [0,1] — R of the sample

{(pizi)|i=1,....kn}U {(p,O) (pe %Zd\(%,%)d} c [0,1]% x R.

The positive number ¢y is a suitable scaling constant, depending on N and on d. In
other words, by defining suitable bases functions, we can write

kN
h(z) :=cpn inxg (2), zel0,1]%
i=1
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The function x*, is the tent function at the node p € Gy with scaling parameter % The

reader encountgrs the class of tent functions first in Section 3.1.1, as they also play an
essential role for the abstract convergence theory of Chapter 4 and Chapter 3. Having
chosen a suitable height map Ay, the next step is to define the relevant Hamiltonian
functions of the model. We extend the ordering p1,...,pg, of the elements of G to
an ordering p1,. .., pg, of all elements in the set (0, N)In %Zd, where ky = (N —1)%.
Then, we define the relation p ~ ¢ : < Ip—ql; = % for p,q € %Zd and denote
by Z the vector in R¥N with Z; = 0, ky < i < ky, for given z € R*¥¥. The relevant
Hamiltonian functions are given by

kn
HY) = 5> S wla - w),

=1 j=1,.. kn:
Pi~p;

Hiy(x) = ]\;2 % ( Y. (#- fz’)>2v

=1 =1, kn:
Pi~Dpj

HY A () = Hy(2) + Hy (2), = e R,

The Gaussian measures on R¥¥ corresponding to that Hamiltonian functions are defined

1
duy (z) == 77 &P (- HX(m))dw with Zy = / exp (— %%(w))dl‘,
N RFN

and u%, Z ]%, u%*A, ZJY,JFA analogously. Let v denote the Gaussian measure on
L?((0,1),dz) with covariance given by (1.2.3) for the case d = 1 and A = A. Further,
let 42 and V2 denote the Gaussian measures on L2((0, 1), dz) with covariance given
by (1.2.3) for the cases d € {1,2,3} and A = A? respectively A = A + A2. The weak

convergence of the image measures

u% o A]_\,1 =puY, incased=1,
M% o A]_\,1 = ,uA, in case d =1, 2, 3,

MXJFA oA = pNVTA incased =1,2,3,

for a suitable choice of (cn),, as stated in [44, Theorem 2.1] represent the standard
examples, the reader should have in mind when reading Chapter 5.

1.3 Outline

We endeavour to find new methods and tools in the topic of Mosco convergence. The
idea for our approach in an abstract setting can be briefly summarized as follows. In the
standard setting, property (M2) is an immediate consequence of the weak convergence
of underlying invariant measures. Thinking of the convergence of symmetric, non-
negative definite bilinear forms on a finite-dimensional vector space V', also (M1) is
satisfied automatically in this case. That brings up the idea to look at a class of
finite-dimensional subspaces of the relevant L?-spaces, which is apt to provide property
(M1) via a diagonal approximation procedure. In Section 2.1 the basic topological
notions related to converging abstract Hilbert spaces are recalled from the literature
and suitably adapted for the specific needs of this survey. In particular, the strong and
the weak topology on the disjoint union H of these spaces is defined. At the end of



the section we introduce a specific set-up and notation which is used throughout the
whole text. Lemma 2.1.3 gives a comparison criterion for the convergence on H. It is
used in the course of this text to prove the weak measure convergence for distorting
densities. The perturbation results addressed in subsequent chapters consider density
functions which are not necessarily continuous. So, the weak measure convergence of
(un) 5 does not trivially imply that of (pnpn) -

The central theorem of Mosco-Kuwae-Shioya is discussed in Section 2.2.1. A sim-
plification of (M1) is found in Lemma 2.2.3. Then, the concept of compatible classes
is explained. It constitutes our main contribution in the abstract setting and gen-
eralizes the the idea with finite-dimensional subspaces mentioned above. In a sense,
compatible classes are substructures of H, on which (M1) is assumed to be very easy
to show. Intuitively, a compatible class represents a collection of subspaces which lie in
all the disjoint Hilbert spaces of H and have some nice properties. For example, that
property could be a finite dimension, or a uniform Lipschitz constant etc. The idea
how to achieve the verification of (M1) on the whole of H is a diagonal approximation
procedure. It is addressed in Theorem 2.2.8 and Theorem 2.2.9.

Section 3.1.1 realizes a particular scheme to fill the concept of a compatible class
with life. The name Finite Flements was chosen due to the similarity with methods
from numerics. Finite Elements accommodate the class of piecewise linear functions
on R? w.r.t. an equidistant triangulation, the so-called the Coxeter-Freudenthal-Kuhn
triangulation. For an element of the resulting function space, the calculation of the
weak gradient and its squared norm becomes a particularly easy expression and is
derived in Theorem 3.1.6. Proposition 3.1.8 builds the bridge between Finite Elements
and the convergence theory of Dirichlet forms. Theorem 3.1.12 and Theorem 3.1.13
provide the convergence result for gradient forms on R¢ which is obtained via Finite
Elements.

Theorem 3.2.9 manifests an asymptotic result for the superposition of d-dimen-
sional gradient Dirichlet forms. The mixing measures my have disjoint support, even
from the asymptotic one. In this sense Section 3.2.2 differs a bit from the standard
setting, in which we not only assume the weak measure convergence but also that
the topological support of the approximating measures is contained in the asymptotic
one. The intention of superposing standard gradient forms is, of course, to reach to a
infinite-dimensional result. That is achieved in Proposition 4.1.1 and Theorem 4.1.3
for classical gradient forms. Subsequently, the perturbation results in this setting are
derived in Section 4.2. The model in [44]| provides a nice opportunity to test it. We
consider the scaling limit of a perturbed Gaussian interface model over (0, 1)d. Chapter
5 starts with a tightness result for the dynamical model, which is standard Dirichlet
form theory. Then, the role of the height map Ay, which appears naturally in scaling
problems for interface models, is discussed. In how far the weak convergence of mea-
sures (y © A;,l = u actually depends on the choice of the height map, is a relevant
question. In the literature concerning interface models a variety of choices for Ay ia
available. We find a useful class of height maps such that uy o A]_\,1 = 4 is indeed in-
different of (Ax) ¢y, as long it belongs to that class. The most common height maps
are of that class. We consider densities py, p from the family of (1.2.5) and the corre-
sponding sequence (fx), of functions of bounded variance must converge in a specific
sense, generalizing the notion of uniform convergence. Finally, the convergence of the
perturbed transition semigroups is shown by Theorem 5.2.6. In the analysis of Chapter
5, it doesn’t play a role, which sequence of Gaussian measures is chosen in particular.
Only their weak measure convergence is sufficient. The converging covariances allow
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to choose the directions in which to disintegrate in such a way, that the verification of
Mosco convergence in the unperturbed case becomes even trivial.






Chapter 2 The theory of Mosco-Kuwae-Shioya

2.1 Converging sequences of Hilbert spaces

In this section the basic terminology for a sequence of converging Hilbert spaces is
introduced. Perpetually throughout this text it is assumed that the reader is well
familiar with the definitions and concepts given in the following pages. The framework
originates from a survey by Kazuhiro Kuwae and Takashi Shioya from 2003, [28], who
topologised the disjoint union H of a not necessarily countable family of Hilbert spaces
specifying all convergent nets and thus setting up a convergence class on H. Retreating
to a countable family of Hilbert spaces, the setting is the same as in [31] or [33] and
represents a particular realization of the framework of Kuwae and Shioya. This text
is committed to presenting these preliminaries in a minimalist style, i.e. focusing on
what is absolutely needed for the purpose of our study on Mosco convergence in the
upcoming chapters. The proof of Lemma 2.1.1 can be found in either of the referenced
articles [28], [31] or [33].

All abstract Hilbert spaces are assumed to be real and separable. A sequence of
converging Hilbert spaces comprises linear maps

(I)NZC—>HN

indexed by the parameter N € N := NU {oo}, where C is a dense linear subspace of a
Hilbert space (H, (-,-)n) and the image space (Hn, (,-)m, ) is Hilbert as well. Apart
from that, the asymptotic equations

P =¢ and
lim (Pnp, Pne)ay = (p,p)g  for every ¢ € C (2.1.1)
N—o0

are assumed to hold. The norm on H, or Hy for N € N, is denoted by ||-|| , respectively

| - ||y - Occasionally the symbols Hoo, (+,)oo, and || - ||oc are used equivalently for H,
(+,+) or || - ||, respectively. Two different topologies are introduced on the disjoint union
Ho=HU ( || HN),

NeN

which in precise notation is better written as the set of tuples
H={[u,N]|N €N, ue Hy}.

However, we prefer to write u instead of [u, N] for an element [u, N] € H and usually
do so, unless the identification of the Hilbert space to which the element u belongs is
ambiguous.

We now explain how the topologies on H are introduced in this text. Our motivation
is, to do the same as in [31] or [33], both of which put the spotlight on such sequences
([ug, Ni])pen in H for which (Ny), oy is strictly increasing. This makes perfect sense as
the Theorem of Mosco-Kuwae-Shioya, the reason why we need a notion of convergence
on H, only uses the term of convergence for exactly those sequences, anyway. On
top of that, the notation of [28] can be largely simplified by this approach, because the
formalism there is quite abundant if one deals with a countable family of Hilbert spaces

11
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only, where the asymptotic Hilbert space is uniquely defined. We want to introduce a
notion of convergence as in [31] or [33|, which comes from a topology on H.

We proceed as follows. Inspired by [31, Lemma 7.6] we introduce the strong topology
Ts on H as the initial topology which is generated by the family of maps

{H>[u,Nl—»NeN, H>uN] |ulgy €[0,0),
H 3N~ (u,Pnp)uy €ER |peC}.

We should hint that N is topologised in the sense of the one-point compactification of
N. That means, a sequence (Ng),cy in N converges, if and only if, it is either constant
for sufficiently large k, or it diverges definitely to infinity. The latter requires that for
each M € N there exists kg € N such that N, > M for k > kg. Obviously, regarding the
asymptotic Hilbert space H, the trace topology of 75 coincides with the usual topology
of strong convergence on H, which is generated by the metric d(u,v) = ||u — v #,
u,v € H. The reader who is familiar with the work of Kuwae and Shioya realizes
that 75 is not exactly the same topology on #H as the one given by |28, Definition
2.4]. However, the emerging notion of convergence for a sequence ([uy, Ni|)ey in H
is identical whenever the limit, say [u*, N*], is a member of the asymptotic Hilbert
space, i.e. N* = o0o. Looking ahead, the Theorem of Mosco-Kuwae-Shioya and all
this text’s analysis in upcoming chapters only use the notion of convergence for exactly
such sequences, whose set of accumulation points is wholly contained in the asymptotic
Hilbert space H. Therefore, the definition of 75 serves our purpose.
We now address the subject of the weak topology on H. For m € N we set

K = {[u,N]|N €N, u € Hy, |lux|ay <m} (2.1.2)

and consider IC,,, equipped with the initial topology which is generated by the family
of maps

{ICmB [u,N]+— N €N, Ky > [u, N (u,Pnp)m, €R |g0€C}.

Motivated by [33, Lemma 2.13|, we want to call a sequence ([ug, Ni])cny in H weakly
convergent if and only if, for suitable m € N, the sequence is contained and convergent
in KC,,. So, we define 7y, as the final topology on ‘H generated by the family of inclusion
maps from K, into H over the index m € N. As in the strong case above, the trace
topology of 7, regarding the asymptotic Hilbert space H coincides with the usual
topology of weak convergence on H. Again, 7, defines the same notion of convergence
as its counterpart in [28, Definition 2.5] w.r.t. all the sequences ([ug, Ni),cn With
limg oo Nk, = o0 (in N).

It is instructive to put the emphasis on sections when analysing the convergence in
H. The term section shall in this text describe an element (un)ycy € HN such that
uy € Hy for N € N. We refer to us as the asymptotic element of the section. If
N +— uy is continuous as a map from N into (H,7s) or (H,Ty), then the section is
called strongly, respectively weakly, continuous. We now explain, why it is sufficient to
focus on sections in our context, underlining the relevance of next lemma. Clearly, if
([ur, Ni])pen is a sequence in H, converging in one of the topologies, then either Ny is
a constant number in N for &k large enough, or limg_.o, Ny = 0o in N. The former case
is uninteresting for our purpose as (uy), would essentially be a sequence in one Hilbert
space, other than the asymptotic Hilbert space. In the latter case we may consider the
disjoint union

Hare := H U ( |_| HNk) together with (®x, ).cn> Poos (2.1.3)
keN
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potentially regarding several copies of one and the same Hilbert space. Now, if uq is
an element of H, then the convergence of ([ug, Ni]) ey towards ue in H for k — oo
is equivalent to the continuity of the section (un, ), in Halt, w.r.t. any one of the
topologies.

Lemma 2.1.1. (i) For every u € H there is a strongly continuous section which has
u as its asymptotic element.

(i) A section (un)ycy 45 strongly continuous if and only if

lim (UN,UN)HN = (uoo,voo) (2.1.4)
N—o0
holds true for every weakly continuous section (vN)yc- Vice versa, (un)yey
weakly continuous if and only if (2.1.4) holds true for every strongly continuous
section (VN) yex-
(111) The norm [u, N| — ||u| gy is a lower semi-continuous map from (H, ) into the
non-negative real numbers.
(iv) The set ICp, from (2.1.2) is sequentially compact w.r.t. Ty for each m € N.

The reading of [31, Section 7] is very instructive and all of the properties from (i)
to (iv) of the above lemma can be found there. We put the proof of Lemma 2.1.1 (i)
here, as it gives a useful insight of how a strongly continuous section with asymptotic
element wu is constructed.

Proof of (i). Let u € H and ¢1,p2,--- € C, (04);ey € 12 be chosen such that

K
u= Klgnoo Zl a;p;  strongly in H. (2.1.5)
1=
For each Ny € N let kp, denote the maximal choice of a natural number such that for
ke {l,...,kn,} it holds

k 1
sup | (@i, nes)iy — (06,950 1]; iy Tl eye < 7
zERF _
|2]euc<1 —. A(N.k) cRk Xk
for all N € N with N > Ny, (2.1.6)
or ky, := 1 in case (2.1.6) is untrue for every k € N. Clearly, (kn,)y,cn 18 non-

decreasing. Moreover, (kn,)y,cy I8 unbounded, since for arbitrarily fixed k € N the
asymptotic equation
4]V11£I1w(¢N¢iy¢N¢j)HN = ngnoo (PN (i + i), P (i + SOj))HN
— Jim_ (@~ (i — ), BN (0i — 95)) i,
= ((@i + ©5), (0i + ©5) iy — ((0i = ), (i — ©5)) g = 4(0i, 05) 1

with 7,5 € {1,...,k}, implies that (2.1.6) is fulfilled for all except for finitely many
N e N. If Ny,ln, € N with Iy, < kn,, then on the one hand

Ing

o0
‘ > i (Pnopi, Py, — D aio‘j(%a@j)H‘
i,j=1 4,j=1
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< ‘(a.)l]\’o ‘A(N07ZNO)(041)%NO

©)1=1leuc 1=1leuc
0 oo 0
+2 Z Zaz‘aj(%,%)fl + Z ;i (@i, ) H
i:lN0+1 j=1 i)j:lNO+1
> 2
—Za RIS ajsojHH | X e, e
]— NO ]: N0+

and on the other hand

Ing

‘Zaz @NOQO“@NOQOJ HNO Zaz SOZ')SO] ‘
=1

OO
No,l Iy,
< ‘A( 0, NO)(%)Z Uewe T ‘ ai(%;@j)H‘
i=Iny+1

(S ] 5 e

eillas 5 < U (2.1.8)

Hence, for any non-decreasing, unbounded sequence (I, ) NoeN of natural numbers, with
Iny, < kn,y, No € N it holds

Ing oo
N})lgloo ”Z::I a; ®Pn,pi = ; a;p;  strongly in H, (2.1.9)
because in the limit of Ny to infinity, (2.1.7) provides the convergence of the norms
and (2.1.8) shows the weak convergence. For example, the desired strongly continuous
section with asymptotic element u has been constructed if we choose «; € R and ¢; € C
for i € N such that (2.1.5) is the representation of u w.r.t. an orthonormal basis in H.
This concludes th proof of (i). O

As pointed out in the discussion preceding Lemma 2.1.1, our applications require
to look at the convergence of a sequence in H only in such a case, where its limit is a
member of the asymptotic Hilbert space H. We consider the family of such topologies
7 on H, for which the map [u, N] — N is continuous from (H,7) into N. We call
two topologies 71, 79 on H, which are from that family, asymptotically equivalent, if for
every u € H and every sequence ([ug, Ni])pey in H with limg_,oo N = oo (in N) it
holds

lim uy =win (H,7) <= hm up = in (H,m).
k—ro0 k—ro0

In this text, we always use the term of equivalence regarding topologies on H in this
sense, i.e. meaning the asymptotic equivalence. We state some observations regarding
Lemma 2.1.1.

Remark 2.1.2. (i) Let D C H be a dense linear subspace and (un) v be a section
in H with sup ey [[un| gy < 00. A necessary and sufficient criterion for (un )y
to be weakly continuous can be derived from Lemma 2.1.1, (ii) and (iv): For every
v € D there is a strongly continuous section (vy )y With vee = v and

lim (un,vN)Hy = (Uoo, Voo)-
N—oo
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(ii) It is natural to ask (Q): Would an asymptotically equivalent weak and strong
topology on H have emerged, had the construction been initiated with a different
choice @ : D — Hy instead of @ for N € N? Of course, this question makes
only sense if (®’y) oy meets the analogue of (2.1.1) for all elements ¢ from the
dense linear subspace D C H. The answer to (Q) is affirmative if and only if

lim (®yo, ®nn)uy = (0,n), @€ D, neC. (2.1.10)
N—oo

The necessity of (2.1.10) for an affirmative answer to (Q) is clear by Lemma 2.1.1
(i1). On the other hand, for the sufficiency of (2.1.10) it is enough to prove the
equivalence of the corresponding notion of convergence for sections in H. The
reason for this is, for any sequence (Ng), oy in N with limit co we can retreat to
an alternative sequence of Hilbert spaces as in (2.1.3), w.r.t. which (2.1.10), of
course, implies its analogue

Jim (P, @ @nn)iy, = (21), ¢ €D, neC.

So, let us discuss the convergence of sections in H assuming that (2.1.10) is satis-
fied. First, the strong convergence of the section (®y )y for ¢ € D w.r.t the
notion induced by (@) follows, and vice versa. Hence, concerning the notion
of weak convergence, the answer to (Q) is affirmative in view of Remark 2.1.2 (i).
Via the duality stated in Lemma 2.1.1 (ii), the affirmative answer to (Q) can also
be given for the strong convergence.

(iii) As we learn from [31, Proposition 7.2| there are isometric isomorphisms @Niz
H — Hpy for N € N such that (2.1.10) holds with D = H and ®, = @5, N € N.

We now explore a standard scheme of particular interest which brings this abstract
concept to life. As a general notation in this text, if 2 is a set and A is a collection of
pairwise disjoint, non-empty subsets of 2, then for B C ) we define

B™A = {ae Alan B #0}.

If A is clear from context, then we simply write B™, or alternatively E, instead of
B~A. For example, if m;, mo are two measures on a measurable space (X,F) and
B is a set of measurable, real-valued functions on X, then L?(X,m1) N A denotes the
subset of L?(X, m1) comprising all classes which have some m;-representative in A,
while L?(X,mz) N A denotes the subset of L?(X,mz) comprising all classes with mo-
representative in A. In the following, let E be a completely regular Hausdorff space,
i.e. a Hausdorff topological space satisfying the Tychonoff separation axiom T3%. We
further assume that each finite Borel measure on F is a Radon measure. For example,
this condition holds for Suslin spaces. By definition, a Hausdorff space is called Suslin
space if it is the image set of a continuous surjection whose preimage set is a Polish
space. This useful hint about the regularity of Borel measures in Suslin spaces is shown
in [41, Theorem 1.17] as ‘Satz von P. A. Meyer’, where it is also mentioned that the
product topological space of two Suslin spaces is again a Suslin space. The latter
is presumed for Section 3.2.2 and Section 4.1. The space of (bounded) continuous
functions, respectively real-valued Borel measurable functions, on E is denoted by
C(E), (Cy(E)), respectively B(E), (By(E)). Moreover, we write A € B(E) if A is an
element of the Borel o-algebra, i.e. if 14 € B(E). There is a one-to-one correspondence
which identifies a finite Borel measure p on E and a positive linear form I on Cy(E).
A proof can be found in [41, Chapter 8]. A finite Borel measure p on E is uniquely
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determined by the values of I,(f) := [, fdu, f € Cy(E). In particular, the set
C := L2(E,pu) N Cy(E) of p-classes of Borel measurable real-valued functions with
representatives in Cy(E) form a dense linear subspace of L?(E, 1), the Hilbert space of
p-classes of all square integrable elements in B(E). Indeed, if an element w is in the
orthogonal complement of C in L?(E, i), then the equation

B(f) = [ fmax{u,0}du =~ [ fminu,0}dp = L(f).  f € CE),
E E
implies u(z) = 0 for p-a.e. z € E. As a notation throughout this text, we define
supp[p] :={z € E ‘ p(U) > 0 for every open set U with z € U C E},

the topological support of .
Let p and C be as above. In a situation in which (ux)ycy is a sequence of finite
Borel measures and p its limit in the sense of weak measure convergence on F, i.e.

Jim [ - /E fdu, feCyB), (2.1.11)

we can understand L?(E, uy), N € N, as a sequence of convergent Hilbert spaces with
asymptotic space L?(E, p) if

supplun] C supp[u], N €N, (2.1.12)

holds true regarding the topological support of the measures. We remark that (2.1.12)
is equivalent to the condition,

if un(U) >0, then p(U) >0, forU C E open, N € N.

Given (2.1.11) and (2.1.12), unless stated otherwise, ®%, N € N, shall in this text
automatically be defined as the linear operator which maps an element ¢ € C onto
the pv-class of one of its representatives from Cp(E). We remark that ®% is indeed
well-defined as an operator from C into L?(E, uy) for N € N, because of (2.1.12), and
that (®%), fulfils the asymptotic equation of (2.1.1) by (2.1.11). As this situation
represents the canonic set-up for converging Hilbert spaces within this text, we will
use all related terminology and notions, which are given above and subsequently in the
course of Chapter 2, quite fluently in that context, without additional declarations. For
example, if £V is a symmetric closed form on a Hilbert space Hy for N € N, then the
statement that (7). converges in the sense of Mosco towards €% (see Theorem
2.2.1 below) can neither be called true nor wrong in mathematical sense, before a
particular choice of asymptotic isometries (®n )y in (2.1.1) is specified (on which
the validity of the claim depends of course). However, in the case Hy = L*(E, uy),
Hoo = L*(E, p), with (2.1.11) and (2.1.12) fulfilled, we say that (£V) .y converges in
the sense of Mosco towards £°°, presuming the automatic choice 5 := &%, N € N.

Let p and (un) ey be as above, with (2.1.11) and (2.1.12) satisfied. For classes of
non-negative functions, convergence in

Hi= (B ) U (| 2B )
NeN

can be verified via a simple comparison argument, stated in the next lemma. We recall
the notion of a (continuous) section, from above. The lemma proves the continuity
of a section under the condition that there exist a suitable continuous majorante and
minorante.
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Lemma 2.1.3. Let (un) yex (vﬁin’l)NeN and (vﬁaj’l)NeN forl € N, be sections in H

such that . .
0< vﬁm’l <uy < v%a” un-a.e., N,l€N.

(i) If (vﬁin’Z)NeN, (v%aj’l)NeN are weakly continuous and

min,/ maj,l

= Uy weakly in L*(E, ),

lim v = U, lim v
l—o0 l—o0

then (un) vy @8 also weakly continuous.

(i) The analogue statement holds w.r.t. 75, i.e. if (Uﬁin’l)NEN, (vﬁaj’l)NeN are strongly

continuous and

min,l maj,l

lim v = Uso, m v = Uso  strongly in L*(E, ),

li
l—00 =00

then (un) yei 18 also strongly continuous.
Proof. We start with the proof of (i). Let (un)ycx, (v%in’Z)NEN and (v%aj’l)NeN be as
in the assumptions for [ € N. There exists m € N such that (ux)ycy is contained in
K, as in (2.1.2), since it is dominated by a weakly convergent sequence (vﬁaj’l) Nen:
By virtue of Lemma 2.1.1 (iv) it suffices to show that all weak accumulation points of
(un) yen coincide with us. Let u* € L?(E, 1) be chosen such that a subsequence of
(un)yey converges weakly to u*. Since after retreating to the corresponding subse-
quence of Hilbert spaces and re-defining H accordingly the assumptions of this Lemma
would still hold, we may w.l.o.g. assume that u* € L?*(E,u) is the weak limit of the
sequence (UN) yen-

Let f be a non-negative, bounded and continuous function on £ and [ € N. The
inequality

0< [ duy < [unfduy < [ o pduy, NeR
E E E

yields asymptotically

o< [mripans [wpans [ omitpa
E E E

by considering the limit for N to infinity. Now passing to the limit of [ to infinity, we
obtain

/Euoofdu:/Eu*fdu, (2.1.13)

at first for every non-negative, bounded and continuous function f. Of course, (2.1.13)
immediately generalizes to every f € Cp(FE) proving us () = u*(x) holds for p-a.e. z €
FE, as desired.

Under the assumptions formulated in (ii) we look at the inequalities

0< [ Jn P dux < [ fuvPauy < [ o Pdny, NeR
E E E

for [ € N and by passing to the limit of N to infinity observe that

/ ‘,Umin,l
E

2du<liminf/ udr duy
N—o0 E
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as well as

limsup/u?vd,uNS/ ‘vmaj’l|2dp.
E E

N—oo

Finally, considering the limit of [ to infinity we obtain

N—oo

limsup/u?vduNS/ugodugliminf/u?vd,uN.
E E N—oo E

So, taking into account what has already been shown, the assumptions in (ii) imply that
each subsequence of (un)ycy admits another (sub-)subsequence whose strong limit is
Uoo- This concludes the proof. O

2.2 Convergence of closed symmetric forms

2.2.1 The theorem of Mosco-Kuwae-Shioya

Our reason for considering sequences of converging Hilbert spaces is to build a frame-
work in which we analyse the approximation of semigroups of operators. In the context
of problems motivated by statistical mechanics it is often not suitable to accommodate
the approximation process in one fixed Hilbert space. The setting introduced in the
preceding section provides enough flexibility. Kuwae and Shioya (|28]) define a topolog-
ical space in which each point corresponds to a spectral structure on a variable Hilbert
space. The corresponding term of convergence is referred to as Mosco convergence and
named after a notion introduced in [23] by Umberto Mosco. The difference of Mosco’s
version is that his article fixes a Hilbert space on which all of the considered spec-
tral structures operate. The central idea behind the Theorem of Mosco-Kuwae-Shioya,
however, is thoroughly conveyed in the Mosco’s original work and then nicely adapted
and further developed in [28]. Correctly, we want to think of a spectral structure ¥ in
this context as a 6-tuple. It consists of

- a real, separable Hilbert space (H, (-, )g),

- a non-positive definite self-adjoint operator (L, D(L)) on H,
- a closed symmetric form (&€, D(E)),

- a spectral measure (E)),<, with support on (—o0, 0],

- a strongly continuous contraction semigroup (7).,

- a strongly continuous contraction resolvent (G ), g-

The latter five entries of the tuple, generator, form, spectral measure, semigroup
and resolvent, must be mutually associated with each other in the sense of [38, Section
1]. The form (£,D(€)) is densely defined on H and all involved operators Tj, ¢ >
0, and G, a > 0, are symmetric operators on H. The spectral measure, (E)),
in slightly informal style, actually represents an assignment E4, which sends a set
A € B((—00,0]) to an orthogonal projection on H. Our notation in that matter
orientates itself according to [39, Chapter 7|, where all the properties of the spectral
measure relevant in this text, in particular in the proof of Lemma 2.2.4, can be found.
Given u € H, we write f(—oo,()] f(A)d(Eyu,u)g to denote the integral of a function
f € B((—00,0]) w.r.t. the finite measure (Eau,u)g, A € B((—o00,0]), in case this
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integral exists. Analogously, f(—oo,o] FA) d(E\u,v) g for u,v € H denotes the integral
of a function f € B((—o0,0]) w.r.t. the signed measure (F(A)u,v)y, A € B((—o0,0]),
in case this integral exists. The formal integral f(—oo,o] f(X) dE) always yields a self-
adjoint operator on H, given f € B((—o0,0]). Its domain comprises exactly those
u € H for which f(\) is square integrable w.r.t. d(E\u,u)y. We have

L= / AdEy
(_0070]

with D(L) = {ue | / N2 d(Exu,u)y < oo (2.2.1)
(—O0,0]
and
E(u,v) :/ Al d(Eyu,v) g
(70070}
with D(&) = {u = H‘ / I d(Byu, w) g < oo}. (2.2.2)
(70070]
Moreover,
T, = / eMAEy, t>0 (2.2.3)
(_0070}
and )
Go = / dEy, o> 0. (2.2.4)
(_0070] a— A

Starting either with a non-positive, self-adjoint operator L, a densely defined closed
symmetric form &, a strongly continuous contraction semigroup (73),~, or a strongly
continuous contraction resolvent (Ga),~q, €ach single one of the equations, (2.2.1)
through (2.2.4), determines (E)),-, uniquely and vice versa. Hence, the spectral
structure ¥ is already defined unambiguously by any of its components beyond the
first. The term Mosco convergence most commonly refers to a sequence of closed sym-
metric forms, but has an equivalent formulation for each single one of the objects of
Y, i.e. generator, spectral measure, semigroup and resolvent. Each formulation fully
characterizes the convergence of spectral structures already by its own. This is the
statement of the Theorem of Mosco-Kuwae-Shioya.

We assume that we are given a sequence of spectral structures (Xy)yey of the
specified type, ¥y = (Hy, Ly, &V, (Eﬁ\v))\q), (TN)>0, (Gg)ooo) for N € N, and let
Y= (H,LE (E)) <o (Tt) >0, (Ga)gso) be another spectral structure. If a dense linear
subspace C of H together with linear operators ® y mapping C into Hy for N € N are
chosen to the effect that the asymptotic equations (2.1.1) are satisfied, then we say
that (V) ~Nen converges to £ in the sense of Mosco, given the validity of one of the
equivalent statements in Theorem 2.2.1. We state it as it is written in |28, Theorem 2.4]
and invite the reader to get informed about the proof in the original. The topological
notions refer to the strong and weak topologies, 75 and 7Ty, on the disjoint union

H::Hu( || HN).

NeN

The validity of the equivalent statements in Theorem 2.2.1 depends only on the equiva-
lence class of 75 and 7y, respectively. The reader should recall Remark 2.1.4 (ii) for that
matter. The space of continuous real-valued functions on (—o0,0] vanishing at infinity
is denoted by Cp((—o0,0]). That is by definition, for each f € Cy((—o0,0]) and € > 0
there exists a number k£ € N with f((—o0,k)) C (—¢,¢).
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Theorem 2.2.1 (Mosco, Kuwae, Shioya). The following are equivalent.

(i) There exists a > 0 such that imy_ oo GNuny = Gauoo holds strongly in H for
every strongly continuous section (UN) ey

(ii) There exists t > 0 such that limpy_, o TtNuN = Tiuso holds strongly in H for every
strongly continuous section (UN) ycx-

(iii) For every strongly continuous section (un)ycy and f € Co((—00,0]) the conver-

gence
i ( /( g foaEY = ( /( IR(OLENTS

holds strongly in H.
(iv) (M1) For every weakly continuous section (un)ycy i holds

E(Uoo, Uso) < liminfSN(uN,uN).
N—oo

(M2) For every u € D(E) there is uy € D(EN), N € N, such that limy_,o0 uy =
u holds strongly in H and
lim &N (un,uy) = E(u,u).
N—o0
The inequality in (M1) of Theorem 2.2.1 (iv) has to be read in the sense that in case #N

with uy € D(EVN) is infinite and accounts for a finite right hand side, then uy, € D(E)
and the stated inequality holds true.

Remark 2.2.2. (i) The notion of convergence for a sequence of bounded linear oper-
ators on variable Hilbert spaces, which lies behind Theorem 2.2.1 (i), (ii) and (iii)
is a natural generalization of the strong operator topology. What is more,

lim (TN ®ne, ®ne)ay = (Tip, 0)i, @ €C,t>0, (2.2.5)

N—o00
implies the strong convergence of (TN ®y¢) Nen towards Ty for ¢ € C and t > 0
due to symmetry and the semigroup property of the involved operators. Then, by
Lemma 2.1.1 (ii), we get the weak convergence of (TNun)yey towards Tius, for
every weakly continuous section (un)yc and t > 0, as a consequence of (2.2.5)
together with the symmetry and the contraction property of T}V for N € N. Finally,
again by symmetry and Lemma 2.1.1 (ii), we conclude that (2.2.5) is actually
equivalent to the statement in Theorem 2.2.1 (ii).

(ii) The reason why it suffices to show the convergence in Theorem 2.2.1 (i) and (ii) for
just one particular index o > 0, or ¢ > 0 respectively, in order to get the conver-
gence of the whole family of operators, is in fact the extended Stone-Weierstrass
Theorem. We consider Cy((—o0,0]) equipped with the supremum norm. Since,
for N € N, the map f — f(—oo,o] fN)AEY from Cp((—o0,0] into the algebra of
bounded operators on Hp is multiplicative and continuous (w.r.t. the operator
norm of bounded linear operators on Hy), it is easy to see that the family

A= {f e Co((—oo,O])’

dn (L fo0aeR)ur = (

for every strongly continuous section (uy) NeN}

f(N) dEA) u strongly

00,0]
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is a closed subalgebra of Cy((—00,0]). Therefore, if A contains a point-separating,
nowhere vanishing function on (—oo, 0], such as A\ — e with t > 0, or A — ai X
with a > 0, then already it holds Cy((—o0,0]) C A.

To prove property (M1) of the statement in Theorem 2.2.1 (iv) it suffices to consider
a weakly continuous section (ux) ey on H with

sup N (un, un) < oo,
NeN

after possibly dropping to a suitable subsequence. It turns out, that there is
a further significant simplification of that. We are allowed to assume not only
sup ey EN (un, un) < oo, but also the stronger condition

uy = GNonp, N eN, (2.2.6)

for some arbitrarily fixed ¢ € C. Let us quickly depict the advantage we gain by that
remark through an example. We consider the situation described in the second part of
Section 2.1, where () yey is @ sequence of weakly convergent finite Borel measures
on a T3% Suslin Space E with limit p and suppluy] C supp[u], N € N. We assume
that we have additional information about some property which G meets uniformly in
N € N: For example, we say that (G(J)&V)]\,eN admits a uniform bound w.r.t. the operator
norm on L*°, defined respectively for N € N for the restriction of GY from L®(E, uy)
into L*°(E, uy) if this is possible. In this case, the verification of property (M1) in
Theorem 2.2.1 (iv) only requires to look at a weakly continuous section (un)ycy such
that supyey EN (un, uy) < 0o as well as

sup H“N”LOO(E,HN) < 0. (2.2.7)
NeN

An analogue argument can likewise be derived from any other uniform property the
sequence (GY) ~Nen might have, and make it much easier to prove (M1) in some appli-
cations. Also, the reader shall be hinted at the meaning of Remark 2.1.2 (ii) in this
context, which states that one can possibly consider different choices for C to make
the simplification of (2.2.6) in (M1) even more useful. The proof for the next lemma,
which focusses on that issue, is very simple and apparent when carefully studying [28§]
or [23]. However, to the best knowledge of this text’s author, it is not stated explicitly
in the literature yet. That is why we want to put the short proof here.

Lemma 2.2.3. We assume that there exists a € (0,00) such that the following holds
true for every ¢ € C and every weak accumulation point u of (G{J@N@Nm n H: If
(GNk DN, P)pen 5 a subsequence converging weakly to u, then u € D(E) with

E(u,u) < liminf EM (G P, GO ).

Under this condition, all the equivalent claims from (i) to (iv) in Theorem 2.2.1 are
already implied by property (M2) of statement (iv) alone.

Proof. The claim of this lemma is shown by verifying property (i) of Theorem 2.2.1
under the stated circumstances. First, we hint at a fact which is purely a consequence
of (M2) from Theorem 2.2.1 (iv). In the Hilbert space (D(£),&,), where E,(-,) =
E(,)+ (,)m and o € (0,00) is as in the assumptions of this lemma, we pick an
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orthogonal basis v v@ . Furthermore, let v](\i,) € D(EN) for i, N € N be chosen
to the effect that for each ¢ it holds
lim &V (v](\i[), vj(\i,)) = S(U(i), v(i)) and  lim vg\i,) = strongly in H.

N—o00 N—o00
By setting (ID’]Vv(i) = v](\z,), 1 € N, we define a linear operator from the space of finite
linear combinations V :=span({v(" |i € N}) into D(EV) for N € N. The arguments of
this proof use the corresponding terms of a strong and weak topology on the disjoint
union
HES .= (D(E), E) |_|( || (D(gN),gg)), a > 0.
NeN

The rest of this proof is committed to the verification of the following claim.

lim GéVuN = (G Uso holds weakly in ‘H
N—oo

for every weakly continuous section (un)ycx- (2.2.8)

Obviously, (2.2.8) is equivalent to the statement of Theorem 2.2.1 (i) due to symme-
try of the involved operators and the duality relation between the strong and weak
convergence as formulated in Lemma 2.1.1 (ii). In the next step of this proof we use
the assumptions of this lemma to derive a convergence result in H&?, for fixed ¢ € C.
Remarking that |GYN @yl gy < a V| ®ne|my for N € N, we can use the sequential
compactness of the weak topology on bounded subsets of H, as stated in Lemma 2.1.1
(iv), to find a suitable subsequence such that both, (2.2.9) and (2.2.10) below, are

fulfilled. We find a subsequence such that
lim &Nk (Gg’“(I)ngo, Gévkq)ngD) = limsup &Y (Gg‘b]vgo, GQV@N@)
k—o0 N—o0
=:ce [0,aplF] (2.2.9)
as well as

there is a limit uw € H of (Gév’“q)ngo)keN w.r.t. the weak topology in H.  (2.2.10)

Then, in case ¢ > 0, we estimate with the assumptions of this lemma

‘ (G @ N, 0, @, SO)HN,C
ﬁ - klggo N (N N 1/2
ga (Ga q)Nk 907 GOl (DNk SO)

(u7 SD)H . ga(quaSD)

1/2
B 5a(u, u)1/2 o 5’a(u’u)1/2 < Eu(Gap, Gap) /2

Hence, we have ¢ < E,(Gog, Gap). We remark that limy_,oc @\ v = v strongly in A for
v € V is clear by construction of (®/y) ey Lemma 2.1.1 (ii) is used repeatedly below.

The strong convergence (G ® o) vy towards Gap in HE* now follows, because

: N N / 1 /
1\}gnoo ga (Ga Pnep, (I)N’U) = ]\}E)noo(q)NgO’ q)NU)HN

- (907U)H - goc(Gchovfu)7 (S M

tells us the weak convergence and then

¢ < £a(Gap, Gay) < lim inf EN(GNonp, G ONy),
—00
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where the second inequality holds by Lemma 2.1.1 (iii), proves the convergence in norm.
For the final step of this proof we fix a weakly continuous section (uy )y in H and set
out to prove (2.2.8). Clearly, limy_, 00 Géqu = (G Use holds weakly in ’Hg’o‘, because

1
sup 5§(Géqu,GguN) < —sup HUN”%{N <0
NeN & NeN

and also

: N (N ! —_
i o (G, @) = i

= (UOO7U)H = Ea(Ganoﬂ)), vEeV.

(un, PN)Hy

Using the strong convergence of (G(]lvfl)Ngo)NeN towards G in HE for every ¢ € C,
as shown above, the claim of (2.2.8) follows from

li

Jim (Glun, Pne) = Jim EN(GYun, GY ony)

= 504(Gocu007 GoaSO) = (Goauom SO)H, ("lS Ca
and the estimate

1
sup [|Gaun| < sup [lunay < oo.

This concludes the proof. O

2.2.2 Compatible classes

Before we continue our discussion about the convergence of closed symmetric forms
we need to state a general preliminary about a closed symmetric and densely defined
form (£,D(E)) on a real, separable Hilbert space (H, (-,-)). For such a pair, we set
Ea(u,v) == E(u,v)+a(u,v) for u,v € D(E) and a > 0. The fact that £ is closed means
that D(&) with the inner product &,(+,) is again a real, separable Hilbert space. The
lemma gives a criterion for the identification v = w regarding two elements u and w
in H, one of which, say w, is assumed to be a member of D(E). The criterion reads
as follows. If D() 3 v — ¢, € D(E) is a map whose image set is bounded w.r.t. the
norm || - || of H and which additionally fulfils the dual orthogonality relation

E1(w—@p,v) =0 aswellas (u—py,v)=0 foroveDE) (2.2.11)
in the Hilbert space (D(E), £1), respectively H, then u = w must be true.

Lemma 2.2.4. Letu € H andw € D(E). If, there exists a map D(E) 3 v — ¢, € D(E)
satisfying (2.2.11) and moreover sup,ep(ey [lpvllm < 00, then u = w.

Proof. If the generator (L,D(L)) of £ on H has pure point spectrum, then the claim
is immediate. Let (A\;);cy C (—00, 0] be the eigenvalues of L with corresponding eigen-
vectors (v;);cn. We have

(U, Ui) = (vaw’ui) = (30711‘7 (1 - L)U’L)
1 1
= 1 _ )\igl(%@viavi) = ﬂgl(wvvi)
1

= 1oy @@= Dw) = (w,v), i€N,

1-XN
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and since the linear span of (v;);cy is dense in H, we conclude u = w as desired.
The general case, where (L, D(L)) is a non-positive, self-adjoint operator on H, needs
a more detailed treatment, although the lines above already convey the right idea.
Let (Ey) AE(—00,0] denote the spectral measure of L. The role of the eigenvector in
the previous argumentation must be taken over by an element from the image set of
Eooa) = f(>\27/\1} dE) for a bounded interval (Ag, A;] C (—o0,0]. We start with the
estimate

’51(111, Egav2) — (1 - )‘1)(”17E(/\2,)\1]02)‘

= (1}17 :/(_0070] A+ X\ dE,\} E(AQ,M]U?) ’
Ly 1)

= (111, /()\2)\1] A+ A dE)\} E(,\Q,mw) ’

< (=2 + M)l Epgagvella,  v1,v2 € D(E). (2.2.12)

The goal is to prove (w,v) = (u,v) for v € D(E). It suffices to show (w, By gv) =
(u, E(_pgv) for all v € D(€) and k € N. With fixed v € D(£) and k € N we estimate

|(w, B_j0v) — (u, B_p0pv)]

< limsup ‘(w,E(_hO]v) — Z (ﬁ)gl (w,E(_ik _@}U))

n—oo i1 1+T o Y
= 1

+ limsu ‘ (7)5 W, B, s o) — ( Er_p o0 ( 2.2.13

o ; |4 G 1w, B a=negv) = (u, By o) ( )

It suffices to show that this upper bound equals zero for each k£ € N. The two sum-
mands of the right-hand side of (2.2.13) are treated individually. Concerning the first
summand, utilizing (2.2.12) we obtain

0 B i) =3 (Hink)& CRom—l
=1

n

a 1
S Z ‘(U}, E(_%’_ (i—nl)k:}f0> — (]-_’_(Z—l)k:)gl (w, E(_%V_ (i—nl)k]U) ’H
=1 n

n’ n’ n

<> ‘ (1 + (Z_nl)k) (W, B _a-uryv) = E(w, B —wlv)‘
=1 !

IN

k n
ﬁHwHH Z HE(f%ﬁ@}“HH

) i=1 ) N )
2
< \/ﬁHwHH(; HE(_%_W]”HH) = ﬁHwHHHE(%,O]”HH

for n € N. For the second summand of the right-hand side of (2.2.13) we use the
assumptions of this lemma. The calculation is similar as in the first case. Let n € N.
We set M := supzep(e) sl g and choose ¢; € D(E) for i = 1,...,n such that

51 (w, E(_@’_ (2;1)1@]1)) = 51 (QOZ‘, E(_ﬁ7_ (ifl)k]'l)), (2.2.14)
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(%AEP@ 7(2‘_1)1@]’0) = (u, E(izk (i_1)k]’U). (2215)

Using (2.2.14),(2.2.15), and again (2.2.12) it holds

n

‘(Uy E_pov) — Z; (H_(lil)k>gl (w, E(_%’_@]v)‘

n

<

-

n’ n AP A n’ n

‘(%E ik ,M]U) - (H(li_l)k)gl(%,E ik ,M]U)‘

=1

NE

< ‘(14— (Z—l)k)((Pi,E(_@ _w}v)—gl(%,E(_i _w]fu)‘
i=1 n nT P
kj n
S U LN
i=1 o

Mk (< 2\2 Mk
< \/ﬁ(; HE(f%ﬁ@]UHIJ = %HE(—]%O]UHH‘

Hence, the right-hand side of (2.2.13) equals zero and the proof is complete. O

The setting under the condition of which we derive the analysis of the rest of this
section, presumes once more a sequence of converging Hilbert spaces (Hn, (-, )my),
N € N, with asymptotic space (H, (-, ) ), together with a family of closed symmetric
forms, namely (€N, D(EY)), defined densely on Hy, for N € N and (&, D(£)), defined
densely on H. We have the corresponding weak and strong topology from Section 2.1
on the disjoint union H := H U (| |ycy Hn). Additionally, we assume that we are given
a dense linear subspace D of the Hilbert space (D(£),£;) and linear maps @'y from D
into D(EN) for N € N such that

lim ®yv = v strongly in H, lim EY(®yv, Pyv) = E(v,v), vED. (2.2.16)
N—oo N—o00

Remark 2.2.5. (i) The additional assumption of (2.2.16) can always be retrieved
from a situation, in which the family of forms fulfil property (M2) in Theorem
2.2.1 (iv), by defining ®;, N € N, as in the proof of Lemma 2.2.3.

(ii) On the other hand, let us assume (2.2.16) is given. Regarding (2.2.16), Remark
2.1.2 (ii) tells us that we may take ®;,, N € N, as the asymptotic isometries in
(2.1.1) and obtain an equivalent strong topology, as well as an equivalent weak
topology on H. So, simply let

Py = @’ s D(@N>:D, N e N,

from here on. Moreover, this family of maps induce a strong and a weak topology
on the disjoint union of Hilbert spaces

HE = (D(E),£a) U ( | (D), €D))

NeN

as well, for each a > 0. Let 1, g, -+ € D form an orthonormal basis of (D(£), &),
fixing a« > 0, and further ly,, for Ny € N, be the maximal choice of a natural
number such that for k € {1,...,Ix,} it holds



26

1
sup ‘[(‘bN@i?@ij)HN B (SO““PJ‘)H]fj:lx‘euC = Lk’
zERF 7

1
and  sup Hgév(q)Ncpla (DNSO]') - 5ij]ij:1$’euc = E’

xCRF
for all N € N with N > Nj.

The argumentation displayed in the proof of Lemma 2.1.1 (i) yields both the asymp-
totic equations,

Ing
lim Ealu, ;)P r, 0 = u strongly in HE® and in H for u € D(E).

No—o0
0 i=1

(2.2.17)
In particular, property (M2) in Theorem 2.2.1 (iv) holds true. There is another
consequence of the dual convergence in (2.2.17). If (un)ycy is a strongly con-
tinuous section in H&®, then e.g. with Lemma 2.1.1 (ii), we can conclude that
unN — Zi’ll Ea(Uoo, i) PN p; converges to zero strongly in HE® as N tends to in-
finity. Hence, in particular

= 07
Hy

In
lim sup HuN — Z Ea(Uoo, 0i)PNYi
i=1

N—o00
proving that (uy) . is a strongly continuous in H as well.

We shift the attention to property (M1) in Theorem 2.2.1 (iv), assuming (2.2.16)
for the rest of this section.

Remark 2.2.6. (i) Mosco convergence of (£V)y .y towards £ can be concluded
from:

There exists a > 0 such that
lim (Pnv, Gy ®nv) = (v,Gov), vED. (22.18)

N—o00
Indeed, (2.2.18) implies
Jim EN(GN®Nv, G ONV) = E0(Gav,Gov), v E D.
Together with
im Sg(GéV@Nv, dyw) =

1 = lim
N—o0 N—oo
= (v,w)g = E (G, w), v,w € D, (2.2.19)

((I)N’U, @Nw)HN

we have the strong convergence of (G]qu)Nv)NeN towards Gov in HE. Conse-
quently, statement (i) of Theorem 2.2.1 is equivalent to (2.2.18).

(ii) Of course, the weak convergence of (G ®yv) vy towards Gav in HE? for v € D
and a > 0 is always true because of (2.2.19). If we fix a > 0 and assume that,
every weakly continuous section in H&® is also weakly continuous in #, then
automatically (2.2.18) is fulfilled. This is the statement of [33, Proposition 2.32].
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iii) We now assume (2.2.18). If (uy is a sequence in H&* and u € D(E) such that
keN

lim uy = u holds weakly in H?,

k—o00
then the same asymptotic statement is shown to be true in H, by verifying that
for an arbitrary subsequence there is a (sub-)subsequence (uy, ),y such that

lim uy, = u holds weakly in H. (2.2.20)
l—o0

For sequences contained in D(E) this is obviously true. Otherwise, we may
w.lo.g. assume that uy, € Hy, for [ € N, where (V) is a strictly increas-
ing sequence in N. In that case, by the first item of this remark we have

lim (Ukp (I)NZU) Hy

— T N Ny
l—o00 l N lligloga (uk”Ga (I)va)

=Eua(u,Gov) = (u,v)g, vED,
proving (2.2.20).

For a set A C HE1\ D(E) we consider the following property:
If up, € Afor ke N, ue D) and klim uy, = u holds weakly in HE!,
—00

then klim ur = u in the weak sense is also true for H. (2.2.21)
—00

Remark 2.2.6 tells us that the Mosco convergence of (EV) oy towards € is equivalent
to the validity of (2.2.21) for the choice A = H&1\D(E). If I is an arbitrary index set,
A; CHEL\D(E) a set with property (2.2.21) for i € N, and moreover 4; ND(EN) # ()
for N € N, ¢ € I, then we call the union of product sets

c:=J ][] (PEY)n4)

i€l NeN

a compatible class in HE'. Due to the weak sequential compactness of norm bounded
sets in H&! as stated in Lemma 2.1.1 (iv), and the fact that weak convergence in H&:!
combined with weak convergence in H readily implies the weak convergence in HE
for any o > 0, we end up with the same notion of a compatible class if, in (2.2.21), the
space HE ! is replaced with H&+®, for arbitrary o > 0. We briefly explain why the notion
of a compatible class and its discussion can be of practical use for problems related to
Mosco convergence. The goal is obviously to show that []ycy D(EY) is a compatible
class. To achieve this it can be helpful to analyse other types of compatible classes at
first. The generic example here is a sequence of converging subspaces (V) ey stuch
that Vv is a finite-dimensional subspace of Hy for N € N and sup ycy dim(Vy) < oo.
Let us consider for a moment the case, where all Hy, N € N, are finite-dimensional
with a constant dimension k € N, i.e. we say Hy = R*, N € N, and we deal with a
family of non-negative semidefinite symmetric matrices (SV) ~Nen C RFxk G RFXk,
with
lim S =8, i,j=1,...,k

N—oo

For N € N there are orthonormal matrices Qn € R*¥** and non-negative, real eigen-
values )\gN), .. .,A,gN) with QSN QN = diag()\gN), . .,)\,(CN)). Analogously, Q*SQ =

diag(\1,. .., \x) for an orthogonal matrix @ € R¥*¥ and non-negative, real numbers
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Aty .o Ak If (Z3) vy is @ bounded sequence in R*, then the following chain of impli-
cations holds true (from (2.2.22), to (2.2.23), to (2.2.24), to (2.2.25)).

Jim e SNy =218y, ye Rk (2.2.22)
—00
lim (Qyan) diagAfY, . AY)2

= (Q*z)diag(\1, ..., )z, z€RE (2.2.23)
lim (Qyay) diagA", .. (N)><QN9:N)

= (Q* x)Td1ag()\1,...,)\k)Qaz (2.2.24)
lim 255Nz = 2T S, (2.2.25)

N—oo

Based on this observation in the Euclidean space, we can formulate a remark for our
more general setting.

Remark 2.2.7. Let (UJ(V))NGN be a strongly continuous section in & fori = 1,...,m.
It

un € span({v%), .. ,vj({,n)}), N eN, and ifu%&(u]v,u]v) < 00,
€

then we can choose a bounded sequence ()¢ in R™ such that

uy = (a:N)lvg\}) 4o+ (xN)mvg,m), N e N.

Furthermore, given the weak convergence of (uy)ycy in HE! towards an element

u € D(E),

E1(u,w) = lim & (uy, w) <thsupraw il [EY (vR) w)| =0
=1

holds true for all w € D(E) with 81(w,vc(,2) =0,i=1,...,m. So, u=az08 + -+
2o for suitable z € R™. Defining Sg =& (v](f,),vj(\],)) and S;; = & (v(()o),vg)) for
i,j =1,...,m we have (2.2.22) (with k = m). By (2.2.25), we conclude that (ux)ycy

converges strongly towards v in H', hence it does so in H. In particular,

H span({v](\}), ey v](\}n)}) is a compatible class in HEL
NeN

How can this simple observation be exploited regarding the task of showing Mosco
convergence of (£V)yy towards €7 The idea is to approximate each element uy in a
weakly continuous section (uy )y in HE ! through an element in some k-dimensional
subspace VJS,k) of D(EN ), respectively for N € N. If this can be done for every k in a
suitable way, requiring a uniform approximation quality of the class

c:=J [ v,
keN NeN

then it is possible to show that []ycy D(EY) is a compatible class, as desired, if C is.
For that purpose it suffices to prove

inf limsup (|5 uy — wn, Pyv) }—I—‘ uy —wy, Pyv HN‘)
(WwN)y N—oo
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for every v € D, where the infimum is taken over all elements

(wn)y € U H {ue Vjs,k)‘ffv(u, u) < R}
keN NeN

with some fixed, but arbitrarily chosen R € (0,00) (independent from v). This is
the statement of the next proposition. It provides the main tool from this section
on abstract theory which is used to deal with property (M1) in the applications of
upcoming chapters. For R € (0,00) we define

B = H {ue D(EN)‘SfV(u,u) < R}.
NeN

Proposition 2.2.8. We assume that (2.2.16) holds. Let C be a compatible class in
HEL and A C HEL\ D(E) with AND(EN) # O for N € N. If, for any

(un)y € [[ PEY)NA:=C
NeN

there exists a constant R € (0,00) such that

forallve D :

inf lim sup (‘EN(UN — wN,<I>Nv)’ + |(uN — Wy, (I)NU)HND =0,
(wn) yECNBE N—soo

then also C' is a compatible class.

Proof. We have to verify that A satisfies (2.2.21). To this end, let (uy},), . be a sequence
in A and v/ € D(£) be its weak limit in HE!. We have to show that u’ is also the
weak limit of (u} ),y in H. It suffices to show that for every subsequence there is a
(sub-)subsequence whose weak limit in H is v’. We choose Ny € N for each k € N
such that u), € D(EM*). After possibly dropping to suitable (sub-)subsequence we may
assume that (INi),cy is strictly increasing and moreover that there exists a weak limit
u* of (u%)keN in H. We have to show u* = u’. Now, we want to apply the assumption
of this proposition. To do so, we take an arbitrary element v, € D(EV)N A for N € N
and define
)y, if I = Ny, for some k € N,
YT\ ifi ¢ {Ng|k e N}

for I € N. Let v be an element of D(E). We choose a strongly convergent approximation
for v in the Hilbert space (D(£),£&1), say (Vm),,cn. consisting of elements in D. By
assumption, there exists a constant R € (0,00), and for each m € N an element
(W), € CNBE, with

lim sup (‘E'N(UN - w%”),szvvm)\ + ‘(UN - wg\T)v(I’NUm)HN‘) <

N—oo

1
— 2.2.26

L (222)
Noting that v* and «" are weak accumulation points of (un) yc in H, respectively HEL,
and repeatedly using the compactness result of Lemma 2.1.1 (iv), we can find a strictly
increasing sequence of natural numbers (Ly)ren and a sequence (om),,cy C D(E) via
a diagonal procedure, in such a way, that in the limit of £ to infinity it holds

k .
ur, —u*  weakly in H,



30

UL, LA weakly in HE,
w(LT) LA ©m  weakly in HEL meN.
By virtue of Lemma 2.1.1 (iii) it holds
g £Lk (o, (m) o (m)
E1(om, pm) < lllggf EF (ka W, )<R, meN. (2.2.27)

For every ¢ € D(E) we can write

[(u* — @, v)m| <|(u*,0)r — (u*, vm)H]| (2.2.28)
@ o) = (ury, ®rm) g, | (2.2.29)

+ | (urs ®rvm) (ng;% L, vm) g, | (2.2.30)

+ (i, @ rvm) = (P V)] (2.2.31)

+[(ems vm) 1 — (o, oy | (2.2.32)

as well as

E1(u = p,0)] < |E1(u0) = E1(u', vm)| ( )
+ }51(1/, Um) — é'lL’“ (uLk, @Lkvm)‘ ( )
+ }SlL’“ (ury, ®rovm) — gl (w(Ln;), Ppvm) | (2.2.35)
&8 (i @1, v0m) — E1(om. v (2:2.36)
+ [E1(Pms vm) = E1(,0)]- ( )

In particular, the above inequalities are true if ¢ is an accumulation point of (¢m),,cx
in the Hilbert space (D(€),&1), say limy, o0 ¥m,, = ¢ holds for a suitable subsequence
(@mn )pen. Due to (2.2.27), such an accumulation point ¢ and the according subse-
quence exist. Let € > 0. We can first choose m € {m, |n € N} such that m > 6/¢
and the summands of (2.2.28) and (2.2.32), respectively (2.2.33) and (2.2.37), on the
right-hand side of the above inequalities take a value smaller equal £/5 each. Then,
depending on the value of m, we can choose k € N such that the summands of (2.2.29),
(2.2.30) and (2.2.31), respectively (2.2.34), (2.2.35) and (2.2.36), take value smaller
equal €/5 each. Here, in view of (2.2.30) and (2.2.35), the condition m > 6/¢ together
with (2.2.26) has been used. Since the choice for € > 0 and for v € D() are arbitrary,
the desired identity v’ = u* follows from Lemma 2.2.4. This concludes the proof. [

Theorem 2.2.9. Under the assumption of (2.2.16), £ is the Mosco limit of (EV) yen
on H, if and only if, there exists « > 0 and a compatible class C with the following
property: For any u € D there exists a constant R € (0,00) such that

inf limsup (‘5N(GN<I>Nu — wN,<I>NU)} + ‘ GN<I>Nu —wn, Pyv

(wN)Ny N—oo HND

holds for every v € D. The infimum is taken over all (wy)y € CN B%.

Proof. Let a > 0 be as in the assumptions and u € D. The assumption of Proposition
2.2.8 is satisfied for the set A = {GN®yu ‘ N € N}. Therefore, the property of
(2.2.21) is true for A. In (2.2.21), the space HE! may be replaced by H&* without
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compromising its validity. The weak convergence of (GY ® yu) Nen towards Gau in
HE e, which is evident from
lim EN(GY®yu, dyv) = lim
Nooo & ( a =N N ) N—o00

= (va)H = goe(GaU7U)7 v E D,

(<I>Nu, (I)N'U)HN

now implies

]\}1_1}100 (<I>Nu, Gévq)Nu)HN = (u, Gou)g.

Since the latter is true for every u € D, the claim of the theroem follows from Remark
2.2.6 (i). 0






Chapter 3 Standard gradient forms on R?

3.1 The method of Finite Elements

3.1.1 The tent function and Finite Elements

The goal is to analyse the function x(¥) on the d-dimensional Euclidean space which is
the generalization of the unit tent function x(*) supported on [—1,1], i.e.

X(l)((];) = (min({l —x,1+ x}))+, z € R.

Here and in the following, f4 (z) := max({f(z),0}), 2 € R%, denotes the positive part of
a real-valued function f on R%, d € N. It is not immediately clear how a generalization
of that function for the cases d > 2 should look like. The result of our considerations
displayed below suggests

() () = ; RS 1 — d
x'Y(x) : <i,j€I{r11{?.,d}({1+l‘Z zj, 14+ x4, 1 x,}))+, x € RY (3.1.1)

which we take as a definition. The reasoning leading there starts with the idea that we
have to construct a piecewise affine linear, continuous function and first looks for these
domains on which (9 restricts to an affine linear function. The restriction of ()
onto such a domain can then simply be conceived through means of a suitable linear
interpolation method. We are thus looking for a triangulation of the d-dimensional
Euclidean space. The Cozeter-Freudenthal-Kuhn triangulation particularly fits into
this purpose. The close connection between the function x(® from (3.1.1) and the
Coxeter-Freudenthal-Kuhn triangulation is explained below and the relevant properties
of x(@ are discussed in Lemma 3.1.3 and Theorem 3.1.6.

Let d € N, d > 2, and e; denote the i-th unit vector of R¢. We consider the image
of the convex set

C::{xERd‘ngdg---gxlgl}

under an arbitrary permutation of coordinates. For a given element o from the sym-
metric group Sy over {1,...,d} we denote by A, the orthogonal transformation on R?
such that A,e; := e,(;) for i =1,...,d. Obviously, we have

0,11 = | 4-(C).

oESy

This concept of a triangulation traces back to [1, 2, 3] and therefrom gets its name. The
reader can find information on the historical background of the Coxeter-Freudenthal-
Kuhn triangulation, along with a descriptive introduction, further explanations and
more recent applications, in [21, Chapter 2|. Any of the sets A,(C) admit an interpre-
tation as the convex hulls of the traces of paths in [0,1]¢ with a specific property. We
consider exactly such paths which start in the origin, end in the point e = e; +- - -+ ey,
and only walk along the edges of the unit d-cube in positive direction. To make this
idea precise, let T be the set comprising all tuples

d
T = (T(0),...,T(d)) € [J{0,1}*
=0

33
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of length d + 1 for which
T0)=0, T(d)=e, (3.1.2)

and moreover,
T(i) —T(i —1)]eue =1 fori=1,...,d. (3.1.3)

Then, for T' € T we denote by

d
Cr = { S NT()
=0

the set of all convex linear combinations of the components of 7.

d
Xos -3 A € [0,1], Z)\Z-:l} (3.1.4)
=0

Remark 3.1.1. (i) The set 7 can be characterized by its one-to-one correspondence
with the symmetric group S;. Let T' € T. Due to (3.1.3), the components of T'(7)
differ from the components of T'(i — 1) for exactly one index j € {1,...,d}, for
given i = 1,...,d. Moreover, from (3.1.2) and (3.1.3), we deduce that the sum of
the coordinates

s(T (i) == (T()1 + -+ (T(0))a

is increased by one compared to the value of s(T'(i — 1)), for each ¢ = 1,...,d.
Therefore, defining op(i) := j, where j is the index of the component in which
T(:) and T'(i — 1) differ, we obtain

eopp) = T(0) =T(i—1), i=1,....d (3.1.5)

Taking the sum of (3.1.5) up to a certain index we obtain

i
T(i) =Y ey, i=1,....d. (3.1.6)
k=1
The map @ + op(i) is a permutation on {1,...,d}, indeed. The surjectivity

follows from (3.1.6) and the fact that (7°(0)); = 0 while (T'(d)); = 1 for each
j€A{l,...,d}. Now, op € §; since op maps the set {1,...,d} into itself.

(ii) Vice versa, given a permutation o € Sy, we can find the corresponding element
T € T with o = o by setting T(0) := 0 and T'(¢) := >, _, es(k) for i =1,...,d.
(iii) Let T € T. The k-th component of T'(¢) writes

(T(i)k = Lop(qu,..ip (k) for ki€ {1,...,d}
due to (3.1.6). In particular,
0<Zon(@) € Top(d—1) <" < Top1) <1 (3.1.7)
for x € {T(0),...,T(d)}. Now, the representation

Cr= {CE S R4 ‘ 0< Top(d) < Top(d—1) <...< Top(1) < 1} (318)

is shown as follows. The inclusion ‘C’ holds, because the condition (3.1.7) is stable
under taking convex combinations of points z € R% having that property. On the
other hand, for z € R? it holds

T = Zop(@)T(d) + (Top(d—1) = Top(a))T(d — 1)
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+ (:EO'T(d—Q) - :‘UJT(d—l))T(d - 2)
+ ...
because of (3.1.5). So, if = satisfies (3.1.7), then x € Cy. This proves the inclusion
L27'
For a (d + 1)-tuple of the form

T = (T(0),...,T(d))
= (k+ Tp(0),k + Tp(1),.... k + Tp(d)) =1k + T

for some k € Z4 and Ty € T we set Cr := {k + x|z € Cr,} and o7 := or,. Of course,
k and Ty are unique in the above representation of 7', so there is no ambiguity in the
definitions of Cr and op. Moreover, for each i € {0,...,d} we define an affine linear
function from R into R by

1-— xUT(l) + kaT(l) ifi = 0,
hip(x) == Top(i) — kJT(i) — Zop(i+1) T kaT(i—I—l) if1 € {1, v, d— 1},
Zop(d) — Kop(d) if i =d.

Remark 3.1.2. Let T =k + T for some k € Z¢ and Ty € T.
(i) Let i € {0,...,d}. h% is the unique affine linear function from R? into R which
interpolates the (d + 1)-sized sample (T'(j), dij);—¢ 4> i-e. for which
(T(j),6:5) € {(z,hip(z)) eR* xR|z e R}, j=0,...,d.

In particular,

> hp(x)=1, zeR% (3.1.9)

(ii) Vhy = 1,y (Deon) — Lo,...a—13(1)€gp(ig1) for i € {0,...,d}.

Lemma 3.1.3. (i) Let d € N with d > 2. For x € R it holds x¥(z) = 0 unless
there exists T € T and i € {0,...,d} such that v € C_p(;4p. In that case, it holds
XD (x) = her(iysr(®) 2 0.

(i) XD is a Lipschitz continuous function, supported on [—1,1]%, with values in [0, 1]
and / XD (z)dz =1 for d e N.

R4
Proof. (i) Let T =k + T for some T € T and k € Z with Ny := {T7(0),...,T"(d)}.
At first, we prove the claim
0 € Ny if and only if ‘.%1 —Qj‘j| <1 Vije€ {1,...,d}, x € Npv,
and |z;| <1 Vie{l,...,d}, z € Np. (3.1.10)

If T(ip) = 0 for some ig € {0,...,d}, then we can compute the coordinates of all other
nodes in Ny via (3.1.6). We have 0 = T"(ig) = k + T'(i9) and hence

70 10
T/(i) =k+T@G)=k+T(ig) — Z €or(k) = — Z Cor (k) if 0 <1 <y,
k=i+1 k=i+1
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while
T'i) =k+T@) =k+Tl0)+ D> eopte) = >, €op(ey ifio<i<d.
k=ip+1 k=ip+1

For the coordinates of a node T"(i) € N7+ this means
{(T'();1j=1,...d} C{-1,0}, ifi<ip,

while
{(T'(@)j1j=1,...d} € {0,1}, ifi>io.

In particular, the inequalities on right-hand side of (3.1.10) are fulfilled. To prove the
other direction of the stated equivalence (3.1.10), we now assume that the inequalities
on right-hand side hold true. We choose the index iy € {0,...,d} such that the
node 7”"(ip) minimizes the modulus of the sum of the coordinates |s(z)| with s(z) :=
|z1 4+ -+ z4|, * € Ny, ie. [s(T'(i0))| < |s(z)| for all x € Nps. There are the three
possible cases of either s(T"(ip)) = 0, or s(T"(ip)) > 1, or else s(T"(ip)) < —1. The case
of s(T"(ip)) > 1 leads to a contradiction by distinguishing again between two subcases.
The first subcase to consider is s(7”(ip)) > 1 and i9 = 0. Then, we have

s(T'(d)) = s(T'(0)) +d >1+d

which contradicts |(77(d));| < 1 for all ¢ = 1,...,d. In the second subcase, where
s(T"(ip)) > 1 and ip > 0, we can argue via (3.1.5) that

s(T'(ig — 1)) = s(k) + s(T(ip — 1)) = s(k) + s(T'(ig)) — 1 = s(T"(ig)) — 1

contradicts the minimality of |s(7”(ip))|. Similarly, the case of s(T"(ip)) < —1 leads to
a contradiction by distinguishing between two subcases. If s(T"(ip)) < —1 and ip = d,
then

s(T'(0)) = s(T"(d)) —d < —1—d

in contradiction to [(77(0)),| < 1lforalli=1,...,d. If s(T"(ig)) < —1 and iy < d, then
again by (3.1.5) we obtain

s(T'(ig + 1)) = s(k) + s(T(ig + 1)) = s(k) + s(T(ig)) + 1 = s(T"(ip)) + 1,

which contradicts the minimality of |s(7”(i))|. Therefore, we must have s(7”"(ig)) = 0.
In view of |(T"(i0)); — (T"(i0));] < 1 for 4,5 € {1,...,d}, this implies T"(ip) = 0 and
the proof of (3.1.10) is complete.

Now, we are prepared to approach the proof of statement (i). We start by showing
that (9 vanishes on Cg if 0 ¢ Np. So, we assume that the equivalent statements
of (3.1.10) do not hold. Since max;—1 _4|z; —y;| < 1 for ,y € Ny, there are three
possible cases in view of (3.1.10). Either

Jdi,je{l,....,d}: VeeNp: 14z —z; <0, (3.1.11)
or
Je{l,....,d}: VYexeNp: 1+4+uz;<0, (3.1.12)
or else

Jie{l,....d}: VeeNp: 1—ua<0. (3.1.13)
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For x € Cps there are Ay, ..., \g € [0, 1] with Z?:o A; = 1 such that

d
=K+ > NT() =Y NT'(i), (3.1.14)
k=0

by the definition of Cr, (3.1.4). Since the inequalities of (3.1.11), (3.1.12) and (3.1.13)
are stable under taking convex linear combinations, they generalize to all points x € Cpv,
respectively. Hence x(9)(z) = 0 for 2 € Cp» by construction.

Now, we look at the other case where the equivalent statements of (3.1.10) are
true and say 0 = T'(ig) for some iy € {0,...,d}. In the following, the equality
hi_()T(iO)+T(x) = x9(z) for & € Cp is verified by showing both, ‘<’ and “>’, one
after another. For two affine linear functions f and g from R¢ into R with g(0) = £(0)
it holds

f(z) > g(x) forx e Npp = f(z) > g(x) for x € Cp (3.1.15)

using the linear combination of (3.1.14) for general z € Cps. Because of (3.1.10) and
(3.1.15), the functions a;j(x) := 1+ z; — x;, Bi(z) :== 1 + a4, yi(x) = 1 — x5, © € RY,
with indices 7,7 € {1,...,d}, belong to the family

Apr = {f ‘RY = R|f is a affine linear, f(Cyv) C [0,00), f(0) = 1}

comprising all affine linear functions, which are non-negative on Cy and take the value
1 at the origin. We have 0 = T"(ig) = k 4 T'(ig) and hence 7" = —T'(ig) + T. By
Remark 3.1.2 (i) we obtain hZ_OT(Z.OHT(:c) = do(x) for z € Nps. Through (3.1.15) we can
conclude

hi_OT(iO) (@) < flx) Veelp, fe A,

and so,

7 . d
hBT(io)+T(x) < i,jer?llf.l.,d} ({Oéi,j(l‘), 62($)>71($)}) < X( )(l'), WS CT/-

On the other hand, we can calculate

' 1-— :L'O.T(l) if i() = 0,
hl—OT(z‘o)—&-T(‘r) = Lo (io) +1- Tor(ig+1) if i € {1, v, d— 1},
ZTop(d) T 1 if ig = d,

fqr r € RY using k = 0 if ig = 0, or else k = — 220:1 €, (k) Dy (3.1.6). This implies
hlBT(io) (@) > XD (z) for z € Cqv by construction of x(?. The proof of part (i) of this
lemma is complete.

(ii) We move to the second part of the proof. Since the claim for d = 1 is obvious
from the definition of ), we only deal with the case d > 2. The class of Lipschitz
continuous functions is stable under taking the minimum or maximum of two elements.
So, the Lipschitz continuity of (¥ and also x(?(z) C [0,1], z € R, is clear by
construction, while

supp[x¥] € U C iyt C[-1, 1]4
TET,i=0,....d
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follows from part (i). The equality [ps x(#)dx = 1 is left to be shown. The following
calculation is based on the observation

U Crv \ int(C7v) has Lebesgue measure zero, R? = U Crv,

T'=k+T T'=k+T
kezd TeT kezd TeT

the fact that hi_ () = hi.(z —k) for z € RLTeT, keZ ic{0,...,d}, as well as
the statement of (i), the shift invariance of the Lebesgue measure and (3.1.9). Indeed,

@ (1) d — / @ () d
x\“(x)dx x\“(x) dx
/Rd (@) Z int(Cyr) (@)

T'=k+T
kezd TeT
= Z / hi_T(i)JrT(x) dz
T'——T()+T int(Cpr)
TeT,ie{0,...,d}
_ Z / (z +T()) da
T'=—T( int( CT/
TeTze{O, ,d}
= Y / —Z/ dy—/ ldy =1.
TET ie{0,..d int(C TeT /int(Cr) [0,1]¢
This concludes the proof. O

We analyse the tent function x(? in more detail and fix d € N, d > 2. Tt can be
useful to have an explicit representation for x(# as given by (3.1.21) below. The family
of indicator functions of the sets Cr, T' € T, do not sum up to the indicator function of
the unit cube [0, 1], because these sets have intersection at the boundary. We would
like to have a partition of the semi-open cube

= | | ¢, (3.1.16)

TeT

where C3 is contained in Cr for T € T and the family {C3|T € T} are pairwise
disjoint. The symbol <,; for i € {2,...,d} and o € S; shall denote the relation on R
which coincides with ‘<’ in case o(i — 1) < o(i) and with ‘<’ in case o(i — 1) > o (7).
For T' € T we define

CF° = {o € R0 < 20y (6) <opd Top(d-1) <opd-1-"" <orz2 Top) < 1}, (3.1.17)

Obviously, the topological closure of C%is coincides with Cp for T € 7. In the next
remark we argue why the definition of (3.1.17) matches (3.1.16) and state some im-
mediate consequences of (3.1.16). We set Cf(th = {k +z |z € C¥} and moreover
Nkt = 1C1c(liiT for T € T and k € Z°.

Remark 3.1.4. (i) Let # € [0,1)¢. The lexicographic ordering of the set of tuples
Ay ={(z;,i)|i=1,...,d} defines a permutation o, € Sy by setting

02(j) =1 : <= (x;,1) is the j-th element in the lexicographic ordering

of the set A, in decreasing order.



CHAPTER 3. STANDARD GRADIENT FORMS ON R¢ 39

It holds .
or = o, if and only if = € C$S, (3.1.18)

as we convince ourselves now. We note that (3.1.18) implies (3.1.16), since T' — o
is a one-to-one map between T and Sy. First, if T € 7 and z is an element of
CHs as in (3.1.17), then clearly

Top(l) 2 Top(2) 2 2 Tor(d)-

Moreover, by definition of <4, ;, the strict inequality ;1) > T (;) must hold
for all i = 2,...,d for which o7 (i — 1) < op(i). In other words,

(xaT(l),JT(l)) >lex. (.%'UT(Q),UT(Q)) >lex. * 't lex. (xUT(d),UT(d)) (3.1.19)

is the decreasing lexicographical ordering of the elements of A,. Hence, or =
0y. Vice versa, if T € T such that op = o4, then (3.1.19) holds true and so
Tor(i) <ori Top(i—1) for @ = 2,...,d by definition of <. ;. Therefore, z € C%is.
We have seen, z € C$ if and only if o7 = o, and so (3.1.16) holds indeed.

(ii) As a consequence of (3.1.16) it holds

> mar@) = > ar(z—k)

TeT kezd TeT keZd

= Z 1[071)d($ — k) = 1, T € Rd
kezd

(iii) Due to (ii) we have

XDz)= > mar@)x@), =R (3.1.20)
TeT kezd
In view of supp[nk+r] = Ckir, we derive from Lemma 3.1.3 (i) that

s (x)x(x) = 0 whenever k ¢ {T(0),...,T(d)} for fixed T € T and = € R%. So,
(3.1.20) transforms into

XVe) = > nraer@hlpgr(e), @R (3.1.21)
TET i=0,....d

Let d € N be fixed. We set Ty := {k+T|T € T,k € Z%} in the case of d > 2 and
T+ :={(k,k+1)|k € Z} in the case of d = 1. To minimize the notational effort, given
a tuple T = (7(0),...,7(d)) from T4, we denote the set of nodes {7(0),...,T(d)}
again by T'. For an assignment of weights w : T'— R we define

Vorw = Z (w(z) —w(y))(z—y) € RY.
\ﬂjfy?)l’}llgil

Remark 3.1.5. Let T" € 71 and w a real-valued function on 7. The vector Vyw
is the gradient of the unique affine linear function h from R? to R interpolating the
(d + 1)-sized sample (z,w(x)),cp- If d =1, then

h(z) = w(T(0))(T(1) — ) + w(T(1))(z — T(0)), =z€R,

with
h' =w(T(1)) —w(T(0)) = Vrw.
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In case d > 2 the analogue statement is derived as follows. Due to Remark 3.1.2 (i)
the interpolating function h has the representation

d
h(z) =Y w(T(i)hi(z), =eR™
=0

7

Furthermore, by Remark 3.1.2 (ii), it holds

d

d
Vh=> w(T(i)) Vhi = kz (w(T(k)) —w(T(k —1))) e,
=1

1=0

d
=3 (w(T(k) — w(T(k — 1)) (T(k) — T(k — 1)) = Vrw. (3.1.22)

1

The notational hint at the dimension of the preimage set regarding the tent function
x4 can be dropped without ambiguity because it is always clear from the context. So,
we prefer to write x instead of (%) from here on. As discussed above, y is Lipschitz
continuous and therefore weakly differentiable on RY. Regarding the next theorem we
remark that the sum in (3.1.23) below is locally finite, which assures that the assignment
yields a locally Lipschitz continuous function. For the case d = 1 we complement the
notation by setting nr := 1ip(0)r(1)) for T € T

Theorem 3.1.6. Let d € N.

(i) For the weak gradient of the tent function x it holds

(vx,ei)euc(f) = Z nT(x) - Z T]T(x) dz-a.e.
{—e;,0}CT {0,e;}CT

(ii) Given weights w = (wy)ycza the weak gradient V. w.r.t. the variable x of the
function

Aw(x) == Z wex(z — k), = eRY (3.1.23)
keZd

is the piecewise constant R*-valued function class with

Va(Ayw)(z) = Y (Vowlp)nr(z) de-a.e.
TeTy

Proof. (i) For the case d = 1 the statement of (i) simplifies to the equation

X'(2) = 1_10y(x) = 1p1)(2) = npy () — 0y (2),  z €R,

with 77 := (—1,0) and T := (0,1). As to the case d > 2, we have

d
@) =3 Y m)hp@). @R,
1=0 TeT,
T(i)=0

by virtue of (3.1.21). If x is a point in the interior of Cp for some T" € T, then there are
two possible cases depending on whether 0 € T', or 0 ¢ T'. In the latter case x vanishes
in a neighbourhood of . In the former case, with say 0 = T'(j) for some j € {0, ...,d},
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the tent function x equals the affine linear function h%w in a neighbourhood of  and by
Remark 3.1.2 (ii) in turn yields three subcases in which

1 if j >0 and €51 (5)
(VX €i)euc(r) = (VI €)enc = § —1 if j < d and e, (j11) = €,

= €,

0 else,

1 ifj>0andT(j—1) = —e;,
=q-1 ifj<dand T(j+1) = ey,

0 else.

For the last representation we used (3.1.5). We note that for general T' € T the
condition,

there exists j € 1,...,d with T'(j) =0 and T'(j — 1) = —e;,
is equivalent to {—e;,0} C T, while the condition,
there exists j €0,...,d =1 with T(j) =0and T(j + 1) = e,
is equivalent to {0,e;} C T'. Since
dz(Cr \int(Cr)) =0, Liwey) <nr() <1le,, TeTi,

while } 77 nr = 1ga We conclude

(VX, ei)euc@f) = Z UT(-T) - Z 77T($) dz-a.e.
TeTy TeTt
{—e:,0}CT {0,e;}CT

as desired.
(ii) Using the result of (i) we compute

d

V)@ =3 Y w Y om0 Y e —k))e;
i=1 kezd TeT+ TeT+
{—ei,O}QT {O,ei}gT
d
> Y wu( X m@- Y m@)e
i=1 kezd TeT+ TeT
{k—e; k}CT {kk+e;}CT

I
'M‘L

> (@) (wire, — wiei
i=1TeT, kezd
{kkte;}CT

= nr(z)Vrw|y, =€ R,
€T+

S

This concludes the proof. ]

Remark 3.1.7. In the case d = 1 we have

D x(x—k) = 1 1@ —k)(1+2—k)+1gm(z—k)(1 -z +k)
keZ keZ
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=> 1@ -k +z—k) + 1oy (@ —k+1)(—z+ k)

keZ

= 1pw@) @ +z—k) — 1p_y (@) (—z +k)
kEZ

= Z 1[k_17k)(ac) =1, zeR.
keEZ

For d € N with d > 2 analogous steps can be carried out by means of (3.1.21), (3.1.9)
and Remark 3.1.4 (ii). Indeed, we have

d
Doxe—k)=> > > (e —khp(z -k

kezd kezd i=0 TeT,
T(i)=0
=D 3N m@bi(@) = D mr(a)hi(x)
kezd i=0 TeT; TeT; i=0
T(i)=k
d .
= > > mr(@hip(@) = nr(z) =1, zeR™
TeTy =0 TeTy

3.1.2 Mosco convergence of gradient forms

This section is concerned with Mosco convergence of standard gradient-type Dirichlet
forms with varying reference measure, which exactly fits into the framework of Mosco-
Kuwae-Shioya. The set-up is a similar one as in [31]. One of the main results of
this section, Theorem 3.1.12, imposes no further condition on the limiting Dirichlet
form, other than Hamza’s condition for closability. In particular, in contrast to [31,
Theorems 1.1 and 1.3|, no assumptions on the uniqueness of the domain have to be
made. Afterwards in Theorem 3.1.13, to provide a version of the man result, which
uses milder, ‘localized’ conditions, we also assume the uniqueness of the limiting form
domain in the sense made precise below. The principal tool in this section is the next
proposition. It is the link between the previous discussion on Finite Elements and the
topic of Mosco convergence. We introduce some notation.

For a real-valued function f on R? we set f¥(z) := f(£ — k), z € R%, k € Z¢, and
moreover,

W(f,6,K) = sup {|f(x)— f@)}, 0€(0,00), KCRY,
I

as a value in the extended non-negative real line Rj U{oo}. The following notions used
in Proposition 3.1.8 below refer to the measure space (R?, B(R?), dz). We set 0-0o = 0.
For a measurable, non-negative function f on R? which takes values in Rar U {oo}, we

define
1 lcia = /A fx)dz e RE Ufoo}, A€ BRY),

and
[ fll ooy := ess sugf(x) € Rf{ U{oo}, A€ B(Rd).
S
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Let f,g be bounded, measurable functions on R? such that there exists R € (0, 00)
with f(z) = 0, g(z) = 0 for |z|euc > R. For a locally integrable function h on R? we

set
IJ9n(x _dZ/ (y)dyfX(z), =eR™L

kezd

For a locally da-integrable function f on R we set

fave,r(x) = (27")_d/ f(ZL‘ + y) dy, xT € Rd.

[—r,r]d

Beyond that, in Proposition 3.1.8, the functions {(z) := 1 1)a(z), = € R,

dfx(z):== Y nr(z), zeRLi=1,....d,
TeT:
{—ei,O}gT

and )
:/ E(x—te)dt, zeRY i=1,....4d,
0

play a significant role. For a Lipschitz continuous function u on R? we denote by dju
its weak i-th partial derivative, for i = 1,...d, as an element in the space L>®(R%).
Then, for any integrable function p on R?, the class (9;u)?p is an element in the space
LY(R%).

Proposition 3.1.8. Assume that we are given a non-negative, integrable function p
on R? and a Lipschitz continuous function u with —1 < u(z) < 1, 2 € R The
inequalities (i) to (iii) hold true for every r € (0,00), every g € CLH(RY) and every
measurable function k on R with values in [0,1].

(i) ‘/ (u—Iﬁ"gu)ngda:‘
R4

< llglloo[|wp = I X(8p) || p1 gy + (g, 27 Vd, supp[rp)).

(ii) Vi=1,....d ai(u—l,?"gu)(aig)ﬁpdx‘

‘Rd

(S:€),(df x)(/{

1
< {”8ig||ooH1 + ﬁdp_l(%P)ave,SrHZoo(Rd) ko = Ir 121 (Ray

1
+ 6%(Drg, 4rv/d, supp )07 (59 avear | e oy POt l1 1 gy

(”Z) / |VIX£U’|euc"€pd‘r < Gde ! K’p ave37’H£°° Rd Z H au pHLl Rd
=1

Proof. Let p and u be as above and further r € (0,00), g € C4(R?) and x(z) € [0, 1],
z € R?% be as in the assumptions and fixed throughout this proof. We set p := xp
and start with an abstract estimate, which is used in the proof of (i) and (ii). Let
R € (0,00) and ¢, ¥ be two bounded, measurable functions from R into [0, c0) such
that p(z) = 0, ¥(z) = 0 for |2|euc > R. For h € Cy(R?) the inequalities

h(x)p(e) — I (hp) ()
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= |P@)ate) — 1 (h(@)a() = b)) + B()F0) @)
< |n(@)ale) - h() 17 5()]

4 |h(z) — h(y)| () (y) dyek(z)
kezd

< |n(@)l|pe) - I£ ()

/{y: |y/7'_k|euc§R}
+ w(h, 2Rr supp[p)) I£Y (5) (z) (3.1.24)

are valid for each point 2 € R? The last estimate holds because pX(z) = 0 for
|z/r — K|eue > R. In the following, the proofs of (i) to (iii) are addressed one after
another. To shorten the mathematical notation within this proof, we simply write

(Fh)e = [ Flalh@)ds

during its course, whenever f and h are (classes of) functions for which the integral on
the right-hand side is standardly defined. The verification of (i) starts with an estimate
for IX pin LY(RY). We apply Tonelli’s theorem twice to exchange the infinite sum with
the integral and obtain

§5X _ .—d k K
/]Rd Ir ‘f’dm " Z (Xrﬂ’f‘)g/Rd fr (%’) dz

kezd

:(Z Xkaf|)2/Rd§(a:)dx:/Rd|f’dx

kezd

for an integrable function f on R? under use of Remark 3.1.7 and the transformation
formula. In particular,

/ ISXpdz < 1. (3.1.25)
R4

Again, by Remark 3.1.7 and the transformation formula we conclude IX¢|u|(z) <
lu(z)| < 1, z € R, and hence fRd(Iﬁ’€|ul)|glﬁdx < oco. With the theorem of Fubini-
Tonelli it follows

[ = Bfugpas

ugpda —r~* /R 2 (W)X we(w)aly) dy

/R kczZd
/R

ugpda =1~ [ u@) 3 (xE.07) () da

keZzd

= [ u@)al@)i@) - 15X a7) ) do. (3.1.26)

To find the desired upper bound of this integral as claimed in (i), we make use of
(3.1.24) and also (3.1.25) to end up with

] /R U Ii"%)gﬁdx‘ < /]R gllp = IEX(P)| + w(g, 2Rr, supp[p)) I (5) da

< llglloo |7 = 5 %p| 21 oy + (g, 2Rr, supp[a])
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if we set R := v/d. With that choice of R we ensure that [ 1,1]% is contained in the
centred Euclidean d-ball with radius R and hence x(z) = 0, {(x) = 0 for |z|euc > R.
This concludes the proof of (i).

We turn to the proof of (ii) and fix i € {1,...,d}. We start with some preliminary
calculations, the first of which is an application of Theorem 3.1.6 (i). With

Y m@) = > m-e), zeR

TeT+ TeT+
{0,e;}CT {—e;,0}CT

we conclude
(Vi e0) e (2) = %(vX,eaeuc(% 1)
(d+ (5 k) —dfx(5 —k—e))
= ;((djx),,.(x) — (@0 (@) dasae, keEZh(3.1.27)

The second is a consequence of the translation invariance of the Lebesgue measure
and the fundamental theorem of calculus in the Sobolev space H*°((—r,0)). Since
H'°((—r,0)) contains the Lipschitz continuous functions on [—r, 0], we can write

[ uo) (e @) - @) da
= /Rd u(m)(l[o,r) (z —1k) — 1o, (z +7€; — rk)) dz
= / (u(:ﬁ) —u(z — rei))l[o,r) (x —rk)dz
Rd
0
= / (/ Oiu(x + te;) dt) 1 (z —rk)dz, ke VA (3.1.28)
R4 —r

Then, considering Fubini’s theorem, we continue the above calculation with suitable
transformations of integrals to obtain

0
= / Oiu(x + te;) 1o ) (z — rk) dz dt
—r JRA
0
= / diu(w) o) (z — 7k — te;) dz dt
R4
0
= Oju(z) <r/ 1o, (7 — rk — rse;) ds) dz
R4 ~1
0
=r au( )(/ 1[01)(§7kfsez)ds)dx
—r/ Ou(z) (S )X (z)dz, ke Z% (3.1.29)

With (3.1.27), (3.1.28) and (3.1.29) we arrive at

0L u)(x) = v~ Y 7 (u,€9), (@05 (@) — (@) ()

kezd

PN (g = 6%, (d0r ()

kezd
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= Iﬁd;rX)’(Sig)(aiu)(:p) dz-a.e. (3.1.30)

In a similar way as in (3.1.26) and by taking into account (3.1.30) we find a represen-
tation of the relevant integral in claim (ii). Before doing so, we remark that

@K@= Y m(3)=1 ceR’ (3.1.31)

kezd kezd TeT+
{k—e; k}CT
and estimate
a0, (s _
L5 @) = 7 ST (86K, 1£1),(d 0K (@)
kezZd
< 1 f Nl poo ey 1S6€ 1| 21 ety Z (df x)x(x)

kezd
= ”fHLOO(Rd)7 T e Rd, f c LOO(Rd),

to argue that
df x),(S; ~
/Rd (LE 0 f)|8iu|)|8ig\pdsn < 0.

With (3.1.30) and the theorem of Fubini-Tonelli it follows

0i(u — L) (9;9)p dw

Rd

— [ (@gpds " [ du@) Y (050K (0i9)9),(Si€)¥ () do
Re Rd Kkezd

— [ (@95 - 159 (0,9)9) . (3.1.32)
R4

Similarly as in the proof of (i) above, (3.1.24) suggests how to find the claimed upper
bound for the modulus of the integral in (3.1.32). Before we apply that strategy, we
discuss two more estimates, which allow us to derive the upper bound for the claimed
inequality as stated in (ii). We remark that

(A )5 (@) < 1o (@), (S5 (@) < Lo (@), = €RY,
with
K(k,r) = {.’EERd‘T‘kZ‘—T‘Sl’i <rk; and rk; —r < x; §rkj—|—r,j7éi}
and
K'(k,r) := {33 eRd‘rki < <rk;+2rand rkj <z; <rk;+r,j ;éz}

for k € Z?. These observations together with Y, 74(Si€)K(z) = 1 yield the first
estimate

SO 5y =i 3 / (A )5 ()5 () dy(S:€)%(x)
kezd
Y /yeKk y) dy(S:€)* ()
keZz4: r)

zeK'(k,r)



CHAPTER 3. STANDARD GRADIENT FORMS ON R¢ 47

—d ~ d SZ k
<y [y P D WSO

< 6%Pave3r (1) > (SiOK(@) = 6 pavesr(x), xR (3.1.33)
kezd

Moreover, (3.1.33) further results in a second estimate,

p—l (ﬁ o I”(’Slg)v(d:rx)ﬁ)2

:p—l(ﬁ(ﬁ_lﬁsif)v(djx)ﬁ) b (IS0 ) (SO0 5 ﬁ)>
< |5 = B | 468 e |15 . (3.1.34)

Now, we apply (3.1.32), (3.1.24) and then Cauchy’s inequality together with (3.1.33)
and (3.1.34) to infer

| [ o= IX5)(@i9)p da|

- S:€),(dFx) , ~ 1 (9:8),(dFx) , ~
< / 01l (10291[ 7 — 150 ()] 4 (@19, 4r VA, suppla) 1O (5) ) da
SE(dTX) o\ (13
<110l £ gy {10l [ (1 + 6% P ) (15— )12,

+ 6%(g, 47/, supp[]) 1™ favessrl| o e

This concludes the proof of (ii).
We approach the missing proof of (iii). Again, we fix ¢ € {1,...,d}. By (3.1.31) it

holds
Z/ (S W) dy(df X)) = Y (dF)r(x) =1, z R
kezd kezd

Hence, Iy R g A(z), A € B(RY), defines a probability measure for each x € R
With (3.1.30), Jensen’s inequality, the theorem of Fubini-Tonelli and (3.1.33) we con-
clude

[ @@ @ s = [ (005 0u)@) ) da

R4
< Gd‘}pilﬁa"e»?’THLw(Rd)H(aiu)QpHLl(]Rd)'

The statement of (iii) follows by summing up over ¢ = 1,...,d. This concludes the
proof. O

We give a useful estimate related to Proposition 3.1.8.

Remark 3.1.9. Let ¢, 1 be two bounded, measurable functions from R? into [0, 1]
such that ¢(z) =0, ¥ (x) =0 for x € R?\ [-2,2]%,

— k) — d
, Y(z)de =1 and Z x =1, xzeR%
keZd
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Then, for a locally integrable function f on R? and r € (0, 00) it holds

@)~ It f@)] < 3 |fa —r—d/ F(5)0(y) dy|gk(2)
kezd
Y | @) = F)vE) e
kezZd

Y [ @) = Sy (0)

keZd " p—ye[—4r,ar]d}
< 8U1F(2) — F() e (2), 7 € R

In particular,

|[f(z) = D ()] < 8%(1f(2) = F()Daveur (@), @ €R,

and for every i = 1,...,d it holds

|F() — I 1)) < 891 f(2) = F() o (2), @ € RE.

The starting point for our discussion about symmetric closed forms of gradient-type
and their convergence is a density function p on R? of a certain type specified below.
Its name traces back to [5] and it is famous for providing the closability for such gradi-
ent-type forms as are considered below. In the context of a closable symmetric bilinear
form on a Hilbert space, we use the term ‘closure’ or ‘smallest closed extension’ as they
are defined in [38, Chapter 1| or [20, Chapter I|. This text focusses on convergence
results for such symmetric forms, whose domain is a dense subspace of the respective
Hilbert space.

Condition 3.1.10 (Hamza’s condition). Let p be a non-negative, measurable function
on R? and

R(p) := {ZL‘O e R? ‘ there exists U C R? open: z¢ € U, p~ Yy € LY(U, dx)}

If p(x) = 0, dz-a.e. on R?\ R(p), then p is said to meet Hamza’s condition.

Basically, Hamza’s condition yields continuity of the restriction map u|x, u €
L*(RY, pdz), seen as a map into L'(RY, dx), for every compact set K contained in
R(p). This results in a natural continuous embedding

L*(RY, pdz) — L (R(p),dz). (3.1.35)

Under Hamza’s condition, the partial derivative 0; is a well-defined map from
L2(R%, pdz) N CH(RY) into L2(R?, pdz) N C(RY) for i = 1,...,d. Hence, there is a
gradient operating on classes of functions, Vu for u € L2(R% pdz) N CY(RY). The
assignment

EP(u,v) = / (Vu, Vo), pdz, u,ve L*(RY pdz) N CHRY), (3.1.36)
Rd

yields a densely defined, symmetric bilinear form on L?(R¢, p dz), which is closable. We
denote the domain of its closure on L2(R%, pdx) by D(£P). The action of £ extends
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onto D(£P) and (£P, D(EP)) defines a Dirichlet form on L?(R%, pdz). The latter means
that

OVu)ANl=:veD&P), &EP(v,v)<EP(u,u), forevery uec D(EP). (3.1.37)

In the line above, the operations V and A denote the maximum, respectively the mini-
mum, taken in the sense of p dx-classes of measurable functions. We say that the unit
contraction operates on (£, D(EP)) if (3.1.37) holds. Since convergence in L?(R?, pdx)

implies the convergence in L (R(p),dz), we have a natural embedding

(D(€?),€2(-,)) < HEY(R(p), dx) (3.1.38)

loc

and we have a closed extension of (€7, D(EP)) through the assignment
EP(u,v) = / (Vu, Vu)2epdz,  u,v € Dyax(EP),
Rd
with

Dinax (E°) 1= {u € LA(RY, pda) N HEY(R(p), dx) ‘ / | V|2, pdz < oo}.
Rd

The integrals above, of course, have to be read in the sense of an a.e.-defined inte-

grand w.r.t. the corresponding measure pdz, and we write ‘u € Hllo’i(R(p),dzv)’ for

u € L*(R% pdx), if the image of u under the embedding (3.1.35) is a member of

Hyge (R(p), dz).

loc

Remark 3.1.11. (i) Let p be da-integrable over R%. For every f € Lip,(R%), the
space of bounded, Lipschitz continuous function on R?, there exists a sequence
(fn) nen € C2°(R?) such that limy, oo fo(z) = f(2) for z € RY, while

sup || falloo < || fllo and  sup||0ifulloc < Ly, i=1,...,d.
neN neN

L denotes the Lipschitz constant of f on R?. For example, the sequence ( Jn)nen
can easily be constructed, using standard mollifying techniques, as the convolu-
tion f, := f * pn, where (¢n),cy is an approximate identity. The application |20,
Lemma 2.12 of Chapter I| in combination of Lebesgue’s dominated convergence (to
show convergence in L?(R%, pdz)) is a standard argument with two helpful impli-
cations. For one thing, D(E”) is the minimal domain of a closed symmetric form
extending the action of £ on the pre-domain L?(R%, pdx) N @(Rd). Secondly,
the class L2(R?, pdz) N ij/b(]Rd) is contained in D(EP).

(ii) In the case d = 1, some authors prefer the alternative description of Dyax(EP)
written as

{u elL? (R, pdx) | there is an absolutely continuous function f

on R(p) with f = u, dz-a.e. on R(p), /

(f)?pdx < oo}.
R(p)

Both representations are equal, as one for example can check with [11, Section
1.1.2].



50

The formulation of the next theorem uses the term of a 1-capacity associated with
(EP,D(EP)). It refers to the definition from [38, Chapter 2|, where it is shown, alongside
other potential theoretic properties of Dirichlet forms, that the assignment

Capy(U) := inf ({&f (u,v) } u € D(EP), u > 1 holds pda-a.e. on U})
for an open set U C R? (with inf()) := o), and

Cap;(4) ;== inf Cap;(U)
UCR? open
ACU

for an arbitrary subset A of R?, yields a Choquet capacity on R?.

Now, let p and py, for each N € N, be probability densities on R? which
fulfil Hamza’s condition 3.1.10. We assume the weak convergence of measures on
R, regarding the sequence (py dz) Neny With limit pdz, as well as the inclusion
supp[pn dz] C supp[pdzx], N € N, concerning their topological support. We use the
conventions introduced in the end of Section 2.1.

Theorem 3.1.12. If there is a sequence (), 0f relatively compact, open sets in
RY with cl(Q) C Qmy1, m € N, such that the 1-capacity associated with (E°, D(EP))
of the set R%\ Q,,, converges to zero as m tends to infinity and moreover

Ym e N: limsup sup HpN PN avefHﬁoo(Q ) <0 (3.1.39)
k—oo Ne m
as well as  lim limsup/ (|lon(z) = pn()|) 00 2 (2) dz = 0, (3.1.40)
k=0 Noco Jan, ave,

then (EP,D(EP)) is the Mosco limit of the sequence (EPN, D(EPN)) yen-

Proof. We start with the proof of property (M1). Let m € N be fixed in the first part
of this proof. There exists a continuously differentiable function ,, on R? with

Lo, (@) < km(z) < 1q,,,(z), zeR%

The densities kmymp and km,pn, for N € N, fulfil the Hamza condition 3.1.10 and more-
over Kpypdaz is the limit of the sequence (kmpn d:c)NeN in the sense of weak measure
convergence on R%. Referring to the structure of the disjoint union

H,, = L? (R Kmpda) U ( |_| L2 Kmde.Z‘)>
NeN

we have the strong convergence of | VO uleue = PN| Vleue towards | Vuleye as N
tends to infinity, for each u € L?(RY, k,,pdz) N C 1(Rd). This conjures up a situation
as in (2.2.16) of Section 2.2.2, where in particular, (D(EFmPN) Egm™PN), N € N, form

a sequence of converging Hilbert spaces on their own right with asymptotic space
(D(EFmP), E4™P) for a € (0,00). We set

HEQ = (D(EFmP), £rmP) u( || (D(gnmpw),egmﬂw)), a € (0, 00).
NeN

We discuss certain compatible classes in ’Hf{l. The first observation concerns the as-
signment A, : w +— Ayw as in Theorem 3.1.6, which maps a lattice weight w € RZ?
into the space of locally bounded, locally Lipschitz continuous functions on R%. We



CHAPTER 3. STANDARD GRADIENT FORMS ON R¢ 51

set Ay, w(z) == Ayw(x/r) for € RY, w € RZ’ 1 € (0,00). Furthermore, we define a
finite-dimensional subspace of the bounded Lipschitz continuous functions on R? by

Vi = Ayr ({w € R%* | wk =0 for k € Z% rk ¢ Qmia}), 7€ (0,00). (3.1.41)

We fix r € (0,00) and an element u € D(EP) N ‘7m,,«, say

- Z ka(E — k) Kmp dz-a.e.
keZd "

for some w € de, wg = 0if rk ¢ Qp,40. The weak gradient of u is calculated with
Theorem 3.1.6 and the chain rule. Since nr is the indicator function of a set which has
negligible boundary w.r.t. the Lebesgue measure for T' € 7, we conclude

EMmP(u,u) ) Z ‘va’T‘euc/ ( )p(x)nm(m) dx

T€T+

= lim 7«2 > |va|T|euc/ )pN( )i () daz

TeT+
= lim E"PN(DdNyu, Pyu). (3.1.42)
N—oo
by virtue of the Portmanteau Theorem. Due to (3.1.42) and the fact that V,,, is a
finite-dimensional vector space for fixed r € (0, 00) we find ourselves in the situation of

Remark 2.2.7. So,
- U IIpemnt,
r€(0,00) NeN

is a compatible class in Hm’ . The next step in the discussion of compatible classes
requires some preliminary observations. First,

/Rd (}/{m($)pN(ﬂ3) - ’{m(')pN(')Dave,r(x) dz
< /Rd (K'm(x)‘pN(x) - pN(')l)ave,r(x) dz
e [ o) = o () o)

< / (’pN(SL‘) - pN(-)Dave’r(x) dz + w(km, rvVd, cl(Qmi1)) (3.1.43)
Qi1

for r € (0,00) and N € N. The next observation refers to the case where r > 0 is small
enough such that

{:U € R4 ’ x—y€E|[-r, r]d for some y € cl(QmH)} C Qo

If so, then for N € N it holds

Hp]:fl(ﬁmpN)ave,rHLOO(Rd) < Hpﬁl(1Qm+1pN)ave,rH£°°(]Rd)

g Hp]i\fl(pN)ave,rH[pO(QmJﬂ) (3144)

and moreover

D(EF™PN) A Vi = D(EFPN) N Ay (RE).
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Let
Fy = {f e LipRY) | |f(z)] <1, z € R, and / | Vf2epnde < 2}, N €N,
Rd

and further -
cyr =[] D) N Fy.
NeN

We want to apply Prop051tlon 2.2.8 to show that CLlp is a compatible class in HS{I.

To this end, let (“N)NeN € Cm and 2y be a representative of uy in Fy for N € N.
We denote the k,pn dz-class of Iﬁ"gﬂN in by ug\?) for N € N and r € (0,00). For each

v € L*(R%, kmpdz) N C(R?) there exists a zero sequence (1)
such that

ren of positive numbers

hmsuplé’“mpN(uN—uN , P v ‘—G— ‘/ uN—uN (Q)]N\fv)/imdex

N—oo

converges to zero for k — oo, due to (3.1.43), (3.1.44), the assumptions of this theorem,
together with Proposition 3.1.8 (i) and (ii) and Remark 3.1.9. Moreover, by (3.1.44)
and Proposition 3.1.8 (iii) we may additionally assume

sup sup &N (u% ) u(NT")) < 00.

keN NeN
Hence, the assumptions of Proposition 2.2.8 are fulfilled by the choices V :=
L2(R%, kppda) N CERY), C:= CY, and

A= | | D(E"N) N Fy
NeN

proving that C%p is indeed a compatible class in ”Hg{l. We look for yet another com-
patible class in H5;' which is large enough to conclude the proof of (M1). Let N € N.
Each element u € D(EPN) can be approximated in the Hilbert space (D(EPN), EMN) by
a sequence in L?(py dz) N CLH(R?) by construction. Since (£PN,D(EPV)) is a Dirich-
let form, each element u € D(EPN) with |u(z)| < 1, py dz-a.e., can be approximated
weakly in the Hilbert space (D(EPV), EYN) by a sequence in

{—1VvA1\veL2(deﬂ:)ﬂ5;1(Rd)}

applying [20, Lemma 2.12 of Chapter I|. In particular, the fact that ChPiga compatible
class implies that also

C,, = H {u € D(ErmPN) ‘there exists v € D(EPN) such that
NeN

EPN(v,v) <1, |u(z)] <1 holds py dz-a.e.,
and u(z) = v(z) holds Ky pN dx—a.e.}
is a compatible class in ’Hf{l, again by Proposition 2.2.8. The class of C,, serves

our purpose. Closing our discussion on compatible classes we turn towards the actual
verification of (M1).
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The strategy is to make use of Lemma 2.2.3. To check that the condition specified in
Lemma 2.2.3 is satisfied with C := L?(R%, pdz)NCy(E), it suffices to show the following
claim: We fix ¢ € C and set uy := GY®%¢ for N € N. Possibly after rescaling ¢ with
the factor 1/]/¢||s, the sub-Markovianity of the resolvent operator GIV associated with
EPN yields

(uN) yen € H {veD(ErN) | lv(z)| <1, py dz-a.e., and EPV (v,v) < 1}.
NeN

We claim that any weakly converging subsequence (uy;,)
the topological structure of

pen With limit u*, referring to

H = L2(R%, pda) U ( | | L2®% px da:))
NeN

now, fulfils

u* € D(EP) with &EP(u*,u™) < 1ikn_1gf5% (un,, un,)- (3.1.45)
Let m € N. In the following, we denote the class in L?(R%, k,,pn) which coincides
with uy in Kk, py dz-a.e.-sense again by uy. Analogously, we denote the element in
L?(R?, K, p) which coincides with u* in k,,p dz-a.e.-sense again by u*. If a subsequence
(un,, ) ke 18 given as above, then (un, ), oy converges weakly towards u* in H,, for every
m € N. Moreover, (un)y¢y is @ member of C,,. Since every sequence in

[T {veDErmen) | e (v,v) < 2}
NeN

has a weakly convergent subsequence in ’Hfﬁl and C,, is a compatible class in ’H%’l,

for every m € N, we can achieve the following, by repeatedly dropping to a suitable
subsequence: For every subsequence of (uy)ycy converging weakly to u* there exists
a (sub-)subsequence such that

k . k .
un, = u*inH and uy, — u*inHEL, meN. (3.1.46)

This includes the statement u* € D(E"mP) for each m € N. As a consequence of
(3.1.46) and the weak convergence of (un, ),y towards u* in H,, we obtain the weak

convergence of (un, ),cy towards u* in HE for every a > 0 and m € N. In particular,
EFmP(u* u*) < liminf ENmPNE (uNk,uNk)
k—o0

< liminf % (uy,, un,), >0, meN. (3.1.47)
k—o0

Next, we settle an issue with the domains. Let m € N. From u* € D(E%m+1°) we can
infer kp,u* € D(EP) as follows. Indeed, if (¢;),cy is a sequence in C} (R?) such that

. (2 . 2
lim d‘(pl—u ‘ Kmiipdz =0, lim sup/d‘V(apl—golo)‘ Kmi1pdr =0,
R R

l—o0 lo—00 >[4

then, with kp,+1(z) = 1, € supp[k], and the chain rule, it follows

lim ‘/@'mgol - /ﬁmu*}Zpd:U =0 and
=00 JRd
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lim sup/ |V (kmpr — fmer,) | pda = 0,
loﬁool>lo R4

proving kp,u* € D(EP). Since u* coincides with xk,u* on €,,, and by assumption
(cl(€2m)) men is @ nest w.r.t. the Dirichlet form (€7, D(EF)), the fact that u* € D(EP)
follows from the uniqueness of Silverstein’s extension for (£, D(EF)), as provided by
[26, Theorem 6.2] (not exclusively). By letting « tend to zero and then m tend to
infinity in (3.1.47), we obtain the inequality of (3.1.45) as desired. Only (M2) is left to
show.

The verification of (M2) is analogous to the beginning of this proof, where the
convergence of the Hilbert spaces (D(EFmPN) EF™PN), N € N, has been considered.
Now, referring to the structure of H and defining (%) vy accordingly as in the end
of Section 2.1, we have the strong convergence of | V®7y; u|euc = ®%| Vuleue towards

| Vtt|eue @as N tends to infinity for each u € L%(pdzx) N Cl(]Rd). Thus, we have a
situation, where the condition of (2.2.16) from Section 2.2.2 holds regarding the forms
(PN, D(EPN)) on L2(RY, py dz), N € N, together with (£, D(EP)) on L2(R?, pdz).
Remark 2.2.5 then provides property (M2). This concludes the proof. O

A localization of the conditions in Theorem 3.1.12 would be desirable, as a plain
example can explain. We consider the Hamza density p = py = 1,1y, N € N, on
R?. The corresponding form (£°,D(£P)) defined as above for that choice of p is the
standard energy form of the Sobolev space with D(EP) = H'2((0,1)¢). Even in that
simple case the conditions of Theorem 3.1.12 are violated, because the 1-capacity of the
boundary A of (0,1) is strictly positive. In other words, H3’2((0, D4 # HY2((0,1)9).
It is therefore not possible to choose €2, in the assumptions of Theorem 3.1.12 such
that 2, C R\ A holds for all m € N. On the other hand, if z € A and = € Q for
some open set 2 C R%, then obviously ||p™ (p)ave,r || () = oo for every 7 > 0 due to
Pave,r(x) > 0. In such situations, one way out can be Dpax(EP) = D(EP), as certainly
holds true in the given example, because this means the property ‘u € D(EP)’ can be
checked locally. The vast part of the proof of Theorem 3.1.12, including the discussion
on compatible classes, works independently from the assumption that the 1-capacities
of (RT\ Q,),,cn converge to zero. All steps to obtain the estimate of (3.1.47) are
valid under the condition that (£2,),,cy is a sequence of relatively compact, open sets
in R, such that for m € N: cl(Q,) C Qny1, (3.1.39) and (3.1.40) hold, while ,, is
continuous with

1cl(ﬂm)('r) < k() < 1Qm+1( z), @€ R,

Theorem 3.1.13. If
D(EP) = Dmax(EP)

and moreover for all xg € R, there exists an open neighbourhood € of xg, such that

kli}n;o;up HpN (pN avefHLOO < 00 (3.1.48)
and  lim limsup/ (|pN(ac) — pN()D 1 (z)dz =0, (3.1.49)
k=00 Nooo JO ave,

then (£P,D(EP)) is the Mosco limit of the sequence (EPN,D(EPN)), N € N.

Proof. Defining

1
U = { € R(p) N (=m,m)? |y € R(p) holds, if y € R, |y — wlene < —
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for m € N yields a sequence of relatively compact, open sets in R?, such that cl(£,,) C
Q41 C R(p), m € N, and
R(p) = U Q.
meN
For fixed m € N there is a finite open cover {U; |i = 1,... 1}, with [, € N, for the
compact set cl(€2,), such that (3.1.48) and (3.1.49) from above hold with = U; for
i1=1,...,ly. Since l,, depends neither on k, nor on N, obviously

. . -1
for all m € N it holds klgrolo ;ilzo lon (pN)ave%HCm(Qm) < 0

and  lim limsup/ (‘pN(x) - pN(-)‘)ave 1(z)dz =0.

k=00 N—oo m 'k

Addressing property (M1) now, we proceed exactly as in the proof of Theorem 3.1.12
until we reach to (3.1.47). For m € N, k,,, denotes a continuous function with

La@,) (@) < km(z) < 1g,.,,(x), 2 €R%
If we can deduce

u* € D(EP) with EP(u*,u*) < likminprNk (un,, un,) (3.1.50)
—00
from the fact that u* is the weak limit in H of (un, ), ey, Where uy, € D(EPNx), while
assuming u* € D(E"mP) with

Eam/(u” u') < Hminf £ (uy, uny )

< liminf EY"* (uy,, un,), a>0,meN, (3.1.51)

k—o00
then (M1) is shown. This task has been dealt with in the proof of Theorem 3.1.12,
as well. Here, however, there is an even faster argument to show this claim, due to
the additional condition on the form domains. The conclusion v* & Hlloi (R(p),dx) is
immediate from u* € D(E%P), m € N, because each compact set K with K C R(p) is
contained in €, . for a suitable choice mx € N and hence K C R(fm p). Furthermore,

by monotone convergence we have

/ ‘ Vu*|?.pdz = sup / } Vu* |2 o kmpdz = sup EFmP (u*, u*).
R(p) meN J R(p) meN

Letting « tend to zero in (3.1.51) we conclude the proof of (M1). The verification of

property (M2) runs completely analogous as in the proof of Theorem 3.1.12; as the sets
(4)men Play no role there. This concludes the proof. O

3.2 Modifications

3.2.1 Perturbation with densities

There are cases, in which (3.1.39), (3.1.40), (3.1.48) and (3.1.49) from the conditions
of Theorem 3.1.12 and Theorem 3.1.13 are particularly easy to verify. One may think
of a sequence of probability densities (pn)ycy constituting an equi-continuous family
of strictly positive functions on R%, for example. In other cases, the situation may
be more obscure. The motivation behind the subsequent analysis can be explained as
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follows. If one finds a factorization py = pnp% for each N € N in such a way, that
the conditions of Theorem 3.1.12 and Theorem 3.1.13 are known to hold regarding the
sequence (p?V)NeN, then py can be thought of as a perturbation of p%, with distorting
density py. Sometimes, the quantity, by which we can decide whether (pn)yey is
admissible as a sequence of perturbing densities, becomes surprisingly simple, if the
functions py belong to a particular class. This is the case in Lemma 3.2.1 below. It
considers the class of real-valued functions on R? which are monotone on each line,
parallel to the coordinate axis. The only other property, the sequence of perturbing
densities has to meet, is a uniform bound of the supremum norm, whose local existence
even suffices regarding (3.1.39), (3.1.40), (3.1.48) and (3.1.49) of Theorem 3.1.12 and
Theorem 3.1.13. Our interest in the class of functions with the named monotonicity
property is invoked by a generalization of a problem for d = 1. We ask the following.
Let (p%) ~Nen be a sequence of probability densities, which meet the above mentioned
conditions (maybe even p3, =1, N € N), and gy = exp(—fn), where fy is a function
of bounded variation on R, for N € N. What conditions for (fx)ycy make a pertur-
bation result for (pnpRy) ey available? Writing fy = far— [ as the difference of two
bounded, monotone increasing functions we get py = exp(—fy)exp(fy). Hence, we
may assume the monotonicity when answering that question. As the supremum norm
of f;\r,, respectively fy, from the decomposition above are bounded by the total vari-
ation of fx, the essential condition on (fx)ycy states that the total variation norms
of that sequence are bounded. The merit of a perturbation result can also be seen
from the other point of view. If we successfully validated the conditions of Theorem
3.1.12 and Theorem 3.1.13 for the densities (pn)ycy We are interested in, then we
get the statements of those theorems for the whole family {(pnpn)y} of all certified
perturbations ‘for free’.

Below, distpax(A, B) denotes the distance of two subsets A, B C RY w.r.t. the
maximum norm |@|mayx := max;—1,__q|z;|, z € RY, ie.

distmax(A, B) := inf {|m — Y|max ’ reA ye B}.

Lemma 3.2.1. Let f be a non-negative, da-integrable function on R?, Q € B(RY) with
non-empty interior and r € (0,00) such that

5= [ (7@ = FODear(a) do < .

If a measurable, non-negative and bounded function g on 2 satisfies one of the mono-
tonicity properties

9($17‘.-7xd)§9(y17---,yd) fOT’ x7y€Q:$1§y17”'7xd§yd7
or
g(xlau-vxd)29(917---7%!) fO’f' ‘r7y€Q:x1§y17“'7xd§yd)

then
| 160)@) = @NO]) e o) do < (1425 dsup g(a)

e

for every measurable set Q' C Q with distpax(Q, R\ Q) > 3r.

Proof. We focus on the assumption

g(xlv'”axd)Sg(ylw"ayd) fOI' xvyEQ:xlgyla”'adeyd7
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because the other case works analogous. Let 7 € (0,00) and sets ' C Q € R? be fixed
as above with distypay (', R?\ ) > 3r. Using the estimate

lg(z)f(x) —g(y) fW)] < g(@)|f(x) = fW)]+ fWlg(z) —g)], z,y€Q.

we obtain
/, ([gh) (@) = (9F)0O)]) gy () da
S //g(w)(}f(x) B f(')‘)ave,r(x) dx +/ (f()|g($) - g(‘)‘)ave,r(x) dx. (321)

/

We define
Q. ={ze R4 | distmax(z, ) < r}.

and f = 1, f. To bound the second summand on the right-hand side of (3.2.1) we
estimate

L e+ wlat) o+ iy
< [ rre —g—re) [ fatyaya
< [ lote+re)—gte—re) [ fr sy

—/ g<w>/ f(z—re+y)— fla+re+y)dyde
R4 —r,r]d

< Lot [ |fa—resy—fw)

+ | f (@) —f(x+re—|—y)|dydx. (3.2.2)
We observe that by distmax (€2, R\ 2)} > 2r it holds
[ Jfwsn-F@ldy= [ |f@sy) - f@)dy=o
[—2r,0]¢ [0,2r]¢

for z € R?\ Q. To bound the right-hand side of (3.2.2) by the value 2sup,cq g(2) we
calculate

/(x)/ fw—rety) — ()| dyde

/ / flz+y) — flz)|dyd=

Rd 2 o]d

/ / flx+y)— f(z)|dyd
[—2r,0

<supg(z // flx+y) — (m)’dydaz
2€Q [—2r,2r]d

and analogously

/d / ) m+re+y’dydaz
R [=r,]



o8

= [ [ Ve = fe]dyas
< fot [ 1) s ayas

<swpo(e) [ [ 1S @] v

z€Q

Now, the claim of the Lemma follows from (3.2.1) and (3.2.2), since

// |f@+y) = f(2)| dyda < 2%.
0 J[—2r2r)d

O

The question we have ignored so far in our discussion on perturbations concerns the
weak measure convergence. Whether or not the weak convergence of measures p%; dz
towards p° dx for N to infinity implies the same property for a perturbation pyp%; dz,
N € N, in relation to pp° dx, is unclear - even more so, if the perturbing densities do not
represent continuous functions. One strategy to obtain the desired convergence emerges
from Lemma 2.1.3, by re-interpreting the problem as a question of weak convergence
within the frame of converging Hilbert space L2(p§’v), N € N, with asymptotic space
L?(p°). For that matter, Lemma 3.2.3 below can provide the required majorante and
minorante for a sequence of monotone functions. We consider the case d = 1. For two
bounded, monotone increasing functions f, g on the real line let

d*(f,9) :zinf{é > O’Va? eR: flx+d)+02>g(x)
ANglx+0)+d> f(x)}
Remark 3.2.2. We have
flx+8)+0>g(x)> f(x—0)—0§ forallz € Rand d > d*(f,g)
for two bounded, monotone increasing functions f, g on R and hence

[f(z=6), flx+0)]N[g(x) —6,9(x) + 6] #0, z€R,§>d(f,9).

Lemma 3.2.3. Let f and f,, n € N, be bounded, monotone increasing functions on R

with limy, o d*(f, fn) = 0.

(i) For e > 0 there exist bounded, continuous functions, fmine g d fmin,e forn € N,
such that

inf f,(y) < f20e(z) < fo(z) forz €R, neN,
yeR

‘fmin,e(x) _ f(l‘)’ < f(l‘) _ f(;p — 5) forz e R
and

nlggo Hf;nin,a _ fmin,a”oo —0.

1) Stmilarly, for € > 0 there exist bounded, continuous functions, Fmaje gnd ;ﬂnaj’g
Y
forn € N, such that

ful@) < f295(z) <sup fu(y) forzeR,neN,
yeR
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|/ (@) — f(2)| < fe+e)— f(z) forzeR

and }

mayj,e maj,e —
lim [|fpebe — froebe]|
Proof. Ttems (i) and (ii) are treated simultaneously. Let ¢ > 0 be fixed throughout
this proof and & := /3. At first, candidates for the functions f™ime  fmaje S and
fn®€ are defined. Then, it is easy to see and is shown by elementary calculations that
the candidates possess the stated properties indeed. Let (o), be a partition of unity
on subordinate to the cover (Iy),c, with Iy, := (ék — &,k + &) and ¢} € Ceomp (1)) for
k € Z. There exists N € N such that §,, := 2d*(f, f,) < éforalln € N, n > N. We
choose

Yn(k) € [fu(Ek = 0p), fa(Ek +0n)] N [f(Ek) = 0p, f(ER) +60], k€ Z,n>N,

and define
Frme(@) =" fER)ppga(x),  fU5(@) =) f(Ek)pr—a(z), z€R,
kEZ keZ
as well as

franiM Zyn )err2(x

kEZ
fmaie (g Zyn Jpr—2(z), xz€R, neN, n>N.
keZ

Although the statement of this lemma bears relevancy only for the asymptotic of n —
oo, we want to define

Fe (@) =Y falEk)ppya(2),

keZ
fmale (g = an(ék)gak_g(x), reR, neN,n<N,
k€EZ
for the sake of completeness. The rest of the proof is a verification of the desired
properties by simple estimates, which shall be displayed here only for the case of (i), as
(i) is analogous. Let n € N. We have inf,cr fr(y) < fming (). 2 € R by construction.

Moreover, if x € R and k € Z such that = € [€k,Ek +€), then pr(x) + pr4+1(z) = 1 and
monotonicity yields

W (@) <D falEl + Oprpa(x)

lEZ
= fu(E(k = 2) + &) pr(x) + fu(E(k — 1) + &) pppa (2)
gfn( ) k:( )+fn( )ka-i-l(x):fn(:p)'

Next, again with z € R and k € Z such that « € [k, ék + £), it holds

|F0 () = fl@)] < Y 1F(E) = f(@)|era()

€7
= [f(e(k = 2)) = f(x)lor(@) + |f(E(k = 1)) = f(@)]prt1(2)
< (f(ﬂU) — flz — 35)) (<Pk(33) + <Pk+1(36))
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= f(x) = f(z —e).

This yields the second of the stated properties in (i). Finally, the last property follows
from the estimate

[ Fe (@) = @) < D lyn(k) — FER) ppra(z)

keZ

< 5n290k+2(90) =2d"(f, fn), we€R.
keZ

This concludes the proof O

3.2.2 Mosco convergence of superposed forms

The key for the disintegration method, which derives a result on Mosco convergence
of gradient forms in infinite dimension and is the topic of Section 4, lies in the super-
position of one-component forms on the real line. Here, a bit more general, we use
the analysis of compatible classes from Section 2.2.2 to derive a convergence theorem
for superposed standard gradient forms on R?%. To this end, we consider a sequence of
mixing measures (Vn)ycn, Borel probability measures on a completely regular Haus-
dorff space E. Furthermore, we assume that each finite Borel measure on E is a Radon
measure, as would be true for a Suslin space. For N € N respectively, the gradient
forms which are superposed have reference measures my(z, A), A € B(R?), depending
on a variable z € E. Hence, we define my(z,-), z € E, as Markov probability kernel
from (E,B(E)) to (R%, B(R%)), that is

mn(z,-) is a Borel probability measure on R? for each z € E,

my (-, A) is a measurable map from E to [0,1] for each A € B(R?).

The idea of the proof of Theorem 3.2.9 is a similar one as developed for Theorem 3.1.12.
Therefore, we need to transport the essential ingredients provided by Proposition 3.1.8
into the current setting. This is done in Proposition 3.2.4 below. Dropping the index
N, let v and m(z,A), A € B(RY), z € E, generically be a Borel probability on E,
respectively a Markov probability kernel from (E, B(E)) to (RY, B(R?)). We define the
semi-direct product of v and m as the probability measure,

(v xm)(B) = /Ede 15(z, x)m(z,dz)dv(z), B e B(E xRY).

In the following, we assume that m(z,-) is absolutely continuous w.r.t. the Lebesgue
measure dz for v-a.e. z € E and that p(z,2), (z,2) € E x R% is a non-negative,

measurable function on E x R with p(z,-) = “ff;”), v-a.e. z € I,

Proposition 3.2.4. Let u € By(E)®Lip,(RY) with —1 < u(z,2) < 1 for (z,7) € ExR?
such that

[E / | Ve, ) Pucl@)m(z, de) dv(z) < .

The inequalities (i) to (iii) hold true for every r € (0,00), every g € By(E) @ C}(RY)
and every measurable function k on E x R® with values in [0,1]. Let

Cr =6 esssup p (2, 2)((kp(2,))ayes (¥)) wrt vxdzr and
(z,0)e ExRE '
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Cr = 8d/ |(kp) (2, @) — (kp(z,"))ave,ar (@) | dz dv(2).
ExR4

0 ][ () = 1€t ) @) gm) ) Al x m) 2,

< crllgllos + iggw(g(z, ), 2rv/d, supp[(kp)(z, )]).

(ii) ‘[ER (Vu(z,-) = VI¥¢u(z,-), Vg(z, ), (@)K(z, ) d(v x m)(z,x)’
< (VerT+C8y + Cry(n)
([ 190t < me0)

where By € (0,00) is a constant and v4(-) is a function on (0,00), which only
depends on g, and lim,_,oy4(r") = 0.

(ii1) | VI u(z, ) 2 (@) (5p) (2, ) d(v x m) (2, )
ExRd

2
<c, /E [ IVl Bala) Al m) ).

Proof. For fixed z € E the function u(z,-) is a Lipschitz continuous function on R?
with values in [—1,1]. The strategy is the same for each of the estimates. We apply
Proposition 3.2.4 in combination with Remark 3.1.9 onto the inner integral over R. In
case of (i), this reads

‘ /Ede (u(z,x) — ISz, V(@) (gr) (2, 2) d(v x m)(z, $)‘
< /E /Rd (u(z,x) — Iff’fu(z, -)(m))(g/{)(z,x)p(z,x) d;p‘ dv(z)

< [ 80 [ 100)(22) = (022 et 0)] ()
E R4

+ iggw(g(zn ), 2rvVd, supp|(kp) (2, )])

and the claim is shown. We address the case of (ii). For i = 1,...,d we have by the
same method

‘/Ede 0 (u(z, ) — I¥€u(z, ) Big(x)k(z, 2) d(v m)(m)‘

\u\z, ) — ’glLZ' g\ T )R\ 2, T xr rlaviz
< L] [ 20 = 1¥ute )o@y a)pta) da] dv(z)
< sw (9iglsn)VIT G

(z,x)EExRY

< (5[ 100)e) = (e e o) o)

1
2

=

« / Giu(z, ) (@) Polz, ) de)* du(z)
Rd
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+ Crsupw(|dig(, )], 4rV/d, supp|(rp) (2, -)])

« / (2, ) (2) 2p(z, ) dx)é dv(z)
Rd

On the first summand of the right-hand side we apply the Holder inequality and on the
second summand we apply Jensen’s inequality, both on the outer integrals w.r.t. dv.
After this, the right-hand side admits the upper bound

( sw g a)Vel+ )
(z,m)€ExR4

+C, ilelgw(@g(z, IR 4rv/d, supp|[(kp)(z, )D)

: </Ede |Gz, ) () Pm(z, dz) dl/(Z)>%

The claim of (ii) now follows from the inequality

d d
;aﬁ = d(ig?f{,dm') (;b); as, b; € (0,00),

by summing up over i. The prove of (iii) follows with the same strategy as (i). O

To be able to define a symmetric closed form on L?(E, v xm) as the superposition of
standard gradient forms on R?, the Hamza condition is required to hold in v-a.e. sense
for the disintegrating densities. We impose the following condition.

Condition 3.2.5. The density p(z,-) meets Condition 3.1.10 for v-a.e. z € E.

Hence, for v-a.e. z € E the gradient form £°(*) is defined on L?(R% m(z,-)). We
recall the natural embedding (3.1.38) from Section 3.1.2 to understand in which sense
the next two definitions should be read. Let

D) = {u € L*(E xR, v x m) ‘ u(z,-) € D(Sp(z")), v-a.e. z € E,
Vu(z,)(z) = V(z,2), (v x m)-ae. (z,2) € E x RY,
for some element V € L? (E x R RY, v x m)}

and
E(u,v) = /Ede (Vu(z,-)(z), Vo(z, -)(x))euC dm(z)dv(z), u,v e D(E).

We commit ourselves to the approximation of (£,D(€)) in the sense of Mosco now.
Before we start, some preliminaries and notational matters are handled. For a set M
and functions f : E — M, g : R? — M, we define (f x g)(z, x) := (f(2),9(z)) € MxM
for (z,x) € E x R%. We now assume additionally that F is a locally convex topological
vector space. The topological dual of E is denoted by E’. The linear space

FCy:={F(ly,...,lm)|meN, F e Cy(R™), l,...,l;m € E'} (3.2.3)

induces the set L?(E,v) N j-"\C’/b, a dense subspace of L?(E,v), which plays a distin-
guished role in the subsequent discussion. For a proof of the density of this subspace,
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see [17, Remark 3.1] and the references therein. The statement also holds with FCp°,
instead of FC},. The latter is defined by re-writing the right-hand side of (3.2.3), while
replacing Cy(R™) by € Cp°(R™). For a linear space V' of functions from E to R and a
linear space W of functions from R? to R we define the algebraic product V@ W as the
linear span of the set {f(2)-g(x) | f € V, g € W} within the vector space of real-valued
functions on E x R.

Remark 3.2.6. Let V be a linear space of functions from E to R. If V is dense
in L?(E,v), then the algebraic product V ® C£°(R?) induces a dense linear subspace
L*(E x R,y x m) N (V @ C2(RY))™ of L2(E x R,v x m), which is even dense in
(D(€),&1). Indeed, let A be a countable subset of Cg°(R?), whose linear span is dense
in C’l} (RY) w.r.t. the topology of local uniform convergence of functions and their first-
order derivatives. A sequence (), cy converges to ¢ in that topology if and only
if

lim su[]% (|Spn — (,0‘ + ’ Vi, — v90|euc) =0
€

n—o0 x

holds for every compact set K C R%.

Then, from

[ 16) [ ule)ot@) + (Vule, ) (a), V(@) o dm(z do) dv(z) =0
E R4
forall feVand p e A

for given u € D(E), we can conclude
/ u(z, x)(x) + (Vu(z, ) (z), Vo(z)), . dm(z,dz) =0, v-ae z€E,
R4
for each o € A, by density of L?(E,v) N V. However, since A is countable, even

/Rd u(z, z)p(z) + (Vu(z, ) (z), ch(a:))euc dm(z,dz) =0 forallpe A

holds for v-a.e. z € E. The latter proves u(z,:) = 0, v-a.e. z € E, since for any
generic Hamza probability density po(x), z € RY, the space (span(.A))™ is dense in
(EPo, D(EP?)). In particular, FC, @ C2°(R?) and FC° @ C2°(R?) are dense subspaces
of (D(€),&1).

Let mpy(z,-), z € E, be a Markov kernel and vy a mixing measure on E, for
every N € N as in the beginning of this section. We assume that the analogue of
Condition 3.2.5 is satisfied for every N € N. Let £V be defined analogously as the
form £ above with m, v, replaced by my, vy for N € N. The frame within which we
discuss Mosco convergence here is slightly different from the standard one described
at the end of Section 2.1. We are again interested in the question whether £ is the
limit of () yey in the sense of Mosco and hence want to see L*(E x R%, v x m) as
the asymptotic Hilbert space for L?(E x R% vy x my), N € N. However, the main
application presented in Section 4 below, which motivates this discourse about the
superposition of forms, benefits from a more general approach, where we do not ask
for the condition

supp[vy X my] C supp[v x m], N €N, (3.2.4)
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as would be the standard assumption regarding the topological support of the measures.
Instead, we fix a continuous linear operator J from E into E, such that the topological
support of v is contained in the set of fix points of J. We assume

supp[v] C {z ekl ‘ Jz = z} together with

supp[(VN x my) o (J x idga)™'] C supp[v x m], N € N. (3.2.5)

Obviously, (3.2.5) is less restrictive than (3.2.4). On top of that, let v x m be the limit
of (vy X MmN ) yey in the sense that

jvlgnm/f /R 2y (z, dz) duN—/f / o(z)m(z, dz) dv

for f € FCy, o € Cy(RY). (3.2.6)

Because of (3.2.5), it is legal to define ® 5 for N € N as the map which sends an element
u from the linear subspace

C:=L*(E xRy v xm)N (FC, ® Cp(RY))™

onto the class in L?(E x R%, vn x my) of the function f(Jz,z), (z,2) € E x R%, for
one of its bounded, continuous representatives f with u(z,x) = f(z,z) for (v x m)-
a.e. (z,7) € ExRYand f € Cy(E xRY). If u(z,7) = f(2)e(x) and v(z, x) = g(2)n(z),
in (vxm)-a.e. sense for (z,z) € ExR% respectively, with f, g € FCj and ¢, n € Cy(RY),
then

lim (Pyu)(Pyv)d(vy X my)
N—oo JExRd

= lim / F(J2)g(J=) / o(@)n(@)my (2, dz) dvy
_ / F(J2)9(J2) / p(@)n(w)m(z, dz) dv

/ e / p(@)n(e)m(z, dz) dv

= / wvd(v x m), (3.2.7)
ExRd

is implied by (3.2.6). Via linearity (3.2.7) generalizes to u,v € C. We interpret L?(E x
R vy x my), N € N, as a sequence of converging Hilbert spaces with asymptotic
space L2(E x R?, v x m) now, as suggested by the asymptotic isometries (@) yoy. On
their disjoint union

o= ( | | Z2(E x R% vy x mN)> UL2(E x R%, v x m)
NeN

we obtain the corresponding notions of the strong and the weak topology.

Remark 3.2.7. (i) Given f € FCj and ¢ € Cy(R%), let uy for N € N denote the
class in L?(E x R% vy x my) of the function f(2)p(z), (z,2) € E x R? and u be
defined analogously. Due to

lim / f(2)go)() / plwyn()ma (=, dr) duy

N—oo /B
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- / f(2)g(2) / p(@)n(@)m(z dr)dv, g€ FCy n € CyRY),
E R4

and

Jim [ 2 [ elermatdn dm = [ 167 [ @Pmtede) dv

both of which are implied by (3.2.6), limy_,o uny = u holds strongly in H.

(ii) Any other valid choice of a continuous linear operator J' : E — FE, instead of J,
w.r.t. which the analogue of (3.2.5) is still satisfied, would result in the equivalent
topological notions on H in the sense of Remark 2.1.2 (ii), because

lim [ (foJ)(2)(g0 J)(Z)/ p(x)n(z)my(z, dr) dvy

N—oo E Rd

- / f(2)9(2) / p@n(@)m(z,da) dv, f,g € FCy, p.n € Co(RY),
E R4

follows from (3.2.6).
(iii) From the assumption,

if (vy x my) o (J x idga)"H(V) > 0, then
(v xm)o(J xidga) H(V) >0, forVCExR?open, NN,

which is the statement of (3.2.5), and continuity of the projection onto the first
coordinate E x R? — E. it follows

if uy o J7H(U) >0, then voJ }(U)>0, forUCE open, N €N,

and hence supp[vy o J~1] C supp[v]. Analogous to the previous procedure, the
assumption of (3.2.6), now with the choice ¢ = 1Rd, produces a sequence of
converging Hilbert spaces. With N € N, the map ®%;, which sends an element
u from the linear subspace L?(E,vy) N FC, onto the class in L*(E,vy) of the
function f(Jz), z € E, for one of its bounded, continuous representatives f with
u(z) = f(z) for v-a.e. z € E, allows to interpret the spaces L?>(E,vy), N € N, as
a sequence of converging Hilbert spaces with asymptotic space L?(E,v). We set

HPT = ( || LZ(E,VN)) U LB, v).

NeN

That settles the issues concerning the convergence of Hilbert spaces in this context.
For the sake of Mosco convergence, however, an additional assumption has to be made.
The equation

]\}gnoo/ ‘/Rd x)mpy(z, dx dVN / ‘/]Rd (z dx)‘ dv(z),

¢ € Cy(RY)  (3.2.8)

is required. What (3.2.8) actually means is the strong convergence in HP" of the vy-
class of the function [pq p(z)my(2,dz), z € E, towards the v-class of [pa ¢(x)m(z, dz),
z € E, for N to infinity and given ¢ € Cy(R?). Indeed, the strong convergence in HP*
for any sequence of this kind has to be named as an additional assumption, since it is
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a prerequisite for the proof of Theorem 3.2.9, while the basic condition of (3.2.6) only
yields its weak convergence. So, in (3.2.8), the missing feature, i.e. the convergence
of the respective norms, is demanded. At this point, it is useful to highlight another
consequence of the strong convergence in HP' we just discussed. It holds

Jim [ x@a72) [ emaede) dvy(z)
:/f(z)g(z)/ o(x)m(z,dz) dv(z), o€ Cy(RY), g€ FCy, (3.2.9)
E Re

whenever f(z) and fy(z), z € E, are representatives of elements u € L?(E,v), re-
spectively uy € L?(E,vy) for N € N, such that v is the weak limit of (uN) yey in
HP'. On the other hand, (3.2.9) means nothing different than the weak convergence
in H of the sequence (@n)yey, where iy € L*(E x R vy x my) is the class with
un(z,z) = fn(z), (vv x my)-ace. (z,2) € E x R The weak limit of (in)yey in H
is the class u € L*(E x R?, v x m), which is analogously related to the function f.
In this sense, a weakly continuous section in HP' can also be interpreted as a weakly
convergent section in H, as a consequence of (3.2.8).

The proof of Theorem 3.2.9 below utilizes a version of (3.2.6), displayed by the
following remark, which is a consequence of the Portmanteau theorem.

Remark 3.2.8. For a non-negative function f € FC} the weak convergence of the
measures

/ ma(z A f(z) duy(2), A e BRY),
towards i
/E m(z, A)f(z)dv(z), A€ BRY),
as N tends to infinity holds true by (3.2.6). Writing
F(ly,...,lym) =max{F,0} o (l,...,l,) —max{—F,0} o (I1,...,1y)

form e N, F € C,(R™) and l4,...,l, € E’', we state a consequence of the Portmanteau
theorem. If the set of discontinuities

U, :=R%\ {z e R4 | ¢ is continuous at x}

for a given function ¢ € By(R?) is negligible w.r.t. the Lebesgue measure, then

Jim [ 1) [ o) dmy(z.da) duy
—/Ef(z) /Rd o(x)dm(z,dz)dv, f € FCy.

Let (N, D(EN)) be defined analogously as (£, D(£)) with uy, py and vy replacing
u, p and v, respectively.

Theorem 3.2.9. Let (3.2.5), (3.2.6) and (3.2.8) hold true. We understand L*(E x
R vy xmpy), N €N, as a sequence of converging Hilbert spaces with asymptotic space
L*(E x R, v x m) in the way explained above.

If, for every m € N it holds

lim sup sup ess sup p]_vl(z, x) - (pN(z, ) ave (:L')) < 00

1
k—oo NEN (zz)eEx[—m,m]? o
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(the essential supremum above is taken w.r.t. the product measure vy X dx for N € N
respectively) as well as

lim limsup/ |pN(z,x) — (PN (25 ") aye ;(z))}dx dvn(z) =0,
Ex[—m,m]? Tk

k—oco N_o0
then (€,D(E)) is the Mosco limit of the sequence (EN,D(EN)) yen-

Proof. We start with the proof property of (M1). We set Q,, := (—m,m)? and let
m € N be fixed in the first part of the proof. To a large extent, this proof pursues the
same strategy as the one of Theorem 3.1.12. We choose a continuously differentiable
function k,, on R? with

Lo (@) < km(z) < 1g,,,,(7), x€ R? and sup sup | VEm(z)]ewe < C
meN geRd
for a constant C' independent of m. The densities K, (x)pn(2,2), N € N, and
km(2)p(2,2), (2,2) € E x R? meet the superposed Hamza condition 3.2.5. Since
Km 1s bounded, continuous we can define the topological notions on

Hpm = L*(E x R p(v X ki dz)) U ( |_| L*(E x R, pn (VN X K da:)))
NeN

analogously as we did for H, via (3.2.6). Let (¥x)ycy denote the asymptotic isome-
tries, defined from L2(p(v X Ky, dz)) N (FCp @ Cp(RY))™ into L2 (Kmpn (VN X K dz))
respectively for N € N, with the analogous property of (3.2.7). With the asymptotic
equation

lim EHmPN(Z")(\IJNu(z,-),\IlNu(z, 1)) dvn (2)
N—oo E

= /ngfmp(z,') (u(z,"),u(z,)) dv(z), ue (FCy® Cy(RY))™

we initialize another sequence of converging Hilbert spaces, (D(EN"™), gfv ™), N €N,
with asymptotic space (D(E™), ). The sequence of forms (EN™)ycy and their do-
mains are defined analogously as the sequence (EVV) oy, With £y, (2)pn (2, z) replacing
pn for N € N. In the same way, (€™, D(E™)) is defined like (£, D(E)) with ki, (2)p(z, )
taking the role of p(z,x). We set

= (DEY™),ENM U ([ (DEY™),EY™)).
NeN

In the subsequent discussion on compatible classes in ”Hfr;l we adopt some notation
from the proof of Theorem 3.1.12. Let A, : w — A,w be as in Theorem 3.1.6, mapping
a lattice weight w € RZ" into the space of locally bounded, locally Lipschitz continuous
functions on R For r € (0,00) we set Ay, w(x) := Ayw(z/r) for x € RY, w € RZ*,
and moreover

Ving = Axyr({w € RZ! |wk =0 for k € Z% rk ¢ [—m— 2,m+2]}),

similarly as in (3.1.41) from Section 3.1.2. Here, By, <1(£) denotes the space of real-
valued, measurable functions on E whose absolute value is smaller equal 1 on FE. By
choice of V;, ., we have

D(EN™) O (B <1 (B) @ Vinp)™ = DET™) N (By<1(E) © Ayr)™.
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First, we claim that
021: U H DgNm Bb<1( )®Vm,r>N
re(0,00) NeN

is a compatible class in ”H,gn’l. At this point, the argumentation is a bit more involved
than its analogue in the proof of Theorem 3.1.12. It is for this part of the proof, the
assumption of (3.2.8) has been made. Let (uz),cy be a sequence in H5M\ D(E™) which
converges weakly to an element u € D(£™). What we have to show (according to the
definition of a compatible class) is the following: If, for every k € N, the class of uy (to
whatever Hilbert space Hy of the sequence, which constitutes #,,, this may refer) has
a representative in By, <1(E) ® Vi, then u is the weak limit of (uy),cy also in H. This
is our commitment in the subsequent part.

Let ¢1,...,¢1 € Cy(R%) be a numbering of all functions from V;, .. L depends only

on d, m, and r. Then, there are fl(k), .. (k) € By <1(E) such that

up(z,x) = fl(k)(z)tpl(a:) + -4 fl(k)(z)tpL(x), in a.e.-sense of H. (3.2.10)

Next, we use Lemma 2.1.1 (iv) multiple times to obtain convergent (sub-)subsequences

in a certain way. We apply Lemma 2.1.1 (iv) w.r.t. the classes of (fi(k))keN within
HPT for ¢+ = 1,..., L. The following statement is based on the observation that all
conditions, which have been imposed on the sequences (my)ycy and (Vn) yey, would
hold for any subsequences of those, as well. Due to Lemma 2.1.1 (iv), in order to prove
that CY is a compatible class in #HE; it suffices to show:

If uy € D(éN’m) (Bb <1( ) ® Vi T)N u € D(gm) and q1,...,q1 € LQ(E, I/)
such that hm uy = u holds weakly in 7-[

lim /f 2)dvy(z) = /Eqi(z)g(z)dl/(z), g € FCy,

N—o00
fori=1,...,L, where py(vN X Ky, dz)-a.e.:
N N
un(z,2) = [{Y(@er(@) + -+ 1 (2)er(@), N €N,
then A}im un = u holds weakly in H,,. (3.2.11)
—00

Lemma 2.1.1 (ii) is used two times now, for the pairing of a strongly with a weakly
continuous section in H,,, on each occasion. First, in the lines following (3.2.8), we
discussed how, as a consequence of (3.2.8), the weak convergence of HP' can be re-
interpreted as a weak convergence on the ‘larger’ frame with both coordinates, z and
x, i.e. as weak convergence on H,,, in this case. That is why, for ¢ € F(C} and
n € Cy(R?) it holds

L
lim (3= £V @) ) gl m(w) dmy (@) vy (2)

N—oo JExRrd Pt
/E><Rd<qu z)pi(z ) 2N(x) b (x) dm(z) dv(z). (3.2.12)

In other words, we know that (un)ycy does in fact converge weakly in H,, and its
weak limit u* can be identified from the right-hand side of the equation above by
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u*(z,z) = 25:1 ¢ (2)pi(z), (v X kmm)-a.e. (z,2) € E x R%. Secondly, by virtue of
Remark 3.2.8 combined with Theorem 3.1.6, we also know

L
i )
]\}gnoo ExRd (;fl(N (Z)(chl(x%vn(x))eu(:)g(z)’%m(x) dmN(-iL') dVN(Z)
L
:/E y (ZQZ‘(Z)(V%(:E),Vﬁ(x))euc)g(z)l-@m(m) dm(z)dr(z) (3.2.13)
x i=1

for g € FCy and n € CL(R?). Now, combining (3.2.12) and (3.2.13), the designated
weak limit u of (un) yey in 5! reads ZZ'L:1 ¢ (2)pi(x), (VX Kpm)-a.e. (z,2) € ExRY,
Consequently, v* = u and (3.2.11) is proven.

From here on, we keep to a shorter argumentation, because we have passed the
point in which this proof deviates decisively from the proof of Theorem 3.1.12. We set

cL .= H {u e D(EN™) N (By(E) ® Lip,(RY))™ ‘ there is a
NeN
representative @ € By(F) @ Lipy,(R?)

with |@(z,z)| <1, z € E, z € R%, and /
ExRd

|V,a[2, d(vn x my) < 2}.
With Proposition 3.2.4 it can be shown that CL defines a compatible class, using
the fact that CY is a compatible class together with Proposition 2.2.8. This is done
analogously as in Theorem 3.1.12. We consider (un)y € CL and apply Proposition
3.2.4 w.r.t. each index N € N for the respective measures my, vy and a representative
of uy, to check the assumption of Proposition 2.2.8. The decisive observation at this
point is, that the upper bounds found in (i) and (ii) of Proposition 3.2.4 converge to
zero as r tends to zero, independently of N, because EV (uy, uy) < 2 for N € N.
The compatible class which is large enough to conclude the proof of (M1) writes

C, = H {u e D(EN™) | there exists v € D(EY) such that
NeN

EN(v,v) <1, |v(z,z)] <1 holds d(vy x my)-a.e.,

and u(z,z) = v(z,z) holds d(vy X fimmN)—a.e.}

The fact that this is indeed a compatible class in Hfﬁl can be concluded from Propo-
sition 2.2.8 easily. We just use the analogous arguments as in Theorem 3.1.12. To
check the assumptions Proposition 2.2.8, we use the density of (B,(E) ® CL(R?))™ in
(D(EN),EN) for N € N and then fact that the unit contraction operates on (€, D(EV)).

The last part again works analogously to the proof of Theorem 3.1.12. For simplic-
ity, we make no notational indication when changing from a class in L?(ExR%, vy xmy)
to the class it induces in L?(E x R%, vy X kmmy). Analogously, we proceed with
€ L*(ExR% v xm) and L?(E xR, v x k;;m). We exploit the simplification regarding
(M1), which Lemma 2.2.3 brings for Dirichlet forms. So, we fix an element

(un)yer € |1 {v e D(EN) ] o(z,2)] <1, d(v x m)-a.e.}.
NeN
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We have to show that any weakly converging subsequence (un, ),y With limit u*,
referring to the topological structure of

M= L2(E x R%, v x m) U < | | Z%(E x R% vy x mN))
NeN

now, fulfils
u* € DE) with EN(u*,u*) < liminf EM* (uy, , un, ). (3.2.14)

k—o0

We remark that in such an instance (un, ), oy converges weakly towards u* in H,, for
every m € N. Moreover, for m € N the sequence (uy)ycy is a member of C,, and
every sequence in

Nl;[N {u e DEN™Y [ EN™ (y,u) < 2}

has a weakly convergent subsequence in Hfrgl. Hence, we can achieve the following for
every accumulation point u* of (un)yey W.r.t. the weak topology of H, by repeatedly
dropping to a suitable subsequence: For every subsequence of (uy)ycy converging
weakly to u* there exists a (sub-)subsequence such that

k : k .
un, = u*inH and uy, — u*inHEL meN. (3.2.15)

This includes the statement that u* € D(E™) for each m € N. As a consequence of
(3.2.15) and the weak convergence of (un, ),cy towards u* in H,, we obtain the weak

convergence of (uy, ),cy towards u* in HE® for every a > 0 and m € N. In particular,

EM(u*,u*) < liminf ENkm (un,, un, ) nonumber (3.2.16)
N—o0

< lilglinfgévk(uNk,uNk), a>0,m¢eN. (3.2.17)
—00

An issue with the domains must be settled. Let m € N. We know that that
km(2)u*(2,2), 2 € E, © € R is a member of D(E), which follows from u € D(E™H).
The fact, that the right-hand side of the estimate is independent of m, together with
sup,, ||| Vimleuelloo < 00, implies

sup €(kmu®, kmu™) < oo.
meN

Of course, the latter yields u* € D(E). By letting & — 0 and then m — co we obtain
the inequality of (3.2.14) as desired. This concludes the proof of (M1).

The verification of (M2) is simple. Referring to the structure of H and defining
(®N) nen accordingly, we have the strong convergence of | Vo ®nuleue = Pn| Vatleue
towards | V,uleue as N tends to infinity for each u € D(£) N N(FC, @ CLH(RY))™. In
particular, (D(EN), &), N € N, form a sequence of converging Hilbert spaces on their
own right with limit (D(€),1). This implies (M2) and concludes the proof. O



Chapter 4 The disintegration method

4.1 Classical Dirichlet forms on topological vector spaces

In this chapter we elaborate the method of disintegration to study the approximation
of a classical gradient form on a locally convex topological vector space E, which is
further assumed to be a (Hausdorff) Suslin space, in terms of Mosco convergence. A
densely included Hilbert space (H, (-,-)g) C E shall be fixed to serve as a tangential
space, with the inclusion map being continuous from H to E. Identifying H with its
dual, we have

ECH =HCE (4.1.1)

and all inclusions in the line above are dense. The gradient of a cylindrical smooth
function

feFC¥ ={F(li,....,lm) |[meN, F e C;*(R™), ly,...,ly, € E'}

at a point z € E is defined to be the unique element V f(z) € H which represents the
bounded linear functional
h) —
(VF(2) By = tim LEFIN =@ (4.1.2)

s—0 S

Let p be a Borel probability measure on E. Throughout Chapter 4, we use the notation
and convention introduced at the end of Section 2.1. The classic theory of Dirichlet
forms in infinite dimension gives the answer to the question of closability of the gradient
form

E(u,v) := / (Vu, Vo)gdp, u,v e L*(E, u) ﬂfc\’é’/o, (4.1.3)
E

on L?(E, i) and the preliminary question whether the action of the gradient can be
defined for p-classes in the first place, i.e.

Vf=Vgu-ae. forg,feFCy with f=gp-a.e., (4.1.4)

by disintegrating p and decomposing £, along a suitable class of one-dimensional sub-
spaces of E. Thanks to this method, it is effectively enough, even for the infinite
dimensional setting, to have a closability condition for a classic energy form on the
real line, such as Condition 3.1.10 provides for the form defined in (3.1.36) of Section
3.1.2 with d = 1. In what follows, we pursue a similar strategy, making the results
of Chapter 3 applicable in order to derive a statement on Mosco convergence, related
to a sequence of weakly converging probability measures (un)ycy on E, whose limit
is p. At first, we recall the standard criterion for (4.1.4) and the closability of the
form in (4.1.3). The right-hand side of (4.1.2) exits even for arguments in £. Given
ke E\ {0}, let

of . flz+sk)— f(2)

a1 (?) = iy p
denote the Gateaux-type derivative of a function f € FCy° at a point z € E in the
direction of k. An element k € E \ {0} is called p-admissible, if for one thing, the
‘directional” analogue of (4.1.4) is fulfilled, i.e. if

of _ 9
ok ok

for g, f € FCu° with f = gp-a.e.,
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and for the other, the component form

Er(u,v) : Ou Ov dp, w,v € L*(E, )N f(?;?, (4.1.5)

" Jp Ok Ok
is closable on L?(FE, ). For p-admissible k¥ € E \ {0} we denote the smallest closed
extension of (4.1.5) on L2(E, u) by (&, D(E)). All the statements, we briefly recall
in the next paragraph, are proven in [17, Section 3|. In the article we just cited, the
presentation of the matter is self-contained, while references to earlier works are given,
including [6, 7, 8, 9, 12] to name some relevant ones in this context.

If there is an orthonormal basis K in H, which consists of u-admissible elements,
then (4.1.4) holds and the form in (4.1.3) is closable on L?(E, p1). Denoting its closure by
(€,D(£)), we obtain a Dirichlet form. This means that D(£) is a dense linear subspace
of L?(E, ) and the unit contraction operates on (£, D(€)). For fixed k € E'\ {0} and
[ € E' such that (k) = 1 the vector space E decomposes into the direct sum

mr(E) @ span({k}), where mg(2):=2—1(2)k, z€E.

The assignment (7;(z),1(z)), z € E, yields a vector space isomorphism from FE into
7 (E) x R, with inverse mapping z + sk, z € i (E), s € R. In the following, we always
regard the image measure of 1 under the map 7 as a probability measure on (E, B(E))
with support contained in 7 (F), and make the choice of [ clear by context. There is
family of probability measures m(z,-), z € E, on B(R) such that

[ fau=[ s shde man e
E ExR
Z//f(z+sk)m(z,ds)dy(z) (withy::uoﬂlzl), (4.1.6)
EJR

holds for f € B(E) non-negative, or f € By(F). The above equation determines
m(z,-), z € E, uniquely in a.e.-sense w.r.t. dv(z). The element k is p-admissible, if
and only if, the image u o (m3,1)~! of p under the map (7, 1) satisfies Condition 3.2.5
with d = 1. The latter requires that for v-a.e. z € E the Radon-Nikodym derivative
p(z,s) = %(s), s € R, exists and meets Condition 3.1.10. As this characterization
of p-admissibility implies, the validity of Condition 3.2.5 regarding the image of u under
(7, 1) is true either for all elements | € E’' with I'(k) = 1, or for none of them. We
fix a p-admissible element k € E \ {0} together with [ € E’ with I'(k) = 1 and set
V= Mowgl. The isometric isomorphism, which naturally arises from the disintegration
given in (4.1.6), between L?(E, 1) and the direct integral f@ L*(R, p(z,-)ds)dv(z) in
the sense of [4, Chapter 2.1], accounts for the definitions of (4.1.7) and (4.1.8) below.
We also recall
L? (Rd, p(z,+) ds) — Llloc (R(p(z, ), ds)

if z € E such that p(z, -) fulfils Condition 3.1.10. The partial derivative u — g—z extends
to a closed linear operator on L?(E, ;1) with domain
Dax (&) == {u e L*(E,p) ‘u(z + k)€ Hllo’g (R(p(z,"))), v-a.e. z € E,
u(z+ k) (s) =v(z,s), po (mp, 1) tae (z,5) € ExR
for some element v € L? (E xR, po (m, l)_l)}, (4.1.7)
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via the assignment

Ou
ok

The component form of (4.1.5) extends to a Dirichlet form (Eg, Dumax(Ex)) on L2(E, ).
The action of % on Dmax(Ek) is referred to as the p-stochastic partial derivative in the
direction of k. To introduce the concept of a total u-stochastic derivative, let a dense

linear subspace K of H be given such that each element k € K \ {0} is p-admissible
with [ € F’, I(k) = 1, fixed and let

(z+ sk) :=u(z+ -k)(s), po (mg1) t-ae., (z,5)€ExR. (4.1.8)

DL(E) = {u € m Dimax(Ex) | there exists Vu € L?(E, H, j1) :
keK\{0}

(Vu,kyg = gz p-a.e., k€ K\{O}}

The gradient in the definition above coincides with the gradient on L?(E, u) N fé§
given through (4.1.2) and (4.1.4). The form & of (4.1.3) extends to a Dirichlet form
with domain D} (€). If Ky C K and K is an orthonormal basis in H, then it holds

ou Ov
E(u,v) = Z /Eak‘ak‘d'u’ u,v € DE(E).
keKo

A larger domain in L?(E, ;1) onto which the bilinear form on the right-hand side of the
equation above can naturally be extended reads

Ko (O Ek) = {U € m Dmax(Ek) ‘ Z Er(u,u) < oo}.

keKo keKo

The sequence
(€,D(€)) C (€, D(E)) S (€, DRy (Xk Ex)) (4.1.9)

describes Dirichlet forms on L?(FE, 1) extending each other.

The question under which circumstances the domains of all forms in (4.1.9) do
actually coincide is relevant in view of Theorem 4.1.3 below, as it would be sufficient
for (4.1.19). The reader should have in mind that from an application point of view
one is most likely interested in the minimal form (£, D(E)), where only the tangential
space H is fixed from a given context (and not the subspace K or the basis Ky). The
arguments derived in this section to find approximations for (£,D(€)) in the sense of
Mosco, however, do require a suitable representation of the minimal gradient form as
an infinite sum of one-component forms and alongside a corresponding characterization
of D(E). In every concrete example, it is thus a preliminary task for the applicability
of the abstract convergence result of this section to find a suitable orthonormal basis
Ky of the given Hilbert space H in order to guarantee a decomposition of the minimal
gradient form. The concept of Markov uniqueness is closely related. It gives a necessary
and sufficient condition for all form domains in (4.1.9) to coincide, if every k € K\ {0} is
a so-called well-p-admissible element, under the additional assumption that, referring
to (4.1.1), either K equals E’, or that the strong dual topology on E’ is metrizable
with K being densely included in E’. Being a stronger notion than p-admissibility,
the well-p-admissibility of k by definition requires p(z,-) to be the representative of an
element in Hlloc1 (R) for v-a.e. z € E and moreover

D

(mop)(2,))..p € / L2(R, p(z, ) ds) du(2).
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It forces the space L2(E,u) N FCp° to be contained in the generator domain of
(ks Dmax(&k)). Under the named assumptions, equality of the form domains in (4.1.9)
is equivalent to the uniqueness of all Markovian self-adjoint extensions on L?(E, ) of

the operator L with domain L?(E, p) N fé’gz , characterized via
/ (—Lu)vdp = E(u,v), u € L*(E,p) ﬂ]?égz, veDE).
E

This is the statement of |22, Theorem 1.9|. If we merely assume that K is a dense sub-
space of E’ (without the metrizability of E’) consisting of u-well-admissible elements,
then by virtue of [16, Theorem 3.1] it holds D}(£) = DR>(>_k &) and the Markov

uniqueness of (L, L?(E, u) N }/"égz) is still a sufficient criterion for D(£) = DL ().

Our survey on the approximation of gradient forms on E puts the focus on compo-
nent forms of the type in (4.1.5) at first. We assume we are given a sequence of weakly
convergent probability measures (un) ey on (E, B(E)) whose limit is j, together with
a convergent sequence (ky)ycy in £ with limit &, presuming the py-admissibility of
kn # 0 for N € N, the py-admissibility of k£ # 0, and the inclusion

supp[un] € supplp], N €N, (4.1.10)

regarding the topological supports of the measures. This constitutes the basic setting
in which it makes sense to ask whether the corresponding component forms converge in
the sense of Mosco. For (un), and (kn), chosen like this, the results of Section 3.2.2
provide us with a sufficient criterion for the Mosco convergence of (€, D(Ey,)) y to-
wards (€, D(Ex)), where (&, D(E)) is as above and (EFV, D(&,,)) analogously denotes
the smallest closed extension of

ou Ov

d L2(E, uy) N FOX
akNakN KN, U,’Ue ( 7/’LN) f b

Eky (u,v) :=

on L?(E, uy) for N € N.

Proposition 4.1.1. We assume that (un)ycy @5 a tight sequence of probability mea-
sures. (5kN,D(5kN))N€N Mosco converges to (€, D(E)) if the following condition is
imposed on the sequence (kn)y (and its limit k):

We can choose | € E" with l(k) =1 and Iy € E' with Ix(ky) =1 for N € N such
that (x) holds, where we set

Te(2) =2z —U(2)k, mry(2):2—In(2)kn, z€E, NeN

(%) 1 is the limit of (IN)yeyn ™ E' w.r.t. the strong dual topology. The images py o
(Tkn, IN) ™Y, N €N, and po (mg, 1)L, form a family of Borel probability measures on
E x R, which, for the choice J := 7y, meet the assumptions of Theorem 3.2.9.

Reciting the assumptions of Theorem 3.2.9 in this context, we require for a family
of disintegrating Hamza probabilities m(z,ds) = p(z,s)ds, respectively my(z,ds) =
pn(z,s)ds, z € E, on B(R) to meet:

/fd,u //f (z + sk)m(z,ds) d(u o}, ')(z), respectively
/ fdun :/ /f(z—l—skN)mN(z,ds) d(uNOW,;I\lf)(z), N e N, for f € By(E).
E EJR

o suppluy o ((mx X idg) © (mhy, y)) '] C supp[uo (m,, )7, N €N.
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e lm (fOWkN) (poln)dun = / (fom) - (pol)du, f € FCp, ¢ € Cp(R).
— 00 E
° ]\}E}noo/ ‘/ s)dmpy(z ds)‘2d(uNo7rk_;)(z)

/ ‘/ s) dm(z ds)rd(ﬂomf)(z), o € Cy(R).

e lim sup sup esssup  py (2,8) (pn(z, ave, 1 (8 )) < 0o form € N, where the
k—oo NEeN (z,s)eEx[—m,m] Tk

essential supremum above is taken w.r.t. the product measure (un o mp 1) x ds.

k—=oo N0

. . -1
lim hmsup/ / ] lpn(z,8) — (pn (2, -)ave,%(s))‘ dsd(pun om )(2) = 0.
Proof. The subject of this proposition is a statement about Mosco convergence on

H = L*(E, ) ( |_| L*(E MN))

NeN

Due to (4.1.10), the maps ®%;, from C := L*(E,u) N FC into L*(E,uy) for N € N
respectively, can be defined as in the end of Section 2.1, providing a strong and a weak
topology on H. Before we explain step by step why the claim of this proposition follows
from Theorem 3.2.9 and the compatibility equation

lim (gompomgy) - (poln)- fdun
N—oo E

= [E<g ome)-(pol)- fdu, f.g€FCh o€ CyR), (4.1.11)

we give the short proof for (4.1.11). Obviously,

lim [ oo Thy = lomy strongly in E/  for leE. (4.1.12)

N—oo

If h € Cp(R™) for some m € N and K is a compact subset in F, then

‘/ h(iD, ..,ﬂ]’v"))duN—/ A, ..., 1) dp
E

<sup\h( (2),- -, 107(2)) = B(ID(2),..., 10 (2))]|

zeK
+ |Bloo sup pn(ENK), 100D ¢ E' i=1,...,m, N €N.
NeN

Hence, due to the tightness of (un)yen,

lim IV =19 strongly in £/, 1{,i € E',i=1,...,m, N €N,
— 00
implies  lim h(Z§§>,...,i§$))duN:/ RO, M) dy

for every m € N and h € Cp(R™). (4.1.13)

This proves (4.1.11) in view of (4.1.12).
We address the main part of this proof. Theorem 3.2.9 settles the Mosco con-
vergence of a sequence of closed symmetric forms within another frame of converging
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Hilbert spaces. It can be applied to the spaces Hy := L2(E x R, uy o (mgy,In) 1) ,
N € N, with asymptotic space H := L*(E x R,y o (m,1)~!). The asymptotic isome-
tries, denoted by (W )¢y in this proof, which define the corresponding topological

notions on
H=HLU ( || HN>
NeN

are based on the assumption of (3.2.5), i.e.

supp|un o ((ﬂ'k X 1dR) o (7, , lN))_l] C supp|u o (7, l)_l], N eN. (4.1.14)
For N € N the map ¥y is defined on the space C:=Hn (]—"Cb X Cb(R))N and sends

an element v € C onto the class in Hy of the function f(myz,s), (z,s) € E x R, if
f is a representative for u in H. In the course of this proof, let (7}),~, on H and

(TN )i>o on Hy for N € N be the semigroups for which the analogue of the statement
in Theorem 2.2.1 (ii) is fulfilled as part of the assumptions of this proposition. For an
element u € H, we define u € H as the class which is determined for (z,s) € E x R by

. s) u(z + skn), pn o (Try, In) tace. (z,8), if ue L*(E, uy),
u(z,s) =
u(z + sk), po (mp, 1) t-ae. (2,5), if ue L2(E, ).

The compatibility equation (4.1.11) translates into
]\}iinoo (\I/NU,(I)NU)HN = (v,ﬁ)H, veCl,u€el,

or equivalently

]\}E;I’loo ((\I/NU) o (TrkNa lN)? @E’U;) L2(E,un)

= (vo (Wk,l),u)LQ(E,M), vE (?, u € C.

By virtue of Remark 2.1.2 (ii), given a sequence (un)ycy in H and an element u €
L?(E, 11), this means that

lim uy = u strongly in ‘H if and only if A}im uy = u strongly in H.
—00

N—o0
We have
lim ®Yu =14 strongly in H, wu eC,
N—o0 N &Y ’
and hence

lim TN &N\u = Tyu strongly in H.
N—oo
This, in turn, leads to

A}i_r}rloo (Tﬁ@%u) o (Tky,In) = (Tyw) o (mg, 1) strongly in H.

In view of Theorem 2.2.1 and Remark 2.2.2, we have just shown the Mosco convergence
on H for a sequence of closed symmetric forms, the ones which belong to the semigroup
of operators

SNy, .= (TtNﬂ) o (Mhy,In), w€ L*(E,uy), t>0,
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respectively for N € N. It converges in the sense of Mosco to the form on L2(E, u)
whose semigroup is given by

Spu = (Tta) o(m, 1), weL*(E,pu),t>0.

In the last part of this proof, we want to understand why (S} )i>0 is the semigroup of
(Eky>D(Eky)) for N € N and (St);5 is the semigroup of (&, D(E)). Below, we call
the symmetric bilinear form on L2(E, i), defined via

(u,v) = E(U,D) with domain {we L*(E,p) | e D(é)},

the image form of (£,D(£)) under the map (z,s) — z + sk, (z,5) € E x R, for a
given symmetric bilinear form (£, D(€)) on H. The term ‘form core’ depicts a linear
subspace which is dense in the Hilbert space (D(£), &1).

Let p(z,s) := %(s), z € E, s € R, where m(z,-), z € E is a family of disinte-
gration measures for p o (mg,1)~! as in (4.1.6). By the choice of (T}),», and because
u + 4 defines an isomorphism from L?*(E, u) into H with inverse map v ~ v o (g, [).
the form belonging to (S¢),~ is the image form of the one considered in Theorem 3.2.9
under the map (z,s) — z + sk, (z,s) € E x R. That means, the form of (St)>0 is the

image form of the closed symmetric form on H which reads

(o) [ € a(er) oz, ) (o) (4.1.15)
E
for u, v in its domain

{w € LQ(E xR, po (ﬂk,l)*l) ‘w(z, ) € D(é’p(z")), Lo ﬁ,g_l—a.e. ze E,
w(z,-)(s) = q(2,8), po (m, 1) "-ae. (2,5) € ExR,
for some element ¢ € L?(E x R, yu o (7, l)_l)}.
So, the form associated with (S;),~ is an extension of (£, D(Ex)). On the other hand,

a form core of the closed symmetric form in (4.1.15) is given by the space H N (FC° ®
Cy°(R))™, as pointed out in Remark 3.2.6. Since the map

2 f(me(2))e((2)), =z €E,

again belongs to FCX for every f € FCg° and ¢ € C2°(R), the space L2(E, u) NFCpe
is a core for the image form of (4.1.15) under (z, s) — z+sk, (z,s) € E xR, i.e. the one
associated to (S¢),~y. This proves that (&, D(&)) is associated to (St),~,. With the
very same argumentation one shows that (S;¥),., is the semigroup of (Egy, D(Eky))
for N € N and the proof of this proposition is complete. O

For the above proof to work, the sequence (In)ycy is required to converge to [
uniformly on compact sets K, meaning

sup sup |Iy(z)] < oo and  lim sup |Iy(z) —1(2)]=0

NeNzeK N—oo ek
for every compact set K contained in E. If the weak* topology on E’ already delivers
that, then it is enough to assume the weak* convergence of the sequence (In)yey
towards [. Certainly, this would be the case if, for example, F is a Banach space as in
the subsequent Section 4.2. The availability of such a simplification, however, doesn’t
play a role in the rest of this text.
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Remark 4.1.2. In the situation of Proposition 4.1.1 one part of the conditions of
Theorem 3.2.9, namely (3.2.6) of Section 3.2.2, is automatically fulfilled under the
general assumptions of the proposition. Indeed,

]\}im (fomy) (poln)dun = / (fomk)-(pol)du, feFCy, ¢ c Cy(R),
—00 E E

follows from the same arguments displayed in the first part of the previous proof.
Beyond the requirement of (4.1.14) concerning the topological support of the measures,
what remains to be checked for Proposition 4.1.1 regarding the applicability of Theorem
3.2.9 are three conditions, formulated in terms of the disintegrating measures m(z, ),
z € B, which relate to u o (m,1)~! via (4.1.6), and my(z,-), z € E, which relate to
pn o (Tgy, In) "1 via the analogue of (4.1.6) for N € N. We set vy := un ow];;, N e N,
and v := po 7r,;1. The first condition corresponds to (3.2.8) of Section 3.2.2 and in this
context reads

ngnoo/ ’/ s)dmy (2 ds)‘ dvn(2)
/ ‘/ s) dm(z dS)) dv(2), ¢ € Cy(R). (4.1.16)

The other two conditions are

lim sup sup esssup  py'(2,8) (PN(2,) e 1 (8)) < 00 (4.1.17)
k—oo NEeN (z,s)€eEX[—m,m] Tk

(the essential supremum above is taken w.r.t. the product measure vy x ds for N € N
respectively), and

hm hmsup/ / ‘pN z,5) — (pn(z, aV67 )ldsuN =0, (4.1.18)
[—m,m)]

k—oo N0

for each m € N, where py(z,-) is a probability density on RY with py(z,s)ds =
mn(z,ds), vy-a.e. z € E;, N € N.

Now we are prepared to address the approximation problem for the minimal gradient
form (£,D(€)) on L?(E,p), assuming that the form in (4.1.3) is closable. A result
on Mosco convergence is provided in Theorem 4.1.3 below, under a condition which
requires the component-wise convergence of Dirichlet forms and the characterization
of D(£) in terms of the component forms. Let (un)ycy be as above a tight sequence
of probability measures, which weakly converges to u. For each N € N we fix a family
K}, which is either a countable or a finite collection of jy-admissible elements in
E\ {0}, indexed by

kiy for i€Zy:={neN|n<|Kl},
such that the following three conditions are met: We have

> Uk)*<oo forall l€FE.
kekl¥

Secondly, every ¢ € N is contained in Zy for N large enough and

K #£0, k.= A}iinookﬁv, i €N, existsin E.
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Thirdly, Ko := {k'|i € N} is a set of y-admissible elements in H and forms an or-
thonormal basis in H.
By virtue of [17, Theorem 3.8|, the form

EN(u,v) := Z Ou 9v duy, u,vGLz(E,uN)ﬁ.fé_g/o,

» Ok Ok
kek}¥
is well-defined and has a smallest closed extension, a Dirichlet form (£, D(EY)), on
L*(E,puy) for N € N. For k € Ko we denote by (£, D(E)) the closure of (4.1.5) on

L?(E, j1) as usual.

Theorem 4.1.3. If the equality

={ue N 2E)| Y & u) < oo} (4.1.19)

keKo keKo

holds true and the sequence (ka)N, with N € N large enough such that i € Iy, meets
the condition of Proposition /.1.1 for each i € N, then (SN,D(EN))NeN converges to
(E,D(€)) in the sense of Mosco.

Proof. We check the assumptions of Theorem 2.2.1 (iv), starting with property (M1).
In the disjoint union of Hilbert spaces L?(E, uy), N € N, and L?(E, i), let (uN) yer
be a weakly continuous section such that #{N € N|uy € D(EV)} is infinite, providing
liminf y_ s 5N(uN, uy) < oo. For the subsequent estimate we recall that every i € N
is contained in Zy for N large enough. Due to Proposition 4.1.1, Fatou’s Lemma and
the assumption on the form domain, we have us € D(€) and

0 2
E (Uoo, Uoo) ngz Uoos Uso) < liminf/ (aZfV) dun
ieN ien N JE NORN

§limian/ auN duN:l}\I/ninfEN(uN,uN).
—00

This concludes the proof of (M1). As to the remaining property (M2), we convince

ourselves that (2.2.16) of Section 2.2.2 is established in our setting by default. In-
deed, L*(E, 1) N FCE° is a dense linear subspace of (D(€), 1) and the usual choice of
(®X) ven» as in the end of Section 2.1, delivers

A}lm EN(@¥u, dNu) = E(u,u), uELQ(E,u)ﬁfég;
—00

via the weak measure convergence of (in)yey towards p. (M1) follows from Remark
2.2.5 (ii). This concludes the proof. O

4.2 A perturbation result in infinite dimension

In the following (2,.4,m) is a finite measure space. In the preceding Section 4.1, we
looked at a sequence () ey of weakly converging probability measures on a locally
convex space E and discussed the Mosco convergence of one-component forms and then
gradient forms, having py as a reference measure for N € N respectively. Now, we
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are interested in a perturbation result for the case E := LP(Q,m), 1 < p < oo, which
focusses on a family of densities

on(z) = exp (’)’/Q(fN 0 z)(w) dm(w)), ze€ E, N eN, (4.2.1)

and

o(2) = exp (V/Q(fo W) dm(w)), =€k, (4.2.2)

with v € {—1,1} and bounded, monotone increasing functions fy and f on the real
line. The task of verifying the assumptions of Proposition 4.1.1 w.r.t. the sequence of
perturbed measures (onpn) ey and the expected limit op, given admissible elements
kx, N € N, and k in E \ {0}, where k is the limit of (kn)ycy in £, allows for an
essential simplification in some relevant cases, thanks to the results of Section 3.2.1. It
suffices to settle that problem for the unperturbed measures uy, N € N, and p, if two
conditions are satisfied. The first one reads limy oo d*(f, f;) = 0. Then, secondly, for
every point x € R, at which f is discontinuous, we need to assume that

for p-a.e. z € E the level set {w]|z(w) ==z} is m-negligible. (4.2.3)

Of course, choosing two different representatives Z; and Z; for z € E, the sets Ay :=
{w|z1(w) = x} and Az := {w]|Z2(w) = 2} may define different elements in A for
fixed z € R, with m(A;) = m(Az) however. That is why the statement of (4.2.3) is
unambiguous. Both of the mentioned conditions for (fn) ey and f are invariant (their
status of validity doesn’t change) if we multiply the functions f and fx with positive
constants ¢, respectively ¢y for N € N, such that limy_.cy = c¢. For example,
normalization constants depending on N can be absorbed by properly rescaled choices
for fy, N € N, and f in that way. Lemma 4.2.2 below shows the weak measure
convergence of (onpN)yey towards gu under these conditions, while the subsequent
Theorem 4.2.4 deals with the remaining assumptions of Proposition 4.1.1. A note on
the measurability of the functions in (4.2.1) and (4.2.2) precedes the lemma.

Remark 4.2.1. (i) For f € Cy(R) the assignment of (4.2.2) is continuous in the

variable z as a map from E into R due to Lebesgue’s dominated convergence.
(ii) Let —0co < a < b < oco. Since the indicator function 1f,4) can be written as the

pointwise limit on R of a sequence of uniformly bounded, continuous functions,
another application of Lebesgue’s dominated convergence together with (i) proves
that there is a sequence of continuous functions on FE which converge pointwisely
towards exp(y [q 1 p) 0 zdm), z € E.

(iii) The family {[a,b)| — o0 < a < b < oo}, together with () and R, form a m-system
in R, whose elements generate B(R). With the monotone class theorem, it follows
that

{f:R—)R’z%eXp <fy/ fozdm) from E to R is measurable}
Q

contains the space By(R).

(iv) The analogous argumentation of (i) to (iii) shows the measurability of the assign-
ment

Z > exp ('y/A(foz)(w)dm(w)>, z€el,

for any element A € A.
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As in the standard setting from the end of Section 2.1, we assume suppluy]| C
supp[p] for N € N below.

Lemma 4.2.2. Let yi be the limit of probabilities (jin) yey 0 the sense of weak measure
convergence on E. Further, let f and fn, N € N, be bounded, monotone increasing
functions on R such that (4.2.3) is satisfied for every point x € R, at which [ is
discontinuous, and also impy_,oc d*(f, fn) = 0. For~y € {—1,1} and the densities from
(4.2.1), (4.2.2) we can conclude the weak convergence of weighted measures (ONUN) yen
towards oft.

Proof. Justifying the use of Lebesgue’s dominated convergence in various cases below,
we point out that limy_,co d*(f, fy) = 0 necessitates the uniform boundedness of the
sequence (fn)yen- The set of discontinuities of f is a countable subset of R, which we
denote by Uy. Then, we have

dm(w) < Z / dm(w) =0, p-a.e. z€E.
zeUy {we | z(w)=x}

/{wEQ | z(w)eUys}

In the following we use Lemma 3.2.3 and adopt its notation. By Lebesgue’s dominated
convergence

;i_r)I(l) exp ('y/Q e (2(w)) dm(w)) =0(z) p-ae z€E,
and likewise
;i_% exp (fy/ﬂ fmade(z(w)) dm(w)) =o0(z) p-ae z€E.

A second use of Lebesgue’s dominated convergence yields the asymptotic

fmin,e 2
;%/E‘afnf ’Ode—Q(z)‘ du(z) =0, (4.2.4)
respectively
fmaj,e 2
%[E‘emf g Ode—Q(z)’ du(z) = 0. (4.2.5)

As the remaining part of this proof shows, the comparison criterion given in

Lemma 2.1.3 is applicable here, choosing eV Jo N Tz dm

eV Ja fﬁ%EOde, z € E, as majorante, for oy(z), z € E, N € N, in case v = 1. In case
~v = —1 the roles of the minorante and the majorante are just swapped. What Lemma
2.1.3 provides, after checking its conditions, is the weak convergence of (on)ycy to-
wards o - more precisely, of the respective classes of these functions - within the frame
of converging Hilbert spaces L?(E, uy), N € N, with asymptotic space L?(E, u). This,
of course, yields the weak measure convergence of (onpun) ey towards op as claimed.
What remains to be shown is

, z € E, as minorante and

N—o0

lim ‘/ Q(Z)G”Qfxm’eozdmduN(z)—/ g(z)evfnfmm’soz‘imdﬂ(z)‘ =0 (4.2.6)
B B

as well as

N—oo

lim ’/ g(z)e”fﬂfﬁajﬁwdmdmv(z)—/ g(z)e”fﬂfmaj’aommdu(z)’ =0 (4.2.7)
E E
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for every g € Cy(E) and € € (0,00). We use the estimate
‘e“ — eb‘ = ’eb(eafb — 1)| < el (e‘“ib‘ - 1), a,beR,
to deduce

e Joprozdm _ v [o prozdm| < ollezlloe (oller—wzllo _ 1)

for p1,02 € Cy(R), z € E.

With the triangular inequality, we can bound the modulus brackets within (4.2.6) from
above by

sup [g(z)| e
zeE

Hfmin,sHoo (ellfﬁm,a_fmin,s”oo _ 1)

+\/ g(z)e fad™Tomdm 4y () — / g(z)erJal™M ez dm 4| (4.2.8)
E E

and analogously the modulus brackets within (4.2.7) from above by

fmaj,e nrnJ € _ fmin,e
z€E

+)/ (2)e Jo [ tozdm gy oy /g( Y& Jo Freicozdm g al - (4.2.9)
E

for N €N, e >0 and g € Cy(E) respectively. Since e7Ja /™" 0zdm anq 7 Jo /™ 0z dm
are bounded, continuous functions in the variable z € E, the value of (4.2.8) and that
of (4.2.9) converge to zero as N tends to infinity, in view of Lemma 3.2.3 with ¢ > 0
and g € Cy(F) fixed. This concludes the proof. O

Remark 4.2.3. Lemma 4.2.2 bears even a stronger result than the weak measure
convergence. As a second look reveals, even the strong convergence of (on) ycp towards
o - more precisely, of the respective classes of these functions - within the frame of
converging Hilbert spaces L?(E,uy), N € N, with asymptotic space L?(E, ), holds
true. In the proof, the weak convergence of that sequence is shown. Then, by a second
application of Lemma 4.2.2, we also have

hm /QNduN— lim /exp /2fNoz)( )dm(w)) dun
= exp (fy/g(2foz)(w) dm(w)) —/Eg2 dp.  (4.2.10)

Let oy, uy for N € N and o, p fulfil the assumptions of the preceding Lemma.
Since all densities involved are bounded from below and above, the notions of - and
op-admissibility, respectively py- and oy pn-admissibility for N € N, coincide. We fix
a pn-admissible element ky € E\{0} for N € N and a py-admissible element & € E'\{0}
such that limy_, o kny = k in E. Also, the topological support of © and opu, respectively
pn and oy pn for N € N coincide of course.

Theorem 4.2.4. If the sequence (kn)ycyn (with limit k) satisfies the assumption of
Proposition j.1.1 in relation to the unweighted measures uy, N € N, and u, then it
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also does so in relation to the perturbed measures onyun, N € N, and ou. In particular
for this case, denoting by (Exy,D(Eky)) the smallest closed extension of

ou Ov —
d L*(E o0
8kNak QN :qu ’LL,UE ( 7QN/'LN)QFC[) 9

Eky (u,v) ==
on L*(E, onun) for N € N now, and likewise by (Ex, D(E1)) the smallest closed exten-

sion of
Ou Ov —

ahaRldm wve L*(E, op) N FC5e,

on L*(E, o), the forms (Epy,D(Eky))yey converge to (Ex, D(Ey)) in the sense of
Mosco.

Ek(u,v) =

Proof. Let (kn)y meet the assumption of Proposition 4.1.1 in relation to the un-
weighted measures py, N € N, and pu. There exists a sequence (In)ycy and an
element [ in E’, as in the formulation of Proposition 4.1.1, which validate this quality
of (kn),. We see in this proof that the same choices (Ix), and [ are validating in this
sense for (ky), regarding the perturbed measures pnpn, N € N, and pp. As usual,
m(2) ==z = U(2)k, Ty (2) == 2z — In(2)kn for z € E and N € N. The weak measure
convergence of (onfiN)y, stated in Lemma 4.2.2, yields the tightness of that sequence,
because F is a Polish space. Let m(z,-), z € E, a family of Borel probability measures
on R, be related to o (mg,1) "1 via (4.1.6), and likewise another family my(z,-), z € E,
be related to uy o (ﬂ'kN,lN)_l in the same way. We prefer to write my(z,-), z € E,
here (rather than just my(z,-), z € E) and analogously m(z,-), z € E, to avoid any
ambiguity, as m(A), A € A, already denotes the measure to define the functions in
(4.2.1) and (4.2.2). We set v := pom, ' and vy := puy o Tn ! for N € N. From the
equation

/ fodu= [ f(z+ sk)o(+ sk)d(po (m, 1)~Y) (2, 5)
E ExR

= / / f(z+ sk)o(z + sk)m(z,ds)dv(z), f € By(E),
E JR

and likewise

[ owdny = [ e skwon(e + skw)dliy o (s b)) z15)
FE ExR

:/E/Rf(Z—FSkN)QN(Z-FSkN)ﬁlN(Z,ds)dyN(z)7 f e By(E),

for N € N, we can read the disintegrating densities for the perturbed measures. Remark
4.1.2 names the three conditions, (4.1.16), (4.1.17) and (4.1.18), which have to be
shown for the perturbed case now, under the assumption that they hold true in the
unperturbed case (i.e. they hold true for oy = ¢ = 1g). Here, (4.1.17) needs no proof,
because the functions (on)ycy are bounded from below and above, uniformly in .
We have to show

lim limsup/ / }FNQ Z,8 ‘dSl/N (4.2.11)
[— M, M)]
dmN

=0 N 00
Fna(z,8) = on(z+ skn) ds)(s)

dn .
—(QN(z—l--kN)TrL](\;i'z’)) (8), z€E,seR, NaeN,
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for each M € N, and also

lim / ’/ s)on(z + skn) dmpy(z, ds)’ dvn(z)

N—o0

/ ‘/ o(z + sk) dm(z, ds)) dv(z), ¢ € Cp(R), (4.2.12)

knowing that both of these equations are satisfied in case p = oy = 1g, N € N.
Let N € N. We choose two sets QX,, Qy from A with Q = Q]J(, UQy, kn(w) >0,
m-a.e. w € Y, and ky(w) <0, m-a.e. w € Q. Then, for 2 € E and s € R it holds

QN(Z + SkN)

= exp (’y /Q+ In(z + skn(w)) dm(w) + 7/ In(z + skn(w)) dm(w))

= exp (’y /Q+ In(z + skn(w)) dm(w)) exp (fy /Q In(z + skn(w)) dm(w)).

The right-hand side is the product of two strictly positive functions, one of them being
monotone increasing and the other monotone decreasing in the variable s while z is
fixed. Both functions are uniformly bounded for (z,s) € E x R by the value

C = exp (m(Q) Jsvlé% Slelg fn(z)).

Let further M € N now. A double application of Lemma 3.2.1 yields

/ ‘FN@(z,sﬂ ds
[_MrM]

dm (27') dﬁlN(Z, )
< 52012 N _ A AA
- e »/[—M—l,M-i-l] ’ ds (8) ( ds )ave,i<s>’ ds

uniformly in z € F, for a € N large enough and N € N. This proves (4.2.11).
To prove the missing equation of (4.2.12) we define

H:=L*(E xR,po(m, ) U ( |_| L*(E xR, puy o (ﬂ'kN,lN)_l)
NeN

and
HPT . — LQ(E, v)Uu ( |_| LQ(E, I/N)>,
NeN

with their respective strong and weak topologies, in analogy to Section 3.2.2 for the
choice J := ;. By Lemma 2.1.1 (ii) it suffices to show

N—o0

lim uN(z)/go(s)QN(z—i—skN)dmN(z,ds)dl/N(z)
E R
:/ uoo(z)/go(s)g(z+s/€)dﬁ1(z,ds) dv(z) (4.2.13)
E R

for p € Cy(R) and each weakly continuous section (upy )y in HP'. Let ¢ and (un) v
with these properties be fixed in the following argumentation why (4.2.13), and hence
(4.2.12), holds true indeed.
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Some of the steps below are justified by the boundedness of squared norms,

sup/ \uN(z)|2d(,uNo(7rkN,lN)_1) = Sup/ |uNo7rkN|2d,uN
NeNJExR NeNJE

= sup/ lun > dvy < oo,
NeNJE

regarding a sequence in H, a sequence in the disjoint union of L?(E, uy), L*(E, )

over N € N, and a sequence in ‘HP'. As pointed pout in Section 3.2.2 subsequently

to (3.2.9), we can understand (uy)ycy as a weakly continuous section in H as well

because (4.2.12) holds for the choice p = oy = 1 corresponding to (3.2.8) of Section

3.2.2 in the unperturbed case. We can rewrite (4.2.13) as

Jm [ o) (oo tw)-oxduy

= / (Uoo 0 7)) - (pol) - odp (4.2.14)
E

Now, to show (4.2.14) in turn, it suffices to show

Jim E(UN 0Ty ) - (poln)-gdun

= / (Uso 0T) - (pol)-gdu, geFCy, (4.2.15)
E

by virtue of Lemma 4.2.2 in combination with Remark 4.2.3, and again Lemma 2.1.1
(ii). However, (4.2.15) is equivalent to

i un (2)p(8)g(z + skn) d(un o (Try, In) 1) (2, 8)
—0 JEXR

:/E us(e(s)gz + sk)d(po (mi) ) (2.9), 9 € FC, (1216)

Due to the weak continuity of (un)y.x in H we can argue as follows. Using Lemma
2.1.1 (ii) one more time, (4.2.16) is clear from

N—oo

lim (goolN)-g-hduN—/(cpol)-g-hdu,
E E

N—oo

lim (¢2olN)-g2d,uN:/(cp2ol)-g2d,u, g,h € FCh.
E E

The latter holds true by (4.1.11) within the proof of Proposition 4.1.1. This concludes
the proof of this theorem. O

Remark 4.2.5. Via the Jordan decomposition every function with globally bounded
variation on the real line can be written as the difference of two bounded, monotone
increasing functions. Since the integral is linear, the exponentials considered in (4.2.1)
or (4.2.2) factorize. Hence, ba a double application of Lemma 4.2.2 and of Theorem
4.2.4, the perturbation theory of this section also applies to such instances, in which
fnv for N € N and f are functions of bounded variation, as well. The condition of
Lemma 4.2.2 and of Theorem 4.2.4 then need to be verified for the respective monotone
functions obtained in the Jordan decomposition. This strategy is explicitly applied in
Chapter 5.






Chapter 5 Scaling limits of interface models

5.1 Tightness and height maps

Let N € N and my be a probability measure on (RF~N, B(R¥N)). The starting point
for the subsequent discussion shall be an m y-symmetric Markovian transition function
(PN )= on (RFV | B(R*N)) with the property

lgfglpt u(x) = u(xr) my-a.e. x € RV, for all u € By(RY).
The terminology of an m y-symmetric Markovian transition function is used here in the
same sense as in [38, Chapter 1.4]. This means p}' (z, - ) is a measure on (R*V | B(RkV))
with p¥(z, R¥¥) < 1 for each CL‘ E RkN and moreover p¥ (-, A) € By(R¥V) for each
A € B(R*) and t > 0. We set pfu(z) := [piy u(y)pi(z,dy) for z € R*N | u € By(RM™)
and ¢ > 0. The condition of mpy- bymmetry expresses the property

/k u(z)(pev)(z) dmy(z) = /k (prw)(z)v(x) dmy(x), for u,v € Bb(RkN).
RFN REN

As described in the beginning of [38, Chapter 4.2] in combination with [38, Lemma
1.4.3|, there is a unique strongly continuous contraction semigroup (T} )i>0 on
L*(RF~ my) of symmetric, sub-Markovian operators such that TNu = pNu for
u € By(RFN), ¢ > 0. Hence, there is also an associated densely defined and symmetric
Dirichlet form (€Y, D(EN)) on L2(R*¥, my). We assume that £V is strongly local and
regular, as defined in [38, Chapter 1.1], and that £ is conservative, i.e. p 1gky = Lgry
for ¢ > 0. The proof of 5.1.1 essentially uses that EV is required to admit a carré du
champ I'gn in the sense of [19, Definition 4.1.2 of Chapter I|. By definition, I'gn is the
unique symmetric bilinear form from D(EN) x D(EN) into L'(R*N, my) such that

2EN (v, u) — EN (v, u?) = / vlen (u,u) dmy,  u,v € DEN) N LR my).
REN

As follows from [38, Chapters 4 & 7|, there is a unique probability measure Py on
Qn = O([0, 00), Rk~ ) endowed with the o-algebra Cq, generated by the collection of
cylinder sets {w | (w(t1),...,w(tm)) € A}, A € B((RFN)™) t1,... tm € [0,00), such
that

| At Fulw(tn) aPy()

H Fri ym 2)ptm i—tm—i— 1(ym i—1, dYm— z)dmN(yO)
=0
(5.1.1)

for Fy,...,Fy € Cp(RFV), 0 < t; <.+ <t < o0, and m € N>g. In the equation
above, the term [[;", R i(Ym— Z)ptm o Um—i—1, dym—), for fixed yo € RN s
just a formal expressmn for the weighted product measure

Fon(Ym)pr ., (Yme1,dym) -+ Fa(y2)pie_y, (y1, dy2) Fi (y1)pd (yo, dyn)

n (R¥~¥)™ integrating the variables y1, ..., Ym.

87
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As needed in the context of scaling limits of dynamical interface models we want
to interpret the canonical process X; := w(t) € RFN ¢ >0, w € Qy on the probability
space (Qn,Cay, Pn), as a model for (d 4 1)-dimensional surface evolving in time for
some d € N, i.e. we want to associate X; with the graph of a real function h; defined
on a bounded domain Y C R? for each ¢ > 0. This involves to come up with a suitable
scaling in space and time. At this point, we agree on some basic simplifications. For
one thing we set Y = [0,1]%, as we do not want to make the geometry of the domain
Y a prominent theme in this article, and for the other we say (h¢),~ is supposed to
emerge from the process (X;),s, through a transformation of the type

he = A(Xw), (5.1.2)

where c is a positive constant and A is an injective linear map from R*N into By(Y).
Both, the space and the time scaling are thus linear. A path space for the process (h¢);~q
is given by the image space Im(A) of A, which is a kxy-dimensional vector space. In this
sense, the technical dimension ky corresponds to the number of degrees of freedom the
observed dynamical interface has. Suppose we are given models (Qy,Ca,, Pv), N € N,
with ky T 0o as N — oco. Taking the scaling limit is the endeavour to investigate the
asymptotic behaviour of the left-hand side of (5.1.2) as N — oco. The scope of this
paper covers the convergence in distribution after setting up suitable function spaces
on which to consider the weak convergence of measures. Of course, the assignment of
(5.1.2) must depend on N, which shall be indicated by an index. We now define the
according constant ¢y € (0,00) and linear map Ay from RN into By ([0, 1]%) for each
N € N. Ay is uniquely determined by its value {x; on the scaled unit vector N 17%ei
for i = 1,..., ky, respectively. In essence, the additional conditions, which we inflict
on Ax now, are supposed to ensure that {y; is a non-negative function and that the
value of its integral does not depend on ¢. To understand the reasoning behind the
following definition, the reader should be aware of the excess freedom, this framework
provides w.r.t. spatial scaling. Let Ry be the multiplication by some positive number
depending on N € N. We could start with differently scaled transition functions (pL¥),
instead of (pyY),, where pu(z) := [gry u(Rny)pe( 7, dy), v € By(RFN), € RPN If
Py 18 my-symmetric, then p; is my oijl—symmetric for t > 0. Such a re-scaling results
in a model (QN,CQN,PN) instead of (Qx,Cq,,Pn) with Py = Py o R]_Vl, which we
could consider just as well. Hence, there is enough freedom to define the actual value
of the integral of {y; as a convention. We assume

0<é&ni()<1 and / Eni(z)dz = N~ fori=1,..., kn.

Thus,

Ayz = N§-1 infN,i for x € R*N, (5.1.3)
i=1
The subsequent arguments require the existence of a uniform bound n* € N with

sup sup
NeN zg[0,1]d

{ieN‘l < i < ky, Enal2) #0}‘ <n*. (5.1.4)

The map which identifies the canonical process X = (X;),~, on Qx with a dynamical
interface (h¢),~q as in (5.1.2) is denoted by Uy. For the relevant processes considered
in this chapter we always set cy := N2. So,

(UnX), = AyXyzy, t>0. (5.1.5)
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Uy is a map from Qy into (By([0,1]%)) 1009 The first problem which is addressed con-
sists of finding a suitable path space such that the the image measures (Py o Un) yey
form a tight sequence of probability measures. The idea presented in Proposition 5.1.1
has become standard in the discourse of symmetric Markov processes.

From here on, we set H := L2((0,1)4,dz). The set-up of (5.1.6) is assumed for
the rest of this chapter. Let Hy be a Hilbert space which is continuously and densely
embedded into H, the embedding denoted by J : Hy — H. We can interpret H as a
subspace of H{j through the Riesz isomorphism and the Gelfand triple

HycC H=H' C H} (5.1.6)

with central space (H, (-, -)). Moreover we assume that J is a Hilbert-Schmidt operator
and denote its Hilbert-Schmidt norm by ||J||gs. It is then consistent in notation to
denote the dual pairing of an element u € Hy with an element v € Hj by (u,v). The
respective norms of these Hilbert spaces are denoted by | + [my, | - [m, or | - [my.

Proposition 5.1.1. For N € N we assume that D(EN) contains the coordinate pro-
jection m(x) := z;, * € RFN | for eachi € {1,...,ky} and

kn kN
Z zix;len (mi,mj) < ’ny? for all x € RFN
ij=1 i=1

with a constant v € (0,00) which is independent of N. If (mNOAJ_\fl)NeN is a

tight family of probability measures on H, then the family (Py o UJ?fl)NeN is tight on
C([0, 00), Hyp).

Proof. At first we fix N € N and ¢ € Hy. Let (X;),~, denote the canonical process
with X;(w) = w(t) for w € Qy. The time-reversal operator on Qy is defined by
rr(w)(t) := w(T —t) for 0 < ¢t < T. This proof follows a well-known idea for the
derivation of a tightness result in the context of symmetric Markov processes, which
has been realized in |27, Theorem 6.1], [35, Theorem 5.1] or [34, Lemma 5.2] among
others. There is a Py-martingale (M;),~, such that

1 1
(o, ANXy) — (p, AN X)) = §Mt—|—§(MT_torT—MTorT) Py-as., 0<t<T, (5.1.7)

and whose quadratic variation is given by

<M>; (w) = /Ot Len ({9, AN ), (0, AN ) (w(s)) ds Py-a.s. forw € Q, ¢ > 0.

(5.1.8)
The formula of (5.1.7) is stated in [38, Thm. 5.7.1]. The identification of the quadratic
variation in (5.1.8) follows from [38, Thm. 5.1.3. & 5.2.3]. From (5.1.8) and the as-
sumption we obtain the bound

kn
<M> —<M>,< Ndfzfy(t —s) Z<(‘O’§N7i>2 Py-as., 0<s<t. (5.1.9)
i=1

First applying (5.1.7) and the Minkowski inequality, then (5.1.8) the Burkholder-Davis-
Gundy inequality, we estimate

{0, (UNX )t — (UnX)s)ll ca ()
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1 1
< §HMN% — My, apy) + §HMT—N25 — Mp_ N2l 2acpy)

C 1
g(/ (<M>N2t—<M>N28)2dPN>4
2 Qn

N

C
+2(/ (<M>T7N25_<M>T7N2t)2dPN>, 0<s<t<T. (51.10)
Qn

with a constant C' € (0,00), independent of N. With (5.1.9), the Cauchy-Schwartz
inequality and the estimate (£n;,&n) < N79 i =1,...,ky, we continue the estimate
of (5.1.10) and get

H<907 (UNX)t - (UNX)S>H%4(PN)

kN kN
< C2NYy(t = ) D {9 eni)? < CH(t—35) Y (Laupplen 19 ©)
i=1 =1
< C?y(t — s)n*{p, ). (5.1.11)

Now, we fix an orthonormal basis {¢;| i € N} of Hy. Using Minkowski inequality and
then (5.1.11) we obtain

O8N X = ON Xl | 2
- H > i (UNX): — (UNX)S>2‘
€N

<3 [ (UNX)e = (ONX) |2y < (= 817" 21T s
ieN

L2(Pn)

or analogously H w(t) —w(s)|my ) < (t— s)%(yn*)%CHJHHS. Hence, given an

L4(PnoUy!
arbitrary € > 0, there exists § > 0 such that

sup Py o Uy' ({ sup  |w(t) —w(s)|my = z—:}) <e. (5.1.12)
NeN 0<s,t<o0
|ls—t|<é

Moreover, due to the stationarity of the one-dimensional distributions of Py for each
N € N, there exists a compact set K. ; for each ¢ > 0 such that

inf P, ~1 e K.;)>1—e. 1.1
fs NoUy ({w(t) € Kei}) > € (5.1.13)

The tightness of (Py o U]:fl)NeN on C([0, 00), Hj) now follows from a slightly modified
version of [13, Theorem 7.2 of Chapter 3]. It can be proven analogous to the original

version, only by changing the definition for a modulus of continuity, from the assignment
of [13, Eq. (6.2) of Chapter 3|, to

w(w,0,T) = sup |w(t)—w(s)|ly, we C([0,00], Hf), § >0, T € [0, 00).
$,6€[0,T]
|s—t|<s

The analogue result of |13, Lemma 6.1 of Chapter 3|, which is used in the proof of
the original version, is provided in our case by the generalized Arzela-Ascoli Theorem,
stating that the set
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A(K,6) = {w € C([0,00), H)) | there exist 0 :=tg <t < ...
such that t; —t,_1 > §,w(t;) € K, and

w

~, can be extended to an affine linear function R — H, for i € N

[ti—1,ti] 0

is relatively compact in C([0, oo], H})) for any compact set K C H/, and § > 0. Analo-
y p 0 y p 0

gous to the proof of [13, Theorem 7.2 of Chapter 3|, we then obtain, using (5.1.12) and

(5.1.13), that for given €9 > 0 there exists a compact set B in C([0,00), H}) such that

]%rngN o U];l({w € C([0,00), Hp) | dist(w, B) < eg}) > 1 — eo.

Here, dist(w, B) denotes the distance of w to the set B w.r.t. a suitable metric on
C([0,00), H}) which induces the topology of local uniform convergence. In view of [13,
Theorem 2.2 of Chapter 3| the proof is completed. ]

The only assumption of Proposition 5.1.1 in which the shape of the height maps
Ay play a role is the tightness of (my o AR ~ven- The question rises what would
happen if we take a different admissible choice for an injective linear map from R*N
into By([0,1]%), say Ay, instead of Ay. Can we specify some properties, i.e. further

restrict the class of height maps we consider, such that the tightness of (my o A]_Vl) NeN

and the tightness of (my o K]_Vl) Nen are equivalent, given that Ay and Ay are in the
specified class? In the literature concerning scaling limits of interface models, two
different explicit choices for the height maps are very popular. In the first case, Ayz is
a piecewise linear, continuous function for each x € R*¥¥. Such a framework is set up
in [30]. In the second case, Az is a piecewise constant step function for each z € Rk~
[43, Chapter 4.2] considers such an approach. In both examples mentioned, d = 1 and
accordingly

N
1
Ayr=— ziéng, xeRY,
N \/N; ’LfN,’L
with &n;(z) == (Nz—i+1)A(=Nz—i+1))VvO0, z€l0,1],

in the first case and

N
1
Ay = — TiEN 4, :BGRN, with i(z2) =1,_15(Nz), =ze€l0,1],
N W; 3 Evi(2) == 11,4 (Nz) [0, 1]

in the second. Generally, it would be nice to give a class of height maps from R*~ into
By([0, 1)) for which the tightness of (my o AR') nen 18 actually only an assumption
on the family (mpy), and not dependent on the particular choice of Ay. We now
define that class of maps. For this purpose, we take a sequence of increasing cubes
Q1 C Qy C --- C[0,1]%, which exhaust [0,1]¢ up to a set of Lebesgue measure zero.
We assume that @y is open w.r.t. the topology of [0,1]¢ and that

1
‘QN N del = k}N.
M) ven With infyenal < 0 for each

i = 1,...,d, and increasing sequences (sz)NeN with supyen bZN > 1 for each 1 =
1,...,d, such that

In other words, there are decreasing sequences (a."

QN = (a{V’b{V) X X (az]ivvb;]iv) N [07 1]d7 N eN.
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So, we must have

kv = [{k € 2°N[0,N]*| Na)y < k; < Nb),i=1,...,d}|
d
= [T min{w, [N6Y =17} — max{0, [Na}¥|}.
i=1

We refer to Gy := Qn N %Zd as the set of grid points, or the set of sites. For each site
p € Gy an elementary function &8 (z) := Z(Nz — Np), z € [0,1]%, emerges as the shift
and the re-scaling of one fixed function =, which is of a certain class and is independent
of N and p.

Condition 5.1.2. (i) The archetype function Z is a non-negative, measurable func-
tion on R? and characterized by the following properties:

supplE] C [~1,1]%, / 2)de=1, S E(e-k =1, e[,
R kezd

(ii) Additionally, the strict inequality /

1
Z(z)?dz > = shall be satisfied.
Rd 2
(iii) The elementary functions 5;(,(2) :=E(Nz— Np), z € [0, l]d, indexed by p € Gy,
correspond to the functions {n; = AN(Nl_%ei) from (5.1.3), with index i =
1,...,kn. More precisely, we assume that there is a numbering p1,...,pg, of all
sites such that &y, = & for i =1,... kn.

The condition specifies a class of height maps, of which kind we assume the map
AN to be. The parameters in that set-up, by which Ay is completely determined, are
hence the archetype function =, a ky-sized set of grid points G, and a numbering
of the grid points, i.e. a bijection {1,...,ky} — Gn. The advantage of restricting to
that class of height maps is explained by Lemma 5.1.4. If my is a probability measure
on (R*~ B(RFN)) for N € N and m is a probability measure on (H,B(H)), then the
validity of the statement my o AR,I = m is independent from the particular choice of
=, as long as in accordance with Condition 5.1.2.

A short remark should be made about the second item of 5.1.2. It can be shown,
actually, that (i) already implies

1
=< / E(2)?dz < 1.
2 R4

By demanding the strict inequality in (ii) of Condition 5.1.2, we ensure a property
which is needed in the proof of 5.1.4.

Remark 5.1.3. Let (Ag)ycza € RZ? such that A\ = 0 holds except for finitely many
k € Z%. Further, let

Ag) = / 2(z —k)E(z—1)dz, k,1ez9,
R4

and ¢ := % — [p.E(2)? dz. It holds

2
Z Z )\kAkJA] Z 2c Z )\12{

keZd 1€z4 kezd
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Proof. Using the equality

1 1
=Y g YA ket
lezd lez®
1k

to get to the third line, we have

> Mg

(k,1)€Zdx 74

1 1
= > At Y (At A+ D S A

kezd {k,1}Czd lezd
1 1
=y ZA%( + > 2Ahch+ Y ZA% +e ) A
kezd {k,1}cz4 lez kezd
1 2 1 2 2
= > FAET DD 2t YD sAN 20 )X
(k,)) ez x 74 {k,1}Cz4 (k,))eZIx 74 kezd
1£k 1£k
= Z Ak71 ()\k + )\1)2 + 2c¢ Z )\i
{k,1}cz4 kez4
> 2c Z A
kezd

O

In Lemma 5.1.4 we consider another admissible choice = for an archetype function
in the sense of Condition 5.1.2. Then, we set ENJ =& (2) = E(Nz—Np,), z € [0,1]4,
= 1,.../<3N and
kn
/~\Na: = Ng_1 inENﬁ-, z € RFN.
i=1

Lemma 5.1.4.

Let my be a probability measure on (RFN, B(R*N)) for N € N and m be a probability
measure on (H,B(H)). Referring to the weak convergence of measures on H it holds

mNoAJ_\,1:>m implies mNoA;:wm.

Proof. We start with two remarks. The first claims the inequalities

kn kn
N—d 2 < . .
c T; > :L"Lé'N,l
=1 i=1

where c¢ is a positive constant, independent from IN. A second remark concerns the
asymptotic behaviour of the height map. More precisely, we have

kn

2 2\d ) L

" < (N) g 1 x; for x € R™V, (5.1.14)
1=

Tim ] 3 o)k - ij —0 for peC([0,19). (5.1.15)

The validity of (5.1.15) is easily check. Since supp[Z] C [~1,1]¢, we have
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Y ewEWE-Np) - e(a)| =] YD () - e(2)E(Nz - Np)

pe(1/N)Z4 pe(1/N)Z4
< s @) -e@)] Y EWNi-Np)= s le(#) - el2)
Z’ERd pE(l/N)Zd ZIERd
‘Z/_Z‘eu(:SQ\/5 IZI72|CHCS¥

for ¢ € Cp(R?) and z € [0,1]%. The right-hand side converges to zero for N — oo.
Moreover, if z € (0,1)% and Ny € N is large enough such that Bg)(z) C @nN,, then it
N

holds
Y eR(z)= Y. @(P)ENz-Np), ¢eCy([0,1]%), N > N,

pEGN pe(1/N)Z4

where ¢ denotes a continuous, bounded function on R¢, extending ¢. Hence, (5.1.15)
is fulfilled.
We move on to prove (5.1.14). We choose k!,... kv ¢ 7Z? such that

{%kl,...,%k’w} = Gy. Then, by virtue of 5.1.3, there is a positive constant c
such that
3 )\ig/ (¥ nEe-w) d
kKENG Yy KENGy
_Nd/ S MENz - )) dz
R? *keNGy
1k
<N neEd ‘ for A € RVON,
keNGn

The left inequality of (5.1.14) now follows after choosing a suitable numbering

{1,....kn} — Gn, @ — p;, with &y, = &Ri. The second inequality of (5.1.14) is

immediate from the estimates

N—d
2

1 .
ab(éN,i7€N,j> S §(a2+62)‘<§N,Z7§N7J>‘ S (a2+b2)7 aviRa 1,] = 17"'7kN7

and

[{j|i=1,...,kn such that (En;,&n;) £ 0} <29, i=1,... kn.
We close this first part of the proof with the remark that (5.1.14) and (5.1.15) remain
valid, of course, if &x; is replaced by v and &X; is replaced by &K, as they have the
identical properties by assumption. Endowed with the necessary preliminaries now, we
commit ourselves to the main part of the proof now. We assume my o A;,l = m and

show tightness of (my o K]_Vl) ~- The claim is that for each compact set K1 C H there
exists Ny € N and a compact set Ko C H such that

U Av oAy (K1) C K. (5.1.16)

N>Np
To prove (5.1.16) we now show that the set on the left-hand-side is totally bounded. Let
£ > 0 and ¢ be the constant from (5.1.14). Since K is totally bounded and C/(]0,1]%)

is dense in H we can, possibly after using the triangular inequality, find m € N and
©15- -, om € C([0,1]%) such that

U (/3) c/2d SDZ)
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Due to (5.1.15), we can choose Ny € N and xy, € RFN for { =1,...,m, N > Ny, such
that

KNxle € Bg/g((pl) and ANafN,l € B(5/3)\/(<:/T‘l)("0l)’ | = 1, e, m, N > No.

From (5.1.14) we conclude

~ 2d
|An o Athln < \/? |hlgr, he€Im(Ay), N € N. (5.1.17)

Now, if y € Ajvl(B(E/?)) (C/2d)(gpl)) for N > Ny and some [ € {1,...,m}, then estimat-

ing with the triangular inequality and (5.1.17) yields
Any — ailar = |[An o AR (Any — Avznyg) + Ayeng — o1l

2d A
< \/:\ANy — ¢+ Avaeng| g+ [Avane — el g
<\/§<a c . ¢ C>+5

— | = — — [ = — = £&.
—Vec\3V2d 3V 2d 3

U KN O AJ_Vl(Kl) Q
N>Nop

Hence,

s

Be(@l)'

~

1

and (5.1.16) is proven. W.l.o.g. we take Ny > 2. The tightness of (my o /~X]_V1)N now
follows immediately using the tightness of (my oAR,l) y- Indeed, for 6 > 0 and a
compact set K5 C H such that

. ~1 >1_
nf my(Ay (Ks)) 21-6,

we can choose a compact set K C H with Ay o A&l (Ks) € K§ for N > Ny, because
of what has been shown. For each N = 1,..., Ny — 1 we choose a compact set Qév,

such that 7711\7(.7&]_\[1 (QY)) > 1 — 6. Then, we have

inf my oAy (QFU---UQN T UK})

NeN
> min {1 (A1 (@3)). - mao 1 (At (@57 7). inf m (A3 (K)) |
>1-96

verifying the tightness of (my o K]_VI)N. By virtue of [13, Theorem 4.5 of Chapter 3|,
the claim of this lemma is now shown with the statement

Jim [ Pl Rya)) dms(a) = [ F(tg.m) dm(i),

for F € Lipy(R), ¢ € C([0,1]9). (5.1.18)

The last part of this proof is dedicated to prove 5.1.18. We have

’/szv F(<‘P77\N95>)dmN(33)—/HF(<<p,h>)dm(h)‘
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< | [ Fo o)~ (o, ) dma()

+‘/F(<¢,AN:C>)dmN(JU)—/ F({g,h)) dm(h)|.

H

Let € > 0. A simple §-argument will show the convergence of (5.1.18) by bounding
the right-hand side of the inequality above. We can choose Ny € N large enough
such that the second term takes a value smaller equal § for N > Ny, because of the
assumption. Let L denote the Lipschitz constant of F' and K be a compact set such

that infyeympy o K&l(K) >1- m It follows

| [ Pt Rae) = (o, Al dmn (o)

~ g
< / Ll(p, Ana) — (o Aya)| dmy(z) + .
AR (E) 3

We now apply the Cauchy-Schwartz inequality, the mean value theorem, and then
(5.1.14) with £x; replaced by &y, to obtain the estimate

L‘<90aKN$> - <90aAN$>’

kn _
= LNg’l‘ Zmi((%fN,i> - <%€N,i>)’
=1

kn
J ~
gLN‘le\:m Nd/ pén,;dz — N* @fN,idZ‘
P [0,1]¢ [0,1]¢
AN
<IN (Y a?)t swp fe(z) — ()]
i=1 Z,ZIE[Oyl]d
|lz—2'|<2v2/N
Lmaxpeg |h|lg ' AL
<——=—=  sup |p(2) —p()], zelAy(K).
\ﬁ 2,2'€[0,1]¢
|z—2'|<2v/2/N

After possibly choosing Ny even larger, also this estimate is bounded by 5 if N > Np.
This concludes the proof. O

5.2 Convergence results

5.2.1 Perturbation with densities

All discussion in this section so far is based on underlying probability measures my
on (R*¥N B(RFN)) for N € N. The relevant ones for the purpose of this section are
of a certain type. They have a density w.r.t. a non-degenerate, centred Gaussian
measure uy on RFN. The relevant density function has the form exp (Zfﬁl In (),
z € RN where fn : R — R is a function of bounded variation. So, we are interested
in the question whether the weak convergence of the image measures py o A;,l =
w on H, where p is a non-degenerate, centred Gaussian measure on H, imply the
weak convergence of the images of weighted measures (pyun) o AX,I = pup on H,
with densities py of such a type. We want to scale in such a way, that a function
exp ( f[o,l}d fo hdz)7 h € H, where f : R — R again is a function of bounded variation,
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appears as the limiting density. This is clearly a bounded function, which gives a well-
defined value for each h € H. It is, however, not continuous on H, as the easy example
of choosing f :=1jg ) can show.

With the decomposition A;U Ay = [0, 1]¢ for suitable A;, Ay € B([0,1]%), AjUA; =

(), we can write

exp(/ fohdz):exp( fohdz)exp( fohdz), he H.
[0,1]d Ay Az

The Jordan decomposition for a function f of bounded variation on a compact
interval, as derived e.g. in [15, Chapter 5.2|, yields the representation as the difference of
two bounded, monotone increasing functions. This generalizes to a function f : R — R,
which is globally of bounded variation. Then the Jordan decomposition states the
existence of fi, fo : R = R such that

f=rfi—fo, |fillo+f2lloo < I flleo +IIfllTv,  f1, fo monotone increasing. (5.2.1)

Here,

[fllrv = Z |f(@it1) = f ()]

{2?1, :xm C]R i=1
1< <Tp

denotes the total variation of f. We now define the notion of convergence which fits our
purpose. We recall d* from Section 3.2.1 and specify a notion for convergence fy — f
through the following conditions.

Condition 5.2.1. Let f, fy for N € N, be functions of bounded variation from R to
R. We assume that

F=fi—fo fn=fN— M

is a decomposition in the sense of (5.2.1) for f , respectively for fy for each N € N,
and that the following conditions hold:

(i) sup [N lloe + I/ llTv < o0

( ) th—ﬂ)Od*( afl) _th—>oo (f 7f2)

Let the height map Ay, N € N, be of the type considered in Lemma 5.1.4.

(N)

Proposition 5.2.2. Let uy be a probability measure on R*N and fy : R — R be a
function of bounded variation, N € N. Moreover, let i be a non-degenerate, centered
Gaussian measure on H, i.e. a Gaussian measure with mean zero and supplu| = H,
and f : R = R again be a functz’on of bounded variation. If fx — f in the sense of
Condition 5.2.1 and py o A = p on H, then

[exp (¥ de (NU212) ) dpn ()] © A

=1

= exp (/(071)0[ foh(z) dz) du(h) (5.2.2)

as N — oo, referring to the weak convergence of measures on H.
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Proof. We start by giving a general statement concerning the level sets of a non-
degenerate, centered Gaussian measure on H. The claim is that the level set {z € (0,1)?
| h(z) = a} has Lebesgue measure zero for p-a.e. h € H and every a € R. More pre-
cisely, the dz-class defined by the composition 1,3 0h vanishes in dz-a.e. sense for each
h e H\ N, and N, is a set in B(H) with p(N,) = 0. This is shown as follows.

Let ¢ € H such that the image measure of ;1 under a shift 75,h :=h+sp, h € H,
s € R, is absolutely contmuoub w.r.t. u itself, i.e. o7}l < p. In that case, we

sp
immediately have ;1 < po7. .}, hence the equivalence p ~ po7, !, for s € R. Moreover,
defining a measure

Stp’ Sp

os(A) 2:/]1{/1,07'8@1(14)(18, Ae B(H),

it holds o, ~ p1. Now, let A C [0,1]¢ be a Borel measurable set such that ¢ # 0 a.e. on
A. Since,

/udu:/ /u(h—l—sgo)w(h—i-sgo)dsdu(h) for all u € BL(H)
H HJR doy,

and each singleton is negligible w.r.t. the Lebesgue measure, Fubini’s theorem yields

// ) dz du(h /// 2) + sp(z ))dz(?g’tjp(h—l—scp)dsdu(h)

/// i) (h+8w)dsdzdu(h) 0. (5.2.3)

Due to the Cameron-Martin formula, the space {¢ € H | po 7. < p for s € R} is
dense in H, as is shown in [19, Theorems 3.1.2 & 3.1.3 of Chapter II|. Hence, using
(5.2.3) we can find an orthonormal basis ¢1, 2, ... in H and Borel measurable subsets
Ay, Ay, ... of [0,1]%, such that A; = {z € [0,1]?| $;(2) # 0} for some dz-version @; of

; and
// ))dzdu(h) =0, ieN.

Let B := [0,1]%\ (U;ey 4i). Since (15, ;) = 0 for every i € N, the set B has Lebesgue
measure zero. Therefore,

/H /[0 PREUCILEET / / - ) dz dp(h)
<z// i o

In particular, there exists N, € B(H) with u(N,) = 0, such that the dz-class defined
by the composition 14,y o h vanishes in dz-a.e. sense for each h € H \ Na.
Now, let my, m be finite measures on H, N € N, such that

/ dz =0 dm(h)-a.e., acR. (5.2.4)
{ze 0,1)¢ | h(z }

Moreover, let gy, g be monotone increasing functions on R, N € N, such that
limy o0 d*(gn, g) = 0. By virtue of Lemma 4.2.2 it holds

my = m implies eJioya gvohdz dmn(h) = eliona 9°hdz dm(h)
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and also ¢~ Jo.nagvehdz dmy(h) = e Jio.1ya 9ohdz dm(h)  (5.2.5)

Until the end of this proof, A ~, N € N, shall denote the height map which emerges from
the choice = = 1y 1y« as the archetype function, instead of the function = associated to
Ap. In other words, if pi,...,pg, is a numbering such that {5; = Z(N - —Np;) and

d
Ayz = Nz71 ZkNl TNy, T € RkN, then we define

=

k‘N kN

~ d_ d_

Ayz = N2 1 E $i1[071)d(N . _sz‘) = N2 1 E xilpﬁ-[ﬂ,% d, X € RkN.
i=1 =1

We now argue why (5.2.5) implies the claim of this proposition. Indeed, by using a
Jordan decomposition from (5.2.1) for fy, N € N, and f as in the assumptions of this
proposition, (5.2.5) yields the statement

my = m implies elioa fvoh(z) dz dmpy(h) = eliona foh()dz dm(h),  (5.2.6)

given that mpy, m are finite measures on H with (5.2.4). Since

kn
N_deN(Ng_lxi):/ In(ye(z)dz, =€ R, (5.2.7)
i—1 (0,1)d

~

assuming fiy o K;,l = p and (5.2.6), one can conclude

kn
: T —d d/2-1,.
hj{fn . F(Anz)exp (N ;1 In(N %)) dun(z)

= lim/ F(h)eon W= (5 0 RN (h)
N JH

= / F(h)elond M= quhy - for all F e Cy(H). (5.2.8)
H

We note that ppy o Kjvl = p is equivalent to uy o Afvl = 4 because of 5.1.4. However,
(5.2.8) is equivalent to (5.2.2) again by virtue of 5.1.4. So, the claim of the proposition
follows from (5.2.5) indeed. O

5.2.2 Convergence of finite-dimensional distributions

We continue to work in the setting of Proposition 5.2.2. There, a statement about the
weak convergence of measures has been derived. Now, we go a step further and show
Mosco convergence of the corresponding gradient Dirichlet forms. We make the same
assumptions, except that now also the approximating sequence of reference measures
are required to be non-degenerate, centred Gaussian, just like their limit. So, we take
f, fn for N € N, functions of bounded variation, and define the densities

LN
pn() = exp (N7 fn(Ni712)), @ e R,
=1

and

p(h) :==exp </(071)d f(h(2)) dz), h e H.
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The reference measures are non-degenerate, centred Gaussian measures py on RFN for
N € N and a non-degenerate, centred Gaussian measure p on H. We assume

fnv — f asin Condition 5.2.1 and puy o A;,l = u on H, (5.2.9)

where the height map Ay, N € N, is as in Lemma 5.1.4. For the purpose of this section
we additionally assume pu(H) = 1 and pyun(R*N) = 1 for N € N. We remark that
normalizing the densities defined above would still be incorporated in our scheme, as

one could simply consider functions fy — % replacing fy and f —In Z replacing
f, where
kN .
Zyi= [ exn (N3 fu(NE ) duy(a)
REN i=1
and

7= /H esp /( ) dz) du(n).
Nd

Indeed, we have vl and Zny — Z because of Proposition 5.2.2. Therefore we still

have fy — %I;VZN — f —In Z in the sense of Condition 5.2.1.

We now take a closer look at the condition ppy o Ajvl = u. Since p is a non-
degenerate, centred Gaussian measures on H, the covariance

COVM(hl,hl) = / <h1, k><h2,k> du(k), hi,ho € H,
H

defines an inner product on H which makes (H, Cov,(-,-)) a pre-Hilbert space. Taking
the abstract completion of H w.r.t. the norm induced by Cov, we construct a new
Hilbert space (H,,(:,-)u), in which (H, (-, -)) is densely and continuously included.
The self-adjoint generator (A, D(A)) of the symmetric closed form (-,-) with domain
H on (Hy,(-,-),) is characterized by

H:D(A%), (Au,v), = (u,v) forue D(A), ve H.

The spectrum of A is a pure point spectrum which consists of real, positive eigenvalues
0< A <Xy <---<\ <.... Infact, the inverse A~! is a trace class operator from
H into H,,.

Analogous structures exists w.r.t. uy for each N € N. We take into account the
support of py o Afvl. Since Ay is an isomorphism from R~ into the Hilbert space
(Im(An), {,-)), the image measure px o Ay' is a non-degenerate, centered Gaussian
measure on Im(Ay). However, since we are in the finite-dimensional case, there is no
need to do a completion. We define an inner product

<I’L1, h2>MNOA71 = / <h1, ANx> <h2, AN1'> duN(m), hl, hy € Im(AN).
N REN

There is a symmetric, positive operator Ay on Im(Ay) with
<ANU,’U>MNOAX71 = (u,v) for u,v € Im(An).

The spectrum of Ay comprises real, positive eigenvalues 0 < )\{V <. <L )\éVN < 00.

We choose an orthonormal basis {pY | i = 1,...,ky} of (Im(Ay), (-,-) 1) such

uNoAy
that ANgDZN = )\zN for i = 1,...,ky. We reformulate a well-known consequence of
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[N © Ajvl = u, the convergence of the spectral structure of Ay towards that of A, in
the next Lemma. The reader should be aware though, that the exact condition which
characterizes the weak convergence of Gaussian measures in terms of their covariance
operators in a frame as ours, uses a stronger notion for the convergence of operators,
the one induced by the nuclear norm. For further reading on that topic, we refer to
[10] and [14]. The statement of the Lemma is just enough for our purpose and turns
out crucial in the proof of the subsequent Theorem. We set )\fv =0 and cpZN =0 for
1> kn.

Lemma 5.2.3. (i) A}im AN =\ forallieN.
—00
(ii) There is a subsequence (un,), of (un)y and an orthonormal basis {¢; | i € N} of
H,, such that
Jim oM = ;i and ¢ € D(A) with Ap; = \; for all i€ N.
—00

The convergence takes place strongly in H.

Proof. The statement is exactly the content of [28, Corollary 2.5]. So, we understand
(Im(AN), () o AI_\ll)’ N € N as a sequence of converging Hilbert spaces with asymp-

totic space (Hy, (-, -),), denoting the disjoint union of these Hilbert spaces with HCov.
There is a canonical way to do this, considering the convergence of the second moments

im [ (k Ana)2duy (2) = /H U Y2 du(h), ke H. (5.2.10)

N—oo Jpkn
Indeed, if pry denote the orthogonal projection in (H, (-,-)) with image Im(Ay) for
N € N, then (5.2.10) means that

<P7’N/€7P7’N/€>#N0A]—V1 = (k,k),, ke H.

lim
N—oo
Moreover, as a consequence of (5.1.15), we have

1 1
2 2 .
(AR Prae, AR PIN @) ponyt = JIm (PN, prave)

= (p,¢) = (A2, A3¢),, »eC([0,1]).
(5.2.11)

lim
N—o0

The assumptions of the cited corollary require the compact convergence of the spectral
structure of Ay towards that of A for N — oco. In view of 5.2.11, it is enough to show
the following. Given uy € Im(Ay) for N € N and u € H, then the weak convergence
of (un)y in (H, (-, -)) towards u implies the strong convergence of (uy), towards u in
the topology of HC®V. In other words, if uy, u are as declared, with uy — u weakly in
H, then we have to show

Jim [ a2 dGu o AR = [ (s dth)

and

Jim [ G By (kB A 0 AR () = / (w, 1), kY dpu(R), & € H.
—oo JH H
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Both of these integral convergences, however, can be shown with a simple £/3-argument,
as made explicit in [40, Theorem 2.2]. To check the assumptions of the cited theorem,
it is enough to state the facts that for every € > 0 there exists r € (0,00) such that

sup W3 d(un o AY) <&, (5.2.12)

NeN/{heH\ Ihlg>r}

and that the convergence of the linear functional (uy, >‘K — (u, +) . takes place

uniformly on each compact set K contained in H. With the remark that (5.2.12) is an
immediate consequence of [10, Theorem 1], which states that

sup [ explalhfiy) ey 0 A7) < oc
NeNJH

for some a > 0, we conclude this proof. O

The Dirichlet forms whose asymptotic behaviour we are going to analyse in the
proof of Theorem 5.2.6 below are standard gradient forms on the Euclidean space with
a weight function. Let N € N be fixed. The weight equals the product of the function

pn and the Radon-Nikodym derivative %TN of the Gaussian measure py. We set

kn

EN(u,v) == Z diudvpy duy,  u,v € CLRFN)™,

k
i=1 /RN

Since for each compact set K C LQ(RkN N ), there is a constant cg such that
pN(aj)%—xN(m) > ci dz-a.e. on K, the form £V with domain CL(RFV)™ is a classi-
cal example of a closable pre-Dirichlet form on L? (]RkN ,PNIN), as treated in Section
3.1.2. We denote its closure by (EV,D(EN)). Let (plY),~, be the pyun-symmetric
Markov transition function on (R%, B(RY)) whose induced semigroup (T}¥),~, of sym-
metric contraction operators on L?(R™V, pypn) is associated with €V, i.e. it holds

1
D(SN) = {u € L2(RkN7pN/~LN) ’ iggt/ﬂyw (u— ]}Nu)up]\r duny < oo}

with &N (u,v) = lim1 (w — TNu)vpy duy  for u,v € DEN).
t—=0 1 Jpkn

Using the method of Mosco convergence we are able to identify the accumulation points
of the laws (Pn),, where Py for N € N denotes the unique probability measure on
Qn = C(]0, 00), R¥N) whose finite-dimensional distributions can be expressed through
(PN )y>p as in (5.1.1).

We now define the Dirichlet form which turns out to be the Mosco limit of (V) ,, as
the proof of Theorem 5.2.6 below shows. Let (L, D(L)) denote the Ornstein-Uhlenbeck
operator on L%(H, 1), as defined in [19, Chapter II|. For every element u in the Sobolev

space W (H, p) := D(L%) we denote its weak gradient by Vu, which is an element in
L?*(H, H, 1), and set

folbwis = ([ 19uan) o+ ([ )™

Then, the set C of p-classes of functions from FCy°(H) defined as the space

{F(<-,¢1>,..,,<-,¢m>)\Fech(Rm),@1,...,¢meH,meN}
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form a dense linear subspace of W(H, u) w.r.t. || - |lyw(g,). Ifu €C, h € H, then the
quantity (Vu, h) coincides with the Gateaux derivative of u in the direction h. Since
exp(—||fllso) < p(h) < exp(||f]lso), h € H, we can define a Dirichlet form on L2(H, ppu)
by

E(u,v) = /H<Vu,Vv>de7 u,v € D(E) =W (H, p).

(€,D(€)) corresponds to the minimal gradient form, which has been addressed in
Section 4.1. We denote its associated strongly continuous contraction semigroup on
L*(H,pu) by (Tt),;>o- The elements in W (H,u) can be characterized by the exis-
tence of a sufficiently large collection of directional derivatives and a sumability con-
dition. Recalling the definition of the one-component form from Section 4.1, we define
Dy, := Dax (&) for short, given a p-admissible element k € H. Of course, the pertur-
bation p we consider doesn’t change the notion of admissibility.

The definition of admissibility given in [19, Section 4.1 of Chapter II] differs slightly
from the one we used in Section 4.1. In the cited textbook, an element k € H is called
admissible if the image measure uov';k,l under a shift 734h := h+sk, h € H, s € (0, 00),
is equivalent to the measure . We remark that in this case, also the measure

or(A) Z:/R/.LOTskl(A) ds, Ae€B(H),

is equivalent to p. The Radon-Nikodym derivative d%c is characterized by the equation

/ud,u // h+sk (h+sk:)dsd,u(h)

for all non-negative functions u € B(H). Moreover, by [17, Proposition 4.2], it holds

/udu // (b 458 52 (h -+ k) ds dun ()

with 1 _,uo7rk ,
(h, k)

d =h —
and wph:=h e B

h (5.2.13)

for all non-negative functions u € B(H). There is a stronger notion of admissibility for
a direction k, the strict admissibility, which states

d
(da,u (h+ k)~ s locally integrable on R, p-a.e. h € H.
k

It is shown in [17], however, that all k € H \ {0}, which are strictly admissible, in fact
are also p-admissible in the sense we used in Section 4.1. Strict admissibility therefore
ensures that the weak derivative 0y in the direction of k& may be regarded as a closed
linear operator on L?(H, ;1) with domain Dj. We sum up relevant properties for the
proof below, taken from [19, Section 4 of Chapter II| and [17, Sections 4 & 5].

Remark 5.2.4. (i) Let k € H be p-admissible and u € Dy. A shift in the direction
of k commutes with the operator O, i.e.

Vi(uorg)(h) =a(h+ k) (s) = (Viu)(h + sk) (u x ds)-a.e. h e H.
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(ii) Let ¢; be as in Lemma 5.2.3 for ¢ € N. Normalizing in H we set ¢; := ﬁgpi,
i € N. It holds Z

d/,L )\1 1 A\ 2
=4/ — N, e, 2.14
B =V exp (= Sl 1)?) (5.2.14)

In particular, (¢;);cy is an orthonormal basis of admissible elements in H. We
have

W(H, u) = {u € L2(H, p) (ﬂp%) ‘ Z Vou)? € LY(H, m)}

1€N i=1
and moreover,
o0
Vu=> (Veu)g; inL*(H,p), weW(H,p).
=1

(iii) Let w € L?(H,u). By (i) and (ii) and we have v € W(H,p) if and only if
u € (Nien Dy, and

g \/g/I—I/R (UI(h + ¢Z))2(s) exp ( - %)\i«hv i) + S)2> dsdu(h) < o0

In that case,

i)@ || @+ sp)

X exp < - %/\i«h, Qi) + 8)2) dsdu(h)

= N . )
— E S / / Vg, u(h + swi)zp(h + 5¢;)
i=1 2 Ju Jr

X exp ( - %)\i«h, i) + 5)2) dsdu(h)

:/ Z(V@u)%du:g(u,u).
H =1

Remark 5.2.5. In the finite-dimensional case, every direction is strictly admissible.
Hence, if k € Im(Ay) and v € B(H) is non-negative, then

/ ud(,uN o] A&l)
H

a _(htskANR)?
\/W// (h + sk)e ZANER dsd(un o Ay")(h).

In the theorem below, (5.2.9) is assumed and Q := C([0,00), H}). Moreover, we
recall Uy from (5.1.5). The probablhty Py is defined as above, directly following the
definition of the form &V, for each N € N. The tightness of (Py o U]T,I)NGN w.r.t. the
topology of weak convergence of measures on €2 follows from Proposition 5.1.1. We are
now prepared to state the main convergence result of this chapter. For ¢ > 0 and an
element v € L°°(H, i) the symbol T;(-v) denotes the assignment u — T;(uv), which
maps L°°(H, u) into itself. For bounded linear operators Si,...,S,, on L(H,u),
m € N, we write [ S; for the composition Sjo---0.Sy,.
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Theorem 5.2.6. Let P* be an accumulation point of (P o Uy")
of weak convergence of measures on Q.
The canonical process on ) is a Markov process under P* with

Nen W-T-t. the topology

Pr{w(t)e HY) =1, t>0.

Its transition function is a version of (1), i-e.
[ Rt Falwltn) 4P (@)
Q

m—2
_/ (H Ttm—i—tm—i—l( ’ Fm—i>>(Tt1FI)de7
H =

In particular, (Py o UZ\_ll)NeN s a sequence of weakly convergent measures on 2.

Proof. Let N € N. Define SN u(Anz) := Ty, (uo Ay)(x) for u € L*(H, (pnuN)oANY).
Then (SN )¢ forms a strongly continuous contraction semigroup on L*(H, (pnuN) ©
Ay Due to (5.1.1) we have

/QFl(w(tl)) """ Fm(w(tm))d(PNon;l)(w)

= /Q Fi(Anw(N%t1)) - - Fr(Ayw(N?t,,)) dPy(w)

m—2
B /RkN H TJJVV%WZ,,N%M%A( - (Fm—ioAn)) (T]]\\/ztl (F1oAN))pn dpn
i=0

m—2
- /H TTSY o (- Fui) (S F) dlprpin o AR,
1=0

Fi,....Fh,€CyH), 0<t;<---<ty<oo, méeNsg.

So, the finite-dimensional distributions of Py o U]\_,1 are given through the semigroup
(St);>0- The statement of the theorem now follows from

fim_ [ TP o AV)@G(An)on(@)dnx(a) = [ TEMGE)) duth)

N—oo Jrkn

forallt >0 and F,G € Cy(H), (5.2.16)

because this would imply the weak convergence of the finite-dimensional distributions
of Py o Uy towards the right-hand side of (5.2.15). The tightness of (Py o U&l)N on
() is proven in Proposition 5.1.1. The proof of (5.2.16) runs via Mosco convergence. At
first, we identify the Dirichlet form on L?(H, (pxpun) o Ay') which is associated with
(St)y>0- We have

1 1

: / (u— Sru)ud(pnpn) o Ay' = n / (wo AN —Tn2y(uo An))(uo An)pn dun,
H H

for t > 0 and u € L2(H, (pypun) o Ay') and hence
1

12&)1 n H(u — Sw)ud(pnpn) o Ay
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2

N
—hm/ (UOAN—Tt/(UOAN))(UOAN)PNdMN
10 t' Jg

=N2N(woAn,uoAy) ifuoAy e DEY). (5.2.17)

The limit of the left-hand side exists if and only if u o Ay € D(EN), see 38, Section
3 of Capter I]. The Dirichlet form associated with (S;),~, is thus the image form
N2AN*EN of EN under N?Ay. However, for technical reasons we would rather like to
work with the form N21~XN*5N which is the image form of £V under NQINXN, instead of
N2AN*EN. Here, as already has been a convention in the  proof of Proposition 5.2.2,
A ~ denote the height map which emerges from the choice Z = 1 ;ya as the archetype
function, instead of the function = associated to Ax. More precisely, if pi,...,pr, is
a numbering such that {x; = Z(N - —Np;) and Ayz = NE-1 fgl ziéNi, v € REV
then we define

kn
~ a_
Ayz = Nz 1 ZZEil[QDd( —Np;) = -1 Zml pitl0, L x € RPN,

By the analogue of (5.2.17) with Ay replaced by Ay, the semigroup (§t)t20 on
L?(H, (pnpun) o K]_Vl) which is associated with N2Ax*EYN reads

SNu(Ayz) = e (uo An)(z) for we L*(H,(pnpn) o K]_Vl), t>0.

We now argue, why we can work with N2AN*EN as well. Applying 5.1.4 to the
sequence (T, (F o Ay)p dpun) , for fixed F' € Cp(H) we see that (5.2.16) is equivalent

to

lim [ TN, (F o An)(2)G(Ana)pn(2) duy(a) = /H T (h)G(h)p(h) dpa(h)

N—oo REN

forallt > 0 and F,G € Cy(H). (5.2.18)

Next, we fix G € Cy(H ), use the symmetry of the operators TY,, and apply 5.1.4 to

N2t
the sequence (T'35,(G o An)p dpn) , to see that (5.2.18), in turn, is equivalent to

lim [ TN, (F o Aw)(@)G(Ana)pn(2) duy(a) = /H TE(h)G(k)p(h) dpa(h)

N—oo JrkN

forallt >0 and F,G € Cy(H). (5.2.19)
It is thus equivalent, whether we consider the converging Hilbert spaces
LA(H, (pn ) 0 ARH) =5 L2(H, pp),
denoting their disjoint union by #H, or we consider
L3 (H, (pxpw) o Ay =5 L2(H, pp),

denoting their disjoint union by H, and show the Mosco convergence of (N2An*EN)
towards € in H in the former case, or show Mosco convergence of (N2Ax*EN) , towards
€ in H in the second case. As already mentioned, the latter is the way we go.
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Let N € N and pry denote the orthogonal projection of H onto Im(KN). We start
with a remark which is due to the chain rule. For u € C}(H) and z € R*N it holds

kn kn
N2 i(uo An)(@)* = [(Vu(Rna), N2én ) [* = | praVu(@Ana) [,
=1 =1

So,
N2AN*EN (u,u) = / | pry Vuﬁ{d(pNuN) o /~X]_V1, u € CLH(H). (5.2.20)
H

Before we go on, we quickly want to remark that the space

FCp(Im(An))
— {F(<-,¢1>,...,<-,¢m>)\Fec;;O(Rm), 901,...,cpm61m(/~\N),m€N}

is densely included in the domain of N 2A N*EN. Indeed, denoting by ey, ... ey the
unit vectors of RF~ | the equality

N2AN*EN (u— F((-,N?Aner),..., (-, N*Anery)))
+/ |u_F<<'7N2KN61>7"'a<'7N2KNekN>)|2d(pNMN)OK;/'I
H
= N26N(uoAy — FuoAy — F)

+/ luo Ay — Fl’pydun, ue DIN?AN*EN), F e C(RFY),
RFN

allows to define a suitable approximation for any element in the domain of N QJSN*EN ,
since Cf°(R*V) is a form core of £V by definition. Moreover, as Vu(h) € Im(Ay) for
uwe FCP(Im(An)), h € H, (5.2.20) simplifies to

N2AN*EN (u,u) = / | Vul% d(pypn) o K]_Vl, u € FCP(Im(Ay)).
H

Until the end of this proof, let uy € fCI‘;O(Im(,/NXN)), N €N, and u € L*(H, pp) such
that

sup/ w3 d(pnun) o K&l < 00
NeNJH

and 1im/ qud(pN,uN)OINXle/ wopdp, ve Cy(H).
N JH H

We assume lim inf y_,o0 NQKN*SN(UN, uy) < oo and specify two claims:

(a) u € D(E) and E(u,u) < liminf N2AN*EN (uy, uy).

N—o0

(b) lim N2AN*EN(v,0) = E(v,v), v e CL(H).

N—oo

The proof of Mosco convergence is completed through the verification of (a) and (b).

We start with property (a). Let Ay be the symmetric positive operator on Im(Ay)
with

(Anu,v) = (u,v) for u,v € Im(Ay).

UN 07\]7\;1
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The spectrum of Ay is given by real, positive numbers 0 < AV < ... < )\{CVN < o0.

We choose an orthonormal basis {¢Y | i = 1,...,ky} of (Im(Ay), (,, '>uzv07\§1) such

that A]\/gpZ = )\N fori=1,...,kn. Normahzmg the eigenvectors w.r.t. | - |z, we set
N \/}\T,gol for N € N. The key is to prove:

Forie N: we€ Dy, /H/R (u(h+ -gﬁi)')2(s)gi(h, s)dsdu(h)

Sliminf/H/R(uN(h—i— M) (5)aN (h, s) ds d(pn o A1) (R).  (5.2.21)

N—o00
with
Ai .
0i(h,s) := \/—p(h—i—sgoi)exp(— “Xi((h, @i) + s) ), he H seR
2T
and
oN(h,s) = ﬁ exp (/ In(h(z) + sg?)N(z)) dz — 1)\N(<h oMY + 3)2)
v ’ ’ 27T (071),1 ¢ 2 ¢ T

for h € H and s € R. For i, N € N with ky > ¢, we have

;fVN(ths@fV), heH, seR.
@

%

un(h+ @Y (s) =

The reason why a verification of (5.2.21) is enough to conclude this proof, is as follows.
Summing up over i € N, applying first 5.2.4 (iii) and then Fubini’s Lemma together
with 5.2.5, we obtain the estimate

E(u,u) < 1%2133//(g“N(h+s¢§v))29§V(h,s)dsd(MNoT\;Vl)(h)

1€N

— Zl}\g&fl{l,...,kN}(i)
ieN

// aUN ))2€f(0,1)dfN(h(Z)'i‘S@zN(Z))dZ

x e~ 2N ()9 4 d(py o A ()

N—oo “4

kN
Sliminf / (25N ()2 eliome VD= 4o Ry,

We continue by using (5.2.7) and arrive at

E(u,u) < limian/RkN (glf% (ZN\Nx))QpN(x) dun ()

N—o0o 4 .
€N v

kn
:limian/ (gg%)Qd(pNﬂN)oKNl

N—oo “4
€N

N—oo

zliminf/ ]VuN]%{d(pNMN)oK]_VI :SN(uN,uN),
H
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which would verify property (a). The latter, together with

E(v,v) | Vol d(pypn) o AR

= lim
N—oo H

> limsup/ ‘prN Vv@d(pNuN) o K&l
H

N—o0

= limsup N2AN*EN (v,0), v e CHH),

N—oo

would imply the equation £(v,v) = limy_eo N2AN*EN (0,0), v € Cl(H), and hence

(b).
Only (5.2.21) is left to show. Let i € N. We use (5.2.13), which of course holds for
any Gaussian measure and hence also for the approximants. Below VN denotes the

image of uy o Ay under msn and v, denotes the image of p under mg,. By (5.2.13),
it suffices to show the following.

Fori e N: we€ Dy,, /H/]R (u(h+ .@)')2(3)92-(}@, s)dsdvg, (h)

<liminf/H/R(uN(h+ -@{V)’)Q(s)gf(h,s)dsdy¢£v(h)(h). (5.2.22)

N—o0
with
Ai
0i(h,s) = ,/%p(h +spi)exp(—aNs?), heH, seR
and
AN 1
N N A AN — Z)\Ng?
o o) = Grew (| w8 )z = )

for h € H and s € R.
We want to apply the convergence result of Proposition 4.1.1 in combination with
the perturbation result of Theorem 4.2.4. To this purpose, we choose a decomposition

f=f—fo fv=f" -

according to Condition 5.2.1. The densities factorize into
A .
oithis) =\ exn ([ fith(a) + si(2)) dz)
T (0’1)d
xop ([ plh(a) +si(2)) dz) exp (- s
(0,1)4
and
AN .
)= smexp ([ 0+ s () d)
7T (071)d
X exp (/ féN)(h(z) + 5@ (2)) dz) exp (—%)\fvsz).
(0,1)4

Hence, after a double application of Proposition 4.1.1, we further simplified (5.2.21).
It suffices to show
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Fori e N: we Dy, / / (u(h + -gbi)')Q(s) exp (—1N;s?) dsdyg, (h)
aJr

gliminf/H/R(uN(h+ oY) (5) exp (—LANs 2) ds dvgn (h)(h).

N—o00

The latter however, is immediately clear from Proposition 4.1.1. Indeed, applying
Remark 4.1.2 in our case, it is ensured that the following three equations are enough
to seal everything with Proposition 4.1.1. For one thing,

. _1y\N_2
]\}1_1)1100/ ‘ / s)exp (—3A; s )ds‘ dvn (h)
2
/ ‘ / s)exp ( )ds‘ dvg,(h), g€ Cy(R),
On top of that, for each m € N, we must have

limsup sup ess sup exp (%/\fVSQ) . (exp (—%)\N( . )2)3“/e l(s)) < 00

i
k—oco NEN se[—m,m] Tk

as well as

lim hmsup/ / ‘ exp (%)\fvf) — (exp (—%)\fv( : )2)ave ’ dsvn(z)
—m,m] F

k—oo N_o0

( = lim limsup/ | exp (%)\ZJ-V82) — (exp (—%)\fv( . )2)ave }ds) =0.
[=m,m]

k—=oo Noo

All of these three equations hold, because (AN) Nen convergent sequence in R with
strictly positive limit. This concludes the proof.
O]
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